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ABSTRACT: Yang-Baxter (YB) deformations of type IIB string theory have been well stud-
ied from the viewpoint of classical integrability. Most of the works, however, are focused
upon the local structure of the deformed geometries and the global structure still remains
unclear. In this work, we reveal a non-geometric aspect of YB-deformed backgrounds as 7-
fold by explicitly showing the associated O(D, D;Z) T-duality monodromy. In particular,
the appearance of an extra vector field in the generalized supergravity equations (GSE)
leads to the non-geometric @-flux. In addition, we study a particular solution of GSE that
is obtained by a non-Abelian T-duality but cannot be expressed as a homogeneous YB
deformation, and show that it can also be regarded as a T-fold. This result indicates that
solutions of GSE should be non-geometric quite in general beyond the YB deformation.
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1 Introduction

A prototypical example of the AdS/CFT correspondence [1] is a conjectured equivalence

between a type IIB superstring theory on AdSs x S® and the four-dimensional N' = 4

SU(N) super Yang-Mills theory in the large N limit. Nowadays, it is well recognized that

an integrable structure underlies this correspondence (for a comprehensive review, see [2]).

In particular, the associated supergeometry is represented by a supercoset [3],

PSU(2,2/4)
SO(1,4) x SO(5) ’

(1.1)

and the Z4-grading of it ensures the classical integrability of the supercoset sigma model [4].



A renewed interest for this integrable structure appeared from the development of a sys-
tematic scheme of integrable deformation called the Yang-Baxter (YB) deformation [5-9].
In fact, an application of this scheme to type ITB superstring on AdSsxS® [10-12] opened up
a lot of new perspectives and directions including intriguing relations among YB deforma-
tions and non-commutative gauge theories, non-Abelian T-duality [13-22], and manifestly
T-/U-duality covariant formulations, which have been discovered in [23-29], and [30-33],
respectively. Our concern here is to delve deeper into the relation to a manifestly T-duality
covariant formulation called Double Field Theory (DFT) [34-38] with particular emphasis
on non-geometric aspects (i.e., the global nature) of YB-deformed backgrounds.

The original application of YB deformations to string theory is the standard ¢-
deformation of type IIB string on AdSs x S [10, 11] with a classical r-matrix of Drinfeld-
Jimbo type [39, 40]. The metric and Neveu-Schwarz-Neveu-Schwarz (NS-NS) 2-form of
the deformed background were computed in [41] by performing coset construction for the
bosonic group elements. Note here that the deformed background is called in several ways,
as the g-deformed AdSs x S° , the n-deformed AdSs x S°, or the ABF background, but all of
them are identical.! The supercoset construction for the g-deformed case was worked out
in [42]. While the g-deformation is based on the modified classical Yang-Baxter equation
(mCYBE), one may consider another category based on the homogeneous CYBE [9, 12],
for which a large number of works [23-25, 29, 43-56] have been done and led to vari-
ous backgrounds including well-known examples such as Lunin-Maldacena-Frolov back-
grounds [57, 58], gravity duals of non-commutative gauge theories [59, 60] and Schrédinger
spacetimes [61-63].

Remarkably, the full g-deformed background of [42], which includes the Ramond-
Ramond (R-R) fluxes and dilaton, is not a solution of type IIB supergravity. Afterward,
it was shown that the background should satisfy the generalized supergravity equations of
motion (GSE) [64]. At that moment, the GSE seemed to be an artifice invented so as to sup-
port the g-deformed background as a solution. However, after that, in the ground-breaking
paper by Tseytlin and Wulff [65], this GSE has been reproduced by solving the kappa-
symmetry constraints of the Green-Schwarz type 1IB string theory on an arbitrary back-
ground. Therefore, the GSE has now been established on the fairly fundamental ground.

For the homogeneous CYBE case [12], there exists a significant criterion to identify
whether a YB-deformed background is a solution of type IIB supergravity or GSE, before
deriving the concrete expression of the resulting deformed background, namely, at the level
of classical r-matrix. It is called the unimodularity condition [55]. When this condition
is satisfied, the deformed background is a solution of type IIB supergravity, but if not,
the background is a solution of the GSE. Various solutions of GSE have been obtained
from YB deformations with non-unimodular classical r-matrices [52, 54]. As it has been
shown in [23-26], classical r-matrices, which characterize homogeneous YB deformations of
AdS5 geometry, are closely related to non-commutative parameters in the dual open-string
description and, as pointed out in [33], they are nothing but S-fields [66]. In terms of the

't should be remarked that the n-deformed AdSs x S° means all of the YB deformations of AdSs x s°
in some literature, but here we will not follow that convention.



p-field, the non-unimodularity is measured as [25, 26, 33]
1 nm
gy Om(V1G18™™) 0, (1.2)

where G, is the so-called the open-string metric that will be defined later. The quantity on
the left-hand side is basically the trace of a non-geometric @-flux, and this result indicates
that YB deformations with non-unimodular r-matrices lead to non-geometric backgrounds.

In this paper, we will concentrate on YB deformations of Minkowski and AdSs X
S® backgrounds, and find that the deformed backgrounds we consider here belong to a
specific class of non-geometric backgrounds, called T-folds [67]. As far as we know, the
YB-deformed backgrounds have not been recognized as T-folds so far, hence this is the
first work that clearly states the relation between YB-deformed backgrounds and T-folds.
Moreover, it is worth noting that our examples have an intriguing feature that the R-
R fields are also twisted by the T-duality monodromy, in comparison to the well-known
T-folds which include no R-R fields.

This paper is organized as follows. Section 2 provides a brief review of T-folds, in-
cluding two examples that are well-known in the literature. In section 3, we consider GSE
solutions which can be realized as YB deformations of Minkowski spacetime and AdSs x S°,
and argue that these deformed backgrounds are regarded as T-folds. In addition, we study
a solution of GSE that is obtained by a non-Abelian T-duality but not as a YB deformation,
and show that this can also be regarded as a T-fold. Section 4 is devoted to conclusions
and discussions. In appendix A, we discuss how to generalize the Penrose limit [68, 69] so
as to produce various GSE solutions. To be pedagogical, appendix A.1 is devoted to a re-
view of Penrose limit of Poincaré AdSs. In appendix A.2, we discuss the modified Penrose
limit with a rescaling of the deformation parameter. Then, we apply it to YB-deformed
background and reproduce the deformed Minkowski backgrounds discussed in section 3.4.

2 A brief review of T-folds

In this section, let us explain what is T-fold. A T-fold is supposed to be a generalization
of the usual manifold. It locally looks like a Riemannian manifold, but which is glued
together not just by diffeomorphisms but also by T-duality. It plays a significant role in
studying non-geometric fluxes beyond the effective supergravity description. As illustrative
examples, we revisit two well-known cases in the literature, corresponding to a chain of
duality transformations [70, 71] and to the codimension-1 53-brane solution [72].

It is conjectured that string theories are related by some discrete dualities. One thing
that can occur is that, by duality transformations, a flux configuration transforms into
a non-geometric flux configuration, which means that it cannot be realized in terms of
the usual fields in 10/11-dimensional supergravities. Therefore, dualities suggest that we
need to go beyond the usual geometric isometries to fully understand the arena of flux
compactifications.

For the case of T-duality, one proposal to address this problem is the so-called doubled
formalism. This construction consists of a manifold in which all the local patches are ge-
ometric. However, the transition functions that are needed to glue these patches not only



include usual diffeomorphisms and gauge transformations, but also T-duality transforma-
tions.

T-fold backgrounds are formulated in an enlarged space with a 7™ x T™ fibration. The
tangent space is the doubled torus 7" x T™ and is described by a set of coordinates YM =
(Y™, Ym) which transforms in the fundamental representation of O(n,n). The physical
internal space arises as a particular choice of a subspace of the double torus, T[?hys C
T" x T™. Then T-duality transformations O(n,n;Z) act by changing the physical subspace
Tghys
have a spacetime which is a geometric bundle, T ohys
backgrounds do not fit together to form a conventional manifold. That is to say, despite of
they are locally well-defined, their global description is not valid. Instead, they are globally
well-defined as T-folds.

This formulation is manifestly invariant under the T-duality group O(n,n;Z). How-

to a different subspace of the enlarged T" x T". For a geometric background, we
= T".2 Nevertheless non-geometric

ever, to make contact with the conventional formulation, one needs to choose a polarization,
i.e., a particular choice of T} C 1™ x T™. This means that we have to break the O(n, n; Z)
and pick n coordinates out of the 2n coordinates (y,¥,). Then, T-duality transforma-
tions allow to identify the backgrounds that belong to the same physical configuration or
duality orbit and just differ on a choice of polarization.3

Due to the O(n,n) symmetry, it is convenient to introduce the generalized metric H

on the double torus,

_gmk Bk:n gmn

(2.1)
— B = =
H < 0 gmn> ) ( N) (an 0) , € (an 6;11 ;

where ¢, and B,,, are the internal components of the metric and the Kalb-Ramond 2-

- — Bg ™! B)imn Bk g™
/HE(/HMN)EeiBT/HeiB: <(g g ) k9 )7

form, respectively. As H € O(n,n), the non-linear transformations of the T-duality group
are covariantly realized as

H — O0THO, O € 0(n,n). (2.2)

Let us now review some illustrative examples of T-folds that have been studied in the
literature.

