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ABSTRACT: We investigate dark matter in a constrained Fg inspired supersymmetric model
with an exact custodial symmetry and compare with the CMSSM. The breakdown of Fg
leads to an additional U(1)y symmetry and a discrete matter parity. The custodial and
matter symmetries imply there are two stable dark matter candidates, though one may
be extremely light and contribute negligibly to the relic density. We demonstrate that a
predominantly Higgsino, or mixed bino-Higgsino, neutralino can account for all of the relic
abundance of dark matter, while fitting a 125 GeV SM-like Higgs and evading LHC limits
on new states. However we show that the recent LUX 2016 limit on direct detection places
severe constraints on the mixed bino-Higgsino scenarios that explain all of the dark matter.
Nonetheless we still reveal interesting scenarios where the gluino, neutralino and chargino
are light and discoverable at the LHC, but the full relic abundance is not accounted for.
At the same time we also show that there is a huge volume of parameter space, with a
predominantly Higgsino dark matter candidate that explains all the relic abundance, that
will be discoverable with XENONI1T. Finally we demonstrate that for the FEg inspired
model the exotic leptoquarks could still be light and within range of future LHC searches.
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1 Introduction

A plethora of astrophysical and cosmological observations provide strong evidence for the
presence of non-baryonic, non-luminous matter, so called dark matter (DM), that consti-
tutes about 25% of the energy density of the Universe [1]. So far its microscopic composition
remains unknown. However it is clear that dark matter can not consist of any standard
model (SM) particles. Therefore its existence represents the strongest piece of evidence for
physics beyond the SM.

Models with softly broken supersymmetry (SUSY) are currently the best motivated
extensions of the SM. Within these models the quadratic divergences, which give rise
to the destabilization of the electroweak (EW) scale, get cancelled [2-5]. Models with



softly broken SUSY also provide an attractive framework for the incorporation of the
gravitational interactions. Indeed, a partial unification of the SM gauge interactions with
gravity can be attained within models based on the (N = 1) local SUSY (supergravity).
Nevertheless (N = 1) supergravity (SUGRA) is a non-renormalizable theory. The (N = 1)
SUGRA models can arise from ten dimensional Eg x E{ heterotic string theory [6]. The
compactification of the extra dimensions in this theory results in breaking Fs — Fg [7-9].
The remaining E} constitutes a hidden sector that gives rise to spontaneous breakdown
of local SUSY. The hidden sector and visible sectors interact only gravitationally, which
allows for the breaking of local SUSY in the hidden sector to be communicated to the
visible sector and results in a set of soft SUSY breaking interactions.

When R-parity is conserved the lightest SUSY particle (LSP) in the models with softly
broken SUSY is stable and therefore can play the role of dark matter [10]. Moreover in
the simplest SUSY extension of the SM, i.e., the minimal supersymmetric standard model
(MSSM), the SM gauge couplings extrapolated to high energies using the renormalization
group (RG) equations (RGEs) converge to a common value at some high energy scale
Mx ~ 10'6 GeV [11-14]. This permits to embed the SM gauge group into Grand Unified
Theories (GUTSs) [15] based on Ejg or its subgroups such as SU(5) and SO(10).

In this context it is especially important to explore the implications for dark matter
and collider phenomenology within well motivated Fg inspired SUSY extensions of the SM.
The breakdown of Eg may lead to a variety of SUSY models at low energies. In particular,
a set of the simplest Eg inspired SUSY extensions of the SM includes supersymmetric
models based on the SM gauge group, like the MSSM, as well as extensions of the MSSM
with an extra U(1) gauge symmetry. Within the class of the Eg inspired U(1) extensions
of the MSSM, there is a unique choice of Abelian U(1)y gauge symmetry that allows zero
charges for right-handed neutrinos and this is the U(1)’ that appears in the exceptional
supersymmetric standard model (EgSSM) [16, 17]. This choice ensures that the right-
handed neutrinos can be superheavy, so that a high scale see-saw mechanism can be used to
generate the mass hierarchy in the lepton sector, providing a comprehensive understanding
of the neutrino oscillations data. Successful leptogenesis is also a distinctive feature of the
EgSSM because the heavy Majorana right-handed neutrinos may decay into final states
with lepton number L = +1, creating a lepton asymmetry in the early Universe [18, 19].
Since sphalerons violate B + L but conserve B — L, this lepton asymmetry gets converted
into the observed baryon asymmetry of the Universe through the EW phase transition. In
this case substantial values of the CP-asymmetries can be generated even for the lightest
right-handed neutrino masses M; ~ 10%GeV so that successful thermal leptogenesis may
be achieved without encountering a gravitino problem [19].

To ensure anomaly cancellation the matter content of the EgSSM is extended to include
three 27 representations of Eg. In addition the low energy spectrum can be supplemented
by a SU(2)y doublet L, and anti-doublet L from extra 27’ and 27’ to preserve the
unification of the SM gauge couplings at high energies [20]. Thus the E¢SSM contains extra
exotic matter beyond the MSSM. Over the last ten years, several variants of the EgSSM
have been proposed [16, 17, 21-31]. The Ejg inspired SUSY models with an extra U(1)y
gauge symmetry have been thoroughly investigated as well. For example, the possibility



of mixing between doublet and singlet neutrinos [32], the effects of Z — Z’ mixing [33], the
neutralino sector [33-35], the implications of the exotic states for the dark matter [36], the
renormalization group flow [20, 34] and EW symmetry breaking (EWSB) in the model [34,
37, 38] have all been studied. More recently, the RG flow of the Yukawa couplings and the
theoretical upper bound on the lightest Higgs boson mass were explored in the vicinity of
the quasi-fixed point [39, 40] that appears as a result of the intersection of the invariant and
quasi-fixed lines [41]. Detailed studies of the E¢SSM have established that the additional
exotic matter and Z’ in the model would lead to distinctive LHC signatures [16, 17, 22,
25, 42-47], as well as result in non-standard Higgs decays for sufficiently light exotics [30,
40, 48-53]. In this SUSY model the particle spectrum has been examined in refs. [54-57],
including the effects of threshold corrections from heavy states [58]. The renormalization
of the vacuum expectation values (VEVs) that lead to EWSB in the model has also been
calculated [59, 60], and the fine tuning in the model has been studied [61, 62].

Although the presence of exotic matter in the EgSSM may lead to spectacular collider
signatures it also gives rise to non-diagonal flavor transitions and rapid proton decay.
In principle, an approximate Zi symmetry can be imposed to suppress flavor changing
processes in these U(1) extensions of the MSSM while the most dangerous baryon and
lepton number violating operators can be forbidden by another exact Zy symmetry which
plays a similar role to the R-parity in the MSSM [16, 17]. Using the method proposed
in [63-65] it was shown that the LSP and next-to-lightest SUSY particle (NLSP) in the
ESSM have masses below 60-65GeV [49]. As a consequence these states can give rise
to unacceptably large branching ratios of the exotic decays of the SM-like Higgs boson
into the LSP and NLSP. In order to suppress such exotic Higgs decays and to prevent
the decays of the lightest MSSM-like neutralino into the LSP and NLSP in models with
approximate Z& symmetry an additional Z5 symmetry needs to be postulated [26]. All
discrete symmetries mentioned above do not commute with Fg and the imposition of such
symmetries to ameliorate phenomenological problems, which generically arise because of
the presence of the exotic matter at low energies, is an undesirable feature of the models
under consideration.

Here we focus on the investigation of the U(1)y extension of the MSSM (SEgSSM) in
which a single discrete Zf symmetry forbids tree-level flavor-changing transitions and the
most dangerous operators that violate baryon and lepton numbers [28, 30, 39]. In a recent
letter [66] we specified a set of benchmark points representing scenarios with a 125 GeV SM-
like Higgs, which are consistent with the LHC limits on SUSY particles and measured dark
matter abundance, within the constrained version of the above SEgSSM (CSEgSSM). As in
any other constrained SUSY model, the soft SUSY-breaking scalar masses, gaugino masses,
the trilinear and bilinear scalar couplings in the CSEgSSM are each assumed to be universal
at the scale My, where all gauge couplings coincide, i.e., m?(Mx) = m3, M;(Mx) =
M9, Ai(Mx) = Ao and B;(Mx) = B. The benchmark scenarios presented in ref. [66]
lead to large spin-independent (SI) dark matter-nucleon scattering cross section observable
soon at XENONIT experiment and new physics signatures that may be observable at the
13TeV LHC. These new signatures should allow to distinguish the SUSY model under
consideration from the simplest SUSY extensions of the SM. At the same time in this



letter we did not examine the CSEgSSM parameter space thoroughly and did not provide
full details of our calculations. We also did not include the full set of the two-loop RGEs
which were used in our analysis.

In this article we present the results of the comprehensive analysis of the CSEgSSM
parameter space which is consistent with the 125 GeV SM-like Higgs, measured dark mat-
ter density and present LHC limits on sparticle masses. As in the MSSM the matter parity
in the SEgSSM is preserved. Therefore in both models the lightest R-parity odd state, i.e.,
LSP, is absolutely stable. In most scenarios that have been explored within the MSSM and
its extensions the LSP is the lightest neutralino. In the CMSSM the lightest neutralino
state is predominantly a linear superposition of the Higgsino and bino. Since the lightest
neutralinos are heavy weakly interacting massive particles (WIMPs) they explain well the
large scale structure of the Universe [67] and can provide the correct relic abundance of
dark matter as long as the mass of the lightest neutralino is below the TeV scale [10]. The
conservation of Zf symmetry and matter parity in the SEgSSM results in the lightest neu-
tralino as well as the lightest exotic state being stable. In the simplest phenomenologically
viable scenarios the lightest exotic states have masses substantially lower than 1eV form-
ing hot dark matter in the Universe. The results of our analysis indicate that in this case
the lightest neutralino in the CSEgSSM, which is either mostly Higgsino or a mixed bino-
Higgsino state, can account for all or some of the observed cold dark matter relic density.

We perform a scan of the parameter space of the CSEgSSM enforcing successful EW
symmetry breaking and imposing theoretical and low energy experimental constraints men-
tioned above. We also compute the dark matter density and SI neutralino-nucleon scatter-
ing cross section as well as examine their dependence on the parameters of the CSEgSSM.
The obtained results are compared with the corresponding ones in the CMSSM. We show
that present LUX bounds set sufficiently stringent constraints on the mixing between bino
and Higgsino states, for cases where they give a substantial contribution to the observed
dark matter density. We therefore find that if the relic density is to be explained with Hig-
gsino dark matter in either the CMSSM or CSEgSSM, then the lightest neutralino must
be a relatively pure Higgsino state with a highly restricted level of bino mixing, and this is
what we find in most of the allowed parameter space. As a consequence the observed dark
matter abundance can be reproduced only if the mass of lightest neutralino is relatively
close to 1 TeV. In this scenario all sparticles are so heavy that it won’t be possible to dis-
cover these states at the LHC. If the lightest neutralino is considerably lighter than 1 TeV
then this state can account for only a small fraction of the measured dark matter density in
the allowed part of parameter space within both the CSEgSSM and CMSSM. At the same
time we argue that the scenarios with relatively small masses of lightest neutralino and low
relic dark matter abundance can still lead to the spectrum of SUSY particles that may be
observed at the 13 TeV LHC. In the CSEgSSM the set of states detectable at the LHC in-
cludes gluino, chargino and neutralino states as well as exotic fermions. In the most part of
the allowed CSEgSSM parameter space the lightest neutralino has sufficiently large direct
detection cross section which should be observable soon at the XENONI1T experiment.

The paper is organized as follows. In the next section we briefly review the Eg inspired
U(1)x extension of the MSSM with exact custodial Z4 symmetry and define the CSEgSSM.



In section 3 we consider the breakdown of gauge symmetry within this SUSY model. In
section 4 the analytical expressions for the mass matrices and masses of all new states
that appear in the SEgSSM are specified. In section 5 we discuss the implications of the
SUSY model under consideration for dark matter and summarize the results of our studies.
section 6 is reserved for our conclusions. Appendix A contains the complete system of the
two-loop RGEs that we use in our analysis.

2 The SEgSSM

In orbifold GUT models the breakdown of Eg gauge symmetry can lead to the SM gauge
group along with two additional U(1)’ factors [28], i.e.,

Eg — SUB)e x SU@), x U(L)y x U(1)y x U(L)y, (2.1)

where U(1), and U(1), are associated with the subgroups Es D SO(10) x U(1), D SU(5) x
U(1)y x U(1)y. Further symmetry breaking can then result in a low-energy model with a
single additional U(1)’ that is a linear combination of U(1), and U(1),,

U(1) =U(1), cos g, + U(1)y sin 0. (2.2)

In this case, the value of the mixing angle 0p, characterizes the resulting U(1)" at low-
energies, and several choices of symmetry breaking pattern have been considered (for re-
views, see for example refs. [68-70]). In U(1) extensions with Ejg inspired charges, gauge
anomalies automatically cancel provided that the low-energy matter content fills in com-
plete representations of Eg. The SM particle content can be accommodated if each gen-
eration is embedded within a fundamental 27-plet of Fg, which requires the introduction
of extra matter to form complete multiplets. In addition to the SM fermions, each of
these 27-plets (27;, i = 1,2, 3) contains a pair of SU(2)y, doublets, H,, Hg, a pair of color
triplets, D;, D;, a right-handed neutrino, Ny, and a SM singlet, S;. In general, both N/
and S; carry non-zero U(1)’ charges. The doublets H}* and H? may be identified as Higgs
or inert Higgs doublets, the distinction being that the latter do not develop VEVs. The
states D; and D; have electric charge 1/3 and carry B — L charge twice that of ordinary
quarks, and therefore may either be diquarks or leptoquarks.

The potential for interesting phenomenology associated with these exotic states, along
with at least one Z’ boson, has provided substantial motivation for studying Eg inspired
models [71-80]. Possible signatures of the exotic states at colliders have been studied [81], as
well as limits on the Z’ mass [82]. In addition to observing these exotic states, an underlying
FEg GUT might leave identifiable fingerprints on the ordinary MSSM mass spectrum, such
as in the pattern of first and second generation sfermion masses [83]. Further motivation
for studying this class of models has come from the fact that they are able to address
several weaknesses of the MSSM. The extended gauge sector and the presence of additional
singlets, some of which may get VEVs, allows for the solution of the MSSM p-problem [84]
in a way similar to in the next-to-MSSM (NMSSM) [85, 86]. These same features also lead
to a theoretical upper bound on the lightest Higgs boson mass that is larger than can be



achieved in the MSSM, and indeed in the NMSSM [38, 43, 87, 88]. The accompanying
enlarged Higgs [16, 87, 88] and neutralino [33-35, 88-96] sectors have been extensively
studied. It has been proposed that the extra D-terms could also solve the tachyon problems
encountered in anomaly mediated SUSY breaking scenarios [97], while the inclusion of
appropriate family symmetries could provide an explanation for the hierarchy of fermion
masses and mixings [23, 24, 98, 99]. Many further implications of these models have
also been considered, including for EWSB [34, 37, 38, 100-103], neutrino physics [32,
104], leptogenesis [18, 19] and EW baryogenesis [105, 106], the muon anomalous magnetic
moment [107, 108], electric dipole moments [89, 90], lepton flavor violating processes [91]
and the possibility of CP-violation in the extended Higgs sector [109].

As was noted above, in the rank-5 models described by eq. (2.2) both the singlets
S; and the right-handed neutrinos N{ are charged under the additional U(1)" in general.
However, for the choice of 0, = arctan V15, the right-handed neutrinos are uncharged
under the resulting U(1)’, denoted U(1)y. In this case, a large Majorana mass is allowed
for the Nf and a see-saw mechanism can be used to explain the observed neutrino masses,
while also allowing for an explanation of the baryon asymmetry via leptogenesis [18, 19].

In this article we study a U(1)y extension of the MSSM in which tree-level flavor-
changing transitions and the most dangerous baryon and lepton number violating operators
are forbidden by a single discrete Z& symmetry [28, 30, 39]. In the SUSY models under
consideration [28], Eg is assumed to be broken directly to SU(3)cxSU(2),xU(1)y xU(1), x
U(1)y at or near the GUT scale, Mx, which can be achieved in 5 or 6 dimensional orbifold
GUT models. The additional U(1), x U(1)y is then broken near My to U(1)y x Z3%,
where the matter parity Zéw is defined by

ZM = (—1)3B-1), (2.3)

Below My, the three complete 27-plets of Eg are taken to be accompanied by a set of pairs
of multiplets M;, M, coming from incomplete 27’ and 27’ representations, respectively.
Note that anomalies still cancel, since the fields from M; and M, carry opposite U(1)
charges. A single exact Z{I , commuting with Eg, may then be imposed under which all
components of the 27-plets are odd, thereby forbidding both interactions that generate
large flavor changing neutral currents (FCNCs) and those that would lead to rapid proton
decay. Doing so precludes any of the components of the 27-plets from getting VEVs to
break EW symmetry, so that, for example, all of the 27-plet Higgs states H}", Hid are inert
and cannot be identified with the usual MSSM Higgs doublets. But, at the same time the
multiplets M; and M; may be either even or odd under ZQH , allowing some of them to get
VEVs for spontaneous symmetry breaking. In the model considered here we include two
pairs of SU(2), doublets, H, and H,, Hy and H g, as well as a pair of singlets S and S. The
fields H,, Hy, S and S are postulated to be even under Zéq symmetry and are responsible
for the breaking of SU(2);, x U(1)y x U(1)y — U(1)em at the TeV scale.! The doublets

!The initial breaking of U(1)y x U(1)y — U(1)x x Z2 can be achieved with the VEVs of a multiplet pair
N§ and N3 with the quantum numbers of right-handed neutrinos. These VEVs may also be responsible for
the generation of Majorana masses for the 27-plet right-handed neutrinos; the full details of the construction
can be found in ref. [28].



H, and H, are odd under Zﬁq , so that they can mix with a combination of the 27-plet
states, defined to be the third generation HY, Hg. In this case they may form vectorlike
states with masses of order Mx, and so may be integrated out of the low-energy spectrum.

With only this set of multiplets, the imposed Zfl would forbid any renormalizable
operators allowing the exotic quarks to decay. Such long-lived exotics would be produced
in the early Universe and would lead to estimated concentrations [110, 111] in excess of
the observed limits on heavy isotopes [112-114]. To avoid this, a pair of Z4! even SU(2)f,
doublets Ly and Ly with the quantum numbers of leptons are also included at the TeV
scale that couple to the exotic D;, D; and allow the exotic quarks to decay. This choice
also implies that D; and D; are leptoquarks in this scenario.

In addition to the above sets of multiplets, in the model considered here we also include
a pure singlet superfield (;AS in the spectrum below the GUT scale, which is uncharged under
all of the gauge symmetries [30]. This superfield is likewise taken to be even under fo
so that the superpotential may contain a term proportional to égg, to stabilize the scalar
potential, and the scalar component of qg is allowed to develop a non-zero VEV. The fields
H,, Hyg, S, S and <13 are all expected to get masses at or below the TeV scale. Thus
after integrating out superheavy states the low-energy matter content in this model, which
we refer to as the SEgSSM, consists of the superfields shown in table 1. At low-energies
and neglecting suppressed non-renormalizable interactions, the superpotential can then be
written

W =ASH, - H, - 0985 + 23"+ £28% + Apd+ AasSHL - HY + riySDD;

[leRt}

+6¢Ly - L+ ySalHy - Q5+ ydiQ; - Hy+ yFesL; - Hy. (2.4)

+ fiaSiHy - HE + fioSiHY - Hy — 95@1‘ . £4ﬁj —hEeHS Ly + Ly T4

We denote superfields with hats, and adopt the convention A-B= eagAO‘Bﬁ = A2B! —
A'B? for the SU(2) dot product. The exact Z4 symmetry forbids all terms of the form
27 x 27 x 27, so that the allowed trilinear interactions involving non-singlet fields are
of the form 27’ x 27’ x 27’ or 27’ x 27 x 27. By making appropriate rotations of the
superfields (HY, H") and (D;, D;), the trilinear couplings Aop and r;; are chosen to be
flavor diagonal, while the other new couplings are fin, fia, gg and hl-Ea are not, in general.
The superpotential also contains several bilinear terms, such as those of the form 27’ x 27’.
The corresponding couplings, for example p7, may be generated? through the Giudice-
Masiero mechanism [116].

