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ABSTRACT: Dotsenko-Fateev and Chern-Simons matrix models, which describe Nekrasov
functions for SYM theories in different dimensions, are all incorporated into network matrix
models with the hidden Ding-Tohara-Miki (DIM) symmetry. This lifting is especially simple
for what we call balanced networks. Then, the Ward identities (known under the names
of Virasoro/WW-constraints or loop equations or regularity condition for gg-characters) are
also promoted to the DIM level, where they all become corollaries of a single identity.

KeEywoRrDS: Conformal and W Symmetry, Supersymmetric gauge theory, Topological
Field Theories, Topological Strings

ARX1v EPRINT: 1604.08366

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP07(2016)103


mailto:awata@math.nagoya-u.ac.jp
mailto:kanno@math.nagoya-u.ac.jp
mailto:takuya.matsumoto@math.nagoya-u.ac.jp
mailto:mironov@lpi.ru
mailto:morozov@itep.ru
mailto:andrey.morozov@itep.ru
mailto:m12010t@math.nagoya-u.ac.jp
mailto:yegor.zenkevich@gmail.com
http://arxiv.org/abs/1604.08366
http://dx.doi.org/10.1007/JHEP07(2016)103

Contents
1 Introduction

2 Basic example: theme with variations
2.0 The main theme
2.1 Variation I: matrix elements in the free-field theory
2.2 Variation II: generating functions
2.3 Variation III: DF model
2.4 Variation IV: multi-field case
2.5 Variation V: Chern-Simons (CS) model
2.6 Variation VI: correlators with vertex operators
2.7 Variation VII: Nekrasov functions
2.8 Variation VIII: network model level. Network as a Feynman diagram
2.9 Variation IX: balanced network model
2.10 Variation X: g-deformation
2.11 Variation XI: ¢, t,...-deformations
2.12 Variation XII: g-deformation to non-unit Virasoro central charge

3 DIM calculus for balanced network model
3.1 DIM algebra
3.2 Bosonization in the case of special slopes
3.3 Relation to topological vertex
3.4 Building screening charges and vertex operators
3.5 Network partition function
3.6  Examples of conformal blocks
3.7 Compactified network and the affine screening operator

4 The action of Virasoro and DIM(gl,)
5 Vertical action of DIM
6 Conclusion

A Properties of the DIM algebras and their limits
A.1 Constructing DIM(gl;) from Wi algebra
A.2 Elliptic DIM(gl;) algebra
A.3 Rank > 1: DIM(gl,,) = quantum toroidal algebra of type gl,,
A.4 Affine Yangian of gl; [139]

10
11
12
13
15
15
17
18
19
21
22
23

25
25
27
28
29
34
35
39

40

43

44

46
46
49
50
51




(s ® P ® puy) A2 (2 (2))

(Lo ® PA((2)) / ., / ., /
N

'
'
: Ug Ug ) Ug

(2) +
pul,uz (T (Z)) (p/fulv ® p\fugv)A(‘r*—(Z))

Figure 1. Topological vertex as the intertwiner of DIM representations. a) The action of the gen-
erator 1 (z) on the level one Fock representation p, sitting on the horizontal leg of the topological
vertex (denoted by the dashed line) is the same as its action on the product of two representations
— the “vertical” pL and “diagonal” p/_ wo-
an intertwiner. This gives the vertex operator of the corresponding conformal field theory with

deformed Virasoro symmetry, corresponding to a single vertical brane in figure 2.

b) Appropriate contraction of two intertwiners is also

1 Introduction

Nekrasov functions, describing instanton corrections in supersymmetric Yang-Mills theo-
ries [1]-[11], and AGT related conformal blocks [12-16] possess rich symmetries that can
be separated into large and infinitesimal. The former describe dualities between differ-
ent models, while the latter define equations on the partition functions in each particular
case. They are also known as “Virasoro constraints” [17, 18] for associated conformal or
Dotsenko-Fateev (DF) matrix models [19-30], which are further promoted to network ma-
trix models [31-34], looking like convolutions of refined topological vertices [35-37] and
possessing direct topological string interpretation.

As conjectured in a number of papers throughout recent years [38]—[49] and re-
cently summarized in [50], in full generality the symmetry underlying the AGT corre-
spondence [51-53], is the Ding-Iohara-Miki algebra (DIM) [54]-[69], in particular, the in-
finitesimal Ward identities are controlled by DIM from which the (deformed) Virasoro and
W emerge as subalgebras in particular representations. In other words, the full symmetry
of the Seiberg-Witten theory seems to be the Pagoda triple-affine elliptic DIM algebra (not
yet fully studied and even defined), and particular models (brane patterns or Calabi-Yau
toric varieties labeled by integrable systems a la [3, 4]) are associated with its particular

“vertical” and

representations. The ordinary DF matrix models arise when one specifies
“horizontal” directions, then convolutions of topological vertices can be split into vertex
operators and screening charges, and the DIM algebra constraints can be attributed in the
usual way [70-79] to commutativity of screening charges with the action of the algebra in
the given representation. Dualities are associated with the change of the vertical /horizontal
splitting, or, more general, with the choice of the section, where the algebra acts [80-82].
All this is illustrated in pictures 1 and 2, which we borrowed from [50], and our purpose
in this paper is to provide very explicit examples of how these pictures are converted into
formulas. A great deal of these formulas already appeared in the literature. Putting them
together, we hope to illustrate their general origin and better formulate the remaining open

problems.
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Figure 2. a) Type IIA brane diagram consisting of two horizontal and three vertical intersecting
lines representing NS5 and D4 branes. The low energy theory in this background is 4d N = 2

gauge theory with SU(2)? gauge group. A; are exponentiated complexified gauge couplings, a(®
are Coulomb moduli and m,, are the hypermultiplet masses. b) The toric diagram of the Calabi-Yau
threefold, corresponding to the 5d gauge theory with the same matter content. Edges represent two-
cycles with complexified Kéhler parameters @);, which play the same role as the distances between
the branes in a). ¢) The quiver encoding the matter content of the gauge theory. SU(2) gauge
groups live on each node and bifundamental matter on each edge. The squares represent pairs of

(anti)fundamental matter hypermultiplets.

The main scheme could be formulated as follows:

e To build a functor

rank-r Lie algebra G — quantized double-center double-loop DIM(G), (1.1)

perhaps, gio3..-dependent and elliptic

e To obtain a non-linear Sugawara construction of stress tensor and other symmetry

generators from a comultiplication Apyras.

e To clarify the interplay between two “orthogonal” (“horizontal” and “vertical”) co-

multipilcations.

e To apply the functor (1.1) to central-extended loop algebras G, starting from G =

(gl(1), to obtain triple-affine Pagoda DIM algebras. One of the immediate problems



is that the known construction of DIM(G) for non-affine gly algebras [54, 83-85]
already involves the affine Dynkin diagrams, thus, for an affine gly one can need
something more sophisticated.

e An additional light on the problem can be shed by comparative analysis of DIM(gl2),
DIM(gl3), DIM(so5), DIM(g2) and DIM(g/Z\l), first four of them being explicitly con-
structed, and by studying their various limits including the one to the affine Yangian
and further to the standard conformal algebras (coset constructions of conformal field
theories, [86]).

Actually, the first three issues are actively studied by various authors (and there has
been already achieved a serious progress), and we do not achieve too much in the two last
challenging directions in the present paper, which can be considered as an introduction to
the problem. What we actually do, is search for a ¢, t-deformed network analogue of the
CFT Ward identity [12]

<H Vi (2a) - T (2) Q> =0 (1.2)

where < ... > denotes the matrix element < vac| ... |vac > between two vacua of operators
in the fixed chronological order and in the chiral sector [87, 88]. Here V,(z) is a primary
field (vertex operator) in the free field ¢ = 1 CFT, T (z) is its stress-energy tensor and
Q is the corresponding screening charge [70-72], which is the integral Q = § S(z) of the
screening current S(x).

The order of operators in (1.2) means that in the conformal correlator

<<HVaa(2a)ﬂ_(z)Qr>> (1.3)

(where << ... >> denotes the chiral part of the CFT correlator) all |z,| > |2| and |z| > |z;],
where x;’s lies on the integration contours of the screening currents.
The Ward identity (1.2) can be manifestly written as

22 1 QqOlp Qg : 1
f ) e [y D Y s Rl D e

a, a,i i,j=1

X <<H Ve (2a) HS(a:i)>> = Pol(z) (1.4)
a =1

and the notation Pol(z) means a power series, i.e. any positive powers of z are allowed.

The underlined terms just contribute to Pol(z) (since |z,| > |z|) and can be omitted giving
finally

2 Qg - 1 - . = Pol(z
S8 JD OISR R <<[a[vaa<za>Hs<xl>>> _ Pol(z)

i\ aji i,j=1 =1
(1.5)




Though equivalent, (1.2) and (1.5) are in fact very different. The second one is about
field theory correlators, it is dictated by operator expansions and is especially simple be-
cause a free field formalism is available for conformal theories. The first one is actually
about matrix elements, and the difference is that it depends on the ordering of operators,
while correlators do not. Another way to say this is that the projected stress tensor 7 (z)
does not have a simple operator product expansion (OPE) with other operators, the pro-
jection is a non-local operation and actually depends on the position: if 7, (z) was placed
to the left of vertex operators V(z,), the matrix element would no longer vanish. At the
same time, in this case the underlined terms in (1.4) also contribute (since |z| > |z4|), and
they exactly cancel non-zero matrix element leading to the same Ward identity (1.5).

These are trivial remarks for the old-fashioned field theory, where the Ward identities
were discovered and treated as sophisticated recurrence relations between Feynman dia-
grams, but in modern CF'T we got used to the formalism based on the operator product ex-
pansion and moving the integration contours, which provides a shortcut for the derivations.
Unfortunately, in the network models, only the operator approach is currently available,
and this is the reason why we need to develop the formalism from this starting point.

Still, some elements of the free field formalism are already worked out in particular
representations of DIM, and for a special class of balanced network models, drawn as a
set of horizontal lines with vertical segments in between, see figure 3, a), one has a direct
counterpart of (1.2). In (extremely) condensed notation it looks like

<H‘1fxa[za}‘l'za[z:£] T+ (7 ulé) H(Z%\I’;» =0 (1.6)
a b "

and involves operators like

H‘I'AI 21 H\IIM 2y — Hexp Zn( In ‘[)\[,Z[]nan— [MJ,zf}]na;> (1.7)

n#0

where .
[A, z]n, = sign(n) Z (q)"'_l/Qtl/Q_iz> (1.8)
i
are the Miwa variables associated with the Young diagram A, and the Drinfeld-Sokolov
operator (generalized stress energy tensor = Miura transformation from A;(z))

K
’7L(z,u\§) — l/2log, € . H (w_QZBZ — uiAi(zwz(i_l))> :

i=1

Z—l/210gw§ _ ZéK k Z Hula : (a—l)) . (19)

11<...<ipr a=1

defining numerous flows, is a linear combination of all W™ with m < K. Here A;(2)
are also made from the annihilation and creation operators G4, w = m and 7'(2; ul€)
depends on an additional parameter £ generating different W(m)(z) and on spectral pa-
rameters of DIM representation u;.
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Figure 3. a) An example of balanced network. Notice that the numbers of incoming and outgoing
vertical branes are the same in each horizontal section. Because of this, the slopes of the horizontal
branes have the same slopes (1,0) to the left and to the right of the diagram. b) The action of a
DIM algebra element on the section of the diagram.

A counterpart of (1.2) emerges when the dashed vertical section in figure 3, b) is shifted
to the left, through external vertical legs, which do not commute with 7'(2) Moreover,
now we can also consider deformations of the section which do not preserve verticality, like
the dotted one in figure 3, ¢), and everything can still be calculated. This should provide
a qualitatively new insight into spectral dualities [89-94] associated with global rotations
of the network graph.