2.1 A toy example

We start by reviewing a toy model example that involves several duality transformations
of a given background. This example has been discussed in [70, 71]. To be pedagogical
and provide simple exercises, this subsection presents geometric cases like a twisted torus
and a torus with H-flux before introducing a T-fold example.

n

2We can also have Tohys = T™, which corresponds to a dual geometric description.
3These orbits have been determined in terms of a classification of gauged supergravities in [73].



Twisted torus. Let us consider the metric of a twisted torus,
ds? = dz? 4+ dy? + (dz — mady)?, (meZ). (2.3)

Note that this is not a supergravity solution for m = 0, but still is a useful example to
reveal a non-geometric global property. As this background has isometries along y and
z directions, these directions can be compactified with certain boundary conditions. For
example, let us take

(,y, z2) ~(x, y+ 1, 2), (x,y, z) ~(x,y, z+1). (2.4)

Apparently, there is no isometry along the x direction, but there actually exists a deformed
Killing vector,
k=0, +myd,. (2.5)

Thus, this isometry direction can be compactified as
(2,9, 2) ~ Mz, y, 2) = (e + 1, y, 2 +my). (2.6)

According to this identification, a 1-form e, = dz —mx dy is globally well-defined [70], and
the metric (2.3) is also globally well-defined.

When this background is regarded as a 2-torus Ty%z fibered over a base S, the metric
of the 2-torus takes the form

o= (31 (00 (0). 27)

Then, as one moves around the base S! , the metric is transformed by a GL(2) rotation.
That is to say, for x — x + 1, the metric is given by

-m 1

1 0
gmn(z+1) = [QTQ(JJ) Q] - o, = < ) . (2.8)
This monodromy twist can be compensated by a coordinate transformation
y=1y, z2=2+my . (2.9)

Thus the metric is single-valued up to the above coordinate transformation. Then this
background can be understood to be geometric because general coordinate transformations
belong to the gauge group of supergravity.

Torus with H-flux. When a T-duality is formally performed on the twisted torus (2.3)
along the x direction, we obtain the following background

ds® = da? + dy? + dz?, By =—muxzdyNdz, (2.10)
equipped with the H-flux,

H3 =dBy = —mdx Ady ANdz. (2.11)



If we consider the generalized metric (2.1) on the doubled torus (y, z,7, Z) associated to
this background, then we can easily identify the induced monodromy when x — x + 1. In
this case, the monodromy matrix is given by

om 0
Hun(@+1)=[Q"H(2)Q],,,. Dy= <2m5[y 5, 5n> €0(2,2,Z). (2.12)
m n m

Then, the induced monodromy can be compensated by a constant shift in the B-field,
B,., — By.—m. (2.13)

This shift transformation, which makes the background single-valued, belongs to the gauge
transformations of supergravity. Hence we conclude that the background is geometric.

T-fold. Finally, let us perform another T-duality transformation along the y-direction
on the twisted torus (2.3). Then we obtain the following background [70]:

dy? + dz? max

d? =dg? 4 102 g, MT
y . +1—|—m2m2’ 2T 1¥m2a2

dy Ndz. (2.14)

In this case, neither general coordinate transformations nor B-field gauge transformations
are enough to remove the multi-valuedness of the background. This can also be seen by
calculating the monodromy matrix. The associated generalized metric is given by

5, 0\ (65 0 (6% 2masld s
2(x) — pa n v o) 2.15
(@) <2mx55”5§] 5;n> <0 5pq> (o o (2.15)

Then, we find that, upon the transformation x — x + 1, the induced monodromy is

5™ 2m 8" o

Hun(@+1) = [Q"H(2)Q],,,, Qy= <o 5

) € 0(2,2,Z). (2.16)
The present O(2,2;7Z) monodromy matrix {2 takes an upper-triangular form (called a (-
transformation) which is not part of the gauge group of supergravity. Hence, to keep
the background globally well defined, the transition functions that glue the local patches
should be extended to the full set of O(2,2;Z) transformations beyond general coordinate
transformations and B-field gauge transformations. This is what happens to the T-fold case.

In summary, we conclude that a non-geometric background with a non-trivial
O(n, n;Z) monodromy transformation, such as a f-transformation, is a T-fold. The back-
ground (2.14) is a simple example.

From a viewpoint of DFT, by choosing a suitable solution of the section condition, the
B-transformations can be realized as the gauge symmetries. Indeed, the above O(2,2;7)
monodromy matrix €2 can be canceled by a generalized coordinate transformation on the
double torus coordinates (y, z, 7, Z),

!/

y=y +mz, z=12, g=1, z=73". (2.17)

In this sense, the twisted doubled torus is globally well-defined in DFT.



In addition, it is also possible to make the single-valuedness manifest by introducing

the dual fields G, and ™" [66, 74-77] defined by
(G4 B8)™ = (E™)™ | Epn = Gmn + Bon (2.18)
or equivalently,
Gon = B Eni g = (g — Bg™ By g = (E~Tymk (=T By . (2.19)

The dual metric G,,,, is precisely the same as the open-string metric [78], and the original
metric g, may be called the closed-string metric. In terms of these fields, the generalized
metric can be parameterized as (see for example [79])

. G G Blm
H=e Flef = e mk ’
(_ﬁmk‘ Gkn (G—l _ ﬁGﬁ)mn

which is referred to as a non-geometric parameterization of the generalized metric. At the

(2.20)

same time, the parameterization of the DFT dilaton is also changed by introducing the
dual dilaton ¢,

e 2 = ¢=2 /|G (2.21)
In the non-geometric parameterization, the background (2.15) becomes
ds? . = Gun dz™ dz" = da? + dy? + d2?, BY* =mux, (2.22)

and the O(2,2;7Z) monodromy matrix (2.16) corresponds to a constant shift in the g field;
pY* — BY* + m. Namely, up to a constant S-shift, which is a gauge symmetry (2.17) of
DFT, the background becomes single-valued.

In this paper, we define a non-geometric Q-flux as [80]

men = apﬁmn- (2.23)

Then, upon a transformation x — x+1, the induced monodromy on the -field is measured
by an integral of the Q-flux,

z+1 z+1
BM(z + 1) — B (z) = / da'? 9,8 (a') = / da’® Q" (x') . (2.24)

This expression plays the central role in our argument.

After this illustrative example we conclude that Q-flux backgrounds are globally well-
defined as T-folds. In the next subsection, let us explain a codimension-1 example of the
exotic 53-brane by using the above Q-flux.



2.2 Codimension-1 5§—brane background

The second example is a supergravity solution studied in [72]. It is obtained by smearing the
codimension-2 exotic 53-brane solution [81, 82], which is related to the NS5-brane solution
by two T-duality transformations. It is also referred to as a (J-brane, as it is a source of
Q-flux, as we are going to check. The codimension-1 version of this solution is given by

z (d2? + dw?)

d 2 _ d 2 d 2 d 2
s =ma (dz® + dy°) + m 2+ 22) + dsge .
T 1 T '
By = ————-dz Ad b=_—In| ———|.
2T m(a? + 22) S 2 n[m($2—|—22)]
With the non-geometric parameterization (2.20), this solution is simplified as
dz? + dw?
ds? . = maz (dz? + dy?) + e + dsgs
o 1’” (2.26)
P
2 ma

Assuming that the y direction is compactified with y ~ y + 1, the monodromy under
y — y + 1 is given by a constant [-shift;

B s B 4. (2.27)

As the background is twisted by a [§-shift, this example can be considered as a T-fold. In
terms of the Q-flux, this solution has a constant Q-flux,

Ry =m. (2.28)

Finally, the monodromy matrix is given by

T y 5 2m 8" o
Hun(y+1) = [Q H(y) Q] VN QY Ny = 8 52 Y1 € 0(10,10;Z) . (2.29)
m
By employing the knowledge on T-folds introduced in this section, we will elaborate
on a non-geometric aspect of YB-deformed backgrounds as T-folds.

3 Non-geometric aspects of YB deformations

Let us show that various YB-deformed backgrounds can be regarded as T-folds.

Subsection 3.1 is devoted to a brief review of the generalized supergravity to fix our
convention and notation. In subsection 3.2, we explain how the homogeneous Yang-Baxter
deformations are interpreted as S-twists and how a YB-deformed background can be de-
rived from a given classical r-matrix. In subsection 3.3, the general structure of T-duality
monodromy is revealed for the YB-deformed backgrounds studied in this paper. In sub-
section 3.4, various T-folds are obtained as YB-deformations of Minkowski spacetime. In
subsection 3.5, we study a certain background which is obtained by a non-Abelian T-duality
but is not described as a Yang-Baxter deformation. It is shown that this background is a
solution of GSE and can also be regarded as a T-fold. In section 3.6, in order to study a
more non-trivial class of T-folds with R-R fields, we consider some backgrounds obtained
as YB-deformations of AdSs x S°.



