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Dispersive and diffusive limits for
Ostrovsky—Hunter type equations
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Abstract. We consider the equation

O (Osu+ 0z f (1) — BOzanu) = Yu,
that includes the short pulse, the Ostrovsky—Hunter, and the Korteweg—
deVries ones. We consider here the asymptotic behavior as v — 0. The
proof relies on deriving suitable a priori estimates together with an ap-
plication of the compensated compactness method in the L? setting.
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1. Introduction

The nonlinear evolution equation
Opu + Op f(u) — BO2,,u =0, (1.1)

with € Rand f(u) = %, was derived by Korteweg—deVries to model internal
solitary waves in the atmosphere and ocean. Here u(¢, x) is the amplitude of an
appropriate linear long wave mode, with linear long wave speed Cy. However,
when the effects of background rotation through the Coriolis parameter x need
to be taken into account, an extra term is needed, and (1.1) is replaced by

2

Dp(Opu + Oy f (u) — BO3,u) = yu, (1.2)
where v = g5 (see [9,13]), which is known as the Ostrovsky equation (see
24]).

Mathematical properties of the Ostrovsky equation (1.2) were studied in
many details, including the local and global well-posedness in energy space [10,
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17,20, 32], stability of solitary waves [15,18,21], and convergence of solutions
in the limit of the Korteweg—deVries equation [16,21]. We shall consider the
limit of no high-frequency dispersion 3 = 0, therefore (1.2) reads
2
u

0, (O + 0, () = yu. flw) =" (13)

Equation (1.3) is deduced considering two asymptotic expansions of the shallow
water equations, first with respect to the rotation frequency and then with
respect to the amplitude of the waves (see [9,13]). It is known under different
names such as the reduced Ostrovsky equation [25,30], the Ostrovsky—Hunter
equation [1], the short-wave equation [12], and the Vakhnenko equation [22,26].

Integrating (1.3) on « we gain the integro-differential formulation of (1.3)
(see [19])

O+ 0,f(u) = [ ult.v)d, (14)
that is equivalent to
Oru + Oy f (u) =P, O, P = u. (1.5)

The unique useful conserved quantities are

t— /u(t,x)dx =0, tr— /u2(t,x)dx. (1.6)

In the sense that if u(t,-) has zero mean at time ¢ = 0, then it will have zero
mean at any time ¢ > 0. In addition, the L? norm of u(t,-) is constant with
respect to t.

In [4,7,9], it is proved that (1.3) admits an unique entropy solutions in
the sense of the following definition

Definition 1.1. We say that u € L>°((0,7) x R), T > 0, is an entropy solution
of the initial value problem (1.3), if

(i) w is a distributional solution of (1.4) or equivalently of (1.5);

(ii) for every convex function n € C?(R) the entropy inequality

An(u) + 9pq(u) —yn'(u)P <0, q(u / (' (&) de, (1.7)

holds in the sense of distributions in (0, c0) x

In [2], it is proved the wellposedness of the entropy solutions of (1.4),
r (1.5), for the non-homogeneous initial boundary problem, while in [5] it is
proved the convergence of the solutions of (1.2) to the discontinuous solutions
of (1.4), or (1.5).
If f(u) = —¢u®, (1.2) reads,

0, (00— §ortu®) ~ B0 ) = (18)

Equation (1.8) is known as the regularized short pulse equation, and was de-
rived by Costanzino et al. [8] in the context of the nonlinear Maxwell equations
with high-frequency dispersion.



Vol. 22 (2015) Dispersive and diffusive limits for Ostrovsky—Hunter 1735

If we send 5 — 0 in (1.8), we pass from (1.8) to the equation

Oy (atu - é@m(u3)> = yu, (1.9)

or equivalently (see [27]),

Opu — é@x(u3) =~P, 0,P=u. (1.10)

Equation (1.9) is known as the short pulse equation, and was introduced re-
cently by Schifer and Wayne [28] as a model equation describing the prop-
agation of ultra-short light pulses in silica optical fibers. It provides also an
approximation of nonlinear wave packets in dispersive media in the limit of
few cycles on the ultra-short pulse scale. In [3,7,9], it is proved the wellposed-
ness of the entropy solution of (1.9) in sense of Definition 1.1, for the initial
boundary problem and for the Cauchy problem, while, in [6], it is proved the
convergence of the solutions of (1.8) to the discontinuous solutions of (1.9).

The deep difference between the two equations is in the flux. If we have
a function that preserves the conserved quantities we can make sense of (1.3)
using the distribution theory because the flux is quadratic and the L? norm is
preserved. On the contrary the same argument does not apply to (1.9). Indeed,
the flux is cubic and we do not have any information on the L3 norm of the
solution. In [3], we solved this problem proving that the solutions are bounded,
and the argument is much more delicate than the one in [2].

In this paper, we study the dispersion-diffusion of (1.2) and of (1.5),
when v — 0 (that is, when k — 0, or Cy — 00). We prove that, if ¥ — 0, the
solution of (1.2) and of (1.5) converge to the to the discontinuous solutions of
the Burgers’ equation

dpu + 9, (u?) = 0. (1.11)
Likewise, when v — 0, the solutions of (1.8) and of (1.9) converge to the
discontinuous solutions of the following scalar conservation law

1
Opu — 6agg(u?’) =0. (1.12)
Inspired by [11], we consider the approximate problem for (1.5)

Ovtic g5y + Ouf(Uz psy) — 005,00 5.5y = VPe g5y + E05,Ue 5.6,
=001 P 8,5y + 0Pz g6,y = Us,3,5,7

(1.13)
with § independent on €.
We begin by considering the case (see Sect. 2)
f genuinely nonlinear, (=0, ~,d,¢—0. (1.14)

We prove the convergence of the solutions to (1.13) to the unique entropy one
of
Ou+ Oy f(u) =0. (1.15)

We continue with the Ostrovsky equation (see Sect. 3), namely

flu)=u? B,7,6,¢—0. (1.16)
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We prove the convergence (1.13) to the unique entropy one of (1.11). In [5],
we studied the case

fluy=u* ~€ER, 6§=0, fB,e—0. (1.17)

Indeed, since here v is vanishing, the L> estimate on P and the L> and L*
estimates on u are different form the corresponding ones in [5].
The next step is the Regularized Short Pulse equation (see Sect. 4),

namely
3

f(U)=—%, B, 7, 9, e — 0. (1.18)

We prove the convergence (1.13) to the unique entropy one of (1.12). In [6],
we considered the approximation

{atu‘f 8 — 0u(ucp)® — B3, uc g = YP. g + €02, uc g,

1.19
€0? Pg+8P55_u55, ( )

and v # 0 is given. Since in [6] v does not vanish, the L> and LS estimates on
u are deeply different. Indeed, they are based on the conserved quantity (see
[6, Lemma 2.3])

/ (ﬂ(&ru) — E +7P2 + £24(9, P) > dx (1.20)

and the L estimate on P. Finally, the use of the conserved quantity (1.20)
is the key difference between the arguments in Sects. 3 and 4.

The paper is organized in three sections. In Sect. 2 we prove the conver-
gence of (1.5) and of (1.9) to (1.11) and (1.12), respectively. In Sect. 3, we
prove the convergence of (1.2) to the (1.11), while in Sect. 4, we prove the
convergence of (1.8) to (1.12).

