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1 Introduction

The modern scattering amplitudes program has revealed a striking simplicity in gravity
that suggests an underlying structure not yet fully understood. At the same time, ground-
breaking progress on the experimental front of gravitational wave astronomy [1–3] has
created new opportunities for utilizing insights from formal theory. It is therefore critical
that we fully appraise to what extent theoretical advances in gravity have anything to offer
by way of real-world applications.

In this paper, we present alternative representations of the Einstein-Hilbert (EH) action
that exhibit an immense reduction in the complexity of graviton perturbation theory. Our
results involve a general procedure for integrating in auxiliary fields to recast the EH action
into a form in which all interactions truncate at finite order. In the minimal construction
presented in this paper, we expand the EH action about a flat background in terms of
graviton perturbations hab and a single auxiliary field Aabc = Aacb interacting via purely
cubic vertices,

SEH = − 1
16πG

ˆ
dDx

[(
AabcA

b
ad −

1
D − 1A

a
acA

b
bd

)
σcd −Aabc∂aσbc

]
, (1.1)
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where σab = ηab− hab. Since the corresponding Feynman diagrams are cubic, the mechan-
ics of graviton perturbation theory are drastically simplified. From the cubic Feynman
rules, it is then straightforward to derive new off-shell recursion relations for graviton am-
plitudes, in analogy with the Berends-Giele recursion relations for Yang-Mills theory [4, 5].
In this cubic representation, the Einstein field equations take the form of two coupled
first-order differential equations that are at most quadratic in the fields. Note that this
construction is a field redefinition away from the first-order Palatini formalism [6], whose
cubic structure was emphasized long ago in ref. [7], though not in the context of graviton
perturbation theory.

Subsequently, we show how a judicious choice of graviton field basis and gauge fixing
yields an especially simple form of the EH action. In the phenomenologically relevant case
of D = 4 dimensions, we obtain the gauge-fixed action1

SEH + SGF = − 1
16πG

ˆ
d4xKabσab, (1.2)

where σab = ηab + hab + h2
ab + h3

ab + · · · is the inverse of σab expressed as a geometric series
in the graviton. Here we have defined the kinetic tensor

Kab = 1
2∂[ch

ac∂d]h
bd + 1

4h
cd
↔
∂ d∂ch

ab − 1
4ηcdh

ac�hbd, (1.3)

whose trace Kabηab corresponds to the graviton kinetic term. Remarkably, all graviton
interaction vertices are given trivially by the kinetic tensor multiplied by powers of the
graviton. This simplicity stands in stark contrast with graviton perturbation theory in the
conventional approach, where interaction vertices grow intractably lengthy and complex
for increasing powers of the graviton.

Let us put our results in context with some other recent approaches related to find-
ing simpler ways of calculating quantities in classical and perturbative quantum gravity,
as well as applying the techniques of scattering amplitudes to problems in classical and
semiclassical gravity [8, 9]. Indeed, finding ways of simplifying calculations in general rel-
ativity is a particularly relevant and pressing problem in light of LIGO’s recent detections
of gravitational waves [1–3]. In particular, the celebrated BCJ double copy [10] relating
amplitudes in gauge theory and gravity has been explored in classical contexts [11–13].
In ref. [14], a field redefinition and gauge fixing of the EH action was found that allowed
the Lagrangian to exhibit the twofold Lorentz invariance whose existence was suggested at
the level of amplitudes by the double copy; further, the perturbation theory for the action
in ref. [14] is simpler than the canonical perturbation theory of the EH action. In this
paper, we will make simplicity of the action the goal, independent of consideration of the
double copy or twofold Lorentz invariance (though this property will make an appearance
in section 2.4).

The remainder of this paper is organized as follows. In section 2 we construct a
cubic representation of the EH action by integrating in a single auxiliary field. We then

1Our notational conventions are T(ab) = Tab + Tba, T[ab] = Tab − Tba, and
↔
∂ a = ∂a −

←
∂ a. Throughout,

∂a denotes differentiation to the right, while
←
∂ a denotes differentiation to the left.
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derive Feynman rules and off-shell recursion relations for graviton scattering amplitudes.
Afterward, in section 3 we derive a further simplified representation of the EH action by
exploiting the freedom of gauge fixing. We then discuss the generalization of our results to
curved spacetime in section 4 and conclude in section 5.

2 Cubic formulation

In this section we reformulate the EH action as a theory of purely cubic interactions. To
do this, we devise a convenient field basis for the graviton in which the action arises from
integrating out a single auxiliary field. We derive the corresponding Feynman rules and
off-shell recursion relations for graviton scattering amplitudes. As we will see, the resulting
cubic formulation is compact and enjoys an enhanced twofold Lorentz symmetry.