As well as being invariant under the single imposed ZQH symmetry, the superpotential is
also invariant under the residual Z symmetry resulting from the breakdown of U(1),, x
U(1), — U(1)n x ZM. The presence of multiple Z, symmetries suggests that it is not
unreasonable to expect multiple stable states that may play the role of DM. For our
analysis, it is convenient to define a combination of these two Zy symmetries by Zf =
ZM x ZE. The transformation properties of each field under this Z& symmetry are also

2For example, in a SUGRA model this term can be induced after the breakdown of local SUSY if the
Kéhler potential contains an extra term of the form [ZL(L;EQ + h.c.} [115].
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Table 1. Summary of the chiral superfields present at low-energies, showing their representations
and charges under the gauge symmetries and their transformation properties under the discrete
symmetries defined in the text. Here and throughout this paper, the generation index i = 1,2, 3,
while @ = 1, 2. Note that the pure singlet field dg is omitted from the table, as it transforms trivially
under all of the symmetries.

shown in table 1, and henceforth we shall refer to states that are odd under Z¥ as exotics.
Since the Lagrangian is separately invariant under Z{I and ZJ1, it is also the case that
transformations under Z& leave the Lagrangian invariant. In particular, this means that
the lightest Zf—odd, exotic state is absolutely stable and so can potentially be a DM
candidate. The automatically conserved matter parity Zé\/[ , meanwhile, is equivalent to R-
parity and also implies the existence of a stable state, as in the MSSM. Examination of the
possible cases shows that these two states are in fact distinct, so that the model contains
two DM candidates. In the case that the stable, lightest ZZ odd state is R-parity even,?
then the lightest R-parity odd state must be stable, as usual. Conversely, if the lightest
ZQE odd state is also the lightest R-parity odd state, then either the lightest R-parity even,
Z¥ odd state or the lightest R-parity odd, Z% even state (depending on which is lighter)
is absolutely stable.

By applying the method described in ref. [63-65], it has previously been found that
the lightest inert neutralinos can have masses no larger than 60 — 65 GeV [49-51]. These
states then tend to be the lightest exotic states in the spectrum, and are predominantly
combinations of the fermionic components of the inert singlet superfields S;. Substantial
masses for these inert singlinos, of more than ~ 1eV, are ruled out by measurements of the
SM-like Higgs branching ratios and the DM relic density. The simplest viable solution is
instead for the inert singlino masses to be much lighter than 1eV, which can be achieved
provided that the couplings fm, fia £ 1076, This results in the inert singlinos forming hot

~

dark matter, giving a negligible contribution to the observed relic density.*

30r, more precisely, if it is not the lightest R-parity odd state.
4The presence of very light neutral fermions in the particle spectrum may also lead to some interesting
implications for the neutrino physics (see, for example, ref. [117]).



In this case, the second DM candidate should account fully or partially for the DM
density, with the latter possibility requiring either additional DM candidates or a non-
standard thermal history of the Universe to be consistent with measurements. The sub-eV
inert singlinos are both the lightest exotic and lightest R-parity odd states in the spectrum.
This implies that the lightest R-parity even exotic state or the lightest R-parity odd, Z%
even state is a possible second DM candidate. As can be read from table 1, the possible
exotic candidates are the exotic squarks arising from the superfields (lji,ﬁi), the inert
Higgs scalars coming from the mixing of (gi,f[&‘,ﬁg), or the fermionic components of
(ﬁ4,f4). The masses of these states are required to be sufficiently heavy to have evaded
detection to date. In particular, for large values of the SUSY breaking scale Mg the
scalars receive large soft SUSY breaking masses and can be of similar mass to the ordinary
squarks. The fermionic components of (f/4, L4), meanwhile, receive a supersymmetric mass
contribution from the superpotential bilinear term p L4 -f4, which is not constrained by
the requirement of successful EWSB and need not be small.> In the model studied here
this means that the lightest R-parity odd, Z£ even state tends to be the stable state,
corresponding to the lightest neutralino with Z£ = 41. Depending on the composition of
this state, it may then account for some or all of the DM relic density, as in the MSSM.
In the following we shall focus on cases where the lightest neutralino is a mixed bino-
Higgsino state, or pure Higgsino; we will find that this leads to a DM candidate that is
also MSSM-like in its interactions and predictions for the DM relic density.

As usual in low-energy SUSY models, the relevant masses and mixings of interest in
the neutralino sector are governed both by the superpotential interactions in eq. (2.4) as
well as a subset of the soft SUSY breaking interactions. Including the standard set of soft
scalar masses, soft trilinears, and soft gaugino masses, the full set of soft SUSY breaking
terms that we consider is

—Loots = miy, [Hyl? + miy, | Hal? + m3|S|* + m3[S? + m3,_SIS; + m|e|?
d d =T
+ m%{g’aﬁe (HZ)LL)THE + m%{l,aﬂ (Ha)THﬁ + mQDz]DjDJ + m%”DZD] + m%4|L4‘2

+ m%4 |Ly|? + m%ij QIQ]‘ +m2e

3

()15 + mie (d5)1d5 +mi, LIL;

+ ngj (&)fes + <uLBLL4 Ly + %TB%Q + Aso + h.c.>

+ (TASHd +Hy = T,¢85 + T SDiD; + T g Hy - Q; + 17 djQ; - Ha
+ TEESE - Hy+ TySHY - HY + T! S, H, - HY + T S, H! - H,

_ T, -
+T5¢Ly - Ly + %gf)g - TZ%DQi LyD; — TI&HY - Ly + h.c.)

1 s L - - - s
+35 (MlBB + MyWW + MsGG + M|B'B' + 2M BB + h.c.). (2.5)

5The principal constraints on the value of p; come from requiring that gauge unification still occurs,
which restricts pr < 100 TeV [20], and that the states associated with L4 and Ly are light enough so that
the exotic leptoquarks D;, D; decay sufficiently quickly.



The general soft SUSY breaking Lagrangian, in which all of the soft parameters are treated
as independent, introduces a large number of additional free parameters on top of the extra
couplings already present in the superpotential. The number of free parameters can be
much reduced by considering a constrained model in which certain relations are assumed
to hold between the soft parameters at some high scale.

The CSEgSSM is defined by imposing boundary conditions at the GUT scale Mx where
all gauge couplings coincide. In the SEgSSM, since all of the low-energy matter content
can be placed in complete SU(5) multiplets with the exception of the doublets L4 and Ly,
gauge coupling unification still occurs at the two-loop level for any value of ag(Myz), the
strong coupling evaluated at the scale Mz, consistent with the measured value [20, 28].
Therefore, at the GUT scale Mx we take

91(Mx) = ¢} (Mx) = ga(Mx) ~ g3(Mx), (2.6)

where ¢1, g1, g2 and g3 are the GUT-normalized U(1)y, U(1)n, SU(2) and SU(3)¢c gauge
couplings, respectively. This allows for the U(1)x gauge coupling g} to be fixed. The pres-
ence of multiple U(1) symmetries implies the possibility of kinetic mixing between the U(1)
field strengths [118, 119]. In practice, this mixing can be handled by working in a rotated
basis for the U(1) gauge fields where the mixing leads instead to non-zero off-diagonal
gauge couplings, i.e., in covariant derivatives one finds terms of the form QgGAM with

Y
el 1) o)
[ H

This field redefinition is also responsible for the appearance of the mixed gaugino soft
mass, Mj, in the last bracketed term of eq. (2.5). It is natural to expect that at My,
the kinetic mixing should vanish so that g11(Myx) = 0, My11(Mx) = 0. However, even if
this holds at M, in general non-zero mixing terms will be generated at low-energies by
RG running [120, 121]. Previous analyses [20, 122] suggest that in this particular model,
provided that the off-diagonal gauge coupling vanishes at My, it remains very small at
all scales below Mx as well, g11 ~ 0.02 < g¢1,¢]. Therefore in our analysis we neglect
the effects of gauge kinetic mixing, setting ¢11(Mx) = 0, M11(Mx) = 0 and taking them
to vanish at scales below this. Nevertheless, it is important to note that in general the
effects of this kinetic mixing can be non-negligible [122-124]; it is small here as the only

non-vanishing contribution to the mixing comes from the (ﬁ4, L,) multiplet pair.

The remaining soft masses satisfy high-scale relations analogous to those applied in
the CMSSM. The soft scalar masses squared are taken to be flavor diagonal with diagonal
elements set to the common value m3 at My, and similarly the gaugino masses (with
the exception of Mj;, as noted above) are assumed to unify to the value M, /, at this
scale. The values of the soft breaking trilinears are related to a single common trilinear
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parameter Ay by

Th(Mx) = MMx) Ao, To(Mx) = o(Mx)Ao,

Ti(Mx) = kij(Mx)Ao,  Tij (Mx) = yj;(Mx) Ao,

T2 (Mx) =yh (Mx)Ao, TF(Mx)=yh(Mx)A,

T5(Mx) = Aas(Mx) Ao, T£<Mx>zﬂa<Mx>Ao, (2.8)
TL(Mx) = fia(Mx)Ao,  To(Mx) =&(Mx)Ao,

T, (Mx) = k(Mx) Ao, T4 (Mx) = g5 (Mx) Ao,

T (Mx) = hE (Mx) Ay

Similarly, the soft breaking bilinears are assumed to unify, B, (Mx) = By(Mx) = By. The
parameter By is taken to be independent of Ag; to do so we assume that these soft terms are
also generated via a Giudice-Masiero term, as used to produce the superpotential bilinears.
The soft breaking tadpole Ag is not required to be related to other soft parameters by the
high-scale boundary condition.

With this choice of boundary conditions, the remaining unfixed parameters in the
CSEgSSM consist of the new superpotential couplings, namely A(Mx), o(Mx), k¢(Mx),
po(Mx), Ap(Mx), Aap(Mx), rij(Mx), fia(Mx), fia(Mx), g2(Mx), hE (Mx), pr(Mx)
and 6(Mx), and the soft breaking parameters mg, M; /2, Ao, Bo and Ag. To simplify
our analysis, in the following we assume that all of these parameters are real. Once these
high-scale parameters, together with the MSSM gauge and Yukawa couplings are specified,
the model at low-energies is studied by integrating the RGEs given in appendix A from
Mx to the EWSB scale.

3 Gauge symmetry breaking

The Higgs fields H,, Hy, S, S and ¢ develop non-zero VEVs breaking SU(2); x U(1)y x
U(1)nv = U(1)em. The relevant part of the scalar potential reads

V= NSP? (IHal* + [Hul?) + 0*[¢* S + [NHqy - Hu — 0S|
- 2
ot + ot + A — oSS+ L (11,2 - \Hd|2) 2y,
/2
=12\ 2
5 (Qu | Hal” + Qu, | Hul* + Qs|SI - Qs[S%)
+ de\deQ +my, | Hul* + m3|S)* + m%|S|” + m3|¢|
Loy 3 Hop 2 H T 4SS
+ 3 o° + 9 Byo +Agp+T\SHy - H, PSS + h.c. | + AV, (3.1)
where g2 = g3 + 3g3/5 and AV contains the loop corrections to the effective potential.

We denote by Q¢ the U(1)y charge of the field ®. In the presence of kinetic mixing these
charges should be replaced by effective U(1)y charges [16].
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At the physical minimum of this potential, the VEVs of the Higgs fields are taken to
be of the form

1 U1 1 0
(Ha) = — : (Hu) = —=
V20 Ve e (3.2)
S1 — 52 14
S) = —, S , = .
(S) 7 (S) = NG (¢) NG
The corresponding conditions for these non-zero VEVs to be a stationary point of the
potential are,’
ov Ty A2 Ao >
P mlzqdvl — ESNJQ + > (v% + 8%) iy V2529 + ) (U% - U%) v1
12 0AV
+ 5 (Qu? + Quud + Qsst — Qssh) Qun + 75 = =0, (3.32)
ov Ty A2 Ao g°
871)2 = m%,uvz — ﬁslvl + — 5 (vl + 81) V2 + 711182@ Y (U% - U%) v2
0AV
gl (QHd’Ul + QHu'UQ + QSSI QSS%) QHu'UQ + TUQ = 0, 3 3b)
oV T)\ T(7 02 g K¢ M¢
951 = m%sl — EUﬂ/Q - 59052 + ?9’7251 + 052 <25152 - ?‘Pz ‘70 Ap
A2 g 8AV
+ (vi+v3) 51 + I (QHdvl—i- Qu,v3+ Qss— Qss3) Qss1 + o =0, (3.3c)
ov 9 Ty 02 Ao o Kg o e
95y :m§82—\ﬁg081+ -5 ¢ 259 + 5 —pU1v2 + 081 55152 = ¢ —E(,O—AF
g 0AV
(QHdU1 +Qu,v5 + Qgsi — QSSQ) Qss2 + sy =0, (3.3d)
ov 9 T Ty o? Ao
— = - — B 2Ag + —20% + — (s + 52 —
90 Mg P \/§8182 + ppbyp + V2 s+ \/§S0 + 5 (sl + 32) w+ 5 S9U1V2
g R¢ o Ho He OAV
— 2| =s189 — — A kop+—= ] +——=0. 3.3e
(212 2% T BT F><¢s0 ﬂ) 9 (3.3¢)

Of the 14 degrees of freedom associated with this set of Higgs fields, after EWSB four
massless Goldstone modes are swallowed to generate masses for the physical W+, Z and
7' bosons. The masses of the charged gauge bosons remain the same as in the MSSM. The
neutral gauge boson masses are rather different, since the fields H? and Hg are charged
under both U(1) groups and therefore there is Z — Z’ mixing even when gauge kinetic
mixing is neglected. It is convenient to define the combinations of the VEVs,

V2 52
vP =02 403, tanf=—, s°=s7453, tanf= = (3.4)
V1 S1

The tree-level masses Mz, , My, of the physical Z and Z’ bosons are then found by diago-

M2 A2
Miz =% : (3.5)
<A2 M2,

%Here we are using the shorthand 9V/9(®) = OV/0®|e—(a)

nalizing the squared mass matrix
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where M2 = g%v?/4 and
M3, = g2o? (Q%, cos® B+ QY sin® B) + g2Q%s%,

— 7
A% = %02 (QHd cos? B — Qmu, sin? B) .
The mixing between the two gauge bosons is strongly constrained by EW precision mea-
surements [125], while LHC searches currently place lower bounds on the mass of the extra
Z"in U(1)y models of Mz, = 3.4TeV [126]. The physical Z’ mass can be made acceptably
large provided that the combination of the SM singlet VEVs is large, s 2 9 TeV. This leads
to negligible mixing between the physical states Z; and Zs, with a mixing angle < 1074,
so that the light state Z; is approximately the SM Z boson with My, ~ My, = gv/2 and
v ~ 246 GeV, while the heavier gauge boson has its mass set by the singlet VEVs with
Mz, = My =~ g1Qgs.

The presence of the singlet fields involved in EWSB means that the set of EWSB
conditions, eq. (3.3), is somewhat larger than in the MSSM. In the MSSM, there are two
such conditions, which read

ov 2 2 92 AV
or (Inl® +mir, )vr + S (vf —v3)v1 — pBus + or 0, (3.6a)
ov 7 AV
oy (|uf® +miy, Jvs — g(vf —v3)v2 — pBui + 9y (3.6b)

Imposing the EWSB conditions allows for a subset of the model parameters to be fixed.
Conventionally in the CMSSM, the two parameters fixed by eq. (3.6) are chosen to be
u and B. However, this choice is not unique, nor is it always the most convenient. In
particular, when studying scenarios for dark matter, it is ideal to be able to vary u directly,
as this controls the Higgsino masses and therefore permits the composition of the lightest
neutralino to be directly chosen. In all of our results below, in both models we allow p(cf) to
remain free and instead fix mg using the EWSB conditions. This can be done by expressing
the soft masses in terms of the GUT scale parameters using semi-analytic solutions to the
RGEs, as detailed in section 5 below. In the MSSM, the remaining EWSB condition can
be used to fix By, while in the SEgSSM there are still four conditions available.

In this paper we primarily examine the part of the parameter space where all SUSY
particles are considerably lighter than Mz:. This corresponds to si, s and ¢ being much
larger than the SUSY breaking scale Mg. These VEVs are fixed using two of the EWSB
conditions to determine tan @ and ¢, with the value of s being a free input parameter.
The remaining two conditions can be used to fix the GUT scale parameters Ap(Mx) and
Ag(Mx). The appropriate stationary points of the scalar potential in eq. (3.1) arise if
Ap> M g and Ag > M S In this case the structure of the potential is further simplified
if the dimensionless couplings x4 and o are small. Then in the leading approximation the
quartic part of the scalar potential in eq. (3.1) is just given by

2 .
L@ (5P - 151 (37)
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so that in the limit [(S)[, |(S)| — oo the SM singlet VEVs tend to lie approximately along
the D-flat direction s; =~ s2. The inclusion of non-zero couplings o and kg stabilize the
potential along this direction resulting in large SM singlet VEVs; i.e.,

2Ap
ol ~ [s1] & lsaf ~ /== (3-8)

For the ratio of the SM singlet VEVs s2/s1 one can obtain a more accurate estimate using
the minimization conditions eq. (3.3c) and eq. (3.3d),

2 2 9 92 A2 .2
me + G+ 5 Q%s

2 12 ~ N
m%—F G2+ %Q%sQ

tan? 6 ~ (3.9)

If the VEVs of the SM singlets ¢, s; and se are rather large due to the large values of
parameters Ap and Ag then My > Mg and from eq. (3.9) it follows that tan# ~ 1. This
is in marked difference to the situation in the simplest variants of the E¢gSSM where the
EWSB conditions imply that Mz ~ Mg, forcing the SUSY spectrum to be substantially
heavier than is required, for example, in the MSSM by collider searches, due to the large
lower bound on M. In our numerical studies we take advantage of this behavior to search
for solutions with a heavy Z’ with a mass well above current limits and a somewhat lighter
SUSY scale than could be achieved in the simplest Ejg inspired extensions of the MSSM.

After fixing the parameters myg, tan, ¢, Ap(Myx) and Ag(Mx), the remaining pa-
rameters listed after eq. (2.8) are still free, up to the constraint of requiring a viable mass
spectrum. In our analysis we mostly focus on the scenarios with small Yukawa couplings
A, O, 5\(15, Kijs fm and f;, that can lead to a set of relatively light exotic fermions which
might be discovered at the LHC. Consequently for the high-scale boundary condition
m%(Mx) = m%(MX) = m, the running of m% and m% is such that at the EWSB scale
m% ~ m%. Thus the value of tan 8 is always extremely close to unity.