3.1 Generalized supergravity

The generalized type IIB supergravity equations of motion were originally derived in [64,
65]. Just for later convenience, we will follow the convention utilized in [32] hereafter.
Then the generalized type Il supergravity equations of motion are given by

1
Rmn_ZHmpqanq+2Dman(I)+DmUn+DnUm:Tmn,

R+4Dm8m<1>—4|8<1>|2—%|H3|2—4(ImIm+UmUm+2Um8m<I>—DmUm) =0,
—%Dkﬂkmn+8k<I>Hkmn+UkHkmn+DmIn—DnIm:ICmn, (3.1)
d*IA:p—Hg/\*IA:pJFQ—LIBQA*IEP—LI*IEP,Q:0,
where [ = I"™ 0, is a Killing vector satisfying
£L1Gmn = DIy + Dply = 0. (3.2)

Here D,, is the covariant derivative associated with the metric g,,,, * is the Hodge star
operator, and ¢y is the interior product with the vector I. In addition, we have introduced
the following quantities:

~ ~ 1 ~
2<I> Z|: F ki-kp_1 Fn)klmkp,l o §gmn |Fp‘2 ’

(3.3)

.-IAM—‘ ukM—k

<I>§: F ky-kyp— —n
k1 kngmnl p2’ Um:I Bnm-

Here, 0 < p <9 takes an even/odd number for type IIA /TIB theory, respectively. The R-R
field strengths should satisfy the self-duality relation,

~ p(p+1)+1 ~ ~ p(p—1) ~

* Fp = (—1) 2 FlO—pa Fp = (—1) 2 * FlO—p . (34)
Given the R-R field strengths, the R-R potentials can be determined through the relation,
|A:p = dép,l + H3 A Cpfg — 1By A Cpfl — L[Cp+1 . (3.5)

Note that when I = 0, the above expressions reduce to those of the usual supergravity.
It is also convenient to define the R-R fields (F, A) and (F, C) as

F=eP2'F, A=ePNC, F=YF, C=e%VA, (3.6)
satisfying

Fp = dAp_l — L[Ap+1 y

- - 1 mn - - mn — mn k (37)
Fp=dCp_1 — 3 Q""" N tmtnCpy1 — t1Cpp1 ( = Q""" dx ) .
Here, for a bi-vector ™" and a p-form «,,, we have defined
— 1 mn
BV oy = 5 B by Lt - (3.8)



In order to distinguish three definitions of R-R fields, we call (F, C) B-untwisted R-R
fields while (F, C) S-untwisted R-R fields,

S BV —BgA A A
FFO +——— (F,A) —— (F, Q). 3.9
( ’ ) [B-untwist ( ’ ) B-untwist ( ’ ) ( )

Following the same terminology, we call the dual metric and the dual dilaton (G, (j;) the
[-untwisted fields,

H:e*BTﬂe*B _ 7_2:<gmn 0)

a 0 B-untwist 0 gmn
7_2 _ mn -« _ 37T 7_2 B
( 0 Gmn> [-untwist ¢ ¢
e o flGle P =M= [gle® 2 (3.10)
[-untwist B-untwist

The B-untwisted fields are invariant under B-field gauge transformations while the (-
untwisted fields are invariant under S-transformations.

When I = 0, the B-untwisted fields (IA:7 C, Gmns ®) together with B, are fre-
quently utilized in some contexts. For example, these are the background fields ap-
pearing in the Green-Schwarz superstring action. On the other hand, the S-untwisted
fields (F, C, Gpn, (Z)) are unfamiliar quantities but play an important role in the context
of YB deformation. To study the monodromy of T-folds, the objects in the middle, i.e.,
(F, A, Haw, d) will play an important role, as we will discuss later.

Before closing this subsection, it is worth noting the divergence formula observed in [25,
26, 33]. For the solutions of GSE obtained as YB deformations and a non-Abelian T-duality
discussed in this paper, the Killing vector I can always be found from the following formula:

I™ = D,m™, (3.11)

where D is associated with the S-untwisted metric gy, . The general proof of this expression
for the general YB deformations based on the mCYBE and the homogeneous CYBE will
be reported in the coming paper [83].

3.2 YB deformations as 8-deformations

YB deformations of type IIB string theory on AdS5xS® have been presented in [10, 12].
It used to be quite a difficult problem to read off the full expression of YB deformed
background, because it is necessary to perform supercoset construction but it is really
complicated and the computation becomes messy.

In the pioneering work [42], the supercoset construction was done for the g-deformed
AdS5xS°. Then the technique was generalized to the homogeneous CYBE case in [52].
After these developments, this technique was refined in [55] based on k-symmetry. In the
recent paper [33],4 a much simpler way has been proposed. This is a direct formula between
the fields in GSE and classical m-matrices satisfying the homogeneous CYBE and relies on

A similar way has been elaborated also from the viewpoint of the invariance of the Page form [84].

,10,



the divergence formula (3.11). In the following, we will give a brief review of this simple
formula and explain how to use it by taking a simple example.

As we introduced in section 2, the [-deformations (or the S-transformations) belong
to a particular class of O(D, D) transformations under which the §-field is shifted as

while the S-untwisted fields remain invariant,

H=H, ¢=¢, F=F,  C=C. (3.13)
Unlike the B-field gauge transformations, the g-deformation is not a gauge transformation,
and in general, the S-deformed background may not satisfy the (generalized) supergravity
equations (3.1) even if the original background is a solution of the supergravity (or DFT).
Now, let us explain a relation between the -deformation and the YB deformation. For
this purpose, we concentrate on deformations of a background with vanishing B-field, and
then the -field in the original background also vanishes. A homogeneous YB deformation
is specified by taking a skew-symmetric classical r-matrix

7"257“”1}/\1}:7“”1}(@7}, r = —rl", (3.14)
which satisfies the homogeneous classical Yang-Baxter equation (CYBE),
flllgi pal phle + fllle pkh pils + fhbk pilt il — (3.15)

Here 7% is a constant skew-symmetric matrix and 7;’s are the elements of the Lie algebra
g associated with the bosonic isometry group G, satisfying commutation relations

(T3, Ty = fi;* T (fi;¥ : the structure constant). (3.16)
An important observation made in [33] is that a YB-deformed background associated with

the classical r-matrix (3.14) can also be generated by a [-deformation,

g (x) — T (x) + " (x), %rm”(:c) Om N Oy =1 Ti(z) A Tj(x) . (3.17)

Here, a real constant 7 is a deformation parameter and T; are Killing vector fields on the
original background satisfying the same commutation relations (3.16). Since " = 0 in
the undeformed background, we obtain the following expression

B(T)mn(x) = () = 2qp 70 Tim(x) Tjn(x) (3.18)

for the YB-deformed background.
In terms of the usual supergravity fields (gmn, Bmn, @, F, C), the YB-deformed back-

ground can be expressed as
g+ Bl =[G =B8] L
o200 _ 25 \/det[dgl (G AW G BD) ], (3.19)

~

FO) = B BOVE g0 = B BV e
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where the S-untwisted fields (Grn = gmn, ¢ = @, F = F,C = é) are the original un-
deformed background with By = 0. The deformed background solves the (generalized)
supergravity equations of motion (3.1). In this way, we can generate YB-deformed back-
grounds by using the formula (3.19) with the S-field (3.18).

Furthermore, it is interesting to note that the homogeneous CYBE (3.15) can also be
expressed as

R= 8", pMg =0, (3.20)

where [, |g denotes the Schouten bracket and the tri-vector R is known as the non-geometric
R-flux. The Schouten bracket is defined for a p-vector and a g-vector as

[a1 A - Aap, by A+ Abgls

EZ(—l)i—H[ai, bj]/\a1/\---di---/\ap/\blA---l;j---Abq, (3.21)
]

where the check d; denotes the omission of a;. This fact implies that the non-geometric
R-flux vanishes for the homogeneous YB-deformed backgrounds (as far as the undeformed
background has vanishing B-field).

Minkowski and AdSs x S® backgrounds. In the following subsections, we will con-
sider YB deformations of 10D Minkowski spacetime and the AdSs x S® background. Before
presenting various examples, we will introduce the coordinate systems and show the ex-
plicit form of the Killing vector fields 7 in 10D Minkowski spacetime and the AdSz x S°
background.

For a 10D Minkowski spacetime, we take the standard Minkowski metric,

ds¥in = Nmn dz™ da™ (m,n=0,1,...,9), (3.22)

where 7, = diag(—1,+1,...,4+1). In this coordinate system, the Killing vector fields
{T;} = {Py,, My} are expressed as
pm = —0n 5 an = Ty, Op — Ty Oy - (323)

These vector fields realize the following Poincaré algebra:

[Pma Mnk]:nmnpk_nmkpnv

(3.24)
[Mopn, Myt = —0mi Mg + Mok Mot + Mt Mg — 0t Mo -

Here P,, and M,,, are the translation and Lorentz generators of the Poincaré group
ISO(1,9).