2.1 Lagrangian

2.1.1 Field basis

All of our results are derived directly from the EH action in D dimensions,

SEH = 1
16πG

ˆ
dDx
√
−g R, (2.1)

working in mostly-plus signature. As shown in ref. [14], the corresponding Lagrangian can
be rewritten in the form

√
−g R =

√
−g

[
∂agce∂bg

de
(1

4g
abδcd −

1
2g

cbδad

)
− gab∂a∂b

(
log
√
−g
)]

+ · · ·

=
√
−g
[
∂a

(
gce√
−g

)
∂b
(√
−g gde

)(1
4g

abδcd −
1
2g

cbδad

)
+ D − 2

4 gab∂a
(
log
√
−g
)
∂b
(
log
√
−g
) ]

+ · · · ,

(2.2)

where the ellipses denote total derivative contributions that we hereafter neglect. From
the second equality in eq. (2.2), it is clear that the Lagrangian is naturally a function of
the variables2

σab = 1√
−g

gab and σab =
√
−g gab, (2.3)

where by definition the “lowered” σ fields and “raised” σ−1 fields are inverses of each
other, so

σabσbc = δac . (2.4)

In terms of the σ and σ−1 fields, the EH action becomes

SEH = 1
16πG

ˆ
dDxLEH (2.5)

2These are sometimes referred to in the literature as the “gothic” variables gab = σab. We will use the
σ notation for clarity and consistency with ref. [14].

– 3 –



J
H
E
P
0
9
(
2
0
1
7
)
0
0
2

with the associated Lagrangian

LEH = ∂aσce∂bσ
de
(1

4σ
abδcd −

1
2σ

cbδad

)
+ D − 2

4 σabωaωb, (2.6)

where for later convenience we have defined the vector

ωa = ∂a log
√
−g = 1

D − 2σbc∂aσ
bc, (2.7)

which characterizes variations in the volume element.
While the EH action is not conformally invariant, the notion of conformal weight will

be a handy bookkeeping tool for terms in the action. Under a conformal transformation,
the metric transforms as

gab → Ω−2gab, (2.8)

which acts on the natural variables in eq. (2.3) according to

σab → ΩD−2σab and σab → Ω2−Dσab. (2.9)

In particular, the conformal weights are [gab] = −2 and [
√
−g] = −D for the metric and

volume measure, respectively, and [LEH] = 2 −D for the Lagrangian, which is consistent
with the mass dimension of the gravitational constant, [G] = 2−D. In order to abide by
the conformal weight counting, the EH Lagrangian must take the schematic form

LEH ∼
∑
n

(σ−1)n(σ)n−1. (2.10)

In other words, every term must carry one more factor of σ−1 than σ. For instance,
without any additional manipulation, the EH action in eq. (2.6) is of the form LEH ∼
(σ−1)2(σ)+(σ−1)3(σ)2. As we will see, the EH action can be rewritten in various forms that
are homogeneous in powers of σ and σ−1, i.e., for which LEH ∼ (σ−1)n(σ)n−1 for a single
power n. The EH action has many elegant properties when recast into a homogeneous form.

2.1.2 Auxiliary fields

The conventional approach to graviton perturbation theory entails interaction vertices of
arbitrarily high order. That is, the O(hn) nonlinearities of the action are present for
arbitrarily high n. However, we will now see how this tower of interactions can be resummed
by introducing as few as one auxiliary field. The crux of our construction is to treat σ as
the fundamental field and generate all factors of σ−1 by integrating out an auxiliary field
(or vice versa with σ and σ−1 swapped).

To be concrete, let us now describe how to recast the EH action in eq. (2.6) into
the homogeneous form LEH ∼ (σ−1)3(σ)2. We substitute in eq. (2.4) to transform the
(σ−1)2(σ) term into a term of the form (σ−1)3(σ)2, yielding

LEH = ∂aσbc

(
−1

4σ
adσbeσcf + 1

2σ
aeσbdσcf − 1

4(D − 2)σ
adσbcσef

)
∂dσef . (2.11)

– 4 –
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Since eq. (2.11) is a quadratic form in σ, it is natural to treat this field as fundamental and
integrate in an auxiliary field that generates the remaining σ−1 factors. By inverting the
term in parentheses in eq. (2.11), we obtain the equivalent action

LEH = −Aabc
(
σaeσbd −

1
D − 1σabσde

)
σcfA

def +Aabc∂aσbc, (2.12)

where Aabc = Aacb is an auxiliary field. Note that eq. (2.12) is fully equivalent to the EH
action, albeit with interactions that truncate at quintic order.

This procedure generalizes in the obvious way. By inserting the Kronecker delta func-
tion in eq. (2.4) into eq. (2.11) in various ways, we can rearrange the Lagrangian into a form
with interaction vertices that truncate at any arbitrary but finite order. For example, from
eq. (2.12) one can derive an alternative quintic action in terms of σab rather than σab, plus
an auxiliary field with all lowered indices. As we will soon see, the minimal construction
of this type results in a cubic Lagrangian.

