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ABSTRACT: Black resonators and geons in global AdS are rapidly rotating, low-energy
solutions with a helical Killing field. We study the linear mode stability of equal angular
momenta, five-dimensional black resonators and geons under scalar, electromagnetic, and
gravitational perturbations. We find that black resonators are unstable to the superradiant
instability, in agreement with previously known results. Perhaps surprisingly, many geons
appear linearly stable, despite having an ergoregion. This apparent stability implies that
geons are important long-lived, low-energy states in the dual gauge theory. However, we
do find that geons are unstable within a certain range of parameter space. We comment
on the nature of this instability and to its possible endpoints. We also report on new
non-spinning oscillating geons, which we construct within a cohomogeneity two ansatz.
Given the existing arguments that suggest our linear stability results may be extended
nonlinearly, our findings indicate that most geons are generic and long-lived solutions.
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1 Introduction

In recent years, there has been an increased focus on gravitational dynamics in anti-de Sitter
space (AdS), due in large part to the development of gauge/gravity duality [1-3]. Despite
the growing attention, there is a fundamental question that remains unresolved: in classical
general relativity, what are the typical low-energy configurations in global AdS?

The answer to this question is surprisingly intricate. The timelike boundary of AdS
causes gravitational dynamics to behave quite differently from that of de Sitter or Minkow-
ski space. With energy and momentum conserving boundary conditions, the boundary is
reflective. Small-energy excitations in AdS therefore do not disperse and instead either form
a small black hole or reflect off the boundary indefinitely [4-18]. Recent results indicate
that both of these scenarios are generic in the space of initial data [7, 16, 19, 20].

Suppose a small black hole is formed. Generic configurations contain angular momen-
tum, which implies that the black hole will be rapidly rotating. But such a black hole is
superradiant [21-23] (see [24] for a review) and can amplify waves that approach its hori-
zon. These amplified waves will reflect off the boundary and interact again with the black
hole, leading to a cascade of instabilities [25-32]. The endpoint of this instability remains
an open question, with recent studies suggesting that the endpoint is not a steady-state
solution [33-36].

Suppose instead that a black hole is not formed. Such configurations tend to resemble
nonlinear extensions of normal modes of AdS [8, 9, 18, 19, 30, 37, 38]. For pure gravity,
the extensions of normal modes are called geons [33, 39-41]. Yet, even the linear stability
of geons has never been established. They do not have a horizon, and hence the instability
results from [42] cannot be applied. However, they still rotate rapidly enough to contain
ergoregions and hence may suffer from an ergoregion instability (see e.g. [24] for a review).
Perhaps surprisingly, if linear stability is established, the arguments presented in [7] indicate
that nonlinear stability is ensured.

Our understanding of low-energy states in AdS thus hinges upon the endpoint of the
superradiant instability of rapidly rotating black holes and the stability of geons, both of
which remain open problems.

The superradiant instability and geons are intimately connected to each other via black
resonators [34]. Black resonators are black holes that branch off from the onset of specific
unstable superradiant modes. They are non-stationary solutions but contain a “helical”
Killing vector that makes them time-periodic. Though black resonators are stable to the



mode that generated them, they are still rapidly rotating and hence remain unstable to
other superradiant modes [33-36, 42].

Black resonators form intermediate states in the dynamics of superradiant instabili-
ties [35, 36]. The nature of these instabilities, say in Kerr-AdS, is such that one unstable
mode often dominates the dynamics at early times. The growth of this mode causes the
solution to approach a black resonator until the instabilities of the black resonator itself
develop and drive the continuing dynamics.

Black resonators are also connected to geons, as their limit of zero horizon size is not
AdS, but a geon. Like black resonators, the geons also have a helical Killing field. A small
black resonator can be regarded as a small black hole placed in a geon where the black hole
and geon have a matching angular frequency.

Geons and black resonators have been constructed in four dimensions [34, 37, 39,
41], where this helical Killing vector forms the only continuous symmetry. This lack of
symmetry poses a challenge in studying the stability of these solutions. But recently,
by going to five dimensions and exploiting the extra symmetries that emerge when both
angular momenta are equal, the authors in [43] have constructed black resonators and
geons where the metric is cohomogeneity-1 (i.e. the metric functions have a single variable).
Cohomogeneity-1 black resonators and geons coupled to electromagnetic waves have also
been obtained in [44].

We therefore set out in this paper to study the linear stability of the five-dimensional
cohomogeneity-1 black resonators and geons obtained in [43]. The simplicity of the back-
ground makes it easy to handle the perturbations as they can be expanded in terms of
the spherical harmonics on S, for which the Wigner D-matrices are a convenient basis.
We consider scalar field, Maxwell, and gravitational perturbations comprehensively. We
map out the onset of superradiant instabilities in black resonators and determine the linear
mode stability of geons. We will find that many geons are stable, but there are certain
ranges of parameters where they are unstable.

This paper is organized as follows. In section 2, we review the five-dimensional
cohomogeneity-1 black resonator background obtained in [43]. The Wigner D-matrices
are introduced in section 3. In section 4, we give an overview of our linear calculation,
while technical details are explained in appendices A—C. Results for the study of these
perturbations are shown in section 5. In section 6, we briefly discuss multi-resonators and
multi-geons that are expected to emerge from the instabilities of the perturbations. We
then construct oscillating geon solutions in section 7, with technical details in appendix D.
The paper is concluded with a summary and discussion in section 8.

2 Cohomogeneity-1 black resonators and geons

We begin with a review of the construction of the cohomogeneity-1 black resonators and
geons in [43]. They are obtained within pure Einstein gravity in global AdS;. Throughout
this paper, we set the AdS radius to unity, and the Einstein equation is given by G, —
69, = 0.



Consider the following metric ansatz:

dr?
(L+r2)g(r)

2

R a(lr)ag B0 + 2h(r)dr)? |, (21)

ds®* = —(1 + ) f(r)dr? +

where the 1-forms o, (a = 1,2, 3) are defined by

01 = —sin xdf + cos x sin 6d¢,
o9 = cos xdf + sin y sin 6d¢ (2.2)
o3 = dyx + cosfd¢.

The 1-forms satisfy the Maurer-Cartan equation do, = (1/2)€qp.0p A 0c. The ranges of the
coordinates (6,¢,x) are 0 < 0 <7, 0 < ¢ < 2w, and 0 < y < 47. The radial coordinate r
will range from either the origin » = 0 (for geons) or some horizon radius r = r, (for black
holes) to asymptotic infinity » — oo. We restrict ourselves to asymptotically global AdSs
solutions where the boundary metric is conformal to R(*) x §%. The metric of AdSs can be
recovered when h is constant and the remaining metric functions are f =g=a == 1.

There is another closed-form solution to the Einstein equation that falls within this
ansatz: the equal angular momentum Myers-Perry AdS black hole. The Myers-Perry black
hole [45-48] is a rotating black hole in higher dimensions, which can be viewed as the
higher dimensional generalization of the Kerr black hole solution (see [49] for a review of
higher dimensional black holes). When the angular momenta of the Myers-Perry black hole
are set equal, the solution can be written in cohomogeneity-1 form. We will henceforth
restrict ourselves only to the equal angular momenta family when discussing the Myers-
Perry solutions, and abbreviate the Myers-Perry AdS black hole as “MPAdS”. Within our
ansatz, MPAdS can be expressed as

21(1 — a?) 2a%u 2a% 1
9(r) r2(1+ r?) + rd(1+1r2)’ Br) T (2.3)
2ua g(r) '
) =0- =95 et =1,
where the angular velocity (2 is
2ua
Q= ——+ 24
o+ 2a?p’ (2.4)

and the horizon radius rp, is given by the largest real root of g(r,) = 0. MPAJS is a
two-parameter family, which can be conveniently parametrized by r, and 2.

Let us now discuss the symmetries of the ansatz (2.1), as well as those of some special
cases. Generically, the isometry group of the ansatz is R x SU(2), which can be specified



by the following four Killing vectors:

K=0,,
sin ¢ .
&x = cos 0y + ——— 0, — cot 0sin @0 ,
sin 6 (2.5)
13 sin 0y + o8 ¢8 cot 6 cos ¢0,
= —sin —0, —
4 97 Sing X ¢
£ =04
From these Killing vectors, we can define the angular momentum operators
which satisfy the commutation relation of SU(2): [L;, L;] = ie;,Ly. Each 1-form o, is

invariant under the SU(2): Lo, = L1,,04 = 0.

An additional SU(2) symmetry appears when h is constant and « = = 1, essentially
because the 1-forms (2.2) form the basis of a round S, which has SU(2) x SU(2) isometries.
The additional Killing vectors & can be expressed by

&, = —sinxOg + (;(i)j;((% — cot 6 cos x0y ,
&, = cos xOp + Zii%@, — cot @ sin x 0y, (2.7)
& =0y
From these, one can define
R, =i, (2.8)
which satisfy the SU(2) commutation relation [R;, R;| = —ie;j, Ry

Generically, «, 8, and h in the metric ansatz (2.1) will completely break the second
SU(2) isometry corresponding to (2.7), and & will no longer be Killing vectors. However,
when «(r) = 1 identically as in the case of MPAdS, this SU(2) is broken only down to the
U(1) subgroup specified by R, = i0y. This implies that the spacetime (2.1) recovers this
U(1) symmetry, and together with the SU(2) symmetries given by &;, the isometry group
enhances to R x U(2).

The U(1)-generator R, commutes with the other symmetry generators (2.5): [L;, R,] =

¢

[K, R,] = 0. This operator generates “rotation” of o1 and o3,

R,o0 =404, R,03=0, (2.9)
where we defined 1
or = 5(01 Fioz). (2.10)

Eq. (2.9) indicates that o4 and o3 have U(1)-charges +1 and 0, respectively. Note that, if
a(r) # 1, R, is not a symmetry generator of the spacetime (2.1).
The spacetime (2.1) also has a discrete isometry:

(7,0,Xx) = —=(7, 0, x) - (2.11)

By this isometry, the invariant 1-forms transform as (o+,03) = (-0, —03).



Let us now describe the construction of geons and black resonators in our ansatz (2.1).
For the boundary conditions, we require regularity at the origin (for geons), or the horizon
(for black resonators). For black resonators, we also take h = 0 at the horizon. The
solutions must also be asymptotically AdS, so as r — oo we require

fig,0,6—=1, h—=Q, (r— o), (2.12)

where (2 is a constant representing the angular velocity of the spacetime.