When we consider the AdSs x S® background as the original background, we choose
the following coordinate system:

2 a2 2
dSadssxss = dSads; +dsgs

dz? — (d2®)? + (do!')? + (dz?)? + (da?)?

A 7 (3.25)

ds? =
AdSs .

ds§5 = dr? + sin? r d€? 4 cos? € sin?r dﬁ + sin? r sin? & d(ﬁ% + cos?r d(b% .

— 12 —



The R-R 5-form field strength in the AdSs x S background is given by
IA:5 =4 (UJAdS5 + wss) , WAdSs = iwss , (3.26)
where the volume forms wagqs, and wgs are defined as, respectively,

dz A da® A dzt A da? A da?
25 ' (3.27)
Wgs = sin® r cosrsin & cosEdr A d€ A dy A deg A dos ,

WAdS; = —

and ¥ is the Hodge star operator associated with the undeformed AdSs x S° background,

1

- _ - _miemy
(*O‘p)m--%zngnwlow ~ ol €

Nn1-N2N3NANI10—p amlmmp 5 €20123rp1 oz — + V |g| .
(3.28)
It is also convenient to define w4 as

wy = sin® rsin € cos £ dE A dgy A des A dos . (3.29)

Note that dws = 4wgs .
The non-vanishing commutation relations for the isometry group SO(2,4) of AdS; are

[PM?KV]Zz(MMV+nMVD)7 [D,PM]:P,“ [DvKu]:_Klu
[P,LLa Mup] =N Py —nup Py, [Kua Mup] = N Kp — Npp Ko (3.30)
(M, Mpo] = 1iue Mup + 1p Myuo — up Myo — Nue Myp
where 1, =0,1,2,3, and D, and K, are generators of the dilatation and special confor-

mal transformations, respectively. The commutation relations (3.30) are realized by the
following Killing vector fields, {TZ} = {Pm, Km, Myn, f)}

P, = —0y, K’M = —(z2+xl,a:”)8u+2xu (20, +2"0,), (3.31)
Muuzxu&/—xl,@“ Dz—z@z—muﬁu. ’

We will use the above Killing vector fields (3.24), (3.31) to obtain an explicit expression
of the B-field B = nri T; A TJ associated with a given r-matrix r = %rij T; ANTj. In the
following, we will omit the superscript (") for the YB-deformed backgrounds.

An example: the Maldacena-Russo background. To demonstrate how to use the
formula (3.19), let us consider a YB-deformed AdSs x S° background associated with a
classical r-matrix [23],

1
r= 5 PiNP,. (332)

This r-matrix is Abelian and satisfies the homogeneous CYBE (3.15). The associated YB
deformed background is derived in [23, 52].
The classical r-matrix (3.32) leads to the associated S-field,

B=nPiAP,=n01N0,. (3.33)

,13,



Then, the AdSs part of a 10 x 10 matrix (G~ — 3) is

22 0 0 0 0
0220 0 0
(G =B)""=10 0 2o, (3.34)
0 0 n 220
0 0 0 0 22

where we have ordered the coordinates as (z,2°,2',2%,23). By using the inverse of the

matrix (3.34) and the formula (3.19), we obtain the NS-NS fields of the YB-deformed
background,

d2_d02 d32 2 d12 d22
VPl ) Sl i Sl (0 il 0 B
z zt+n
; o X i (3.35)
Bgzz4+n2dx Adz y @:21n|:z4_’_772:|

The next task is to derive the R-R fields of the deformed background. From the
undeformed R-R 5-form field strength (3.26) of the AdSs x S® background, the R-R fields
F are given by

F=ePYFO =4 (wpqs, +wgs) — 48V waas,
dz 0 da? A do? 0

:4(wAdS5—|—wS5) —4n s
This is nothing but a linear combination of the deformed R-R field strengths with different

rank. Hence we can readily read off the following expressions:

dz A dz® A dz?

F3 = —47’] z5

) F5 =4 (wadss + wgs) - (3.37)

Furthermore, the B-untwisted R-R fields F can be computed as

F=e BNF
dz Adz® A da? 24
= —477 o +4 <Z4 n 172 wadss + ws5> — 4 By A\ Wgs (3.38)
Namely, we obtain
) A dz A dz® A da?
F1:0, F32—4?7—Z x5 * s
z
4
- z 3.39

IA:7 = —432/\(4}85.

The full deformed background, given by (3.35) and (3.39), is a solution of the standard
type IIB supergravity. This background is nothing but a gravity dual of non-commutative
gauge theory [59, 60].

Thus, nowadays, we do not have to perform supercoset construction to obtain the full
expression of YB-deformed background. Just by using a simple formula (3.19), given a
classical r-matrix, the full background can easily be derived.
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3.3 T-duality monodromy of YB-deformed background

As we explained in the previous subsection, the YB-deformed background described by
(H, d, F) always has the following structure:

H =" HO T 7 d = d0 7 F—o "V EO :
oo oA (3.40)

where (7:1(0), d©), IE(O)) represent the undeformed background. In the following examples,
B-field vanishes in the undeformed background, and the g-field in the YB-deformed back-
ground is given by

1 RN ~
8= irmnﬁm/\ﬁn =nr? T, NTj. (3.41)

At this stage, we know only the local property of the YB-deformed background.

In the examples considered in this paper, the bi-vector ™" (or the S-field in the
YB-deformed background) always has a linear-coordinate dependence. Suppose that "
depends on a coordinate y linearly like,

mn

: constant, 7" : independent of y), (3.42)

Tmn — rmn y _|_ an (rmn

and the S-untwisted fields are independent of y. Then, from the Abelian property,

e7’1—|—7’2 _ e’l’l e’r’z _ e’r‘z e7‘1 ’ e—(’r‘1+7’2)V — e—T’1V —roV —_ —roV

e e e "V, (3.43)

we obtain

Hun(y+a) = [QH©Y) W],y dy+a)=dy), Fly+a)=e“VF(y),
om g rmn

(QQ)MN = ( 8 on ) , (W)™ =ar™.

If we can find out an ag (where the O(10, 10; R) matrix €,, is an element of O(10,10;7Z)),
the background allows us to compactify the y direction as y ~ y + ag. This is because

(3.44)

0(10,10;Z) is a gauge symmetry of String Theory and the background can be identified
up to the gauge transformation. In this example of T-fold, the monodromy matrices for
the generalized metric and R-R fields are Q,, and e %%V respectively, while the dilaton d
is single-valued. Note that the R-R potential A has the same monodromy as F.

3.4 YB-deformed Minkowski backgrounds

In this subsection, we study YB-deformations of Minkowski spacetime [85, 86]. We begin
by a simple example of the Abelian YB deformation. Then two purely NS-NS solutions of
GSE are presented and are shown to be T-folds. These backgrounds have vanishing R-R
fields and are the first examples of purely NS-NS solutions of GSE.

,15,



3.4.1 Abelian example
Let us consider a simple Abelian r-matrix [85]
1
r= —§P1/\M23. (345)

The corresponding YB-deformed background becomes
(dz')? + [1+ (n2?)?] (dz?)? + [1 + (n2®)?] (dz?)? + 29? 2% 2% dz? da?®
1+ 72 [(2%)% + (23)?]

ds? = —(dz%)% +

9
+ Z(d:{:i)2 ,
i=4
B ndat A (:c2 da3 — 23 dxz)
2T IR (@22 + (23)?]

1
L+ 72 [(22)? + (23)2] ]

@:%m (3.46)
It seems very messy, but after moving to an appropriate polar coordinate system (see
section 3.1 of [85]), this background (3.46) is found to be the well-known Melvin back-
ground [87-89]. In [85], it was reproduced as a Yang-Baxter deformation with the classical
r-matrix (3.45). For later convenience, we will keep the expression in (3.46).

The dual parameterization of this background is given by

9
Asuar = —(d2®)? + ) (da?)®, B=n (2?01 A3~ ND), ¢=0. (3.47)
=1

1

Hence, under a shift 22 — 2% + 7!, the background receives the -transformation,

B = B+01NOs. (3.48)

Therefore, if the 22 direction is compactified with the period ™!, then the monodromy
matrix becomes

sm 2.6 o1

HMN($2 + ?7_1) = [QT’H(:CQ) Q]MN, oM = ( 0 i

) € 0(10,10;Z) . (3.49)
Thus this background has been shown to be a T-fold.

When the 23 direction is also identified with the period n~!, the corresponding mon-
odromy matrix becomes

_ om —26m 67
Hun (@ +n7") = [QTH(E?) Q)0 QMN55<8 $/2><;ouQ1mzy (3.50)
m

In terms of non-geometric fluxes, this background has a constant Q-flux. In the

examples of T-folds presented in section 2, a background with a constant Q-flux, Q,™", is

mapped to another background with a constant H-flux, Hp,,,, under a double T-duality

along 2" and z" directions. On the other hand, in the present example, the background

has two types of constant Q-fluxes, Q23 and Q3'?, but we cannot perform T-dualities to

make the background a constant- H-flux background because x? and 2% directions are not
isometry directions.