4 Particle spectrum

The extension of the Higgs sector responsible for the breaking of U(1) y and EW symmetry
also modifies the masses of the physical states in the spectrum compared to those found
in the simplest variants of the EgSSM. The masses of the MSSM sfermions are almost
unchanged. The smallness of the first and second generation Yukawa couplings leads to
negligible mixing between the left- and right-handed states, so that their masses may be
summarized as [56]

2 1 1

(mQLR) R~ méaa + <—2 + 3 sin? 9W> M2 cos 26 + Ag, (4.1)
2 1

(m]?;{ > ~ nga — §M% sin? Oy cos 28 + Age, (4.2)

PR |2 2 1 2.9 2

(i)~ miy, + (5 = goin’ ow ) M cos23 + o )
2 2

(m%l) ~ miaa + gM% sin? Oy cos 25 + Aye, (4.4)
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2 1
(m?ﬁ) ~ m%aa + <—2 + sin? 9W) M% cos26+ Ar, (4.5)
2
(mé'Dzi) ~ mﬁaa — MZsin? Oy cos 28 + Ace, (4.6)
1
(mPR> A m%“ + §M% cos26+ Ar, (4.7)

The only differences appear in the form of the U(1)y D-term contributions Ag, which now
have a contribution from the extra singlet S and read

2 2
s = Qoo (Quy 00”8+ Qu, sin® B) + T-QaQss” cos 26. (4.8)

Compared to the EgSSM, this D-term contribution is significantly smaller at large s, due
to the suppression by cos 26, while the sign of the contribution to the masses remains
the same.

The same is true of the third generation squarks and sleptons. Due to the large third
generation Yukawa couplings, the left-right mixing is in general non-negligible so that the
third generation sfermion masses follow from diagonalizing 2 x 2 mass matrices (in the
absence of flavor off-diagonal soft terms as considered here). The stop, sbottom and stau
masses are found to be

.92 1 1 bR >
(i it )

t1,2 2 U33

ug3 2

1 4 2
F \/[mégs —m2. + ( —3 sin? HW) MZ cos28+ Ag — Auc:| +4X2 5,
(4.9)

DR 2 2 2 DR
<m1~71,2> 9 mQs; + Mas, — QMZ cos28 + Ag + Age + 2 <mb >

1 2 2
F \/[m%33 — m?lgs + <—2 + gsin2 9W> M2 cos2B+ Ag — Adc:| + 4X§ ,

(4.10)

—\2 1 1 PR\ ?
()" = § i+ b0 s 2 (29

1 2
F \/[m%% — ngg + (—2 + 25sin? 9W> M%cosQﬂ—FAL — Aec} +4X2 3,

(4.11)
where the top, bottom and tau running masses are mDR = y?%v sin 3/v/2, m?fR =
y33v cos /2, mPR = yEuvcos8/v/2 and the mixing parameters are given by X; =

D E
Tf/%v sin 3 — )‘y‘"’;’vs cosBcosl, X, = T\% cos B — Ay?’fvs sin B cosf and X, T\?’/%v cos B —
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)\y:,%vs

=== sin f cos . Mixing between the left- and right-handed states allows the third gener-
ation sfermions to be lighter than their first and second generation counterparts, as usual.
To be phenomenologically viable the squarks and sleptons cannot be too light, so that we
require the SUSY breaking scale Mg 2 1TeV with Mg > M.

These formulas, as well as those in the following sections, give the running DR masses
with all parameters appearing in them evaluated at a renormalization scale @); the above
formulas also assume no significant flavor mixing. They are useful for gaining an analytical
understanding of the spectrum, but it should be emphasized that in our numerical
calculations we make use of the general tree-level mass matrices for all states. To calculate
the physical spectrum, we also include the full one-loop self-energy corrections to all of the
mass matrices; further details about our numerical procedure are given in section 5. Such
corrections are particularly important for accurately estimating the physical gluino mass,

my = Ms(Ms) + AY(Msy), (4.12)

for which the one-loop corrections A9 can be quite large, of up to 20%-30%. Pair produc-
tion of gluinos would lead to a significant enhancement in pp — qgqq + E%ﬁss + X, with
X denoting any number of light quark or gluon jets [56]. This signature can be used to
discover the model when mg is within the LHC reach, or exclude regions of SEgSSM param-
eter space where this is the case. As the SEgSSM contains the same colored states as in the
EgSSM, the form of these radiative corrections A9 is unchanged between the two models.

4.1 The chargino and neutralino sector

On the other hand, the predictions for the masses of some other remaining states, that
is, the neutralino sector, the exotic states and the Higgs sector, are rather different in the
SE¢SSM compared to the EgSSM. At the same time because the supermultiplet of the Z’
boson and the additional singlet superfields in the Higgs sector are electrically neutral, the
fermion components of these superfields do not mix with chargino states, )ZfQ. Therefore
the tree-level chargino mass matrix and its eigenvalues are almost identical to the ones in
the MSSM, the only difference being that p — pes, where

Loff = )\\/S% = j}% cos 6. (4.13)
By contrast, the neutral fermion components of qu, f[d, S , § and qg as well as the neutral
gauginos may all mix, leading to a Zf = 41 neutralino sector that is twice as large as
the MSSM neutralino sector. The neutralino mass eigenstates, 5(?, 1=1,...,8, are linear
combinations of the neutral Higgsino and singlino fields lEIS , ﬁg, S, §7 gg, the bino B, the
neutral SU(2);, gaugino W3, and the U(1)y gaugino B’, and are obtained by diagonalizing
the mass matrix

diag <m5?R .. mggf‘) = N*MzoNT. (4.14)

~16 —



The 8 x 8 tree-level mass matrix in the basis (f]g, fIS, Ws, B, B, S cos — §sin 9, S sinb +

S cos b, ¢~>) can be written in terms of 4 x 4 sub-matrices as

Mo = (g C;;) . (4.15)

The upper left sub-matrix has the same structure as the neutralino mass matrix in the
MSSM with p — pe,

0 — Uoff 922 cos 3 —%\/gcosﬂ
A= et 0 —% sinf %\/%Sinﬁ : (4.16)
%28 cos B —22sin 3 M, 0

~4ry [Teosp 4t [ising 0 M

The remaining two sub-matrices then contain the mass terms for the additional SM singlet
neutralinos and their mixings with the MSSM-like neutralino sector,

My 91Qss 0 0
9 Qss U—\/“g sin 260 —% cos 260 0
B= 0 —Z2cos20 —Z2sin26 —os ’ (4.17)
V2 V2 2
0 0 _% be + \/§/€¢QD
Qm,givcos B Qm,givsinf 00
AU 3 Y
— 2 gin Bcosh —2% cosBcosf 00
= Q-ﬁ-e‘g 6.9 (4.18)
_ﬁsmﬁsm —ﬁcosﬁsm 00
0 0 00

As noted above, we neglect the mixed gaugino soft mass My arising from U(1) mixing.
For general values of the parameters and VEVs, the neutralino mass matrix of the
SEgSSM is clearly more complicated than its counterpart in the MSSM. In the parameter
space that we consider here, however, the mass matrix has a rather simple structure so that
the MSSM-like neutralinos and the states beyond the MSSM tend not to mix. Inspection
of eq. (4.17) shows that two of the neutralinos, those that are a mixture of B’ and S cos f —
Ssinf, have their masses set by the large value of My/. For large values of the singlet
VEV, the value of peg would be similarly large unless A is taken to be sufficiently small.
For large values of pes the states that are superpositions of ﬁg and ﬁg become very
heavy, leading to two very heavy pure Higgsino neutralinos that cannot account for the
relic dark matter density. Therefore we restrict our attention to small values of A so that
tef S 1 TeV. When A < o while o is rather small and Mz > Mg as implied by eq. (3.8),
the aforementioned states with masses set by My become very heavy and decouple from
the rest of the spectrum. For very large s, eq. (3.9) implies that tan 6 ~ 1 to high precision,
and we find this is indeed the case in our numerical results below, allowing us to express
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the masses of these states approximately as

.
VaMi+op | | (V2M] — o)
2V/2M 8M?2,

~ My, (4.19)

When Mg > Mz and A is small, the mixing of the remaining extra states, which are a
mixture of Ssinf+ S cosd and ¢, and the MSSM-like neutralinos is also highly suppressed.
The masses of these states are then approximately given by

=& 1 @) ¥ ?
DR o = 2.2 -~
mgo N5 | e + 7 (2kg —0) £ \/20 52 + <u¢, + G (2kg + a)) Mg.  (4.20)

For large values of Mg = 1TeV, these states will be heavy and, due to the lack of significant
mixing, can also be ignored in the first approximation as far as determining the mass of the
DM candidate goes. Provided this is the case, the neutralino DM candidate is expected to
be predominantly MSSM-like, that is, a mixture of Hy, H,, W5 and B, with mass given
by the lightest eigenvalue of the 4 x 4 sub-matrix in eq. (4.16). In particular, since this
matrix is identical to the MSSM neutralino mass matrix (with p — pefr), when Mg > My
the masses of the four lightest neutralinos are determined by peg, M1 and Mo as they are
in the MSSM. In the CSEgSSM, the condition of universal gaugino masses at Mx further
implies that

M =~ 1.1M] =~ 0.5M3 ~ 0.3M3 = 0.2M ), (4.21)

so that the MSSM-like neutralino sector in our case depends only on the two parameters
peft and M 5. These values can also be compared to the relations found in the CMSSM,

My =~ 0.5M3 =~ 0.15M3 ~ 0.4M /5, (4.22)
which are quite different due to the modified RG flow in the SEgSSM.

4.2 The exotic sector

The states that are odd under ZZ do not mix with the ordinary MSSM states or the Higgs
fields, forming a separate sector containing the second DM candidate as well as additional
exotic states, some of which may generate spectacular collider signals. As discussed above,
the DM candidate in this sector is expected to be an almost massless inert singlino, which
is the lightest of the inert neutralinos. The inert neutralino sector is formed by the fermion
components (S;, H* and H?) of the superfields S;, H* and H?. The scalar components
of the corresponding superfields also mix to form a set of inert charged and neutral Higgs
scalars. The general inert neutralino and neutral inert Higgs mass matrices are 7 x 7
matrices. In the basis ((ﬁf’o + ﬁf’o)/\/i, (ﬁf’o - ﬁf’o)/\/i, (ﬁg’o + ﬁ;’o)/ﬂ, (]:I;”O -
ﬁg’o)/ﬂ, 51,85, 53), the inert neutralino mass matrix is of the form

_ (At
Mo = (Cz ! ) , (4.23)
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where
Ap = diag <—/Lg?1,,uﬁ?1, —/LH?2, Mﬁ%) (4.24)

contains the tree-level masses of the inert Higgsinos, = A cos 0 /v/2, in the absence
of mixing with the inert singlinos, while the mixing is given by the 3 x 4 sub-matrix Cf
with elements

(Cr)ir = (fil cos B + fi1 sin ﬁ) , (Cr)ie =

% % (fu cos B — fi sin 5)
(Cr)is = % (.fiQ cos B + fiosin ﬂ) , (Cr)ia= % (fz‘2 cos 8 — fizsin 5) .

(4.25)

The couplings of the inert singlinos are required to satisfy fiq, fia <1079 to yield almost
massless hot DM candidates. Then, provided that 5\6,5 > 1079, the mixing between the
inert Higgsinos and the inert singlinos is entirely negligible, and the inert neutralinos corre-
spond to two degenerate pairs of inert Higgsinos with tree-level masses given by eq. (4.24)
and three almost massless inert singlinos. The inert charginos similarly have tree-level

masses given by p it = | g?a|.

When the couplings fia, fia are negligibly small, the mass matrix associated with the
scalar components of the superfields 5}, H o and H g also simplifies in a similar fashion. In
this case, the mixing between the neutral inert Higgs scalars (HY and HZ) and the inert
singlets S; can be ignored and the corresponding mass matrix decomposes into a 3 x 3

singlet mass matrix and a 4 x 4 mass matrix for the inert Higgs scalars’

. The family-
diagonal structure of the couplings 5\0{5, as well as the fact that the off-diagonal soft scalar
masses vanish at the GUT scale, ensures that the mixing between generations is very small.
Thus the mass matrix for the inert singlets is approximately diagonal, with the tree-level

masses for the inert singlet scalars given by

(4.26)

For tanf ~ 1, the inert singlet masses are therefore ~ Mg, and so are somewhat lighter
than M. In the absence of generation mixing, the inert Higgs mass matrix can be written
as two 2 X 2 matrices, yielding the tree-level masses

2
57 1
DR 5 ) )
(mHEYm) T2 [mHLW + Mty 00+ Brrg + Dty + 2415z

2
¥ \/<m%{17w — m%b’w + M7 cos28 + Apa — AH3> + 4X12qa] . (4.27)

"Strictly speaking, for non-zero f and f couplings, the inert neutral Higgs sector should actually be
decomposed into CP-eigenstates. This leads to 7 CP-even scalars and 7 CP-odd scalars. When the couplings
fia and fm are neglected, these states instead form 7 complex scalar mass eigenstates described by the
mentioned 3 X 3 and 4 X 4 mass matrices.
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where X, = T\‘%S cos ) — :\Za ()\v2 sin 23 4+ 20ps sin 9). The masses of the inert charged

Higgs states are likewise

2
R 1
DR _ 2 2 2
(mH§172> = 5 [ Hi on + mH2,aa + AHg + AH}; + Q,MHIlLa

2
¥ \/(ﬂﬁil = m%]z - M?Z cos 20y cos 23 + Apa — AHg) + 4X1%Ia] )
(4.28)

The contribution to the mixing proportional to ops ~ MgM_z can be of the order of the
soft mass contributions to the masses. To prevent this potentially dangerous term from
causing tachyonic states, the inert Higgs couplings 5\6,5 cannot be too large. In practice, in
our numerical study we take these couplings to be not much larger than A, e.g., 5\a5 ~ 1073,
to satisfy this requirement. Doing so implies that the mixing is rather small so that the
inert scalars tend to have masses of order Mg. At the same time, small values of the
Yukawas S\QB imply that the inert Higgsinos and charginos can be light, with masses not
much heavier than the lightest Z# = +1 neutralino, in which case they may be observable
in LHC searches. The exact Zf symmetry forbids the Yukawa couplings of the inert Higgs
and singlet superfields to ordinary quark and lepton superfields. In the Eg models with only
an approximate Zs symmetry responsible for suppressing FCNCs, such couplings in general
are permitted along with those for the ordinary Higgs fields, leading to the inert Higgsinos
and charginos decaying predominantly into third generation fermion-sfermion pairs [16].
The absence of these couplings in the SEgSSM due to Z{I symmetry means that the decay
channels of the inert Higgsinos are rather different in this model. Pair production of the
Z¥ and R-parity odd inert Higgsinos and charginos can occur through off-shell W and Z
bosons. They then decay into an inert singlino and an on-shell W or Z boson, or a Z¥
even Higgs boson, through the mixing induced by the f;, and fia superpotential couplings.
When both of the produced states decay into gauge bosons it is expected that they should
lead to enhancements in the rates of pp — Z Z + EIT]rliSS + X, pp—o>WZ+ EIT]rliSS + X and
pp— WW + Bl + X

The choice of flavor diagonal couplings x;; also means that there is no substantial
mixing between generations of the exotic leptoquarks, D; and D;. The 6 x 6 mass matrix
for the scalar leptoquarks reduces to three 2 x 2 matrices, giving the tree-level masses

<mDi1,2> - 9 mp,; + mp.. +Ap + A5 + QMDi

9 2
F \/<m2D —m3 + §M§ sin? Oy cos 28 + Ap — AD> +4X3 |, (4.29)

K
Tis Kig

where Xp, = 7 cosf — “ft (/\v2 sin 23 4 20ps sin 9) and the corresponding spin-1/2 lep-

toquark masses are pup, = Ki;scosf/ V2. The same potentially dangerous contribution to
the mixing that occurs in the inert Higgs mass matrices is also present here. To ensure that
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this does not lead to an instability of the physical vacuum, we require the couplings x;; to
be small as well, x;; ~ 1073. As is the case for the inert Higgs states, this leads to the scalar
leptoquark D; being heavier, with masses of the order of Mg, while the exotic fermions D;
can be light. These exotic fermion states are colored and, once past threshold, can be pair
produced at the 13 TeV LHC. They subsequently decay with missing energy via a decay
chain involving an initial decay into an ordinary squark (quark) and an exotic L4 fermion
(scalar) component, through the couplings gg . This is followed by a decay involving the
couplings hi of the exotic L4 state into a lepton and inert Higgs or singlet (inert neu-
tralino). If a hierarchy exists in the sizes of the couplings gi]; and hf‘; as is present in the
SM Yukawas, then such a process leads to an enhancement in signals with third generation
final states, namely in pp — 7777 + EM™ + X and pp — bbrT 77 + EWSS + X
For the branching ratio of these leptoquark decays to be significant, and also for the
lifetimes of the exotic leptoquarks to be sufficiently short, the states associated with Ly
and L, should not be too heavy. The fermion and scalar components of L4 and Ly form
a set of exotic lepton and slepton states that do not mix with the other exotic fields. The
fermion components lead to a pair of charged and neutral states LT and l~}271, f)g’z with
degenerate tree-level masses given by
PiE = Bpo = AL — %- (4.30)

The tree-level masses of the neutral exotic sleptons are given by

2
DR 1
DR _ 1
< Lgm) 2

2
F \/(m%4 - m%4 + MZcos2B8+ Ap, — AD) + 4X%4] , (4.31)

2 2 2
Ly +mz4 + AL4 + Af4 + 2M[~/2

where the mixing parameter is

Tsp [0 5 . K¢ o  H¢
X1, = purBr — 22 1 5 ( Zs?sin2g — "0p2 _ Ho ) 4.32
L, = prLBr NG O'<4S sin 2@ \/§g0 Fl, ( )

while those for the charged exotic sleptons read

or \°_ 1
(mLi,) ~ 2

2
T \/<m%4 — m%l — M% cos 20y cos 23 + A, — Af4) + 4X%4] . (4.33)

mi, +my, +Ap, + A, + 2/[%

By tuning the above mixing parameter, the exotic sleptons could be made light enough so
that the exotic D fermions decay rapidly enough. Alternatively, these states are allowed
to be heavier than the spin-1/2 leptoquarks provided that the couplings gP and hF are
taken to be sufficiently large. In the numerical results below, we find that taking values
for these couplings of ~ 1072 lead to lifetimes of the exotic fermions short enough to be
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consistent with constraints from Big Bang nucleosynthesis. At the same time, the impact
of the couplings ¢” and h¥ on the mass spectrum and DM predictions is negligible for
these small values of the couplings. Consequently they may be safely varied in this range
without having any substantial impact on the other sectors.

4.3 The Higgs sector

The Higgs sector of the SEgSSM is substantially different from the simplest version of
the E¢SSM, for which the spectrum of the Higgs bosons was explored in ref. [16]. In the
simplest case the sector responsible for the breakdown of the SU(2), x U(1)y x U(1)n gauge
symmetry includes just H,, H; and S resulting in three CP-even, one CP-odd and two
charged states. One CP-even Higgs state, which is predominantly SM singlet field, is always
almost degenerate with the Z’ gauge boson. The qualitative pattern of the Higgs spectrum
in the simplest variant of the E¢SSM depends on the coupling A which is a coupling of the
SM singlet superfield S to the Higgs doublets H, and Hy, i.e., \SH,Hy, as in the SEGSSM.
If A < g} the singlet dominated CP-even state is very heavy and decouples which makes
the rest of the Higgs spectrum indistinguishable from the one in the MSSM. When X 2 ¢}
the spectrum of the Higgs bosons has a very hierarchical structure, which is similar to the
one that appears in the NMSSM with the approximate Peccei-Quinn (PQ) symmetry [127-
131]. As a result the mass matrix of the CP-even Higgs sector can be diagonalized using
the perturbation theory [131-134]. In this case the heaviest CP-even, CP-odd and charged
states are almost degenerate and lie beyond the multi-TeV range whereas the mass of the
second lightest CP-even Higgs state is set by the Z’ boson mass.