The asymptotic behavior (2.12) corresponds to a rotating frame at infinity. We can
introduce another frame that is non-rotating at infinity (¢,%) via dt = dr and dy =
dx + 2Qdr. The function h is then shifted as h = h — €, whose asymptotic behavior is
h — 0 (r — c0). In this frame, the Killing vector K can be rewritten as

0 0

In ref. [43], black resonators and geons were numerically constructed under these

(2.13)

boundary conditions with the ansatz (2.1) as solutions possessing a helical Killing vec-
tor. It was found that they always satisfy 2 > 1. The Killing vector K becomes spacelike
near infinity:

K'K, — —(1 -0, (r — 0). (2.14)

In the frame that is non-rotating at infinity, the Killing vector K is helical. There is no
continuous time translation symmetry, but what remains is a discrete one: ¢ ~ ¢t +w/(22).
Strictly speaking, the lack of a Killing vector that is timelike everywhere at infinity implies
that the spacetime is non-stationary. Nevertheless, for black resonators, this Killing field
serves as a horizon generator, and the entropy of the black hole does not change. In this
sense, black resonators are steady-state solutions. The zero horizon size limit of black
resonators is a geon, which also has this helical Killing field.

The phase diagram of the five-dimensional black resonator and geon solutions within
this ansatz is shown in figure 1.! We denote by E and J the mass and angular momentum,
respectively.? The mass of geons is denoted by Egeon, in particular. In the left figure, Egeon
is shown as a function of the angular momentum. In the right figure, the difference between
the mass of the black resonator and that of the geon with the same angular momentum,
E — FEgeon, is used as the vertical axis for visibility. Black resonator solutions exist in
the filled region, which is bounded by the horizontal axis and the upper orange curve,
where the latter gives the onset of the superradiant instability in MPAdS for the mode
that generates the black resonator. MPAdS (not shown) also exists slightly below this
orange curve until extremality is reached. When the MPAdS competes thermodynamically
with the black resonators in the microcanonical ensemble, the black resonators dominate
(i.e. black resonators have more entropy than MPAdS for the same energy and angular
momentum).

'In addition, there are an infinite number of black resonators and geons labeled by a radial overtone
number n, i.e. the number of the nodes in the r-direction. We focus only on the fundamental n = 0 which
has the lowest number of nodes.

2For notational simplicity, we set the five dimensional gravitational constant G5 = 1. One can easily
restore it as E — G5E and J — GsJ.



16 . . . . . 05
14 i
2l | g 0.4 | 1
o)
§ 0 iy Y oa | Mp4ds —
Lﬂw : - ] B|q 0.2 I+ i
W0 | Black resonators
01 |
2 - -
0 ' ' ' . ' 0 ' ' ' ' '
0 2 4 6 8 10 12 0 2 4 6 8 10 12
J J
(a) The mass of geons. (b) Phase diagram of black resonators.

Figure 1. (a): the mass of geons Egeon as a function of angular momentum J. (b): phase diagram
of cohomogeneity-1 black resonators. In the vertical axis, £ — Egeon is used for visibility. The black
resonators exist in the filled region. The horizontal axis represents the geon limit. The orange curve
indicates the onset of the superradiant instability of MPAdS, where the black resonators branch off.

3 Wigner D-matrices

We will study the stability of the cohomogeneity-1 black resonators and geons against
scalar field, Maxwell, and gravitational perturbations. These can be expanded in terms
of the Wigner D-matrix D%k(ﬁ, ®,x). (For an introduction to the Wigner D-matrix, see
e.g. ref. [50]. See also refs. [28, 51-54] for its application to the scalar field, Maxwell, and
gravitational perturbations in general relativity.)

The Wigner D-matrix has three quantum numbers (j, m, k): the total angular momen-
tum j, and the U(1) charges m and k associated to L, and R,, respectively. The ranges of
the quantum numbers are

j=0,1/2,1,3/2,...,
k= —j+1.... ]
The Wigner D-matrix vanishes if (m, k) are outside these ranges. It is the eigenfunction of

L2 = Zi:x,%z L?a L27 and RZ:

L*D!, =i +1)D’

Jes LD} =mD/ . R.D/ =kDl . (3.2)
The subscripts of D%k are shifted by L+ = L, +iL, and R4 = Ry £ iR, as
L.D}, =¢epni1 D! LD}, =enD{,

(m+1)k>
Ry D!, = ep1 D) R_D!, =D

u (3.3)

(k+1) 7 (k—1)°

where &, = /(j + m)(j —m+ 1) and e, = \/(j + k)G — k + 1).
Because of the SU(2) symmetry of the spacetime (2.1), the modes with different (j,m)
are trivially decoupled when we decompose the perturbations by the Wigner D-matrices.



Therefore, in the following, we suppress the indices (j,m) and use Dy, for qunk' (Though,
remember that the wavenumber j is still important in that it limits the range of k and
appears in various formulae involving €;.) Unlike (7, m), modes with different & are coupled
in backgrounds where a(r) # 1 because in that situation 0, is not an isometry. In the
special case that a(r) = 1 as in MPAdS, the extra U(1) isometry allows modes with different
k to be decoupled.

We end this section by showing useful formulae for the derivatives of the Wigner D-
matrix. Solving R, Dy = kDy, Ry Dy = €x11Dg11, and R_ Dy = €, Dy_1, we obtain

i .
OpDy, = —5(61& XDp_1 + €gr1€*Dg1),

1 . 1 )
04Dy, = —ik cos 0Dy, + 56k sinfe " XDy_q1 — 6k sinfeX Dy 1, (3.4)

8Dy, = —ikDy .

See also ref. [51] for a derivation of these formulae.

4 Overview of linear calculation

In this section, we give an overview of our computation for linear perturbations. Here, we
mostly focus on details that are necessary for understanding the results. More technical
aspects of our computation can be found in the appendices.

4.1 Massless scalar field

For the massless scalar field, we wish to solve the Klein-Gordon equation on the background
of a black resonator or a geon, [1® = 0. To find the onset of instability, however, it is
convenient to consider the eigenvalue equation of the Klein-Gordon operator given by

O0F = \D, (4.1)

and search for solutions to the above equation with zero eigenvalues A = 0.
We decompose the scalar field by using the Wigner D-matrices as

(P(T, T, 07 (ba X) = efiw‘r Z (bk(r)Dk(ev (ba X) ) (42)

k|<j

where the indices of and summation over (j, m) are suppressed. Substituting this into (4.1),
rewriting the derivatives of the Wigner D-matrices by using the formulae (3.4), and rear-
ranging the index k, we obtain for each k an equation of the form

Lyop + c—1¢p—2 + Chy10k42 = 0, (4.3)

where Ly is a background-dependent differential operator with only radial derivatives 0,
and ¢ is a function depending on the radial coordinate and background metric. Their

3Note that A is nothing but the squared mass of a massive scalar field.



explicit expressions can be found in appendix A.l. ¢ vanishes if k is outside the range
given in (3.1).

In (4.3), we find that the mode coupling is “double-stepping” — the modes with k and
k + 2 are coupled. We note that if o = 1 identically as in the case of MPAdS, ¢; = 0 and
the individual k£ modes decouple. Otherwise, as in the case for the black resonators and
geons, fixed-j perturbations reduce to a coupled system of scalar fields ¢y (r).

Note that because of the double-stepping, there is a difference when j is a half-integer
or an integer. For half-integer j, the two following systems are decoupled from each other:

v = {¢j7 ¢j—27 ¢j—47 T 7¢—j+1} ) (44)
U= {¢j-1,0j-3,Pj—5,"" ,P_j}. 4

Both of these have the same equations of motion, so it suffices to consider just one of them.
For integer 7,

V= {¢j7¢j—27¢j—47 T 7¢—j}) (46)
U ={0j_1,0j—3,0j—5, " ,b_jy1} 4.7

are decoupled systems with different equations of motion. On solutions with w = 0,
integer 7 modes can be further decoupled into odd and even perturbations under the
isometry (2.11):

U+ = {(;Sk + (ﬁ,k’k > 0}, (48)

with the plus and minus signs corresponding to even and odd parity, respectively. Note
that if w # 0, the isometry (2.11) is broken, and if j is a half integer, £ and —k modes are
decoupled from each other. This is why the decoupling (4.8) only applies to w = 0 and
integer j.

To solve the coupled equations (4.3), we need to impose boundary conditions. We re-
quire regularity at the horizon for black resonators or at the origin for geons. At asymptotic
infinity, we choose no-source boundary conditions, where the slowest fall-off of the scalar
field vanishes. With these boundary conditions, a fixed background and fixed j defines an
ODE system for ¢ with two unknown constants w and .

Unfortunately, typical growth rates Im(w) for unstable modes of black resonators are
extremely small (often smaller than the 64-bit machine epsilon ~ 10716). For this reason,
we only compute the onset of the instability for the black resonators where Im(w) = 0.

In appendix A.2, we demonstrate that Im(w) = 0 implies also Re(w) = 0. We can
therefore set w = 0, and solve the resulting ODE system with A in an eigenvalue. Since
w = 0, the equations are time independent, and we can impose a regularity condition on
the horizon, which is given by the w — 0 limit of an ingoing wave condition. We vary
parameters of the background until we find that A\ = 0, which corresponds to the onset of
an instability. We carry out this computation numerically using a shooting method.

For geons, there is no horizon, and the lack of dissipation implies that the frequency
w is purely real or purely imaginary. Therefore, for geons, we set A = 0 and compute w
directly. We do so using pseudospectral methods with Chebyshev polynomials.



4.2 Maxwell field

We consider the Maxwell perturbation in the Lorenz gauge. The equations of motion and
the gauge condition are given by

DA, + 44, = A, (4.9)
VFA, =0, (4.10)

where we have introduced the eigenvalue A for the operator [1+4. We seek solutions where
A = 0. Because the Lorenz gauge condition does not fix the gauge freedom completely, we
will need to check that our solutions are not gauge modes. This technical point is discussed
further in appendix B.6.
Let us decompose (4.9) and (4.10) by using the Wigner D-matrices. First, we define
the basis 1-forms
(e7,e" et e) = (dr,dr, 04,03 + 2hdr), (4.11)

and write the Maxwell field as
A= Aze?, (4.12)

where a = 7,r,4+,—,3. The components of the Maxwell field A, can be decomposed by
the Wigner D-matrices as

Ap=e™T > AL(rDy, Ar=e™" Y AL(r)Dis, (4.13)
IkI<j k¥ 1] <j

where A = 7,r,3. Notice that the index k of the Wigner D-matrices is shifted in the
expansion of A4. This was done so that o+ Dy have U(1) charge k, matching that of Dy,.
Because of the shift of the index, A% are defined in |k F 1| < j, while A% (A = 7,r,3) are
defined in |k| < j. Then, from (4.9) and (4.10), we obtain coupled differential equations
for Ay = (A%, AR) of the form

§ = P[Ag, A2, Appo], (4.14)
(Af)/ = Q[Aka Ak*27 Ak+2] 5 (415)

where P and @) are linear operators arranged in such a way that the first r derivative is
included in P, but not in (). Their explicit forms are too cumbersome, and we do not to
reproduce them here.