2. Ostrovsky—Hunter equation and short pulse one: v — 0
In this section, we consider the following Cauchy problem

Opu+ Oy f (u) = vP, t>0,z€R,

8EP = u, t 07 Rv
U >0, € (2.1)
P(t,—o0) =0, t>0,
u(0, ) = uo(z), z € R,
or equivalently,
Ou+ 0, f(u) =~ [7__ ul(t,y)dy, t>0,z€R, (2.2)
(va)_u()( )7 r € R. ’

On the initial datum, we assume that

wo € LY(R) N L®(R), /Ruo(x)dx o, (2.3)
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while, on the function

Py(z) = /T uo(y)dy, =z €R, (2.4)

—00

/RPO(x)dx - /R (/_OO uo(y)dy> dz = 0. (2.5)

Moreover, the flux f € C?(R) is assumed to be smooth.
If v =0, (2.1) reads

Opu+ 0. f(u) =0, t>0,z€eR,
u(0, z) = uo(z), z € R,

we assume that

(2.6)

which is a scalar conservation law.
Fix three small numbers 0 < €,0,7 < 1, and let uc 5, = uc5~(t,z) be
the unique classical solution of the following mixed problem:

atus,é,'y + 8a:f(ue,6,v) = ’YPE,(S,V + Eag;pue,é,’ya t>0,zeR,

—00: P 5~ + acPe,é,'y = Ue,§,ys t>0,z e R, 2.7)
P 5(t,—00) =0, t>0, '
uEﬁ»’Y(Ov‘r) = ue,é,v,o(w)v r €R,

where u, 5,0 is a C°° approximation of ug such that

Ue 5,40 — up in L] (R),1<p<oo, ase d,v—0,
||Ue,67'y,0||Loo(R) < ||U0||L00(R)a £,0,7>0,

2 2 2
||u6,5m0||L2(R) + 0y ||PE’5,%0||L2(R) +0 Hawps,é,%OHH(R) <Co, & 0,7>0,

/ Ue 5,0(2)dxr =0, / P.s~o(x)dr =0, ¢, 6, v>0, (2.8)
R R

and C is a constant independent on ¢, § and 7.
The main result of this section is the following theorem.

Theorem 2.1. Fiz T > 0. Assume (2.3)—(2.5) and (2.8). If [ is genuinely
nonlinear (i.e., |[{f"(-) =0} =0)
v = 0(e70). (2.9)

There exists three sequences {ey tren, {Bk}ren, {Vk}tren, with ek, Bk, v — 0,
such that

Uey By — W strongly in LT ((0,T) x R),  for each 1 < p < oo,

loc

where u is the unique entropy solution of (2.6). Moreover, we have that
/ u(t,z)de =0, t>0. (2.10)
R

Let us prove some a priori estimates on u. s~ and P 5., denoting with
Cy the constants which depend on the initial datum, and C(T) the constants
which depend also on T
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Lemma 2.1. For each t > 0,
P€’57f\/(t, o0) = 8wPE7M(t, —0) = &;PE,M(t, o0) = 0. (2.11)

In particular, we have that

/ue_’(;ﬁ(t,x)dx = —5%/P5’5,7(t,x)dx, t>0. (2.12)
R R

Proof. Arguing as [2, Lemma 3.1], we have (2.11).
Let us show that (2.12) holds. Integrating the second equation in (2.7)
on (—oo,x), we have

x T
P€’57’Y(t7 l‘) = / Ug, 5,y (ta y)dy + 6/ atPE,(S,'y (t7 y)dy
—0o0 —00

T d T
= / Ue 5,y (t, y)dy =+ 6% / PE,5,’y (t, y)dy (213)

Therefore, (2.12) follows from (2.11) and (2.13). O
Lemma 2.2. For eacht > 0,
/ P, s5~(t,x)dz = 0. (2.14)
In particular, we have that :
/Rusyg,.y(t,x)d:c =0, t>0. (2.15)

Proof. Let t > 0. Integrating the first equation in (2.7) on R, we have

/@u&gﬁ(t,x)d CZ/uE s (t, x)de = /PE(;A, (t,z)dx. (2.16)
R

Differentiating (2.12) with respect to t, we get

d
dt/ugg,y(t x)dxr = th/PE(;,Y (t,z)d (2.17)
Therefore, (2.16) and (2.17) give

d2
@ / Pg7577(t,x)dx + % / P57(§7fy(t7l')dx = 0
R R

/ P, 5~(t,z)dx = C; cos <\/jt> + Uy sin <\/§t> ) (2.18)
R

where C', Cy are two constants.
It follows from (2.8) that

d
dt

Thanks to (2.8) and (2.19), to compute C4, Cy, we must solve the following

system:
{cl cos (/Tt) + Cysin (y/Tt) =0, (220)

Then,

[ Peisola)dz =0, (2.19)

—-Ch \/?sin (\/%f) + Cz\/?cos (\/gt) =
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Equation (2.20) says that
Cy = Cy = 0. (2.21)
Then, (2.18) and (2.21) give (2.14).
Finally, let us show that (2.15) holds. Differentiating (2.14) with respect
to t, we get

d
— / P.s~(t,x)de =0, t>0. (2.22)
dt R Yy

Therefore, (2.15) follows from (2.12) and (2.22). O

Lemma 2.3. For eacht > 0,

¢
2 2 2
[ ')”LQ(R) + 67 [| Pe sy (2, ')”L?(R) + 25/0 102e, 5,4 (s, ')”L?(R) dz < Cp.

(2.23)
Moreover, fized T > 0, there exists C(T) > 0, independent on &, 6 and vy, such
that

C(TB, 0<t<T. (2.24)

P < 222
1P=.s, (O.1)xR) = 5T

Proof. Let t > 0. Multiplying by P s the second equation in (2.7), we have
— §PE’5,78tP575;Y + Pg’g’,yazPEﬁ;Y = Us,&,'yPE,é;y- (2.25)

Due to (2.11), an integration on R gives

d (0 1 2
Tt (2 ||P€ 57( )”L?(R)> /Rue,tSn/PE,é,vdm 9 /Raw (Ps,é,w) dx
= / Ue, 5,4 Pe,5,~d. (2.26)
R

Multiplying by u. s~ the first equation in (2.7), an integration on R gives

1d
TN —/u,a, Bytie 5y
9 gt ey L2(R) o0 Ttte 0

!
= _/u&éﬁf (ue,gﬁ)awug,gﬁdx—&—’y/u875,7PE7577dx
R R
2
+8/u575,787;wu57577dx
R

= [ o Pesde = 10t 1) e
that is
e 43 )+ 22 10ttt ey = 20 [ o P (220)
It follows from (2.26) and (2.27) that
= @ (e (8 Mgy 87 11Po (8 2y ) 22 10t (6, 2) 2 gy = 0.

(2.28)
Integrating (2.28) on (0,t), from (2.8), we have (2.23).
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Finally, we prove (2.24). Let T' > 0. We begin by observing that, from
(2.23), we have that

57/ Eé,ydargco.

An integration on (0,T) gives

T
57/ / Pg%(gﬁdtdac < CT =C(T),
0 JR
that is (2.24). O

Lemma 2.4. Let T > 0. There exists C(T) > 0, independent on e, § and 7,
such that

()
(|02 P 5, (t, )||L2 < Tﬁ’ (2.29)
for every 0 <t <T. Moreover,
c(T)
1Pe64 | poe 0.7y xr) < 5177 (2.30)
647454

Proof. Let 0 < t < T. Differentiating the second equation in (2.7) with respect
to z, we have
807 Pr 5y = —Oglc 5.4 + 02y Pr s r. (2.31)

Multiplying (2.31) by 0, P- 5., an integration on R and (2.11) give
G (10 P () = =2 [ Ot 0.Pesdi+ [ 00 (00 50) o
= —2/R§Iu5,5¢,8mPE,5ﬁdx. (2.32)
Due to the Young inequality,

—2/ 8wu5,5ﬂ8IP875,7d3: <2
R

/ Oyt 5,50y Pe 5, dx
R

<2
R

1
5 (|0 ue 5,7( )||L2(R) +6 |02 P: 6,7( )||L2(R)

O Ue 5,

\/Eazpsm‘ dz

Therefore, we get

d
(5”6 P54 (t, )”L?(]R)) =5 10 ue 5,42, )”L?(R) + 6|02 P 54(t, )||L2(]R)a
that is

d
(5”6:10 P54 (2, )”L?(R)) 61|02 Pz 5,(t, )HL?(R) Ha Ue 5.4 (1, )||L2(R)~

The Gronwall Lemma and (2.8) give

F10u Pt Wi < Coe 4 5 [ Do, My
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c(r) [t
< cxzq-+%)]g 102 ttc 5.+ (5, ) |72z ds- (2:33)
Due to (2.23),