As was mentioned before in the SEgSSM the sector responsible for the breakdown of
gauge symmetry involves five multiplets of scalar fields H,, Hy, S, S and ¢ that give rise to
ten physical degrees of freedom in the Higgs sector which form a set of charged and neutral
Higgs bosons. The unbroken U(1)en symmetry ensures that the charged components of
H, and Hg do not mix with the other Higgs and singlet fields. T'wo massive charged Higgs
states are formed by the linear combination

H* = H;*sin B+ H; cosf, (4.34)
with a mass given by
brR\2 _ V2s Ao 22 2
DR L 9
(mHi> == 25 <TA cosf — ﬁ sin 6) — ?fu2 + 121)2. (4.35)

The linear combination orthogonal to eq. (4.34) constitutes the longitudinal degrees of
freedom of the W+ bosons.

In the absence of CP-violation in the Higgs sector, the real and imaginary parts of the
neutral components of the Higgs and singlets fields do not mix, leading to three physical
CP-odd Higgs bosons and five CP-even states. The Goldstone states that are absorbed by
the Z and Z' bosons are mixtures of the imaginary parts of HY, H?, S and S,

G= \/i(Imchosﬁ — ImHgsinﬁ),

_ 4.36
G = \@(ImScose — IisinG) cosy — ﬁ(ImHS cosﬁ+ImHgsinﬁ) sin 7, ( )
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where
tany = 2£ sin 2. (4.37)
s

For phenomenologically viable scenarios with s > v, tany goes to zero. Expressed in terms
of the field basis (P, P, P3), where

P =2 (ImHS cos 5+ ImHg sinB) cosy + V2 (ImSCOSG — Im?sin@) sin 7,
Py =2 (ImSsin6 + Im S cos ) , (4.38)
P3 = \/§Im¢v

the pseudoscalar mass matrix M? has elements

~ V2s Aoy
M =—Y=" (T 0 — "L sinh
1 sin 23 cos? v < ACOS V2 S >’

~ ~ Aoy
M2, = M? :v<T Sin9+cos«9>,
12 21 \/icosy A \@
~ ~ AoUS
M123 - :)?1 = QCOS’V Slng,
~ 200 (K¢ e Ap v? sin 23 . 3 Aoy
M3, = = —p+—4+— |+ ———|(T)sin°0 — —= cos” 0
27 §in26 ( 2 7 V2 e V/2ssin 260 A V2
N V2T,
sin 26 ’
~ ~ T.,s M¢ Ao .
M2 =M2, =" —0ss (/—{ —|—>—v2sm2 cos b,
23 2=/ o0t 1 B
T, s2 3Tk V2 K
2 o . 13 2 oMo
= sin 260 — 2By — @ — — (pAr + Ag) + 0kps”sin20 — —=¢
33 2\/@/} D¢ NG 0 ¢ ¢ V2
2
Olgs” . Aos o . .
—4rgeAp + sin 20 — ——wv“ sin 0 sin 23.
NP 4o ’

(4.39)
In the parameter space of interest here, the structure of the full 3 x 3 matrix is such that it
can be approximately diagonalized analytically. Because My, Mg > Mz and we restrict
our attention to small values of A\, the mixings between P; and P, P3 are rather small and
may be safely neglected. In this approximation, the mass of one CP-odd state is set by
Mi,. Thus it has almost the same mass as the charged Higgs states. The masses of two
other CP-odd states are set by m and m_ which are given by

==\2 1 (-~ - = . -
(mQR) o {M222 + M3+ \/ (M3, — M33)? + 4M§3} : (4.40)

As follows from eq. (4.40) in some cases m_ can be rather small so that the lightest CP-odd
state A1 becomes the lightest particle in the spectrum. This happens, for example, in the
limit K¢, ptg, Ap, As — 0, when m]f‘ vanishes and the superpotential possesses a global
U(1) pg PQ symmetry which is spontaneously broken by the VEVs s, so and ¢. For small
but non-vanishing U(1)pg violating couplings, the state A; is a light pseudo-Goldstone

boson of the approximate PQ symmetry and can be lighter than the SM-like Higgs. In
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this case, the decay hy — Aj A; is kinematically allowed and can in principle lead to
non-negligible branching fractions for non-standard decays of the SM Higgs [30]. Even for
larger values of the couplings x¢, i, Ar and Ag, my, may be small provided that the
remaining parameters in eq. (4.40) are tuned so that m_ — 0. It is important to note that
in either case, the vanishing of mf ~ m_ does not also require that the lightest neutralino
mass becomes small, as occurs for example in the PQ-symmetric NMSSM. Indeed, from
eq. (4.19) and eq. (4.20) it is clear that the singlino dominated states should remain heavy,
while mgo is governed by the values of the gaugino masses and peg. This means that by
varying the other Lagrangian parameters for fixed M/, and pef, the value of my, can be
chosen independently of mgo. In particular, for a given mgo this allows for the possibility
of resonant annihilations x{ Y9 — A; — SM particles with m, ~ 2m)2(1), leading to regions
of parameter space in which the well-known A-funnel mechanism is responsible for setting

the DM relic density [135-137].

The real parts of HY, H?, S, S and ¢ form five physical CP-even Higgs states, h;,
related by the unitary transformation

hy Re HY
ha Re H?
hs | =U,| ReS |, (4.41)
h4 Reg
hs Re ¢

where U, diagonalizes the CP-even Higgs mass matrix, M?2. In the basis (S, S2, S3, S4, S5),
where

V2Re S = S) cosf + Sysinf + s1,

V2Re S = —S;sinf + S5 cos @ + so,

V2Re¢ = S5 + ¢, (4.42)
\@ReHg = S5co08 8 — Sysin B + vy,
\/§ReH3 = S5 sin B + S4 cos 8 + va,

and using the EWSB conditions eq. (3.3) to eliminate the soft Higgs masses, this has
elements

2.2
M = ¢PQ%s? — % sin? 260 + /2T, sin 26 + (/i¢ag02 + V20 p40 + 2UAF> sin 20

A
v? cosfsin 283 — %02 sin 0sin 23,
s

T
LD
2s

2V/2
2.2
M122:M221:US

sin 46 — /2T, cos 20 — (/%0902 + \@UW)@ + 20‘AF) cos 20

T)\ 2 . . )\O'SO
+ ——“sinfsin28 + ——
2v/2s b 4s

A
M% = M3 = 0?pscos 20 — ZUUQ sin 6 sin 213,

v? cos fsin 213,
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12
T
M}y = M3 = %Qs(QHu Qm,)svsin2f — 22 v cos b cos 208

V2
Ao .
-5 P sin 6 cos 23,
T
Mty = M2 = g7 Qs(Qm, cos® B+ Qp, sin’ B)sv — 7%1) cos fsin 23 + Avs cos? 0
A
— ggm) sin #sin 23,
2.2 5T
M2, = 75 Gin? 20+ ——- \[ 7% 08220 + (/%ago + \[UMq%P-i‘ 20AF>
2 sin 260
Tyv? 9 Nopv?
4+ —————sin“#sin20 — cos” fsin 203,
2v/2s cos 6 b 4ssin 6 B
T P
M2 =M2, = ——Zs+0%pssin20 — os </<a + ¢)
23 32 /2 ¥ P /2

A
+ Zavz cos fsin 23,

T A
M3y = Mj, = <—)\v sin 6 + —Utpv oS 9> cos 23,

V2 2
22 T Ao
2 a2 N D Ao .
My = M35, = 5 svsin 20 + ( ﬁvsm0+ 5 govcos&) sin 213,
Tys Ty os? Kop
M2, = n26 — \f——l—— + sin 20 4 3-2%
53 2\/§<p NS A OV V2

A
+ 2&%@2 — 2952 in Osin 28,
4p
A
M3, =M% = ?Usv sin 6 cos 23,
A
M2 = M2, = ?Gsv sin 0'sin 28,

V2s Aoy . 7> A .
Mf4 = M (T,\ cosf — W sm9> + <4 — 2> v? sin? 273

12
+ %(QHu — Qpu,)*v?sin® 28,

4 2
x (Qm, cos® B+ Qp, sin® B) sin 23,

2

Mjs = M2, = ( 3 ) vesin4f3 + 9Ly (Qu, — Qu,)

cos? 20

sin 20

V2Ap
¥

\ i
M55— ?v sin? 28 + 41) cos 2B+gl2 2(QHdcosQB—i—QHu sin25)2.
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(4.43)

With the exceptions of M3, M2, and M2 the size of the mass matrix elements is deter-
mined by the singlet VEVs s and ¢. For small values of A such that As ~ gs ~ op ~ Mg,
it is therefore expected that all but the lightest state have masses of the order of the SUSY
scale or heavier. In particular, for A\ ~ o — 0 the element MZ ~ My > Mg, while all
other matrix elements are substantially smaller. Thus the mass of the heaviest CP-even
state is approximately degenerate with the Z’ mass. After neglecting all terms which are



proportional to Av in eqs. (4.43) it is easy to see that in the limit Mg > My the mass of
another CP-even state is set by My4, i.e., this state is almost degenerate with the charged
Higgs states, while the masses of two other CP-even states are determined by m4 and m_,

(mQR) o {M222 + M3y + \/ (M3, — M) + 4M§3} : (4.44)

The mass of the lightest state, on the other hand, is bounded from above by the
smallest element M2, i.e., the tree-level lightest CP-even Higgs mass satisfies
pr\2_ A oo 7’ 2 2,2 2 2 502
(mhl ) < v sin 26 + T Y cos 26 + g°v*(Qm, cos” B+ Qp, sin” 3)~. (4.45)
Consequently h; ~ S5 is always light, and for Mg > My is SM-like in its interactions.
While the upper bound eq. (4.45) is larger than in the MSSM, it is still the case that
radiative corrections are important for reaching my, ~ 125GeV. Moreover, the by-now
very precise measurement of the Higgs mass, m;""" = 125.0940.2140.11 GeV [138], strongly
constrains the parameter space of SUSY models and necessitates a reliable calculation of
the physical Higgs mass. In principle, the physical Higgs masses can be determined from
the poles in the propagator after including the one-loop self-energies by solving

det [pf1 — M?*(Ms) + S (p})] =0 (4.46)

with m%z = Re(p?) and where M?(Mg) is the tree-level Higgs mass matrix, evaluated
here at Mg, and X;(p?) denotes the self-energies. The required one-loop self-energies
are automatically included in the tools used in our numerical studies, described below.
However, for large values of Mg > My this strategy leads to large logarithmic contributions
to the Higgs masses due to heavy states, which should be resummed to get an accurate
estimate for the Higgs mass. In our case, the discussion above indicates that the SUSY
spectrum is split, containing many heavy scalars, notably the MSSM sfermions and the
exotic scalars, as well as light neutralinos and exotic fermions. Such scenarios are well
handled by an effective field theory (EFT) approach to calculate the lightest Higgs mass, in
which the large logarithms are resummed. In the MSSM, the largest of these contributions
is usually associated with the third generation sfermions, and in particular the stops. In
the SEgSSM, there are also contributions from the heavy exotic scalars that should be
accounted for. Because the exotic Yukawa couplings 5\043 and k;; are very small in the
models we consider, these logarithmic corrections to the Higgs mass are very small and can
be neglected compared to the contributions from the stops and other MSSM sfermions.®
In our results below, to obtain the light CP-even Higgs mass we therefore make use of
the known EFT calculation in the MSSM, which includes the dominant contributions to
the Higgs mass. While a complete EFT calculation including the exotic states would be
more accurate,” we expect that in this case the accuracy of our calculation should not be
significantly reduced due to the small size of the exotic contributions.

8We have confirmed numerically that the contributions in eq. (4.46) from the exotic states are negligible
compared to those from the stops and sbottoms.

9Such a calculation has been presented very recently [139], but this was not available when the scans
presented here were performed.
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5 Results

5.1 Scan procedure

To study scenarios in the CSEgSSM that are able to account for the observed relic DM
density with a MSSM-like DM candidate, a dedicated CSEgSSM spectrum generator was
created using FlexibleSUSY-1.1.0 [140, 141] and SARAH-4.5.6 [142-145]. The generated
code,'” which internally also relies on some routines from SOFTSUSY [146, 147], provides
a precise determination of the mass spectrum by making use of the full two-loop RGEs
and one-loop self-energies for all of the masses. Leading two-loop contributions to the
CP-odd and CP-even Higgs masses taken from the known NMSSM [148] and MSSM [149—
153] expressions were initially also included,'! since the additional contributions from new
states are expected to be small by virtue of their small couplings.

However, as noted above, for the solutions presented below this fixed order Higgs mass
calculation suffers from the effects of large logarithmic contributions that are not resummed
and so a MSSM EFT calculation is employed to predict mp, instead. To do so, at the SUSY

scale defined by Mg = DRm?R, with m R given by eq. (4.9), we performed a simple

tree-level matching to the MSSM. In this sunple matching procedure, the DR MSSM soft

scalar masses mé s Mg,y s, s ML, Mes,, gaugino masses My, My, Mz and soft trilinear

A = T33 / y33 are set at M s to their Values obtained in the CSEgSSM after running from
Mx. The MSSM p parameter is set to its effective value at Mg, eq. (4.13), while an
effective MSSM pseudoscalar mass, (1m4)ef, is obtained from the effective soft bilinear

(Bp)eft = 1\}; cosf) — )\?Usgp sin 6. (5.1)
The lightest CP-even Higgs mass was then calculated using SUSYHD-1.0.2 [156] to obtain
a more accurate estimate for the SM-like Higgs mass. The remaining heavy CP-even Higgs
masses were computed using the ordinary fixed order approach.

As mentioned above, for the purposes of studying the MSSM-like DM candidate it is
most convenient to directly vary the parameters M5 and peg. For this reason, we imple-
mented a solver algorithm in FlexibleSUSY that makes use of the semi-analytic solutions
to the RGEs. A similar algorithm has previously been used in studies of the constrained
E¢SSM, where it was described in ref. [56]. The main advantage of this algorithm over the
standard two-scale fixed point iteration is that by expanding all of the soft parameters at
low-energies using the semi-analytic solutions, the EWSB conditions can be used to fix a
subset of the input high-scale parameters in terms of the remaining input parameters. In
particular, the low-energy soft Higgs and singlet masses can be written in the form

m?{,(MS) = aq,(Mg)m% + b@(Ms)Mf/z + Cq;(Ms)Ml/QA() + d@(MS)Ag, (5.2)

A1l of the code used in the following analysis is made available at https://doi.org/10.5281/
zenodo.215628.

YWhile full two-loop corrections to the Higgs masses, in the gaugeless limit, can be calculated for a
general model in SARAH [154, 155], this capability was not available in FlexibleSUSY at the time our
numerical study was done.
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for ® = Hy, Hy, S, S, ¢. Imposing the EWSB conditions eq. (3.3) then allows mg to be
fixed, as desired, along with tan 6, ¢, Ap(Mx) and Ag(Mx). The parameters A and M /o
remain free parameters that can be varied to set the mass and composition of Y.

To satisfy the limits on the Z’ mass, we take advantage of the mechanism described
below eq. (3.8) to set My well above the current limits, and so we set My ~ 240TeV.
This requires a very large value of s = 650TeV at the SUSY scale. Acceptably small
values of peg < 1TeV for reproducing the DM relic density are then achieved for very
small |A|, though peg is still large enough to evade limits from LEP. In this study we focus
on scenarios in which the LSP is either a mixed bino-Higgsino or pure Higgsino dark matter
candidate. To do so, we considered |A\(Mx)| = 9.15181 x 10~% and |A(Mx)| = 2.4 x 1073,
for both A < 0 and A > 0. Because tanf =~ 1 for such large values of s, this corresponds
to |pet(Mx)| =~ 347 GeV and |uesr(Mx)| = 898 GeV, giving values at the SUSY scale of
\et(Ms)| = 417 GeV and |ueg(Ms)| ~ 1046 GeV, respectively.'?

To prevent tachyonic states in the exotic sector, the exotic couplings cannot be too
large, and for our scans we chose fixed values satisfying Aos(Mx), rij(Mx) < 3 x 1073
Additionally, to simplify our analysis we took these couplings to be family universal with
Xag(MX) = 5\05&@ and k;j(Mx) = kod;j. A SUSY scale somewhat below Mz was obtained
by choosing small o(Mx) = 2 x 1072, Light inert singlinos in the spectrum were ensured
by choosing extremely small values for the couplings fin and fia, while for simplicity we
set the couplings 6(Mx), pg(Mx), gg-(MX) and hE (M) to zero. We stress that the
impact of the latter two sets of couplings on the quantities we investigate is numerically
negligible. We have checked that their values could also be increased to satisfy constraints
on the exotic lifetimes without altering our results. We also chose k(Mx) = 1072, and
pur,(Myx) = 10TeV. While the above fixed couplings impact the mass spectrum, they do
not play a significant role in the predictions for dark matter, for the scenarios considered
here in which the dark matter candidate is the lightest MSSM-like neutralino, and hence
we do not scan over them.

For each parameter point in the scan, the GUT scale Mx at which these values are set
is defined to be the scale at which g1(Mx) = g2(Mx). This condition is solved iteratively,
as described in ref. [140]. We do not require that g3(Mx) is also unified, but this will be
approximately fulfilled due to the inclusion of the L4 and L, states. This is similar to what
occurs in the EgSSM [20].