,16,



3.4.2 Non-unimodular example 1: r» = % (Po — P1) A Mo

Let us consider a non-unimodular classical r-matrix®
1

r =5 (Fo—Pr) A Mo (3.51)

The corresponding YB-deformed background becomes

9

—(da®)? + (da')? i

ds® = 1— 72 (20 + 21)2 +2_(da?)?,
i=2 (3.52)

1 1

sda® Adat, @ =21

n (20 + 2t)
n
2 1—n? (204 21)2

T @+ )

By =

Apparently, this background has a coordinate singularity at 20 + 2! = +1/5. But when
the dual parameterization (2.20) is employed, the dual fields are given by

9
dsfua = —(d2®)? + ) (da')?, B=n(@’+2"Yoond, ¢=0, (3.53)
i=1
and they are regular everywhere.%

By introducing a Killing vector I with the help of the divergence formula (3.11) as
I =DpB™ 0y = 0,8™" 0y =1 (dg — 01) , (3.54)

the background (3.52) with this I solves GSE.

Since the S-field depends on 2! linearly, as one moves along the z! direction, the back-
ground is twisted by the S-transformation. In particular, when the z! direction is identified
with period 1/, this background becomes a T-fold with an O(10, 10; Z) monodromy,

Hun(@ +07Y) = [QTHEN Q). My = (58 25%n51> . (3.55)
Note that an arbitrary solution of GSE can be regarded as a solution of DFT [32].

Indeed, by introducing the light-cone coordinates and a rescaled deformation parameter as

0:|: 1
z* xﬂ"”, =21, (3.56)

the present YB-deformed background can be regarded as the following solution of DFT:

0 -1 —qat
-1 0 0 nat .

H= it 0 0 () -1 d=7n%_, (3.57)
0 qpat (Rat)?2-1 0

5As far as we know, this example has not been discussed anywhere so far.
A similar resolution of singularities in the dual parameterization has been argued in [90, 91] in the
context of the exceptional field theory.
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where only (z7,27,%4,7_)-components of H sy are displayed. Note here that the dilaton
has an explicit dual-coordinate dependence because we are now considering a non-standard
solution of the section condition which makes this background a solution of GSE rather
than the usual supergravity.

Before perfoming this YB deformation (i.e. 7 = 0), there is a Killing vector x = 05,
but the associated isometry is broken for non-zero 7. However, even after deforming the
geometry, there exists a generalized Killing vector

x=e""09,  (LyHun =0, £Lyd=0), (3.58)

which goes back to the original Killing vector in the undeformed limit, 7 — 0. In or-
der to make the generalized isometry manifest, let us consider a generalized coordinate
transformation,

gt =gt Po= i teT % 2™ =M (others). (3.59)

By employing Hohm and Zwiebach’s finite transformation matrix [92],

Ful

K / / N
% <6w oz 02y, Ox ) ’ (3.60)

0x'™™ dxn  Oxp Ox'K

the generalized Killing vector in the primed coordinates becomes constant, x = 9, . We
can also check that the generalized metric in the primed coordinate system is precisely the
undeformed background. Namely, at least locally, the YB deformation can be undone by
the generalized coordinate transformation.” This fact is consistent with the fact that YB
deformations can be realized as the generalized diffeomorphism [33].

Non-Riemannian background. Since the above background has a linear coordinate
dependence on Z_, let us rotate the solution to the canonical section (i.e. a section in
which all of the fields are independent of the dual coordinates). By performing a T-duality
along the x~ direction, we obtain

0 0 —gat =1
0 0 (fzt)?2 -1 nat o
= d= . 3.61
" —fzt (fat)? -1 0 0 |’ T (3.61)
-1 nat 0 0

The resulting background is indeed a solution of DFT defined on the canonical section.
However, this solution cannot be parameterized in terms of (gmn, Bmn) and is called a
non-Riemannian background in the terminology of [93]. This background does not even

allow the dual parameterization (2.20) in terms of (G, f™").8

"In the study of YB deformations of AdSs, the similar phenomenon has already been observed in [54].

8For another example of non-Riemannian backgrounds, see [93]. A classification of non-Riemannian
backgrounds in DFT has been made in [94]. In the context of the exceptional field theory, non-Riemannian
backgrounds have been found in [91] even before [93]. There, the type IV generalized metrics do not allow
both the conventional and dual parameterizations similar to our solution (3.61).
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. 4
3.4.3 Non-unimodular example 2: r = ﬁ > =0 (Moy — My,) A PH

The next example is the classical r-matrix [86],

4
1
r=o% ;(MON — My,) A P*. (3.62)

This classical r-matrix is a higher dimensional generalization of the light-cone x-Poincaré
r-matrix in the four dimensional one.
By using the light-cone coordinates,

L 20+t

Tt = , 3.63
7 (3.63)
the corresponding YB-deformed background becomes
—2datde —n2dat [0, ()2 dat — 22 S 2 dat ? .
dS2 _ 1 [21—2( ) 21_2 ] + Z(dxz)Q )
1—(nat)? ;
o =2 (3.64)
B, — ndzt A (a:“‘d:c_—zglzga:zdxz) ©— 11 1
o = (o) S FECE S
In terms of the dual parameterization, this background becomes
9 . ~
ds? . = —2daTdz™ + Z(dx’)Q , ¢=0,
\ = 4 (3.65)
— Y DU _ + i 9.
5fnZM_“/\P 778_/\(56 8++Zi:2x 81).
n=0
Again, by introducing a Killing vector from the divergence formula (3.11) as
I=4n0_, (3.66)
the background (3.64) with this I solves GSE.
This background can also be regarded as the following solution of DFT:
0 —1 0 0 0 7nz+ 0 77]12 7'qz3 —n 24
-1 0 0 0 0 0 nat 0 0 0
0 0 1 0 0 0 —na? 0 0 0
0 0 0 1 0 0 —nad 0 0 0
H _ 0 N 0 0 0 1 0 —J:]z 0 0 0
— | —n= 0 0 0 0 0 (nat)2 —1 0 0 0 ’
170 nat —nz? —na® —nat (n2T)? -1 WQHZ?, (9?2 n?at 2? 2ot 2d p2at ot (3'67)
—nx? 0 0 0 0 0 2zt x 1 0 0
—na® 0 0 0 0 0 n?zt 2 0 1 0
—na* 0 0 0 0 0 n?azt 2t 0 0 1
d=4nz_,
2

, a3, 2t Ty, &, ¥o, T3, T4)-components of H sy are displayed.
2

where only (z, 27, =

When one of the (22, 23, z*)-coordinates, say z?, is compactified with the period

x? ~ 22 + n~!, the monodromy matrix is given by

sm 2 5tm 57!

Hun(x? +n7h) = [QTH(3}2) Q]MN, oMy = < 0 o~

) € 0(10,10;Z), (3.68)
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and in this sense the compactified background is a T-fold. In terms of the non-geometric
Q-flux, this background has the following components of it:

Qr T=Q =03 =Q " =1. (3.69)
3.5 A non-geometric background from non-Abelian T-duality

Before considering YB-deformations of AdSsxS®, let us consider another example of purely
NS-NS background, which was found in [16] via a non-Abelian T-duality.
The background takes the form,
(tt +y?) da? — 2z ydady + (¢* + 22) dy? + t1d2?
2 (t4 + 22 + y?)
(xdx +ydy) Adz 1 1
th4 a2 +9y2 T2 [ 2)}’

d$2 = —dtQ + + ds%e ,

(3.70)

By =

where ds%6 is the flat metric on a 6-torus. In terms of the dual parameterization, this
background takes a Friedmann-Robertson-Walker-type form,

ds? = —dt? +t72 (dalc2 + dy? + d22) + ds3g,
B= (20, +ydy)AND., ¢=—Int.

Note here that this background cannot be represented by a coset or a Lie group itself. This

(3.71)

is because the background (3.70) contains a curvature singularity and is not homogeneous.
Hence the background (3.70) cannot be realized as a Yang-Baxter deformation and is not
included in the discussion of [27-29].

It is easy to see that the associated Q-flux is constant on this background (3.71),

Q" =Q," =-1. (3.72)

Therefore, if the z-direction is compactified as x ~ x + 1, the background fields are twisted
by an O(10,10;Z) transformation as

sm 2.5tm 7

Hun(z +1) = [QTH(2) Q] s oMy = (0 o

) , d(x+1)=d(z). (3.73)
Thus the background can be interpreted as a T-fold. If the z-direction is also compactified
as z ~ z + 1, another twist is realized as

sm 2.5im 57

Hann(y+ 1) = [0 M) QMNE(o 5

), dly +1) = d(y). (3.74)

As stated in [16], this background is not a solution of the usual supergravity. However,
by using the divergence formula I = D, ™" again and introducing a vector field as

I=-20,, (3.75)

we can see that the background (3.70) together with this vector field I satisfies GSE. Thus,
this background can also be regarded as a T-fold solution of DFT.