L 2 e [ 2 Co
gA”@%M@Wm®“=géﬂ@%mﬁﬂmm“fg*(m®
Since 0 < ¢, § < 1, it follows from (2.33) and (2.34) that

ot <1+ e (522 <

Hence,
()

”a Psé,'y( )HL?(R < 52¢

which gives (2.29).
Let us show that (2.30) holds. We begin by observing that, thanks to the
Holder inequality,

Pez,é,'y(ta :ZZ) = 2/ Ps,é,’y(ta y)azps,é,'y(t> y)dy

<2 / |Pr s (1, )]|0 P51 (£, )yl

< NPessi(ts Voo 100 Pesin (b Moy - (235)
It follows from (2.23) and (2.29) that
1Pesalle oy < =S < )
VY 0\ T f2yze2
which gives (2.30). O

Lemma 2.5. Let T > 0. Assume (2.9). Then, there exists C(T) > 0, indepen-
dent on e, 0 and -y, such that

||u87577||L°C((0,T)><R) < ||UOHL°°(R) +C(T). (2.36)
Proof. We begin by observing that, from (2.9) and (2.30), we have

7iC(T)
5%5%

Ortie 5y + Ou f e 59) — €07qUe 5.y < HPatMHLoo((o,T)xR) < < (D).

Since the map
F(t) := lluoll poo (m) + C(T)E,
solves the equation

dF
- =)

and
max{u. 5(0,2),0} < F(t), (t,z)€ (0,T) xR,
the comparison principle for parabolic equations implies that
Ue s~ (t,x) < F(t), (t,x) € (0,T)xR.
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In a similar way, we can prove that
ue 5~ (t,x) > =F(t), (t,z)€ (0,T)xR.
Therefore,
ue,5. (& )| < JJuoll Lo (m) + C(T)E < [|uol| ooy + C(T),
which gives (2.36). O
To prove Theorem 2.1, the following technical lemma is needed [23].

Lemma 2.6. Let Q) be a bounded open subset of R?. Suppose that the sequence
{L,}nen of distributions is bounded in W=1°°(Q). Suppose also that

£n = ACl,n + £2,n7
where {L1.n}nen lies in a compact subset of ngcl(Q) and {Lopn}nen lies in a
bounded subset of Mioe(). Then {Ly }nen lies in a compact subset of H;,1 ().

Now, we are ready for the proof of Theorem 2.1.

Proof of Theorem 2.1. Let n: R — R be any convex C? entropy function,
and ¢: R — R be the corresponding entropy flux defined by ¢’ = f'n’. By
multiplying the first equation in (2.7) with 7’(u. 5) and using the chain rule,
we get

0n(Ue 5.~) + 02q(te,s,)

= 585177(1‘6,5,7) —577//(“5,6,7) (axus,é,v)Q +’7771(U€,5,W)P6,6,77 (2.37)

::»Cl,s.é,'y ::['2,5,5,7 ::‘6315,517

where L1 ¢ 5, Lo.c,5,v, L3,¢,5,~ are distributions.
Let us show that

Lics~—0 in H((0,T)xR), T > 0.
Since
5829/’7(”6,6,7) =0y (577/(“£757'y)8zu€,577)7

from Lemmas 2.3 and 2.5,

T
2 2 2
llen’ (tte 6.) Ontie 5,4 ‘LZ((O,T)X(]R)) <ée? ||77/||Loo(1T) /0 [[0ze 6.+ (s, ')HLZ(OM) ds

< &0/l 17y Co = 0
where
Ir = (— [[woll ooy = C(T); w0l oo ry + C’(T)) .
We claim that
{L2c 5 ~}e, 5, ~>0 is uniformly bounded in Ll((o,T) xR)),T > 0.

Again by Lemmas 2.3 and 2.5,

T
2
Hgnu(us,&v)(amus,&v)z|‘L1((07T)XR) < ||77”HL°°(1T) E/0 [0z tic,6, (8, ')”L?(R) ds

<"l g (1) C(T):
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We have that
{L3.c 5 ~}e 550 is uniformly bounded in L}, .((0,T) x (0,00)),T > 0.
Let K be a compact subset of (0,7") x (R). From (2.9) and (2.30),

dtdx

I () Pl sy = /K 17 () | P

<A N poo () 1PNl s (0,7 ) 1K

3
fyi
< EC(T) 171l Lo (1) 1S
= C(T) 17'll poe (1 K-
Therefore, Lemma 2.6 implies that
{0 (ue,5.4)+02q(ue,5.4)}. 5 ,~o lies in a compact subset of H;1((0,00)xR).
(2.38)
The L* bound stated in Lemma 2.5, (2.38) and the Tartar’s compensated

compactness method [31] give the existence of a subsequence {uc, s, ~, }rken
and a limit function u € L>°((0,T) x R) such that

Uey 00y — wa.e. and in L ((0,7) x R),1 < p < . (2.39)

loc
Hence,
Uep o7 — U 0 L((0,T) x R). (2.40)

We conclude by proving that w is unique entropy solution of (2.6). Let ¢ €
C>°(R?) be a positive text function with compact support. We have to prove
that

| [t +awossyinds + [ (e o0.az 0. (241
R
From (2.37), we have
6t77(u5k75k7’)’k) + 6Iq(u6k75k7’wc) < Ekaﬁxn(u5k76k77k) + an/(usyév"/)PE,&’Y'
Multiplying by ¢ and integrating on (0, 00) x R, we have that

/ / (Mt 50 )Orb -+ Q(t1eg g1 20 ) Dud) b + / 0 (10,0155, . (2)) (0, 2)dx
0 R R

ter / / D(tiey 500 )02, Sl
0 R

+%/ /n/(ughtskﬁk)Pak)5k7%¢dtdx > 0. (2.42)
o Jr
Let us show that

’Yk/ / n/(UEkv(skv'Yk)Pffk,(skv’Yk pdtdz — 0. (2'43)

From (2.9), (2.24), (2.36) and the Hélder inequality, we get

/ / uE}wék”Yk €k, Ok» Vh pdtdx

Yk
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o0
< / / 17 (tep )| Per. 51 || Sl
0

< ||77/||L°°(IT) 1Pz, 81, e ||L2(supp (4)) ||¢||L2(supp (¢))

< ||77/||L°°(IT) 1 Pevc, 6, v ||L2((0,T)xR) ||¢HL2((0,T)xR)

<

C(T) 17Nl oo (1) 181l L2 (0,7 )

S, |2
1= ?T‘M\)—“R‘M‘)—A

=R C(D) I | L (12) 18l L2 0,7y xR) = 05

NoDEA

that is (2.43). Therefore, (2.41) follows from (2.8), (2.36), (2.42), (2.43) and

the Lebesgue dominated convergence theorem.
Finally, (2.15) and (2.39) give (2.10).

3. Ostrovsky equation: v — 0O

In this section, we consider the following Cauchy probelm

Ogu + %@ch — o3, u=~P, t>0,zeR,

8,P = u t>0, 2R,
P(t,—c0) =0 t >0,
u(0, z) = ug(z), z €R,

or equivalently,

Opu+ 20,u? — BO2, u = [* _u(t.y)dy, t>0,z€R,
w(0,2) = uo(x), z €R.

On the initial datum, we assume
up € L*(R) N L*(R), / ug(z)dr = 0,
R
and on the function

Py(x) = /z uo(y)dy, x€R,

— 00

we assume that

/RPO(x)da; _ /R (/_OO uo(y)dy> dz = 0.

We observe that, if 3,7 — 0, then (3.1) reads

du+ 30,u? =0, t>0,2€R,
u(0, ) = ugp(z), z €R.

which is the Burges’ equation.

