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1 Introduction

The lack of microstructure at the horizon scale of black holes in General Relativity lies at the
heart of the information paradox [1, 2]. While semi-classical gravity can count the number
of black-hole microstates [3–6], it seems to be unable to resolve individual microstates.
At the other extreme, one can reproduce the Bekenstein-Hawking entropy of certain
supersymmetric black holes in string theory by counting relevant brane configurations at
weak string coupling [7]. But this provides only a statistical interpretation of the black-hole
entropy at strong coupling where we expect classical black holes to exist [8].

A possible realisation of black-hole microstates is provided by the fuzzball proposal [9–11]
which states that all microstates of black holes should be horizonless.1 A typical microstate
is conjectured to possess non-trivial microstructure in the form of a highly quantum and
stringy “fuzz” that extends to the scale set by the horizon of the corresponding black hole.
In this context, horizons arise only by neglecting crucial degrees of freedom [12] or through
an effective description of an ensemble of horizonless microstates.

The fuzzball proposal can be tested in the D1-D5 system, which is obtained by wrapping
N1 D1-branes along a circle S1

y and N5 D5-branes along S1
y ×M, where M is a four-

dimensional internal manifold that can be either T 4 or K3. For example, the entropy of the
supersymmetric two-charge black hole can be reproduced by counting the moduli space of
regular supertubes [13–15], which are, through the AdS/CFT correspondence [16], dual to
1/4-BPS2 Ramond-Ramond (R-R) ground states in the CFT [17–21]. However, the extremal
two-charge black hole has a classically vanishing horizon area [22] so generalisations to
black-holes with macroscopic horizons are not immediate. To increase the horizon one
adds a third charge, momentum P along the S1

y circle. Microstates of such D1-D5-P black
holes have already been extensively analysed, especially those that can be described in
supergravity, usually called microstate geometries [11, 23].

Superstrata are a particular class of microstate geometries of the D1-D5-P black
hole [24–34] which have a well-understood CFT interpretation as coherent superpositions
of super-descendants of R-R grounds states with non-vanishing momentum charge [35–38].
In some sense, they are 1/8-BPS generalisations of supertubes. They exhibit all symptoms
of a conjectured fuzzball of the D1-D5-P black hole: approaching from the asymptotic

1A justification for the absence of horizons is that they have an associated entropy which is incompatible
with the properties of pure states.

2The fraction is with respect to the total number of supersymmetries of ten-dimensional type IIB
supergravity: 1/n-BPS denotes that the solutions preserves 32/n supersymmetries.
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Figure 1. A schematic depiction of superstrata. In contrast to an extremal black hole, the AdS2
throat has a finite length and is smothly capped off. The details of the microstructure are most
prominent at the bottom of the throat (shaded in blue).

region (either AdS3 or flat space), one passes through a AdS2×S1
y throat which, unlike in a

black hole, is capped off by another AdS3 region, see figure 1. Superstrata are very special
representatives of the ensemble of microstates [39] and give a parametrically subleading
contribution to the total entropy of the black hole [40, 41].3 However, they present a window
into possible deviations from the expected behaviour of black holes [44–51] and can hint at
potentially observable features of the underlying microstructure [52–55].

The construction of superstrata follows a systematic procedure in which each step on
the boundary side has a corresponding action in the bulk. Roughly speaking, on the CFT
side one starts with a bosonic R-R ground state and then acts on this state with left-moving
generators of the symmetry algebra.4 In the bulk, this translates to analysing perturbations
of the round supertube [20, 21] and acting on them with the bulk representations of the left-
moving symmetry generators. To determine the backreaction, one needs to solve the BPS
equations of the relevant theory of supergravity to all orders in the parameter controlling
the amplitude of the perturbation. Known superstrata are described by six-dimensional
N = (1, 0) supergravity coupled to two tensor multiplets [57–59] in which the BPS equations
can be organised in a linear and upper-triangular form [60, 61]. This structure of the BPS
equations is crucial in obtaining fully backreacted geometries, which are then dual to
coherent superpositions of bosonic descendants of R-R grounds states with momentum
generated by the action of the symmetry algebra.

1.1 Summary of results

If the internal manifold is a four-torus, then one can act with a single supersymmetry
generator on a fermionic R-R ground state5 [19] and obtain another set of bosonic 1/8-BPS
descendants, which are associated with breaking the rotation invariance of the T 4. The

3See [42] for an potential connection between superstrata and disentangled states [43].
4By acting only with left-moving generators we preserve some supersymmetry, which allows us to compare

states at different points in the moduli space [56].
5Fermionic ground states are absent if the internal manifold is K3 in which case there are only 24 bosonic

ground states. Hence throughout this paper we only considerM = T 4.
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first result of this paper is the systematic construction of bulk geometries corresponding to
coherent superpositions of these 1/8-BPS states: a new class of superstrata in which the
momentum charge is carried by vector fields. Such geometries have an AdS2 throat which
is smoothly capped off (exactly as in figure 1). With this we initiate the completion of all
possible superstrata for the three-charge black hole [62].

Our bulk construction is guided by the CFT. We avoid the use of fermionic excitations
of the supertube and the subsequent application of supersymmetry generators by directly
analysing vector excitations around global AdS3 × S3. Since such perturbations are in
one-to-one correspondence with 1/8-BPS states in the CFT, we use the properties of these
states to completely fix the form of the vector excitations. We show that perturbations
obtained in this way satisfy the BPS equations of N = (1, 0) supergravity coupled to a
tensor and a vector multiplet to first order in perturbation theory. These BPS equations
have recently been shown to have a linear structure and can be organised into several layers
which need to be solved in succession [63]. This is a critical aspect of our construction, as
it allows us to increase the amplitude of the deformation and construct fully backreacted
“vector” superstrata. We will provide a step-by-step procedure on how to obtain such
microstate geometries, present several explicit solutions and analyse their properties.

The second result of this paper is the uplift of generic BPS configurations of six-
dimensional supergravity coupled to a tensor and vector multiplet to solutions of ten-
dimensional type II supergravity. We provide several different frames and, in particular,
show that there exists an uplift in which only NS fields are excited. The pay-off is that
one has to isolate a direction of the T 4 thus reducing the full “isotropy” of the internal
manifold to invariance on T 3, which is in stark contrast with solutions based on tensor
fields, in which the T 4 symmetry is intact.6 We thus show that superstrata presented in
this paper can be uplifted to purely NS solutions of type II supergravity. As such, they
potentially allow for the exact worldsheet analysis and can act as starting points for the
construction of more stringy black-hole microstates.

We begin with a brief overview of BPS states in the symmetric product orbifold CFT
in section 2. We identify states that are dual to geometries in which, in six-dimensions,
the momentum is carried by vector fields. In section 3 we analyse vector perturbations of
global AdS3 × S3 and generate supersymmetric vector excitations of the round supertube.
Section 4 contains the systematic procedure of how to solve the BPS equations starting with
the constructed vector perturbations to obtain fully backreacted, asymptotically AdS3 × S3

superstrata. In section 5 we present complete solutions for two families of vector superstrata.
We analyse the properties of generic solutions, including the corresponding asymptotic
charges and find agreement with those predicted by the CFT analysis. In section 6 we show
that in a particular corner of parameter space, some geometries develop an infinitely long
AdS2 throat and a horizon. We discuss why the solutions degenerate and provide possible
resolutions [12]. In section 7 we analyse how to uplift six-dimensional BPS configurations
into ten-dimensional supergravity. In particular, we show that there exists a frame in which
solutions based on vector fields lie entirely in the NS-NS sector, with all R-R gauge fields
vanishing. In section 8 we conclude with a few remarks.

6An exception are superstrata based on internal tensor excitations [21, 64], but these do not significantly
differ from those which are isotropic on T 4.
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In the appendices we collect some technical details. In appendix A we summarize the
ansatz for all supersymmetric solutions of N = (1, 0) supergravity coupled to a vector and
tensor multiplet. We also present the associated BPS equations and how they organise into
layers. In appendix B we show, using a particular uplift, that solutions to the equations of
motion of six-dimensional supergravity are also classical solutions of ten-dimensional type
IIA supergravity. Appendix C contains details of several ten-dimensional uplifts that are
omitted in the main text, while in appendix D we present additinal solutions to the BPS
equations. In appendix E we show how to match the conserved charges for an alternative
set of states, not considered in the main text.

2 Analysis of states in the D1-D5 CFT

The starting point of our construction of superstrata will be the analysis of vector perturba-
tions around AdS3 × S3. To determine the exact form of these perturbations, we use the
fact that they are in one-to-one correspondence with states in the dual field theory. In this
section we introduce the D1-D5 CFT at the symmetric product orbifold point. We analyse
the spectrum NS-NS (anti)-chrial primary states and their descendants, and relate them to
states in the R-R sector, using the spectral flow transformation. In particular, we identify
the states which are dual to vector field excitations in six-dimensional supergravity and
describe their properties. We draw heavily from the reviews [31, 65]. A similar analysis
was recently done in [62].

2.1 D1-D5 CFT at the symmetric product orbifold point

The AdS/CFT correspondence states that Type IIB string theory on AdS3 is dual to a
two-dimensional supersymmetric CFT, which we call D1-D5 CFT. The moduli space of this
CFT contains the symmetric product orbifold point where the theory is given in terms of a
N = N1N5 copies of free sigma models identified under permutation symmetry, making
the total target space

(
T 4)N /SN and total central charge c = c̄ = 6N .

The supersymmetry group of the CFT is SU(1, 1|2)L × SU(1, 1|2)R. We denote the
left-moving affine generators by Ln, J i, GαAn and their right-moving analogues by L̃n, J̃ ī,
and G̃α̇An . The α, α̇ = ± are doublet and i, ī = 1, 2, 3 are triplet indices of the R-symmetry
group SU(2)L × SU(2)R ⊂ SU(1, 1|2)L × SU(1, 1|2)R. The index A = 1, 2 denotes a doublet
of the SU(2)B outer automorphism symmetry of the superalgebra. There is an additional
custodial group SU(2)C , whose doublet indices we are going to label with Ȧ = 1, 2. This
group, together with the outer automorphism symmetry combines into the symmetry of the
internal four-torus SU(2)B × SU(2)C ' SO(4)I .

We begin by analysing 1/4-BPS states in the NS-NS sector of the theory. There are 8
bosonic and 8 fermionic anti-chiral primary states,7 which we denote by [31]

|αα̇〉NS
k , hNS = −jNS = k + α

2 , h
NS = −jNS = k + α̇

2 boson , (2.1a)∣∣∣αȦ〉NS

k
, hNS = −jNS = k + α

2 , h
NS = −jNS = k

2 , fermion , (2.1b)

7One can equally work with chiral primary states. We choose to work with anti-chiral primaries to make
contact with previous work in the superstrata literature.
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∣∣∣Ȧα̇〉NS

k
, hNS = −jNS = k

2 , h
NS = −jNS = k + α̇

2 fermion , (2.1c)∣∣∣ȦḂ〉NS

k
, hNS = −jNS = k

2 , h
NS = −jNS = k

2 boson . (2.1d)

We have also given the eigenvalues hNS and jNS under the action of L0 and J3
0 , and their

right-moving analogues. The integer k = 1, 2, . . . , N , denotes the twist sector of the state.
The state with the lowest possible conformal weights, |−−〉NS

1 , is the vacuum state and is
dual to global AdS3 × S3. All other states in this sector can be considered as single-particle
states and are related through the AdS/CFT correspondence to perturbations around global
AdS3 × S3. For example, the T 4 invariant state

|00〉NS
k ≡

1
2 εȦḂ

∣∣∣ȦḂ〉NS

k
, hNS = −jNS = k

2 , h
NS = −jNS = k

2 , (2.2)

where εȦḂ is an anti-symmetric two-tensor, is the perturbation on which most of the known
superstrata are built [24–28].

2.2 CFT states related to vector fields

Since anti-chiral primaries are the lowest-weight states with respect to the rigid symmetry
group of the CFT, one can create more supersymmetric states through repeated action of
L−1, J+

0 , and G+A
− 1

2
generators, while leaving the right-moving sector untouched. We focus

only on bosonic descendants, as these can be described by bosonic fields in the bulk. They
can be obtained by starting with a bosonic anti-chiral primary and then acting on that
state repeatedly with L−1 and J+

0 [24–27]. Alternatively, one can begin by acting twice
with the supersymmetry generator G+A

− 1
2
, which produces a different lowest-weight state on

which one can act with L−1 and J+
0 [28].

However, one can also make bosonic descendants by starting with a fermionic anti-chiral
primary on which one acts with a supersymmetry generator only once. Eight such states
are obtained by acting with the supersymmetry generator on (2.1c)

G+A
− 1

2

∣∣∣Ȧ+
〉NS

k
hNS = k

2 + 1
2 , jNS = −k2 + 1

2 , h
NS = −jNS = k

2 + 1
2 , (2.3a)

G+A
− 1

2

∣∣∣Ȧ−〉NS

k
hNS = k

2 + 1
2 , jNS = −k2 + 1

2 , h
NS = −jNS = k

2 −
1
2 , (2.3b)

while the remaining eight are obtained by starting with the other fermionic state (2.1b)

G+A
− 1

2

∣∣∣+Ȧ〉NS

k
hNS = k

2 + 1 , jNS = −k2 , h
NS = −jNS = k

2 , (2.4a)

G+A
− 1

2

∣∣∣−Ȧ〉NS

k
hNS = k

2 , jNS = −k2 + 1 , h
NS = −jNS = k

2 . (2.4b)

These states are no longer an anti-chiral primaries, however they still annihilated by some
of the bosonic symmetry generators

J−0 |ψ〉
NS = J̄−0 |ψ〉

NS = L1 |ψ〉NS = L̄1 |ψ〉NS = 0 . (2.5)

– 5 –
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They have an index in the SU(2)B × SU(2)C ' SO(4)I and are related to vector field
excitations in the six-dimensional picture. An intuitive way to see this is by recalling that
vector fields in six-dimensions arise, for example, by dimensional reduction on T 4 when
ten-dimensional fields have non-trivial components along a specific direction of the four-
torus.8 In the CFT, directions along the T 4 are characterised by vector indices a = 1, 2, 3, 4
of SO(4)I , which can be decomposed into SU(2)B × SU(2)C doublets using Pauli matrices
XȦA ∼ Xa (σa)ȦA, or vice-versa, one can use this basis to convert an object with an A and
Ȧ index into a SO(4)I vector [65]. Thus we interpret states with A and Ȧ indices to single
out a direction in the four-torus and will be, in the six-dimensional picture, described by
vector fields.

Notice that the charges of the states in (2.3) and (2.4) are pairwise related through
a shift in the parameter k: taking the state (2.3a) and shifting k → k − 1 yields the
charges (2.4b), while taking (2.3b) and sending k → k + 1 gives the charges of (2.4a).