We again find that the coupling is double-stepping (k modes are coupled to k+2), and
this will again lead to different decoupled systems depending on whether j is a half-integer
or integer in a similar manner as (4.4) and (4.6). Integer j solutions with w = 0 can be
further divided into even and odd perturbations in a similar manner as (4.8).

In general, there are more equations than unknown linear functions. We will only solve
a subset of these equations and treat the remainder as constraint equations which we will
verify after obtaining a solution. The details of which combinations of the equations we
solve and which we leave for verification afterwards, can be found in appendix B.4.

For boundary conditions, we again require regularity at the horizon or the origin, and
the slowest fall-off at infinity to vanish.



In the same way as the case of the scalar field, on black resonators we will find the
onset of an instability by setting w = 0 and computing A, searching for regions of parameter
space where A = 0. For geons, we will set A = 0 and compute the frequency w directly.

4.3 Gravitational perturbations

We consider gravitational perturbation using the transverse-traceless gauge. The pertur-
bation equations are
Ol + 2R, p0eh? = Ay (4.16)

with
Vfh, =0, k', =0, (4.17)

where we introduced the eigenvalue )\ of the Lichnerowicz operator to find the onset of
instability. As in the Maxwell case, we will need to verify that the solutions we will find
are not gauge modes.

In a similar way as in the previous sections, we expand (4.16) and (4.17) by the
Wigner D-matrices. We can decompose the metric perturbation by using the orthogonal
basis (4.11) as

hyydztdz” = hape®e® (4.18)

where a,b = 7,7,+,—,3. The metric components hy, can be expanded by the Wigner
D-matrices as

= S WP, e e S D

Ik|<j Ikl<y (4.19)
hay =e ™7 Z hE e (r)Dig1,  hay =e 7 Z i (r)Disa

|kF1]<j |kF2|<j

where A, B = 7, 1,3, and we shifted the index &k of the Wigner D-matrices in the expansion
depending on the U(1)-charges of the corresponding 1-forms. Note that hf‘f‘ g and hi, are
defined in |k| < j, while k%, and A% in shifted domains |k F2| < j and |k F 1| < 7,
respectively. Substituting (4.19) into (4.16) and (4.17), we obtain the coupled equations

for hy, = (R% . b, -+ h¥ _) schematically as
W= Plhi_g,hi_o, by, hyio, hitd), (4.20)
(hE) = Qlhi—1. hi—2, hi, hyyo, Bycya] (4.21)
hE = Rlhj—g, hi—2, By, Py 2, ga] (4.22)

where P, () and R are linear operators; P includes the first derivative terms in r, but Q
and R do not contain such terms.

We again find that the mode coupling is double-stepping. Unlike the scalar and
Maxwell field perturbations, hig44 appear in the right hand side of the above equations.
There are again different decoupled systems depending on whether j is a half-integer or
integer, and integer j solutions with w = 0 can be further divided into even and odd
perturbations in a similar manner as (4.8).

~10 -



Like the Maxwell field, the equations of motion contain more equations than unknown
functions. We again solve only a subset of these equations and treat the remainder as
constraint equations to be verified after obtaining a solution.

For boundary conditions, we require regularity at the horizon or the origin, and the
slowest fall-off at infinity to vanish as in the case of the scalar and Maxwell fields.

Unlike the scalar field and Maxwell field, the growth rates of gravitational perturbations
are not prohibitively small. We therefore compute the frequency w directly by setting A = 0
and solving for w as an eigenvalue. As a consistency check, we also search for the onsets
of instabilities by setting w = 0 and finding regions of parameter space where A = 0. We
perform both types of calculations for both black resonators and geons.

5 Results

5.1 Scalar field

We now describe the main results of our perturbation calculation, beginning with the scalar
field. For a given j, we focus on the set of modes with a dominant k£ = j component, which
would be the mode with the highest growth rate among those with different & [55]. In
figure 2a, we show the location of the onsets for the superradiant instability (where w = 0)
on black resonators for three modes with j = 9/2, 7 = 5, and j = 11/2. MPAJS at
branching points of black resonators are stable for j < 4, as we explain in section A.3 of
the appendix. We also did not find any evidence of instability of black resonators for j < 4.
For j = 5, there are actually two onset curves corresponding to even and odd parity modes
under the discrete isometry (2.11), but they almost coincide. In the inset, we zoom into
the region near the geon where it is easier to see the difference between the j = 5 even and
odd parity modes.

Note that the onset curves intersect the orange branching curve, where black res-
onators merge with MPAdS solutions. By using the known results [26] on MPAdS (see
also appendix A.3 for more details), we can deduce that each mode is unstable below its
onset curve, and stable above it. In other words, we see that black resonators with large
angular momentum J have more stable modes. Though, like MPAdS, black resonators are
in general unstable to an infinite number of modes with arbitrarily high wavenumbers.

For the geon, most modes we have found for the scalar field perturbation are normal
modes. That is, the modes have purely real frequency and geons are linearly stable to these
modes. In figure 2b, we show the perturbative frequency w on the geons for these same
modes with j =9/2, j =5, and j = 11/2, from left to right, respectively.

We note that for the j = 5 mode, there is a small window near J ~ 2.44 where
this mode becomes pure imaginary and unstable.* This window is imperceptibly small in
figure 2b, but we show the growth rate in figure 2c.

4 Actually, w goes continuously from purely real, to w = 0, to pure imaginary. But one can show that if
w is an eigenfrequency, then —w is also an eigenfrequency. There is therefore an ambiguity as to whether
this w continues to a positive imaginary mode, or negative imaginary. We just take the positive imaginary
mode because it corresponds to an instability.
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Figure 2. (a): phase diagram for the stability of the black resonators against a scalar field.
The colored curves correspond to the onset of an instability where w = 0. Black resonators are
unstable to a given mode below each curve. Wavenumbers are for the Wigner D-matrices Dfnk. (b):
perturbative frequency w for geons. Note that the zero modes of geons where w = 0 matches where
the zero modes of the black resonators intersect the geon family. (c): growth rate of the unstable
mode on the geon.

Note that the geons have zero modes where w = 0, and that these zero modes corre-
spond to precisely where the onset curves of the black resonators intersect the geons. This
includes both the odd and even j = 5 modes. Meanwhile, the half-integer zero modes of
the geons are not an onset to an instability as the frequencies are all purely real.

Outside of the small window given in figure 2¢ (and presumably other similar windows
for higher integer j), geons are linearly stable. Continuity implies that the corresponding
mode on nearby black resonators has a small growth rate Im(w).

Both the geon zero modes and the black resonator onsets correspond to 7-independent
perturbations. This suggests a new family of geons and black resonators with nontrivial
scalar “hair”. We will discuss these solutions in section 6.

5.2 Maxwell field

In figure 3, we show results for Maxwell fields for modes with j = 3/2 and j = 2. MPAdS
at branching points of black resonators are stable for j < 1, as we explain in section B.2
of the appendix. We also did not find any evidence of instability of black resonators for
j < 1. For j = 2, there are two onset curves corresponding to even and odd parity modes
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Figure 3. (a): phase diagram for the stability of the black resonators against a Maxwell field. The
colored curves correspond to the onset of an instability where w = 0. Black resonators are unstable
to a given mode in the region to the left of each curve. Wavenumbers are for Wigner D-matrices
Dfnk. (b): perturbative frequency w for geons with j = 3/2 and j = 2. Frequencies are purely real
or purely imaginary. Geons are unstable to the j = 2 mode in the gap around J ~ 10.5, where this
mode becomes purely imaginary. (c): growth rate of the unstable mode on the geon.

under (2.11); the onset of the odd perturbation is shown only in the inset in figure 3a
for visibility. Much of the behaviour is similar to that of the scalar field. That is, black
resonators with large J tend to have more stable modes, although they are nevertheless
still unstable to modes with arbitrarily high wavenumbers. The onset of these instabilities
corresponds to a zero mode, which happens to also be a zero mode on the geon. These zero
modes are T-independent perturbations that will lead to new families of geons and black
resonators with Maxwell “hair”.

Like what was observed in the scalar field, there is a small range of parameters where
the geon is unstable. Notice that in figure 3b near J ~ 10.5 for the j = 2 mode, there is a
small window. In this region, the mode is purely imaginary, and becomes the mode shown
in figure 3c. This instability likely extends to nearby black resonators as well.

The edges of this instability just below J = 10 and just above J = 10.6 are zero modes
for the geon. From the inset of figure 3a, we see that these zero modes are precisely where
the 7 = 2 onsets curves for even and odd party perturbations of black resonator intersect
the geon.
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Figure 4. Gravitational perturbations for j = 1/2.

5.3 Gravitational perturbations

We now give results for gravitational perturbations, beginning with the j = 1/2 modes,
which we show in figure 4. In figure 4a, we show the onset curve for the black resonator.
The black resonators are unstable above the purple curve. Note that this onset curve
does not intersect the branching points because MPAdS is already unstable to j = 1/2
perturbations.

In figure 4b, we plot the perturbative frequency on the geons. Note that there are no
zero modes or instabilities on the geons, even though the onset curve in figure 4a appears
to intersect the geon. To explain this behaviour, in figure 5 we show two eigenfunctions
for two different black resonator backgrounds. (These eigenfunctions are defined more
precisely in appendix C.5.) Both black resonators are close to the onset curve, but one of
them is farther from the geon, and the other is closer. We see that the eigenfunctions for
near-geon black resonators have sharper gradients near the AdS boundary. This suggests
that this onset mode becomes singular in the geon limit, which would explain why zero
modes can exist for black resonators but not geons.