For A < g, the tree-level upper bound on the SM-like Higgs mass is maximized for
large tan 5. We took tan (Myz) = 10 to saturate this limit. As in the CMSSM, the trans-
formation My, — —My5, Ao — —Ao, Bo — —Bo and pieff — —fleff leaves our results
invariant. We use this symmetry to fix M; 5 > 0. Setting By = 0, we scanned over M/,
and Agp by uniformly sampling in the intervals [0 TeV, 20 TeV] and [-20 TeV, 20 TeV],

2The values of |tesr| given are the mean values over all of the obtained valid solutions. The exact
values of |pes(Ms)| and |ues(Mx )| vary over the parameter space scanned, since tan 6 varies slightly over
the scanned region, as it is an EWSB output parameter, and the RG evolution also changes slightly
due to sparticle threshold corrections. For the smaller value of |[A(Mx)|, the solutions we present have
409 GeV < |per(Ms)| < 425 GeV, and 344 GeV < |pesr(Mx)| < 349 GeV. For the larger |A\(Mx)| value we
obtain solutions with 1032 GeV < |peg(Ms)| < 1063 GeV, and 892 GeV < |uea(Mx)| < 903 GeV.
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A(My) = £9.15181 x 1074 A(My) = +2.4 x 1073
o(Mx) 2 x 1072 2 x 1072
Kg(Mx) 1072 102
Aas(Mx) = Mobag 1073 3x 1073
Kij(Mx) = Kodyj 1073 1.4x 1073, 3 x 1073
fi1(Mx), faa(Mx), fa1(Mx) 1077 10~7
fi1(Mx), foa(Mx), faa(Mx) 1077 1077
pL(Mx) [TeV] 10 10
s(Mg) [TeV] 650 650
M,/ [TeV] [0, 20] [0, 20]
Ap [TeV] [—20, 20] [—20, 20]
tan S(My) 10 10

Table 2. Summary of the fixed parameter values and allowed ranges used in the CSEgSSM for the
two values of [A\(Mx)| considered. The free parameters 6(Mx), ug(Mx), Bo, g5 (Mx), hi,(Mx)
and the ﬁa(MX)7 fia(Mx) not shown are set to zero in both cases. The parameters my, tan6, ¢,
A and Ag are fixed by the requirement of correct EWSB. In the CMSSM, the same ranges are taken
for M/, and Ay for the comparison scans with p(Mg) = +417 GeV and u(Ms) = £1046 GeV, and
we set tan 5(Mz) = 10 as well. The EWSB conditions are used to fix mg and By in the CMSSM.

respectively, to find solutions with the correct Higgs mass and an allowed DM relic den-
sity. The relic density and direct detection cross section were calculated numerically with
micrOMEGAs-4.1.8 [157-163], using CalcHEP [164] model files automatically generated
with SARAH. The values of the CSEgSSM parameters used are summarized in table 2.
For this choice of parameters the lightest neutralino is expected to be MSSM-like in its
composition and couplings. At the same time, the spectrum and the RG flow of couplings
in the CSEgSSM is very different to that in the CMSSM. While the two models may in
this limit make very similar predictions concerning DM, the ranges of parameter space in
which this occurs and their collider signatures can therefore be quite distinct. This makes it
interesting to compare the CSEgSSM and CMSSM directly. To do this comparison, we also
generated a CMSSM spectrum generator using FlexibleSUSY and SARAH as described
above, and modified it to make use of the semi-analytic solver algorithm. The MSSM
EWSB conditions were used to fix the common soft scalar mass mg and soft breaking
bilinear By at the GUT scale, and M,/ and Ay were scanned over the same ranges as in
the CSEgSSM. This was done for values of p(Mg) fixed to the mean values obtained in the
CSEgSSM, that is, |u(Mg)| = 417GeV and |u(Mg)| = 1046 GeV, respectively. The same
fixed value of tan B(Mz) = 10 was used. In this way we are able to present a more direct
comparison of the two models, in which analogous parameters are approximately matched
between the two.'> The CMSSM solutions that we obtained have a heavy SUSY scale as

13We emphasise that our approach in the CMSSM differs from the conventional approach in the literature,
in which g would be determined by the EWSB conditions and mg is an input parameter.
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well, so that we again used SUSYHD to compute the lightest Higgs mass. The predicted
DM relic density and direct detection cross section were calculated in micrOMEGAs using
model files generated by SARAH.™

In both models, valid points were selected by imposing the theoretical constraints that
the point should have a valid spectrum with correct EWSB and no tachyonic states. We
required that all couplings remain perturbative up to the GUT scale. Since we perform only
a naive matching to the MSSM in the EFT calculation, we allowed for an uncertainty of
£3 GeV in the result for my,, which is somewhat larger than is reported by SUSYHD. For
the CSEgSSM we accepted points with calculated light Higgs masses satisfying 122 GeV <
mp, < 128 GeV, and for comparison we allowed the same range of Higgs masses in the
CMSSM. A point predicting a relic density Qh? greater than that determined by Planck
observations [165],

(Qh?)exp. = 0.1188 + 0.0010, (5.3)

is effectively ruled out if one assumes a standard cosmological history. Points with a
predicted relic density that does not exceed this value are not ruled out in the same way,
though in this case additional contributions to DM are required. In our scans we excluded
all points that have a predicted relic density (Qh?)w. > (2h?)exp.-

To make a clear comparison of the impact of collider bounds on the CSEgSSM and
CMSSM, model specific limits should be applied to each. However in the CSEgSSM the
RGEs drive the sfermions to masses which are substantially larger than the gaugino masses,
creating a hierarchical spectrum that persists even with the decoupling of the Z’ mass from
the rest of the spectrum. This means that typically LHC collider limits come from the
gaugino sector, especially the gluino which is produced through strong interactions. The
gluino decays in an MSSM-like manner and as a result the gluino mass limit set in the
CMSSM in the heavy sfermion limit should, to a reasonable approximation, apply to the
gluino in the CSEgSSM also.'® So that the reader can see where current and future collider
limits should constrain the models we will show explicit gluino mass contours in each model,
along with contours for the physical first generation squark mass, mg,. Note that this is
approximately degenerate with the remaining first and second generation squark masses,

Le., Mg 5 ~ Myjg-

5.2 Mixed bino-Higgsino dark matter

We first consider cases with a light Higgsino mass term of [u(.m(Ms)| ~ 417 GeV. The
results obtained in the CSEgSSM and the CMSSM for this value of |y (.g)| are compared
in figure 1 and figure 2.

14YWe checked that the results obtained this way were in very good agreement with those found from using
the MSSM implementation already available in micrOMEGASs, provided some care was taken to define the
quark mass parameters consistently in the calculation of the direct detection cross sections.

5 A more thorough treatment involves reinterpreting existing searches, for which a variety of tools, such
as CheckMATE [166], MadAnalysis [167], SModelS [168] or Fastlim [169] are available. However since the
situation is fairly simple in this case, with very heavy sfermions, we consider this unnecessary here and
beyond the scope of our analysis.
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Figure 1. Contour plots in the M/, — mg plane of the lightest CP-even Higgs mass (top

row), DM relic density (middle row) and proton SI cross section (bottom row) in the CSEgSSM
with peg(Mx) =~ 347GeV (left column) and CMSSM with pu(Mg) = 417GeV (right column).
In the top row, we also show contours of the gluino (solid lines) and squark (dashed lines)
masses. At large values of M; /5, where the X7 is a light Higgsino, the relic density saturates with
(%) tn. / (Qh?) exp. & 0.15.
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Figure 2. Contour plots in the M/, — mg plane of the lightest CP-even Higgs mass (top
row), DM relic density (middle row) and proton SI cross section (bottom row) in the CSEgSSM
with peg(Mx) ~ —347GeV (left column) and CMSSM with u(Mg) = —417GeV (right col-
umn). In the top row, we show contours of the gluino (solid lines) and squark (dashed lines)
masses. As for the positive peg case, at large M/, the relic density reaches a limiting value of
(%) tn. / (Qh?) exp. & 0.15.
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In the top row of figure 1 we compare the mass of the SM-like Higgs in the two models.
In both we find solutions consistent with mj, ~ 125GeV, but the allowed regions in the
M; j5—mg plane clearly differ quite substantially. For such large values of s and small values
of A the tree-level mass of the lightest CP-even Higgs in the SEgSSM is approximately
the same as it is in the MSSM, (m?)2 ~ M2 cos®23, as follows from approximately
diagonalizing the mass matrix in eq. (4.43). Without substantial tree-level contributions
from the additional F- and D-terms, a 125 GeV Higgs is achieved with large radiative
corrections in the CSEgSSM as well as in the CMSSM. In principle, large enough loop
corrections result from either large sparticle masses, particularly stop masses, or large stop
mixing. However, increasing Ao or M/, to generate large mixings for fixed pcq) leads to
the value of mg increasing as needed to satisfy the EWSB conditions. As a result in the
solutions we obtain mg > Ao, M; /, and large enough radiative corrections must arise from
sufficiently heavy sparticle masses instead. The effect of the Higgs mass constraint can be
clearly seen in the top row of figure 1 and figure 2, where the requirement my, > 122 GeV
imposes the lower bound on mg for small values of Mj ;.

The right-most boundary of the solution region is a consequence of determining
m3 from the EWSB conditions. When the soft masses and SUSY scale are large and
|iu(efry] << M /2, as is the case here, the resulting function for mg(Mj 2, Ag) has a minimum
at each M/, with m%’min(Ml/g) > 0.1 Hence when e is fixed, we do not find
points with values of mg below this boundary for each given value of M; 5. This can be
contrasted with the usual procedure in the CMSSM, where lower values of mg can be
found by varying |u| and Bpu.

In the CMSSM, the Higgs mass constraint my, < 128 GeV also puts an upper bound on
the possible values of M 5. This is shown in figure 3, where we plot my,, in the M/, — Ag
plane in both models for p g > 0. The upper bound on my, cuts off the solution region at
large values of M/, in figure 3 in the CMSSM. In comparison, in the CSE¢SSM the region
at large M, 5 is ruled out by the presence of tachyonic states. The lower right region of the
CSEgSSM M/, — A plane in figure 3 is excluded by tachyonic pseudoscalars A;, while the
uppermost boundary is due to tachyonic CP-even Higgs states. This corresponds to the
much more restrictive upper bound on mg in the CSEgSSM in figure 1 compared to the
CMSSM. The same is true for p g < 0 in figure 2, though the position of the boundary is
modified, leading to the much smaller range of acceptable mg values in the CSEgSSM for
this value of |peg|. It should be noted, however, that these results are obtained for a single
value of s. It is expected that if s and A\ are allowed to vary while maintaining fixed pief,
additional solutions would be obtained, as is found in the constrained E¢SSM [56, 57]. It is
important to emphasize that in the CSEgSSM there is still additional parameter space avail-
able, and that the constraints shown here apply only for a single value of M/ in the model.

The large values of mg required result in a large SUSY scale and all scalars except the
SM-like Higgs h1, and the lightest pseudoscalar A; in the CSEgSSM, are very heavy. In

SFor example, at tree-level and neglecting small D-term contributions the EWSB conditions lead to an
expression of the form mj = & M7, + &My 2 Ao + €3 A7 + Eolpem | where the coefficients &1, &3 > 0 and
€0,& < 0 for tan B = 10 are set by the RC flow. Because &1 — &3 /(4€3) > 0, for fixed |te(emy| € Mo it is
easy to show that there is a non-trivial lower bound on the value of m3.
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Figure 3. Contour plots of the lightest CP-even Higgs mass in the M, /5 —Ag plane in the CSEgSSM
with pes(Mx) &~ 347 GeV (left) and the CMSSM with p(Mg) = 417 GeV (right). Also shown are
contours of the gluino (solid lines) and squark (dashed lines) masses for both models.

the top row of figure 1 and figure 2 we show contours of the gluino and first and second
generation squark masses. The viable solutions that we find in the CSEgSSM all have
squark masses mg, , > 5.4TeV, while in our CMSSM solutions mg, , > 6.5TeV, so that
these states are not observable at the LHC. On the other hand, the small exotic couplings
lead to light exotic fermions. For |ueg(Mx)| ~ 347 GeV, the choice of kg = 1073 leads to
exotic D fermion masses of ~ 1.3 TeV. Similarly, setting A9 = 1072 leads to inert Higgsinos
with masses =~ 580 GeV. Both sets of states are therefore light enough to be produced at
the LHC and would be detectable via the signatures discussed in section 4. Given the
increasingly large SUSY scale required by LHC searches in constrained models, this makes
searches targeting the exotic spin-1/2 leptoquark and inert Higgsino states attractive for
still being able to probe the CSEgSSM parameter space. Because the exotic couplings
cannot be too large in the scenarios considered here, improved limits on these states would
strongly constrain the solutions we have found with very small values of |-

In addition to the restriction on the allowed values of my, there is also a lower bound
on Mj /5 in both models, which is determined by the relic density constraint. The behaviour
in the CMSSM in this case is well understood. When M is sufficiently large, Y! is a nearly
pure, light Higgsino that is underabundant [170]. The opposite limit, with small M; /2
and M7 < pu, leads to an almost pure bino LSP that is overabundant, due to its small
annihilation cross section. Therefore requiring Qh? < 0.1188 amounts to placing a lower
bound on Mj /, for fixed p.

Since fi(ef) is small in this case, an acceptable relic density is achieved with relatively
low values of Mj /5. The minimal allowed value of M/, in the CMSSM, M/, ~ 0.85 TeV,
leads to M; =~ p and the LSP is a so-called “well-tempered” highly mixed bino-Higgsino
state [171] that saturates the relic density. This region is evident in the middle rows of
figure 1 and figure 2 as an extremely narrow strip at the minimum value of M/, (shown
in greater detail in the insets) where (Qh?)q,. =~ 0.1188, while for larger M, /2 the Higgsino
DM candidate leads to (2h2)y,. < 0.1188. From comparing the left and right panels in
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the middle rows of figure 1 and figure 2 it is clear that similar behaviour occurs for the
Z¥ = 41 DM candidate in the CSEgSSM. From eq. (4.21) and eq. (4.22) it follows that
the necessary value of M; occurs for smaller values of M/, in the CMSSM.

The low allowed values of M/, imply that in the light p ) scenario the gluino as
well as the ordinary neutralino and chargino states can be light. Though the location of
the well-tempered strip differs in the two models, the masses of the gluino, neutralino and
charginos are rather similar. For example, in both models in this strip mg & 370 GeV. In
the CMISSM, we find that mg 2 2.1 TeV, the minimum value occurring in the well-tempered
region. A very similar result can be seen in the CSE¢SSM, with mg 2 2 TeV except for a
narrow line of solutions where the gluino can be as light as mg ~ 1TeV.

For these solutions, the bino DM candidate is viable due to the A-funnel mechanism.
In the CMSSM, m is only light enough so that ms ~ 2myo at large tan 3 = 50 [136].
Because we only considered tan f(Mz) = 10 in our scans, my > 6TeV is always very
heavy in our CMSSM results and the A-funnel region is not accessible. In the CSEgSSM,
for a given value of tan 8 and M/, one can make my, ~ 2m>~<(1) light by fine tuning Ay
appropriately. This corresponds to the lower boundary of the solution region in figure 3.
Therefore even for tan 5(Myz) = 10 light bino DM can satisfy the relic density constraint in
the CSEgSSM. This does, however, imply a substantial fine tuning; in our scans, additional
points were sampled from this region to overcome this.

In either the bulk or A-funnel regions, the gluino is thus observable at run II or at
the high luminosity LHC (HL-LHC); indeed, gluino masses under 2 TeV are already rather
close to the limits based on the most recent /s = 13 TeV data and so LHC searches will
soon be probing this part of the parameter space. Similarly, both models also predict
light neutralinos and charginos with masses of a few hundred GeV. To be precise, our
CMSSM solutions satisfy 366 GeV < mgo < 452 GeV, 428 GeV < mgy < 453 GeV and
419 GeV < My < 453 GeV, while in the CSEgSSM the ranges are 182 GeV < mgo <
426 GeV, 335 GeV < mgy < 438 GeV, and 335 GeV < Mk < 431 GeV. This suggests
the neutralinos and charginos could also be discoverable at the HL-LHC [172] in the small
feff) case. The overall picture for the solutions presented with |u(Mg)| ~ 417 GeV is of a
split spectrum, with unobservably heavy scalars but light exotic fermions and EW-inos, as
well as a sufficiently light gluino. This scenario would therefore predict interesting collider
phenomenology in tandem with accounting for the observed DM relic density.

However, while small values of p g permit the neutralinos and gluino to be observ-
able at the LHC, models with a highly mixed bino-Higgsino DM candidate are strongly
constrained by null results from direct detection experiments. In the bottom rows of fig-
ure 1 and figure 2 we show the y?-proton SI cross section for each sign of H(efr)- In the
region where (2h2)¢,. matches the observed value, the direct detection cross section peaks
at ~ 1074 — 107% c¢m? and is above the 90% exclusion limits set by LUX [173, 174]. In
both the CSEgSSM and CMSSM, the SI cross section in this part of the parameter space
is dominated by t-channel exchange of the lightest CP-even Higgs hi. Thus in the leading
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approximation the SI part of X(l)—nucleon cross section takes the form

4m2m?2 2
os1 = 2m4N ‘gh1X1X1F )
mom ) (5.4)
X1 N N N
my = ——L—— FN= > fgto D I
mX? +my q=u,d,s 21 Q=c,b,t
where
my [y = (Nmqegg|N) , fla=1- > Iy (5.5)

q=u,d,s

while!” f% ~ (0.0153, f%vd ~ (0.0191 and f%\; ~ (0.0447. The size of the cross section in
eq. (5.4) is set by the hy XY X? coupling gn,y,y,, Which is given by

1 3
Ihxaxa = 5 (\/;91]\714 — 92N13> [N11(Up)11 — N12(Un)12] (5.6)

where the neutralino mixing matrix elements N;; are defined!® in eq. (4.14) and the Higgs
mixing matrix Uy is defined by eq. (4.41). In the CSEgSSM, the contributions to this
coupling involving the singlet mixing components Ni;, 7 = 5,6,7,8, are negligible in our
case and can be ignored. In the highly mixed case with |u| ~ M; and Ni3 < Ny, the
products N3Ny and NioNyy that appear above are large and the SI cross section is
enhanced [178]. Therefore points with a mixed bino-Higgsino DM candidate that saturates
the relic abundance are excluded, for both'? signs of fefr)- As My /5 is increased (decreased)
so that x{ has a smaller (larger) bino component, the SI cross section decreases as N4 — 0
(N11, N12 — 0). Additionally, the reduction in Qh? for larger values of M, /2 implies a
reduction in the local number density of WIMPs and thereby weakens the limits from
direct detection. We estimate the extent to which this occurs by rescaling the given limits

by the predicted relic abundance, so that a given set of values (mi?,a’él) is not excluded if

(QhQ)ex . _p,LUX
0§1 < mff& (mf((l))v (5.7)

where Ug’ILUX(m;(?) is the LUX limit at the WIMP mass myo. Thus points away from
the well-tempered strip may still avoid the direct detection limits. In the CSEgSSM, the
presence of the A-funnel region also allows for solutions with (Qh?)y,. ~ (2h%)exp. and
a predicted SI cross section below current limits for A < 0. Nevertheless, as discussed
below future limits are expected to probe a substantial portion of the remaining parameter
space. Therefore scenarios with small p ) and a mixed bino-Higgsino XY are very tightly

constrained.

7The values of these hadronic matrix elements are the default values used in micrOMEGAs, as deter-
mined in ref. [162] from lattice results. A review of some recent determinations of the required sigma terms
oxn and os has been given in ref. [175], while an extraction of these quantities from phenomenological
inputs using chiral effective field theory has been presented in refs. [176, 177].

8Note that in this convention Ni; and Ny specify the Higgsino mixing, while N3 and N4 give the wino
and bino mixing respectively.

19For Heery < 0 the SI cross section is slightly smaller, due to a cancellation between the contributions
from the up- and down-type Higgsinos, but this is not significant enough to evade the current limits.
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5.3 Pure Higgsino dark matter

Scenarios with a heavy, pure Higgsino DM candidate are less constrained by direct detec-
tion limits due to both the weaker limits at high WIMP masses and the suppression of the
ST scattering cross section for a pure Higgsino LSP [179]. Analyses of the CMSSM param-
eter space that also account for limits from collider searches suggest that this part of the
parameter space is favored by experimental constraints [180], though scenarios with a rela-
tively light LSP can still fit the data [181]. To see that this is also true in the CSEgSSM, in
figure 4 and figure 5 we compare the CSEgSSM with |peg(Ms)| ~ 1046 GeV to the CMSSM
with |u(Mg)| = 1046 GeV.

As in the previous case with small (), the region in which we find solutions in the
CSEgSSM is much smaller than in the CMSSM. The upper bound on mg again arises from
tachyonic CP-even and CP-odd Higgs states that occur as |Ag| is increased. At the same
time, the minimum value of M, that satisfies the relic density constraint is much larger.
This is because a relic density consistent with eq. (5.3) requires X to be nearly purely
Higgsino with mgy ~ 1TeV, which is achieved for |Mi| 2 |pi(efr)| & 1 TeV. The condition of
universal gaugino masses at Mx then means that the gluino is now very heavy along with
the sfermions. In the CSEgSSM we find solutions with mg > 3.8 TeV, compared to the
minimum value of mg > 5.7 TeV in the CMSSM scan. The prospects for an LHC discovery
in this scenario are fairly poor in the CMSSM, as the gluino and all sfermions would be
out of reach at run II.