In this paper, we focus on the state (2.4a) and leave the analysis of the others for
future work [66]. As can be seen from (2.5), the state is again a lowest-weight state of the
SU(2)L and SL(2,R)L multiplets. The most general descendant state can be generated by
the action of left-moving symmetry generators

∣∣∣k,m, n; Ȧ, A
〉NS
≡ (L−1)n−1

(
J+

0

)m
G+A
− 1

2

∣∣∣+Ȧ〉NS

k
, (2.6)

with quantum numbers

hNS = k

2 + n , jNS = −k2 +m, h
NS = −jNS = k

2 . (2.7)

The full CFT state consist of a large number of copies of CFT states, possibly in
different twist sectors. Consider a state made by combining many copies of the vacuum
and (2.6)

(
|−−〉NS

1

)Na (∣∣∣k,m, n; Ȧ, A
〉NS

)Nb
, (2.8)

which is subject to the total winding constraint

N = Na + kNb . (2.9)

If we set Nb = 1, then the charges of the full state are equal to those of the state (2.6). In
the bulk this state corresponds to 1/8-BPS perturbation around global AdS3 × S3 with
charges given by (2.7). By increasing Nb, we increase the amplitude of the perturbation.
When Nb ∼ N , the backreaction on the geometry has to be taken into account and the full
equations of motion need to be solved.

Microstate geometries are dual to states in the Ramond-Ramond (R-R) sector of the
theory, whose conformal dimensions scale with the central charge c. One can map anti-chiral

8This can be seen explicitly in section 7.
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primaries and their descendants to states in the R-R sector through the spectral flow
transformation, under which the charges transform as [31, 65]9

h′ = h+ 2 η j + k η2 , j′ = j + k η . (2.10)

For example, the NS-NS vacuum maps to

|−−〉NS
1 7→ |++〉R1 , hR = h

R = 1
4 , jR = j

R = 1
2 . (2.11)

The state composed of only |++〉R1 is dual to the maximally spinning round supertube [21].
On the other hand, the spectral flow to the state (2.6) is∣∣∣k,m, n; Ȧ, A

〉R
≡
(
L−1 − J3

−1

)n−1 (
J+
−1

)m
G+A
−1

∣∣∣−Ȧ〉R

k
, (2.12)

with quantum numbers

hR = k

4 +m+ n , jR = m, h̄R = k

4 , j
R = 0 . (2.13)

The full state (2.8) is then mapped to

(
|++〉R1

)Na (∣∣∣k,m, n; Ȧ, A
〉R
)Nb

, (2.14)

subject to the constraint (2.9). The eigenvalues are given by

hR = N

4 +Nb (m+ n) , h̄R = N

4 , jR = Na

2 +Nbm, j
R = Na

2 , (2.15)

which, most importantly implies that the state and thus the corresponding geometry has
non-vanishing momentum

nR
P ≡ hR − h̄R = Nb (m+ n) . (2.16)

We see that the conformal dimensions scale as hR ∼ O(N) ∼ O(c). As already mentioned,
when Nb = 0, the dual geometry is the maximally spinning round supertube. When Nb

is small, but finite, the state (2.14) describes a perturbation on the supertube. Further
increasing the value of Nb results in a backreacted geometry — superstrata.10 Up to
the details of the coherent sum, the state (2.14) is our proposal for dual of vector field
superstrata constructed in this paper. As a first check, in a fully backreacted geometry we
calculate the charges independently by a supergravity calculation and we find complete
agreement with the values (2.15) and (2.16).

9To map an anti-chiral primary to a Ramond state, one sets η = 1
2 , while taking η = − 1

2 corresponds to
the inverse mapping.

10More precisely, superstrata are dual to a coherent sum of terms such as (2.14) [67]. However, for large
N this sum is sharply peaked and thus the corresponding charges will be given, to leading order in large N ,
by (2.15) [27].
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3 Vector perturbations

In this section, we present the construction of a linear excitation around global AdS3 × S3.
We fix the form of the perturbation by demanding that it has the same properties with
respect to the symmetry algebra generators as the CFT states discussed in the previous
section. We finally use the spectral flow transformation to create the corresponding vector
excitation on the round supertube.

3.1 Round supertube profile

One of the basic entries in the holographic dictionary is that the state consisting of only
|++〉R1 is dual to the maximally spinning round supertube [17–19, 21]. To describe this
solution it is convenient to parameterize the four-dimensional base space as

x1 + ix2 =
√
r2 + a2 sin θ eiφ, x3 + ix4 = r cos θ eiψ, (3.1)

where θ ∈ [0, π2 ] and φ, ψ ∈ [0, 2π). In these coordinates, the flat metric on R4 is given by

ds2
4 = Σ

(
dr2

a2 + r2 + dθ2
)

+
(
a2 + r2

)
sin2 θ dφ2 + r2 cos2 θ dψ2 , (3.2)

where we defined

Σ ≡ r2 + a2 cos2 θ . (3.3)

The round supertube is then described by the following ansatz quantities11

Z1 = Q1
Σ , Z2 = Q5

Σ , γ1,2 = −Q1,5
(r2 + a2) cos2 θ

Σ dφ ∧ dψ, (3.4a)

β ≡ β0 = Ry a
2

√
2 Σ

(sin2 θ dφ− cos2 θ dψ) , ω ≡ ω0 = Ry a
2

√
2 Σ

(sin2 θ dφ+ cos2 θ dψ) ,

(3.4b)

with all other quantities vanishing. The location of the supertube is at Σ = 0 and despite the
harmonic functions Z1 and Z2 diverging at this locus, the metric stays regular provided that√

Q1Q5 = aRy , (3.5)

where Ry is the radius of the S1
y circle.

As on the CFT side, the round supertube is related to global AdS3 × S3 through a
spectral flow transformation, which now takes a form of a change of coordinates

φ̃ = φ− t

Ry
, ψ̃ = ψ − y

Ry
. (3.6)

Indeed, inserting (3.4) into the ansatz for the metric and using (3.6) gives

ds2 = − r
2 + a2

a2R2
y

dt2 + r2

a2R2
y

dy2 + dr2

r2 + a2 + dθ2 + sin2 θ dφ̃2 + cos2 θ dψ̃2 , (3.7)

with the corresponding three form G appropriately factorising into the sum of the two
volume forms: this is global AdS3 × S3 with equal radii R2

AdS3
= R2

S3 =
√
Q1Q5.

11For more details on the notation, see section A.
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3.2 Building up a perturbation

We now want to construct a vector excitation on global AdS3 × S3 that solves the BPS
equations to linear order in the perturbation amplitude, b̃. Since the metric is in product
form and depends only on the coordinates r and θ we make an ansatz [68]

ANS = b̃
[
f(r)AS3(θ) + g(θ)AAdS3(r)

]
e
i

(
m1φ̃+m2ψ̃+n1

t
Ry

+n2
y
Ry

)
, (3.8)

where f(r) and g(θ) are functions while AAdS3(r) and AS3(θ) are one-forms on AdS3 and
S3 respectively. We want to build the perturbation corresponding to the CFT state (2.8)
with m = 0 and n = 1, which is the lowest-weight state in its multiplet at given k and
satisfies (2.5). In global AdS3 × S3 a representation of the symmetry generators is known.
The Virasoro algebra is realised by [69]

L0 = iRy
2 (∂t + ∂y),

L±1 = ie
± i
Ry

(t+y)
[
−Ry2

(
r√

r2 + a2
∂t +

√
r2 + a2

r
∂y

)
± i

2
√
r2 + a2 ∂r

]
,

L̄0 = iRy
2 (∂t − ∂y) ,

L̄±1 = ie
± i
Ry

(t−y)
[
−Ry2

(
r√

r2 + a2
∂t −

√
r2 + a2

r
∂y

)
± i

2
√
r2 + a2 ∂r

]
,

(3.9a)

while the R-symmetry generators are given by [70]

J3
0 = − i2(∂

φ̃
+ ∂

ψ̃
), J±0 = 1

2e
±i(φ̃+ψ̃)(±∂θ + i cot θ ∂

φ̃
− i tan θ ∂

ψ̃
) , (3.10a)

J̄3
0 = − i2

(
∂
φ̃
− ∂

ψ̃

)
, J̄±0 = 1

2e
±i(φ̃−ψ̃)

(
∓∂θ − i cot θ ∂

φ̃
− i tan θ ∂

ψ̃

)
. (3.10b)

The perturbation should have the same properties as the CFT state, so we impose the
conditions

L0ANS = k + 2
2 ANS , L̄0ANS = −J3

0 ANS = −J̄3
0 ANS = k

2 ANS , (3.11a)

J−0 ANS = J̄−0 ANS = L1ANS = L̄1ANS = 0 . (3.11b)

These are enough to fully determine the perturbation12

ANS = b̃∆k,0,1 e
−i
(
t+y
Ry

+k
(
φ̃+ t

Ry

)) [
i a2

r (a2 + r2) dr + dt+ dy

Ry

]
, (3.12)

where

∆k,m,n ≡
(

a√
r2 + a2

)k ( r√
r2 + a2

)n
cosm θ sink−m θ . (3.13)

12An additional term is set to zero by demanding that the spectral flowed perturbation has no du

component, so that it is consistent with the supersymmetric form (A.8).
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By acting on this perturbation with L−1 and J+
0 generators we can construct perturbations

dual to all states in the multiplet

A
(k,m,n)
NS = b̃∆k,m,n e

−i
(
n t+y
Ry

+k
(
φ̃+ t

Ry

)
−m(φ̃+ψ̃)

) [
i a2

r (a2 + r2) dr + dt+ dy

Ry

]
, (3.14)

which should correspond to the state (2.8) with the same mode numbers (k,m, n).
Ultimately, we are interested in the R-R sector, where the perturbation is

A
(k,m,n)
R = b̃ e−iv̂k,m,n ∆k,m,n

(√
2

Ry
dv + i a2

r (a2 + r2) dr
)
, (3.15)

or, using the real part only

A
(k,m,n)
R = b̃∆k,m,n

(√
2

Ry
dv cos v̂k,m,n + a2

r (a2 + r2) dr sin v̂k,m,n

)
, (3.16)

where we used the phase

v̂k,m,n ≡ (m+ n)
√

2 v
Ry

+ (k −m)φ−mψ . (3.17)

As we will see in later sections, this is the field that carries the momentum in the new
superstrata. Indeed, one can show that (3.16) solves the BPS equations to linear order in b̃.
When b̃ is increased, other fields get excited as well causing the geometry to backreact and
develop a finitely-sized AdS2 throat.

4 Fully backreacted geometries

In this section we show how to systematically solve the BPS equations exactly in b̃ for
single-mode superstrata, starting with the perturbations constructed in the previous section.
While one can use either of the parametrisations of the BPS equations summarised in
appendix A, it is more convenient to work with the gauge-invariant quantities ωF and F̃ ,
at least when determining solutions which are asymptotically AdS3 × S3. We are unable to
solve all equations for general mode numbers (k,m, n), however, we present several explicit
examples in the next section and even more in appendix D. We believe that the lack of a
general solution is a technical and not a conceptual issue.

4.1 The zeroth, first and second layer

In the supersymmetric ansatz the vector field one-form and its two-form field strength can
be decomposed as

A = ZA
Z2

(dv + β)− Ã , F = (dv + β) ∧ ωF + F̃ . (4.1)
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Treating (3.16) as a perturbation on top of the supertube, so that Z2 is given by (3.4), then
we are able to read off13

Z
(k,m,n)
A ≡

√
2 b̃ Q5
Ry

∆k,m,n

Σ cos v̂k,m,n , (4.2a)

Ã(k,m,n) ≡ −b̃∆k,m,n

(
a2

r (a2 + r2) dr sin v̂k,m,n −
√

2
Ry

β0 cos v̂k,m,n

)
. (4.2b)

and

ω
(k,m,n)
F =

√
2 b̃
Ry

∆k,m,n

{[
ma2 + k r2

r (a2 + r2) dr +
(

m

sin θ cos θ − k cot θ
)
dθ

]
cos v̂k,m,n

+ [(k −m) dφ−mdψ] sin v̂k,m,n

}
, (4.3a)

F̃ (k,m,n) = a2 b̃∆k,m,n

[(
m

r sin θ −
k cos θ cot θ

r

)
Ω1 sin v̂k,m,n

+ m− k cos2 θ

Σ (Ω2 + Ω3) cos v̂k,m,n

]
, (4.3b)

where we have expanded the two-form in a basis of self-dual two-forms on the base space

Ω1 ≡
dr ∧ dθ

(r2 + a2) cos θ + r sin θ
Σ dφ ∧ dψ , (4.4a)

Ω2 ≡
r

r2 + a2dr ∧ dψ + tan θ dθ ∧ dφ , (4.4b)

Ω3 ≡
dr ∧ dφ

r
− cot θ dθ ∧ dψ , (4.4c)

which manifestly shows that F̃ is self-dual on R4. One can show that (4.3), combined with
the supertube backrgound, indeed solve to the BPS equations, in particular (A.16), if one
is working to linear order in b̃. At higher order in b̃, one needs to take into account that
these vector field components act sources for other fields, which encode the backreaction of
the geometry.

Since the differential equations (A.16) are linear, any linear combination of solutions
is also a solution. Hence the most general vector field that solves the BPS equations is
given by

ωF =
∑
k,m,n

b̃k,m,n ω
(k,m,n)
F , F̃ =

∑
k,m,n

b̃k,m,n F̃
(k,m,n) . (4.5)

As already mentioned, these solutions act as sources in the subsequent layers of BPS
equations. When multiple modes are excited, one obtains source terms associated with the
sum and differences of the phases (3.17). In this paper, we limit ourselves to the case where
only one mode is excited. Such solutions, when fully backreacted, are called single-mode
superstrata.

13This choice is not unique due to U(1) gauge symmetry, but is convenient to highlight the sources of
the fields.
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From now on, we take the perturbation to be a single-mode solution with mode numbers
(k,m, n) — essentially (4.3). The next step is to solve the remaining BPS equations, which
gives a solution that is non-linear in b̃. Since the vector field enters only in the second layer
BPS equations, we assume that the quantities determined by the zeroth and first layer are
unaltered and are those of the round supertube (3.4), in particular

β̇ = ḣmn = ψ = Ż2 = Θ1 = 0. (4.6)

Exciting only a single mode further simplifies our analysis due a somewhat surprising fact
that the quadratic source terms in the third and fourth layers are completely v-independent:
all terms that ivolve a phase drop out. Thus there is no need for “coiffuring”, a method in
which additional degrees of freedom are excited to remove phase-dependent source terms in
the BPS equations which cause singularities in the backreacted metric [27], simply because
there are no dangerous terms that need to be cancelled out.