In this paper, we have considered just one example of non-Abelian T-duality, but
it would be interesting to study a lot of examples as a new technique to generate GSE
solutions. In fact, it is well-known that non-Abelian T-duality is a systematic method to
construct T-fold solutions in DFT.
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3.6 YB-deformed AdSs x S® backgrounds

We show that various YB deformations of the AdSs x S° background are T-folds. We
consider here examples associated with the following five classical r-matrices:

Lo r=g. [m(D+Mi_) APy +n Mo APy,

2. r=3PAD,

3. r=21[PAD+ P A(My+ M),

4. r:%P_/\(mD—ngM+_),

1

5. r=5M_,NPF.
The classical r-matrices other than the first one are non-unimodular. Note here that the
S® part remains undeformed and only the AdSs part is deformed. As shown in appendix A,
through the (modified) Penrose limit, the second and third examples are reduced to the
two examples discussed in the previous subsection.

3.6.1 Non-Abelian unimodular r-matrix

Let us consider a non-Abelian unimodular r-matrix (see Rs in table1 of [55]),
1
r= ﬁ [?71 (D+M+_) A Py 4o M+2/\P3] , (3.76)

where, for simplicity, it is written in terms of the light-cone coordinates,”

L 204t
V2

The corresponding YB-deformed background is given by

x (3.77)

g2 LZQ 22[(dz?)% 4 (dx?)?] B 222drtde —4n?z lo~dzda™
22 24 (e )? 24— (2ma)?
| AU @ni ) —mimpa®] e da? $ (2ma® —npa?)da?} da”
[z = (2ma™)?] [+ (n22)?]
_(W%+n@(2$%2—2nﬂnz%ﬁaﬁ+n%k4+(zw%2+%nzm’ﬁ]@1_);+dz
[ = @ma ]+ ()] T
By— [771{902 [ +2(0p27)?) = 2mmp (27) %2’ yda® + {m 21 2® —mpa® (21 —2(m1a”)%] } da®
(24 = (2ma™)?][24+ (22 )?]
nox~ dz? Ada?
2 (ppa=)?

n (zdz—2z~da™)
Z—(2ma)?

] Adx™ +

1 2
‘1’221“[[z4<2m>2J [z4+(?72~’6)2J |

£ dmmox~ (2x~ dz—zdz™)
1 =

)

29

°In the following, our light-cone convention is taken as .4 —23,¢¢, 6565 = +1/|g| rather than (3.28).
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A~

4
F3=—ByAFy —1—% (2:):_dz—zd:c_) Adz? Adad
z

4
+ z—5dz/\dx_ Al (z?da? —22da®) +mp (2~ dat —2?da?)],

8
. z
Fs=4 w +wes |,
T = @ma Y o )2 A TS
. . 1
F;=—BsAFs5, F9:—§Bg/\F7. (378)

In terms of the dual fields, we obtain the following expression:

dz? — 2dzt dr™ + (dx?)? + (dz?)?

2 _ 2 T
dSgual = 2 tdsg,  ¢=0, (3.79)
B=m (z8Z+23:_8, +l’262+1'383) /\6++772 ($28++IL‘_32) A O3 .
It is straightforward to check that the R-R field strengths are given by
F=eBNF, =e PVEF, F=4 (wAdSS + wss) . (3.80)

Namely, as advocated in section 3.2, the g-untwisted R-R fields F are invariant under the
YB deformation.
This background has the following components of Q-flux:

Q- =m, Q T=2m, @FT=mn, GF=mn, QT=mp, QF=mn.
(3.81)
Accordingly, for example, when the 22 direction is compactified with a period z3 ~ a?3+771_ L
this background becomes a T-fold with the monodromy,
om 264 5

Har (@ + ) = [07H() 9 QMNE(o i

) € 0(10,10;Z). (3.82)

The R-R fields F are also twisted by the same monodromy,
Fa® +n) = eV F@E®), W™ =26"07. (3.83)

Note that the R-R potentials are twisted by the same monodromy as well, though their
explicit forms are not written down here.

362 r=3;PAD

Let us next consider a classical r-matrix [50, 54],
1
r=3RAD. (3.84)

Because [Py, D] # 0, this classical r-matrix does not satisfy the unimodularity condition.
By introducing the polar coordinates,

z! = psinfcos o, 22 = psinfsin ¢, 23 = pcosb, (3.85)
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the deformed background can be rewritten as [54]'0

22 [d2? — (d2%)% + dp?] —n? (dp — p2~' dz)? N p? (d6? 4 sin? 6 d¢?)

ds? = Sy g o) o> + dsgs )
0 4
By =~ d; ﬁ;‘jjjjp‘;? . D= ;ln[z4 —n2z(22 Tl I=na
Fi=0, Fom 20y ndo ndo.
A ,24
IA:7:47]dx0/\(zdz+pdp)/\wss, By = 0. (3.86)

AP (2 )

This background is not a solution of the usual type IIB supergravity, but that of GSE [64].
By setting n = 0, this background reduces to the original AdSs x S°.
In the dual parameterization, the dual metric, the § field and the dual dilaton are

given by
2
B=nPoAD=n00A (20, + 210 + 220y +2383) =ndo A (20, + pd,).
The Killing vector I satisfies the divergence formula,
I°=—n=D,,p"™. (3.88)
The @Q-flux has the following non-vanishing components:
Q"7 = Q1" = Q"% = Q3" =1. (3.89)

Thus, when at least one of the (2!, 22, 2%) directions is compactified, the background can be
interpreted as a T-fold. For example, when the x! direction is compactified, the monodromy

is given by
m [m ¢n]
Hun(@ +77Y) = [QTHE) Q). OMy = (58 2 5%n 0 > . (3.90)

From (3.86), the R-R potentials can be found as follows:

. . n p®sin

C():O, CQZTdeAd(ﬁ,

. 2 sin .

Co=2202 420 NdpAdI A dp+ws — By A Gy, (3.91)

z
CGZ—BQ/\OL)4, 68:0-

90nly the metric and NS-NS two-form were computed in [50].
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Providing the B-twist, we obtain

4np*sin
Fi=0, nggﬂgggL{pdz—zmﬂAdﬁAd¢,
F5 =4 (wads; + wgs) » Fz =0, Fo =0,
3 (3.92)
Ao =0, Angﬂl§39d9Ad¢,
z
p*sinf
Ay = o de" ANdp ANdOAd) +ws, Ag=0, Ag=0.
We can further compute the S-untwisted fields,
Ivzlz(]7 IV:3:07 ?5:4(WAdS5+WS5)7 |E7:07 IV:9:07
~ p*siné (3.93)

de® AdpAdOAdp+wy, Co=0, Cg=0.

(@t

Co=0, Co=0, C4

1
z
As expected, the S-untwisted R-R fields are precisely the R-R fields in the undeformed
background, and they are single-valued. In terms of the twisted R-R fields, (F, A), the R-R
fields have the same monodromy as (3.90),

Az’ +p ) =e“VA@), Fa'+n ) =e“YF@!), o™ =25 (3.94)
3.6.3 A scaling limit of the Drinfeld-Jimbo r-matrix

Let us consider a classical r-matrix [53, 54],
1 .
r=35 [P AD+ P A (Mo + M), (3.95)

which can be obtained as a scaling limit of the classical r-matrix of Drinfeld-Jimbo type [39,

40]. By using the polar coordinates (p, 6),
(dz?)? 4 (dz?)? = dp? + p? db?, (3.96)
the YB-deformed background, which satisfies GSE, is given by [53, 54]

2 dz? — (dz®)? = 2?[(dz!)? + dp?] N p* do? 9

ds 22 A2 2 22 +dsgs
B2_n[dz/\dx0 _pdxl/\dp]
(22 Arnpzpr|’
¢:1m[ + ] I=-n(48y+20)
2 (=)t 0P p?) ] ’

. 4n? p? . pdz A da? dat Adp
Fi =— do, Fz3=4 A df
1 o v 3 npe z(z4—77222)+z4+772p2 ;

6
N z
e {<z2 — ) ) “’Ss] |

dz A da® pdx! Adp
<_Z(ﬁ-—n% z4+4ﬂp2> s
- Anp

T @ PE R R

dz Adz® Ada! Adp A wgs (3.97)
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The R-R potentials can be found as follows:

2
Co=0, Co= - ' ndo, Ci= L5 da® Ade' AdpAdO+ s,
z zZ2+nep
. - n’p
Ce=—BosANwy, Cg= dz® Adzt Adp Adz Awy. (3.98)

z (22 = n?) (2 4+ n? p?)