For the CSEgSSM points shown in figure 4 and figure 5 we considered slightly larger
exotic couplings with kg = Mo = 3 x 1073, The couplings are required to be large enough
to ensure that ¥{ is still the stable second DM candidate, rather than one of the exotic
sector possibilities. The exotic fermions are correspondingly heavier, with masses satis-
tying 3 TeV < pup, < 3.3TeV and 1.63 TeV < Ko < 1.67TeV, which also makes them
unlikely to be observable at run II or at the HL- LHC Note however that, in addition to
being able to vary My, there is also some freedom to vary the exotic couplings to obtain
lighter exotic states. We illustrate this in figure 6, where we plot the valid solutions with
ko = 1.4 x 1073, giving D fermion masses of up, € [1.5 TeV, 1.6 TeV], comparable with
the potential exclusion reach for third generation squarks at the HL-LHC [182]. For fixed
IM(Mx)| = 2.4 x 1073 the effect of this is to slightly increase the minimum allowed value of
M, /; outside of the A-funnel region. This is due to an increase in the calculated Q).
which was already rather close to the value from Planck observations. The larger value of
the relic density in turn arises because of the increase in peg(Mg) that results for smaller
values of kg in the RG running; this can be seen, for example, from eq. (A.18). A compen-
sating small reduction in A(My) can be used to maintain the low-energy value of peg and
therefore (Q2h2)y,., in which case the smaller values of M, /2 shown in figure 4 and figure 5
continue to be allowed. The presence of light exotics is an important possible signature
that allows the model to be discovered when the SUSY breaking scale is very heavy, as
well as distinguishing the Fjg inspired model from the CMSSM.

As can be seen in the middle rows of figure 4 and figure 5, and in figure 6, the prediction
for the relic density in the CSEgSSM remains similar to that in the CMSSM. In both models
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Figure 4. Contour plots in the M,/ — mg plane of the lightest CP-even Higgs mass (top row),
DM relic density (middle row) and proton SI cross section (bottom row) in the CSEgSSM with
tet(Mx) =~ 898 GeV (left column) and CMSSM with p(Mg) = 1046 GeV (right column). In the
top row, we show contours of the gluino (solid lines) and squark (dashed lines) masses.
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Figure 5. Contour plots in the M;/; — mo plane of the lightest CP-even Higgs mass (top row),
DM relic density (middle row) and proton SI cross section (bottom row) in the CSEgSSM with
tet(Mx) = —898 GeV (left column) and CMSSM with pu(Mg) = —1046 GeV (right column). In
the top row, we show contours of the gluino (solid lines) and squark (dashed lines) masses.
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Figure 6. Contour plots in the M, /5 — mg plane of the DM relic density in the CSEgSSM with
tet(Mg) =~ 1046 GeV (left) and peg(Ms) ~ —1046 GeV (right), with reduced values of the exotic
Yukawa couplings x,;(Mx) such that pup, ~ 1.5 TeV.

a Higgsino with a mass of approximately 1 TeV saturates the observed value in eq. (5.3).
The narrow A-funnel region at lower M/, is again accessible in the CSEgSSM by tuning
Ap to reduce my,. As large mixings are no longer required to reproduce the relic density
for |pem| = 1 TeV, a large fraction of the solutions found have a predicted SI cross section
below the current LUX limits. Points in both models with M) /; where the LSP transitions
from being pure bino to pure Higgsino, i.e., where M; ~ p () near the lower bound on
M, /5, present a larger cross section that is in excess of the LUX limits. Therefore even for
heavy fi(c) in the CMSSM and CSEgSSM constraints can be put on the parameter space
by direct detection searches. At larger M o (that is, where M is significantly larger than
f(eff)) the models currently evade the SI direct detection limits, and are very unlikely to be
probed by direct collider searches in the near future if the exotic fermions in the CSEgSSM
are not light. However, this part of the CSEgSSM, and CMSSM, parameter space will be
constrained by results from XENONI1T, as we now discuss in more detail.

5.4 Impact of current and future searches

In figure 7 we show the current and future regions probed by LUX and XENONI1T for
|11(emry) (Ms)| = 417 GeV in both models. As described above, the existing 2015 LUX limits
already essentially exclude the well-tempered bino-Higgsino solution region at low myg, i.e.,
low Mj /5, where the SI cross section is enhanced by large mixings. The effect of the new
2016 limit is to extend this exclusion to larger gluino masses, despite the reduction in
the predicted relic density and SI cross section. This is as expected from the results of
dedicated MSSM studies [183, 184]. XENONI1T [185] is projected to exclude (or discover)
even larger values of mg. In this CMSSM scenario, XENONIT can potentially exclude g
masses up to 4-5TeV.

The exclusions set by direct detection searches in the CSEgSSM are to some extent sim-
ilar to those in the CMSSM. In particular, outside of the A-funnel region in the CSEgSSM,
the LUX limits exclude gluino masses mgz < 3TeV for peq > 0 and my < 2.5TeV for
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Figure 7. Plots of direct detection and collider constraints in the mg —mg, plane in the CSEgSSM
with |ueg(Mx)| & 347 GeV (left column) and the CMSSM with |u(Mg)| = 417 GeV (right column).
In the top row, g (e (Mx) > 0, and in the bottom row pes)(Mx) < 0. In each plot, we show points
that have a SI cross section in excess of the 2015 [173] and 2016 [174] LUX limits (pink and red,
respectively) and points that are not currently excluded but are within the projected reach [185] of
XENONIT (blue). In each case, the exclusion limit is determined according to eq. (5.7). Finally,
points that are not excluded by any limits but that predict a relic density that is less than 90% of
the measured value are shown in yellow, while those points with 0.9 < (Qh?)n./(Qh?)exp. < 1 are
shown in green.

ey < 0 in both models. Similarly, XENONIT will be able to probe gluino masses up to
4-5TeV in the CSEgSSM as well. This accounts for a large fraction of as yet unexcluded
solutions in the CSEgSSM.

However, as can be seen from the left column of figure 7, some points in the A-funnel
region will still not be excluded by LUX or XENONTI1T. These points have a suppressed SI
cross section or do not saturate the relic density bound, or both. This is also true in both
models for those points not excluded at large mg. Points close to the well-tempered region,
where the amount of mixing is still relatively large, only escape being excluded if they lead
to an extremely small relic density. If it is required that the LSP explains a substantial
fraction of the observed relic abundance, for example (2h?)i,. /(Q2h?)exp. > 0.1, then these
points are removed. This is illustrated in figure 8, where we show the variation in the bino
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Figure 8. Plots showing points excluded by direct detection constraints in the M, /o — [N 14|% plane
in the CSESSM (left) and CMSSM (right) for |um) (Ms)| ~ 417 GeV, after also requiring that
the LSP accounts for at least 10% of the observed relic density. The scaling of the limits and the
colour coding is otherwise the same as in figure 7.

fraction for points satisfying this criterion. The effect of the direct detection limits is to
heavily restrict the amount of mixing allowed. The surviving points are forced to either be
almost pure bino, at small M; /5, or almost pure Higgsino at large M/, and hence having
a heavy SUSY spectrum.

While the A-funnel points will not be observable at XENONIT, the fact that mgz <
2TeV for these solutions means that most are in reach of LHC searches targeting gluinos.
This highlights the complementary nature of collider and direct detection searches; similar
observations have been made for the CMSSM (see, for example, ref. [186]). Given the
similarity of the lightest Z& = +1 neutralinos in the CSEgSSM to the ordinary MSSM
neutralino sector, it is not so surprising that this continues to hold. In particular, results
from XENONIT will be able to constrain the CSEgSSM (and CMSSM) at much higher
SUSY scales than are expected to be reached at the LHC. We conclude from this that
direct detection searches, if no WIMPs are observed, will be able to place indirect limits
on the sparticle masses much higher than can be achieved at run II, when the neutralino
does not annihilate via special mechanisms such as the A-funnel. Thus direct detection
limits are a particularly strong constraint on the CSEgSSM parameter space.

The solutions that we find with a heavy Higgsino DM candidate lead to gluino and
MSSM sfermion masses beyond the exclusion reach at run II. This is shown in figure 9.
Consequently there are effectively no constraints on this part of parameter space coming
from collider limits, at least in the CMSSM. In the CSEgSSM, the possibility of light exotic
fermions, as in figure 6, would allow for the model to be discovered even if all MSSM-like
states and exotic scalars are heavy. However, if these states are also heavy then limits from
direct detection searches are much more effective at constraining the parameter space.

Prior to the most recent LUX limits, all of our solutions with heavy | u(eﬁ)] were con-
sistent with direct detection limits. This is no longer true for the new 2016 LUX limits,
which now exclude points with M & p ). Therefore the current direct detection lim-
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Figure 9. Plots of constraints in the mg — mg, plane in the CSESSM with |peg(Mx )| ~ 898 GeV
(left column) and the CMSSM with |u(Mg)| = 1046 GeV (right column). In the top row,
peesry (Mx) > 0, and in the bottom row pes(Mx) < 0. The color coding is the same as in
figure 7.

its are already probing the heavy [ (.| parameter space. Scenarios with a highly mixed
bino-Higgsino )2(1) accounting for at least 10% of the relic abundance are again all excluded
by the current limits. This is shown in figure 10. Thus in the case that the LSP is rele-
vant for addressing the DM problem, direct detection limits place stringent constraints on
the allowable bino-Higgsino admixture. More extensive coverage of the valid, low mixing
regions will require results from XENONI1T, however.

It is clear that in the CSEgSSM, results from XENONI1T will place very strong con-
straints on the parameter space, as it should be possible to cover almost all of the allowed
region. As for the previous small |p.q | case, the surviving regions are the A-funnel region
and at very large mg. In this scenario the A-funnel region cannot be searched for directly
at the LHC; from the left column of figure 9 it can be seen that the gluino mass is always
greater than ~ 4TeV. An interesting question is to what extent indirect DM detection
experiments or results from flavor physics can constrain the CSEgSSM here; we leave this
for a future study. On the other hand, for very heavy spectra without light exotic fermions
neither collider searches nor results from XENONIT will constrain the CSEgSSM or the
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Figure 10. Plots showing points excluded by direct detection constraints in the M/, — |N1af?
plane in the CSEgSSM (left) and CMSSM (right) for | (Ms)| = 1046 GeV, after also requiring
that the LSP accounts for at least 10% of the observed relic density. The scaling of the limits and
the colour coding is the same as in figure 7.

CMSSM. Even more sensitive direct detection experiments, such as results from LZ, will
be required to directly search for these scenarios.

It should be noted that the large number of solutions for which (Qh?)y,. is indicated
as being less than 90% of the Planck value in figure 9 still account for a very large fraction
of the observed relic abundance. Small changes in A(Mx), or u(Mx) in the CMSSM, are
enough to closely reproduce the value in eq. (5.3) without significantly changing any other
results, unlike in the light Higgsino case where the DM candidate is severely underabundant
assuming a standard freeze-out scenario. At large M/, the relic density is still fully
accounted for by the Higgsino DM candidate. Unfortunately, while these scenarios can
explain the observed DM density entirely, the expected collider phenomenology is rather
uninteresting as all states are too heavy to be observable.

6 Conclusions

We have studied dark matter and LHC phenomenology implications in both the CMSSM
and a constrained version of an Eg inspired model (CSEgSSM). The SEgSSM is a string
inspired alternative to the MSSM, where the break down of the Eg gauge group leads to
a discrete R-parity and a U(1)y gauge extension surviving to the TeV scale that forbids
the p-term of the MSSM. The charges allow the standard see-saw mechanism for neutrino
masses and a leptogenesis explanation of the matter-anti-matter asymmetry. The model
contains exotic states at low energies needed to fill three generations of complete 27-plet
representations of Eg and ensure anomaly cancellation, and can give rise to spectacular col-
lider signatures. A single additional discrete symmetry which commutes with Ejg is imposed
to forbid FCNCs and this along with R-parity lead to multiple dark matter candidates. In
this paper we focused on scenarios where the lightest exotic particle is an extremely light
singlino which forms hot dark matter, but contributes negligibly to the relic density. We
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showed that the relic density can instead be explained entirely by the lightest MSSM-like
neutralino.

We have performed a detailed exploration of the parameter space of both the CMSSM
and CSEgSSM and compared the results. We find that in both models one may fit the
observed relic density with a pure Higgsino neutralino that has a mass around 1TeV.
Alternatively this can be achieved with a mixed bino-Higgsino dark matter candidate,
requiring a fine tuning of M; and p () to obtain the well-tempered strip and this can
work for lighter neutralino masses (~ 400 GeV in our example). However recent direct
detection results have placed strong limits on this mixing, placing a significant tension
between fitting the observed relic density and evading direct detection limits. Indeed we
find that the recent LUX 2016 direct detection limits constrain Higgsino-bino mixing such
that it rules out this well-tempered strip for both models for light and heavy neutralinos.

However we also found that the CSEgSSM can have special A-funnel solutions where
the correct relic density can be achieved for lighter Mj /o, a scenario that is only possible
in the CMSSM for a much larger tan 8 than is considered here. Such scenarios exist for
both the heavier and lighter Higgsino masses considered. For lighter Higgsino masses this
A-funnel region, which can escape direct detection limits even from the future results of
XENONI1T, will be probed by the LHC run II. This demonstrates an important comple-
mentarity between collider searches and experiments for the direct detection of dark matter.

Such special regions aside however it is now rather difficult to explain dark matter in
the lighter scenarios. Nonetheless if one requires only that the relic density is not too large
then many scenarios are still viable and have phenomenology that will be probed with run
IT of the LHC. Since the sfermions will still be very heavy the main signatures arise from
the production of gluinos, charginos and neutralinos, with MSSM-like signatures. On the
other hand the leptoquarks in the CSEgSSM can be light enough to detect even when the
SUSY scale is very heavy. These exotic states would lead to considerable enhancement of
pp —ttTT T + EtmiSS +X and pp — bbrT 77 + ErTniSS + X, where X stands for any light
quark or gluon jets.

Heavier scenarios with a Higgsino dark matter candidate of around 1 TeV are also not
currently constrained so much by direct detection and it is possible to fit the relic density in
both the CMSSM and CSEgSSM for a wide range of the parameter space. These scenarios
have a rather heavy spectrum which is not accessible to the LHC, however they will be
probed by future direct detection experiments, such as XENONIT which will be able to
probe most of the viable solutions we have found in the CSEgSSM. Therefore the future
impact of XENONIT on these models will be very significant.
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A RGEs

In our analysis, the SUSY preserving and soft SUSY breaking parameters at Mg are ob-
tained from the GUT scale boundary conditions by running them using two-loop RGEs.
These RGEs were automatically derived using SARAH-4.5.6, which makes use of the gen-
eral results given in refs. [187-189]. For completeness, in this appendix we summarize
the complete set of RGEs used to obtain our results. For a general parameter p, the RG
equation for p is expressed in terms of the one- and two-loop [ functions, 61()1) and 51(32)
respectively, according to

dp(t) _, _ 8 8
? _Bp_ (4;)2 +JT)4a (Al)

where t = InQ/Mx gives the scale at which p is evaluated.

A.1 Gauge couplings

In general, kinetic mixing of the U(1)y and U(1)y leads to a set of RGEs for the Abelian
gauge couplings involving a set of off-diagonal gauge couplings. In the triangle basis of
eq. (2.7), these RGEs can be written

dG

o =GxB, (A.2)

where the matrix of 8 functions is

B = Bglg% 2919’16911 + 291911691 A3
"\ 0 9By 20191180 + GBa ) (A-3)
91 Py, 91911Pg11 T 911P g1

The off-diagonal 3 function 34, is rather small, with 65(,3 = —/6/5 at one-loop. As
discussed in section 2, the effects of kinetic mixing are therefore small if g11 vanishes at the
GUT scale, and so we neglect it. When this is done, the two-loop RGEs for the diagonal
Abelian gauge couplings are
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The ( functions for the SU(2);, and SU(3)¢c gauge couplings are the same irrespective of
whether or not the kinetic mixing is taken into account. They are

B = 43, (A.8)
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—2Tr (K,IQT> - 4Tr<ngDT)] . (A.11)

A.2 Superpotential trilinear couplings

When gauge kinetic mixing is neglected, the running of the dimensionless superpotential
couplings is described by the following two-loop S functions:
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A.3 Superpotential bilinear and linear couplings

The 8 functions of the bilinear superpotential parameters j4 and py, read
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while that for the linear superpotential parameter Ap is
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A.4 Gaugino masses

The two-loop § functions for the soft gaugino masses are
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As mentioned above, kinetic mixing in this class of Fjg inspired models is small and so we
neglect the mixed gaugino mass Mi;.

A.5 Soft-breaking trilinear scalar couplings

The two-loop RGEs for the soft scalar trilinear couplings read
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A.6 Soft-breaking bilinear and linear couplings
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The two-loop § function for the soft-breaking linear coupling Ag is
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+ 2(Bypig) pohsy + 2(Bppig) Ty — 4(Brpr) g™ — 4(Brpr)*Ts
- 4(7”%4 + mi)‘} pL + Amgrop, (A.82)

BY) = As{w

202 — gl — 22— 2lof? — 3T (n!) QTY(W)]

6, 4
1617 |59 + o + 693 — 8lrs | — 4l6]* — 6 Tx(g7g"") - 2Tr(hEhET>]

_ 8\H¢|4} n AF{U*TG [5g32 — 8kg|? — 4N — 4|o]? — 6Tr(mf)

- 4Tr(5\5\T)] ~o? [5g;2M{ + 863 Ty, + ANTy + 40" T, + 6 Tr (MT“)

— 80 —



12, 8 _
=01 + g7 + 1295 — 16]rg|> — 8|5

" 4Tr(/~\TT5‘>] F 3Ty | g+

12 8
_12 Tr<ngDT) - 4Tr(hEhET> — 152 [59%1\41 + 9P M + 123 M

165 T, + 85" T +12Te (gP1T9" ) 4 Tx (1T

—321%125;%5}
* 2 ~ 12 2 * ~ %
— 4(Bypig) [T,% (4|H¢| 12162 + |o| )+K¢a Ty + 2646 T&}
«J 12 o0 3 8 ol ~ap 3 2( ~ ]
+ (Brpr) 59 oMy —T5 +591 oM; —Ts) +12g5( My — T
+16|6]2T5 + 12[T5 Tr<ngDT) n &Tr(gDTTgDﬂ n 4[TC~, Tr(hEhET)

+ &Tr(hETThEﬂ } — 4w pg(Bgpig) (2|/~e¢|2 +2|5)> + la!2)

% - 12 8
+ & g Brug |8]6]% + 12 Tl"(QDgDT) +4Tr(hEhET) - 91— o
2 ~ % 12 2 8 12 ! 2 ~ %
—12g5| + 0" prpe gglMl + 591 M 4+ 12g5 M9 + 80™T5

+12Tx (¢P1797) + 4T (WEIT) | — dryd 265 T, + 267 T + 07T, |

— 4y [Fa¢|a\2 (3m%¢ +m? + m%) + 2k4| 5|2 <3mi + m%4 + m%4>

+ g (10m§,|/€¢|2 + AT, 2 + [T, + 2|T5|2> + 0T Ty, + 25T;TH¢}

+ uz{é [16|T512 +16m3, (6] + 16m3 |5]° 4 8m3|5|* + 24m], Tr(ngDT)
+12m2 Te(gPgPT) + 8m3, Tr(hPRPT) + dm? Tr(nPRFT)

+12Tr <T9D*T9DT) +Tr (ThE*ThET) +12Tr (gl%n%gff’T )

+12Tr <ngDTmé> + Tr (hEhEngi‘> + Tr (hEm%}klhETﬂ

s [12 Tr (TgD* gDT) +Tr (ThE*hET)}

12 - - ~
T <0m%4 + 0m%4 + 26| M |* - MlT&)

5
8 n(- . .
— =g? (am%4 +om2 + 26| Mj)° - M{Tg)
— 1242 (&m%4 +om3 +25|Myf* — MQT&) } (A.83)

~ 81 —



A.7 Soft scalar masses

In writing down the two-loop 8 functions for the soft scalar masses, the following quantities
are defined,

3
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The RGEs are then given by
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+6 Tr(/iﬁTm%;‘) +6Tr (/imQ*/iT) +4Tr (A)\TmHQ) (A.108)
12 12
= AID = ST + 126310 = 16 (i, +miy, +md ) A

— 16mg|o]® |f€¢>|2 — dmigloP|rg|? — dmGlof*|re|* — 8mlol*

2 1~12 2 1~2
21~12) 12 21~12] +12 12 12/2/ *

— 4mgl|o[*|o|” — d4mglo|"|o|” — gglMMTA + g MiATy

— 1203 Mo ATy — 4|0 (T, |* — 40wy T, T, — dkgo ™ Ty) Ty — 4]kg|*| T, |

—16|0*|T,|? — 46 |2| T, |> — 460*TET, — 406" T Ts — 4|a || Ts|?