Returning to eq. (2.12), we derive the equation of motion for Aabc,

Aabc = σbdσceΓade −
1
2σ

a(bσc)dΓede, (2.13)

where Γabc is the Christoffel symbol written as an implicit function of the metric in terms
of σ and σ−1 through eq. (2.3). From the above relation, it is natural to define a new
auxiliary field with the same index structure as the Christoffel symbol,

Aabc = Aadeσbdσce, (2.14)

so the action in eq. (2.12) takes an even simpler form,

LEH = −
(
AabcA

b
ad −

1
D − 1A

a
acA

b
bd

)
σcd +Aabc∂aσ

bc. (2.15)

In this basis, the natural field variable is σ−1 and integrating out A generates all factors of
σ. The Lagrangian in eq. (2.15) is a primary result of this paper: a cubic representation
of the EH action in terms of the graviton and a single auxiliary field.

Since eq. (2.15) is equivalent to the EH action, the associated equations of motion are
equivalent to the Einstein field equations. The equation of motion for the graviton field
σab is

δLEH
δσab

= −AcdaAdcb + 1
D − 1A

c
caA

d
db − ∂cAcab = 0. (2.16)

Note that the left-hand side is equal to the Ricci tensor, δLEH/δσ
ab = Rab, which follows

from the Jacobian relating gab and σab, as derived in ref. [14]. Meanwhile, the equation of
motion for the auxiliary field is

δLEH
δAabc

= −
(
A

(b
ad −

1
D − 1A

e
edδ

(b
a

)
σc)d + ∂aσ

bc = 0. (2.17)

The two coupled first-order differential equations in eqs. (2.16) and (2.17) are equivalent
to the Einstein field equations.

– 5 –
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Let us now comment on one final cubic representation of the action. After some
rearrangement, eq. (2.17) can be written as

Aabc = Γabc −
1
2δ

a
(bΓ

d
c)d. (2.18)

Motivated by the link between the auxiliary field and the Christoffel symbol, we go to a
field basis in which the auxiliary field is literally equal to the Levi-Civita connection on
shell, so

Ba
bc = Aabc −

1
D − 1δ

a
(bA

d
c)d (2.19)

and the action becomes

LEH = −Ba
bc

(
δeaσ

cf − δcaσef
)
Bb
ef −Ba

bc∂aσ
bc +Bc

bc∂aσ
ab. (2.20)

By construction, the equations of motion set Ba
bc = Γabc on shell. Partially integrating

eq. (2.20), we obtain yet another alternative form of the EH action,

SEH = 1
16πG

ˆ
dDx
√
−g gab

(
∂cB

c
ba − ∂bBc

ca +Bc
cdB

d
ba −Bc

bdB
d
ca

)
, (2.21)

plugging in
√
−g gab = σab from the definition in eq. (2.3). Substituting Γabc for Ba

bc in
the expression in parentheses yields the Ricci tensor Rab written in terms of Christoffel
symbols. The action in eq. (2.20) is closely related to the Palatini formalism [6] in which
one takes the EH action and treats the connection as a priori independent of the metric;
see also refs. [7, 15].

2.2 Perturbation theory

The Lagrangians in eqs. (2.12), (2.15), and (2.20) treat either σ or σ−1 as the fundamental
fields. However, since we have made no assumptions about the size of the field values, these
actions apply for arbitrarily large deviations away from flat space. This is the case even
though we have chosen to write these Lagrangians purely in terms of partial rather than
covariant derivatives.

On the other hand, it is still of practical interest to study gravity perturbatively in
powers of graviton fluctuations hab about a flat background in Cartesian coordinates,
ηab = diag(−1, 1, . . . , 1). For Lagrangians in which the fundamental field is σab, we de-
fine σab = ηab +hab, in which case σab is a geometric series in the graviton. Meanwhile, for
those Lagrangians in which the fundamental field is σab, we use a different but physically
equivalent field basis σab = ηab − hab, for which σab is a geometric series. Note that these
two uses of hab are inequivalent, but are related to each other by a field redefinition (and
similarly are related to the graviton field in canonical perturbation theory via a different
field redefinition).

Though elegant, the action in eq. (2.15) is not yet in a form appropriate for perturbation
theory, since there is explicit mixing between the graviton and the auxiliary field. In
this section, we will show how to unmix these states and derive the propagators and

– 6 –
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Feynman vertices for the corresponding graviton perturbation theory. To eliminate the
mixing between the gravition hab and the auxiliary field Aabc, we apply the field shift

Aabc → Aabc −
1
2

(
∂bh

a
c + ∂ch

a
b − ∂ahbc + 1

D − 2ηbc∂
ahdd

)
, (2.22)

where indices on hab and ∂a are raised and lowered using the background metric ηab.
After diagonalizing the quadratic term in eq. (2.15), we add the gauge-fixing term