4.2 Solving the third layer

The equations in the third layer (A.17) determine the quantities Θ̃2 and Z1. We start
by noting that F̃ ∧ F̃ and ωF ∧ F̃ , which act as sources in this layer, are v-independent.
Furthermore, as can be seen in (A.11), Θ̃2 and Z1 already contain quadratic contributions
from the vector field, which also turn out to be phase-independent. With that in mind, we
assume that Z1 and the fully backreacted Θ̃2 are v-independent, which allows us to make
an ansatz

Θ̃2 = d4ã2 + Ã ∧ ωF + ZA
Z2

F̃ (4.7a)

∗4d4Z1 = d4γ1 − ã2 ∧ d4β − F̃ ∧ Ã , (4.7b)

where ã2 and γ1 are v-independent.
Since we are working in flat R4 with a v-independent β, the BPS equations in this layer

simplify to

∗4Θ̃2 = Θ̃2 , (4.8a)
d4 ∗4 d4Z1 + Θ̃2 ∧ d4β = F̃ ∧ F̃ , (4.8b)

d4Θ̃2 = −2ωF ∧ F̃ . (4.8c)

Inserting the ansatz (4.7) solves all equations apart from the self-duality constraint,
which reads

d4ã2 − ∗d4ã2 =
√

2 b̃2

Ry
∆2k,2m,2n

(
− ma2

r2 Ω2 + (k −m) a2

a2 + r2 Ω3

)
. (4.9)

The right-hand side is expressed in terms of a basis of anti-self dual two-forms on R4,

Ω1 = dr ∧ dθ
(a2 + r2) cos θ −

r sin θ
Σ dφ ∧ dψ , (4.10a)

Ω2 = r

a2 + r2 dr ∧ dψ − tan θdθ ∧ dφ , (4.10b)

Ω3 = dr ∧ dφ
r

+ cot θ dθ ∧ dψ , (4.10c)
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which satisfy the following orthogonality conditions

Ωi ∧ Ωj = 0 , if i 6= j , (4.11a)

∗(0)
(
Ω1 ∧ Ω1

)
=
∗(0)

(
Ω2 ∧ Ω2

)
Σ = − 2

(a2 + r2) cos2 θΣ2 , (4.11b)

∗(0)
(
Ω3 ∧ Ω3

)
= − 2

r2 sin2 θΣ
, (4.11c)

and are related to (4.4) by a change of relative sign between the two terms. To solve (4.9),
we first note that there is no term proportional to Ω1, so we make an ansatz

ã2 = b̃2√
2Ry

[
f1(r, θ) (dφ+ dψ) + f2(r, θ) (dφ− dψ)

]
. (4.12)

Inserting this into (4.9) yields two first-order differential equations for f1(r, θ) and f2(r, θ).

a2 + r2

2 r2 (∂rf1 − ∂rf2)− cot θ
2 (∂θf1 + ∂θf2) = −∆2k,2m,2n

ma2

r2 , (4.13a)

r

2 (∂rf1 + ∂rf2) + tan θ
2 (∂θf1 − ∂θf2) = ∆2k,2m,2n

(k −m) a2

a2 + r2 , (4.13b)

which can be used to express the derivatives of f1 only in terms of f2

∂rf1 = 2 r tan θ
r2 + (a2 + r2) tan2 θ

∂θf2 +
(

1− 2 r2

r2 + (a2 + r2) tan2 θ

)
∂rf2

+ ∆2k,2m,2n
r2 + a2 sin2 θ

(
2a2 (k −m) r cos2 θ

a2 + r2 − 2a2m sin2 θ

r

)
, (4.14a)

∂θf1 =
(

1− 2 r2

r2 + (a2 + r2) tan2 θ

)
∂θf2 −

2 r (a2 + r2) tan θ
r2 + (a2 + r2) tan2 θ

∂rf2

+ ∆2k,2m,2n
r2 + a2 sin2 θ

2a2 k sin θ cos θ . (4.14b)

Next, one either differentiates these equations with respect to r and θ or acts with an
exterior derivative on (4.9) to obtain four new equations. Three of those are used to express
all second derivatives of f1 in terms of f2. What remains is a Laplace equation on the base
space determining f2

L̂f2 = − 2 a2

Σ(a2 + r2) cos2 θ

(
(k −m)2 ∆2k,2m+2,2n +m2 ∆2k,2m,2n−2

− k (m+ n) ∆2k+2,2m+2,2n−2
)
, (4.15)

where L̂ is the scalar Laplace operator on the 4-dimensional base space

L̂f(r, θ) ≡ − ∗4 d4 ∗4 d4 f = 1
rΣ ∂r

(
r
(
a2 + r2

)
∂rf

)
+ 1

Σ cos θ sin θ ∂θ (cos θ sin θ∂θf) .

(4.16)
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We now use the fact that the differential equation of the form

L̂F2k,2m,2n = ∆2k,2m,2n
(r2 + a2) cos2 θ Σ (4.17)

is solved by the function [24, 27]

F2k,2m,2n = −
j1+j2+j3≤k+n−1∑

j1,j2,j3=0

(
j1 + j2 + j3
j1, j2, j3

)( k+n−j1−j2−j3−1
k−m−j1,m−j2−1,n−j3

)2
( k+n−1
k−m,m−1,n

)2
×

∆2(k−j1−j2−1),2(m−j2−1),2(n−j3)
4(k + n)2(r2 + a2) , (4.18)

with (
j1 + j2 + j3
j1, j2, j3

)
≡ (j1 + j2 + j3)!

j1! j2! j3! . (4.19)

Since the differential equation (4.15) is already in the required form, we find that the
solution is given by

f
(k,m,n)
2 (r,θ) =−2a2

[
(k−m)2F2k,2m+2,2n+m2F2k,2m,2n−2−k (m+n)F2k+2,2m+2,2n−2

]
.

(4.20)

Next one obtains f1 by integrating the differential equations (4.14). While we are not able
to find a closed-form expression for this function, it is easily determined case-by-case. With
f1 and f2 known, one can then calculate ã2 and Θ̃2 for all mode numbers, and check that
they indeed solve all third layer BPS equations (4.8).

Interestingly, all BPS equations can be solved without explicitly calculating Z1.14

However, its precise form is crucial for the properties of the six-dimensional metric. To
determine Z1, we rearrange (4.8b) to

L̂Z1 = ∗4
(
Θ̃2 ∧ d4β − F̃ ∧ F̃

)
. (4.21)

It is important to highlight that the right-hand side contains two terms which contribute
with opposite sign. The term involving Θ̃2 is also present in the superstrata built with
tensor multiplets and typically gives a positive contribution. The second term comes solely
from the vector-field excitation and contributes with opposite sign, in essence decreasing
the charge of Z1. To be precise, we can find

∗4Θ̃2 ∧ d4β = 4 a2 b̃2

Σ3 (r2 + a2 sin2 θ)

(
a2 sin θ cos θ ∂θf2 − r(a2 + r2)∂rf2

)
+ 4 a4 b̃2 k

Σ3 (r2 + a2 sin2 θ)
∆2k,2m,2n , (4.22a)

∗4F̃ ∧ F̃ = 2 a2 b̃2

Σ2
∆2k+2,2m,2n−2

(a2 + r2) cos2 θ sin4 θ

(
k cos2 θ −m

)2
. (4.22b)

14In the third layer, Z1 only appears through d4 ∗4 d4Z1, so that one only needs to know ã2. In the fourth
layer, Z1 always multiplies a vanishing quantity, so it never directly appears in the equations.
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Notice that the expressions involve divergences at the location of the supertube, where
Σ → 0, however, this merely signals that Z1 goes as Σ−1. This can be also seen by the
fact that the differential operator acting on f2 in (4.22a) is given by the difference of two
Laplace operators

LΣf(r, θ) ≡ 4
Σ3

(
a2 sin θ cos θ∂θ − r(a2 + r2)∂r

)
f(r, θ) = L̂

(
f(r, θ)

Σ

)
− 1

Σ L̂f(r, θ) .

(4.23)

Despite the fact that f2 is known explicitly, we are not able to find a closed form expression
for (4.22a). Nonetheless, the right-hand side of (4.21) can be computed on a case-by-case
basis for arbitrary mode numbers and in all cases we analysed we were able to solve the
differential equation. We present some of the explicit solutions in section 5.

4.3 Solving the fourth layer

In principle, the BPS equations determining F̃ and ω are coupled and need to be solved
simultaneously. However, given the solution of the previous layers, only a single term on
the right-hand side of (A.18) is non-vanishing

Z2 ω
2
F = 2 b̃2Q5

R2
y

1
Σ (a2 + r2) cos2 θ

[
(k −m)2 ∆2k,2m+2,2n +m2 ∆2k,2m,2n−2

]
. (4.24)

As it is v-independent, we again make the assumption that ω and F̃ are v-independent.
Therefore the equation (A.18) reduces to

L̂ F̃ = 4 b̃2Q5
R2
y

1
Σ (a2 + r2) cos2 θ

[
(k −m)2 ∆2k,2m+2,2n +m2 ∆2k,2m,2n−2

]
, (4.25)

which is solved by

F̃ (k,m,n) = 4 b̃2Q5
R2
y

[
(k −m)2 F2k,2m+2,2n +m2 F2k,2m,2n−2

]
. (4.26)

Interestingly, this results is, up to constant factors, exactly the first two terms appearing in
the expression for f2 (4.20). We find it convenient extract the prefactors and define

F̃ ≡ 4 b̃2Q5
R2
y

f(r, θ) . (4.27)

The last unsolved equation determines ω

d4ω + ∗4d4ω = Z2 Θ̃2 − F̃ d4β =
√

2 b̃2Q5
Ry

(g2 Ω2 + g3 Ω3) , (4.28)

where we expanded in the self-dual basis (4.4) and

g2 ≡
a2 k cos2 θ∆2k,2m,2n

Σ
(
r2 + a2 sin2 θ

) + (a2 + r2) sin θ cos θ
Σ
(
r2 + a2 sin2 θ

) ∂θf2(r, θ)− (a2 + r2) r cos2 θ

Σ
(
r2 + a2 sin2 θ

) ∂rf2(r, θ)

− 4 a2 (a2 + r2) cos2 θ

Σ2 f(r, θ) , (4.29a)
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g3 ≡ −
a2 k sin2 θ∆2k,2m,2n
Σ
(
r2 + a2 sin2 θ

) + r2 sin θ cos θ
Σ
(
r2 + a2 sin2 θ

) ∂θf2(r, θ) + (a2 + r2) r sin2 θ

Σ
(
r2 + a2 sin2 θ

) ∂rf2(r, θ)

+ 4 a2 r2 sin2 θ

Σ2 f(r, θ) . (4.29b)

We make the following ansatz for the b̃2 contribution to ω

ω
b̃

=
√

2Q5 b̃
2

Ry

[
µ(r, θ) (dφ+ dψ) + ν(r, θ) (dφ− dψ)

]
, (4.30)

which inserted into (4.28) yields two independent equations that can be used to derive

∂rν = 2 a2 k r sin2 θ cos2 θ

Σ
(
r2 + a2 sin2 θ

)2 ∆2k,2m,2n −
2 r sin θ cos θ
r2 + a2 sin2 θ

∂θµ−
(
a2 + r2 − r2 cot2 θ

)
sin2 θ

r2 + a2 sin2 θ
∂rµ

− 2 r2 (a2 + r2) sin2 θ cos2 θ

Σ
(
r2 + a2 sin2 θ

)2 ∂rf2 + r
(
a2 − (a2 + 2r2) cos 2θ

)
sin θ cos θ

2 Σ
(
r2 + a2 sin2 θ

)2 ∂θf2

− 4 a2 r (a2 + 2r2) sin2 θ cos2 θ

Σ2 (r2 + a2 sin2 θ
) f , (4.31a)

∂θν = a2 k
(
a2 − (a2 + 2r2) cos 2θ

)
sin2 θ cos2 θ

Σ
(
r2 + a2 sin2 θ

)2 ∆2k,2m,2n + r2 cos 2θ − a2 sin2 θ

r2 + a2 sin2 ∂θµ

+ 2 r (a2 + r2) sin θ cos θ
r2 + a2 sin2 ∂rµ−

2 r2 (a2 + r2) sin2 θ cos2 θ

Σ
(
r2 + a2 sin2 θ

)2 ∂θf2

− r
(
a2 − (a2 + 2r2) cos 2θ

)
sin θ cos θ

2 Σ
(
r2 + a2 sin2 θ

)2 ∂rf2 + a2 r2 (a2 + 2r2) sin 4θ
Σ2 (r2 + a2 sin2 θ

) f . (4.31b)

One can then differentiate these expressions once more and obtain equations for the second
derivatives of ν. After some algebra, one is left with a Laplace equation for µ

L̂
(
µ+ r2 + a2 sin2 θ

2 Σ f

)
= − a2

4
(
r2 + a2 sin2 θ

) LΣf2

+ r2 + a2 sin2 θ

2 Σ2 (a2 + r2) cos2 θ

[
(k −m)2 ∆2k,2m+2,2n +m2 ∆2k,2m,2n−2

]
− 1

Σ
(
r2 + a2 sin2 θ

)
cos2 θ

[
(k −m)2 ∆2k,2m+2,2n+2 +m2 ∆2k,2m,2n−2

]
+ ∆2k,2m,2n

Σ
(
r2 + a2 sin2 θ

) [a4(k −m)m
r2 (a2 + r2) −

a4 k

Σ2 −
a2 (k − 2m)(a2m+ k r2) (a2 + 2r2)

r2 (a2 + r2) Σ

]
.

(4.32)

Again, we are not able to find a closed-form solution for all mode-numbers. However, we
are able to solve this equation on a case-by-case basis for any mode number. Once µ is
found, one can determine ν by integrating (4.31).

5 Explicit examples

In this section we present the full solutions of superstrata with mode numbers (1, 0, n) and
(1, 1, n) and analyse their properties. Several other solutions, including the full expressions
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for all the field content of (1, 0, 1) and (1, 1, 1) superstrata, are presented in appendix D. By
examining geometries with generic mode numbers, we determine the general expressions
for momentum QP and angular momenta J and J̄ and find complete agreement with the
values predicted on the CFT side. We also comment on the extension of these solutions to
linear dilaton and asymptotically flat regions.

For convenience we recall that we made the following ansatze

ã2 = b̃2√
2Ry

[
f1(r, θ) (dφ+ dψ) + f2(r, θ) (dφ− dψ)

]
, (5.1)

F̃ ≡ 4 b̃2Q5
R2
y

f(r, θ) , ω
b̃

=
√

2Q5 b̃
2

Ry

[
µ(r, θ) (dφ+ dψ) + ν(r, θ) (dφ− dψ)

]
, (5.2)

which we use to present the full solutions.