Then the corresponding dual fields in the NS-NS sector are given by

2 _ (1,0)2 1y2 2 24p2 3
dz® — (da")* + (dz')® + dp” + p* dé s i=o0,

2 —
deual - 2 S5

z
BZT][Po/\D+pi/\(MOi+M1i)] :77(280/\82«—33‘231/\62—33381/\63)

=n(200 N0, —p0O1 AN0D,),
and the Killing vector I™ again satisfies the divergence formula,
I°=—4y=D,,5", I' = —2n=D,,p"™. (3.99)

Providing the B-twist to the R-R field strengths, we obtain

4n*p? 4
Fi=——"" a6, Fs = —2 (pdz Ada® + zda' Adp) A d,
z z
F5=4(wAds5—|—wS5), Fr=0, Fg =0,
2 (3.100)
Ao =0, Ay = — 10420 n g,
z
Ar=Lda® Ada AdpAdl+wr, As=0, Ag=0.
z
Furthermore, the S-untwist leads to the following expressions:
Fi=0, F3=0, F5=14(wadas, +ws), Fr=0, Fg=0,
_ . P . _ (3.101)
Co=0, C=0, C= —4da: ANdz AdpAdO+wy, Co=0, Cg=0.
z
These are the same as the undeformed R-R potentials.
Then the non-zero component of Q)-flux are given by
onz =1, Q212 = -1, Q313 =—-n. (3102)

When the z2-direction is compactified as 2% ~ z? +n1~!, this background becomes a T-fold

with the monodromy,
m [m ¢n]
o =207 Oy
0 ’ (3.103)

F(ac2 + 77_1) =e WV F(xQ) , W = -2 (ﬂm (53] .

Hun (@ +n7") = [Q"H(*) Q] QYN
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3.64 r=5.P A(mD—nMy)

Let us consider a non-unimodular r-matrix,!!

1
r= Q—P,/\(mD—ngMJr,). (3.104)
n

Here we have introduced the light-cone coordinates and polar coordinates as

I

T = , dz?)? + (dz?)? = dp? + p* d6>. 3.105
7 (dz%)” 4 (da”)” = dp” +p (3.105)
The YB-deformed background is given by
1 — d2* 4+ dp® +p*d6* 222dzt da~
B 22 2= (m +n2)? (21)?
227 (m +m2) (2dz + pdp) — i (2 + p°) dat
+mda™ +ds?s,
" 2= (i + m)? (o)) ¥
rxtdzt Ade™ +z2dz Adat — pda™ Adp T dat Ada~
By =m 1 2 ()2 T2 2 ()2
24— (m +m)? (a) 2= (m +n2)? ()
b= 1 [ & } I=—( )0
= — In s = — —_ —
2 =+ m)? (2 7)? ne
. . 4pm (pdz Adat + zdat Adp — a2t dz Adp) —mea™ dz Adp] AdE
F1=0, F3=- 25 )
~ 24
Fs =4
. 4 [171 (xtdat Adax™ +zdz Adat — pdat Adp) +me T dzt A dx_] N wgs
Fr=— 1 2 ()2 ’
2t = (m +m2)? (27)
Fo=0. (3.106)

The R-R potentials are also given by

. A dat — Td de
Co=0, ¢, — Plmpdx (mzjnz)x pNdY
A pdat A[22dex™ —n1 (m +n2) 2T dz] Adp A dE (3.107)
Ci= 3[4 2 (1 1)2 T wa,
2[4 = (m 4 m2)? (a7)7]
CGZ—BQ/\CU4, Cs:o.

The dual fields are given by

dz? —2dat dz™ + dp? + p*de?
22
B=P - ANmD+mM, )=md_ A0, +x"d; +pd,) +mazt d_Ndy (3.108)
=mO_A(20, 42 0, + 2200+ 2% 03) +mat O_ ANy,

d5(21ua1 = + d5§5 ) QZ; =0,

" This r-matrix includes the known examples studied in section4.3 (1 = —n2 = —n) and 4.4 (n1 = —7,
n2 = 0) of [54] as special cases.
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and the Q-flux has the following non-vanishing components:

Q7 =Q T ===, Qi t=m. (3.109)

In a similar manner as the previous examples, by compactifying one of the z', 2%, and 23
directions with a certain period, this background can also be regarded as a T-fold. For

3

example, if we make the identification, z3 ~ 23 + n ! the associated monodromy becomes

0 op

m

HMN(a:3 + 771_1) = [QTH($3) Q] VN oM = o’ 25[171 55] ,
(3.110)

F(a® + ') = eV F(a?), W =28 1

A solution of generalized type IIA supergravity equations. In the back-
ground (3.97), by performing a T-duality along the z!-direction (see [32] for the duality
transformation rule), we obtain the following solution of the generalized type ITA equations
of motion:

(dp +npda')® + p*de?

2 _ dz? — (da)?

d 2 (dat)? d
s pop + 2% (dz)” + e + dsgs ,
ndz A da® ;1 22— n?
2 2(22—7’/2)7 nxT 211 24 ) 1m0,
. 47762’7$1p(dp+7)pd:c1)/\d0
F2: 4 )
z
IA:4:_4e2”w1pdz/\dx0/\(dp—i—npdxl)/\dﬁ
2 (22 — 12) )
. . 4 Qnmld d 0 d 1
Fo=—4e" dal Awgs,  Fg= —L° #Adr A da Awgs (3.111)
z (22 =)
Here the R-R potentials are given by
. . dz® A (dp +npdat) Ado
¢ =0, s = o2 P (dp 2417/) Jndb -
3.112
R . dz A da® Adat A
C5:e2”$1d$1/\w4, (:7:—e27“”177 : xz_ ;: @i
z (22 =)

This background cannot be regarded as a T-fold, but it is the first example of the solution
for the generalized type IIA supergravity equations.

1
365 r=1M_,AP"
The final example is associated with the r-matrix [54]
1 1
r=3M_,AP". (3.113)

This r-matrix is called the light-cone k-Poincaré. Again, by introducing the coordinates,
+ 20+ 2!

7

(dz?)? + (dz?)? = dp? + p* db?, (3.114)

x
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the YB-deformed background is given by (see section4.5 of [54])

+ 2 +\2_ 9.+ +
1 %(dzﬂ—Qd:ﬁdx_)—nQ (ztdz) +(54djc(n)z+)22w pdatdp 4 g2 12402 s
5= 2 3857
z
~ ndzt A(ztdzT —pdp) @—lln A s
o 2t —(nat)? 7 2 | 2 (nz )]’ =7

Fi=0, F ——%dz/\( deT—ztd )/\dﬁ Fr=4 274(,0 +w
1—=VY, 3— 25 P P ) 5— 24_(77$+)2 AdSs S5 |

. 477

_ F (gt A £
The R-R potentials can be found as follows:
60:0, égzn—f(pda:Jr—erdp)AdH,
z
. P . . (3.116)
C4:47dx+/\d$_/\dp/\dt9—|—W4, Ce=—BysNAwy, Cg=0.
Zh—(nat)?

The corresponding dual fields are given by
dz? — 2daT do~ + dp? + p? d6?
52

B :nM,M/\P“ =n0- A (@t 04 +p0,) =n0- A (27 0y + 22 0s + 2% 03),
and it is easy to check that the divergence formula is satisfied:

I"=3n=D,3 ™. (3.118)

+ds3,  ¢=0,

dsdya =
Sdual (3.117)

We can calculate other types of the R-R field fields as

4
Fi =0, ng—#dz/\(pdafr—aﬁdp)/\d&

z
Fs =4 (wAds5 —i—wss) R Fr =0, Fo =0, (3 119)
Ag =0, AQZ%(pdx'*'—m"'dp)/\d@, .
Ar=L dat Adam AdpAdO+ws, Ag=0, Ag =0,

z
and
?1:0, Iv:3:0, ?5:4(wAds5+wS5), ?7:0, IV:9:0,
(3.120)

C():O, CQZO, C4:§dx+Ad$_AdpAd9+w4, C(;:O, ngO,

and the S-twisted fields are again invariant under the YB deformation.
The non-geometric Q-flux has the non-vanishing components,

Qr T=0Q =03 =1, (3.121)

and again by compactifying one of the x!', 22, and 22 directions, this background becomes
a T-fold. Namely, if we compactify the z3-direction as, 23 ~ 3 4+ 7!, the associated

monodromy becomes

0 or

m

HMN($3+77_1) _ [QTfH(:L,?)) Q]MN’ QMNE 5;? 2(5[_m5g] ’
(3.122)

Fz® +n71) = eV F(2?), W = 26 (5;] .
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4 Conclusion and discussion

In this paper, we have first reviewed the notion of T-folds by showing two examples: (1)
a toy model which shows how to obtain a T-fold background upon a chain of dualizations
of a geometric torus and (2) the (co-dimension 1) exotic 52-brane background. These T-
folds require the full set of T-duality transformations as transition functions to be globally
well-defined.

Then, we have elucidated that the simple formula (3.19) proposed in [33] and the
divergence formula (3.11) reproduce various YB-deformed backgrounds. This means that
the YB deformation with a classical r-matrix r = % ri Ty ATj satisfying the (homogeneous)
CYBE, is equivalent to the -deformation with the deformation parameter

P =2y T (4.1)

We also considered a known background obtained by the non-Abelian T-duality and showed
that the extra vector I determined by the divergence formula (3.11) makes the background
a solution of GSE.