LGF = −1
2∂ah

ac∂bhbc = −1
2ηcd∂a

(√
−ggac

)
∂b
(√
−ggbd

)
, (2.23)

so that the graviton propagator is well defined. This gauge choice coincides with harmonic
(de Donder) gauge for σab, i.e., the requirement ∂ahab = 0 for the trace-reversed field
hab − 1

2ηabh
c
c. Upon gauge fixing, the Lagrangian3 becomes

L = LEH + LGF = Lhh + LAA + Lhhh + LhhA + LhAA, (2.24)

where the quadratic terms are

Lhh = 1
4

(
hab�h

ab − 1
D − 2[h]�[h]

)
LAA = −

(
AabcA

b
ad −

1
D − 1A

a
acA

b
bd

)
ηcd

(2.25)

and the cubic terms are

Lhhh = 1
4h

ab
[
∂ahcd∂bh

cd + 2∂[chd]b∂
dh c

a + 1
D − 2 (2∂chab∂c[h]− ∂a[h]∂b[h])

]
LhhA = hab

[
Acad

(
∂dhbc − ∂(bh

d
c)

)
− 1
D − 2

(
ηadA

d
bc∂

c[h]−Acca∂b[h]
)]

LhAA = hab
(
AcadA

d
bc −

1
D − 1A

c
acA

d
bd

)
,

(2.26)

where [h] = haa. In this gauge, the graviton propagator takes the simple D-
independent form

∆abcd = − i

p2 (ηacηbd + ηadηbc − ηabηcd), (2.27)

corresponding to propagation from hab to hcd. The auxiliary field propagator takes the form

∆a d
bc ef = − i2

[1
2δ

d
(bηc)(eδ

a
f) + ηad

( 1
D − 2ηbcηef −

1
2ηb(eηf)c

)]
, (2.28)

3For notational convenience, we suppress the 16πG normalization of the action in our discussion of
the Feynman rules. To convert to the canonically normalized scattering amplitudes, simply multiply the
amplitude computed using our Feynman rules by a factor of 1/16πG, together with a factor of

√
32πG for

each external graviton.

– 7 –
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hab hcd

Aa
bc

Ad
ef

hab(p1)

hcd(p2)

hef(p3)
〈habhcdhef〉(p1, p2, p3)

∆abcd(p) = − i

Figure 1. Summary of Feynman propagators and vertices for the cubic gravity action in eq. (2.24).

corresponding to propagation from Aabc to Adef . Meanwhile, the interaction vertices are

〈habhcdhef 〉(p1, p2, p3) = i

4

{[
1
2(ηa(cηd)(eηf)b + ηb(cηd)(eηf)a)(p1p2)

− 1
D − 2(ηabηc(eηf)d + ηcdηa(eηf)b)(p1p2)

+
( 1
D − 2ηabηcd −

1
2ηa(cηd)b

)
p1(ep2f) −

1
2p2(aηb)(eηf)(dp1c)

]

+
[
p2 ↔ p3
cd↔ ef

]
+
[
p1 ↔ p3
ab↔ ef

]}

〈habhcdAefg〉(p1, p2, p3) = 1
4

{[
1
2δ

e
(a

(
ηb)(fηg)(cp1d) − ηb)(cηd)(fp1g)

)

+ 1
D − 2ηab

(
p1(fηg)(cδ

e
d) − p1(cηd)(fδ

e
g)

) ]
+
[
p1 ↔ p2
ab↔ cd

]}

− 1
8p

e
3

(
ηf(aηb)(cηd)g + ηg(aηb)(cηd)f

)
〈habAcdeA

f
gh〉(p1, p2, p3) = i

4

(
δc(gηh)(aηb)(dδ

f
e) −

1
D − 1δ

f
(gηh)(aηb)(dδ

c
e)

)
.

(2.29)
The above Feynman rules are summarized in figure 1.

2.3 Recursion relations

Since the Lagrangian in eq. (2.15) is comprised of purely cubic interactions, we can derive
explicit off-shell recursion relations for tree-level graviton scattering amplitudes in analogy
with the Berends-Giele recursion relations for Yang-Mills theory. In fact, these gravity
recursion relations are in a sense simpler than for Yang-Mills theory, as the action in
eq. (2.15) has no quartic interactions.

– 8 –
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To begin, let us define the off-shell graviton current Jab(pα), corresponding to an
insertion of a graviton field hab branching off into a set α of on-shell gravitons, and the off-
shell auxiliary field current Jabc(pα), corresponding to an insertion of the auxiliary field Aabc
branching off into a set α of on-shell gravitons. Here the dependence on momentum flowing
through the current, pα =

∑
i∈α pi, is shown explicitly. The currents are also implicit

functions of the momenta and polarization tensors of the remaining on-shell external states.
We adopt a convention in which the on-shell gravitons are incoming and the off-shell leg is
outgoing, while all gravitons are incoming for the vertices. The currents are equal to

Jab(pα) = i∆abcd(pα)M cd(pα)