Non-balanced networks, where the right-most and left-most branes in figure 4 are tilted
and the number of operators ¥ differs from that of ¥*, can be considered as certain limits of
the balanced ones, but these limits are non-trivial and singular when, say, ¢, — 1. From
the point of view of representation theory these limits should have independent description,
making use of more complicated intertwiners. A full-fledged free field description for them
comparable to the one in [95-97] for ordinary affine case still needs to be worked out.



Restriction to the balanced networks is a great technical simplification, but it requires
a somewhat lengthy comments on what this means and whether this really restricts the set
of handy physical models.

DIM is a quantization of double loop (double affine) algebras, and the existing free
field formalism, which we are going to expose and exploit in the present paper, explicitly
breaks the symmetry between the two loops. Bosonized/fermionized are only the Chevalley
generators, in the case of DIM there are many, still they depend on one of the two loop
parameters, while the other loop is associated with their multiple commutators and is
described very differently: in terms of Young diagrams parameterizing states in the Fock
space. This breaks the symmetry of the DIM algebra: the SL(2, Z)-automorphisms acting
on the square lattice of the generators and introduces asymmetry between horizontal and
vertical directions in the planar graphs which are used to define the network models,
and makes the spectral dualities interchanging these two directions highly non-trivial. In
particular, allowed networks look like infinite “horizontal” lines, connected by vertical
segments, see figure 4, a), and not vice versa. We call these lines horizontal, though they
can have varying slopes, however, they have a non-trivial projection on the horizontal axis,
i.e. are strictly non-vertical. In the original brane theory interpretation these horizontal
lines depict the D-branes, while vertical are the N.S branes, from this point of view our
description applies only to the conformal models (N; = 2N.) with definite N, = M = #
of horizontal lines. Quiver models ®SU(N;) with different N; can seem excluded, but in
fact they appear after application of the spectral duality: a 90° rotation of the graph, see
Fig, 4, b). After this rotation, the infinite horizontal lines get associated with the infinite
NS branes, while the vertical segments with D-branes between them. This pattern looks
more relevant from the gauge theory point of view, but we emphasize that our free fields live
on the infinite horizontal lines, the three-valent vertices (the DIM algebra intertwiners W
and ¥*, also known as topological vertices) act as operators in the Fock spaces horizontally,
while the third vertical edge carries a Young-diagram label, not converted into operator
language. In result these vertices can look like L or T, but not like - or .

All these restrictions can be lifted by switching from Fock to MacMahon modules,
which are representations of DIM spanned by 3d partitions, but such a description is only
combinatorial so far, no generalization to the full-fledged double-loop free field formalism
is available yet. This is what makes tedious the consideration of dotted sections in fig-
ure 3, ¢). We briefly touch this issue at the very end of this text, but detailed presentation
is postponed to the future work. Our main purpose here is to describe the powerful free
field formalism for the balanced network as a straightforward generalization of that for
the ordinary conformal theories, and explain how the DIM algebra becomes the symme-
try of generic Nekrasov functions generalizing the Virasoro/W symmetry of the ordinary
conformal blocks and Dotsenko-Fateev matrix models.

In the next section 2, we explain how the elementary theory of a harmonic oscillator
can be straightforwardly developed and lifted to description of generic networks, i.e. of
generic Nekrasov functions. In section 3, in the simplest examples we demonstrate the
actual formalism in full detail. It is important that most complications come from so-
phisticated notation, which are largely no more than a change of variables (normalization
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Figure 4. a) An example of non-balanced web with infinite “horizontal” lines shown in blue.
Bending of the “horizontal” lines due to tension from the vertical segments is reflected in their
slopes marked above them. b) Spectral duality acts by rotating the diagram a). After rotation
one can identify the conventional Hanany-Witten (or brane web/geometric engineering) setup with
NS5 and D5-branes ().

of creation and annihilation operators). The really big change comes in section 4, when
one looks at the symmetry: it is indeed essentially deformed. But this deformation ac-
tually simplifies things, reducing all the symmetries to the action of the DIM generators,
while the Sugawara construction of Virasoro and W-operators and of their sophisticated
g-deformations is no more than the simple comultiplication rule. At last, at section 5 we
briefly discuss the spectral duality action on symmetry generators. Finally, the appendix
contains further details about various DIM algebras and their representations. At present
stage of development, different parameters are treated as providing different algebras, but
further studies can promote them to parameters of different representations of a single
unified algebra (like the triple-affine elliptic Pagoda DIM algebra anticipated in [50]).

Notation. Throughout the text we use the notation

w= \/g (1.10)

2 Basic example: theme with variations

We assume some familiarity with [50] and do not repeat the general logic, leading to Ward
identities like (1.2) in DF and network matrix models.

2.0 The main theme

Screening charge Q, acting on the Fock space F, = {Pols(Tn)} - e2To s

Q = %S’(x)dx = res;—g 5‘(3:),



S(z) = eV20@) ; = exp (Z Tn;) eT0 2% exp <— Z ;;) (2.1)
Tn

n>0 n>0

2o " xni{T}

where x, {7} are the characters of symmetric representations [n] of sl algebras (the Schur
polynomials in this particular case). Applied to a highest-weight state (i.e. the one anni-
hilated by all negative modes a_,, = —\@n%) with negative half- integer «

(m + 1> = e~3(m+DT (2.2)
it gives
Q ’m + 1> = xm{7} ’m — 1> (2.3)
Residue is non-vanishing, because 22% converts |m + 1 > into 2~~!. Similarly
QQ ‘m + 2> = X[mm]{T} ’m - 2> (24)

where the calculation involves

D) Z Xmleﬂzj{j{dl’ldx?xl TR @y — w9)? = Xy — Xt 1Xm1 = X[m,m)

m17m2

(2.5)
and

QT

m + 7'> = Xm {7} ’m — r> (2.6)

i.e. the power of @ acts as a character of rectangular Young diagram. This is the old result
by [98-104]. The rectangular diagrams arise from the Cauchy formula

Hexp (Z Ins ) = exp <Z Tnzx ) =Y ol (2.7)
X

n>0 n>0

with a sum over all Young diagrams A (actually, with no more than r lines) after the
Vandermonde projection

dxz
H% m—H" X)\[ ] ~ 5)\,[mr] (28)

which is a direct generalization of (2.5).
Since the screening charge commutes

[Ln, Q] =0 (2.9)

with the Virasoro generators

A 0 n-l H? 92
L, = Z(k +n)7y + Z k(n —k) o — + QnaTnaTO, n >0 (2.10)



one has

i,0" m+r> — 0L, > —0 forn>0 (2.11)
In application to (2.6), this gives
.Z/nX[mr] =n(m — r)agzr] n>0 (2.12)
while the action of o2
Lo = Z kTi— 8Tk + ST (2.13)
gives just the size of the Young dlagram:
iJOX[mr] = M7 X[mr] (2.14)

In the Miwa parametrization 7, = ), X", this turns into the statement about the Calogero

eigenfunctions. Also Q"|m + 7“> are singular vectors in Verma modules and (2.12) can

be considered as the simplest version of BPZ equations for correlators with degenerate
fields, [12].

Equation (2.12) provides a simple example of the Ward identity for the state QT\m +
r >, which can be promoted to identity for the matrix element in conformal field theory,
i.e. in the abstract Fock module and corresponding Sugawara energy-momentum tensor
(which we denote by Gothic letters), X{, =< m — r|CT (2)Q"|m + r > by additional
insertion of the intertwining operator, see below. We are now ready to formulate the main
theme of the present paper:

A trivial symmetry property (2.9) gives rise to a non-trivial equation for the matrix
element (2.12), provided one can calculate (2.6).

In what follows we extend this simple example to matrix elements of an arbitrary
network of intertwining operators, what allows to reveal in a rather explicit form the
hidden DIM symmetry of the Seiberg-Witten/Nekrasov theory.

We continue in this section with variations on the main theme, developing it at con-
ceptual level. Next sections will describe technical details of the story.

2.1 Variation I: matrix elements in the free-field theory

Actually, in theory of free field ¢(z), the bra vacuum state is annihilated by all the negative
mode operators é_,, = 7,/v/2, n > 0, i.e. contains I1I,,500(a—n) in holomorphic represen-
tation. Thus, one can not simply convert (2.6) into a statement that X[, {7} is equal to
<m—r|Q"|m +r >: this matrix element would not depend on 7 at all. The way out is
to introduce a special intertwining operator

C{p} = exp ( pnj”) (2.15)

n>0

which converts the bra vacuum into the coherent state

(m| — (m|C{p} (2.16)

~10 -



with the property

(m| C{p} a—n = pn - (m| C{p} (2.17)
This allows us to rewrite (2.6) as
Ximr ) {V2pn} = <m — 7| C{p} Q" |m + r> (2.18)

Among many complications as compared with (2.6), there is v/2, which reflects the fact
that the character is extracted here from the screening charge in a single field (“current”)
realization. A more adequate kind of formulas arise within the fermionic realization (see
section 3.2 of [72] and section 2.6 below) which involves two scalar fields, and /2 is a result
of basis rotation to their symmetric combination.

2.2 Variation II: generating functions

We can make from particular Virasoro generators L,, a single operator (stress tensor)

T(z)=>_ Zf@ (2.19)

nez

Positive and zero modes with n > 0 are given by (2.10) and (2.13) respectively, negative

modes are: )
. ) 0 1
L_, = Z ka+naT + Tnﬁ + Z TkTn—k (2'20)
k k 0 k=1
so that )
PN A n(n®—1
[Ln, L) = (n—m)Lyym + %(Lﬁm,o (2.21)
for the properly regularized sum ) _,n = —%.
Symmetry (2.9) actually holds for all n € Z.
We will also need a “current”
. . Jn
J(z) = az¢(z) = Z o+l
nez
- Tn - 0 - 0
ith = — =V2— =V2n—m 2.22
wit J n NG Jo \fé?To’ In \fnaTn (2.22)
and
[jn; jm] = n5n+m 0
(L, Jm] = —mJpim (2.23)
The two operators are related by the Sugawara relation
~ 1.
T(z) =: §J(z)2 : (2.24)

where normal ordering puts all p-derivatives to the right of all p’s (in each term of the
formal series).

- 11 -



The generating functions satisfy the commutation relations

[J(2), J(w)] = &' (w/2)
S(z) =) a" (2.25)

nez

In terms of generating functions, the Ward identity (2.12), i.e. the corollary of sym-

metry (2.9) becomes
m-r -

[zz T(z) — 7 zJ(z)] ) “X[mr] =0 (2.26)

or, in other words, a regularity constraint

<22 T(z) — ﬁ zj(z)> “Xpmr] = Pol(z) (2.27)

This will be the typical form of Ward identities (regularity condition for gg-characters) for

network Nekrasov functions Z generalizing the simple character X[,

2.3 Variation III: DF model

Expressions (2.6) and (2.1) together imply the integral representation of the matrix element

Xpmri{7} = (m = 7| C{ma/V2} O

-—a¢-f ( Q{Tli:idx’>n<wi—wj>2—<1>DFm,r

1<j

m+7’>

G{rle}

exp (Z Tn® > Zm xn{T} (2.28)

n=1

which is the archetypical example of DF or conformal matrix model [70-72, 102-104].
Ward identity (2.27), which is a trivial corollary of commutativity (2.9) looks now like
a not-so-obvious set of integral identities:

<22 T(z) - \/_i zj(z)) < 1 >DFM (2.29)
. Tk$k+1 4 LTiTj —(m—7 xT; — Pol(z
_<Zz—‘+2@%mm—m ( >Zu—mkm_jK)

ki i i,j=1
Actually there are two standard ways to derive the lL.h.s.:

(1) by using bosonization, which is the simplest version of free-field (FF) formalism, i.e.
the Wick rule for decomposition of correlators into pair ones,

T@<Qmm=<(mN3 f“MWM> (2.30)

FFn

where the index m refers to a special way of handling the zero mode of ¢ and ¢(z)
refers to the scalar field acting in the abstract Fock module, and
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(2) by a change of integration variables dx; = ez in the multiple integral (2.28), [17,
18, 73-79]: in this case we get the identities in a slightly different form:

r n+1 n+1
<22 +ZTkxk+n+Zn+1— —r)x; > =0, n>0

1<) DFm,r
(2.31)

In this paper we actually need an outdated and tedious third way:

(3) the operator formalism based on an explicit calculation of commutators arising when
the stress tensor is carried from the left to the right through the screening operators:
this is what we are now doing, starting from section 2.0 and this is what in the
simplest case brought us to the Ward identity in the form (2.29).