+ 5920 01+ 2v1091 S0 — AT Te (1) = 4T T (F77)

12|72 Tr(yDyDT) AT Tr(yEyET) — 12Ty ? Tr(yUyUT>

8 18 ,
+ gg%m% TI‘(FLKT) - Egl mg Tr(/m ) + 32g3m% T1"<I€I<LT>
16 o

12 -

—gl\M1|2 Tr(/m ) + 6493 | M3 Tr(;mT> + ggfm?q Tr</\)\T>
12 i 2 2 (751 L 24 2ia s 2 (35
- ggl mg Tr()\)\ ) + 12¢g5m3g Tr(/\)\ ) + ggllMl\ Tr()\/\ )
+ 24g2| My)? Tr(XS\T) AT Tr( it ) —ANTY T ( firf )
12X T <yDT TD) — AT} Tr(yET TE) - 12AT; Tr(yUT TU)

8

— St Tr( TT“) — 322 M3 Tr( TT") - Eg1 ()\TTA)

s 3 .

1262 M; Tr(AT TA> + oMy [12 Tr (FJ T”) —16M] Tr (w )
— 24M] Tr(/m ) + 59592 M) + 8>\*( M\ + TA) +8Tr (S\TTX)}
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- gg%MlTr<T”*/§T) —gPM] Tr(T“* T) — 322 MgTY(T”* T)
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g Tr <T”*T”T) — P (T”*T“T) +32g3 T (T“*T“T>

12 ey 12 - -
— o giMy T (T’\*)\T> + = gRM] T (TA*)\T> —12¢2M, Tr (TA*)\T)

+ %ng T TV %29'12 Te (T 4+ 1263 T (THTT)
+ %g% Tr (m%1 S\T:\) — %2912 Tr <m%{1 ;\zj> + 1293 Tr (m%jﬁ?\)

+ %)\* [3g%m?gd)\ — 3g'12m12qd)\ + 15g§m§gd)\ + 3g%m%1u/\ — 3g'12m%{u)\
+ 15g5m3; A + 3gimeA — 3g7mE + 15g5meA — 40A|T) |

+ 3g2 M} (2M1>\ - TA> 1562 M (2M2)\ — T,\> — 10m3 A Tr(fff)
— 5mZ A Tr(ff*) — 5m2\ Tr(ffT> — 5m3 A Tr(fﬁ)

- 10m%{u)\ Tr (fﬁ) — 5m%A Tr(fﬁ) — BOm%d)\ Tr (yDyDT>

— 15m% ATr (yDyDT ) _ 15m§ATJr(y’:’yDT ) — 10m% A Tr (yEyET )

- 5m12qu)\Tr (yEyET> - 5m%)\ Tr (yEyET> - 15m%{d/\ Tr (yUyUT>

— 30m% ATr (yU YUt ) —15mEATr (yU yUt ) 5T\ Tv (Tf * fT)

—5) Tr(Tf*TfT) — 5T, Tt (Tf*fT) —5) Tr(Tf*TfT)

15Ty Tr <TD*yDT) —15ATr (TD*TDT) _ 5T, Tr <TE*yET)

—5) Tr(TE*TET> — 15Ty Tr (TU*yUT) —15ATr (TU *TUT>

- 5ATr(fm%,2fT) - 5>\Tr(fme2E*) - 5ATr(fm§,1ﬁ)

—5) Tr( Pt mg) — 15Aﬁ(m§cyDyDT) - 5Aﬁ(m§CyEyET)

—5ATr (m%yETyE) — 15X Tr (mQQyDTyD> — 15X\ Tr (méyUTyU)

— 15X Tr <micyUyUT>} + gg% Tr (mﬁTm%k) — 15—89/12 Tr(ﬁm“n%‘)

+ 3292 Tr (Fme%*) + gg% Tr(fim%;k/ﬁ) — ?gf Tr (ﬁm%‘ﬂ)

+ 32¢% Tr (ﬁm%—;‘ch) + %g% Tr (X/N\Tm%}"2> — %g’f Tr<:\5\Tm%}‘2>
11262 Tr (XXTml%g) 4Ty ( FTMTT ) — dm?, Tr( FATAf )

— 4m? Tr(fXTXfT) - 4Tr<f5\TTXTfT> - 4Tr(fT“TXfT>

— 12171%4 Tr (gDnngDT> —12m% Tr(gD/fT/ﬁgDT> — 12Ty (gDﬁTT“TgDT)
—12Tx (gDT“T T+ gDt ) — 4m3, Tr(hEXT AR E ) —4m? Tr<hEXT AR E )

"y T&«(hEXT TXThE*) - 4Tr(hET5‘TT5‘hET> 12 Tr(/ﬁgDTTgDT“T)
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— 24m2 Tr ( T) 4ﬁ(mmTT”T“T> —12 Tr(/@TgDTTgDF;T)

— 24Ty (HT”TT“ f ) 4Tr<)\ Frfrit ) - 4Tr<:\hETThET;\T)

— 16m3 Tr()\)\T A ) ~ 16 Tr(w AT ) — 4m3 Tr (XXT Ia f*)

— 4m? Tr<MTfo ) 4Tr(MTTfTTf*) - 4Tr(5\TfTTf5\T>

- 4Tr<)\Th fh® AT) - 6Tr(5\TXTT’~\5\T> - 4Tr(fTTfT;\*5\T)

- 4Tr<5ﬁfTTf*Tx> - 4Tr(fX*XTme§*) - 4T&"<fm%[15\T5\fT)
(A 1) - AT (VAP ) - 4T (R A1)

—12 Tr(g kTkg Tmé*) 12 Tr(g K ﬁmQ*gDT> —12 Tr(gD/@TmQ*/-ig T)
—12 Tr(g mQ*RngDT) — 4Tr<hEm%hS\T5\hET> - 4Tr<hE5\T5\m%thT)
— 4Tr<hE5\T5\hETmzc) —4Tr (hES\TmIQL};S\hET) — 16 Tr<m%{15\T5\5\U\>
—4Tr (m%{l /N\Tfo*S\) —12 Tr(nnT/me%;‘) —12 TI‘(K:HTHT)’L? T)

— 12Ty (K,K,TTTL%IQHT) —12Tr (/im%*nTnnT) —8Tr (XS\TS\S\Tm%{’;)

_8 ﬁ(MT MT) - 4Tf(wm%;;fo*)

—4Tr< M T HQ), (A.109)
2 2 12 5 /

2<m¢—|—m5—i—ms>|o\ 42T, |2 — 52| M — \[2912174, (A.110)
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= 0 M = dmiy |oPIN* = dmiy, [o* A — 4m|of*| A
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—4m%[e*|o]? — 4lo*|T,, | — 4|o|*|Tx|]> — 40X T; T — 4ryo™ Ty, T,
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— 4|o|*|T5|* + 591 So.44 — 2V10 91234f6m¢|0|2Tr</<;f<;)
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— 4o |? Tr(T;\*TS‘T> — 4o |? Tr(m%hS\TS\) — 6|o|? Tr(/@/@Tm%;‘)
—6]a|2Tr(/£m%;kﬁ;T> —4ya|2Tr(XXTm§;;), (A.111)
~SGRUMP — SgPUMIP ~ 6g31IMa P + 2%y 1 o+ 2md HPTH7

+2mZ AN 4 27 T oI TN oM 2 FUF 4 m nETRE

+my N+ fUfmE +2ftmE f+ hEThEmE + 2hETm2h + X,

- 3 3
+ 22TmZ X — \[ 1511 — —¢i 15, 4, A.112
Ho> 591 1,1 mgl 1,4 ( )

18 27 9
= —gig31|Ms]? + 39’12931|le2 + 87931 Ms|* + 59192M11M2

5

27 ;9 o
+ = 10 1 92

M{1M; + 2g2m3;, f1f — 2my N2 fTf — dmG INPFTf

— 23N FF — 2T P — XTSI 4 g AT

— % giPm3 hPTRE —am3 |5 PhP TR — 2m? |5 PhPTRY — 2md|5 PR P TR
— 2|T52hETHE + %g%Mf{ [3095 <2M1 + M2> — 3¢ <2M1 + M{)

+ 594g%M1} 1 — 40REITH 80M1h,EThE} 95 TERE T

+2gPmENN — dmF; APATN — am3y [APATA — 8mE|APATA
— 2m2 SloPATN — dm@|oPATA — 2mZ|o|PATX — 4| T3 PATA — 2|7, PATA
+ % gy (=9{ =3 [111gRM] + 563 (20 + Mo )| + g3 (204
+ Ml) }1 + 20(10M{ﬁf+ 10MIN A — 2MRETRE — 5ftTf
— AT 4 hETThE)) — AATINTA — 20T AT — 202 M Tt F
2 ftof oftmf 12 9 WEY B | 2 28 imhB B

+ 2P THTT —2DPTITT — ST ThE 4 ZgP M h

12 2 5
+ gg%ThETThE - gg?ThETThE — 2|5 2T T — 292 M TN
+ 207 TNTY — ADNPTITA — 200 PTNT + gPmiy, 1] — [APmiy, 1]

6 1 .
+ gg%m%thThE — o gZm3 hETRE — |62 m3; hEThE + gPm3 AT
—2w2m% MA o *m, A*Hg f*mel AP FT fmiy,

1
+ 292 fimZ f — 202 fTm& f + g ShETREm?, — 59’12hEThEm2
12

— [62hETREm2, + = QhETmQChE — 5 hETmechE
—2|a| hETm hE—l-g Xr)\mH —2[)\| )\T)\mH |U|25\T5\m%{1
+ 208 N mif, X = ANPN mE X = 2l0 PN mi, X — 4mi, f1F
—dmiy fUAf = afT T —8my, fTFFf - aftfritr!
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—AfYTITIF — aftTITIf — 8m2 WPIRERPIRE — an PR ETh i Th"
_ 4ml2qdhETyEyEThE _ 4m%4hETyEyEThE B 4hETyETETThE

— AREIThE TP RE g BATETENRE g2 XTANTA — 2XTATM T
—2NTATMX — 2m% N T X — 2m3AT 7 X — 20T f 7o
_oNTITpI X —apTt il gl ffipf gpfips gt f
—aqpIATIfHF 4T PR BR BT qphFry By BYph® _ gphPiphf p Bty B
AT PEETRE _ opARXITA _ opMPARTR — o T prp)
—oTNTIT X —om3 FUFFf— 2my FTFFF — 2m% WP RERETRE
— 2m12qlhETyEyEThE — m%ﬁ MO — m%h;\Tfo*S\ — 4fom12quTf
—2f f T fmiy, —AF I3 f = Af Gy fTF =27 F 1T Py,
—AfTffim3 f = AftmE f 1 — AftmE fF1f — 4P hPmi; hPThP
— 2hPTRERETRE M, — ARFTRE R T2 nE — ah®Tm2 nEnP "

— 4hETmzcyEyEThE — 4hETyEm%yEThE — QhETyEyEThEm%h

— 4hFTyEyEim2 T — 2XTAm3 ATA — AN AmE; — 20T TmE, A

— 22X AN — 20X (7 X — 2\ fTmd X — X T f*am3,,

— 2T FT prm3i X — 2N T FTy — AN TMATY — 20 TMAT,

— wrmhE 6 3
— 26T ThET5 + 695150 + —g715211 + g\/églgilzz,m

5

+ g\/églgilzz,zn + 2912122,44 - 4\/391123,1 - 6\/?91123,4
iy FUT(F) 2000 (£ i 7 ()

7 i Te(77) 27 Fe(F71) — 1o 10 T (g7
— 6Tt Tr(ngDT> — 3m%{1 RETRE Tr(ngDT>

— 3hEThEm12gl Tr (ngDT> . 6hETm§chE Tr (ngDT)

— dm BERE Tx (RERET) — 2T T (RERET)

— 3, WP Te (RERET) — RP Ry T (RER)

— ZhEngchE Tr <hEhET) — 12m%{u fifTr (yUyUT) — 6Tt Ty <yUyUT)
—3mi, ['f Tr(z/UyUT) — 31 fmiy, Tr (yUyU*) — 6fTm3t f Tr (yUyUT>
- 12m%5\T5\ Tr (IiliT> — 6TMTA T (HK,T) - Smfgl ATA Tr (m{r>

— SS\TS\m%h Tr(me) — GS\Tm%};S\ Tr(tmT> — 8m%5\T5\ Tr (XS@L)

—ATMTA T (AAT) — 2m, AT (M) — 20 Amdy, T (A0
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- 4XTm§;25\ﬂ(XXT) - 2TfoTr<fTTf) — 6T ThE Tr(gDTTgD)
—oT"PTRE Ty (hETThE) 6T Ty (yU tU ) —6TMA Tr(mTT”>
—4TMATY (S\TTX) —oftrlTy (Tf * fT) —oft Ty (Tf *TfT)

— 6REIThE Ty (TQD*gDT> — 6RETRE Ty (TQD*THDT>

_ o BtphE oy (ThE*hET> — 9REThE Ty (ThE*ThET>

—6ffri T (TU*yUT> —6ftf Tr(TU*TUT> R Tr(T"“*/-@T)
AT (T“*T“T) — AT Ty (T;\*S\T) AT (TX*T;\T)

- 2f*fﬂ(fm?{1ﬁ) - 2foTr(ff*m%*) — 6h"Th Tr(ngDTmQQ*)
— 6hFTRE Ty (g mQ*gDT> — 2hEtRE Ty (hEm%h hET)

— R FthE Ty (hEhEngc) — 40X Tr(mH AT)\) —6ftf Tr(m2 yUTyU)

— 6foTr< cyUyUT> —6AATY (HKJ mD*> —6ATATr (ﬁm2*I€T>

AT (MT m2 ) (A.113)
B%z = _5911|Ml|2 - %g 1Mi|* — 6g51|Mo|? + 2m3;, T f + 277777

4 2m2NAT 4 20T 3y fHf 4+ m3 VAT 4 fpm, 4 2fTm

+2XmH AN+ NN 'm3, +\[gl1211 [911214, (A.114)
/8%2 ?91921\%!2 gg’fgglle\z + 87951 | Mo ?

+ 295 g2 (202 (201 + M7) + 563 (2041 + My ) + 99920 | 1017

+ 29192M11M2 + §91 95 M{1M; + 3¢ defo 4miy |\l frf
—2m3y |APFTf = 2mBNPFf = 2Ta P £ f — 20T5 f1T]

— 3gRPM{TITf 4 3g2TITT) — 2APTITT 4+ 39/ 2m2 N\

— i AR — dmiy APRAT — Sm2{AZRXT — 2m2 02X KT
— 4m|o PN — 2m2|oPAAT — 4T PANT — 2|7, A AT

+ %gl np{ [10g3 (204 + Mp) + 21762 M + 693 (20 + 111 |1
+95 (2M{ FHf oM NAT — i - TAT>} — ANTIATAT
—20TIN TN — 3gRMITM AT 4 3g2TMTNT — 4| \RTMTAT
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+ 392 fTmZ f — 2N fImE f + 3g’12/~\*m%}"15\T - 4\)\]25\*m%}“15\T

- 2|0|25\*m%}‘1 AT 4 gg?S\*S\Tm%b — 2\)\]25\*5\Tm12gz

—|oPA N 'miy, — 8my, f1ff1f — 4fTfTITT —dmy f1FFT f

— 477?%1”fofo —Aft it g ftmfTty gt
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— A mE L AfTmE FI - 2N m, FT AT

X BETREAT — 2303 ATAAT — 23 fTmd AT
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— N NN AT = M AT AN my, — 2T/ Ty — AN T AT,
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— 20" TMNI'T, + 6931509 + 59%122,11 - 5\/6919/1122’14
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—6T/1T/ T (yDyDT) — 3miy, f1f Tr (yDyDT> —3fTfm, Tr(yDyDT>
— 6T Te(yPyPT) — dmdy, £ T (yPy™t) — 20717 T (47T
— mip, [T Tr (yEyET) — fTfmiy, TY(Z/EyET) - 2mezz*fTr(yEyET)
—12mEA AT TI"(KKT) — 6TV Ty (RKZT> — 3mi, AT TI‘(HHT>

- Gﬂ*m%}l M Ty (/mT> - 3:\*5\Tm%12 Tl“(l-iHT> — 8mAN N\ Tr(ﬂﬁ)

— ATV T (ARF) = 2m, M AT Te (M) - 43¢ mi; AT T (M)

— 2032, Tr(XXT) —opft Ty (fTTf) — 61ty Tr(yDTTD)
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—oTH Ty (yETTE) —6T™AT Tr (;-JT"“) 47T TT(S\TT;\>

—oftri Ty (Tf * fT) —offtrmr (Tf spf T) —6fiT T <TD*yDT>

—6ff Ty (TD*TDT) —oftrf Ty (TE*yET) —oft Ty (TE*TET)

— 6T Ty <T”*HT> — 6x AT T <T”*T”T) AN TAT T (TA*)\T>

— N TR (TYTN) = o (i, 1) — 21 T (1)

—6ftf Tr(m yDyDT) - 2foTr(m yEyET) 43N Tr(m%hﬁx)

_ofty Tr(m2 yETyE) 6f1f Tr<m2 yDTyD) A AT Tr(mfm%*)

— 6 AT Tr<mn%‘ T) 43T Tr()\ATmQ* ) (A.115)
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i 12 Fe T 12
——g%Mle*fT+—g’12M{Tf*f —12g2MTH T 4 22 =9 g7 IT
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— Sy, PP (FF) = 4P T 1 () — 2 P ()
—af i U (F7) - 2f P () - 24mdy, 1 7 T (4
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12Ty (TD*TDT> A TIT Ty (TE* yET) 4Ty (TE*TET>
9Ty (TU* yUT) 12 T Ty (TU*TUT) ATy ( i, fT>
—ap Tr(f ) af T Fdy, ) - af (P
P Tr<md yyym> AT Tr(m yEyET>

— 4f*fT Tr(mLyETyE) 12f* fT T1r<m2 yDTyD>

12T Tr(m2 yUTyU) —12f*fTTr( QcyUyU*) (A.117)
ﬁfn% 1591 gil|M* — 591 1 M7 - 3931‘M3’2 +2mer* R’ + 20T
2 2
+ mDFc k! + 2k* szHT + /@-*HTm2D \/ﬁgllzl,l — \/;gilZlA, (A.118)
(2) 128 2, 64 5 o 2 , 160 4 2
Bz = = —= 91931 Ma[* + 1590 931 Ms]" + —=g51| M|