Jabc(pα) = i∆a d
bc ef (pα)M ef

d (pα),
(2.30)

where Mab and Ma
bc are semi-on-shell amplitudes with all legs on-shell except for one leg

with momentum pα corresponding to an off-shell graviton or auxiliary field, respectively.
The graviton current satisfies the recursion relations

Jab(pα) = ∆abcd(pα)
∑

α1∪α2=α

[
+ 1

2〈h
cdhefhgh〉(−pα, pα1 , pα2)Jef (pα1)Jgh(pα2)

+ 〈hcdhefAhig 〉(−pα, pα1 , pα2)Jef (pα1)Jghi(pα2)

+ 1
2〈h

cdAfge A
ij
h 〉(−pα, pα1 , pα2)Jefg(pα1)Jhij(pα2)

]
,

(2.31)

while the auxiliary field current satisfies

Jabc(pα) = ∆a d
bc ef (pα)

∑
α1∪α2=α

[
+ 1

2〈h
ghhijAefd 〉(pα1 , pα2 ,−pα)Jgh(pα1)Jij(pα2)

+ 〈hghAjki A
ef
d 〉(pα1 , pα2 ,−pα)Jgh(pα1)J ijk(pα2)

]
,

(2.32)

where each sum runs over all partitions of the set α of on-shell graviton labels into distinct
subsets α1 and α2.

As with the Berends-Giele recursion relations, the above equations are to be solved
iteratively, order by order in the number of external on-shell gravitons. The initialization
step of the recursion relations involves just a single on-shell graviton, where Jab(p) = εab and
Jabc(p) = 0. The latter vanishes because we are interested only in currents with gravitons as
on-shell external states and because we have used the transformation in eq. (2.22) to obtain
the action in eq. (2.24) in which the graviton and auxiliary field do not mix. Using the
recursion relations in eqs. (2.31) and (2.32), we have calculated the off-shell graviton current
up to fourth order in on-shell gravitons, obtaining the correct three-particle, four-particle,
and five-particle amplitudes.

2.4 Enhanced symmetries

The study of graviton scattering amplitudes has revealed a number of noteworthy surprises,
including enhanced cancellations in supergravity theories [16–18] and the so-called “bonus

– 9 –
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relations” that arise in the BCFW recursion relations [19, 20]. Another miraculous result
is the celebrated “double copy” construction relating graviton scattering amplitudes to
the squares of gluon amplitudes, e.g., via the KLT [21] and BCJ [10] relations. In the
former representation, graviton scattering amplitudes are expressed as products of Lorentz
invariant gluon amplitudes, suggesting a hidden twofold Lorentz invariance within gravity.
In ref. [14] it was shown that with a careful choice of field basis and gauge fixing one obtains
a form of the EH action that exhibits this symmetry explicitly. At the level of the action,
twofold Lorentz invariance is manifested as a consistent labeling of all indices as one of two
types (e.g., barred and unbarred indices as in hab̄), which are separately contracted [22, 23].

Though not by design, the cubic action in eq. (2.15) automatically exhibits a twofold
Lorentz symmetry in the spirit of the construction in ref. [14]. In particular, one can write
eq. (2.15) as

LEH =− 1
2

(
Aā
cb̄
Ab̄dā −

1
D − 1A

ā
cāA

b̄
db̄

)
ηcd − 1

2

(
Aabc̄A

b
ad̄
− 1
D − 1A

a
ac̄A

b
bd̄

)
ηc̄d̄

+ 1
2

(
Aa
cb̄
Ab̄
ad̄
− 1
D − 1A

ā
cāA

b
bd̄

)
hcd̄ + 1

2

(
Aābc̄A

b
dā −

1
D − 1A

a
ac̄A

b̄
db̄

)
hdc̄

− 1
2
(
Aabc̄∂ah

bc̄ +Aābc̄∂āh
bc̄
)
,

(2.33)

where as before we have expanded in σab = ηab − hab before promoting the graviton to a
general tensor hab̄ and the auxiliary field to a pair of fields Aabc̄ and Aābc̄. Derivatives can
carry either unbarred or barred indices, ∂a or ∂ā, while the metric enters either as ηab or ηāb̄.
The action in eq. (2.33) is explicitly invariant under an SO(D−1, 1)×SO(D−1, 1) twofold
Lorentz symmetry that acts separately on barred and unbarred indices. As discussed in
ref. [14], this symmetry can be made manifest in the Lagrangian by introducing an auxiliary
extra set of spacetime dimensions.

That there exists a simple cubic formulation of the EH action with twofold Lorentz
invariance is particularly enticing given the BCJ prescription in which graviton amplitudes
are obtained by squaring the numerators of gluon amplitudes that are expressed in a
particular cubic form. A BCJ-compliant action for gravity is conceivable, since BCJ duality
has already been demonstrated as a manifest symmetry of a particular cubic representation
of the nonlinear sigma model [24]. Unfortunately, when the graviton and auxiliary fields
are unmixed, the twofold Lorentz invariance is no longer manifest.