We have then computed monodromy matrices for various YB-deformed backgrounds
and a non-Abelian T-dual background. In order to clarify the general pattern, let us
consider a YB deformation associated with a classical r-matrix,

1
r=g [a"? My, A P, + b D A P, (a"P = al™lP bt . constant) (4.2)
where b* = 0 for YB-deformations of Minkowski spacetime, and a*”? and b* should be
chosen such that r satisfies the homogeneous CYBE. In this case, the §-field in the YB-
deformed background becomes

B=2na"?x,0, N0, +nb' (20, +2"0,) N0, (4.3)
and this provides the constant Q-flux,
Q=n(2a,”" + ") dat @ 0, N D, +nb'dz® 8. AD,. (4.4)

By compactifying some of x* directions, the background becomes a T-fold. Importantly,
as long as the r-matrix solves the homogeneous CYBE, the deformed background is
a solution of DFT. Therefore, the YB deformation is a very systematic procedure to
obtain solutions with @-fluxes in DFT. Although we have considered YB deformations
of Minkowski and AdSs x S° backgrounds, it is applicable to more general cases such as
AdSs x S? x S3 x S! solutions.

On the other hand, let us remember that the GSE exhibits one isometry direction.
This may suggest that they are effectively a 9-dimensional theory. In this respect, as
it was denoted in [31], it is still an open problem what is the explicit relation, if any,
between the GSE and the 9-dimensional gauged supergravities that involve the gauging
of the trombone symmetry of type IIB supergravity [95, 96].12 If this were the case, then

12 A5 it occurs with GSE, gauged supergravities that are obtained by gauging the trombone symmetry or
dimensional reduction on non-unimodular group manifolds cannot be derived from an action principle.
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an additional question is in order. As the trombone symmetry is considered an accidental
symmetry which is broken at higher order o’-corrections [95], it would be interesting to
seek for the relation between type IIB supergravity and GSE, including o/-corrections.

It is also interesting to study the Poisson-Lie (PL) T-duality in our context. The n-
deformation [10, 11, 41, 42], which is an example of YB-deformations, is related to another
integrable deformation called the A-deformation [55, 97-100] via the PL T-duality [101,
102]. This relation has been further generalized by intriguing works [103, 104]. Hence by
generalizing our work to include the modified CYBE case, it should be possible to study
the PL T-duality in our context. In fact, it is remarkable that the PL T-duality in DFT has
been discussed in the recent work [105] from another angle, the global structure of DFT,!3
independently of a series of our works. As a matter of course, these directions meet up at
some point.

In summary, we have shed light on a non-geometric aspect of YB deformation. Namely,
using the formulas (3.19) and (3.11), we have established a mapping between YB deforma-
tions and non-geometric backgrounds involving @Q-fluxes. We hope that our result could
be the starting point to delve into the relation between integrable deformations and non-
geometric backgrounds.
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A Generating GSE solutions with Penrose limits

In this appendix, we consider Penrose limit [68, 69] of YB-deformed AdSs x S® backgrounds
and reproduce solutions of GSE studied in section 3.4. The R-R fluxes in the YB-deformed
AdS5 x S° backgrounds may disappear under the Penrose limit. In that case, the resulting
backgrounds become purely NS-NS solutions of GSE.

Penrose limit [68, 69] is formulated for the standard supergravity. But, at least so far,
there is no general argument on Penrose limit for the GSE case. Hence, it is quite non-
trivial whether it can be extended to GSE or not. Here, we will not discuss a general theory

3Tn relation to the global structure, the topology of DFT is discussed in [106].
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of Penrose limit for GSE, but explain how to take a scaling of the extra vector I. The
point here is that a YB-deformed background contains a deformations parameter and I is
proportional to it. Hence, there is a freedom to scale the deformation parameter in taking
a Penrose limit. Without scaling the deformation parameter, 5D Minkowski spacetime is
obtained as in the undeformed case. On the other hand, by taking an appropriate scaling of
the deformation parameter, one can obtain a non-trivial solution of GSE with non-vanishing
extra vector fields. We refer to the latter manner as the modified Penrose limit. As a result,
this modified Penrose limit may be regarded as a technique to generate solutions of GSE.'4

A.1 Penrose limit of Poincaré AdSy

Let us first recall how to take a Penrose limit of the Poincaré metric of AdSs .
The metric is given by

r2

dS2:ﬁ(

—dt? + d7?) + R? dr (A.1)
r2’ '

where 7 = (2!, 2%, 23) .

The first task is to determine a null geodesic. Here we are interested in a radial null
geodesic described by

ds)? 72 2 .
(dT) = R? St (—t*) =0. (A.2)

Here 7 is an affine parameter and the symbol “” denotes a derivative in terms of 7. From
the energy conservation, we obtain that

—1=FE (constant). (A.3)
Hereafter, we will set £ = 1 by rescaling 7. Then the equation (A.2) can be rewritten as
2 =1. (A.4)

Hence, we will take a solution as
r=-—T, (A.5)

by adjusting an integration constant to be zero. Then t can also be determined as follows:

R2
t=——. A.
. (A.6)
As a result, the radial null geodesic is described as
R2
t=—. A.
. (A.7)

MWithout any general argument, it is not ensured that the resulting background should satisfy the GSE.
However, this point can be overcome by directly checking the GSE for the resulting background. As far as
we have checked, it seems likely that this procedure works well.
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Let us take a Penrose limit by employing the radial null geodesic (A.7). The first step
is to introduce a new variable ¢ as a fluctuation around the null geodesic as

2
t= RT —t. (A.8)

Then, the metric of Poincaré AdSs is rewritten into the pp-wave form:

2 LT R L
ds :—2drdt—ﬁdt —l—ﬁdx . (A.9)
Next, by further transforming the coordinates as
=1, t=v— —73°, A.10
T=—7 v 5 (A.10)

the metric can be rewritten as
ds? = —2drdv + di* + O(1/R?) . (A.11)
Finally, by taking the R — oo limit, the metric of 5D Minkowski spacetime is obtained.

A.2 Penrose limits of YB-deformed AdSs x S°

Our aim here is to consider the modified Penrose limit of YB-deformed AdSs x S° with
classical r-matrices satisfying the homogeneous CYBE. In the following, we will focus upon
two examples of non-unimodular classical r-matrices.

Penrose, limit [solution of section 3.4.2].

Example 1) [solution of section 3.6.2]
The first example is a YB-deformed background associated with r = %PO A D, which was
studied in section 3.6.2. To take a Penrose limit of the background (3.86), let us rescale

the fields as follows:
ds? —» d3% = R?>ds®, By — By, =R?DB,,

. ) - A (A.12)
F3—> F3:R Fg, F5—> F5:R F5.
After performing a coordinate transformation for the radial direction,
R2
= A.13
= (A13)
the radial null geodesic is given by
2
2= (A.14)
r

This expression coincides with the one (A.7) even after performing the deformation.
As in the case of Poincaré AdSs , a new variable ¢ is introduced as a fluctuation around
the null geodesic (A.14):
V=" 1. (A.15)
r
Let us perform a further coordinate transformation,

2
pzﬁp, t=v—"—. (A.16)
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If the R — oo limit is taken naively, one can perform the usual Penrose limit, but it again
leads to 5D Minkowski spacetime as in the case of the Poincaré AdSs .
It is interesting to add a modification to the usual process. That is to rescale the

deformation parameter 7 as well,
n=R*¢. (A.17)

We refer to this modification as the modified Penrose limit.
By taking the R — oo limit and also the flat limit of the S® part, we obtain the
YB-deformed Minkowski background (3.52) with the following identifications:

{at 27, 2,9, 2,0} <+— {r, v, psin@cose, psinfsing, z, £}. (A.18)

Remarkably, all of the R-R fluxes have vanished under this modified Penrose limit.

Example 2) [solution of section 3.6.3] Penrose, limit [solution of section 3.4.3].
Let us next consider another YB-deformed background studied in section 3.6.3. To consider

a Penrose limit of the background (3.97), let us rescale the fields as follows:

ds> - d§=R%?ds?, By — By = R’Bs,

. ) . A (A.19)
Fg—) FgZR F3, F5—> F5:R F5.
After performing a coordinate transformation,
R2
= A.20
=, (A.20)
we obtain a radial null geodesic, which again takes the form,
R2
2= — . (A.21)
r

Let us next introduce a new variable ¢ as a fluctuation around the null geodesic (A.21):

2
S (A.22)
r

Then, we perform a further coordinate transformation

R R B 2 2
==z, p=—p, tzv—p+z (A.23)
T r 2r
As in the previous case, the deformation parameter is rescaled as
n=R*¢. (A.24)

After taking the R — oo limit, the resulting background is given by (3.64) with the following

replacements:
{r,v,p, 0, &} — {x+, x~, Va4 y?,arctan(y/x) ,17} ) (A.25)

Note that all of the R-R fluxes have vanished again as in the previous example (3.52).
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