O
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Fix four small numbers 0 < ¢, 5,0,7 < 1, and let u. g5 = U g,5(t, )
be the unique classical solution of the following mixed problem:

1 2 3
e, p,5y T 502UZ g 5 — BOrualic,s,o,y

=vP: g5~ + Eagxug,57577, t>0,zeR,
~004 P55 + 00 Pe g 6.y = U557 t>0,z€eR, 3.7)
P g5(t,—00) =0, t >0,
Ue,3,6~(0,2) = e g.5,4,0(2), x € R,

where u. g 5.~,0 is a C° approximation of ug such that

us,ﬁ,&,fy,O‘)uo in LfoC(R)al §p<47 as g, 67 63 74)07

2 2 2
H“s, B, 6,701l L2 (R) + oy ”Pe,ﬁ, 5,%0”1;2(]1@) +4 ||8:6P€’ﬁ,5m0 L2(R)

2
L*(®)

+ﬂ2 ||8£zu6,5757%0”iz(R) <Co, ¢&,3,6,7v>0,

5/ Ue, 8,5,~,0(0xte, 3,5,40)> < Co, €, B, 6, 7v>0,
R

4
+ ||u6,575,%0||L4(R) +(B+ 52) ||6w“6,ﬁ757%0|

/ uE,ﬁ,é,’Y,O(l‘)d'x = O? / PE,57 57770(1’)d1‘ = Oa g, ﬂa 57 v > 07 (38)
R R

and Cj is a constant independent on ¢,5, § and ~.
The main result of this section is the following theorem.

Theorem 3.1. Assume that (3.3)-(3.5), and (3.8) hold. If
B=0(?), v=0(d) (3.9)

then, there exist four sequences {ex}ren, {Bk}ren, {0k}ren, {Vk}ren with
ks Brs O, Y — 0, and a limit function uw € L*(0,T; L*(R) N L*(R)), T > 0,

such that
(1) ey Br.60.9 — w Strongly in LY ((0,T) x R), for each 1 <p <4, T >0,

loc

and u is a distributional solution of (3.6). Moreover, if
B=o(c), ~=0(d) (3.10)
then,

(ii) w is the unique entropy solution of (3.6).

In particular, we have (2.10).

Let us prove some a priori estimates on u. g 5, and P; g 5, denoting with
Cy the constants which depend on the initial datum, and C(T) the constants
which depend also on T'.

Arguing as Sect. 2, we obtain the following results

Lemma 3.1. For each t > 0,
Peﬁygﬁ(h OO) = 8IPE,5,5,7(15, —OO) = 6zP57575,7(t, OO) =0, (3.11)

/u5757577(t,x)dx:—6%/P6757577(t,x)d1‘, (3.12)
R R
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/ Pz psq(t,x)de =0, (3.13)
R

/ Ue p,5,(t, x)dz = 0. (3.14)
R

In particular, we have that

t
2 2 2
[e,6,6,4(t, ')HLz(]R)‘HS'Y [ Pe,8,6.+(, ')||L2(R)+25/0 [[0zue 3,5,4 (s, ')”Lz(R) dx < Cp.

(3.15)
Moreover, fized T > 0, there exists C(T) > 0, independent on ¢, 3, 6 and 7,
such that,

cT)
||P575757’Y||L2((0,T)><]R) S 5%7%, (316)
(1)
102 Pe 8.6t ) p2ry < N (3.17)
c(T
||P57ﬁ75a7||L°°((O,T)><]R) S my (318)
for every 0 <t <T.
Lemma 3.2. Fized T' > 0. Then,
_1
“ue,ﬂ,é,’v||Loo((o,T)><R) <O(T)Bs. (3.19)
Moreover, for every 0 <t <T,
t
_1
B ||u5,575,7(t, ‘)”iz(R) + 55/0 ||8§xusﬂ 5,7 HL‘L’(R) s<C(T)B 5. (3.20)

Proof. Let 0 < t < T. Multiplying (3.7) by —2ﬁa§$ueﬁ,5ﬁ + ugﬂﬁﬂ, and
arguing as [5, Lemma 2.5], we obtain that

(910010 My + 5 [ 50)
+26/}Ru5557(8 Ue,B,5,) dz+2ﬂ5}|8mug,557 HL?(R
= *275/R3§mus,ﬁ,6,vpe,ﬁ,a,wdx+7/Ru§,5,a,yps,ﬂ,5,wdz- (3.21)
Since 0 < f,e < 1, it follows from (3.9), (3.15) and the Young inequality that

P g5y dx

276/6xxu87557 755’)’d$ < 2/ |ﬁ\/>6$xu655‘y|
< P |00 57 () |y + HRMM)MW

</85Hamcu€7557 HL2 +(5 C( )
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< e Haizus,ﬁ s HL?(R) +C(T)e
< e Haizue,ﬁ s ( HL2 ® T (1) (3-22)

Since 0 < d,& < 1, due to (3.9), (3.15) and the Holder inequality,
7/ ug,ﬂ,é,VPE,ﬁdx < 7/ Ug,ﬁ,5,7|Pe,ﬁ7M|d$
R R

<7 ||us7ﬁ75,7||Lao((o T)xR) / |ue,8,6.9 11 Pz,8,67|dx

B \ffco lte g5l e 0,7y xm) < €2 CT) Nt gl Lo (0,7 xm)
< C( ) ||u6,5,6,’y||Loo((o7T)XR) . (323)

Therefore, (3.15), (3.21), (3.22) and (3.23) give
(ﬁ ||8 Ue 3, 67( )||L2(]R) + = 3 / Ug’ﬁ’é’vd.T) + 65 ||8§IUE,,3 57 ||L2(R)
< OT) e .50l e 0.2y ey — 22 / e, 5.5, (Datic )2z + C(T)

<C(T) ||“675757’Y||L°C((0,T)XR) + 25/R |tte 3,6.+](Dwtie,p,57)*d + C(T)
< C(T) ||“6,B,5,7||Loc((o,T)xR) +2e Hue,ﬁ,&vHLoo((o,T)xR)
X /(8xu57g75,7)2d:c +C(T).
R

It follows from (3.8), (3.15) and an integration on (0,t) that
2 ! 2 2
B ||8a:ue,ﬁ,57'y (t7 ) ||L2(R) + 65/0 Hamzua,ﬁ,é,’y<37 ) HL2(]R) ds

t t
< Co+ O) e maimyery [ d5+0() [ s

t
5 1
+ 22 e oo lum oy [ 10cte (5 Mgy ds+ 5 [ e

< C(T) + O(T) Hue,ﬂ,é,'y||Loo((o,T)><R) + COO(T) Hue,ﬁ,é,’y||Loo((o,T)><R)
2
+ 3 Hus,ﬂ,&v||Loo((o,T)><R) lue,p,54 (2, ')HLZ(R)

1
< C(T)+C(T) Hue,ﬂ,&“f||Loo((o,T)XR) + gCO ||u€ﬁ,5,w||Loo((o7T)xR) :

Therefore,
2 ¢ 2
ﬂ ||87Ju€7/876a"/(ta ')||L2(]R) + 55/0v |‘a§wus,[3,577(3, ')HLZ(R) ds

< C(T) (14 e g5, e o1y ) - (3.24)

Due to (3.15), (3.24) and the Holder inequality,
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x

U2 g (1) =2

\

Ua,ﬂ,a,vaxus,ﬁmdy <2 / |te,3,6,7Orlie, 5,6, |dx

||U€B57||L2 (R) f\|5‘ Ue, 5,5, (1, )HL2(R)

am\w

\/C )(1+ [te,8,67 /| oo ((0,7)xR) ),

that is

4 c(T)
”uf-ﬂyéy’YHLOO((O)T)XR) < 3 (1 + H“s,ﬁ,&'v”po((oj)xug) ) (3.25)

Arguing as [5, Lemma 2.7], we have (3.19).
Finally, (3.20) follows from (3.19) and (3.24). O

Lemma 3.3. Let T > 0. Assume (3.9) holds true. Then:

(i) the family {uc 5.5~ }e 3.6, is bounded in L*((0,T) x R);
(ii) the following families {802 e .5~ Ye,5,5vs {V/EUe 3,60 Ue 3.6 }e.5,6,55
{BVEDS e g5~ e 5.6, are bounded in L2((0,T) x R).