3 Simplified formulation

Thus far we have only exploited the freedom of choosing a field basis to simplify the
Lagrangian. However, gauge fixing also offers enormous leeway in reformulating the action.4

As we will see, with an appropriate nonlinear gauge fixing it is possible to eliminate the
(σ−1)3(σ)2 term in eq. (2.6) in order to write the action in the homogeneous form LEH ∼
(σ−1)2(σ). The resulting action is strikingly simple, allowing for a closed-form expression
for graviton interaction vertices at arbitrarily high order.

4Though we introduced a simple gauge-fixing term in section 2.2, we did not use this freedom to make
the perturbation theory of the pure gravity action as simple as possible.
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3.1 Lagrangian

3.1.1 Gauge fixing

We define the full gauge-fixed action to be

S = SEH + SGF, (3.1)

where the gauge-fixing term is chosen to be

SGF = − 1
16πG

ˆ
dDx D − 2

4 σab(ωa − τa)(ωb − τb) (3.2)

for some vector τa. With the benefit of hindsight, we make the special choice

τa = zσab∂cσ
bc (3.3)

for some constant z. The gauge-fixing term in eq. (3.2) corresponds to the gauge condition
ωa−τa = 0. In terms of coordinates xa, which are treated as D real scalar functions on the
spacetime manifold, the gauge condition is equivalent to a condition on the coordinates,

∇a∇bxa = −zgab∇c∇cxa, (3.4)

that is,
(
δcaδ

d
b + zgabg

cd
)
∇c∇dxa = 0, where ∇a is the covariant derivative defined with

respect to the full metric gab. Our gauge condition for general z is thus a hybrid of the
harmonic and unimodular gauge conditions. To derive this coordinate condition, we used
the geometric identities Γaba = ∂b log

√
−g and gbcΓabc = −∂b(

√
−ggab)/

√
−g.

Reshuffling terms and dropping total derivatives, we obtain the full gauge-fixed action

S = 1
16πG

ˆ
dDxL, (3.5)

where the Lagrangian is given by

L = −
[
z2

4 (D − 2)∂cσac∂dσbd −
1
2∂dσ

ac∂cσ
bd + 1

4 (1− 2z) ∂dσcd∂cσab + 1
4σ

cd∂c∂dσ
ab

]
σab.

(3.6)
As advertised, every term in eq. (3.6) has two σ−1 fields and one σ field. To turn this
property to our advantage, we again use a field basis in which the graviton perturbations
hab enter as

σab = ηab − hab and σab = ηab + hab + h2
ab + h3

ab + · · · =
( 1

1− h

)
ab
, (3.7)

where as before σab is simply a geometric series in the graviton field. Rearranging terms
via integration by parts, we write eq. (3.6) as

L = −Kabσab, (3.8)

where the kinetic tensor Kab is a two-derivative quadratic form in the graviton,

Kab = + z2

4 (D − 2)∂chac∂dhbd −
1
2∂dh

ac∂ch
bd + 1

4 (1− 2z) ∂dhcd∂chab

+ 1
4h

cd∂c∂dh
ab − 1

4ηcdh
ac�hbd.

(3.9)
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The graviton kinetic term is given by −Kabηab, while all higher-order interactions are
simply related to this term by trivial powers of hab. That is, the graviton interaction is of
fixed length and complexity to arbitrarily high order in the graviton. This contrasts sharply
with the conventional picture of graviton perturbation theory, where tremendous effort is
required to compute the interaction vertex at any given order. Restricting to D = 4 and
setting z = 1, we obtain another primary result of this paper, given by the action defined
in eqs. (1.2) and (1.3).

3.1.2 Auxiliary fields

Just as in section 2, the EH action in eq. (3.8) can be reformulated as a simple cubic theory
of the graviton plus auxiliary fields. That this is possible should be unsurprising since the
theory, in terms of graviton perturbations, has the structure of a simple geometric series.
Specifically, we find that eq. (3.8) is generated by the cubic action

L = AabB
ab −Ka

a +
(
Kab −Acbh a

c

)
(Bab − hab) , (3.10)

where Aab and Bab are general two-index fields. On shell, one has A a
c = −Kabσbc, which

after plugging back into eq. (3.10) yields eq. (3.8).
We emphasize here that all of the nontrivial derivative structure of gravity is encoded

in the kinetic tensor Kab. In particular, the kinetic tensor shoulders triple duty, forming
the basis of the graviton kinetic term, the h3 interactions, and the h2B interactions. The
remaining terms — the AB quadratic term and the h2A and hAB interactions — all have
trivial index structure.