5.1 (k, m, n) = (1, 0, n)

We first analyse the solution with mode numbers (k,m, n) = (1, 0, n). The various quantities
parametrising the solutions are given by

Z
(1,0,n)
1 = Q1

Σ −
b̃2

2n (n+ 1)2Σ

[
1− r2 + (2n+ 1)a2 cos2 θ

n a2 (1−∆0,0,2n) + n∆2,2,2n

]
,

(5.3a)

f (1,0,n) = − 1
4 (n+ 1)2 a2 (1−∆0,0,2n+2) , (5.3b)

f
(1,0,n)
1 = − 1

2n (n+ 1)2

[
r2 + a2 sin2 θ

a2 (1−∆0,0,2n)− n∆0,0,2n+2 − n (n+ 2) ∆2,0,2n

]
,

(5.3c)

f
(1,0,n)
2 = 1

2(n+ 1)2 (1−∆0,0,2n+2)− 1
2n (n+ 1)2

[
− n2 ∆2,0,2n − 2n sin2 θ∆0,0,2n

+ a2 + 2r2

a2 sin2 θ (1−∆0,0,2n)− r2

a2 (1−∆0,0,2n)
]

(5.3d)

µ(1,0,n) = −r
2 + a2 sin2 θ

Σ f (1,0,n) − 1
4n (n+ 1) Σ

r2

a2 (1−∆0,0,2n) (5.3e)

ν(1,0,n) = − 1
4 (n+ 1)2 Σ

[
1 + r2 cos(2θ)

na2 (1−∆0,0,2n)− cos2 θ (1 + ∆0,0,2n+2)
]
, (5.3f)

γ
(1,0,n)
1 = cos2 θ

Σ

[
−Q1 (r2 + a2) + b̃2

2n (n+ 1) ∆2,0,2n
(
(n+ 1) a2 + r2

)]
dφ ∧ dψ . (5.3g)

It is important to note that Z1 and µ one can have additional homogeneous terms, which
we have fixed so that the metric is smooth at the origin and the asymptotic radii of AdS3
and S3 are R2

AdS =
√
Q1Q5.

The behaviour of the Z1 as a function of r is given in figure 2, where we plot it for two
values of θ. From the divergence at Σ→ 0 we know that this harmonic function is sourced
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Figure 2. The ratio between Z(1,0,n)
1 and Z(1,0,0)

1 = Q1
Σ as a function of the radial coordinate. We

have taken Q1 = Q5 = 1010, Ry = 107 and a = 1. On the left θ = π
2 , while on the right θ = 0.

From the former we can extract the behaviour near the brane sources at r → 0. As the radial
distance increases, we find a monotonically increasing function for all solutions, indicating that there
is additional Q1 charge dissolved in the geometry, which adds to the charge as one approaches the
asymptotic region.

by charges are localised on the supertube. This behaviour can be isolated by introducing

r = a λ cosχ , θ = π

2 − λ sinχ , (5.4)

followed by taking λ→ 0. We find that

Z
(1,0,n)
1 −−−→

λ→0

1
a2 λ2

(
Q1 −

b̃2

2n (n+ 1)2

)
. (5.5)

On the other hand, near the boundary of AdS we find

Z1 −−−→
r→∞

Q1
r2 . (5.6)

We see that in some way there is more Q1 charge dissolved in the geometry which gets
added up to the total charge (see figure 2).15

Next we can rewrite the six-dimensional metric in the following fibered form

ds2
6 = fr dr

2 + ft dt
2 + fy

(
dy +A(y)

)2
+ fθ dθ

2 + fφ
(
dφ+A(φ)

)2
+ fψ

(
dψ +A(ψ)

)2
,

(5.7)

where the A(M) are one-forms on AdS3. The expressions for these one-forms and functions
fM are tedious for generic n, so we do not give them explicitly here. By analysing the
coefficients fM , one can check that, subject to the regularity condition (5.14), no compact
direction diverges at either the origin of the base space (r = 0 and θ = 0) or at the location
of the supertube (Σ = 0, or r = 0, θ = π/2). In particular, in figure 3 we plot the behaviour
of fy, which contains the information about the size of the S1

y -circle. We see that the
15Note that the regularity condition (5.11), which ensures that the solution is smooth, prevents the

parenthesis in (5.5) to ever become negative. This can be also seen on the left in figure 2.
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Figure 3. The log-log plot of
√
fy as a function of the radial coordinate r for several members of

the (k,m, n) = (1, 0, n) family. We have taken θ = π
4 and Q1 = Q5 = 1010, Ry = 107 and a = 1.

Linear growth characterises AdS3 regions while the constant parts indicate the stabilisation of the
size of the S1

y -circle and the onset of an AdS2 throat. On the right plot we show the details of the
near-source region.

geometries have three different regions: they are asymptotically AdS3, as characterised by
the linear growth at large values of r. They then develop an AdS2 × S1

y throat, in which
the radius of the circle stabilises. This throat is then smoothly capped off at r ∼ a with
another AdS3 region. Vector superstrata thus behave exactly the same as the previously
constructed solutions [24, 26–28].

5.2 (k, m, n) = (1, 1, n)

The explicit solution for this family is given by the following functions

Z
(1,1,n)
1 = Q1

Σ + b̃2

2n2 (n+ 1) Σ

[
1 + 1

n+ 1

(
r2

a2 (1−∆0,0,2n−2)− 2n∆0,0,2n − n2 ∆2,0,2n

− (2n+ 1) cos2 θ (1−∆0,0,2n)
)]

, (5.8a)

f (1,1,n) = − 1
4n2 a2 (1−∆0,0,2n) , (5.8b)

f
(1,1,n)
1 = 1

2n2 (n+ 1)

[
r2 + a2 sin2 θ

a2 (1−∆0,0,2n)− n∆0,0,2n − n2 ∆2,2,2n

]
, (5.8c)

f
(1,1,n)
2 = − 1

2(n+ 1)n2

[
− n2∆2,2,2n − n cos(2θ)∆0,0,2n +

(
a2 + 2r2) cos2 θ − a2 − r2

a2

× (1−∆0,0,2n)
]

(5.8d)

µ(1,1,n) = r2 + (n+ 1) a2 sin2 θ

4n2(n+ 1) a2 Σ (1−∆0,0,2n) (5.8e)

ν(1,1,n) = 1
4n2 Σ

[
− 1 + 1

n+ 1

(
r2 cos(2θ)

a2 (1−∆0,0,2n−2) + (n+ 2 cos2 θ)∆0,0,2n

+ (n+ 1) cos2 θ (1−∆0,0,2n)
)]

, (5.8f)
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Figure 4. The plot of the ratio between Z
(1,1,n)
1 and Z

(1,0,0)
1 = Q1

Σ as a function of the radial
coordinate. In the plots, we have taken Q1 = Q5 = 1010, Ry = 107 and a = 1. On the left θ = π

2 and
on the right θ = 0. The left plot indicates that the charge near the branes is larger than at infinity.

γ
(1,1,n)
1 = cos2 θ

Σ

[
−Q1 (r2 + a2)− b̃2

2n (n+ 1) ∆2,0,2n
(
(n+ 1) a2 + r2

)]
dφ ∧ dψ . (5.8g)

Most properties of these superstrata are similar to those of the (1, 0, n) family, in
particular, the size of the y-circle exhibits the same AdS3-AdS2-AdS3 transitions as depicted
in figure 3. There is a difference in the behaviour of Z1 functions. While their values match
asymptotically, (5.6), one finds that near the supertube location

Z
(1,1,n)
1 −−−→

λ→0

1
a2 λ2

(
Q1 + b̃2

2n2 (n+ 1)

)
. (5.9)

This indicates that there is more charge near the brane sources than asymptotically: there
seems to be negative charge distributed in the bulk of the geometry (see figure 4).

5.3 Properties of solutions with arbitrary mode numbers

While at this point we are unable to provide explicit expressions for a single-mode solutions
with arbitrary mode numbers (k,m, n), we can deduce some general their general properties.

5.3.1 Regularity

Generically, one can add undetermined homogeneous terms to µ and Z1m in particular, one
free to add terms that scale as Σ−1. We choose to fix such terms in Z1 by demanding that
at large distance this harmonic function behaves as

Z1
r→∞−−−→ Q1

r2 +O
(
r−3

)
, (5.10)

as ensures that the asymptotic radius of AdS3 is given by R2
AdS =

√
Q1Q5. As a consequence,

the Z1 charge near the supertube locus is different than the charge measured at infinity.
Whether it increases or decreases with radial distance depends on the value of m. For
m = 0 the charge increases, suggesting that there is more positive charge dissipated in the
geometry. On the other hand, when m > 0, the charge decreases with the distance from the
supertube, exactly in the same manner as we saw for the (1, 1, n) superstrata. This suggests
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that there is charge of opposite sign, compared to the supertube, which is distributed in
the geometry. One might expect such solutions to be incompatible with supersymmetry,
however, we find no violation of the BPS equations nor any appearance of closed timelike
curves. Since m ∝ j − j, one may wonder whether non-equal rotation in the S3 induces a
kind of screening effect and which effectively decreases measured Z1 charge away from the
supertube location.

The homogeneous term in µ is determined by looking at the behaviour of the (dφ+dψ)2

and (dφ− dψ)2 components of the metric near the origin of R4, where r → 0 and θ → 0.
The metric is smooth provided

Q1Q5 = a2R2
y + xk,m,n

b̃2Q5
2 , (5.11)

where we introduced a numerical factor

xk,m,n ≡ k
m! (n− 1)! (k −m)!

(k + n)! . (5.12)

Recall that b̃ is a dimensionful parameter that regulates the magnitude of the vector
perturbation. However, introducing a rescaled parameter

b2 ≡ b̃2 Q5
R2
y

, (5.13)

seems to be more appropriate as in this case the regularity condition takes on a more
familiar form

Q1Q5 = a2R2
y + xk,m,n

2 b2R2
y . (5.14)

The rescaling (5.13) shows that the strength of the backreaction is not only influenced by
the magnitude of the perturbation b̃, but also by the ratio between Q5 and Ry, which in
principle this allows for regulating non-linear perturbations by modifying the moduli of
the theory.

5.3.2 Coupling to flat space

The geometries constructed via the method described in the previous sections are asymp-
totically AdS3 × S3. To couple them to flat space, one has to reinstate the factors of unity
in the harmonic functions

Z1 −→ 1 + Z1 , Z2 −→ 1 + Z2 . (5.15)

In the original superstrata [24, 26, 27], this introduces v-dependent source terms in the BPS
equations.16 In the case of vector fields, extending the geometries to flat space is slightly
more complicated. This is due to Z2 appearing in the denominator of the U(1) gauge-field
decomposition (A.8), in which case adding a constant factor adds non-trivial source terms
in the fourth layer.

16Interestingly, for supercharged superstrata the coupling to flat space through (5.15) is trivial [28].
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In fact, there already exist some examples of non-trivial geometries in asymptotically
flat space with momentum carried by vector excitations. For example, in [71–73], geometries
with momentum waves located at the boundary of AdS3 were coupled to flat space by
precisely the shift (5.15). Similarly, the harmonic functions of the singular NS5-F1-P
solution with D0-D4 dipole charges [12, 63] possess such constant factors, when viewed as
solutions in flat space. However, in these two examples the U(1) gauge field was pure gauge,
so in the near-horizon limit the bulk geometries become trivial: since momentum charge
carriers are localised in the transition between the near-horizon AdS3 and asymptotically
flat regions, the geometry becomes deformed only when coupled to flat space.

In vector superstrata the non-trivial microstructure is located at the bottom of the
AdS2 throat, so the coupling to flat space is not immediate. While we leave this interesting
avenue for future work, we would like to point out that one can freely add a constant term
to Z1 only

Z1 −→ 1 + Z1 , Z2 unchanged , (5.16)

without spoiling the BPS equations. This means that in an appropriate frame one can
extend the solutions beyond AdS and into the linear-dilaton region.

5.3.3 Conserved charges

In this subsection we read off the asymptotic charges of the geometry and compare them
to the values predicted from the analysis of the CFT states (2.15). We use the methods
adapted for asymptotically flat solutions — We assume that the addition of constant factors
in the harmonic function (5.15) does not produce terms that contribute to the conserved
charges.17 In other words, we assume that all interesting microstructure is located near
the center of the geometry, far away from the transition between the near-horizon and flat
space regions. Furthermore, if the geometries correspond states in the dual CFT then we
expect that their conserved charges, which are matched to the CFT eigenvalues, should be
completely contained in the near horizon region.

We first compare the regularity condition (5.14) to the total winding constraint on
CFT state (2.9), which suggests the identification

Na

N
=
R2
y a

2

Q1Q5
,

Nb

N
= xk,m,n

2 k
b2R2

y

Q1Q5
. (5.17)

On the gravity side, the charges are extracted by analysing the asymptotic behaviour of the
metric. The fall-off of the one-forms ω and β contains the information about the angular
momenta [70, 74]

βφ + βψ + ωφ + ωψ −−−→
r→∞

√
2 J − J̄ cos 2θ

r2 . (5.18)

This allows us to read-off these charges from the geometries, and we find

J = a2Ry
2 + mxk,m,n

k

b2Ry
2 , J̄ = a2Ry

2 . (5.19)

17This can happen for example if the additional terms that are necessary to solve the BPS equations all
contribute at subleading order at infinity [12] or are phase dependent and thus averaging to zero [27].
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The momentum charge along the S1
y -circle is obtained by expanding

F̃ r→∞−−−→ −2QP
r2 . (5.20)

We can extract QP using

F2k,2m,2n
r→∞−−−→

[
−(k −m)! (m− 1)!n!

4 k (k + n)!

] 1
r2 +O

(
r−3

)
, (5.21)

from which it follows that

F̃ (k,m,n) r→∞−−−→ − b
2

r2
xk,m,n
k

(m+ n) , (5.22)

and thus

QP = xk,m,n
2k b2 (m+ n) . (5.23)

Assume that we are working in a ten-dimensional frame in which the global charges are D1,
D5, and P, for example in the frame presented in section 7.3. In this case, the supergravity
and the quantised charges in the D1-D5 CFT then the supergravity charges related by

j = N Ry
Q1Q5

J , j = N Ry
Q1Q5

J̄ , nP =
N R2

y

Q1Q5
QP , (5.24)

which, in addition to (5.17), gives

j = Na

2 +Nbm, j = Na

2 , nP = Nb (m+ n) . (5.25)

These values are in precise agreement with (2.15) and (2.16), retroactively justifying the
use of the techniques in this section. This matching provides a non-trivial check that the
geometries build in the preceding sections are really to the (coherent superposition of)
states (2.14). However, a more detailed holographic analysis is needed to fully confirm
this match.

6 Singular corner of parameter space

We want to analyse the behaviour of (1, 0, n) vector superstrata in the limit where the
dual CFT state does not contain any |++〉R1 . In the CFT, this is the limit Na → 0 and
the result is a well-defined state with vanishing SU(2) charges j = j = 0. Through the
identification (5.17), this corner of parameter space corresponds to sending a→ 0, which is
the limit in which all string sources are collapsed to a single point. The resulting geometries
would have J = J̄ = 0 and the SO(4) symmetry of R4 is recovered.

We are interested in the bulk dual of states (2.14) in the regime of parameters

Na � Nb , N fixed. (6.1)
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Figure 5. The log-log plots of
√
fy, for (k,m, n) = (1, 0, 9) superstrata as a function of the radial

coordinate. We take θ = π
4 and Q1 = Q5 = 1010, Ry = 107, and plot for different values of a. At the

maximal value a = 1000, the regularity condition imposes b = 0 and we retrieve the unperturbed
supertube without an AdS2 throat (depicted in blue). On the left we see that the throat region,
characterised by a constant size of the y-circle, always develops around r ∼ a. When measured in
units of the radius of AdS, the length of the throat increases with decreasing a. At a = 0 the length
of the throat is infinite and the geometry develops an extremal horizon.