Results for the j = 1 perturbation are shown in figure 6. Against the 7 = 1 pertur-
bation, MPAdS are unstable at the branching points. The black resonators continue to be
unstable in the whole region against such perturbation. (See also figures 15b and 15¢.) In
addition to this mode, as shown in figure 6a, a new unstable mode appears above each of
the purple and green curves. Note that the even onset curve (in purple) intersects the geon,
where in figure 6b we see that it corresponds to a zero mode of the geon. This zero mode
on the geon is the onset of an instability, the growth rate of which is shown in figure 6c.
There is a possibility that odd onset curve (in green) also intersects the geon, where it
would correspond to the location where the growth rate in figure 6¢ reaches zero again.
But this would occur for an angular momentum that is too high for our numerical methods
to capture. Finally, we note that the onset curve for j = 1 perturbations intersects the
j = 1/2 perturbations though this is not shown in our figures.

We expect the unstable gravitational perturbations to have a growth rate that is typi-
cally much larger than that of the scalar field and Maxwell field. This behaviour is similar
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Figure 5. Two eigenfunctions (precise definitions can be found in appendix C.5) for gravitational
perturbations of black resonators near the onset w ~ 0. The coordinate p is defined so that p = 0 is
the horizon and p = 1 is the AdS boundary. Left: E = 5.33, J = 3.69 (farther from geon). Right:
E =~ 1.38, J ~ 0.904 (closer to geon). We see that the eigenfunctions for black resonators near the
geons have sharper gradients near the AdS boundary.

to perturbations of Kerr-AdS, where perturbing the background with higher-spin fields
will yield greater growth rates in the superradiant instability [32]. This might perhaps be
due to the fact that growth rates tend to decrease exponentially with increasing j, and
gravitational perturbations tend to be unstable for smaller j. Because of the larger growth
rate, it is numerically feasible to compute w directly for black resonators. The growth rates
Im(w) for the j = 1/2 modes are shown in figure 7. This can be compared with figure 4a.
We also did a similar analysis for j = 0 gravitational perturbation, which preserves SU(2)
symmetry, but did not find any evidence of instability.

6 Multi-resonators and multi-geons

At the onsets of any instability of black resonators, we find 7-independent perturbations.
For example, the T-independent scalar field perturbation can be written as

O(7,71,0,6,x) = > r(r)Dr(6,6, %) (6.1)

|k|<j
Now, let us move to the non-rotating frame at infinity (t,):

dt =dr, diy=dx+2Qdr. (6.2)

~15 —



0.5 T T T T T

J

(b) Perturbation frequency on geons.

0.02}
0.01}

0.00%

(¢) Growth rate for instability on geons.

Figure 6. Gravitational perturbations for j = 1.
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Figure 7. Growth rate Im(w) for a j = 1/2 gravitational perturbation of black resonators. The
green line is the onset of the instability where w = 0. The black line are the geons, which are the
zero horizon size limit of black resonators.
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The Wigner D-matrix depends on x as Dy (6, ¢, x) o e~**X. Therefore, in the non-rotating
frame, the solution of the scalar field becomes

Ot,7,0,0,9) = Y _ ey (r)Dr(0, 9,1)). (6.3)

|kI<j
This perturbation has eigenfrequencies

in addition to the background frequency w = +41.

These perturbations will therefore generate a new solution that has deformations with
multiple angular frequencies, yet preserves a helical Killing field. These solutions can be
described as either black resonators (or geons) with scalar or Maxwell hair, or as a “double
resonator” (or “double geon”) for gravitational deformations. For scalar and Maxwell
perturbations, their energy momentum tensors are invariant under the change of the sign
of the T-independent perturbations. We therefore only expect a single branch of solutions to
emerge from these perturbations. For a general 7-independent gravitational perturbation,
changing the sign of the perturbation leads to a physically distinct result.

But hairy black resonators and double resonators likely have their own instabilities,
some of which would have onset curves. These will lead to 7-independent configurations
with angular deformations from multiple different modes. These may be described as multi-
haired black resonators/geons, or perhaps as “multi-resonators” and “multi-geons”. The
phase diagram of these solutions is therefore quite complicated.

In the scalar and Maxwell cases, the onset mode of the black resonators intersects a
zero mode of the geon. It is therefore natural to expect that hairy black resonators are
connected to hairy geons, much like black resonators are connected to geons. The situation
is less clear for the j = 1/2 gravitational perturbation given that there are zero modes
to generate multi-resonators, but no zero modes to generate “multi-geons”. The j = 1
gravitational perturbation, however, has a zero mode on the geon which will lead to a
multi-geon that is presumably connected to some multi-resonators.

Because rotational superradiant instabilities are characterised by an infinite number
of unstable modes, it is plausible that multi-resonators will remain unstable. Nevertheless,
they are stable against several modes that are unstable in MPAdS, and these solutions may
be long-lived.

Constructing these new solutions is numerically challenging due to the lack of symme-
tries. Nevertheless, there is a possibility that some of these solutions could be constructed
perturbatively about AdS. We leave such investigations for future work.

7 Oscillating geons

Because the spectrum of geons typically consists of normal modes, these perturbations
generate nonlinear oscillatory solutions, such as those found in [6] for gravitating scalars.
More complicated multi-oscillating solutions can be generated out of several combinations
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of normal modes [19, 20, 56]. These solutions are highly asymmetric, as the helical Killing
symmetry is broken in addition to many spatial symmetries.

Nevertheless, a small modification of our ansatz (2.1) allows similar solutions to be con-
structed that are cohomogeneity two. However, these oscillating geons will not have angular
momentum, and are generated from perturbations about AdS rather than another geon.

Consider the metric ansatz

1 fr,y)e2 () dy?
ds? =0 -1 222 (472
i y{ 0?2 7 Jr4(1—y)yf(f,y)jL
1— 1
LD B g + T <a%+a§>} } (7.1)

where € is a real parameter whose physical significance we detail below and {f,d, B} are
functions of 7 and y to be determined by imposing the Einstein equation.

To understand our choice of ansatz, we initially set f = B = + 1 = 1, which brings
the line element (7.1) to
1[ dr? dy® (I—-y) 2, 2
- |——= . 7.2
y 0z +4(1—y)y+ 1 (03+01 +02) (7.2a)

Upon the coordinate transformation

ds® =

1=
T =0t and r= Y , (7.2b)

VY

one recovers the metric of global AdS. From the above considerations, it is clear that we

want to consider y € [0, 1], with y = 0 marking the location of the conformal boundary
and y = 1 the AdS centre. Finally, we are interested in periodic solutions in time with
frequency 2, and thus we take 7 € [0,27]. In fact, we can take advantage of an additional
discrete symmetry to reduce the domain to 7 € [0, 7] without loss of generality.

The ansatz can be placed in the Einstein equation and solved with the conditions of
regularity at the origin and that the metric is asymptotically global AdS. The system has
one more equation than unknown functions, which we treat as a constraint equation to be
verified after finding a solution. Further details can be found in appendix D.

To find our solutions we employed spectral collocation methods, with a uniform cosine-
type grid along the 7 direction and a Chebyshev grid along the holographic direction y.
Our findings are consistent with exponential convergence, which seems to be supported by
the fact that we found no non-analytic behaviour at any of the edges of the integration
domain with the gauge we used.

With a solution, we can determine the holographic stress energy tensor using [57]

, (7.3)

1 1
(Ty)datda” = —— { — 3q2dt” + ~ [(8q1 — g2) 05 — (4a1 + @2) (07 + 03) ] }
y=0

167 4

from which one can read the total energy of the system E.°

5We will always measure the energy with respect to pure AdS, i.e. we neglect the Casimir energy of
global AdSs.
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Figure 8. Energy E of the squashed geons as a function of Q for the fundamental mode. For
) < 6 the agreement between the exact numerical data (black disks) and the analytic perturbative
approach (solid red line) are in good agreement.

Besides solving for our solutions numerically, we can also use perturbation theory to
construct these objects. This has been extensively used in the literature [6, 33, 39, 40, 58, 59]
in similar contexts and provides a good check of our numerical procedures. We expand
all our functions about AdS in power series in a small parameter e, with the 7 coordinate
expanded as a Fourier series. Solving order by order, we obtain expressions for the angular
frequency and energy, perturbatively about AdS:

9re? 11057¢>
E=— Q=6————. 7.4
160 ’ 90090 (7.4)

The details of this perturbative calculation can be found in appendix D.

We are now ready to present our results and compare them with our perturbative
calculations. In figure 8 we show the energy as a function of €2, with the black disks
corresponding to our numerical data and the red solid line to the analytic perturbative
results (7.4). For Q < 6, we find good agreement with the perturbative and full nonlinear
solutions. The energy seems to reach a maximum value Epax ~ 0.452018 around €2 =
Qmax =~ 5.30219. For Q0 < Quax the energy decreases with decreasing ). We stop finding
new solutions at around 2, = 5.312, and we suspect that this is due to a formation of a
curvature singularity in the bulk. To inspect whether this is true we monitored

C — WadeWa od s 75
max » (75)

where W is the Weyl tensor. We find that the maximum of W®4W ;. is always located
at y = 1 and 7 = 7. In figure 9 we plot C as a function of {2 in a log-scale. We find evidence
that C is blowing up as we take the limit Q — Qpax "

We have also extracted (T, for several values of 2, which we depict in figure 10. From
left to right, we have Q = 5.998,5.8,5.312. The black disks represent the exact numerical
results and the solid red line the analytic perturbative results. Like it was for the energy,
we find agreement between the two methods when Q < 6.
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Figure 10. (7)) as a function of 7 = Q¢ computed for several values of Q. From left to right,
we have (2 = 5.998,5.8,5.312. The black disks correspond to our numerical data and the solid red
lines to our perturbative analytic approximation. For @ < 6 we find excellent agreement between
the two methods to extract (T} ).

Finally let us comment on the stability of oscillating geons. In many ways, these geons
resemble boson stars and oscillaton stars [6-10, 12, 15, 16], in that they are nonlinear
extensions of normal modes about AdS. There is considerable evidence for the nonlinear
stability of such solutions [9, 10, 12, 15, 16], and there are arguments that this stability
should apply to geons as well. Also like boson stars and oscillaton stars, the oscillating
geons appear to have a maximum energy. We expect that solutions past this maximum
energy (i.e. for Q < 5.30219) are unstable, as is common for such turning points [60-63].

8 Summary and discussion

We presented a comprehensive study of the linear mode stability of certain five-dimensional
black resonators and geons with equal angular momenta. We find that black resonators
are superradiantly unstable throughout moduli space to scalar, electromagnetic and grav-
itational perturbations. Our findings are in agreement with those reported in [42].