3.2 Perturbation theory

In this section we derive the Feynman rules for the action in eq. (3.8). As we will see,
the interaction vertices are extremely simple. Let us first compute the propagator in our
chosen field basis and gauge fixing. Following ref. [25], a general graviton propagator can
be expanded as

∆abcd = − i

p2

5∑
n=1

c(n)T
(n)
abcd, (3.11)

where the basis tensors are

T
(1)
abcd = ηacηbd + ηadηbc

T
(2)
abcd = ηabηcd

T
(3)
abcd = 1

p2 (papcηbd + papdηbc + pbpdgac + pbpcgad)

T
(4)
abcd = 1

p2 (papbηcd + pcpdηab)

T
(5)
abcd = 1

p4 papbpcpd.

(3.12)
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Inverting the kinetic term associated with eq. (3.9), we obtain the coefficients for the tensor
structures in the graviton propagator:

c(1) = 1

c(2) = − 2z2

(1 + z)2

c(3) = 2
z2(D − 2) − 1

c(4) = 2z(z − 1)
(1 + z)2

c(5) = − 8
z2(D − 2) + 8z

(1 + z)2 .

(3.13)

Considering D = 4 and choosing z = 1 for the gauge fixing, we find that the propagator
takes a particularly simple form,

∆abcd(p) = − i

p2

(
ηacηbd + ηadηbc −

1
2ηabηcd −

2
p4 papbpcpd

)
. (3.14)

The geometric series form of our gravity action in eq. (3.8) means that the graviton in-
teractions have precisely the same structure as the kinetic term. As a result, we can
write down an analytic formula for all Feynman vertices at any order. We first define
Kab = hcdKab

cdefh
ef , where

Kab
cdef = δac δ

b
e

[
z2

4 (D − 2)
←
∂ d∂f −

1
2
←
∂ f∂d −

1
4ηdf�

]
+ δae δ

b
f

[1
4(1− 2z)

←
∂ d∂c + 1

4∂d∂c
]
.

(3.15)
The O(hn) term in the action (3.8) is −hcdKab

cdefh
efhn−2

ab , where hnab = h c1
a h c2

c1 · · ·hcnb.
Thus, the corresponding n-point Feynman vertex 〈ha1b1 · · ·hanbn〉(p1, . . . , pn) is− i

2n
∑
σ∈Sα

ηaσ3 (bσ4ηaσ4 )(bσ5 · · · ηaσn−1 )(bσnKaσn )bσ3 (aσ1bσ1 )(aσ2bσ2 )(pσ1 , pσ2)

+
[
aσ3 ↔ bσ3

]
,

(3.16)
where Kab

cdef (p, q) is the momentum-space version of eq. (3.15) obtained by sending
←
∂ a and

∂a to ipa and iqa, respectively, and where we have raised all indices via Kabcdef (p, q) =
ηcgηdhηeiηfjKab

ghij(p, q). The sum in eq. (3.16) runs over each element σ = {σ1, . . . , σn} of
the symmetric group Sα of permutations on the set α = {1, . . . , n} of the n legs. For the
special case of the three-particle vertex, we obtain

〈habhcdhef 〉(p1, p2, p3) = − i

8
[
K(ab)(cd)(ef)(p2, p3) +K(ab)(ef)(cd)(p3, p2)

+K(cd)(ab)(ef)(p1, p3) +K(cd)(ef)(ab)(p3, p1)

+K(ef)(ab)(cd)(p1, p2) +K(ef)(cd)(ab)(p2, p1)
]
,

(3.17)

which is in agreement with the known three-particle amplitude.
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4 Curved spacetime

The previous sections were dedicated to constructing graviton perturbation theory about
a flat background. However, it is straightforward to extend these results to perturbations
about a general curved background spacetime with metric g̃ab. To accomplish this, we first
define the curved spacetime analogues of the field variables in eq. (2.3),

σab =
√
−g̃√
−g

gab and σab =
√
−g√
−g̃

gab, (4.1)

which we employ for the remainder of this section. As shown in ref. [14], the curved
spacetime generalization of eq. (2.2) is

SEH = 1
16πG

ˆ
dDx

√
−g̃

[
∇̃aσce∇̃bσde

(1
4σ

abδcd −
1
2σ

cbδad

)
+ D − 2

4 σabΩaΩb

]
, (4.2)

where ∇̃a is the covariant derivative defined with respect to the background metric. Here
we have defined Ωa = ωa − ω̃a, where ω̃a = ∂a log

√
−g̃. In terms of the new variables, this

quantity is
Ωa = 1

D − 2σbc∇̃aσ
bc. (4.3)

Note that we have not added a matter action in eq. (4.2), so the background spacetime is
Ricci-flat, i.e., R̃ab = 0. However, extending our results to include matter is straightforward.
In particular, one simply adds

√
−g̃ R̃abσab/16πG +

√
−gLmatt to the action and carries

these terms through the equations of motion. In any case, we will neglect matter hereafter.
Repeating our earlier analysis with the curved spacetime action in eq. (4.2), we gener-

alize the cubic representations of the EH action in eqs. (2.15) and (2.20). This is achieved
by applying the replacement rules

ηab → g̃ab

∂a → ∇̃a
LEH →

√
−g̃LEH.