For that purpose, let us define

x2 ≡ Na

Nb
= 2n (n+ 1) a

2

b2
, (6.2)

where we used (5.17) and expand the metric (A.1) in small x. In figure 5, we show that
as a, and this x, is decreased, the length of the region where the S1

y is stabilised increases.
The metric to leading order is given by

ds2 = − r̃
2f(r̃)2
√
Q1Q5

dt2 +
√
Q1Q5

r̃2f(r̃)2 dr̃
2 + r̃2
√
Q1Q5

(
dy + QP

r̃2 dt

)2
+
√
Q1Q5 dΩ2

3 , (6.3)

where dΩ2
3 is the metric on a unit 3-sphere, QP = Q

(1,0,n)
P = b2/2(n+ 1), and we defined [75]

r2 ≡ r̃2 −QP , f(r̃) ≡ 1− QP
r̃2 . (6.4)

This is exactly the metric of an extremal BTZ black hole with mass

M = 2QP√
Q1Q5

= b2

(n+ 1)
√
Q1Q5

, (6.5)

multiplied by a three-sphere with constant radius. In addition, the dilaton field becomes
a constant, the vector field vanishes, and the three-form gauge field strength reduces to
the sum of volume forms.18 Thus, when a vanishes, the initially horizonless geometry
degenerates: it develops an infinitely long AdS2 throat and an extremal horizon.

The appearance of an extremal horizon in this singular corner of parameter space was
already observed in superstrata based on tensor fields [12]. There, it was argued that since

18In the supersymmetric ansatz this solution corresponds to Z1 = Q1
r2 , Z2 = Q5

r2 , F = F̃ = −2QP
r2 , with

all other quantities vanishing.
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taking a = 0 corresponds to shrinking the supertube to a point, all excitations that are
sourced along the locus of the supertube should vanish.19 Indeed, taking a→ 0 turned off
the momentum carrying excitations, but it did not remove their effects — the geometry
still had momentum — and this inconsistency is characterised by the horizon. We see that
the same argument holds in the case of vector superstrata: the vector fields that carry
momentum are sourced along the supertube and when a is set to 0, these fields vanish
without the momentum charge decreasing, as can be seen explicitly in (6.3).

One may wonder whether this extremal horizon can be removed by the inclusion of
appropriate degrees of freedom. In fact, in [12], vector fields were proposed as candidates
to resolve the horizon, but unfortunately our analysis shows that vector fields alone are
not sufficient. Recent analysis of supersymmetry projectors shows that there exist more
general brane configurations that preserve 16 supersymmetries locally while being located
at a single point in R4 [76, 77]. However, these “super-maze” solutions necessary include
fields which are not captured by the ansatz in this paper, thus providing an explanation for
the appearance of the infinitely long throat in the singular limit of parameter space.

Alternatively, it may be necessary take into account the effects of modes living at the
boundary of the AdS2 region, which may become strongly coupled as the length of the AdS2
throat increases and possibly prevent the formation of an infinitely long throat [78, 79].
These effects should be important already at the level of supergravity and would not
require any quantum corrections to the classical six-dimensional theory nor the inclusion
of additional degrees of freedom. Interestingly, the limit a −→ 0 is also where one expects
stringy effects to become important [50, 62]. Is there an interplay or competition between
stringy and quantum corrections and if so, can they resolve the horizon? In the next section
we show that in a particular ten-dimensional frame, vector superstrata are solutions of type
II supergravity that are purely in the NS sector. Therefore, they are amenable to exact
worldsheet methods and may present backgrounds in which stringy and quantum effects
may be analysed in a qualitative way.

7 From six to ten dimensions

In this section, we present uplifts of all supersymmetric configurations of N = (1, 0) super-
gravity in six-dimensions20 to solutions of ten-dimensional type IIA and IIB supergravity
compactified on a four torus. We present several frames which are related through S and
T-dualitites.

We follow the conventions summarized in appendix B of [12]. Throughout this sec-
tion, we use the democratic formalism to describe the ten-dimensional fields [80], as it
is particularly useful when working with brane systems. This means that in addition to
the NS-NS two-form gauge field B2, we allow for additional R-R gauge potentials, which
are {C1, C3, C5, C7} in type IIA and {C0, C2, C4, C6, C8} in type IIB theory, subject to the

19This is equivalent to saying that there is only a limited number of SO(4) invariant excitations of global
AdS3 × S3 in supergravity [21].

20Summarized in appendix A.

– 25 –



J
H
E
P
0
8
(
2
0
2
3
)
0
4
7

constraints

(IIA) : F2 = ∗F8 , F4 = − ∗ F6 , F6 = ∗F4 , F8 = − ∗ F2 , (7.1a)
(IIB) : F1 = ∗F9, F3 = − ∗ F7, F5 = ∗F5, F7 = − ∗ F3, F9 = ∗F1 , (7.1b)

where

Fn+1 ≡ dCn −H3 ∧ Cn−2 , H3 ≡ dB2 . (7.2)

These constraints ensure the right number of degrees of freedom by imposing that Fp and
F10−p essentially contain the same information.

Throughout this section form-fields with a subscript (i.e. B2, F2) denote fields in the
ten-dimensional theory. Form-fields without subscripts (i.e. B, F ) denote quantities in
six dimensions. The ansatz quantities, such as Z1 or γ1 denote the same quantity in
both theories.

7.1 F1-NS5-P-(D0-D4-D2-D6)

We begin by assuming that T 4 participates in the dynamics only through its volume
form v̂ol4. Furthermore, we assume that the global charges in the system are given by
fundamental strings and NS5-branes, where the former are smeared and the latter wrap the
four-torus. This naturally leads us to the ansatz

ds2
(10) = eφ gµν dx

µ dxν + δab dz
a dzb , (7.3a)

F (6) ≡ F (2) ∧ v̂ol4 , F (8) ≡ F (4) ∧ v̂ol4 , (7.3b)

where gµν is the Einstein-frame metric in six-dimensions. The constraints of the democratic
formalism then imply21

F2 = e−φ ∗6 F4 , F4 = −eφ ∗6 F2 , (7.4)

from which it follows within this ansatz, all degrees of freedom contained within the R-R
gauge fields come from a single vector field, C1. If we now identify

H3 ≡ −e−2φ ∗6 G , F2 ≡ F , φ10 ≡ φ , (7.5)

or equivalently

B2 ≡ B̃ , C1 ≡ A , (7.6)

then one can show (see appendix B) that the equations of motion in ten dimensions reduce
to those of six-dimensional N = (1, 0) supergravity coupled to a tensor and vector multiplet.
Since the supersymmetric configurations that are summarised in appendix A solve the six-
dimensional equations of motion, they also solutions of the ten-dimensional theory. Hence

21The six-dimensional Hodge dual is always taken with respect to the Einstein-frame metric (A.1), unless
explicitly indicated otherwise.
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we can use the above identifications to find the ansatz for fields in the ten-dimensional
theory

ds2 = − 2
Z1

(dv + β)
[
du+ ω + F̃2 (dv + β)

]
+ Z2 ds

2
4 + dŝ2

4 , (7.7a)

e2φ10 = Z2
Z1

, (7.7b)

B2 = − 1
Z1

(du+ ω) ∧ (dv + β) + a1 ∧ (dv + β) + γ2 , (7.7c)

C1 = ZA
Z2

(dv + β)− Ã , (7.7d)

C3 = 1
Z1

Ã ∧ (du+ ω) ∧ (dv + β) + δ2 ∧ (dv + β) + x3 , (7.7e)

C5 = C1 ∧ v̂ol4 −
1
Z1

x3 ∧ (du+ ω) ∧ (dv + β) , (7.7f)

C7 = C3 ∧ v̂ol4 , (7.7g)

where the metric is given in the ten-dimensional string frame and dŝ2
4 is the flat metric on

T 4. We used the same ansatz quantities as in the six-dimensional ansatz, with the addition
of a two-form δ2 and a three-form, x3, both with legs only on the base space, which satisfy

∗4
(
DZA + Z2

˙̃A
)

= Dδ2 − δ2 ∧ β̇ − ẋ3 −Θ1 ∧ Ã (7.8a)

Dx3 + δ2 ∧ Dβ = Ã ∧ ∗4
(
DZ2 + Z2 β̇

)
. (7.8b)

A brane construction that realises this system in type IIA supergravity consists of
global F1, NS5, P, and dipolar D0, D2, D4, and D6-brane charges. In table 1, we summarise
this brane content and the ansatz quantity to which each constituent is associated with.

7.2 F1-NS5-P-(D3-D1-D5-D3)

Starting from (7.7), we can perform several S-dualities and T-dualities to obtain supersym-
metric solutions in different frames. If we dualise along a direction of the T 4, which we take
to be z9, then we land in a type IIB theory with the same global charges

F1(y)
NS5(y6789)

P (y)
D4(6789)

D0
D6(yχ6789)

D2(yχ)


IIA

T(9)←−−−→



F1(y)
NS5(y6789)

P (y)
D3(678)
D1(9)

D5(yχ678)
D3(yχ9)


IIB

, (7.9)

where in the brackets we denote the directions in which the charges are extended, the top
three entries correspond to global charges, while those below the horizontal line are dipole
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Ansatz
quantity

F1-NS5-P
(D0-D4-D2-D6)

F1-NS5-P
(D1-D3-D3-D5)

D5-D1-P
(P-D1-D5-KKM)

NS5-F1-P
(P-F1-NS5-KKM)

Z1 F1(y) F1(y) D5(y6789) NS5(y6789)
Z2 NS5(y6789) NS5(y6789) D1(y) F1(y)
−F P(y) P(y) P(y) P(y)

ZA
D4(6789)

D0
D3(678)
D1(9)

D1(9)
P(9)

F1(9)
P(9)

a1 (∼ Θ1) F1(χ) F1(χ) D5(χ6789) NS5(χ6789)
a2 (∼ Θ2) NS5(χ6789) NS5(χ6789) D1(χ) F1(χ)

Ã
D2(yχ)

D6(yχ6789)
D3(yχ9)

D5(yχ678)
D5(yχ678)
KKm(9)

NS5(yχ678)
KKm(9)

Table 1. The dictionary between the ansatz quantities and the brane content in each frame. In
the parenthesis we denote the directions in which the brane are extended, with 6, 7, 8, 9 ∈ T 4 and χ
denoting an arbitrary direction in R4. For the Kaluza-Klein monopole (KKm) we only denote the
“special” direction it fibers (see for example (7.16)). Note that in the last column, the role of Z1 and
Z2 is interchanged compared to the first two frames. The pairs of brane-charges described by ZA
and Ã are locked by supersymmetry [77].

charges. Performing this T-duality on the ansatz

ds2 = − 2
Z1

(dv + β)
[
du+ ω + 1

2

(
F + Z2

A

Z2

)
(dv + β)

]
+ Z2 ds

2
4 + dŝ2

4 , (7.10a)

e2φ10 = Z2
Z1

, (7.10b)

B2 = − 1
Z1

(du+ ω) ∧ (dv + β) + a1 ∧ (dv + β) + γ2 , (7.10c)

C0 = 0 , (7.10d)

C2 =
(
ZA
Z2

(dv + β)− Ã
)
∧ dz9 , (7.10e)

C4 =
( 1
Z1

Ã ∧ (du+ ω) ∧ (dv + β) + δ2 ∧ (dv + β) + x3

)
∧ dz9

+
(
ZA
Z2

(dv + β)− Ã
)
∧ dz6 ∧ dz7 ∧ dz8 , (7.10f)

C6 =
( 1
Z1

Ã ∧ (du+ ω) ∧ (dv + β) + δ2 ∧ (dv + β) + x3

)
∧ dz6 ∧ dz7 ∧ dz8

− 1
Z1

x3 ∧ (du+ ω) ∧ (dv + β) ∧ dz9 , (7.10g)

C8 = 0 . (7.10h)

In this frame the vector field degree of freedom is to linear order still contained only in the
R-R sector, while fields in the NS-NS sector, including the metric, get deformed only at
non-linear order. We note that from the worldsheet analysis this seems to be the correct
frame to interpret the states (2.4) [62]. Interestingly, since in this frame Z1 contains the
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information about the NS5-brane charges, the trivial addition of the constant factor in (5.16)
allows us to extend the asymptotically AdS3 solution to the linear dilaton region. Finally,
let us note that due to T-duality along a single direction on the four-torus, we have singled
out of a specific direction and explicitly broken T 4 invariance. But while the forms and
metric might have legs along the z9 direction, their components cannot depend on this
coordinate. This is a common feature of all subsequent frames.

7.3 D1-D5-P-(D1-P-KKm-D5)

The two ansatze considered so far do not highlight the importance of rewriting the BPS
equations in the linear formulation, as for example, the F̃ combination can be clearly seen
in the metric. However, consider the following chain of dualities

F1(y)
NS5(y6789)

P (y)
D3(678)
D1(9)

D5(yχ678)
D3(yχ9)


IIB

S←→



D1(y)
D5(y6789)
P (y)

D3(678)
F1(9)

NS5(yχ678)
D3(yχ9)


IIB

T(T4)←−−−−→



D5(y6789)
D1(y)
P (y)
D1(9)
P(9)

KKm(9)
D5(yχ678)


IIB

. (7.11)

The ansatz in the final frame reads

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + F̃2 (dv + β)

]
+
√
Z1 Z2 ds

2
4

+
√
Z2
Z1

[
dz6 dz6 + dz7 dz7 + dz8 dz8 +

(
dz9 − ZA

Z2
(dv + β) + Ã

)2
]
, (7.12a)

e2φ10 = Z2
Z1

, (7.12b)

B2 = 0 , (7.12c)
C0 = 0 , (7.12d)

C2 = 1
Z2

(du+ ω) ∧ (dv + β)− ã2 ∧ (dv + β)− γ1 −
(
ZA
Z2

(dv + β)− Ã
)
∧ dz9 ,

(7.12e)

C4 = 0 , (7.12f)

C6 =
[ 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2

]
∧ v̂ol4

−
( 1
Z1

Ã ∧ (du+ ω) ∧ (dv + β) + (dv + β) ∧ δ2 + x3

)
∧ dz6 ∧ dz7 ∧ dz8 , (7.12g)

C8 = 0 . (7.12h)

In this frame, the six-dimensional vector field arises as a component of the metric and a
component of the two-form R-R field. The ansatz can be written more compactly written
using the field redefinitions (A.22)

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + ZA

(
dz9 + Ã

)
+ F2 (dv + β)

]
+
√
Z1 Z2 ds

2
4

+
√
Z2
Z1

[
dz6 dz6 + dz7 dz7 + dz8 dz8 +

(
dz9 + Ã

)2]
, (7.13a)
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e2φ10 = Z2
Z1

, (7.13b)

B2 = 0 , (7.13c)
C0 = 0 , (7.13d)

C2 = 1
Z2

[
du+ ω + ZA

(
dz9 + Ã

)]
∧ (dv + β)− a2 ∧ (dv + β)− γ1 + Ã ∧

(
dz9 + Ã

)
,

(7.13e)

C4 = 0 , (7.13f)

C6 =
[ 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2

]
∧ dz6 ∧ dz7 ∧ dz8 ∧

(
dz9 + Ã

)
−
[
(dv + β) ∧

(
δ2 + Ã ∧ a1

)
+ x3 + γ2 ∧ Ã

]
∧ dz6 ∧ dz7 ∧ dz8 , (7.13g)

C8 = 0 . (7.13h)

Not only can we recognise the contributions from B2 and C3 given in (7.7), but we can
more clearly identify the contributions from different ingredients listed in the third column
of table 1. In particular, Ã can be recognised as the KKm fibration along the z9-direction
and ZA can be understood as a sort of angular momentum along this direction.