The proof of the previous lemma is based on the regularity of the func-
tions uc .5, and [5, Lemma 2.5].

Proof of Lemma 8.3. Let 0 <t <T. Multiplying (3.7) by
U2 5.5~ 3B(Oatic p.64)" — 6PUc,5,5,055ue 5 + ?ﬁ%imue,ﬁ,m
and arguing as [5, Lemma 2.6], we obtain that
dtG( )+3D15/R uZ 5.5 (Ontic 5.5, dx+5ﬁ2D2/R(amu5ﬂM)2dx
< 7/R‘ue,ﬁ,5,7|3|PE,ﬁ,5,'y|d1’+3’7[3A(amus,ﬁ,5,7)2|P€,ﬁ,5,w|dm
+ 675/ (e, 6.5, 110701e .64 P 3,642

+7 ﬂz/azzxazu&ﬁ(S’YPEﬁ‘;“/d‘r

1 9
= Z/RUQB,(S,WCZI+3/3/Rue,ﬂ(3xue,ﬁ75,w)2dx+ gﬂz/R(aixus,ﬂ,J,w)zdﬂ%

(3.26)
while D1, D5 are fixed positive constants.

Due to (3.11),

18
ﬁz / O pwatic 5.6, Pe g s = —3752 / 03 1 ptic .6,402 Pe g 5.y
R
(3.27)
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Since 0 < B < 1, it follows from (3.9), (3.17), (3.27) and the Young inequality
that

18 18
— 3752 / 03 ptic, 5,402 Pe 5 o < 3762
R

18 —
< g/ ‘62 Asagmruﬁﬂvév"/’
R

/ 83:61{&5»5757781 PEHB»‘;v’de
R

’Ya:cpsﬂ,&'y
vV Ae

2

9A 9 7
?54€/R(aimus,ﬁ,5,’y)2d$+ FA - R(amps-ﬂ,&’y)zdx

dzx

IN

A
< 2B [ (Ohatepin o+ S5 55O)
5 R 13

A T
= 97526/(3i’mus,ﬁ,6n)2d$ + @,
57° ) A

where A is a positive constant that will be specified later. Therefore,

d 94
@GU)Hle/ uZ 5.5 (Ontic p.54) dx + 3 (Dz - ) /(3ﬁmus7ﬁ,a,w)2d$
R R

< 7/ |“sﬁ,5ﬁ|3|P€ﬂ,5n|dﬂf + 375/(arus,ﬂ,5,7)2|P€,6,5ry|dx
R R
Cc(T)

|02 e 3,64 | Pe. .o,y | dw + -

+675/ |te, 3,6,
R

5D
Choosing A < TZ’ we have

d
%G(t) + 3D15/ ugﬂﬁﬁ(amusﬁ,&’y)zdx +0°Ds / (33musﬂ,5rv)2d$
R R

<~ / e 5 P Pe g 5. + 343 / (Dstie 5.5)?| Pepis |
R R

618 / te 51|02 5.5 | P |+ C(T),
R

where D3 is a fixed positive constant.
Since 0 < e < 1, due to (3.9), (3.15), (3.18) and the Young inequality, we
obtain that

7/ |ug’,5,5,7||Pe,ﬁ,6,vldxdfﬂ+675/ e 3.5.41102 e 5.6,
R R

| Pe.6,6,+]

1
:/R Eug,ﬁ@y ‘ﬂVUE,ﬂ,(MPE,B,é,V‘dx
3v2 V5y
+/}R %ﬂaiacu&ﬁﬁﬁ WU&@&’YP&@&’Y dz

1 4 2 2 2
< Z/“sﬂ,a,wd1+7 /“e,ﬂ,a,wpe,ﬁdm
R R

9 [[(@uepon o+ 20 (255, P2 50
tz A e, p,07) "0 + = Rua,ﬁ,é,v £,8,6,7 4T
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1 9 97?2
=1 /R“;lﬁ,mdm + 352/]1%(8335%,5,5,02%4— v /Rug,ﬁ,é,'ype%/j,é,'ydx

1 9
< Z/“?,B,&,'y‘”“‘ g,@Z/(azxusﬁ,5,’v)2dx
R

%

+— 1P 55’Y||L°°((OT)><]R)/]Rug,ﬁﬁﬁ(t’m)dx
<Al a2 [ 200 + O(T)—L
—1 Rus,ﬁ,d,’v T g ]R( M;Us,ﬁ,d,'y) T+ ( )5%’}/%6%

1 9
< [utsndet 30 [ @uepan)ds +C(T)

4 Jr 5 Jr

1
<

9
1 [ttt 38 [ @ )de+O(T)
Again by (3.9) and (3.18),
375/R(azus,ﬁ,ﬁ,vf|PE,B,5,7|dx <3B ||P6,6,6,7||Loo((o7T)x]R) /R(al’uﬁ,ﬁ,éﬁ)de

< C(T) 1 T (8Iu5,5’577)2d$
54 Nigd

TIVED [ (@rttcpon o

T)8 / (3zu5757577)2d:5.
R

Hence,

%G(t) 4 3eDq / (8 Ue, 3,5 7) dz + £3%Ds / (meuEﬁ 5,7)2dx
R

1 9
S i/Rug,ﬁ)é,,ydl‘—"—gﬁz/ﬂg(aia:ue’ﬁ’&,y)Qdm—f—C(T)ﬁ/R(awua)ﬁyé,v)Qd{I)-i-C(T).

Arguing as [5, Lemma 2.6], thanks to [5, Lemma 2.7], we have
l[ue,p,6 7||L4((0 Ty)xR) = c(T),
T

)

5’|62-"u8755’7HL2 (0,T)xR) = a(T)
\[Husﬁéwa usﬁM”p‘ OT)><]R<) c(T),
o(T).

I /\

Vep HaxmusﬁﬁﬂHLz((o,T)xR)
The proof is done. O

Lemma 3.4. Let T > 0. Assume that (3.9) holds true. Then:

(i) the family {e0yuc g5, }e.p,6,, 15 bounded in L>(0,T; L*(R));
(ii) the family {e\/e0%, uc 5.5~ e, 5.5~ 15 bounded in L*((0,T) x R);
(iii) the family {BOyuc 302 Uc 5.6~ }ep.6, 18 bounded in L'((0,T) x R).

Moreover,

§A|@WMM M ze g ds < C(D)e. (3.28)
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Proof. Let 0 < t < T. Multiplying (3.7) by —202,u. 5,4, arguing as [5,
Lemma 2.8], we have

d
2dt /(8 ug,ggﬂ,) dx + 23 /((‘ﬁmue’g’gﬁ)%x

= 282/716”@(9 us’ﬁgwa ug,,@(;vdx—QE ’y/P’ﬁ(s,ya zUe, 3, 5’7d$.
R

Since 0 < € < 1, due to (3.9), (3.15) and the Young inequality,

262/us’lgaxusﬁ’gﬁagfbu57575’7d1'—2527/Pg’g’gﬂagzusﬁ’gﬁdx
R R

2¢” /Ue 502Ue 3,6, Onq Ue, 6,5, AT — 2¢ 'Y/Pﬁ 6.7 0ralle .6,
R

<25

/uggf) ugggwamugg,;ydx + 2¢ W‘/P 5578 uglg(;ﬁdib
R

< 2/55 |ue,30xue 3,57
R

< 6/(Usﬂ<9xue,ﬁ,6n)2dﬂf+€3/(@ﬁxue,ﬂ,a,w)zdz+272€/ P255.dx
R R R

3 1 3
€? ‘aixue,ﬂ,&ﬂdx + /R 2¢3 VN Pe,p,5~|€2 |8§$u57575,7|dx

e 2 2
+ ? (aa::pué‘;ﬂ)(sﬂ) dx
R
2 3¢? 2 2 o
<€ | (ue,80sUe p64) dr + — | (Oppte,p,64) dx + —C(T)
R 2 Jr dy

3e3
< €/R(Us,53zus,a,«sn)2d$ + 5 A(&izus,ﬁ,a,w>2dx +C(T).