Both the OPE-based and change-of-integration-variables/total-derivative approaches
should also work in the network model context, but they still need to be developed.

2.4 Variation IV: multi-field case

The network matrix models can be considered as associated with networks of branes (brane-
webs [105-110]), which being projected onto the 4—5 plane look like segments with different
slopes. From the point of view of Yang-Mills theories, interpretation of the different slopes
is different. Surprisingly or not, it is also different at the present level of understanding of
the DIM symmetry. Throughout the section, we distinguish only between the horizontal
and vertical segments, while intermediate slopes appear in this section only in sections 2.8
and 2.9. Our next variations introduce and describe the associated notions.

The first one is horizontal branes. These are associated with different free fields.
Generalization of the DF model to K-field case provides Wy constraints for models with
K horizontal branes. An additional procedure can be applied to separate a “center-of-
mass” field: this explains why in the previous subsection 2.3 the number of fields was one
rather than two.

The multi-field conformal model [72] is defined as

<m_

where the screening charges now carry additional indices labeled by K — 1 simple roots

37
Q"

7+ F> = (g, . (2.32)

g of slig. They are actually associated with segments of the wvertical branes ending on
two adjacent horizontal branes, figure 3, a), in accordance with the decomposition @, =
€y+1—€y. In other words, a better labeling of Q is by pairs of indices ab, each corresponding
to a particular horizontal (in fact, any non-vertical, see section 2.5) brane.! Now the matrix
model partition function depends on K sets of times, one of which is associated with the
“center of mass” and actually decouples in the DF model (2.28), thus it was actually
suppressed in that formula. However, this is not always true: the decoupling will not take

1To avoid possible confusion, note that in [50] an “orthogonal” labeling rule was used, treating horizontal
edges of the network as segments between the vertical ones.
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place already in the Chern-Simons deformation of (2.28) in section 2.5, and all the M sets
of times will be relevant in generic DIM considerations. This phenomenon is familiar in the
CFT approach to Nekrasov functions, where relevant is the Heis + Virasoro symmetry
and its generalizations rather than the Virasoro alone. This is also reflected in appearance
of “1” in the popular notation W i .

Algebraically, the multi-field generalization is controlled by the comultiplication A pyas,
which builds all the symmetry generators from a single element of DIM:

current algebra

!

Virasoro

1
Ws
1

(2.33)

This comultiplication adds new scalar fields, and non-linearity of the usual 4d Sugawara
formulas is mostly due to elimination of the center-of-mass field; what makes this possi-
ble is the exponential form of symmetry generators beyond 4d. Somewhat symbolically,
the Sugawara formulas for the stress tensor (at the second level of DIM) arise from the
expansion of characters (in fact, g-characters)

1 1
K=2: 7;12:§(eJ+Q>:1+§J2+...
1 1
K=3: ﬂlgzg(e‘h—i-eb_”h—i—e_‘]?) :1+§(J12—J1J2+J22)+...
| K-l
K 7;lK21+ﬁzcabJa‘]b+"‘
a,b=1
K=c0: Tsl.., :1+Const~/(VJ)2+... (2.34)

underlined in the first two lines are terms appearing due to the center-of-mass reduction

K
> Ja=0 (2.35)
a=1

Cyp is the Cartan matrix for slgx, which the K = oo limit describes a difference Laplace
operator V2. Other W-operators made from higher powers of J arise in the same way at
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higher levels of DIM, i.e. after several applications of the comultiplication Apras, e.g. at
K = 3 the second generator of the Ws-algebra is

w® — %(ef‘h Lehte &) (2.36)

slg

so that the standard Wjs-generator is a difference

1
Tty — W) ~ g2 = ) (2.37)

2.5 Variation V: Chern-Simons (CS) model

The brane slopes show up in a specially designed 4d limit as additional square-logarithmic
terms (logx;)? in the action of the DF matrix model (2.28), giving rise to what is often
called the CS matrix model [111-124]:

1 'H dz;G{r|z; e los )’ [z — =) (2.38)
CS; r!

1<j

The parameter v controls the brane slope, it vanishes for the horizontal branes, while for the
vertical ones it becomes infinite and the story gets a separate twist, see section 2.6 below.

From the point of view of DIM symmetry of the network model, the Virasoro/Ward
constraints should look similar with and without these logarithmic terms, in the sense that
they should be always dictated by the Wick theorem hidden in the algebraic structures
of DIM. There is, however, a crucial difference: in this case, the U(1)-mode should not
decouple for non-trivial slopes, and two sets of times survive (see section 2.6). This is
reflected in the fact that one needs to consider G{7|z} depending on 7,,~0 and 7,,<¢ in (2.38),

G{rlz} = exp (Z T”f) (2.39)

neL

in order to construct the Ward identities. Then, a counterpart of (2.31) for (2.38) looks
somewhat different [122, 123, 125-127]:

n+1 n+1
<n—r+1 Zm +Zx (log 8(xi|q)) +22 pra— +Z7'kx?+k>:0(2.40)
T

1<j

where ¢ = exp(%) and 0(z|q) = S22 v2/2v

v=—00 4

2.6 Variation VI: correlators with vertex operators

The vertical branes are associated with insertions of vertex operators into the DF and CS
models. A particular instance of the vertex operator is the screening current. As already
mentioned in section 2.4, screening charges are segments of vertical branes between the
two neighbour horizontal ones, and they can be considered as contractions of two ver-
tex operators attached to these two branes. However, the relevant operators are special,
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namely, they are e*® with o = #1: a kind of “fermion vertices” (in fact, intertwining op-
erators) * = e*?®. Accordingly, the screening charges should be associated with bilinears
U (x), (x), “non-local” in the vertical direction:

Qup = 74 W (@) (2)de (2.41)

This non-locality explains, among other things, why the screening currents are “naturally”
exponentials rather than d¢-like currents, as well as the emergency of peculiar v/2 in (2.1)
coming from the 45° rotation of the basis ¢1, ¢ into ‘z)l%/;?

In general, fermion operators (peculiar intertwiners in DIM) carry a Young-diagram
label A instead of z and the screening charge is a convolution of these indices (see s.3.2
of [72] for details). Interchanging of + and — labels changes the screening charge to
the dual one (in algebraic terms, this corresponds to using instead of a positive root the
corresponding negative one): as usual in conformal matrix models [70-72], the use of dual
charges is unnecessary. In fact, one can connect every screening charge with a simple root:
one can associate with each end of leg a a basis vector €,, then, the screening charge Qg q+1
corresponds to a simple root @ = €441 — €q-

In operator formalism the correlator of vertex operators is just a matrix element of an
ordinary product of linear operators. A generic vertex operator is constructed from the
primary field V,(x) and is labeled by the Young diagram A:

VA = L_\Va(z) (2.42)
with L_) = IL ﬁ,Ai. The conjugation with L_1 moves it to an arbitrary point z:
VNz+2) = eZLlVCf‘(:E)e_Zil (2.43)

However, in CFT the positions of operators does not matter: they can be considered as
located at points in the complex z-plane, or, more generally, on a Riemann surface (in the
latter case same traces need to be taken in operator formalism).

Still, location of the stress-tensor insertion does matter: in the Riemann surface picture,
it is associated with a choice of a contour encircling the vertex operator insertions, and
correlator depends on the homology class of this contour. Changing the class is equivalent to
commutation of T'(z) with the vertex operator, which is read off the commutation relations

(L, V()] = 2"V (2) + a®(n + 1)z V() (2.44)

and those of the Virasoro algebra. This is what we did in the derivation of (1.5) placing
the stress-tensor to the left, and to the right of vertex operators.

Central-charge-preserving comultiplication Ajpsg. The action of Virasoro algebra
is provided by the Moore-Seiberg comultiplication Ajsg, which is given by the ordinary
Leibnitz rule on the negative modes 7T, but the positive modes act differently:

00 - 11
Aps(Lp)R1 ® Ro = (Z L=k (n i ) Lk1R1> ® Ry + Ry ® Ly Ry (2.45)
k=0
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This comultiplication can be read off the conformal Ward identities, [128] and celebrates
two important properties:

e It is parameterized by an arbitrary parameter z,

e it does not change the central charge, in contrast with the comultiplication in the
DIM algebra that we use below.

2.7 Variation VII: Nekrasov functions

We define the Nekrasov function as partition function of the DF/CS network matrix model
depending on parameters @;, z; and N,, associated respectively with external legs (assumed
vertical), horizontal and vertical edges of the graph I': schematically,

4 K-1
ZF = <H f/@i(zi) exp <Z Qa,a+1>> (2.46)
=1 a=1 DFy,

and this partition function describes the Aji-quiver with obvious modifications for more
sophisticated quivers, [50] (changing the number of vertex operators and adding more
screening charges that differ by the choice of the integration contours). The right numbers
of screening charges are automatically selected from the series expansion of the exponential
by zero mode conditions.

On the gauge theory side, this data describes the theory with the gauge group SU(K)
and 2K fundamental matter hypermultiplets (i.e. zero [-function). Here the numbers
N, are the Coulomb moduli, the hypermultiplet masses are parameterized by the vertex
operator parameters @; and the positions of vertices (rather their double-ratio) control the
instanton expansion in the gauge theory. Note that this theory is characterized by zero
B-function, all other cases are obtained by evident degeneration. The case of adjoint matter
hypermultiplets is described by the elliptic DIM algebras? [140-143] and is out of scope of
the present paper. The other quiver theories, say Ay are described, on the physical side,
by a product of k gauge groups: Hf SU(n;) with k; = 2n; — nj—1 — n;+1 bifundamental
hypermultiplets for each i transforming under the gauge groups SU(n;) and SU(n;41).
There are also ko and kj fundamental hypermultiplets that are transformed under SU(n;)
or SU(ng) (we put ng = ngyr; = 0). These theories have also zero [-functions, other
cases can be obtained by a degeneration of hypermultiplet masses. Note that the Nekrasov
network partition functions typically contain additional singlet fields, which corresponds to
U(K) instead of SU(K') group. The contribution of this singlet factorizes out and reduces
just to a simple multiplier in the Nekrasov function.

While exponentiation of bosonized screenings ) = 3@ e? can look somewhat artificial,
the same procedure is very natural in the fermionic version @ = ¢ ¢+ : this adds -
bilinear terms to the free fermion action, i.e. leaves it quadratic. This is the reason for
integrability, and in bosonized version this is reflected in integrable properties of Toda like
systems with exponential actions.

Exponentiation of fermionic screenings makes a new interesting twist after the ¢-
deformation in section 2.10, see eq. (2.50) below.

2By DIM algebras in this paper we mean both DIM and its limits like affine Yangian [49, 129-139].
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Figure 5. a) Simplest toric diagram. The intermediate edge has slope (1,1) and length @ and
framing factor n = vi X vo = 0. The “horizontal” line with spectral parameters u and v is shown

in blue. The length of the intermediate edge is determined by the ratio of the spectral parameters
v

on the adjacent edges, @ = ©. b) An example of a 3d Young diagram which contributes to the
vertex C[y [2,12,1- The vertex Cly) j2),[2,1] is given by the weighted sum over all 3d Young diagrams
with three fixed asymptotics shown in blue.