7.4 NS5-F1-P-(F1-P-KKm-NS5)

A final S-duality results in an ansatz that is completely in the NS sector for the theory



D5(y6789)
D1(y)
P (y)
D1(9)
P(9)

KKm(9)
D5(yχ678)


IIB

S←→



NS5(y6789)
F1(y)
P (y)
F1(9)
P(9)

KKm(9)
NS5(yχ678)


IIB

, (7.14)

with

ds2 = − 2
Z2

(dv + β)
[
du+ ω + F̃2 (dv + β)

]
+ Z1 ds

2
4

+ dz6 dz6 + dz7 dz7 + dz8 dz8 +
(
dz9 − ZA

Z2
(dv + β) + Ã

)2
, (7.15a)

e2φ = Z1
Z2

, (7.15b)

B2 = − 1
Z2

(du+ ω) ∧ (dv + β) + ã2 ∧ (dv + β) + γ1 ,

+
(
ZA
Z2

(dv + β)− Ã
)
∧ dz9 , (7.15c)

C(2n) = 0 , (7.15d)
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or alternatively, using the linear formulation

ds2 = − 2
Z2

(dv + β)
[
du+ ω + ZA

(
dz9 + Ã

)
+ F2 (dv + β)

]
+ Z1 ds

2
4

+ dz6 dz6 + dz7 dz7 + dz8 dz8 +
(
dz9 + Ã

)2
, (7.16a)

e2φ10 = Z1
Z2

, (7.16b)

B2 = − 1
Z2

[
du+ ω + ZA

(
dz9 + Ã

)]
∧ (dv + β) + a2 ∧ (dv + β) + γ1 − Ã ∧

(
dz9 + Ã

)
,

(7.16c)

C(2n) = 0 . (7.16d)

By comparing this result with the other type IIB frame with F1-NS-P global charges, (7.10),
we note that the role of Z1 and Z2 is interchanged (see also table 1). In the first frame
Z1 describes the distribution of fundamental strings while in the second frame it describes
NS5-branes and vice-versa for Z2. As discussed in the next section, it would be interesting
to see whether we can effectively combine these two frames and determine whether the
resulting six-dimensional system remains linear.

The uplifts (7.15) and (7.16) are the main results of this section: the six-dimensional
ansatz containing a vector field can be uplifted to a system with no R-R gauge fields excited,
as the momentum is carried by dipolar F1-P or NS5-KKM charges. A consequence of this
uplift is that the geometries presented in section 5, such as the (1, 0, n) superstrata given
in (5.3), can be seen as non-trivial solutions in type II supergravity that are completely in
the NS sector.22 Therefore, such backgrounds are in principle amenable to exact worldsheet
analysis, despite being a microstate geometry of a three-charge black hole.

8 Discussion

In this paper we described the systematic construction of superstrata in which momentum is
carried by vector fields excitations, when viewed in six dimensions. While we presented only
a limited number of explicit solutions, we believe that the lack of a solution for arbitrary
mode numbers is merely a technical challenge, related to obtaining a closed-form solutions
to the Laplace equations (4.21) and (4.32). We see no conceptual obstructions in the way
of building the solutions for general (k,m, n).

A technical aspect of construction is that all ansatz quantities which are excited at
quadratic order in b̃ are independent of the phase v̂k,m,n, meaning that there is no need for
“coiffuring”. This is because Θ̃2 and F̃ are self-coiffured: they are combinations of “physical”
ansatz quantities (A.22) which contain information about the brane degrees of freedom, as
is demonstrated by the ten-dimensional uplifts. In fact, the combination appearing in the
expression for F̃ can be recognised as the S1

y -circle T-dual of the coiffuring condition for
the system in which the first superstrata were built [24, 27].23

22The ansatz (7.15) is written for type IIB supergravity, but performing a T-duality along any T 3 directions,
puts us in a Type IIA frame without changing the ansatz.

23T-dualising the tensor-field superstrata along the y-circle generates massive KK-modes which are not
describable within supergravity.
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Since our analysis was guided by the CFT picture, we are able to propose which CFT
states are dual to the new superstrata. The proposed match passes the simplest test of
correctly reproducing the conserved charges, however more sophisticated checks are needed
to confirm the correspondence. In particular, one needs to clarify the difference between
the bulk duals of the CFT states (2.3) and (2.4) whose CFT charges are pairwise related
by a shift k −→ k + 1. The solution generating technique used in this paper produces the
same explicit solutions for two sets of states, up to the aforementioned shift in k, at least
at the level of six-dimensional supergravity.24 It is important to keep in mind that in
our construction we are assumed that at linear level in b̃ only the vector field is excited.
However, there may exist perturbations involving the vector field in which other fields
are excited at well. This questions can be answered by determining the full spectrum of
excitations around AdS3 × S3 [68, 81] in a theory involving vector multiplets, which may
be simplest using modern techniques of exceptional field theory [82, 83].

It is possible that the bulk duals of the two sets in of states, (2.3) and (2.4), are related
in the six-dimensional picture, but should be uplifted to different ten-dimensional frames.
The analysis of [62] suggests that in the F1-NS5-P frame, the states (2.3) naturally fit
within the purely NS-NS uplift, where the vector fields arise as components of the metric
and the NS-NS two-form gauge field, while the states (2.4) should be uplifted to (7.10),
with several R-R gauge fields excited. As we have shown, these two frames are related
by a chain of S-T-S dualities, so vector superstrata solve the ten-dimensional equations
of motion in either frame. However, these dualities also move us in the moduli space of
the D1-D5 (F1-NS5) system, exemplified by the interchange of global F1-NS5 charges (see
table 1), so the relation to the spectrum at the symmetric product orbifold point may not
be straightforward.

Interestingly, one can imagine combining the momentum carriers described in the type
IIB frames (7.10) and (7.16) and then descend to six dimensions. If the vector fields in the
two systems are independent, then the resulting six-dimensional theory should be that of
supergravity coupled to a tensor and two vector multiplets. Because of the interchange
between the F1 and NS5 charges in the ten-dimensional frames, the vector fields in six-
dimensions would couple differently to other supergravity fields, which may in particular
cause the system of BPS equations to lose its upper triangular structure, which is predicted
in general by the results of [59], which considered minimal supergravity in six-dimensions
coupled to an arbitrary number of vector and tensor multiplets. It would be interesting to
analyse what is the maximal number of tensor and vector multiplets that can be added to
six-dimensional supergravity without losing the nice structure of BPS equations.

As already mentioned, superstrata are very special representatives of the ensemble of
black-hole microstates. However, when superstrata are sufficiently deformed one expects
evolution toward more typical, stringy microstates [62, 84–86]. To describe such states
one needs to go beyond supergravity, for example by using worldsheet techniques [62, 87–
93] which have been shown to resolve some of the singular corners of the parameter

24See appendix E for details on how to match the conserved charges when considering the bulk dual of
the state in (2.3).
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space of smooth two-charge solutions. These methods are most powerful when deployed in
backgrounds with only NS-NS fields. When viewed as solutions of type IIB supergravity [61],
most superstrata involve non-trivial R-R gauge fields, which are essential as they describe
the excitations that carry the momentum charge. Purely NS-NS superstrata have been
constructed only recently [34], however they involve non-trivial deformations of the metric,
which slightly complicates their analysis. Since vector superstrata can be uplifted to ten-
dimensional solutions that lie in the NS sector, one may be able to perform an exact a
worldsheet analysis on such backgrounds. Vector superstrata can thus provide a window
into more typical, stringy microstates.

Finally, from the perspective of ten-dimensional gravity, the geometries with vector-field
excitations non-trivially involve directions in the internal four-torus. Such a structure is
central in the generalised charged Weyl formalism that was recently used to construct
fully analytic non-BPS microstates [94–98]. In those geometries, the internal directions
play a vital role in ensuring the smoothness of the geometries. It would be interesting to
see whether one can connect BPS and non-BPS geometries in an analytic way and the
ten-dimensional uplifts presented in this paper may present a first step in this direction.
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A Supersymmetric solutions of N = (1, 0) supergravity with tensor and
vector multiplets

All supersymmetric solutions of six-dimensional N = (1, 0) minimal supergravity coupled
to a tensor and a vector multiplet have been analysed in [57–59]. We focus on the bosonic
sector of the theory. This consists of a metric gMN, an unconstrained two-form gauge
field BMN, a one-form vector field AM , and a dilaton φ. Solutions of the theory which
preserve some supersymmetry take on a universal form. What is more, the BPS equations
determining the quantities appearing in the supersymmetric ansatz can be organised in
several layers with an upper triangular form: the solutions of the previous layer act as
sources for linear differential equations of the next layer [59, 63].

In this appendix we summarize the ansatz and the BPS equations, using two equivalent
formulations. The first uses the gauge-invariant components of the field strength and
is perhaps more natural from the six-dimensional supergravity perspective. The second
uses the gauge-dependent components of the vector field potential. The advantage of this
formulation is that one works with simpler quantities and that the connection to the stringy
origins of the solutions are more easily seen.
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A.1 Supersymmetric ansatz in U(1) gauge-invariant form

A.1.1 Field decomposition

We begin by parametrising the metric in the standard BPS form [57, 58]:

ds2
6 = − 2√

Z1 Z2
(dv + β)

[
du+ ω + F̃2 (dv + β)

]
+
√
Z1 Z2 hmn dx

m dxn , (A.1)

where the null coordinates u and v are defined as

v ≡ t+ y√
2
, u ≡ t− y√

2
, (A.2)

with y ∼ y+ 2π Ry, and the four-dimensional base space is described by the coordinates xm

and metric hmn. This choice of coordinates is convenient because supersymmetry imposes
that components of all fields are independent of one of the null coordinates, which we take
to be u. In this ansazt Z1, Z2, F̃ are scalar functions, while ω and β are one-forms on the
base space, whose components can depend both on the base space coordinates and on v.
The remaining bosonic fields can be decomposed as

e2φ = Z2
Z1

, (A.3a)

F = (dv + β) ∧ ωF + F̃ , (A.3b)

G = d

[
− 1
Z2

(du+ ω) ∧ (dv + β)
]

+ Ĝ2 , (A.3c)

−e2φ ∗6 G = d

[
− 1
Z1

(du+ ω) ∧ (dv + β)
]

+ Ĝ1 . (A.3d)

where Ĝ1,2 are given by

Ĝ1 ≡ ∗4
(
DZ2 + β̇Z2

)
+ (dv + β) ∧Θ1 , (A.4a)

Ĝ2 ≡ ∗4
(
DZ1 + β̇Z1

)
+ (dv + β) ∧ Θ̃2 . (A.4b)

In the above, we defined a differential operator

D ≡ d4 − β ∧ ∂v , (A.5)

where d4 is the exterior derivative restricted to the base space. Furthermore, we used the
Hodge dual ∗4 on the four-dimensional base space. Note that we follow the conventions
of [57, 58, 63], where the Hodge dual of a p-form in D-dimensions is given by

∗DXp ≡
1

p!(D − p)! εm1...mD−p,nD−p+1...nD X
nD−p+1...nD em1 ∧ . . . emD−p . (A.6)

All in all, to fully characterise these fields, we need to determine a one-form ωF and
two-forms F̃ , Θ1, and Θ̃2, all of which have legs only along the base space.

The field strengths are defined in terms of potentials

F = dA , G = dB + F ∧A , −e2φ ∗6 G = dB̃ . (A.7)
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By introducing a scalar ZA, one-forms Ã, a1, ã2, and two-forms γ1,2, one can write the
potential fields as

A = ZA
Z2

(dv + β)− Ã , (A.8a)

B = − 1
Z2

(du+ ω) ∧ (dv + β) + ã2 ∧ (dv + β) + γ1 , (A.8b)

B̃ = − 1
Z1

(du+ ω) ∧ (dv + β) + a1 ∧ (dv + β) + γ2 . (A.8c)

For this ansatz to be consistent with the expressions for the field-strengths, the quantities
must satisfy

ωF = − ˙̃A+ ZA
Z2

β̇ −D
(
ZA
Z2

)
, F̃ = −DÃ+ ZA

Z2
Dβ , (A.9)

for the vector field, while the three-form field strength decomposition implies

Θ1 = Da1 − β̇ ∧ a1 + γ̇2 , (A.10a)

∗4
(
DZ2 + Z2 β̇

)
= Dγ2 − a1 ∧ Dβ , (A.10b)

and

Θ̃2 = Dã2 − β̇ ∧ ã2 + γ̇1 + Ã ∧ ωF + ZA
Z2

F̃ (A.11a)

∗4
(
DZ1 + Z1 β̇

)
= Dγ1 − ã2 ∧ Dβ − F̃ ∧ Ã . (A.11b)

A.1.2 BPS equations

Let us begin by noting that this system contains several gauge symmetries which can be
used to make convenient choices based on the system at hand [63]. However, we can choose
to work directly with gauge invariant quantities Z1,2, Θ1, Θ̃2, ωF and F̃ , in which case this
choice is in principle irrelevant. The BPS equations are organised into several layers.

The zeroth layer. One begins by determining the base space metric and the one-form
β. This subset contains the only non-linear equations of the whole system: it imposes that
the base-space must be almost hyper-Kähler, with the equations determining the complex
structures JA, A = 1, 2, 3,

∗4JA = − JA , (A.12a)
(JA)mn(JB)np = εABC(JC)mp − δABδmp , (A.12b)

JA ∧ JB = − 2δAB vol4 , (A.12c)

d4J
A = ∂v

(
β ∧ JA

)
, (A.12d)

and the self-duality condition for the fibration vector β

∗4Dβ = Dβ . (A.13)
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We also define an anti self-dual two-form:

ψ ≡ 1
8 εABC (JA)mn (J̇B)mn JC , (A.14)

which appears in the subsequent layers.
Taking the base-space metric and one-form β to be v-independent simplifies the

equations: the base space becomes hyper-Kähler, the equation for β is now linear, and
ψ ≡ 0. This is the sector in which we will look for solutions.

The first layer. The equations in this layer determine the pair (Z2,Θ1)

∗4 Θ1 = Θ1 − 2Z2 ψ , (A.15a)

D ∗4
[
DZ2 + Z2 β̇

]
+ Θ1 ∧ Dβ = 0 , (A.15b)

d4Θ1 = ∂v
[
β ∧Θ1 + ∗4

(
DZ2 + Z2 β̇

)]
. (A.15c)

This layer is exactly the same as in the systems coupled to only tensor multiplets [60, 61].