(4.4)

In turn, the equation of motion for the auxiliary field Aabc is the same as the flat space
expression in eq. (2.18) except with the replacement Γabc → Γabc − Γ̃abc, where Γ̃abc is the
background Christoffel symbol. Similarly, the equation of motion for Ba

bc sets this auxiliary
field equal to Γabc − Γ̃abc.

Meanwhile, the curved spacetime version of the simplified EH action in eq. (3.8) in-
volves the generalization of the gauge-fixing term in eq. (3.2),

SGF = − 1
16πG

ˆ
dDx

√
−g̃ D − 2

4 σab(Ωa − Ta)(Ωb − Tb), (4.5)

where we have defined the analogue of eq. (3.3) in curved spacetime,

Ta = zσab∇̃cσbc. (4.6)

After gauge fixing, we obtain the curved spacetime version of the simplified graviton La-
grangian, which is simply given by eqs. (3.8) and (3.9) after the replacement in eq. (4.4).

– 14 –
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5 Conclusions

In this paper we have reformulated the EH action in various forms that simplify the me-
chanics of graviton perturbation theory. To derive these new representations, we have
exploited the freedom of choosing a field basis and gauge fixing. Our main results are: i) a
purely cubic action for gravity in eq. (2.15) and ii) a simplified action in eq. (3.8) in which
all interactions are trivially related to the graviton kinetic term.

Having computed several reformulations of the EH action, it is useful to compare them
among each other and to other work, notably the twofold Lorentz invariant action in ref. [14]
and the double copy relating gravity amplitudes to gauge theory amplitudes [10, 21], and
ask which prescription provides the simplest method of calculation. One might be tempted
to ask for a single formulation or action that is simplest for all computations in gravity, but
in practice which version is most expedient to use depends on the nature of the calculation
being done. For computing on-shell scattering of gravitons in a flat spacetime background,
the double copy always wins, as explicit formulas for the gauge theory amplitudes are
already known, so no new calculation is needed to compute graviton amplitudes. However,
if one desires to find the off-shell currents, then the off-shell recursion relations derived in
section 2.3 are the best option. Note that such a simple recursion relation, in analogy with
Berends-Giele recursion for Yang-Mills theory, was only possible because we were able to
introduce auxiliary fields in section 2 to yield a cubic formulation of the EH action; in
contrast, canonical perturbation theory or any of the other formulations of the EH action
we derive without auxiliary fields contain new Feynman rules at each order in gravitons,
significantly complicating any attempt to derive an off-shell recursion relation.

Moreover, if one wishes to examine the gravitational equations of motion for perturba-
tion theory to some fixed order about a curved spacetime background or using curvilinear
coordinates, then it is possible that a formulation purely in terms of the perturbation h

may be most straightforward; such a calculation could be of use in astrophysical contexts
for classical gravitational waves. In this case, the three candidates are the action derived
in section 3, the twofold Lorentz invariant action derived in ref. [14], and the canonical
perturbation expansion of the EH action. These actions can be compared by the number
of terms they have at the first few orders in perturbation theory: at O(hn) for n = 2, 3,
4, 5, the canonical action has 4, 13, 35, 76 terms, the twofold Lorentz invariant action in
ref. [14] has 2, 2, 5, 5 terms in the Cayley-like basis and grows asymptotically as 3n2/16
terms, and the action in eqs. (3.8) and (3.9) has exactly 5 terms at every order in pertur-
bation theory, for all n. Thus, while the formulation of ref. [14] is simpler at cubic order,
the Lagrangian derived in the present paper eventually becomes simpler than any other
known formulation of the EH action, allowing the Feynman vertex at arbitrary order in
perturbation theory to be written explicitly in eq. (3.16). However, there may be problems
in classical gravity, outside of the context of perturbation theory, in which a first-order for-
mulation of the equations of motion could be useful, as provided in eqs. (2.16) and (2.17)
by our cubic action (2.15), which as noted previously is related to the Palatini formalism.

Our results leave several potential avenues for future work. First and foremost, it
would be interesting to extend our results to higher loop order. As mentioned in text, the
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Jacobian associated with the field redefinition from gab to σab is given in ref. [14]. While we
have restricted to tree-level scattering amplitudes in this paper, it should be straightforward
to extend our results to loop level by introducing the appropriate Faddeev-Popov ghost. It
would be particularly interesting to construct a field basis in which these ghosts interact
purely via cubic interactions.

Second, because the Lagrangians in eqs. (2.15) and (3.8) are valid for arbitrary field
excursions away from flat space, it should be possible to apply these representations to
study classical curved spacetime backgrounds, e.g., the Schwarzschild solution.

Last of all, the cubic structure and twofold Lorentz invariance of eq. (2.15) are strongly
suggestive of the BCJ double copy. It would be interesting to understand whether this is
accidental or if there is indeed a direct connection between these ideas.
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