Tzhgs 2 53 2 2 2
di (arus,ﬂ,&’v) dx (@m“sﬂﬁxy) dr <e (us,ﬁaﬂcus,,@,éﬁ) dz+C(T).
R

An 1ntegrat10n on (0,1), (3 8) and Lemma 3.3 give
2
& 0ute 50,8, 2y + S / 02t .5, 5. ) [ gy s < CT).

Hence,
e |0xtie, 5,5~ (1, )HL2(R) < C(T),

t
e A 102 1e . (5. )|y s < C(T). (3.29)

Thanks to (3.9), (3.15), (3.29) and the Holder inequality,

T T
154 1 3
5 / / 0010t s = 5 [ B0t 5123 1020 5
0JR

(//8%557 dsda:) ( //8 2Ue,B.5.7) dsda:)

< CoC(T )*<C( )-
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Due to (3.9) and (3.29), we have

T
62/ 102t 50,5, )22 gy ds < C / 102,505, ) |22 gy ds SC(T e,
0 0
which gives (4.21). O
To prove Theorem 3.1, we use Lemma 2.6 and the following definition.

Definition 3.1. A pair of functions (7, ¢) is called an entropy—entropy flux pair
if n: R — R is a C? function and ¢: R — R is defined by

g(u) = / O ©)de.

An entropy—entropy flux pair (7, ¢) is called convex/compactly supported if,
in addition, n is convex/compactly supported.

We begin by proving the following result.

Lemma 3.5. Assume that (3.3), (3.4), (3.5), (3.8), and (3.9) hold. Then for
any compactly supported entropy—entropy flux pair (n, q), there exist four se-

quences {extren, {Ok}tren, {0k tren, {n}ren, with e, B, 0k, e — 0, and a
limit function

u€ L®(0,T; L*(R)NL*R)), T >0
such that
Uey Brore — W LY ((0,00) x R),  for each 1 < p <4, (3.30)
and u is a distributional solution of (3.6).
Proof. Let us consider a compactly supported entropy—entropy flux pair (7, q).
Multiplying (3.7) by 7' (ue g,5~), we have
Uz 5,5.7) + 024(Ue 5.6.4) = €1 (Ue .67 Dztic 5.6 + O (Ue,5,6.4) D aaiec 5,54
+ 90 (ue,8.57) Pe.g.oy
=I,c,8,6,~+ 1280~
+ 13,68,y +14,6,8,6,v + 15,,8,5,v»
where
I e.p.5,v = Ou(en (ue,p,5,7)Oatic ),
Iy e, 5,54 = =0 (te,5,67) (Ontic 5,5.4)°,
I3.c.5,6,4 = 0u (B0 (uc p,6,)02pic 5.6)s
Iy e po6,~= *577//(us.ﬂ,&w)azusﬂagxus,ﬁﬁﬂv
Is,c.5,6y = VN (Ue,8,6,4) P55, (3.31)
Arguing as [5, Lemma 3.2], we have that I; . g5~ — 0 in H '((0,T) x
R),{Is,c, 8,06,~}e.8,6,>0 is bounded in L*((0, T) R), Is.c .6~ — 0in H!

((0,T) x R), {I4,c,8,6,~}e.p,5~>0 is bounded in L'((0,T) x R).
Let us show that

Is e p6~—0 in L}OC((O, o0) x R), ase—0.
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Let K be a compact subset of (0,7) x R. Equation (3.9) and Lemma 3.1 give

I Cte5) Pesiolln gy = 7 [ 1t )1 Peola
<7 ||77/||L°°(R) ||P6,B,6,7||L°c((0,T)xR) K|
B
< 770D e K|
divyigi

< VECT) 10| oo gy 1 K| — 0.

Therefore, Lemma 2.6 and the LP compensated compactness of [29] give (3.30).
We conclude by proving that w is a distributional solution of (3.6). Let
¢ € C°°(R?) be a test function with compact support. We have to prove that

/00/ (u@t(b + uz@xqﬁ) dtdx + / uo(2)¢(0, z)dx = 0. (3.32)
0JR 2 R

We have that

/ / (uek,gk,(sk,%am Crttion, ¢> didz + / Uo.ex 0 g (2)6(0, 2)dx
0 R

— Yk // Fey oy odtde + €y, / / Ue,,Br 0k Yk 8i$(bdtdx
0JR 0JR
o0 o0
+5k/ W0,e4,8k 6k vk (x)aﬁm(b(al‘)dl' - 5k/ /usk,ﬁkﬁkﬁk :mz(bdtd.%'
0 0 JR

— Ok /OOC U0y, Brb e (T)Onpn d(0, x)dx = 0.
Let us show that N
o /0 /R P., 81,60, Qdtdz — 0. (3.33)
From (3.9) and (3.18), we get

/ / PSk,ﬁkﬁk”Yk pdtdz

<o [ 1P ol

<k ||P€k,ﬁk-,5k-,’wc ||L0<>((0 T)xR) / /R |¢|dtd$

S % //|¢5|dtdx

5,;‘74

< VERC(T / /|¢|dtdx% 0,

Yk

that is (3.33).
Therefore, (3.32) follows from (3.8), (3.30) and (3.33). O

Arguing as [14], we prove the following result.



1754 G. M. Coclite and L. di Ruvo NoDEA

Lemma 3.6. Assume that (3.3), (3.4), (3.5), (3.8), and (3.10) hold. Then,
((0,00) X R), for each 1 < p < 4, (3.34)

. p
Uep,Brdpyr — U 1M Lloc

where u is the unique entropy solution of (3.6).

Proof. Let us consider a compactly supported entropy—entropy flux pair (7, q).
Multiplying (3.7) by 7' (ue g,5~), we obtain that
Oin(te,5,5,4) + 00q(ue,5.5,7) = €1 (e,p,67)050Ue,6,5 + 51 (Ue,5,5,7) Danatie, 6,67
=+ 7”’(“6,5,5,’7)P€,57577
=1N,c.8,6~ 1T 1268 06~+13,¢ 86~ 11,c8 06~
+ 15,86+

where It ¢ 8,5,~, 12,¢,8,6,~+ 13,¢,8,5,~> 1a,¢,8,5,v and Is ¢ g 5~ are defined in
(3.31).

Arguing as [5, Lemma 3.3], we obtain that Iy . 5,4, — 0in H1((0,7) x
R), {Is,c,8,6,~}e.8,6,>0 is bounded in L'((0,T) x R), I3 - g6 — 0in H!
((0,T) xR), Iy, c .6, — 0in L'((0,T) x R), while arguing in Lemma 3.5,
I5 c. 5,6+ — 0in L}, ((0,00) x R).

Therefore, Lemma 2.6 gives (3.34).

We conclude by proving that v is the unique entropy solution of (3.6).
Let us consider a compactly supported entropy—entropy flux pair (7,¢), and
¢ € C°((0,00) x R) non-negative. We have to prove that

/7 (0n(u) + Ozq(u))dtdx < 0. (3.35)
0Jr
We have that

oo
//(aﬂ?n(uahﬁkviska’)’k)+a$q(u5k75kv5k17k))¢dtdx
0JR -
:'Yk//PEk,Bmékﬁkn/(uék,5k75k77k)¢dtdx
e
+Ek//8$(n/(u8k;ﬁlm5k77k)8lu5k;ﬁk75k7"/k)¢dtdx
OOOR
_Ek/0/RT/”(U’Ek7ﬂk;6k77k>(a$u5k7ﬁk>6k;7k)2¢dtd‘/1’l
o0
+Bk//ax(nl(uﬁk,5k75k,’7k)6923xu6k”3k,5A-,”Yk)¢dtdx
OOO]R
+ﬁk//nI/(UEImﬂkﬂskv’Yk)aﬂ?uﬁkwﬁkv‘sk»’)’kagmuskaﬁkvakﬁ'qusdtdx
og R
Sryk\/\/ngaﬂkw5k7’)’kn,(u5k7ﬂkv5k»7k)¢dtdx
o
_Ek/O/RT},(UEImﬂk»5k'a’Yk)aﬂ?u‘flc,ﬁm‘;k,"/kaqudtdx

oo
_Bk//n/(uakaﬁkv5k77k)8£wu5k;6k75k77k8w¢dtdm
0JR



Vol. 22 (2015) Dispersive and diffusive limits for Ostrovsky—Hunter 1755

oo
_6k//n//(uémﬁk,5k7'Yk)axuamﬁk,5k77ka§xu€k7ﬂm51@7"/k¢dtd‘r
O(? R
S'Yk/O/R|PEk7ﬁk,5k77k||nl(u5k7ﬁk,5k77k)||¢|dtd$
oo
+€k//|n/(u5kaBlm5k»7k)||a$u5k;/8k75k7"/k||a€ﬂ¢‘dtdm
Og R
S N LA [ RORPAPRRR R

o
+6kAA|n”(u5k7ﬁkw5k17k)||azu€k1ﬁk»5k1'Ykaizufkyﬂkw6k77k||¢|dtd1’