The second layer. This layer determines the components of the vector-field strength F̃
and ωF

∗4 F̃ = F̃ , (A.16a)
2DZ2 ∧ ∗4ωF + Z2D ∗4 ωF = −F̃ ∧Θ1 . (A.16b)

The first equation imposes the two-form to be self-dual. The second equation crucially
contains information about the solutions of the first layer, setting a definite order in which
the layers need to be solved.

The third layer. The next subset of equations determines Z1 and Θ̃2:

∗4 Θ̃2 = Θ̃2 − 2Z1 ψ , (A.17a)

D ∗4
[
DZ1 + Z1 β̇

]
+ Θ̃2 ∧ Dβ = F̃ ∧ F̃ , (A.17b)

d4Θ̃2 = ∂v
[
β ∧ Θ̃2 + ∗4

(
DZ1 + Z1 β̇

)]
− 2ωF ∧ F̃ . (A.17c)

Note that the solutions of the previous layer appear as quadratic sources, and therefore the
backreaction of any vector field perturbation will contain non-trivial Z1 and Θ̃2 fields.

The fourth layer. The last two equations determine F̃ and ω, which contain the in-
formation about the momentum along the y-direction and angular momentum in the R4

respectively. One finds

Dω + ∗4Dω + F̃ Dβ = Z1 Θ1 + Z2 Θ̃2 − 2Z1 Z2 ψ , (A.18)

and

∗4 D ∗4 L̃+ 2 β̇m L̃m

= −1
2 ∗4

(
Θ1 − Z2 ψ

)
∧
(
Θ̃2 − Z1 ψ

)
+ Z̈1 Z2 + Ż1 Ż2 + Z1 Z̈2 + Z2 ω

2
F

+ 1
2Z1 Z2 ∗4 ψ ∧ ψ + ∗4ψ ∧ Dω −

1
4Z1 Z2 ḣ

mn ḣmn + 1
2∂v

[
Z1 Z2 h

mnḣmn
]
, (A.19)
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where

L̃ ≡ ω̇ + F̃2 β̇ − 1
2 DF̃ , (A.20)

and

ω2
F = (ωF )m (ωF )n h

mn . (A.21)

We observe that the only explicit contribution of the additional U(1) degrees of freedom is
in the ω2

F term in the second equation. In (A.18) the vector field contributions appear only
implicitly through Z1, Θ̃2, and F̃ .

A.2 BPS equations linear form

A.2.1 Field redefinitions

In some cases it may be advantageous to work with the quantities appearing in the
decomposition of the vector-field potential, ZA and Ã, rather than their field-strength
combinations. Most importantly, as shown in section 7, using these quantities it is easier to
analyse the contributions from different string and brane sources. Begin by defining

F̃ ≡ F + Z2
A

Z2
, (A.22a)

Θ̃2 ≡ Θ2 + Z2
A

Z2
2
Dβ − 2 ZA

Z2
DÃ , (A.22b)

which also implies

ã2 = a2 −
ZA
Z2

Ã . (A.23)

As a consequence of this shift, one now finds that

Θ2 = Da2 − β̇ ∧ a2 + γ̇1 + ˙̃A ∧ Ã , (A.24a)

∗4
(
DZ1 + Z1 β̇

)
= Dγ1 +DÃ ∧ Ã− a2 ∧ Dβ . (A.24b)

The rest of the ansatz changes trivially with the redefinition (A.22) (see section 5 of [63]).
However, it is important to note that now more fields are gauge dependent: to ensure that
F̃ and Θ̃2 are invariant under the U(1) symmetry, F and Θ2 must compensate for the
gauge-dependence of the additional terms in (A.22), making them gauge dependent.

A.2.2 The BPS equations

Because (A.22) involves only quantities appearing in the last three layers, the BPS equations
in the zeroth and first layer remain unchanged. The second layer equations are now

∗4DÃ = DÃ , (A.25a)

∗4DZA ∧ β̇ + 2DZ2 ∧ ∗4 ˙̃A + Z2D ∗ ˙̃A + D ∗4 DZA = −DÃ ∧Θ1 . (A.25b)
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They impose that the covariant derivative of Ã is self dual and determine ZA through a
generalised Laplace equation on the base space [63].

The third layer equations, determining Z1 and Θ2 are also slightly modified

∗4 Θ2 = Θ2 − 2Z1 ψ , (A.26a)

D ∗4
[
DZ1 + Z1 β̇

]
+ Θ2 ∧ Dβ = DÃ ∧ DÃ , (A.26b)

d4Θ2 = ∂v
[
β ∧Θ2 + ∗4

(
DZ1 + Z1 β̇

)]
− 2 ˙̃A ∧ DÃ . (A.26c)

Finally, the last two equations are given by

Dω + ∗4Dω + F Dβ = Z1 Θ1 + Z2 Θ2 − 2ZADÃ− 2Z1 Z2 ψ , (A.27)

and

∗4 D ∗4 L+ 2 β̇m Lm

= −1
2 ∗4

(
Θ1 − Z2 ψ

)
∧
(
Θ2 − Z1 ψ

)
+ Z̈1 Z2 + Ż1 Ż2 + Z1 Z̈2

+ 1
2Z1 Z2 ∗4 ψ ∧ ψ + ∗4ψ ∧ Dω −

1
4Z1 Z2 ḣ

mn ḣmn + 1
2∂v

[
Z1 Z2 h

mnḣmn
]

+ Z2
˙̃A2 + ˙̃Am [DZA]m , (A.28)

where the one-form L is now

L ≡ ω̇ + F2 β̇ − 1
2 DF + ZA

˙̃A , (A.29)

and the indices are raised and lowered with respect to the four-dimensional metric hmn.
It is important to observe that even though the shifts (A.22) are highly non-trivial and

mix quantities from several different layers, the resulting equations not only retain their
layered upper-triangular structure, but also remain linear differential equations, with the
various shifts cancelling out non-linear contributions.

B Matching the ten-dimensional and six-dimensional descriptions

In this appendix we present the details of how classical solutions of ten-dimensional type
IIA supergravity can be reduced to solutions of six-dimensional supergravity coupled to a
tensor and vector multiplet [58]. This shows that the geometries constructed in the main
part of the text are solutions to ten-dimensional equations of motion.

We work in the so called democratic formalism [80] and focus only on the bosonic sector
of the theory, which in type IIA supergravity is described by the pseudo-action [80, 99]

S
(10)
P = 1

2κ2
10

∫
d10x

√
−G

{
e−2φ

[
R (G) + 4 (∂φ)2 − 1

2 H3 ·H3

]
− 1

4

4∑
i=1

F2n · F2n

}
,

(B.1)
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where GMN denotes the ten-dimensional metric in the string frame and we used

Xp · Yp ≡
1
p! XM1 ...Mp Y

M1 ...Mp . (B.2)

In addition to the metric and the dilaton, we also have a three-form NS-NS field strength H3
and even-numbered R-R field-strengths F2n, which are subject to the self-duality conditions

F2 = ∗F8 , F4 = − ∗ F6 , F6 = ∗F4 , F8 = − ∗ F2 . (B.3)

These are related to their corresponding gauge potentials as

H3 ≡ dB2 , Fn ≡ dCn−2 −H3 ∧ Cn−3 , (B.4)

from which we get modified Bianchi identities

dH3 = 0 , dFn = H3 ∧ Fn−2 . (B.5)

We begin by assuming that T 4 participates in the dynamics only through its volume
form v̂ol4. Furthermore, we assume that the global charges in the system are given by
fundamental strings and NS5-branes, where the former are smeared and the latter wrap the
four-torus. This naturally leads us to the ansatz

ds2
(10) = eφ gµν dx

µ dxν + δab dz
a dzb , (B.6a)

F (6) ≡ F (2) ∧ v̂ol4 , F (8) ≡ F (4) ∧ v̂ol4 , (B.6b)

while leaving all other fields unchanged. The metric gµν is the Einstein-frame metric in
six-dimensions. Inserting this into (B.1) reduces the pseudo-action to

S
(6)
P = 1

2κ2
6

∫
d6x
√
−g

[
R (g)− (∂φ)2 − 1

2 e
−2φH4 ·H3 −

1
2
(
eφ F2 · F2 + e−φ F4 · F4

)]
,

(B.7)

where κ2
(6) ≡ κ

2
(10)/Vol(T 4). The equations of motion, resulting from varying this pseudo-

action are

Rµν = ∂µφ∂νφ+ 1
4e
−2φ

(
HµαβHν

αβ − gµν H3 ·H3
)

+ 1
2e

φ
(
Fµα Fν

α − 1
4 gµν F2 · F2

)
+ 1

2 e
−φ
( 1

3!FµαβγFν
αβγ − 3

4 gµν F4 · F4

)
, (B.8a)

∇2φ = −1
2 e
−2φH3 ·H3 + 1

4 e
φ F2 · F2 −

1
4 e
−φ F4 · F4 , (B.8b)

for the metric and the dilaton and

d
(
e−2φ ∗6 H3

)
= −e−φ ∗6 F4 ∧ F2 , dH3 = 0 , (B.9a)

d
(
eφ ∗6 F2

)
= −e−φ ∗6 F4 ∧H3 , d

(
e−φ ∗6 F4

)
= 0 , (B.9b)

for the gauge fields.25

25The six-dimensional Hodge dual is always taken with respect to the metric gµν in the Einstein frame.

– 39 –



J
H
E
P
0
8
(
2
0
2
3
)
0
4
7

The self-duality conditions (B.3) imply that the R-R gauge fields are related via

F2 = e−φ ∗6 F4 , F4 = −eφ ∗6 F2 , (B.10)

which allwos us to eliminate F4 from the equations of motion. Furthermore, we define a
new three-form field strength G as26

G ≡ −e−2φ ∗6 H3 , H3 ≡ −e2φ ∗6 G , (B.11)

and identify

F ≡ F2 . (B.12)

In this case, the equations of motion become

Rµν = ∂µφ∂νφ+ 1
4e

2φ
(
GµαβGν

αβ−gµνG·G
)

+ 1
4e

φ (4FµαFνα− gµν F ·F ) ,

(B.13a)

∇2φ= 1
2 e

2φG·G+ 1
2 e

φF ·F , (B.13b)

dG=F∧F , d
(
e2φ∗6G

)
= 0 , (B.13c)

d
(
eφ∗6F

)
= e2φ∗6G∧F , dF = 0 . (B.13d)

These equations arise by varying the following Lagrangian density

e−1 L = 1
4 R−

1
4 (∂φ)2 − 1

8 e
2φG ·G− 1

4 e
φ F · F , (B.14)

where the gauge-field strengths are defined by

F ≡ dA , G ≡ dB + F ∧A . (B.15)

This theory is the starting point of the supersymmetry analysis of [63]. The ansatz presented
in appendix A describes all supersymmetric solutions of this theory. As such, these are also
solutions of ten-dimensional Type IIA theory of supergravity.

C Details of the dualities

In this appendix, we present the ansatz for all the intermediate steps in the chain of dualities

F1(y)
NS5(y6789)

P (y)
D3(678)
D1(9)

D5(yχ678)
D3(yχ9)


IIB

S←→



D1(y)
D5(y6789)
P (y)

D3(678)
F1(9)

NS5(yχ678)
D3(yχ9)


IIB

T(T4)←−−−−→



D5(y6789)
D1(y)
P (y)
D1(9)
P(9)

KKm(9)
D5(yχ678)


IIB

(C.1)

26Following (A.7), this identification also implies B̃ ≡ B2.
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and in particular will expand the four T-dualities along the T 4.



D1(y)
D5(y6789)
P (y)

D3(678)
F1(9)

NS5(yχ678)
D3(yχ9)


IIB

T(9)
←−−→



D2(y9)
D4(y678)
P (y)

D4(6789)
P(9)

KKm(9)
D2(yχ)


IIA

T(8)
←−−→



D3(y89)
D3(y67)
P (y)

D3(679)
P(9)

KKm(9)
D3(yχ8)


IIB

T(7)
←−−→



D4(y789)
D2(y6)
P (y)

D2(69)
P(9)

KKm(9)
D4(yχ78)


IIA

T(6)
←−−→



D5(y6789)
D1(y)
P (y)
D1(9)
P(9)

KKm(9)
D5(yχ678)


IIB

(C.2)

The ansatz in the final frame is given by (7.13). Throughout this section, we will use the
untilded ansatz quantities (A.22). As before, we follow the conventions of [12].

S-dual. The S-dual of the ansatz given in (7.10) is given by

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + 1

2

(
F + Z2

A

Z2

)
(dv + β)

]
+
√
Z1 Z2 ds

2
4 +

√
Z1
Z2
dŝ2

4 ,

(C.3a)

e2φ = Z1
Z2

, (C.3b)

B2 =
(
ZA
Z2

(dv + β)− Ã
)
∧ dz9 , (C.3c)

C0 = 0 , (C.3d)

C2 = 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2 , (C.3e)

C4 =
[
(dv + β) ∧

(
δ2 −

ZA
Z2

γ2 + Ã ∧ a1

)
+ x3 + γ2 ∧ Ã

]
∧ dz9

+
(
ZA
Z2

(dv + β)− Ã
)
∧ dz6 ∧ dz7 ∧ dz8 , (C.3f)

C6 =
[ 1
Z2

(du+ ω) ∧ (dv + β)−
(
a2 −

ZA
Z2

Ã

)
∧ (dv + β)− γ1

]
∧ v̂ol4 , (C.3g)

C8 = 0 . (C.3h)

T-dual along z9.

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + ZA

(
dz9 + Ã

)
+ F2 (dv + β)

]
+
√
Z1 Z2 ds

2
4

+
√
Z1
Z2

[
dz6 dz6 + dz7 dz7 + dz8 dz8

]
+
√
Z2
Z1

(
dz9 + Ã

)2
, (C.4a)

e2φ =
√
Z1
Z2

, (C.4b)

B2 = 0 , (C.4c)
C1 = 0 , (C.4d)

C3 =
[ 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2

]
∧
(
dz9 + Ã

)
+ (dv + β) ∧

(
δ2 + Ã ∧ a1

)
+ x3 + γ2 ∧ Ã , (C.4e)
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C5 =
[ 1
Z2

(du+ ω + ZA(dz9 + Ã)) ∧ (dv + β)− a2 ∧ (dv + β)− γ1

]
∧ dz6 ∧ dz7 ∧ dz8

+
(
ZA
Z2

(dv + β)− Ã
)
∧ v̂ol4 , (C.4f)

C7 = 0 . (C.4g)

T-dual along z8.