The results pertaining to the geons are more surprising. These horizonless solutions
have an ergoregion, so one might be tempted to think that they are unstable to the so-
called ergoregion instability first studied by Friedman in [64], proved in [65] for scalar
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waves and reviewed in [24]. However, Friedman’s instability only applies to asymptotically
flat boundary conditions, which is not our case. Indeed, Friedman finds initial data with
negative energy and then uses the fact that the Bondi mass is a decreasing function on
null infinity to argue that the energy will continue to grow more negative. In AdS, with
reflecting boundary conditions, the energy is conserved at infinity and thus the instability
is absent. Black holes also do not have this instability because they absorb the negative
energy states in the ergoregion.

In [33, 39], a linear stability argument for geons was presented based on eigenvalue
perturbation theory. Geons are nonlinear realizations of normal modes of AdS, and in
particular, when their energy is small, it is natural that their perturbative spectrum is
similar to that of AdS. Since AdS does not have any mode that is on the verge of becoming
unstable, we expect the geons to be stable. However, this argument is too quick, since we
cannot prove that the spectrum of linear perturbations around a geon yields a selfadjoint
problem in w?, and thus we cannot rule out the existence of an instability. Remarkably, after
studying scalar and gravitational perturbations we still find that the spectrum remains real,
and in fact many are linearly stable, even moderately far away from pure AdS. Continuity
implies that the growth rate of black resonators should approach zero in the small horizon
limit.

However, for scalar and electromagnetic perturbations, we have found a small window
of parameters where geons are unstable. Our results also indicate that such a window
is plausible for gravitational perturbations as well. This window is bounded by the zero
modes of integer j perturbations with odd and even parity.

The fact that these instabilities exist for scalar, Maxwell, and gravitational perturba-
tions implies that there is some general mechanism that drives this instability. Though at
this stage, it is unclear what physical mechanism is responsible. Such a mechanism would
have to be sensitive to some symmetries of the perturbations, as the instability only seems
to exist for integer j modes, and not half-integer modes.

It would be natural for the instability of these geons to lead to black hole formation.
There are black resonators with the same energy and angular momentum as these geons.
These are the less symmetric black resonators that are bounded in phase space by higher-
mode geons and the onset of higher superradiant modes. In the scalar and Maxwell case,
there may also be hairy black holes that share the same energy and angular momentum.
All of these black hole solutions can serve as intermediate states in the evolution of these
unstable geons, though the ultimate endstate is still unknown as these black holes are still
unstable to superradiance.

We have also commented on the existence of black resonators with scalar or electro-
magnetic hair that branch from the onset curves, and also on the existence of multi-black
resonators generated by the gravitational zero modes. It is natural to expect that under
time evolution, some of these instabilities will evolve towards the hairy solutions, at least
as intermediate states until other instabilities grow. We leave the construction of these
hairy and multi solutions, as well as a comparison of their entropies, to future work.

For the scalar, electromagnetic, and integer j gravitational perturbations, the geons
also have zero modes that coincide with the zero-horizon limit of the zero modes on black
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resonators. It is therefore likely that hairy and multi-geons also exist, and that they may
be the zero horizon limit of hairy or multi black resonators. However, for the j = 1/2 (and
presumable other half-integer) gravitational perturbations, the zero modes do not have a
smooth zero-horizon limit. This leads to the possible existence of black multi-resonators
that likewise do not have a smooth zero-size limit. The non-smooth limit is curious in that
our perturbative results suggest the singularity appears near the boundary, rather than
near the origin. This suggests that the zero-size limit is not a singularity that is covered
by a horizon.

In addition to these hairy and multi-geons, the normal modes of geons suggest that
oscillating geons also exist. Though we have not constructed any such solutions branching
from geons, we have constructed an oscillating geon that branches from a normal mode of
AdS. By analogy with what is understood for gravitating scalars, we expect small-energy
oscillating geons to be stable. In the context of gauge/gravity duality, the existence of
these oscillating geons is mysterious as they represent states that are very long lived and
do not appear to thermalise.

Given that our calculations are in AdSs, there are naturally implications for the famous
duality between supergravity in AdSs x S® and A/ = 4 SYM. But the presence of the S°
space introduces other instabilities in black holes. Schwarzschild-AdSs x S® black holes
are linearly mode stable above energies £ > 0.27,5 but unstable otherwise. A putative
endpoint of this instability was found in [66] and can be described as a ten-dimensional
spherical black hole localised on one of the poles of the S°. To contrast, the Hawking-Page
transition [67] occurs for E ~ 2.4. The oscillating geons of section 7 will compete with
both the localised and unlocalised black holes with AdSs x S° asymptotics, since they
exist for £ < 0.45. Note that since these solutions have no horizon, and thus no entropy to
leading order in NV, they will always be subdominant with respect to any black hole solution
at fixed E. Thus, at any finite value of IV, the new oscillating geons will tunnel to the
aforementioned black hole solutions, which in turn will Hawking evaporate leaving behind
a gas of gravitons. Geons and their oscillating cousins therefore do not thermalise except
via tunneling which is a process suppressed by 1/N2. From the field theory perspective, it
is far from clear how such a state can be realised.
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A Technical details for scalar field perturbations

A.1 Equations of motion

Recall that we decompose the scalar field by using the Wigner D-matrices as (4.2), which
we reproduce here:

O(7,7,0,0,X) = €7 > G(r)Di(6, 9, X) - (A1)

|k|<j

The equation of motion for the scalar field perturbations is in the form (4.3), which
we reproduce below:

Li¢r + ck—10k—2 + k1042 = 0. (A.2)
We now give the operator and coeflicients in full as
d? [1+r2 (f’ g B’>+3+5T2] d

L= (1472)9-1 A a
p=U+ros+ 5\ 7,5 93

2, 2 2 2
€+ €ha1 1 4k*  (w — 2kh)
2 <a+a 28 + (1+7r2)f —A (A3)

and

ck = _ SkCktL <a - 1) . (A.4)

r2 a
A.2 Finding the onset of an instability

As we will see shortly, an analysis of the equation (4.3) shows that only scalar field per-
turbations with 7 > 9/2 can be unstable. The growth rate of an unstable perturbation
Imw > 0 is exponentially suppressed by the quantum number j [26], and for j > 9/2 it
would be extremely small (smaller than the 64-bit machine epsilon which is about 10716).7
Therefore, direct computation of the spectrum w would be difficult especially for a large j.
Instead, we just focus on locating the onset of the instability.

By definition, the onset of a linear instability occurs when Imw = 0. We will now
demonstrate that at an onset, we also have Re w = 0, which will allow us to set w = 0 and
compute the eigenvalue of the Klein-Gordon operator A. A change in the sign of A will
then imply a change in stability.

Let us consider the conserved current J*:

JH = \/=det g (P*VH D — DYDY | (A.5)

which satisfies d,J* = 0 by the Klein-Gordon equation. We consider the scalar field
perturbation (A.1) at the onset of instability, i.e. Inw = 0. Then, the time dependent

"For example, for the MPAdS with Q = 1.5 and rj, = 0.1, we obtained a growth rate Im(w) ~ 107'¢ for
j = 3. For j > 9/2, which are modes we are interested in, the growth rate is much smaller.
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factor e~™7 cancels out in J#, and we obtain 0,J* = 0. Using this and integrating the
conservation law d,J" = 0 with respect to the angular coordinates (6, ¢, x), we obtain the

radial conservation law

0rQ =0, QE/d@dqﬁde”. (A.6)
The explicit expression of () is given by
Q=r1+r)FfgB > (¢ ox — Si6%)- (A7)
k|<j

We can estimate the value of @ at the infinity (r = co) and the horizon (r = ry). For this,
we consider (4.1). At the infinity, the quickly decaying mode behaves as

1

This gives Q|,—oc = 0. Near the horizon, the background solution behaves as f,g,h =
O(r —rp) and o, = O(1) (see [43] for details). Near the horizon, the ingoing wave
solution is given by

i ~ (1 —rp) ) (A.9)

where .
K= 5(1 + 1)V g

is the surface gravity. Using these, we obtain Q|,—,, o w. From the radial conservation

(A.10)

r=rp

law, we conclude that w = 0 at the onset of the instability.

A.3 Scalar field superradiant instability of Myers-Perry AdS black holes

Since black resonators branch off from MPAdS black holes at the onset of the gravita-
tional superradiant instability, MPAdS black holes provide good approximations to black
resonators near the onset point. It would therefore be useful to compute the onset of the
scalar superradiant instability in MPAdS as well. This has essentially® been done in [26]
using a basis for CP", but we repeat this calculation here using a decomposition into
Wigner D-matrices. We only need to solve the decoupled equation Li¢r = 0 because of
the additional U(1)-symmetry.

Following the procedure we have set out in previous sections, we set w = 0 and sub-
stitute (2.3) into Lj¢; = 0. We impose a regular boundary condition at the horizon and
integrate the differential equation from the horizon to the infinity. In general, the scalar
field behaves as ¢; ~ e JrPVARA ey Jr2VAFX 45 1 — 00, and for the solution we impose
co = 0, which corresponds to introducing no source of ¢ at the AdS boundary. To find
the solution with this condition, we use the shooting method by tuning A. We repeat this
procedure for various parameters (r,{2) and search the point at which the eigenvalue A
changes its sign. Such a point marks the onset of the instability.

8The calculation presented in [26] applies for any odd dimension, but no explicit results were provided
for D = 5, which is our current case of interest.
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Figure 11. Onsets of the scalar field superradiant instability of MPAdS black holes. The onsets
are shown in the (rp,Q2)-plane by purple curves for Wigner D-matrix’s (Dim) wavenumbers j =
4,9/2,5,11/2, k = j, and any allowed value of m. Perturbative modes of MPAdS black holes
are unstable in the region above the corresponding purple curve. The orange curve represents the

branching points to the black resonators from MPAJS, i.e. the onset of a gravitational superradiant
instability of MPAdS.

o

In figure 11, we summarize the onset of the superradiant instability of MPAdS under
the scalar field perturbation with j = 4,9/2, 5, 11/2. Above each curve, the MPAdS
is unstable with respect to the corresponding mode. The branching points to the black
resonators are also plotted in the orange curve. For example, for the j = 9/2 perturbation,
the MPAdS is unstable at the branching points in r;, < 0.37 but stable in r;, 2 0.37. We see
that the purple curves intersect with the orange curve with r; > 0 only for wavenumbers
J > 9/2. From this result, we can deduce that the black resonators with a small horizon
radius and in the neighborhood of MPAdS are unstable to perturbations with j > 9/2.

A.4 Classifying scalar field perturbations

We now turn to the analysis of the stability of the black resonators. Unlike the case of
MPAJS, modes with different k& couple. However, because of the double-stepping coupling
in (4.3) and discrete isometries, we can reduce the number of coupled equations.