2.8 Variation VIII: network model level. Network as a Feynman diagram

Network model is defined for a planar 3-valent graph I' with edges parameterized by slopes
and lengths. Slopes are given by pairs of numbers (X7, X2), see figure 5, and lengths by
parameters ). The 2-component vectors X are conserved at the vertices of I': Xv ! —|—)?v "4
X,"" = 0 at each vertex v; this is a stability condition for the brane-web. The graph I' with
this structure describes a la [3, 4] the tropical spectral curve of the underlying integrable
system, but for our purposes it can be considered just as a Feynman diagram with cubic
vertices and momenta Q)? on the edges, associated with some effective Chern-Simons-type
field theory. Expressions Zr for this Feynman diagram (Nekrasov partition function or gen-
eralized conformal block) is build by convolution of vertices Cryx (X', X", X "|q) and prop-
agators 1177 (Q), where indices I, J, K are Young diagrams, and Cr ¢ are, in turn, “(refined)
topological vertices” [35-37] given [144-148] by sums over 3d (plane) partitions with three
boundary conditions described by three ordinary Young diagrams I, J, K, see figure 5, b).

In the generic network matrix model, the exponentials of screening charges no longer
turn into exponential of “fermions”: it produces an elementary 3-valent vertex (=refined
topological vertex) providing the true DIM intertwiner. Automatic is now not only adjust-
ment of the number of screenings, but also matching between their ¢/ and ¢~ constituents.

e Screening charges are substituted by vertical lines between pairs of horizontal brains,
§ exp(@;;¢), involving two free fields associated with the corresponding branes.
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e Slopes of the horizontal branes enter the matrix model description through (log x;)?
terms in the action, see (3.45) in s.3. The coefficient is made out of the skew product
(see figure 5 a))

Xy, A Xy, (2.47)

where le, sz are associated with the external horizontal lines, one incoming, the
other one outgoing. In the case with several horizontal lines, see e.g. (3.42), one has
to consider )?Ul, XUQ for different horizontal lines, and the answer in this case does
not depend on the concrete choice of these lines.

We described in this subsection a generic network model. One can consider its partic-
ular case: the model that gives rise to the quiver gauge theory (as described in the previous
subsection). In this case (for any quiver gauge theory), one can construct a K-theoretic
version of the Nekrasov functions, Zp, [149-152]. They coincides [36, 37, 153, 154] with
the refined partition functions in the corresponding geometry, which can be constructed
via the refined topological vertex.

Another possibility is to consider the quiver theories with zero S-functions (so that
all other can be obtained via various limiting procedures from these) and all gauge groups
coinciding, n; = n Vi. These theories are associated with so called balanced networks
and can be immediately described within the representation theory of DIM algebras, and
the requirement of all gauge groups having the same rank is implied by a possibility of
immediate extension of DIM to the elliptic DIM: this latter describes the quiver gauge
theories with adjoint matter, where the condition n; = n is inevitable. We discuss the
issue of balanced networks in the next subsection.

2.9 Variation IX: balanced network model

As usual, the ¢, t-deformation leads to overloaded formulas, but in fact it drastically simpli-
fies them by providing a very clear and transparent interpretations and unifying seemingly
different ingredients. Namely, everything gets controlled by the DIM symmetry: the edges
of graph carry DIM representations, the topological vertices C' become their intertwiners,
and symmetries (stress-tensor and its W-counterparts) are just the generators of DIM act-
ing in tensor products of representations and thus defined by powers of the comultiplication
Apry (which is different from Ajyyg).

An exhaustive description of the network models depends on development of represen-
tation theory for the double affine algebra DIM, and it is not yet brought to the generality
level of [95-97] for ordinary affine algebras. In particular, at the moment, it is not immedi-
ate to describe within the DIM framework an arbitrary DF or CS matrix model. However,
among the DF matrix models there is a subclass that is directly lifted to rather peculiar
networks, which we call balanced which are controlled by an analogue of the level one
representations of Kac-Moody algebras and allow a drastically simplified bosonization and
even fermionization. As we already mentioned the balanced networks correspond to special
quiver gauge theories with zero S-functions.

~19 —



We provide the details in section 3 below, and devote the rest of this subsection to
a bird’s eye view survey which makes use of an oversimplified, almost symbolic notation.
One can find the exact formulas in section 3.

The network basically is a constructor with the main building block being a (refined)
topological vertex, which is a matrix element of an intertwining operator that intertwines
three representations, hence, the topological vertex is associated with three legs.

The balanced network is defined by three requirements:

(a) Consider a class of representations of DIM such that each leg is parameterized by a
pair of integers M = (M, M) (DIM central charges) and a Young diagram Y. Then,
the integers are subject to the conditions: Y2 M; = 0 and |M; A M;| = 1 for any pair
of legs in the vertex.® As in section 2.8, we associate every vector (M, M) with an
edge of the network, and parameterize slopes as ratios Ma/M;.

(b) Assume one of the legs of vertices is always vertical, M = (0, M). This implies that
M = +1 and that the two other vertices are (+1,L + 1). From a general network
with rational slopes one can make this minimal (i.e. that with all vertices having a
vertical edge) by a sequence of resolutions, introducing new edges and triple vertices.
Reversing, a general rational network arises from a minimal one, when some edges
are shrunk to a point while others “fattened” (i.e. described by M; and My which
are not coprime, this can be needed to keep vertices three-valent).

We represent such a minimal rational network (figure 4, a)) by a set of K horizontal
lines connected by vertical segments (for planar graph, only adjacent lines can be
connected), which can also be as external vertical legs (to the lowest and highest
horizontal lines). Horizontal segments are also labeled by slopes: in other words, we
draw all non-vertical edges horizontal, but keep the slopes as labels.

(¢) Balanced is the minimal rational network where all external legs are either vertical
or horizontal, i.e. either (+1,0) or (0, £1).

Partition functions for non-balanced networks have singular limit ¢ — 1, ¢/t =fixed
and thus do not directly reduce to a DF model in 4d. Also the U(1) center-of-mass field does
not split from the Virasoro and other symmetries in this case. However, maybe not these
two issues are the main drawbacks, the real problem is a more sophisticated representation
theory needed to lift any of the three above restrictions: balance, minimality and rationality
(in the order of complexity).

From now on, we draw all networks on the square lattice: the vertical lines (0, 1) are ver-
tical, while all the lines with slopes (1, M) are horizontal and just carry the charges (1, M).

The partition function for the balanced network is a contraction of just two types of
vertices: the generalized “fermions” ¥ and ¥*, which intertwine the DIM representations:
(I,M)® (0,1) — (I,M +1) and (1,M + 1) ® (0,—1) — (1, M). These intertwiners
can be described in terms of free field, which acts as an operator in “horizontal” direction,
i.e. converts the Verma module V{; p7) into Vi pr4+1). Thus, of the three Young diagrams

3In terms of topological strings, these are the Calabi-Yau and smoothness conditions.
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U depends explicitly only on one: that sitting on the vertical leg, while those on two
other, horizontal legs parameterize the states in the Fock space, but not the operator.
Instead ¥ depends on the spectral parameter u, as well as on the position. The position
is described by a continuous coordinate z along the horizontal line and by the discrete
number a labelling the horizontal line itself. Actually, all ¥, and ¥} with a given a depend
on the free field ¢,: there are K independent free fields for K horizontal lines. It remains
to provide explicit formulas for the W-operators, slightly symbolically

H\ph o prw 2] — Hexp > ( 7\, 21]nan — [W,zj;]na;;) (2.48)

n#0

and details can be found in the next section 3 (see especially section 3.5).

Clearly, this description of balanced networks is as asymmetric w.r.t. verti-
cal/horizontal symmetry as only possible. Thus, it does not respect most of interesting
dualities, which appear as non-trivial properties of the answers. Instead, it is extremely
simple and very close to conventional matrix model techniques. In particular, it provides a
very simple description of infinitesimal symmetries (Ward identities), and this is some com-
pensation for non-transparency of large invariances (dualities). Moreover, as mentioned in
the Introduction, the Ward identities are now labeled by sections of the network. The
description is simple when the sections are pure vertical, but they can be easily deformed
to include horizontal pieces, and the study of such cases can bring us closer to description
of spectral dualities, even in this asymmetric formalism.

2.10 Variation X: g-deformation

The main new thing at this level is Jackson discretization of integrals:

/f Ydx — (1 —q) qu (q"z) (2.49)
n>0
It can seem that there is a problem here, because the screening charges would require
integrals along closed contours, and one may think the Jackson integral is not their good
counterpart. What makes this deformation possible is the fact that the screening charges
in the DF matrix models of [24-30] are actually defined along open contours between
ramification points.
The most important result of discretization is the Young diagram expansion for expo-
nentiated screening in fermionic realization (2.41) (an avatar of the Cauchy formula):

exp(Q (% Va (2)Yg41 (z )dx>

— exp ((1 -q) Z qnﬂ)j(qn)%jﬂ ) Z qT arYaria (2.50)
A

n>0

where A = {A\1 > A2 > ... > Ny > 0} is the Young diagram with [\ = Zi(z)‘l) Ai boxes,
U =1] zp(q)‘i) and () = HT myl, Where m,- is a number of times r appears in the partition
A. This formula is a simple avatar of the Cauchy expansion.
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Operators of the type ¥, play a crucial role in building particular network models:
they are intertwiners of peculiar representations of DIM and their matrix elements are
the topological vertices (perhaps, refined) within the topological string framework. Since
elements of some Verma modules of double affine algebra DIM(gl;) are labeled by 3d
Young diagrams (just like Verma modules of affine Virasoro by ordinary Young diagrams),
topological vertices are naturally expressed as sums over plane partitions.

2.11 Variation XI: q,t,...-deformations

Everything, what we surveyed above is straightforwardly deformed, at least from Schur
to the Macdonald level, or, in group theory terms, from ordinary and affine (current) to
double affine algebras DIM. Moreover, one can expect a topicality of the elliptic and further
Kerov deformations, and, perhaps, even further, to triple-affine Pagoda algebras of [50], at
least, to those corresponding to the double elliptic systems.

A short list of algebraic deformations is (in accordance with the columns:
dimension|deformation
parameters|symmetric polynomials|algebra of symmetry):

4d t=1,¢g=1 Schur Virasoro/Wi 4o

4dt=¢% q—1 generalized Jack affine Yangian (2.51)
5d t=gq Schur q — Virasoro '

5d t,q generalized Macdonald DIM

From the gauge theory/string perspective, the deformation parameters are associated with
compactification radius of the fifth dimension Rs:

q = e1fts t = e 2t (2.52)

One naturally expects more parameters: the ¢, probably can be lifted to a three-parameter
deformation associated with F-theory compactified on an elliptically fibred Calabi-Yau
four-fold. Some evidence that the Seiberg-Witten/Nekrasov theory survives in a nice form
beyond the Macdonald ¢, t-deformation is provided by the double elliptic studies on integra-
bility side [155-159] and by reinterpretation of the Seiberg duality for Ny > 2N, [160-164]
in terms of topological strings [165-169]. It remains to repeat once again that potential of
the DIM algebras is also far from being exhausted by the ¢, t--deformation.

From CFT perspective, the most natural is the S-deformation, t = ¢%, § = V€] €,
which shifts the Virasoro central charge away from unity and other integer values in the
multi-field case. As to the ¢-like deformations, they are long known to be natural for hyper-
geometric series and their generalizations, which CFT is really about. One of the main new
things is that the stress tensor and more general Wy generators are now unified: they are
all combinations of primary vertex operators, form a closed subalgebra and possess a non-
vanishing centralizer so that one can consider models with the corresponding symmetry.

Another interesting point is a drastic increase of applicability domain for fermioniza-
tion: after discretization of screening integrals, it continues to work in many representations
beyond ¢ = 1, moreover, the fermionic intertwiners in DIM are actually the refined topo-
logical vertices from topological string theory.
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The most impressive result of deformation is clear unification of a huge variety of
notions and phenomena, which appeared in different branches of science. It gets clear that
they were describing the same things, just in different interpretations and limits, about
one and the same object: the network matrix model, which is no more than a generic
DIM-symmetric partition function on graphs.

In the last part of this section, we briefly consider the peculiarities of the simplest
deformation, t = ¢®, ¢ — 1.