< Yo 171 oo gy 1 Perc, B 81,11 | 22 (s, 0) 102N L2 (supp(a, 0))

t ek ||77/HL°°(R) |02te,., B, 81, e ||L2(Supp(ax¢)) Haﬁr(bHLz(supp(am(ﬁ))

+ Bk ||77/||L°°(]R) |‘8§mu5k75k75k77k HLz(mpp(am)) ||8ac¢HL2(supp(8w¢))

+ B ”nHHLOO(R) ||¢HL°°(JR+ xR) Hazuflmﬂk,6ka'\/k83?zu5k7ﬁka6k"‘/k ||L1(supp(8zq5))
<Yk Hn/HLOO(]R) 1Pz, B, 81, e ||L2((0,T)><]R)) 1020l £2((0,1) xR))

+ék ||77/HL°°(R) |0z ier, B, 61, i ||L2((0,T)xR) ||5w</)HL2((o,T)xR)

+ Ok ||n/||L°°(R) ||aizu5kaﬁk75k77k ||L2((0,T)xR) ||8I¢”L2((07T)XR)

+ B ||77H||L°°(R) ||¢HL°°(]R+ xR) HaluEk’ﬁks5k7'\/kaizu5k7ﬁka6k77k HLl((O,T)x]R) .

Equation (3.35) follows from (3.10), (3.34), Lemmas 3.1 and 3.4. O

Proof of Theorem 3.1. Theorem 3.1 follows from Lemmas 3.5, and 3.6, while
(2.10) follows from (3.14) (3.30), or (3.34). Therefore, the proof is done. [

4. The regularized short pulse equation: v — 0

In this section, we consider the following Cauchy problem

Oyu — %&ﬂu?’ — B3, u=~P, t>0,x€R,

P = t ; Rv
0 u >0,z € (4.1)
P(t,—o0) =0 t>0,
u(0,x) = ugp(x), x € R,
or equivalently,
815“ - %aa:u3 - Bagzwu = Vf_xoo u<t7y)dya > 07 T e Ra (4 2)
u(0,z) = up(z), r € R '

On the initial datum, we assume

uo € L2(R) N L5(R), /R wo(x)d = 0, (4.3)
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and on the function

%uazjqzm@m% rER, (4.4)

— 00

/RPO(:E)dx = /R (/_; uo(y)dy> dx = 0. (4.5)

We observe that, if 3,7 — 0, then (4.1) reads
{Gtu %&ﬁu?’ =0, t>0,z€R,

we assume that

u(0,x) = uo (), z eR. (4.6)

Fix four small numbers 0 < ¢, 8,6, < 1, and let u. g5, = uc g,5~(t, ) be the
unique classical solution of the following mixed problem:

1 3 3
Oue,3,5y — §02UZ g 5., — BOpyglie,p,6,4

=P g5~ + 02 U 85, t>0,zeR,
—00iP. g5+ 0P g5~y = Ue 35,5 t>0,z€R, (4.7)
P. 55(t,—00) =0, t>0,
Ue,B,5,+(0, ) = Ue p,5,4,0(2), z € R,

where u. g5.~,0 is a C° approximation of ug such that

U57575,770—>UO in Lp (R)71§p<63 as &, /67 577*>07

loc

2 2 2
e, , 6,7,0||L2(R) + 07y ||Pa,/3,5,%0||L2(R) +6[02Pz, 3,5,+.0 L2(R)

2
L2(R)

+ ﬁ2 ||a§mus,ﬁ,6,7,0||iz(R) S C(]u g, ﬁa 67 > 07

/ Ue, 8,5, ~,0(x)dx =0, / P. g5 ~0(x)dr =0, ¢ 3,6,v>0, (4.8)
R R
and C is a constant independent on ¢,3, § and ~.
The main result of this section is the following theorem.
Theorem 4.1. Assume that (4.3)-(4.5), and (4.8) hold. If
B =0, v=0() (4.9)

then, there exist four sequences {ex}tren, {Br}ren, {0ktren, {Vn}ren with
ks Brs O, vk — 0, and a limit function uw € L°°(0,T; L?(R) N LS(R)), T > 0,
such that

Uey, B0y — W Strongly in LY ((0,T) xR),  for each 1 <p < 6,T >0,
(4.10)

+ e, 5,5,v.0 2o gy + (B + €%) 10, 8,5, .0l

where u is the unique entropy solution of (4.6).
In particular, we have (2.10).

Let us prove some a priori estimates on u. g 5,4 and F; g s ~, denoting with
Cy the constants which depend on the initial datum, and C(T) the constants
which depend also on T

We begin by observing that Lemma 3.1 holds also for (4.7).
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Lemma 4.1. Fized T > 0. There exists C(T) > 0, independent on €, 3, § and
~ such that

_1
[te,8,67 1| pos 0,7y xr) < C(T)B72. (4.11)
Moreover, for every 0 <t <T,

t
2 _
B |0z tie,p,5,4(t, ‘)HQLz(R) + ﬁg/o ||33musﬁ,5,“/(37 ‘)HL2(R) ds <C(T)B~". (4.12)

Proof. Let 0 <t <T. Multiplying (4.7) by —302,u. 5 — %ugﬁ, we have

1 1 1
2 3 2 3 3
<_ﬁawmu€w375ﬁ - Gua,ﬁ,é,v> 6tu'5,ﬂ757"{ - 6 <_ﬁazwu873a5ﬁ - 6u5,ﬂ,5,'y> aﬂﬁus,ﬁ

1
2 3 3
-B (_ﬁamue,ﬁ,éﬂ = 6%@&7) Ogalle, 5,57
_ 82 1 3 P
=7 _ﬁ zmus,ﬁ,é,"y - gus,ﬁ €,8,0,y

1
€ <ﬁazru5ﬂv§7’)’ - 6“2,6,6,’*{) aﬂ%musﬂﬁﬂ' (413)

Arguing as [6, Lemma 2.3], we have
d 1 4
a (ﬁ”a Ue g6~ (t, )”L2 T 192 / usﬁﬁ,’ydx)
+ 282 |05 p,5.4(t HL?(R
=293 [ 0% u P, de— 2 [ 3 P. dx
=& R e .8,8,71°¢€,8,8,7 3 Je ,B,0,v 1 .88y

+5/ ugﬁ,é,'y(awufﬂﬁﬂ)de'
R

Since 0 < ¢, § < 1, it follows from (3.15), (4.9) and the Young inequality that
< 2/ |f6\[8xazu€ﬁ57|

<€62Hamu€ﬁ5’7 HL2

dx

Q’Vﬁ’/amzusﬁﬁ'ypsﬁé'ydx sﬂé’y

HP,B s(t, )”L?(R)
SfﬂHamuaﬁév HL?(JR)+ 5C< )
<55||8musﬁ s (t ||L2(]R)+O( )
Moreover, from (3.15), (3.18), (4.9) and the Young inequality, we have

g 3 Ue,3,6, 2
g ’/ ua,ﬁ,éﬂp&ﬁﬁﬁdx < / ‘ s 7‘ husﬁﬁﬁpaﬁﬁﬁ‘ dx
R

2
< *||Ue76 s(t, )||L2(R)+ 5 Au§73,5,vpzﬁ76,vdx
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2
’Y 2 2
<C(T) + < [P, M”Loo((o,T)xR) HU&B,&’Y”LOO((O,T)XR)
X ||ue,p,5 'v( )”L?(R
<3 ||Pa,ﬁ,57||Loc (0,T)xR) ||u6,ﬁ,5,7||Loc((o’T)xR)