For half-integer j, we obtain two closed systems of scalar field perturbations,

v="{0;,0j—2,bj—a,  ,P_jt1}, (A.11)
= {gbj*la ¢j737 ¢j*5a o 7¢*j} . (A12)

These satisfy the same equations of motion, and therefore it is sufficient to solve only for v.

o4l

When j is an integer, {¢;, ¢j—2, ---, ¢—;} form a closed system. At the onset of
instability, where w = 0, we can further decompose this system into two parts using the
discrete isometry (2.11). Under the isometry, the Wigner D-matrix transforms as

Dk — D_k , (Alg)
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and also the perturbation variable ¢ — ¢_j. Therefore, under this isometry, we can divide
the perturbation into the even and odd parity modes as

where the plus and minus signs correspond to the even and odd parity, respectively. They
transform as v — £+ and hence are decoupled. There is also a closed system © = {¢; £
o_klk=37—1,7—3,---;k > 0}. However, because we expect that the one with k = j
would be more unstable, we do not consider v in this paper.

A.5 Scalar field superradiant instability of black resonators

We can now solve the equations for scalar field perturbations in black resonators and locate
the onset to superradiance. We opt for a shooting method from the horizon out to infinity.
Near the horizon and at the onset of the instability, where w = 0, the equation for the
system v takes the form

1 , M

v’ + v+ v~0, (A.15)
r—Tp r—rp

where ' = 0,, and M is a constant matrix derived from (4.3). From regularity, we obtain
v/ = —Mwv at r = r,. The components of v|,—,, are free parameters. We set the first
component of v (i.e., ¢j or ¢;£¢_;) to 1 at r = 7. This fixes the scale of the perturbation.
We also have a parameter given by the eigenvalue A. Therefore, in total, we have dim v
tuning parameters when we integrate the equations of motion from the horizon to infinity.

At the infinity, the scalar field behaves as

(5] + C2
v~
P2tV p2—VARX

(r — o00). (A.16)

We require that the coefficients of the slowly decaying solution to vanish: e¢; = 0. This
gives dim v conditions. In the shooting method, hence, we tune the dim v parameters so
that co = 0 is satisfied.

Solving the perturbation equation (A.2), we track how the eigenvalue of the Klein-
Gordon operator A changes as we vary the parameters of the black resonator background
(rp,a(ry)). Figure 12 displays an example for the scalar field perturbation with j = 9/2.
For this computation, we fix the horizon radius of the black resonator as r;, = 0.35 and vary
the horizon deformation parameter a(ry). (Note that «(r,) = 1 corresponds to MPAdS.)
We find that the eigenvalue crosses zero around 1 — a(rp) ~ 0.138. We also know that the
MPAGJS at the branching point (o = 1) is unstable for 7, = 0.35 and j = 9/2 from figure 11.
Therefore, in this region of parameter space, black resonators with 1 — a(ry) < 0.138 are
unstable against the j = 9/2 scalar field perturbation, and stable otherwise.”

We repeat the above procedure for various (rp,a(ry)), searching for the zero of .
These parameters can be easily converted into the mass and angular momentum of the
black resonators, E and J (see ref. [43]). Results of this computation are presented in
section 5.

9This identification of stable and unstable domains is consistent with the intuition derived from A being
the squared mass of a massive scalar field.
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Figure 12. Eigenvalue of the Klein-Gordon operator for j = 9/2 and r, = 0.35.

A.6 Scalar field perturbations of geons

Unlike black resonators, geons do not have a horizon. Their perturbations do not have
dissipation, and therefore generate modes which are either purely real or purely imaginary.

For geons, we can compute the perturbative frequency w directly rather than search for
zero modes. For this calculation, we will work with a different radial coordinate p defined
by 7 = py/2 — p2/(1 — p?), so that p € [0,1]. We also perform a field redefinition from ¢,
to ¢ given by

or =p7 (2 p*)(1—p") or. (A.17)

With this field redefinition, the boundary conditions are guaranteed to be satisfied if yy, is
finite on the domain. The basic structure of the equations, including the double-stepping
coupling between modes with k£ and k£ £ 2, is the same as that of the black resonator.

Now we set A = 0 in the equations of motion, with the geon as a background solu-
tion. We can then reduce the linear perturbation equations and boundary conditions to a
matrix eigenvalue problem (with eigenvalue w) using pseudospectral methods. The matrix
eigenvalue problem spectrum is solved by QZ decomposition. We track individual modes
in parameter space using a Newton-Raphson algorithm. See e.g. [68] for an introduction
to the various methods used here. Again, we present the results of this calculation in
section 5.

B Technical details for Maxwell perturbations

B.1 Equations of motion

Recall that we decompose the Maxwell field into Wigner D-matrices according to (4.13),
which we reproduce here:

Ap=e™T > AG(rDp, Ar=e™" Y AL(r)Dis, (B.1)
|k|<j |kF1|<j
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Figure 13. Onsets of the Maxwell superradiant instability of MPAdS black holes for perturbations
with Wigner D-matrix’s (Dfnk) wavenumbers j = 1,3/2,2, k = j + 1, and any m. These are shown
in the (rp,)-plane in purple curves. The orange curve represents the branching points to black
resonators from MPAdS.

where A = 7,7,3. The equations of motion take the form (4.14)—(4.15)

,ki = P[Akv Ak727 Ak+2} ’ B2)
(AF) = Q[Ak, Ap—2, Apso] . (B.3)

—

Their explicit forms are too cumbersome, and we decided not to reproduce them here.

B.2 Maxwell field superradiant instability of Myers-Perry AdS black holes

Again, in the limit of MPAdS, i.e. a(r) — 1, the U(1)-symmetry generated by R, is
recovered, and the modes with different U(1) charges decouple. Here, we focus on k = j+1,
which has the largest k for a fixed j, and then there is a single perturbation variable Ai:j +
In the same way as the scalar field perturbation of MPAdS in section A.3, we search the
values of (7, ) where A = 0.

Results are shown in figure 13 for j = 1, 3/2, 2. In the region above each curve, MPAdS
is unstable to the corresponding mode. The branching points to black resonators are also
shown in the orange curve. We find that the MPAdS at the branching points change the
stability against the perturbations with j > 3/2. Therefore, the black resonators with a
small horizon radius and small deformation near the MPAdS should also be unstable.

B.3 Classifying Maxwell perturbations

We turn to the Maxwell perturbations in the black resonator background. First, we classify
the coupling of the perturbations.

In the same way as the case of the scalar field perturbations, we can reduce the number
of coupled variables by making use of the double-stepping coupling and the discrete isom-
etry (2.11). Let us consider the case of j = 3/2 for example. All perturbation variables
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k| =52 -3/2]-1/2]1/2[3/2]5/2
A, v v
Ay v v
A_ v v

Table 1. Coupled variables for the Maxwell perturbation with j = 3/2. The variables in (B.5) are
marked with v'. Variables do not exist in gray cells. Other variables which are not here considered
also exist in blank cells.

k| -3]-—2[-1]o][1]2]3
AL v v v
Ay v v
A | v v v

Table 2. Coupled variables for the Maxwell perturbation with j = 2. The closed system including
k = j+ 1 is marked with v".

can be listed as

Ai=5/2,3/2, 1/2,—1/2 Al;:s/z 1/2,-1/2,—3/2 Ali=1/2, ~1/2,-3/2,-5/2 (B.4)

) )

Among them, because of the double-stepping coupling, we find a closed system with

k=5/2,1/2 k=1/2,-3/2 k=1/2,—3/2
) e L e Y L (B.5)

To analyze the stability, we will focus on this closed system including the variable with the
highest k: Alfj 1 The coupled variables for this case is summarized in table 1. We can
proceed with the same analysis for j = 2, and the result is summarized in table 2.

For integer j, we can further decompose the perturbation when w = 0. By the discrete
isometry (2.11), the orthogonal basis transforms as

(e7,e" er e3) = (=€, e, —eT, ). (B.6)
Using this and (A.13), we find that the transformation of the perturbation variables is

(AF, Ay, AL AR) — (AR ACE —AZH —Agh) . (B.7)
Hence, we can group the variables into the even and odd parity modes as

Even: (Aﬁ - A;kvAf + A;kvAIS? - A?:kaAft - A;Zk) )

i " ’ i (B.8)
Odd: (AL + AZF AF — AZF A+ AJF, AL+ AZF).

They decouple in the perturbation equations.

B.4 Maxwell field superradiant instability of black resonators

We again resort to a shooting method to solve the equations. To adjust the asymptotic

behavior at the horizon and infinity, we define rescaled variables (a%,a%) by

F(r) i 1 4 1
(AE7A§7A]€7A’;) - ( r a57743a7]f7ra§7rai) ) (BQ)
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where F(r) = 1—(rp/r)%. We also multiplied i = /—1 to a* and a%. so that the coefficients
in the perturbation equations are real.

We introduce the variables v and w which will be used in numerical calculations as
follows. In w, we collect the components whose indices include r. The others are packaged
in v. For example, for j = 3/2, v and w are given by

. 5/2 1/2 172 1/2 1/2 _3/9 —3/2 —3/2
’v—(a+,a+,a7/,a3 ,a,,aT/,a3 ya_ '),

(B.10)
w= (a/? a;%?).
For j = 2, they become
v = (ai F aig,a_lF Falal FalalF agl,al_ F ajrl) , B.11)

w = (a; £a, ),
where the upper and lower signs correspond to the even and odd parity modes.

From (4.14) and (4.15), we obtain second and first order differential equations for v
and w, respectively:

v’ = N1v' + Now + Nsw , (B.12)
w' = Nyv + Nsw, (B.13)

where N ... 5 denote matrices whose entries are r-dependent functions. We can also obtain
equations including w” from (4.14) as

w” = Ngv' + N7v 4+ Ngw (B.14)

where we eliminated w’ by using (B.13).
We do not integrate this equation but use it as constraints to check numerical accuracy.
Differentiating (B.13) by r and eliminating w” by using (B.14), we obtain

C = (Ny — Ng)v' + (N; 4+ NsNy — N7)v + (N2 + Nt — N))w =0, (B.15)

where we again used (B.13) to eliminate w’. This constraint is conserved under the “r-
evolution” by (B.12) and (B.13) as C' = NyC'. This constraint equation is automatically
satisfied if we impose a regular boundary condition at the horizon.