2.12 Variation XII: 3-deformation to non-unit Virasoro central charge

The main new thing at non-unit § = logt/log ¢ as compared with subsection 2.0 is that the
Vandermonde determinants in the matrix model measure are raised to power 23 instead
one 2, i.e. the matrix models are lifted to the S-ensembles [24-30, 104, 170-174], what leads
to a temporal loss of connection to integrability theory (which is presumably restored after
the g-deformation). Anyhow, technically most formulas are obtained by analytical contin-
uation from integer values of . The possibility to do so (unambiguously) comes from (-
polynomiality of the Selberg integrals, which define most correlators in the DF S-ensembles.

In the conformal field theory representation [104], the S-ensemble corresponds to the-
ory with non-unit central charge. As already mentioned, for non-integer Virasoro central
charge ¢ one can expect problems with fermionization: only bosonization is straightfor-
ward. However, an appropriate substitute of fermionized formulas actually survives all the
deformations, all the way to DIM, at least in some representations (not restricted to 8 = 1).

Screening charge Q, acting on the Fock space Fn = {Pols(Tn)} - eTo g

Q = %5’(:17)(1:13 = res,—o S(x),
S(x) =: eV?P®) = exp (Z \/B::xn> eVPTo x2V/B% expy (—Z Vi 0 > (2.53)

nx™ O,
n>0 n

20 T xni{T}

where x,{p} are the characters of symmetric representations [n] of sl algebras (the Jack
polynomials in this particular case). Applied to the highest-weight state

1
‘m ¥ 1> —eonTo g = (14 r)\f ~ (1495 (2.54)

it gives
Q ’a—l,m> = Xm {7} ‘a1,m> (2.55)
Similarly
Q" ozfr,m> = X {7} ar,m> (2.56)
These screening charge commutes
[Ln, Q] =0 (2.57)
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with the Virasoro generators

n—1
. 02 0? 0
L, = k kn—k)=———+2 — HN—, 0
;( +n)7y . —i—; (n )87768%,;4 + ”\/BarnaTo n(n+ )QaTn n >
(2.58)
_ _ 1 :
where Q = /3 N Then, one obtains
A aX[mr]
LoXmr) = 20/ Bowm o n>0 (2.59)
while the action of o2
Lo = kT — 2.
o= Shng + Sgmam + 4= gy o (260)
still gives the size of the Young diagram:
fzoX[mr] =M X[mr] (2.61)
The negative modes are:
n—1
A 0 0 1 n—1
L, = k nao__ n o7 - n— n 2.62
Zk:TlH- 3Tk+f78To+4kZ_lTkT L+ 5 Qr, (2.62)
so that )
. . —1
[Lns Lin] = (n = m) Lypgm + "("12) (1 = 697) dpm0 (2.63)
and the current modes are now
o o . ?
Jon=—F7, Jo=vV28—, Jn=V2on— 2.64
vz =V, Vang (2:64)
while the Sugawara relation is
. 1. Q
T =J +—0,J(z 2.65
() = 3 +250:0(2) (2:65)

In terms of generating functions, the Ward identity (2.59), i.e. the corollary of symme-
try (2.57) becomes

[zQ T(2) — \/2B0rm zj(z)} _Xpmr) =0 (2.66)
(22 T(z) — \/ﬁanm zj(z)) * X[mr] = Pol(2) (2.67)

Now similarly to obtaining (2.28), we can get the matrix element that is given by the
integral (-ensemble) representation. It looks like

X {7} = <ar7m‘ C{ra/V2} Q" a—r,m>

A e ), e

i<j

However, the symmetric function X[m'r]{T} is now not the Schur, but the Jack polynomial.
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The Ward identity (2.29) is now substituted by

(22 T(2) — /2Bom zj(z)) < 1 >me = Pol(z) (2.69)
T xk'H - TiTj
:<szx~+.z (z —xi)(z — xj) _QZ _2\/(1””2 (z — ;)

- 7 —
ki i,j=1 DFpm

One has to get two important points from considering this S-deformation:

e The deformation preserves the structure of equations and the vertex operators, mod-
erately changing only the screening charges (the change that can be removed to
a rescaling of the Heisenberg algebra operators), while the main change is due to
changing the Sugawara relation, i.e. the construction of the Virasoro/W algebra.

e Matrix models partition functions are also changed moderately, basically with only
the Vandermonde determinant being deformed (hence, changing the Ward identities).

These two properties will persist in the generic g, t-case, as we demonstrate in the next
sections.

In fact, one could repeat this matrix model consideration in the deformed case with
non-unit ¢, following the lines of [175-181]. However, the actual symmetry in this case
becomes much larger than the Virasoro algebra: it is the DIM algebra, and we start its
general description in the next section.

3 DIM calculus for balanced network model

In this section, we demonstrate how to deal with the balanced network model by methods
of the DIM algebra, which is a development based on the previous consideration in [31—
34, 48, 50, 182]. It is rather special from the algebraic perspective: only the DIM(gl;)
algebra with special values of central charges and rather peculiar representations allowing
straightforward bosonization and even fermionization is considered, however, this covers
almost all what is presently known about Nekrasov partition functions.

Details on various DIM algebras and their simplest representations are provided in the
appendix, which can be useful for further development of the theory.

3.1 DIM algebra

Let us first remind the definition of the DIM algebra Uq ¢( g?[l) It looks like a deformation of

the affine quantum algebra Uq(gT[Q) with the four Drinfeld currents: the positive/negative

root generators x%(z) = Y onez 27", two exponentiated Cartan generators ¢ (z) and

1~ (), which are power series in z~! and z correspondingly, and the central element ~.
Commutation relations are

GF(z/w) 2t (2) 2t (w) = GH(z/w) 2t (w) 25 (2)

_ _ 41
O 2D (5607 s ) v 02 ) — 0z w) w7 2)

2 (2), o~ (w)] = |
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PE(2) T (w) = T (w) Y (2) (3.1)
N () = IOW/E)

P (2) 1 (w) 0w/ Y (w)" (2)

UH(z) 2t (w) = g(yFPw/2)F ot (w

U (2) 2F (w) = g(vF 22 /w)* 2t (w

SYm 2223_1 [xi(zl)v [xi(z2)7 xi(z3)]] =0
21,22,%3

The DIM algebra is a Hopf algebra with comultiplication

A(wEE) = vH6E%) @ wEeT)
A(a*(2) = 0= (1) @ et (mz) + 27 (:) @ 1 (3.2)

Mr@) =105 () + o () & v 0d%)

where 7111/2 =4F2x1, 7;[1/2 = 1®~*/2 and the functions g(z) = gigz;

by the associativity requirement g(z)~! = g(z~!). We omit expression for the counit and

is restricted

antipode, since we will not need them.

This data allows one to construct the universal R-matrix [67-69].

In these relations, v*/2 and ¢ = ¢¥7(2 = o), ¥y = ¢ (2 = 0) are the central
elements. Parameterizing their values as

y=wML o gE =t = [ (3.3)

we reproduce the (M7, Ms) pairs of integers enumerating representations in section 2.9. The
action of this comultiplication increases the central charges, in contrast with the Moore-
Seiberg comultiplication Ajsg (2.45). This is why the number of free fields is also increased
by action of the comultiplication. In particular, starting from one free field (Kac-Moody
level), we produce the Virasoro by acting with comultiplication, which adds yet another free
field etc. Of the two integers M and My, the first one is a counterpart of the Kac-Moody
algebra level so that the refined topological vertex is a matrix element of the operator
intertwining the level one representations, i.e. it can be realized by one free field. We
explain this construction manifestly in the next subsections.

The structure of the algebra is encoded in the function G(z) which is often chosen to
be cubic in z with additional restriction ¢iqoq3 = 1:

GH(z) = (1 —q2)(1 — 2)(1 — q32) = (1 - qilz) (1 - tqﬂz) (1 - (q/t)¢lz> (3.4)

Without any harm to commutation relations and comultiplication, it can be further
promoted to unrestricted ¢i23 and more general Kerov deformations, and even to the
elliptic function, though details of bosonization procedure below should still be worked
out in these cases.
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3.2 Bosonization in the case of special slopes

Explicit expressions for Cr are currently known only for particular slopes: §/ = (0,1)
and § = (1, M), §" = (1, M + 1), see figure 5. According to [66], they can be expressed in
terms of the following bosonization:

1—-t"z"a_, 1-—1t" a,
¢(Z):Z<1_qn n _1_qnnzn)’

n>0
1— ¢l
[an, am] =n m (5m+n70 (35)

From this free field we can construct pre-vertex operators depending on infinitely many
time-variables py,:

1—-t"a,
C{p} = exp (Z 1—qn npn>

n>0
_ 1—-t"a,
C = — —
{p} exp( Zl_qn npn)
n>0
1—t"a_
CHp} = exp (Z - n"pn> (3.6)
n>0
~ 1—t"a_
Ct — _ —n
= o (- 10 )
n>0

with

el {pn:Zzi"}C’{pn:Zzi"} ::He‘b(zi): (3.7)

i i
These operators can be used to define the main vertex operators for the above-mentioned

particular slopes:

Z, A
(_Z)MW 1A =T —,—p— _ T
V()= | M| M- =2 __ Otz 12,0 Clg 2P 227 x (—uz)Mgn)
A(2) _u.zl.u ] o Gl g 0= | x (—uz)g
—V/z v . L|A‘ L B
Ui(2)=0 | L L+1]:(Z)c(f>\)CT[qktpq—1/22}0[6]—/\5%1/22—1}x(v/q)—lx\qn(/\T) (3.8)
A

Z, A

Here only one Young diagram A is shown explicitly, the two others label matrix elements
of the operator. The operator acts on the Fock space F,, in which the basis vectors
are labelled by Young diagrams (e.g. the Schur functions provide a basis, xy (a—n)|u, @)).
The edge parameters/lengths @ are encoded in the spectral parameters u and z. More
precisely, edge lengths are given by ratios of the spectral parameters between the parallel
lines, as shown in figure 5, a). Notice that the vertices ¥, U* depend only on two spectral
parameters, the third one being determined by the momentum conservation condition.
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This condition follows from the requirement that the vertices intertwine the action of the
zero mode of the generator z(z). An additional notation is:

=TI a2 o= I (1= ), e = 3 (G-1)

(4,5)€EA (1,4) €A (1,7) €A
(3.9)
where )\]T are row lengths of transposed Young diagram. Finally,
. " 1 [t|>1 . i
Ap+1/27 _ Ai (1—1) = _ Aign(1—13)
Clg* "1 = C qpo = 3 (" =00 4 = b =0 Cipa =3 g0
i>1 i>1
(3.10)

Here the requirement |t| > 1 is needed for convergence of the sum. However, the result is
analytic, and thus valid for any complex t # 1.

The Feynman diagram is made from horizontal lines and vertical segments between
them. Operators along the horizontal lines are simply multiplied, but each horizontal line
depends on its own free field, i.e. with K-line diagram we associate operators acting in the
K-th tensor power of the single field Fock space, F,, ® --- ® Fy,. Sum over the Young
diagrams, X\ on vertical segments is performed with the simple weight, which is independent
of the edge length @ : all ()-dependent factors are already included in the definitions of W.
One can understand this procedure as cutting the propagators I1’7 in two halves (taking
a “square root”) and attaching the resulting stubs to the corresponding adjacent vertices.

3.3 Relation to topological vertex

The operator C{p} defined in eq. (3.6) switches between the Fock space and the time vari-
ables: for the vacuum state annihilated by all operators a_,, with n > 0, (0la_, = 0 we have
<0|C{p} A—n = Pn <0|C{p}
1—¢" 0
L=n—4 9 11
OCphan = n % 5 (0C{p) (311)

This (0|C{p} is a p-dependent set of common coherent eigenstates of all the annihilation

operators a_,. Accordingly, one can use the Macdonald polynomials My{p} to define
“Macdonald states”:
My{p} = (0[C{p}[ M)
and their involutions
My{p} = My{-p} = (0|C{p}| M)
The skew characters are given by the matrix elements

(M| C{p}| M)

Myulp} = S (3.12)

The matrix elements of the intertwiners W, ¥* in the basis of the Macdonald states
give the standard expression for the AK version of the refined topological vertex [36, 37]

2,

Il
l ]!Mu>=|\MAH2HMuH2 (—qf_/;“‘M) FIM 2ol RO g, )
(3.13)

(M| v
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—u)L
| ]Wm:nMuf (‘qimi )ff(t—1/2u>—'“'+'”fuCMq,t) (3.14)

Z, A

lo]=|v]

Cun”(a,t) = MPO[) S M50 L[ ) MV (@M (aft) 2 f  a,t),  (3.15)

Cli)\y(% t) - (_1)|)\‘+IMI+IV|CMT)\TVT (tv Q) (316)

The IKV vertices [35] arise in another basis: for the ¢, t-independent Schur states |s))
and their ¢, t-dependent duals (S| w.r.t. to the Macdonald scalar product.