X |Jue,p,0(t, )||L2(R)

2
v
SC(T)+ 3 1 1 (T) ”ui 505 ) xR)
627252 ’
< C(T) +eC(T) [[te 3,57 T (0.1 )
< C(T) + C(T) |[ue g6l e (0.1 x7)

Therefore,

1
(ﬂ HB Ue 3, 5’y( )||L2(]R) 12 /Rug’ﬁ’(;’,yd!ﬁ> + /85 Ha%zue,ﬁ 67 HLQ(]R)

<C(T)+C(T) ||UE,B,6,7||ioo((oyT)XR) + 5/Ru;ﬁ,é,y(awue,ﬁ,éﬁydm
<C(T)+0O(T) ||Ue,ﬁ,6,v||ioo((oyT)XR) te ||U8,ﬁ75,7||iw((oyT)xR)

X / (8zu5,575,7)2dm.
R

Equations (3.15), (4.8) and an integration on (0,t) gives

t
2 2
B Haacua,ﬁ,é,'y(ta ')HL?(R) =+ ﬁa/o Hai;cua,ﬁ,&'y(sa ')HL?(R) ds

¢ ¢
2 1
< Co+C(T) Hus,ﬁ,&’Y”Loo((O,T)xR)/o ds + C(T)/o ds + E/R“g,ﬁ,éwdm

t
2 2
te ||u€,6,5,7||Loo((o,T)xR) / 102e,3,6.4 (s, ')”Lz(R) ds

1
< C(T) + C(T) [|ue,p, 5v||L<x>((0 T)XR) + HUEﬂ 5w||Loo((o T)xR)

X J[te,8,6 (5 ) 72 gy
C
2 0 2
< C(T) + C(T) e 8,64 oe 0,7y xm) T 1 llte,B,87 1 o0 ((0,7) xR)
that is
B |0 Ue 3, 67( )”L2 R)+6Ef0 Ha2zu€ﬁ‘57 HLZ(]R)d

< C(T) (1+ e .5 I3 (07905 ) - (4.14)
Due to (3.15), (4.14) and the Holder inequality,
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x
ul s (tw) =2 / Ue,8,5,7 0z Ue B,5,7dY < 2 / |Ue, 8,8,y Ou e 8,5, |dT

—0o0

> \f ||U€B57||L2 (R) f‘m Usﬂév( )HLZ(R)

2
< CO\/ 1 + ||Us,5,6,v||Loo((o7T)xR)>7
that is
1 c(T) 2
Hua,ﬁ,é,v||Loo((o7T)xR) < T (1 + llue,8,6,4 |Loo((o,T)xR)) ‘ (4.15)
Arguing as [6, Lemma 2.3], we have (4.11).
Finally, (4.12) follows from (4.11) and (4.14). O

Lemma 4.2. Let T > 0. Assume (4.9) holds true. There exists C(T) > 0,
independent on €, 3, 0, and 7y such that

([ te, 8,57 (t, ‘)”LG(R) < (1), (4.16)
0t s 5 (6 ) oy < CT), (417)
t

get /O/Re_sugﬁ’g’,y(s, ) (Oztie,8,5,~(S, -))zdsdx <C(1), (4.18)

t
3et/ e ||0F yue,5.6.4(s HLz(R) ds < C(T), (4.19)

0

for every 0 <t <T. Moreover,
ﬁH@ u55576 ugﬁ(;ﬁHLl((O’T)XR) < C(T), (4.20)
T
62/ 102, ue,3,6.4(s ||L2 ds < C(T)e. (4.21)
0

Proof. Let 0 <t <T. Multiplying (4.7) by ug’ﬂ — 36202 u. g, we have

(ug,ﬁ,é,'y - 352831“6,57577)&5“6,6,577 - é(ug,ﬂ,&w - 352aﬁmusﬁ,éﬁ)aﬂcug,ﬁ,é,'y
- (ug,ﬁ,&'y - 3528:31u5»575ﬁ)ﬁagzzu&ﬂ"sﬁ
= (w2 g 5. — 36 054Ue,6,57) Pz, 5,6
+ 5(“?,5,5,7 - 3528;;“5,13,577)821“6757577'
Arguing as [6, Lemma 2.4], we get
d
7 (§hessn € My + 5 |W%M%)M®>

2
+5¢ /R Uz 5(Datte,5,6,4)>dw + 367 |0 e .6 (B)]| o
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= ’7/ u?,ﬁ,é,’yPEﬂﬁdex — 3ye? / 8573“675,577136,57577‘”
R R

_3

5 UJ?,@,M3xue,55§xue,ﬁmdfﬂ—105/RU?,g,a,w(axusﬁ,&w)gd%

(4.22)
Since 0 < € < 1, due to (3.15), (3.18), (4.9), and the Young inequality,
ugﬂﬁ,'y

P}/'\/ ug,ﬁ,é,ypffﬂv‘sﬁdx S / ’\/67u§7ﬂ,6,'yps757577’ f
; 6
3372/RPEBM Eﬂdequ e, 3,6~ (¢, )HLG(R)

S/’3\/672P§,5,6,~/u6,6,6ﬁ’
R

dx

usﬁ,&’y

V6

1
< 274! /" 2 0ty 5 e 500 )

dr + — 12 ||Usﬂ<57( )||L5

1
<279 || P ((0,T)xR) [ue,8,64(t; )HL2(]R) + = ”ue,ﬁ st )”Lb‘(R)

1
4
< 279'Co ||Pa,676,7||Loo((o,T)xR) HUE,B s~(t, )HLG(R

4
0% 1 3 1
S 53500+ 5 et Mo < 532 C (D) + ¢ llues(t, s (my

< 20(T) + IWwM Moy < CT) + 1H%ﬂ<>ha )

Since 0 < € < 1, it follows from (3.11), (3.17), (4.9) and the Young inequality
that

— 3ve? / 02 e 3,54 Pe g s d = 3ye” / OpUe,3,6,402 Pe g,5,~dT
R R

< 3ye? /8xu57g75,73xpg757577dx S362/R\8mu57575,y||78xP57g,5,7 dx
< = i 5 195t 5.5,4(, Wiz 3726 o Peg s (b))
¥QWWM<m2+ﬁ%m

< 2 Ohtesn () + 5C(T)

< 3 Ohte 5 () ey + CUT). (4.24)

Arguing as [6, Lemma 2.4], we have

d 15¢
—G1(t) = Gi(t) + — | ul g5, (Ontc p)’de + 26% || 07, uz 5.5 ( HL2 R
dt 4 Jr (R)

< O(T) + € 105t .5 () 2y (4.25)
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where
1 32
G1(t) = ¢ lue,0,59 (8 o) + 5 19stie 0.0t Maey - (4:26)
The Gronwall Lemma, (3.15) and (4.8) give

15¢ bro, ¢ 2
Gl(t)"f'jet /O/Re *Ug,ﬁ75,7(8zua7ﬁ)2d3d$+2€3/0 ”6290”87;375;"/(57')HLz(R) ds

t t
< Coe' + C(T)e / e *ds + ee' / e |0zt g.5,~(8, ~)||12(R) ds
0 0

t
SCUHﬁAH%%MM&Néwﬁécql (4.27)

Equations (4.26) and (4.27) give (4.16), (4.17), (4.18) and (4.19).
Arguing as [6, Lemma 2.4], we have (4.20) and (4.21). O

Proof of Theorem /.1. Arguing as Lemmas 3.5 and 3.6, we have (4.10), and
w is the unique entropy solution of (4.6). Equation (2.10) follows from (3.14)
(4.10). 0
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