Near the horizon, we can expand the perturbations as

V= vn(r—rn)", w= Y wu(r—r)". (B.16)
m=0 m=0

Substituting the above series into (B.12) and (B.13), we find that v,,>1 and w,,>¢ are

determined by vg. We can impose the first entry of vy to be 1, and this fixes the scale of
the perturbation:

s, = 1, (j: half-integer),

+ = ( ) (B.17)

o Fal Yo, =1, (j: integer),

where the upper and lower signs represent the even and odd parity. We are then left with
(dimwv — 1) free parameters in vy, but we also have A as a free parameter. Therefore,
in total, we have dim v tuning parameters when we integrate (B.12) and (B.13) from the

horizon to infinity.
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Near the AdS boundary, the asymptotic solution of v takes the form

+ corViTA (B.18)

v ~

C1
T\/1+/\
and we impose co = 0. One can then check that w also decays as 1 /rv4+)‘ when ¢y = 0,

and therefore it is sufficient to impose c3 = 0 only. In the shooting method, we tune the
dim v tuning parameters so that cy = 0 is satisfied. Results are shown in section 5.

B.5 Maxwell field perturbations of geons

For the geon, we compute the frequency w directly. Like the scalar field, we work with the
modified radial coordinate p defined by r = p+/2 — p2/(1 — p?), so that p € [0,1]. We work
with rescaled variables a* defined by

AR = pB(2—pH(1-pH)? aFdr +ip7t(1 - pz)a]; dp + ak (o3 + 2hd7) + id* o + ia’imr}

(B.19)
Just as we have done for the scalar field, the boundary conditions for A* are guaranteed
to be satisfied if a* is finite. The basic structure of the equations of motion is the same as
that of the black resonator. We again set A = 0 and solve for w using the same numerical
methods as that of the scalar field.

B.6 Comment on gauge modes

The Lorenz gauge condition (4.10) does not completely fix the gauge freedom. However,
we can show that the normal modes found at the onset of instability cannot be gauge
modes. The gauge transformation of the Maxwell field is written as 04, = J,A where A
is a scalar function. It can be expanded by the Wigner D-matrices as A = Z‘ k|<j ApDy..
In particular, the gauge transformation of A% is given by

SAYX = A, 0AF =iy (B.20)
Because €41 = e_; = 0, we obtain (5A§E:i(j+1) = 0. This is consistent with the fact that Ay

is defined in |k| < j. Thus we find that Aljc:i(j D are gauge invariant variables. It follows
that, if Alfj +1and AF=7971 are non-zero, the perturbation cannot be a pure gauge mode.
In our numerical calculations, we impose (B.17), and therefore the perturbation cannot be
a gauge mode.

C Technical details for gravitational perturbations

C.1 Equations of motion

Recall that we decompose the metric perturbation into Wigner D-matrices according
to (4.19), which we reproduce again here:

hap=e ™7 > hip(r)Dy, hy—=e ™7 > " W% (r)Dy,
k|<j k|<j
—iwT e k —iwT = k (Cl)
hayr =e Z hAi(T)Dk:Fl ) hir =e Z hii(T)Dk::FQ )
|kF1[<j |kF2|<j
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Figure 14. Onsets of the gravitational superradiant instability of MPAdS. The onsets for
j =1/2,1,3/2 are shown in purple curves in the (r,Q)-plane. The orange curve represents the
branching points to cohomogeneity-1 black resonators, which is generated from MPAdS by the j =0
gravitational perturbation.

where A, B = t,r,3. The equations of motion we obtain are in the form

hj, = Plhy_4, hg_2, hi, hjyo, Riia] (C.2)
(%) = Qlhk—_4, hi—2, hi, hyto, hyta] (C.3)
hE _ = Rlhg_q, hg—g, hy, hyro, hiyd] (C.4)

where P, Q and R are linear operators. In P, we include the first derivative terms by r, but
@ and R do not contain such terms. Again, we do not reproduce the lengthy expressions
of P, () and R.

C.2 Gravitational superradiant instability of Myers-Perry AdS black holes

In the limit of MPAJS, i.e., @ — 1, we have a decoupled equation for h’j_j_j+2. As employed

in section A.3, we search the zero of the eigenvalue A\ for the onset of the gravitational
superradiant instability of MPAdS. Results are shown in figure 14 for 57 = 1/2, 1, 3/2.
(Recall that the orange branching curve is also the j = 0 onset curve.) Although this result
has already been obtained in [28], we show it again to make this paper self-contained. Above
each curve, MPAdS is unstable to the corresponding mode. This indicates that, on top of
the branching points, MPAdS is always unstable to (5 > 1/2)-modes. This is consistent
with the observation in figure 4a that an onset curve for the j > 1/2 perturbation does not
intersect with the branching point curve.

C.3 Classifying gravitational perturbations

Let us consider the gravitational perturbation in the black resonator background.
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k| —5/2]-3/2]-1/2]1/2]3/2]5/2
hiy v
hay v
hAB v
hy_ v
ha_ v
h__ v

Table 3. Coupled variables of the gravitational perturbation for j = 1/2. The variables in (C.6)
are marked with v'.

k -3 -2|-1]01]2{3
Bt v v
has v
hap v v
hy v v
ha_ v
h_ | v v

Table 4. Coupled variables of the gravitational perturbation for j = 1. The closed system including
k = j + 2 is marked with v".

First, we explain the classification of the perturbation using 7 = 1/2 as an example.
All perturbation variables for this case can be listed as

k5232 k=3/2,1/2
pRSI2802 s/l

k= il 2 k=+1 2 k=-1/2,—-3/2 k=-3/2,—5/2
—++ + 9 h /7 h+_ / hAf / /, h__ / / . (CE))

Because of the double-stepping coupling, we can extract a closed system of

pE=5/2

k1/2
s hy

hk 1/2

)

R A N (C.6)
The coupled variables for j = 1/2 are summarized in table 3, where we focus only on the
closed system including hk 92 A similar closed system obtained for j = 1 is shown in
table 4.

When j is an integer, we can further decompose the perturbation into the even and
odd parity modes by the discrete isometry (2.11) at the onset of the instability w = 0. By
using (A.13) and (B.6), the transformation of the gravitational perturbation variables by
the isometry is found as

(hﬁﬂ'? hﬁr? hTB? hvlfrﬂ hr37 h337 hli ) hTi’ hri? hl?fi? hii)
(h;7'7 h‘Trk’ h737 hrrk hr3 ’ h33 ’ h‘_k h;ip h;Ik’ hgqlf’ h;i) : (07)

Therefore we can group the variables into the even and odd parity modes, which are
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decoupled, as

Even: (¥ 4 hF

TT )

h§s + by, W5+ hi® hEy 4+ hIE hYy — b B+ hg® hE L+ Rk

hﬁr - h_k hf—?) + h;3ka hfr + hr_rka hl;:3 - h;3k7

Tnr

k k pk k pk k T:}: k Ti7 k (CS)
Odd: (hTT - h;T> hTr + h;r ’ hT3 - h;?) ’ hrr - h;r ’ h7‘3 + h;?) ’
Wy — g’y B — hiE B — ok by 4+ b B — hal B — hih)

C.4 Gravitational superradiant instability of black resonators

To adjust the asymptotic behavior at the horizon and infinity, we introduce rescaled per-
turbation variables H C’fb as

k k k k k k k k k k k
<h77—a hrr’ h7—3’ hrr’ hr3v h33’ h—f——’ hT:I:> hr:l:’ h:l:3’ h:i::l:)

= (FHfT, ir2FHE  FHY, v FYHE ) ir2HEY, HE,

T
HY_, iFHE, r2H}Yy, iHYs, Hf:i) (C.9)

In the same way as the case of the Maxwell perturbation, we introduce the variable v and
w. In w, we assemble the components of the perturbations whose indices include r, and the
others are put in v. However, we can eliminate H? _ by using the traceless condition (4.22).
For example, for j = 1/2 mode, v and w become

k=5/2 k=1/2 k=1/2 k= k=1/2
V= (H++/ aH'r+ / 7H+3 / 7‘H’TT 1/27H7'3 /

k=1/2 k=-3/2 k=-3/2 k=-3/2
H33 7Htf ,H37 ’H—— ) )

)

(C.10)
w= (Hffm,Hffl/Q,Hffl/Q,Hf§1/2 =)

s g
For j =1, they become
v=(HEP? + HEZP BT + HEZ L Hy T+ HPZ Y HAS + B,
HiZ 2 BV HE E L H £ Hyy ), (G
w = (Hp7 F Hy= = Hy 3 ™ Hy ot Hym = Hy F ),
where the upper and lower signs correspond to the even and odd parity modes. Then, we

follow the same procedure as that for the Maxwell field in appendix B.4. To fix the scale
of the perturbation, we impose

Hif]rzrh =1, (Jj: half-integer),

, o ' (C.12)
HIX?+H77?,_,, =1, (j: integer).
Near the AdS boundary, the asymptotic solution of v is given by
A VAFX
v VzEsY + cor . (C.13)

We impose ¢o = 0. In the shooting method, we tune the dim v parameters including the
eigenvalue X\ at the horizon so that ¢y = 0 is satisfied at the infinity.
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Figure 15. Eigenvalue of the Lichnerowicz operator for j = 1/2, 1. The horizon radius is fixed as
Th = 035

Because perturbation equations are linear, there is a linear relation between free pa-
rameters at horizon v|,—,, and coefficients of the growing mode at infinity ¢ as ¢z =
A(X) v|r=y, where A()) is a A-dependent matrix. Computing ¢z for v|,—, = (1,0,---,0)T,
(0,1,0,---,0)% .-+ (0,---,0,1)T, we can explicitly construct the matrix A(\) for a given
A. If det A(X\) = 0, there is an appropriate v|,—,, such that c; = 0 is satisfied, i.e., roots
of det A(\) are eigenvalues. We sometimes use this technique when it is difficult to track
the eigenvalue by the shooing method.

We can also compute the spectrum for w directly, by setting A = 0 and solving the
resulting eigenvalue problem. Unlike the scalar and Maxwell fields, the growth rates for
the gravitational perturbations are not prohibitively small for numerics.

Even when a zero mode is found, we need to verify that it corresponds to the onset
of a dynamical instability. For all of these modes, we checked that the zero mode is not a
gauge mode by using the technique which will be introduced in appendix C.6.

In figure 15, we show the eigenvalue of the Lichnerowicz operator as a function of the
horizon deformation parameter 1 —«(ry) for j = 1/2, 1. The left edge of each figures is the
MPAAJS limit, where a(r,) = 1 and modes with different & decouple. We chose the horizon
radius as 7, = 0.35 to clearly show the existence of the zero modes (A = 0).