3.4 Building screening charges and vertex operators

The screening charges and vertex operators of the Virasoro or Wi-algebra arise as combi-
nations of intertwiners W, W*. The screening charges should commute with the Virasoro
generators, and since the Virasoro algebra is generated by an element of DIM algebra, the
intertwiners of DIM are the natural candidates for the screening charges. We will see in the
next section that one can interpret the commutation graphically. The Virasoro generators
act on the horizontal lines, and the screening charges are segments of the vertical lines be-
tween the horizontal ones. There are also external vertical lines, which correspond to the
Virasoro vertex operators. These do not commute with the Virasoro algebra, because the
corresponding intertwiner contains an extra representation, the vertical one. The action of
energy-momentum tensor on this additional representation gives extra terms, making the
commutation rules nontrivial.

Screenings charges. Let us start by building the screening charges. They correspond
to internal vertical lines in the web. The minimal example contains two intertwiners,
which are contracted with each other to form a vertical segment between the adjacent
horizontal lines. The whole procedure resembles the free fermion construction of the
screening currents from section 2.6. FEach intertwiner plays the role of a free fermion,
so that their contraction gives rise to fermion bilinears, i.e. the screening currents of
dimension one. The integral of the currents is replaced by the sum over intermediate
states in the vertical representation as in section 2.10.
The product of intertwiners is given by

(1, M) g+ (1, M+1)

—————

—u/z u

2 =DM () © Ua(2) =

—vz v A

(1, L+1) ¥ (1,L)
IA| M—-L—-1 Qn(/\T) 11— n

Ly () B s L 0 e

—~\u CACy o1 i d t

11—t g\" o, 1y~
o {5 T (1 (9 Y e -
n>1
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Al f}]\Wfoqun()\T)

(e R iy
X U CA\C),

i>1
where ¢ = []; jer(1— q’\i_jﬂt’\f_i) and
11—1¢" n 11—1¢" n
S(z) =exp{ — Y — (1 + <Q> )x”d_n exp — (1 + <g> )x*”dn
nl—q" t nl—q" t
n>1 n>1
(3.18)
We see that the contraction of two intertwiners depends on a particular (“Virasoro”) com-
bination of the bosonic oscillators acting on the two horizontal Fock representations:*
1
Fo—= = (g _ Il (2) = /4
On = T o] (ay,” — w™ay?), =\/; (3.19)

where a£}> =a, ®1 and ag) =1® a,. The generators &, are normalized differently from
the original Heisenberg generators a,, (cf. eq. (3.5)):

1 — gl
1 — ) (1 + w2inl)

[Gn,, ] = n( On+m,0- (3.20)

The contraction of intertwiners provides us with an indefinite number of screening
currents, since the product in the last line of eq. (3.17) is infinite. This corresponds to
the exponential of the screening charge and fits well with the picture where the pair of
intertwiners gives fermion bilinear screening current:

N
—2y% ~ ex x)dx | = = z;)dNx
S I ) & () p(f stre) =3 5 f L s@oas 2

According to the g-deformation prescription from section 2.10, the positions of the screening
currents are discrete and parameterized by the Young diagrams A:

~1/2

z; = ¢itPig z, (3.22)

so that the contour integral in eq. (3.21) is replaced by the sum over \.> To get a definite
number of screenings one should put some vertex operators and external states into the
system. Then, the selection rules automatically provide one with a necessary number of
screening charges. We will see this effect below, when discussing the vertex operators.

The operator product expansion of two screening operators immediately defines the
corresponding matrix model measure. We have

(%;q>oo (454)

(tg;q>oo GHIM

S(x)S(y) ~ :5(x)S(y) - (3.23)

*We conform with the notations of [50].

50One can understand this recipe in different ways: either as the Jackson integral, or as a sum over
residues of the normal ordered operator expression. The final result for the sum over Young diagrams is
the same in the both approaches.
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where (2;q)oo = [[;>;(1 — ¢*z). This means that the matrix model is of (g,t)-deformed
type, with the measure given by

Zi .
Al (z) = H % (3.24)
P I
7 ( xj’q>oo
It is known [31, 32, 80-82] that such a matrix model explicitly computes the Nekrasov
partition function and the Vir,; conformal block.

Of course, the expression for the intermediate vertical segment between any two ad-
jacent horizontal lines (e.g. i-th and (i + 1)-th) has the same form as eq. (3.17). The
only difference is that the Heisenberg generators are aff) and agﬂ) instead of anl) and
ag). On the tensor product of K > 3 Fock representations acts the Wx-algebra and the
intermediate segments correspond to (K — 1) different screening charges commuting with
this algebra. The combinations of the differences between the adjacent bosonic oscillators
correspond to the roots of the Ax_1 algebra.

Vertex operators. As we have already mentioned, vertex operators should be built from
the intertwiners with external vertical legs. Again, a minimal example contains a pair of
intertwiners on two horizontal lines, which are, however, not contracted in this case. Their
product now essentially depends on the both horizontal oscillators. This corresponds to
a composite vertex operator having two parts: the Virasoro part depending on a, and
the Heisenberg part depending on the orthogonal linear combination of the oscillators, a,,.
This is exactly as prescribed by the AGT relation [175-181, 183-185], where the Nekrasov
functions for the gauge group U(NN) correspond to the conformal block of the algebra
Virg: @ Heisg ;.

We have the following result:

wy I
1,M+1) (1, M)
—uw; ¥ u

= Ugy(wy,v) @ U (wa,u) = ‘7“\}/;;“]2 <(w1w2)1/2> Vﬂe/i; ((w1w2)1/2)
—v/wa g+ y
(1LD) J(LL+1)
we '

(3.25)
where the indices denote the Liouville-like momenta of the vertex operators

L pr/24 p—n/2 n(pn/24 p—n/2
VAT (2)=exp +—z”d_n exp —Z a( + ) g
>1

_ L (3.26
2 i) n(i— ") (320

w—n((WQP)n/Q _ (wQP)_"/z)

n>1
n/2 w2 -n/2 _ w2 n/2
con {3 IR iy | om
n>1

~ 31—



where @, are defined in eq. (3.19) and

o) 4 @
On = T 3] (w ay,’ + ay ) (3.28)
Notice that the momenta in the U(1) part are slightly different (by #2/¢?) for the positive
and negative modes which matches the AGT prescription [41, 186-188].

The vertex operator (3.26), though it depends on the right combination of the oscilla-
tors @y, is not the full Virasoro vertex operator (in particular, it does not have a smooth
limit for ¢,q — 1). The same comment actually applies to the exponential of the screening
charge (3.17). The reason for this behavior is that both (3.17) and (3.25) are not balanced.
This means that either incoming or outgoing representations are not horizontal. To get
the balanced combination, one should consider the product of (3.17) and (3.25), i.e. the
partial contraction of four intertwiners:

w2
(1, M+1) v (1, M+1)
wwy/z ¥ —u
—uwy /2
NE = Y MW (w1) U5 (2) @ Uh (ws) Uy (2) =
—vz/wy g+ vy A
—
(L,L) vo(1,1)
wWo ' I
N
_ y/Heis (( 1/2 S )dN g v Vir £1/2 3.99
= Vo Jws wiws) H (zi)d™ x (twa)/(qu1) (wiwaq/t) , (3.29)
i=1
where tV = \/% wil and
i 1z n -n
VYT (z) = exp _Zﬁl_qna_” (P /2_p /2> (3.30)
n>1
1 mn
X exp _Zglgqnfxin&n (P*n/2_Pn/2>
n>1

Of course, one can change w; to wo and vice versa in all the formulas. The balanced
combination of the operators automatically fixes two problems: it determines the number
of screening charges N and gives the correct expression for the Vir,; vertex operator (3.30)
in terms of free fields [175, 176].

Other combinations of four intertwiners. In this paragraph we give an exhaustive
list of webs, both balanced and unbalanced, obtained from combinations of four intertwiners
on two horizontal lines. The first possibility is given by eq. (3.29), the second we describe
below in (3.42), when we discuss conformal blocks. Here we consider two more variations.
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1. Two antiparallel lines.

(1, M+1)
(L M) g~ v (LM)
—uz ) —UZy [A1] [A2]
M L+1 qu ., L—M—l)
21 A\ 22 ) Ao _Z< ) (’U( 22) .
A1, 2

—v/z v —v/z
(1,L+1) ¥ (1,L) v* (1,L+1)
f/z\w L— 1fM L-1 2n()\T)+2n()\T)

! Hsz(qkhtp’ H51 (gMitPig22)

C>\10/\ C>\2C)\2 i>1 j>1

(3.31)

Notice that here So depends on the combination of the oscillators corresponding to
the affine (imaginary) root of the algebra A;:

1
A2 = = (42 _ g >
ay; T o (an w"ay, ), n>1 (3.32)
NN @ _ n () >
Op =7 T (a_n w a_n> , n>1

This diagram is balanced and corresponds to a particular case of the compactified
toric diagram. The two antiparallel vertical lines should be understood as living on
the two sides of the cylinder. We will give a more general “quasi-periodic” version of
this diagram in section 3.7, where we describe the affine (g, t)-matrix model.

2. Horizontal cut. This strange variation is obtained by adding two “internal” lines
ending at empty diagrams:

(1, M+1)

1, M 1, M+2
wan )

U T
—u/w, Jlg —uz qu Moz \ fM=L=tg2n(AT)

T =2 (B L
Wo U c)\c)\

—VWo T@ ; —v/z A

(LD v

(1,L+1 1,L—1)

(VtPig™?2) . (3.33)

1212*

f >Heis > Vir
Vw1/w2 (\/wlwg)le/w2 wiw3)
J=1

where tV = = and
w1

n(pn/2 P—n/2)
V\/lr (Z) = exp w ( A,
7; n(l—q")
qnwn(an/2 _ Pn/2) o
X exp { — 2 "ay, ¢, (3.34)
; n(l—q")
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wfn(Pn/2 _ an/Z) o

Ve (2) = exp{ — 2"a_y,
d 7; n(1—q")
w—n(P—n/2 _ Pn/2) e
xexp{ — ) "= 2 "y, (3.35)
n>1

This network is unbalanced and, hence, produces wrong vertex operators XA/Vir, i.e.
those which do not satisfy the usual commutation relations with the ¢-deformed Vira-
soro energy-momentum tensor. Notice also that the Heisenberg vertex operator j/Heis
is not the required Carlsson-Okounkov vertex operator [189, 190], i.e. the momenta
are not shifted for the positive and negative modes (see also [186-188]).

3.5 Network partition function

Now we have all ingredients necessary for constructing network partition functions. It
schematically has the form

<H‘1’Aa 24 H H (qu v >> (3.36)

where the first product describes the external vertex operators, and the second one the
“internal” screening operators. We denoted the vertex attached to brane a by V,.