16
+ 5559 g [2003 (201 + My ) + 219630, — 37 (2M1 + M{)} 1M

64 .32
+ 459193M11M3 + B91 g3 MI1M; + 3g7Pmer* k" ’)\|2

— 4mHu|)\|2/<;*/-fT — 8mE|\*w* kT — 2m¢|a|2/<;*/-i —4mi|o
—_ 2m2_|0.|2’£*’£T o 4‘T)\‘2K/*K/T o 2’To—|2f€*f€T

|2:‘€*I{T

+ % g2y { [16003 (2] + My) — 1697 (20] + My ) + 195367 M7 |1

+225 <2M1/< KT /—@*T"T>} — AT} TT — 20Tk T
_ 39 MlTn*HT + 3g/2TK*TKT 4’)\’2TH*TI€T . 2|0_|2T/<*T/<T

3
+fg?m2Df<;*/<;T—2|)\|2m%/@*l-€T— ’O’|2m2DK, K +3gl2/€*m2D T
3
—ANPrrmErT = 2|0k mE KT + QQ/IZH*FLTm —2[\2k* kT m?
_ |0|2/£*/£Tm2 _ 4m H*gDTgD* 4m2 H*gDTgD*

_ 4/€*9DTT9 *THT _ 4m H*HTK/*K/T QH*K/TTH*THT
. 4R*T9DTT9D*/€T . Q/Q*TKTTH*HT _ 4Tm*gDTgD*TnT

_ Tf{* T *TH,T _4TH,*TgDTgD*,€T _ 2TH,*THT * T

_2m Ii*gDTgD* lei*I{TIi*HT 4/<c*m2DgDTgD* T

— Ot szlﬁT/i*IiT 4&*gDTm2QgD* o 4K*9DT9D*m2 KZT
* DT Dx T 2 w« T ok, 02 T

—257g7" g IimD 2k* kT le-Ql-i —2KKTK'MpK

32
— kI T M2 — AN T T T — 20T kT T, + 393 12273

8 4 /2 4 /2 4
— %1% “\/Zg14/1% \[ 11y —¢21x
+ 1591 2,11 + 5\/;9191 2,14 5 39191 2,41 + 591 2,44

- 107 -



— i g11¥3 ;1 — \/gg 1¥34 — 12mS/<;*/<T Tr(msT>
6T”*T”T Tr (/mT) 3m2r* kT TI"(H/{T) — 6K™ m Tr(m@ )
—35*kTm3, T (/m ) — 8mik KT Tr()\)\T> 4Tt Tr(AXf)
—2mbk*rT Tr( T) - 4/{*m2D/<T Tr (XS\T) — 2k kT Mm% Tr<>\)\T>
= 67K T (17%) — AT KT Te(XT) — 6577 Te (777 )
— 6T e (T ) — 4 T T (TVAT) = kT Te (VT
—4k*kT Tr (m%hS\TS\> — 6k kT Tr(miTm%k) — 6K™K Tr(nm2*/€T>
4tk Ty (w mH2), (A.119)
e UM — JgRAMP? — 2 RN + 4} g g

+ 2mS T,‘ﬁj* + 4TgDTTgD* + 2THTTH* + 2m2 gDTgD* + szHTH*

+ 4gPTmd gP* 4 2gPT gP* 2 4 26T md* + kT rmd

. (A.120)

2 3
—— 113 — —g| 131 4,
\/ﬁgl 1,1 \/Egl 1,4

128 48 160 64
= 45 91931|J\43|2 EQ?Q%HM?,P + 7931|M3\2 459193M11M3
24 L, 4 . 4 .
+ 59 gr g3 M{1M; + ggmegDTgD — o ?m?,g""g"

+1292mL4gDTgD*+24g2\M2|2 DT Dx* 8mL4]G]2gDTgD*

‘2 DT D*

—4mL4|a

4m¢‘0’2 DT Dx 4|T ’2 DT Dx gnglgDTTgD*

4 * E3 *
+ 591 2V gPTTI"* — 1202 MogPTT9"* + 292m%kT k* — Am |APKT K
—4Am3; (NPeT K — 8mEA PRI KT — 2m§)|0\2n K* — 4m3|o)? kT K

—2m%lo|PkT K" — A T\*kT K" — 2T, |PkT K" — 2¢ 2 M{KT T
2
+ Q—%g%Mf{ (16093 (2041 + M) + 1752630, + 81972 (204 + M7 ) 1

+90(2M1g7TgP* = 79T P ) b — 12305 T TGP - 45T T T g7

4

+ gnggDTTgD* - 5g’ngDTTgD* + 1262797 TT9"* — 4|5PT9" TT9"

— T R* — 20T T R + %g 200 {3[12g§ (2M{ n Ml)
+ 8063 (2M] + My ) + 99992 M{ |1 — 20(—10M{ T 5 — 27977 "

+ 4M/gDT Dx + 5TnT *)} + 2912THTTH* _ 4|)\’2T,‘€TTI€*

— 2|07 T + 591m%gD Y97 = Sotmpg” g7 + 6gimig” T g”
_ 2’&|2m2 gDTgD* + gl lei H* - 2]/\|2m%/<;T/<c* \0!2mD T *
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2 DT

2 DT 2 D*+12939DT7TL2?9D**4|5" g mégD*

4 .4
+ =otg” mbe”" = cat'g" mg

2 2 -
i gg%gDTgD*m% _ 79329DT9D*m% I 69§gDTgD*m% _ 2|0,|29DT9D*m2D

)

+ 2¢2kTmH K" — ANPRTmb k" — 2|0PkTmr* + g'f/-@T/-@*m%
_ 2’)\’2/€Tﬂ*sz _ ‘0‘257‘&*”% _ 4m%{ngTyDTyDgD*
o 4m%4gDTyDTyDgD* _ 4gDTyDTTDTgD* _ 4m%4gDTyUTyUgD*
_ 4m%[ugDTyUTyUgD* o 4gDTyUTTUTgD* _ 4gDTTDTTDgD*
_ 4gDTTUTTUgD* . 8m%4gDTgD*gDTgD* . 4gDTgD*TgDTTgD*
- 4gDTTgD*TgDTgD* _ 4m%KTﬁ*K/Tﬂ* _ 9k T T pes _ o TrprsprT  x
_ 4TgDTyDTyDTgD* _ 4TgDTyU‘|'yUTgD* . 4TgDTTDTyDgD*
- 4TgDTTUTyUgD* o 4TgDTgD*gDTTgD* . 4TgDTTgD*gDTgD*
_ ol o x  Tprs _ gprTrprx T 5 _ Qm%gDTyDTyDgD*

2 DT, Ut, U, Dx 2 DT Dx DT, Dx 2 T % T *

—2mpg Ty Yy gt = 2myg9T g g g —MpkT KRR
_ 4gDTm2QyDTyDgD* _ 4gDTm%yUTyUgD* _ 4gDTm22gD*gDTgD*

— 4gPTyPtp2 D gD 4gDTyDTmeégD* _ 2gDTyDTyDgD*m2D

DT Utyy2 U gD 4gDTyUTyUm2?gD* B 2gDTyUTyUgD*m2D
_ 4gDTgD*m2DgDTgD* B 4gDTgD*gDTm2QgD* _ 2gDTgD*gDTgD*m2D

— 26T mE K TR — QHTK*TI’L%KTR* — 2l K RT Mm% K" — IiTK,*HTH*m%

32
— AN RTTT, = 20 KT T T, — 45" g7 T 5 + 2 g4

8 2 2 9
+ Bg%122,11 - 5\/6919'1122,14 - g\/églgilzzzu + 59/12122,44
8 2 .
+ \/T>59112371 — 6\/;9/112374 — 24m%4gDTgD Tr(ngDT>
1279 T 9" Ty <ngDT) — Gm%—)gDTgD’k Tr <ngDT)
_ 129DTmégD* Tr <ngD’[) _ 69DTgD*m% Tr <ngDT>
— 8m2,g"T " Tr(hEhET ) 49T " Tr(hEhET)
(hEhET> _ 4gDTm2QgD*Tr<hEhET>
- 2gDTgD*m2D Tr (hEhET> —12mirTK* Tr (/mT>

— 67T T Ty (K,KT) - 3m2D/-£T/@* TI“(H/{T) — 6T mL K" Tr (/@/—@T)

— 2m2DgDTgD* Tr

— 3k K m% Tr (HHT) — 8mikT Kk* Tr (S\S\T> — 4T T Ty <5\5\T>
- Qm%ﬁTli* Tr (S\S\T) — 4kTm%K* Tr (XS\T) - 2/£T/<;*m2D Tr<5\5\T>

—12gPTT9"* Ty (ng THD) — 4gPTe" Tr(hET ThE>
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(1)

mL4

8?

— 6kTT Ty (;-JT"“) — 4T Tr(S\TTS‘) — 1279 T gD+ ﬁ(TﬂD* gDT)

—12gPT gP* Ty (TgD*TgDT> _ 4TgDTgD* Tr (ThE*hET>

— 4gPT gD Ty (ThE*ThET> 67T * T (ka KT)

= 657" T (T ) = 47Tt T (TVAT) = 4T Te(THTYT)

— 12gPT gD Tr(ngDngk> — 12¢PT gD Tr(g mz*gm>

— 4gPT gb+ Tr(hEqulhET) — 4gPT gb* Tr(hEhETmzc>

— 4k K Tr (qul XU\) — 6KT K Tr(miTm%k)

— 6rT K" Tr (K,m%*/{T) 4kT K* Tr ()v\TmH2> (A.121)

= —*91’Ml|2 - *9 °|M{|?* — 6g5|Ma|* + 2mL4’U|2 + 2mL Es

+ 2mi|5|2 +2|T5% - \/;9121,1 + \/;9/121,4 + ﬁm%4 TI"(QDQDT)

+2m3, Tr (PRPT) 4 6 Tx (797 9T ) 4 2T (T4 74T

+6Tr< D gDt ) +6Tr(gDm2*gDT) —|—2Tr<hEm%{1hET>

+2 Tr(hEhET ) (A.122)

18 12 9
= 39192| Ms|* + 39329§‘M2|2 + 87g3| Ma|* + 59192]\41]\42

6 . 5 _
+ oo gL g MMy — 4m7,[6]%|kg|* — 4m%4!0|2\ﬁ¢|2 — 16m3|5]*|kg|?
—2m7,|6)°|o|* — 2mz’i4|5|2|0\2 — 4m3|5)?[o]* — 2m%|5[*|o|?
—2m%|6|?|o|* — 12m7,|6|* — 12m?Z 5|* — 12m3|5|* — 4|6 )*| T, |?
—AGRTE T, — 2|6 (T, |* — 260" T5T, — 4ke5™ Ty, Ty — 2057 T, T5

6
—4y,<;¢y2|:r&\2 —2|0)?|T5|* — 2416 *|T5|* + 695 %02 + 5912211

2 2 4 3 2
- 5\/6‘919122,14 - *\/6919122,41 + 59'1222,44 - 4\/;9123,1 + 4\/;9123,4
4 9
12 3
+6493\M3|2Tr( b DT) - ggme Tr(hEhET) + pgimi, Tr(hEhET>

— 32¢2M; Tr (gDT TgD) %glMl [891g1M1 +36972M, + 90g2 M,

F18g2M! + 45¢2 My — 40M; Tr( D DT) +120M,; Tr(hEhET)

3
+20Tr (gDTTgD) — 60 Tr(hETThE)} SEIEMY [GglMl 1262 M!

4 217g2M] + 2062 M + 10g2 My + 30M! Tr( D DT) +10M] Tr<hEhET)

- 110 —



4
—15 Tr(gDTTgD) — 5Tr(hETThE>} + 59%M1 Tr(TgD*gDT)
9
5 1

9
+ g7 Te (7977977 + 3263 T (97797 ) — gg%]\/[l (T )

_ % ’QM{ Tr (ThE*hET) n %g% Tr <ThE*ThET) n 29/12 Tr <ThE*ThET>

9
D DT /2 D D‘i‘ D DT

4 9 N X
— 5g%Tr<g ngDT) + 5g’2T1r<g m2 gDT> +32g§Tr(g m2 gDT)

12 3 12
+ gg% Tr (hE hET) + 59/2 Tr(hE hET> 5 — @ Tr (hEhETmzc)

4
g2M! Tr (TgD*gDT) — 32¢2M; T (TgD*gDT) — g Tr (TQD*TQDT)

+ gg? Tr(hEhET mgc) —om2, Tr ( FREtRE fi ) —2m, Tr ( FRPthE fT)

—9 Tr( FHETTHE It ) —9 Tr( FrietTh® fT) — 36m3, Tr (ngDTngDT)

— 36 rI\r<ngDTTgDTgDT> _ 6m12qd Tr<ngDTyDTyD*>

_ 6m%4 Tr <ngDTyDTyD*) _ 6m2L4 Tr <ngDTyUTyU*>

_ 6m%1u Tr (ngDTyUTyU*) _6Tr (ngDTTDTTD*>

—6Tr (ngDTTUTTU*> — Gm%4 Tr (gD/fTchDT> — 6m% Tr <gD/£TngDT)

— 6Ty <gD/£TT”TgDT> —36Tr (gDTgDTTgD gDT> — 6Ty (gDT“TT“gDT)

=2 Te(RFFITITMT) — 12md, Te(RERETRERET)

— 4m%1d Tr (hEhETyEyET) — 4m%4 Tr(hEhETyEyET)

C12Tr (hEhETThEThET ) 4 Tr<hEhETTETET>

—om2, Tr<hEXTXhET) —om? Tr<hEXTXhET) - 2Tr(hE5\TT;\ThET>

_9 Tr<hETfTTf hET) 12 Tr<hEThETThE hET) 4Ty (hEThETTEyET)

( ET”T*}P*) _6Tr (yDTgD*TgDTyDT) 4Ty <yEyETThEThET )
(yETETTh hET) — 6Ty (yU 197 TyU T) — 6Ty (ngDTTgDT“T)
(ng fg® T) - T&“(AhETThET;\T) . Qﬂ(XThETThEXT>

_ 6 Tr( Dt DTTD*Tg ) _6Tr (gDTyUTTU*TgD>

6 rI\r(yDTTDTg * DT) _6Tr <yUTTUTgD*gDT)
( hETthT> 2Ty (fhEThEqulfT) 2Ty (fhETthTmQE*>
(7

LEt 2thT> 18Tr<ngDTgDm2*gDT)
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_36Tr<ngDTm2*ngDT> ( D DTm yDTyD*>
_6Tr<ngDT 2, UT U*) 6Tr(ngD’fyDTm2*yD*>
_6Tr<ngDTyDTyD*m ) 6Tr(ngDTyUTmucy >
—6Tr (ngDTyUTyU* ) - 6Tr(g K /{gDTm%2*>
6 Tr (g kim /ﬁgDT)
6Tr(g m2*gDTyDTyD*)
)-

6 Tr (gDmQ*/iT/ig T)

-6 Tr(g K /imQ*gDT)
_18 TY(g mQ*gD’rngDT
—6Tr (g m2*gDTyUTyU*
—6 ﬁ( m, hEThEhET) - 4Tr<hEmH1 hETyEyET)
— 2 Te (AP, AARPT) — 6 Tx (R RETREmd, 1T

= 6Tx (AERP IR m2, ) — 6 Te (RERE T2 nEpET)
—4Tr (hEhETm yEyET> — 4Tr<hEhETyE 2 yET)

(

— ATy (REREYEy Py ) 2Tr(hEATAm hET)

—9 ﬁ(hEAT AR m%) - 2Tr(hE5\T m3, AR ) (A.123)
Bt = — 2RI = SgPIMIP — GRIMLI? + 20 J51? + 22

+2m3|6° + 2|T5* + \[ 1211 — \[glzl 4, (A.124)
B = SRR + TPl + 87l Mo

9
+ 556 g% (297 (201 + MY ) + 53 (2My + My ) + 9997 My | M

3
+ 56 21093 (204] + Ma) + 21792 M] + 697 (2M] + My ) |

9 4 6 ,
+ 59192M1M2 + 5

—16m3|61%|kg|* — 2m7 |60 — 2m3 |5]*|0]* — 4m3|5|*[o]?

ZgL g M{M; — Am, |51 |kl — 4m3 |51

—2mg|6|%|o|* — 2m%|5|*|o| — 12m7 |6]* — 12m7 |6[*
— 12m3|6]* — 461 Ty, |* — 46K 3T5Tw, — 26| T, |* — 260*T5T,
— 4k T Ty — 206° Ty Ty — 4lrg|? |T~y2 — 2|0|?|T5|? — 24|5|T5 |

6
+ 693 %00 + =01 2¥911 — \f919122 14 — \[919122 41

+ 9122444-4\/791231 \/791234 12mL |0|2Tr(D DT)

—6m3 Jo1* Tr(g"g"t) —6m3 o Tr(g79"") — 6|5/ Tr(g""™")
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— 4m2 |52 Tr(hEhET) —2m? |52 Tr(hEhET) —2m3 |2 Tr(hEhET)
— T2 T (hEhET) — 66T Tx (yDTTgD) — 26T Tr (hET ThE)
— 67T Tr( 79" DT) 6|52 Tr<T9D*T9DT) — 26T Tt (ThE*hET)
. 2yay2Tr(ThE*ThET) ﬁy&yQTr(ngDTm2*> . 6]&]2Tr(gDm2*gDT>
9052 Tr(hEmH BET) - 2/5? Tr(hEhET ) (A.125)
2 [2m%4]6|2 +2m3 |61 + 2m3|5[2 + 2| T, |2 + 2/T5 |2 + 6m3 kg
n (m§+m§+m2§)|a|2 + |TU|2}, (A.126)
—96m2 " — s(mi +md o+ mg) lo]* — 8k [(4m§ +md o+ mg) kolo|?
* 2(4m§) + m%4 + m2ﬁ4)’{¢’5|2 + 8“¢|TH¢|2 + k| T [* + 2k9 | T5
* ~ % 1 2 2 2\ 1~14

+oTE T, + 2aT(~,TR¢] ++ (—80 (mL4 +m2 o+ m¢,> Ei
_ 4T§{T& [—15g§ +15 T&~<ngDT) g2 —3g% + 5Tr(hEhET>]
+ 5—[15g§M2 115 Tr( DTTQD) +2g2 M + 3¢2M, + 5Tr(hETTh )} }
- 5T*{4)\* (AT v JTA) Yo [4 Tr()\TT’\) 4 5¢2M! + 6Tr( TT“)}
+T, [4 Tr(S\S\T ) —5g%+6 Tr<fmT>] } + 45" [3g%m%4& +2gPm2 &
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+297m36 + 15g5m55 + 30955 | Ma|* — 2051, |* — 406 |T5 |
+ 3g2 M} (2M1c7 T ) + 22 M (2M{5 - T5> 1562M;Ts
— 20myT;;, T5 — 30m3,5Tr (gPgPT) = 15m3 &Tr(g79"")
— 15m§)& Tr<ngDT) — 10mL UTI“(hEhET) — 5m% o'Tr (hEhET>
— 5m25 Te (AERPT) — 15T, Te(197PT) — 155 Te (19779
5T Tr (ThE*hET> 56 Tr (ThE*ThET> — 156 Tr (gD gPt mg;)
— 156 Tr(g m2*gDT> — 56 Tr(hEm%thT) — 56 Tr(hEhEngcﬂ)

o [59 m3o + 5grmgo + 5grmio — 4(2m% +myy, +miy,
+m2 + mg)aw? — 80|T, |2 — 0| T\ > - 160|T, 2
+ 52 M (zM{a - TU> — 8Ty, Ty — ANTST, — 6m3o Tr(rmT )
—12mio Tr (K,K,T) — 6m%a Tr (fmT) - 4mg¢a Tr (XS\T)

— 8m3o Tr(ANT) = dm3o Te (M) = 67, Te (77
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— 60 Tr (T"“*T“T) — AT, Tr (T;\*S\T) Ty TY(TX*T;\T)
—40Tr (m%h S\TS\) — 60 Tr (/me%k) — 60 Tr (mm%;k/ﬂ)

— 4o Tr(S\S\Tm%_};)] (A.127)
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