For j = 1/2, we find four eigenvalues as in figure 15a. One of them (the purple curve)
approaches the decoupled hiij+2:5/ ? mode in the MPAdS limit. The eigenvalue crosses
zero around 1 — a(rp) ~ 0.3. The MPAdS at the branching point of the black resonator
is unstable to this mode as studied in appendix C.2. Therefore, we deduce that the black
resonators are unstable in 1 — a(ry,) < 0.3 and stable in 1 — a(ry,) 2 0.3 with respect to
the (j = 1/2)-perturbation. In section 5, we describe results for the j = 1/2 mode in more
detail, including the growth rates Im(w).

For j = 1, we find three eigenvalues in each even and odd parity perturbation as in
figures 15b and 15c. Purple curves approach the £k = j 4+ 2 = 3 mode in the MPAdS
limit. Unlike the case of j = 1/2, we did not observe the purple curves reaching zero in
the parameter region we examined. From the analysis in appendix C.2, we know that the
black resonators are unstable to the k = j 4+ 2 = 3 perturbation near the branching points.
Therefore, the black resonators are unstable to this perturbation at least in the region we
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explored. We can also see that green curves cross zero. This indicates that new unstable
modes exist to the right of the zero points.

C.5 Computing the frequency directly for resonators and geons

As for the scalar field and Maxwell field perturbations of geons, we work with a new radial
coordinate p defined by r = p\/2 — p2/(1 — p?). We also work with different rescaled
variables than that of the black resonator. For the geon, these are given by

k k k k k k
(hr-r? th’ h‘r37 rhppv hpS? h33, h+ ) h‘ri? hpi? hiS’ hii? )

:sz(Q—Pz)j(l_ ) <H7]f77 1prv Hr3a N (2 ) 1H/pr’ 1HP3’ H§3’

H—lig-—’ in:I:v P H:i:a Z‘Hﬂ:3’ H:I::i:a ) (0'14)

The boundary conditions at p = 1 are similar to those for the black resonator at r — oo.
At the origin, we impose regularity. We then set A = 0 and solve the resulting eigenvalue
problem with w as an eigenvalue.

For black resonators, we use a modified ansatz from before to compute the frequency.
Our background metric is given by

1

2 _
Ty

1 [,/1 1 . 2
+ E {ﬂ <a01 +a02> + B (03 +2p%(2 — p2)hd7') ] } ,
(C.15)

where the functions with hats depend on the coordinate p, and the solution is parametrised
by z4 and by h(1) = Q, the angular frequency. Our metric perturbation ansatz is given by

: : dT 4dp?
hdetde” = (1 — p2 2p2mw 9 _ pQ ikw ) TTf 2 4 h
’ (1= g2 (2 = p?) T

1 ; 2,3 2 > ~ 1 2
o [5 (h,,a_ +hypgo? + 2h,+a,a+) +hay 25 (0'3 2022 — )th)

+ 2 <573d7' + iﬁpg(;p +ihs_o_ + ih3+0+> (Ug +2p%(2 - pQ)iLdT) ]

.~ d . . - - d
42 [z <h7ppp Y hro+ h7+0+> dr + (hp,a, + hp+0+> p”] } . (C.16)

where k = —z;gjz((g). We decompose the perturbation functions as
hap =" 3 Hip(p) Dy hi- =€ > HY (p)Dr,
k|<j |k|<j (C.17)
hay =e ™ Z HY (0)Dis1, gy =e™™ Z Y (p) Dy,
|kF1|<j lkF2|<j

where A, B =T, p, 3.
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C.6 Comment on gauge modes

We conclude this section by showing that the normal modes found at the onset of instability
cannot be gauge modes. The gauge transformation of the metric perturbation is given by
Ohyw = V¢ + V¢, where (, denote the gauge parameters. These can be written in
the e®-basis (4.11) as (yda* = (e* (a = 7,7r,%+,3), and we expand (, in the Wigner
D-matrices as

Ca=>_ Dk, = > (r)Dipa, (C.18)

k|<j lkTF1<j

where A = 7,7,3. Then, the gauge transformation of h* hf?’, hl§3 and hii takes the form

TT?

ShE_ = aikhCk — (1+ ) {(1 +r2) f} gCk,

2 1 2
oty = —ikct + ) gtk 4 2iknc
1472 .
Ohy = ——g(r*B)' ¢ — 2ik(y,
ir2h 1 1+7r? 1\’
ShE —__ B W 2 ot k—2
Ty L R L C s (C.19)
21 1 _
_ﬂ< _a> 5 >+ 2661k,

-9 2 /
ko irth T 2 1 o)
oh=— = (1+r2)f <a a) Y\ v "

21 1 k2 k
+ 3 (04 - a) (3% — 2ep42C" .

Let us focus on the highest k. In the expressions of §hY?, 5hi3:j, 5hl§3: I and (5hi:+j+2,
only three gauge parameters (~~7, (¥7, and Cg,f:j appear. (The term of C_k;:j 2 vanishes
because €41 = 0.) Eliminating these gauge parameters, we can construct gauge invariant
variables. Similarly, for the lowest k, we can also construct the other gauge invariant
variables from h¥r , hljg_j , h§3: ~J and K*=7772, Near the horizon, these gauge invariant
variables approach
-1
gs = WO - St (C.20)
B r=rp

Therefore, if g1 and g_ are nonzero, the perturbations cannot be a gauge mode. In our
numerical calculations, we monitor this gauge invariant quantity and check that it does

not reach zero at the onset of instability.
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D Technical details for oscillating geons

The equations of motion from the ansatz (7.1) read

_ 4e?0 f2(1 — Y)yByy 8B? (1 - Bg) e®f B2 2(1 — y)@/ByBZ

BTT — Tt 2= J)IFYFT B’T i
@ 302(1 —y) B B2 Ort
462 f[6 — (6 — 4B + By — 3f(1 —2y)| B, 4e¥f*(1—y)yB2 .
302 + BO2 =%
(D.1a)
a4 B 2 (@2-yf 40— Yuf?By e ¥epr
YUB3(1-y) 30—y oy (I-yy AB%f AB%f )
(D.1b)
5o A=wyBy  e¥0257
Y + B2 4f2 B2 )
(D.1c)
and
B.B
C=fr—2yQ—-y)f B2y =0. (D.2)

It is a relatively simple exercise to show that eqgs. (D.1) and their derivatives imply that

-y 5 200 —y)’By 5,
[gﬂ e C’] — e e °C'=0. (D.3)

Y

The latter equality shows that C should be regarded as a constraint equation. In particular,
if C' vanishes on a particular hypersurface of constant y, eq. (D.3) shows that C' must vanish
for all values of . To see this more clearly, we note that eq. (D.3) can be formally integrated

§ v(1-9)§B;
C(r,y) = 1y_ye‘56(7) exp [2/1 — 5 W

to give

) (D.4)

where §(7) is an integration function. Smoothness of the line element (7.1) at y = 1
demands that f, B and § admit a regular Taylor series around y = 1 with f(7,1) =
B(7,1) = 1. These conditions, together with eqs. (D.1), imply that C' vanishes at y = 1,
and thus that C' = 0 everywhere in the integration domain (7,y) € [0, 7] x [0, 1].

For numerical purposes it is convenient to perform the following function redefinitions
B=1+y*(1-ya, [f=1+y"(1-y)?e and §=y'gs. (D.5)

Solving the equations around y = 1 and demanding regularity yields the following set

of boundary conditions
1 _
q1y+ 6 [36q1 +28¢7 + € *BQ* (1 rr — q1 703 7')] =0, (D.6a)
y=1

¢ +ail,_, =0, (D.6b)
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and
q3y +4Q3‘y:1 =0. (D6C)

At the conformal boundary, located at y = 0, we find

qiy— %(SGqf + Q%q1 77) - =0, qy— 3q2]y:0 , and g3+ q%’y:O =0, (D.7)
with the constraint equation eq. (D.2) further demanding q27|y:0 = 0. Note that the
constraint is being explicitly enforced at y = 1, but not at y = 0. So we monitor g2(7,0) to
get an idea of how well the constraints are being satisfied. Furthermore, one can show that
there are no non-analytic pieces in the expansion of the conformal boundary to all orders
in y.

To find our solutions we employed spectral collocation methods, with a uniform cosine-
type grid along the 7 direction and a Chebyshev grid along the holographic direction y.
Our findings are consistent with exponential convergence, which seems to be backed up by
the fact that we found no non-analytic behaviour at any of the edges of the integration
domain with the gauge we used.

One can also go further and determine the holographic stress energy tensor using [57]

1 1
(T )datda” = Tom { — 3¢pdt? + [(8q1 — qQ) — (4q1 + ¢2) (0% + a%)] } , (D.8a)
y=0
from which one can read the total energy of the system'®
3
E=—— dly - (D.8b)

Besides solving for our solutions numerically, we can also use perturbation theory to
construct these objects. This has been extensively used in the literature [6, 33, 39, 40, 58, 59]
in similar contexts and provides a good check of our numerical procedures. We expand all
our functions in power series in a small parameter ¢ as

+oo
0= Z 202 (D.9a)
Z g2+l Z 4y ]’k) ) cos[(2k + 1)7] + Z g% Z qi (k Jcos(2kT),  (D.9b)
j=

ZEQJHZq]k )cos[(2k 4+ 1)T +Z€2]Zq]’ Ycos(2kT),  (D.9c)
7=1

ZeQﬂH Zq Jk ) cos[(2k + 1)7] + 262] Zq 5ok )cos(2kT), (D.9d)
j=

10We will always measure the energy with respect to pure AdS, i.e. we neglect the Casimir energy of
global AdSs.
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and define € to be such that, to all orders in ¢, the term proportional to cosT in the
Fourier-Cosine expansion of ¢;(7,0) is €.
To first order in €, we find

(0,0
8" = 2Fi(—pp+6:3y),  and QO =6+2p, (D.10)
where oF)(a, b;c; z) is a Gaussian Hypergeometric function and p indicates the radial over-
tone of the excitation in question.
Focusing on the fundamental mode with p = 0, for the next few orders we find

) ) 1
i) =1, Gt = & (9% —1 -3y — 15¢%) , (D.11a)
_ 1 . 1
@) = 55 (2" =3 -9y) . @) = Sy - 3y), (D.11b)
i 1 . 1
iy = 5 (14y =10 = 59%) . @ (y) = 55 (364" — 14+ 70y — 91%) . (D.11c)

The equations can be used to infer the energy and Q as a function of ¢ to order €2, as

in (7.4), which we reproduce here:
9re? 11057¢*
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