As we already mentioned at the end of the previous section, the deformation does
not influence much the screening and vertex operators. This means that one can straight-
forwardly construct (3.36). Indeed, one can choose the normalization of the Heisenberg
algebra operators in such a way that the pre-vertex operators become very simple:

C{p} = exp (Z arf") C{p} = exp ( > a’f")

n>0 n>0
a_nPn = a_nPn
CT{p} = exp (Z np ) CH{p} = exp (— 3 np ) (3.37)
n>0 n>0

and the screening currents (3.18) get the non-deformed form

S(z) = exp Z —z"a_, p exp Z —z "ay, (3.38)

n>1 n>1

In this simplified notation, the first part of formula (3.36), the external vertex operators, can
be rewritten in the form (we are using equation (3.8) with the rescaled Heisenberg algebra)

H%I o H\PM 2 Hexp Zn( "\, 21l ntn — [W,z}]na;;) (3.39)

n#0
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where all incoming vertex operators (labeled by the index I) are associated with the
horizontal brane described by the Heisenberg operators a,, while those outgoing ones
(labeled by the index J) correspond to the Heisenberg operators a). Here the symbol

[A, z]n, = sign(n) Z (qA"_l/Qtlﬂ_iz)n (3.40)

%

introduces the Miwa variables. This is exactly the formula (1.7).

Formulas (3.38) and (3.39) give simple expressions for the ingredients of (3.36), thus
providing a description of the network partition functions.

As we already explained, in variance with vertex operators, the Virasoro/W-algebra
non-trivially changes with deformation. We shall discuss this phenomenon in the next two
sections, and here give a few examples of conformal blocks (calculated in terms of the
non-rescaled Heisenberg algebras).

3.6 Examples of conformal blocks

The simplest conformal block Bpg. The simplest possible contraction corresponding
to a nontrivial conformal block includes four intertwiners. It gives a peculiar “pure gauge”
limit of the four-point Virasoro conformal block By( Py, Py, P3, Py, P, ), which, in the gauge
theory language, corresponds to the pure SU(2) gauge theory partition function. In this
limit [191], the dimensions P; of all the external fields become infinite, and simultaneously
the points 0 and ¢ merge in a very particular way:

P; — o0, r— 0, tPiPoP3Py = A* = fixed (3.41)

Ounly two parameters, A and A remain finite, so that Bpg = Bpa(P, A).
The corresponding web partition function is equal to

1, M+1
(1, M) \1/*( A )\II (1, M +2)
@ . 2)
—u/z —UZy
21\ 2 Ay =(Py|exp S(z)dx | exp S(x)dx | |Py)=Bpc(P,A) =
Cl C2
—v2 v *U/Zz
(@l v (1,L) ¥ @)
o+ ¥ LD Y oy
N P W e el (LM EED) FM—L=1 pM=Lt1 2n (W) 42n(A])
e ()
A1,A2 %2 CA16A26A16A2
_u/z1| HS )‘“t‘” )'IHS(Q)\Z’itpiqil/QZQ); IQ,—®uz2> (3‘42)
(@, —Uzl\ |9,—v/22)

i>1

Here C; and Cs are the contours encircling the two points 1 and A. P; and P; denote the
momenta of the fields at points 0, co. These momenta are actually infinite in the pure gauge
limit. However, the infinite charges at zero and at infinity are compensated by the infinite
number of screening charges coming from the two exponentials, so that the dimension of
the field in the intermediate channel is finite and equal to P. In our formalism, P is
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related to ¥ (since u and v are dimensions associated with the intermediate segments of

the horizontal lines) and the A = £
Using eq. (3.23), we can evaluate the matrix element of the two normal ordered factors
in the last line of (3.42) to obtain the Vandermonde determinant:

(@@ (2] : [[S(@>t7q 2z) - [[ S itPiq22) « @) @ @) ~ AP ({2}, {y})
i>1 i>1
(3.43)

where

z = ¢t yi = it 2. (3.44)

Substituting the Vandermonde determinant back to eq. (3.42), one can verify that what is
left is a particular limit of (g, ¢)-matrix model with the Chern-Simons terms:

Bra (P, A) = (3.45)
N1 (nop? N2 (ny;)?
e 7§ ?{ d™a dy AT @) A () AT ({a}, {y}) [ [ g™ T [Ty E D T
1,2—>00
) i=1 j=1
where ¢*12 = L z% L+l The parameter A = j—; is hidden inside the definition of the

contour integrals Ci,2. Notice that the Chern-Simons coupling constants depend on the
relative slope of the two “horizontal” lines and, in particular, vanish for L = M + 1, when
we also have a1 = am.

Let us also give a spectral dual gauge theory interpretation for this conformal block. In
the AGT correspondence, this limit of the conformal block corresponds to the pure SU(2)
gauge theory, with A being the instanton counting parameter (coupling constant) and P
being related to the Coulomb modulus a. After applying the spectral duality, however, we
have a different interpretation: the coupling constant A and the Coulomb modulus ¢%* are
exchanged. This spectral dual approach is directly applicable to eq. (3.42). If we simplify
the infinite products (3.42) (or equivalently in the Vandermonde factors in eq. (3.45)) we
get:

Bog (P, A) AIZ’;Q (qv M- L+1)|/\1|( M- L+1>I/\2| (fAlfM)MLHZvec (21’)\1,)\2>

(3.46)
where zye. 18 the standard Nekrasov factor. Notice that the whole sum becomes the
Nekrasov function for the pure SU(2) theory (with additional “framing” factors in the
case of general slopes L # M + 1). However, the instanton counting parameter and the
Coulomb modulus are related to { and % respectively, while, following the AGT duality it
should be vice versa. Thus, what we write in eq. (3.46) is actually the spectral dual of the
AGT dual Nekrasov function corresponding to the pure gauge limit of the conformal block.

Though this example is very simple in the gauge theory, as well as for the webs of
intertwiners, from the point of view of the CFT it looks a bit contrived. The reason is that
the corresponding diagram is not balanced. Let us describe a more regular example of a
balanced diagram corresponding to a general four-point conformal block.
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More general Virasoro conformal blocks. To get the general four-point conformal
block By, we should combine the two balanced building blocks from eq. (3.29):

wy | I w3 I
(1,M+1)+ U —u f g1, M+1)

(| L %)
—uwi /2 (1, M+1) —uzg/ws
M Y21 Ao Y 22 = (P1| exp ( S(x)dm) Vp, (1)
—vz /ws Y —vwy/ 29 G
(o] L L o)
(1,L) f (1, L) f (1,L)
w2 ' I wa 'S

X exp ( a S(x)dx) Ve (1)|Pa) =

= By4(P1, P2, P3, Py, P)y)

—L— _ T T
v o pa\ Ml quwaws FPEINTW fivlf L 1f)1\\24 L+1q2n(>\1 )+2n(A3)
= > (e ) (R e ) O, OO %
A1,A2 a2 M,

(@, —uz1 /w1

N1
x ® Vul;lle/l?UQ ((w1w2)1/2) ‘/ul;lse/ifu4 ((w3w4)1/2) . HS(qu’itmqil/zzl) %
=1

(&, —vwa/z1]

eTgal(3.47)

|2, —vwy/z2)

Na
X ‘/(\tlllurz)/(qwﬂ ((wlw?q/t)l/Q) : Hs(qkzﬁitpiqil/QZQ) : ‘/(Y7i1r4)/<qw3) ((w3w4q/t)1/2)
1=1

Here t™M = \/g 5]—11 and /2 = \/% 1’1% Notice that the Heisenberg vertex operators commute
with the Virasoro ones and also with the screening operators, so that their contribution
factorizes and adds the standard “U(1) factor” to the conformal block. Employing the
scaling invariance argument, one can consider only the conformal blocks in which the
position of the last Virasoro vertex operator is the identity, so that wswsq/t = 1 and

wiwaq/t = p. The dimensions of the primary fields are given by

" 2
p=% p="" p="t p=2 (3.48)
U qu1 w3 quwaws
p_ tN1+1P2 . tN2P4 4
¢ B (3.49)

The corresponding matrix model is of the Penner type with the additional Chern-Simons
terms:

By(P1, P2, P3, Py, Px) =

Ny 2 ( l—az,. /.. l—ag,. .
e neo? (¢ i/ q) _ (¢' 3w q)
_ ledezyA(q’t> YA y A@D ([ Ay x?le(M L+1) g oo o o
%7{ @) ®) (=3 })E (zi/559) & (T59) oo
e e 0mm? (¢ y50) (4w 6 4) o
x [Tw5e wa (3.50)
o (55 D)oo (3 /% 0) o

where ¢% = P;.
The five-point conformal block can be obtained by putting three building blocks
like (3.29) together. This gives a product of three Virasoro vertex operators, three Heisen-
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berg vertex operators and three groups of screening charges. Schematically, one has:

w1 I w3 I Ws | &
(1,M+1)1 U —u 1 \I,*(l,MH)f gL, M+1)

@l 1, M+1)¥ —u2 y 12)
—uw /2 (1, M+1) Wy —ulﬁ—i;
)\1 21 AQ 22 )\3 Z3 wawe = (351)
—vz1/wy_ _ . s Uz
<®‘ )\ v )\ 2 U |®>
O BRI RETRAIR R
wy ' & wy ' g We ' &

—ilesp (s ) Ve (f S@de) Ve (§ st ) vi e

Cy Co Cs

where Vp includes both the Virasoro and Heisenberg parts.

Conformal blocks of Wi-algebra. Generalizing our formalism in another direction,
we consider the W3 algebra conformal block. In this case, there are three horizontal lines
and two different types of screening currents S7 and So, which correspond to the vertical
segments between the first and second or the second and third lines respectively:

11—t 5 - (§) 11—t 20\ . —n (i
Si(x) =expq — o (1+w™™) z"al,  exp nl—g (1+w™) nag®
n>1 n>1
(3.52)
where
, 1 , .
07(,231 = Tr o (a(jzl - w"a9:1)> , n>1

The simplest example is the pure gauge limit of the four-point block, which is given by the
following web diagram:

wy I w3 I

(@l \J L (1J®>
(1) (1, M+1) —uzy Jws
—uwi /2
My,m A0y,
@ 1 1 2 2 (2) /(1
vz /Zl\p* T —Vzy [ 25
(2] L) - (3.5
(1,L) L) (1,L)
|, @ \OY L@
2) 1 1 2 2 —tz(Q)/w
—tfun| gt g2
o [2)

(1,K) Y . f@(l,K) v . 1@(1,[()

:<131|exp< Sl(x)dx> exp< Sg(m)dm) exp< Sl(x)d:z> exp< Sg(:U)d:E) | Py)

C1 C1 C2 C2
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3.7 Compactified network and the affine screening operator

Let us also give an expression for the compactified diagram describing the affine quiver
gauge theory. The compactification identifies the vertical line going down the lower edge
of the diagram with the line coming from the upper edge. Moreover, to get the general
diagram, one should add one more ingredient, the shift in the spectral parameter. There is
an automorphism of the DIM algebra, which multiplies the spectral parameters of all lines
(and all elements of the algebra) by a constant. In general, the vertical compactification,
i.e. the trace over vertical representation can contain a “twist” by this automorphism, which
does not spoil the nice intertwining properties of the whole diagram. Taking the twist into

account, one arrives at the

quasiperiodic” compactification, where the lines wrapping the
compactification cylinder have their spectral parameters shifted. The whole picture now

looks as follows:

Z9 )\
(1, M+1) o= (1, M+1)
—(—
—uzg/z ¥ —u
)\1 Z1 =
—vz1 Jwoy+ —v
L
(1, ) T (1 1)
Z2 | A2

X

A M—L—1 ¢y M—L—-1_2n(AT)+2n(\T
=2 (qj(—zl)M—Hl)lm <quw2Q(—22)L_M_1>| AT el

= / /
VZ9 C)\IC)\lc)\ZC)\2

X Hgg(q)\2’itpiq_1/222) i H Si(gMatPig™ 22) + (3.55)

i>1 >1

A1,A2

Here the wavy lines denote the identification of two vertical edges and the shift auto-
morphism is marked by a short horizontal line. The automorphism shifts the spectral
parameter of the line passing through it by 72 and simultaneously adds @ to the length of
the corresponding edge. As in eq. (3.31) one has two types of screening operators S7 and
S, corresponding to two simple roots of Al, however because of the shift, the definition of
the set of “root” oscillators inside the second screening is different:

1
) = 15 (afP) — w™(z2/wa)"al), n>1 (3.56)
- 1 n n
(_27)1 - 1 +w2n (a(—QT)l —w (’LUQ/ZQ) a(—11)L> ) n>1

Taking an average, i.e. using the Wick theorem, one arrives at the affine g-Selberg
matrix model [50]:

N- ny)2
%leq,‘dNéy t A(Q»t)(x)A(q:)(y> ~ 1_1[ Qle(M_L+1 (11;:;) H as —(M L—‘,—l)(l yj)
Al ({z}, {yH) A ({y}, {tz}) -
(3.57)
where the parameter of compactification ¢t = \/%5]—22, q™ = "Z’, q*? = Q%. Notice the

characteristic combination of the Vandermonde factors in the measure, which is determined
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by the Cartan matrix of the affine algebra 121\1. This matrix model can also be understood
as the refined version of the ABJM matrix model [111-116], in particular, the level of the
two Chern-Simons terms are opposite to each other. On the other hand, the spectral dual
of this network is described by the elliptic DIM algebra (see appendix A2).