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + ZA

(
dz9 + Ã

)
+ F2 (dv + β)

]
+
√
Z1 Z2 ds

2
4

+
√
Z1
Z2

[
dz6 dz6 + dz7 dz7

]
+
√
Z2
Z1

[
dz8 dz8 +

(
dz9 + Ã

)2
]
, (C.5a)

e2φ = 1 , (C.5b)
B2 = 0 , (C.5c)
C0 = 0 , (C.5d)
C2 = 0 , (C.5e)

C4 = −
[ 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2

]
∧ dz8 ∧

(
dz9 + Ã

)
+
(
(dv + β) ∧

(
δ2 + Ã ∧ a1

)
+ x3 + γ2 ∧ Ã

)
∧ dz8

+
[ 1
Z2

(du+ ω + ZA
(
dz9 + Ã

)
) ∧ (dv + β)− a2 ∧ (dv + β)− γ1

]
∧ dz6 ∧ dz7

−
(
ZA
Z2

(dv + β)− Ã
)
∧ dz6 ∧ dz7 ∧ dz9 , (C.5f)

C6 = 0 , (C.5g)
C8 = 0 . (C.5h)

This is a particularly interesting system since the dilaton is constant throughout the
geometry and the global and dipole charges are all carried by D3-branes. As expected, only
C4 is excited out of all R-R gauge fields.

T-dual along z7.

ds2 = − 2√
Z1 Z2

(dv + β)
[
du+ ω + ZA

(
dz9 + Ã

)
+ F2 (dv + β)

]
+
√
Z1 Z2 ds

2
4

+
√
Z1
Z2

dz6 dz6 +
√
Z2
Z1

[
dz7 dz7 + dz8 dz8 +

(
dz9 + Ã

)2
]
, (C.6a)

e2φ =
√
Z2
Z1

, (C.6b)

B2 = 0 , (C.6c)
C1 = 0 , (C.6d)

C3 = +
[ 1
Z2

(du+ ω) ∧ (dv + β)−
(
a2 −

ZA
Z2

Ã

)
∧ (dv + β)− γ1

]
∧ dz6 ,

+
(
ZA
Z2

(dv + β)− Ã
)
∧ dz6 ∧ dz9 , (C.6e)
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C5 = −
[ 1
Z1

(du+ ω) ∧ (dv + β)− a1 ∧ (dv + β)− γ2

]
∧ dz7 ∧ dz8 ∧

(
dz9 + Ã

)
−
(
(dv + β) ∧

(
δ2 + Ã ∧ a1

)
+ x3 + γ2 ∧ Ã

)
∧ dz7 ∧ dz8 , (C.6f)

C7 = 0 . (C.6g)

Performing another T-duality along z6 then gives (7.13).

D More examples

In this appendix we present more explicit examples of geometries for different mode numbers.
We begin by presenting in more detail the simplest two solutions, (1,0,1) and (1,1,1). In
principle, these are already given in the main text, however, the general form is very
cumbersome and so it might be useful to present the simplified versions for n = 1. We then
state the backreacted ansatz quantities for some geometries with k = 2.

(1,0,1). Setting n = 1 in the solutions (5.3) considerably simplifies the solution

f (1,0,1) = − 1
16

a2 + 2 r2

(a2 + r2)2 , (D.1a)

Z
(1,0,1)
1 = 1

Σ

[
Q1 −

b̃2 a2

16
a2 + (3a2 + 2r2) cos 2θ

(a2 + r2)2

]
, (D.1b)

f
(1,0,1)
1 = −a

2 (r2 + (a2 − 2r2) sin2 θ
)

8(a2 + r2)2 , (D.1c)

f
(1,0,1)
2 = a2 (r2 − a2 sin2 θ

)
8(a2 + r2)2 (D.1d)

µ(1,0,1) = −a
2 (r2 − (a2 + 2r2) sin2 θ

)
16 Σ (a2 + r2)2 , (D.1e)

ν(1,0,1) = −a
2 (r2 + a2 sin2 θ

)
16 Σ (a2 + r2)2 , (D.1f)

γ
(1,0,n)
1 = cos2 θ

Σ

[
−Q1 (r2 + a2) + b̃2

4
a2 r2(2a2 + r2) sin2 θ

(a2 + r2)2

]
dφ ∧ dψ . (D.1g)

At this point, we can combine the solutions into relevant forms

ã2 = − a2 b̃2

4
√

2Ry

(
(a2 − r2) sin2 θ

(a2 + r2)2 dφ+ r2 cos2 θ

(a2 + r2)2 dψ

)
, (D.2a)

ω = ω0 + a2 b̃2Q5

4
√

2Ry Σ

(
sin2 θ

a2 + r2 dφ−
r2 cos2 θ

(a2 + r2)2 dψ

)
, (D.2b)

and

Θ̃2 = − a2 b̃2

2
√

2Ry (a2 + r2)2

(
r sin2 θ dr ∧ dφ+ r (a2 − r2) cos2 θ

a2 + r2 dr ∧ dψ

+ (a2 − r2) sin θ cos θ dθ ∧ dφ− r2 sin θ cos θ dθ ∧ dψ
)

(D.3)
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(1,1,1). We can similarly present the (1,1,1) solution

f (1,1,1) = −1
4

1
a2 + r2 , (D.4a)

Z
(1,1,1)
1 = 1

Σ

[
Q1 + b̃2 a2

16
a2 − (3a2 + 2r2) cos 2θ

(a2 + r2)2

]
, (D.4b)

f
(1,1,1)
1 = a2 (a2 − (a2 + 2r2) cos 2θ

)
8(a2 + r2)2 , (D.4c)

f
(1,1,1)
2 = a2 (a2 + r2 − a2 sin2 θ

)
4(a2 + r2)2 (D.4d)

µ(1,1,1) = a2 + r2 − a2 cos 2θ
8 Σ (a2 + r2) , (D.4e)

ν(1,1,1) = −a
2 +

(
r2 + a2) cos 2θ

8 Σ (a2 + r2) , (D.4f)

γ
(1,1,n)
1 = cos2 θ

Σ

[
−Q1 (r2 + a2)− b̃2

4
a2 r2(2a2 + r2) sin2 θ

(a2 + r2)2

]
dφ ∧ dψ . (D.4g)

Recombining the solutions into forms gives

ã2 = a2 b̃2

2
√

2Ry

(
sin2 θ

(a2 + r2) dφ−
r2 cos2 θ

(a2 + r2)2 dψ

)
, (D.5a)

ω = ω0 + b̃2Q5

2
√

2Ry Σ

(
(2a2 + r2) sin2 θ

a2 + r2 dφ+ r2 cos2 θ

(a2 + r2)2 dψ

)
, (D.5b)

and

Θ̃2 = − a2 b̃2√
2Ry (a2 + r2)2

(
r sin2 θ dr ∧ dφ− r cos2 dr ∧ dψ

− (a2 + r2) sin θ cos θ dθ ∧ dφ− r2 sin θ cos θ dθ ∧ dψ
)
. (D.6)

(2,0,1). In the following examples we do not give the explicit values of γ1, which can be
determined by inverting the equations (A.11).

f (2,0,1) = −2a4 + a2 (a2 + 5r2) sin2 θ + 5a2r2 + 3r4

36 (a2 + r2)3 , (D.7a)

Z
(2,0,1)
1 = 1

Σ

[
Q1 + b̃2

a2 (a2 + r2) (3a2 + 2r2) cos(2θ) + a4 (2a2 + r2) sin2(2θ)
18 (a2 + r2)3

]
, (D.7b)

f
(2,0,1)
1 = −a

2 (a2 ((a2 − 4r2) cos(4θ) + 5a2 − 2r2)+
(
−6a4 + 10a2r2 + 4r4) cos(2θ)

)
72 (a2 + r2)3 ,

(D.7c)

f
(2,0,1)
2 = a2r2 (a2 + r2)+ a4 sin2(θ)

(
a2 cos(2θ)− 2a2 + 3r2)

18 (a2 + r2)3 (D.7d)

µ(2,0,1) = a4 ((a2 + 5r2) cos(4θ) + 11a2 + 7r2)− 4a2 (a2 + r2) (3a2 + 2r2) cos(2θ)
288 (a2 + r2)3 Σ

,

(D.7e)
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ν(2,0,1) = 1
288 (a2 + r2)3 Σ

[
a2(12a2

(
a2 + r2

)
cos(2θ)− 11a4 − 25a2r2

+
(
−a4 + 5a2r2 + 2r4

)
cos(4θ)− 10r4)] . (D.7f)

All fields in the supersymmetric ansatz can then be determined using these solutions.

(2,1,1).

f (2,1,1) = −8a4 + a2 (2a2 + r2) cos(2θ)− 15a2r2 − 6r4

72 (a2 + r2)3 , (D.8a)

Z
(2,1,1)
1 = 1

Σ

[
Q1 + b̃2

a4 (2a2 + r2) cos2(2θ)
18 (a2 + r2)3

]
, (D.8b)

f
(2,1,1)
1 = −a

2 (2a2 + r2) cos(2θ)
(
a2(− cos(2θ)) + a2 + 2r2)

36 (a2 + r2)3 , (D.8c)

f
(2,1,1)
2 = a2 (a4 cos(4θ) + a4 − a2 (2a2 + r2) cos(2θ) + 5a2r2 + 2r4)

36 (a2 + r2)3 (D.8d)

µ(2,1,1) = 3
(
a2 + r2)3 + a2 cos(2θ)

(
−5a4 + a2 (2a2 + r2) cos(2θ)− 10a2r2 − 4r4)

72 (a2 + r2)3 (a2 cos2(θ) + r2)
,

(D.8e)

ν(2,1,1) = 1
144 Σ (a2 + r2)3

[
2
(
5a6 + 10a4r2 + 9a2r4 + 3r6

)
cos(2θ)

− a2
(
8a4 +

(
2a2 + r2

) (
a2 + 2r2

)
cos(4θ) + 15a2r2 + 6r4

) ]
. (D.8f)

(2,2,1).

f (2,2,1) = −a
2 cos(2θ) + 3a2 + 2r2

8 (a2 + r2)2 , (D.9a)

Z
(2,2,1)
1 = 1

Σ

[
Q1 + b̃2

a4 (2a2 + r2) sin2(2θ)− a2 (a2 + r2) (3a2 + 2r2) cos(2θ)
18 (a2 + r2)3

]
, (D.9b)

f
(2,2,1)
1 = −a

2 (−3a4 + a2 (a2 + 2r2) cos(4θ) + 2
(
a4 + 5a2r2 + 2r4) cos(2θ)

)
24 (a2 + r2)3 , (D.9c)

f
(2,2,1)
2 = a2 (a2 + r2)2 + a4 cos2(θ)

(
r2 − a2 cos(2θ)

)
6 (a2 + r2)3 (D.9d)

µ(2,2,1) = −3a4 cos(4θ) + 15a4 − 4a2 (3a2 + 2r2) cos(2θ) + 32a2r2 + 16r4

96 Σ (a2 + r2)2 , (D.9e)

ν(2,2,1) =
(
3a2 + 2r2) (a2(cos(4θ)− 5) + 4

(
a2 + 2r2) cos(2θ)

)
96 Σ (a2 + r2)2 . (D.9f)

(2,1,2).

f (2,1,2) = a2 (a4 + 6a2r2 + 2r4) cos(2θ)− 3
(
a2 + 2r2) (3a4 + 6a2r2 + 2r4)

384 (a2 + r2)4 , (D.10a)

Z
(2,1,2)
1 = 1

Σ

[
Q1 + b̃2

a4 (a4 + 6a2r2 + 2r4) cos2(2θ)
96 (a2 + r2)4

]
, (D.10b)
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f
(2,1,2)
1 = −a

2 (a4 + 6a2r2 + 2r4) cos(2θ)
(
a2(− cos(2θ)) + a2 + 2r2)

192 (a2 + r2)4 , (D.10c)

f
(2,1,2)
2 = 1

384 (a2 + r2)4

[
a2(a6 + 6a4r2 + 28a2r4 + a4

(
a2 + 10r2

)
cos(4θ)

− 2a2
(
a4 + 6a2r2 + 2r4

)
cos(2θ) + 8r6)] (D.10d)

µ(2,1,2) = 1
768 Σ (a2 + r2)4

[
− 2

(
5a2 + 2r2

) (
a3 + 2ar2

)2
cos(2θ) + 8r8

+ 9a8 + 38a6r2 + 50a4r4 + 32a2r6 + a4
(
a4 + 6a2r2 + 2r4

)
cos(4θ)

]
, (D.10e)

ν(2,1,2) = 1
384 Σ (a2 + r2)4

[(
2
(
5a8 + 22a6r2 + 26a4r4 + 16a2r6 + 4r8

)
cos(2θ)

− a2
(
a2 + 2r2

) (
9a4 + 18a2r2 +

(
a4 + 6a2r2 + 2r4

)
cos(4θ) + 6r4

) )]
. (D.10f)

E Conserved charges for G+A

−1
2

∣∣∣Ȧ−〉NS

k
states

Let us analyse the state

G+A
− 1

2

∣∣∣Ȧ−〉NS

k
hNS = k

2 + 1
2 , jNS = −k2 + 1

2 , h
NS = −jNS = k

2 −
1
2 , (E.1)

in a bit more detail. We already mentioned that by shifting k → k + 1, the CFT charges of
this state become those of the state (2.4a), whose perturbation we constructed in section 3.
By acting with the global symmetry generators we obtain the more general state

(L−1)n−1
(
J+

0

)m
G+A
− 1

2

∣∣∣Ȧ−〉NS

k
, (E.2)

with

hNS = k

2 −
1
2 + n , jNS = −k2 + 1

2 +m, h
NS = −jNS = k

2 −
1
2 , (E.3)

which is then tensored with the NS-NS vacuum state(
|−−〉NS

1

)Na (
(L−1)n−1

(
J+

0

)m
G+A
− 1

2

∣∣∣Ȧ−〉NS

k

)Nb
, Nb � Na , (E.4)

subject to the constraint

N = Na + kNb . (E.5)

The spectral flow to the Ramond sector gives a state with the charges

hR = N

4 +Nb (m+ n) , h̄R = N

4 , jR = Na +Nb

2 +Nbm, j
R = Na +Nb

2 ,

(E.6)

and non-zero momentum

nR
P = hR − h̄R = Nb (m+ n) . (E.7)
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On the supergravity side, the calculations proceed as in the main text: except that one
should shift k → k+ 1. For example, the explicit solutions presented in section 5 correspond
to a state with mode numbers (2, 0, n) and (2, 1, n). The most important change appears in
matching between the gravity and CFT moduli. The regularity condition is

Q1Q5 = a2R2
y + xk−1,m,n

b2

2 , (E.8)

where we used (5.13). The fact that J̄ is always given by

J̄ = a2Ry
2 , (E.9)

immediately suggest that the translation

Na +Nb

N
=
R2
y a

2

Q1Q5
,

(k − 1)Nb

N
= xk−1,m,n

b2R2
y

2Q1Q5
. (E.10)

Using this result, one can check that the momentum obtained from the asymptotic expansion
of F̃ indeed reproduces the CFT result (E.7). Similarly, in all explicit examples analysed,
the gravitational expression for the angular momentum J reproduces the value of j in (E.6).

The identification (E.10) suggests that one cannot take a = 0 without setting both
Na = Nb = 0. In fact, the limit Na = 0 corresponds to

a2 = xk−1,m,n
2 (k − 1) b

2 , (E.11)

which would be the minimally allowed value for a that has a well-defined holographic dual.
However, from the gravity point of view, there is no objection to analysing values with
lower values of a. We hope to return to this issue in future work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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