If one can cuts the diagram (3.55) along the vertical compactified line, one arrives at
the regular Virasoro vertex operator (3.29). This is equivalent to the decompactification
limit () — o0, since in this case only Ao = & contributes.

4 The action of Virasoro and DIM(gl,)

There is a simple way [62] to build g-deformed Virasoro or Wi-algebras from DIM gener-
ators. To this end, one considers the dressed current t(z):

t(2) = a(2)z"(2)B(2) (4.1)
where

1 1 _
Oé(Z) =exXp | — Z ﬁbfnzn ) /B(Z) = exp Z ﬁbnz " (42)
w1 T no1 7

and b, are the modes of the 1)+ generators:

) = it exp | £ 3 b2 | (43)

n>1

The dressing is needed to kill the extra Heisenberg part of the algebra. The element ¢(z)
acts as a Wi algebra current in the K-fold tensor product of Fock modules F,,, ®- - -®F, .
One has:

K
Pus i (H(2)) = D uilki(2) (4.4)
i=1

where
1—¢" ; 1—-t" ;
Ai(z) = exp Z - z"d(_lzl exp | — Z - PR (4.5)
n>1 n>1
The oscillators olg ) are defined as
a) = af) —an (4.6)
where (compare with [72, s.4.2]
&) = afwl=hm, n>1, (4.7)

024_)n = (1 -w™ ) (a(_lq)l + a(_2,)1w_” +...+ ag_l)w@_i)") + a@lw(l_i)”, n>1 (4.8)

n

and the Heisenberg part oscillators are given by

1—w 2
an (

= m a(l) + a(2)win + ...+ G%K)w(liK)n> 5 n 2 17 (49)
— W

n n
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—2n

_ l-—w M) 4 @, - (K), ,(1=K)n
= — - e > .
Oon = T oK ( a , +a’, +...4aw ), n>1, (4.10)

Here ag) acts in the i-th Fock module. Notice that we can obtain the “root” bosons &,(f )

NO)

from

i WG
Oé m(an — ), (411)

(1 Hn

“n m(d(i) —alth)

—n
Another useful property of the oscillators all ) is that they commute with the “U(1)” oscil-

lators a,:
[, ] = 0. (4.12)

The Wy algebra is built from the generators A;(z) by the Miura transform:

Wig1(z) = Z Uiy gy ¢ gy (2) Ay (WP2) - --Aikﬂ(w%z) : (4.13)

11 <o <lfy1

The screening charges are built from the contractions of the DIM intertwiners. Thus,
they commute with any element of the DIM algebra, e.g. with ¢(z) by construction. This
returns us to the definition of the Virasoro algebra as the centralizer of the screening
charges [50]. Any element of the DIM algebra acts in the tensor products of some of
the representations corresponding to the lines of the network. This can be described as
an action in a particular section of the diagram (see figure 1). The DIM element acts
in the tensor product of Fock modules associated with the legs intersected by the dotted
line. The section can be brought through the intertwiners, so that eventually the element
of the algebra acts on the external lines. These external lines correspond to the vertex
operators, and the commutation with the intertwiners leads to the Ward identities for the
corresponding CFT or matrix model.

One should always be careful to include all the spaces, which are intersected by the
section. Let us give an example of commutation of the DIM element with the contraction

of two vertices. Pictorially we have:

(1,M) (1,L+1) +
Py ®p_§ Aa=(z))  pIMHD g HLD A (2% (2))

S
S

L —_————!
uy) A (4.14)
LYY = yYx
:_5 v _5 v o
————— —————i
U Y

This can be written out as follows:

U3 (v)
o @ s 02, 3 11 (0 )]

W (y)
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U3 (y)
= [pul(wi( 2)) ® pus( ZHMAH 2( <) )

Y)

N
+ | pur (B%(2)) @ puy (27 (w5 2)) ZHMAH 2( A( ))] -
A
q (N Pul(: (2)¥w )‘*fi'li(y)
3 Z AL ZA;Z.&(xity/(qz)) ® +
\ A Va1, ()Puy (E75F(2))
I(N)+1 puy (B5E (Z))‘I’)\Jrg?li(y)

el ;HMAW > AL Bty o | =

= Urtey 1, (W)pug (B75F (2))

AT

A+1;,0 A

(w + d O(xity/z

/o Z; 2 (HMMW HMW) il
pur BNV e 1, 0)

Uater1;(Y)Pug (E7%(2))

where
1)1
AL, =0 -1) : : (4.16)
- (1-2) (1-0z)

A,i:(l—t‘l)'H <1__2%) __1%) (4.17)

Er=1, €&=0, EF@y=¢Tw?y), =Zy=1, a=¢"t" (4.18)

and we remind that w = /¢/t. The last line in eq. (4.15) vanishes because of a particular
sum rule for the norms of Macdonald polynomials. Commutation with 1)*(z) can also be
explicitly verified:

W ( L (WEWT )05 (2) )

— )\ _
pos & sS04 0) T ()= S 2( ®

puy (VE (WE/2y)) W5 (2)
NG )pulwi(wﬂ/?y))

:ZHMAH_2< ® ) ZHMAH 2( )pu1®pu2 (¥ (y) (4.19)
A

W (2)pug (P (WE/2y)

All the commutation calculations above work by a similar mechanism, summarized
schematically in figure 1, b). The action of the DIM element on the two horizontal represen-
tations is first transformed into its action on the intermediate vertical segment and finally
the other side of the dashed line is also pulled through the vertex to get the commutation.

The action of the element ¢(z) gives the Ward identities of the corresponding matrix
model. This can be seen directly by computing the operator product expansion of this
current with the screening charges. For example in the Virasoro case (see [50] for details):

1—tY 14
pur ® P(BH)SW) = T mMESW) : H Ly mAa(E)SW): (420)
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Since t(z) commutes with the screening charges, in any correlator with these latter it can be
brought through to the vacuum, which is annihilated by the negative modes of ¢(z). Follow-
ing this logic, one gets the matrix model Ward identities, the regularity of certain averages:

1— %

<K+(z) H . = +K_(2) H 1;}> = Regular(z) (4.21)

i z 7

where K4 (z) are certain polynomials. This equation is the appropriate (g, t)-deformations
of the familiar Ward identity (1.5).

5 Vertical action of DIM

As was mentioned earlier, the vertical representation of the DIM algebra has a combinato-
rial description in terms of Young diagrams, [60, 63]. We have

I(A)+1
PO (2 (2)) M(qt Z A xztu/z)\M)\‘il)) (5.1)
l(/\)
AP @ ENIL) = w3 AL bt/ (@) (5:2)
i=1
POV W EDIMM) = wB] (u/2) M) (5:3)
PPV (W ()| M) = wBg (= /u)| M) (5.4)
where Ai ; were defined in eq. (4.16) and
2
X |y 1— Lo
B+ 7 q .
Y (2) = }:[ 1—tza; 1— ézaﬁz (55)
) © |21 4=
Bk<z>—H1_*1_i; (5.6)
ttx;

where x; = ¢t~

Similar action in the Yangian limit ¢,¢ — 1 has been considered in [49], where the
matrix model Ward identities or regularity condition for gg-characters (4.21) were derived
from the intertwining property with the Virasoro vertex operators. We should note here
that the interpretation of the vertex operators in this work was spectrally dual to our
present consideration, i.e. the SU(NN) gauge theory corresponded there to the four-point
conformal block of the Wy algebra as prescribed by the AGT relation.

In our formalism such an intertwining relation is natural: the vertex operator is build
out of the DIM intertwiners, which combinations commute with elements of DIM. However,
this is only true unless there are external legs. If we consider a horizontal section of the web
diagram, and try to move it between the “layers” of the diagram, we necessarily encounter
the external legs, or vertex operators in the language of [49]. The DIM generators do
not commute with the intertwiners having external legs, since one should consider the
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additional terms due to the action of DIM element on these legs. However, these terms
turn out to be tractable. Indeed, they precisely reproduce the gg-character insertion into
the matrix model average. The matrix model arises from the sum over diagrams residing
on the legs intersected by the horizontal section.

Spectral duality and change of basis

In [31, 32] it was shown that the change of preferred direction in refined topological string
is a nontrivial change of basis. The change of basis is nontrivial in the sense that for the
states on several parallel legs the matrix of this transformation does not factorize into a
tensor product of matrices acting on each leg. Indeed, the transformation is given by the
spectral duality, and the two basis sets are the standard Schur (or Macdonald) symmetric
functions and the generalized Macdonald polynomials [41, 192-195]. This matrix was called
generalized Kostka function in [31, 32].

In this subsection, we show how the spectral duality shows up in our present
algebraic approach. Let us consider the “vertical” basis in the tensor product of vertical

representations p&()ll) = p( b Vg...® pq(g’(l), which we define as the set of eigenvalues of
the particular DIM element UASE
- it )

P i A 1w+1|M<q V@@ M) (5.7)

_ Me.i (a:;t) (a:t)

RS <ukzq o) It o 0 e

k=1

where ¢+ = §97(z)dz. For generic u;, all eigenvalues are distinct, so this property

defines the basis uniquely. This basis is certainly very simple: it is a tensor product of
Macdonald polynomials.

Let us now perform the spectral duality. In the DIM algebra, this corresponds to
the S-transformation from SL(2,7Z) acting on the generators of the algebra. Under this

transformation, 1", transforms into :U = §at(z)dz/z. The basis (5 7) transforms into
the basis of a:ar with the same eigenvalues. However, the operator 3:0 should be taken in
the new representation pglo) = pgl 0 Q- p(l O).
plLO ARy |M (@) e (U1 uK) (5.8)
oo
A i —1 7t
= (=00 -1t/a) ) (ukzq it ) ALY ()
k=1 i=1

We recognize the operator pq(}lo)u LAK _lxg : this is just the generalized Macdonald Hamil-

tonian. The eigenvalues also match, so the new basis |M i‘ft) A (U155 uK)) s the basis
of generalized Macdonald polynomials. The generalized Kostka functions are just repre-
sentations of this SL(2,Z) transformation.

6 Conclusion

In this paper, we presented technical details on evaluation of the Nekrasov functions and
their symmetries (including the gg-character correlators) from the free field formalism for
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the DIM(gl;) algebra. This is a very powerful method, but it is only at the first stage of
development. There are several restrictions which should be consequently lifted at the next
stages. If one considers them as a consequent specification of representation types, the list
should be read in inverse order.

e The construction that admits fermionization of intertwiners ¥ and ¥* at the level one
of DIM is much similar to that for the level k = 1 Kac-Moody algebras. Hence, one
could expect a straightforward generalization to arbitrary level a la [95-97] involving
analogues of the b, c-systems. Note, however, that the requirement on the level does
not restrict the value of the Virasoro central charge regulated by 3: all matrix models
and f[-ensembles and, hence, the generic Liouville and Wx-conformal blocks are al-
ready handled by the existing formalism. Also, at this level the difference disappears
between the vertex operators (in particular, the screening charges) and the stress
tensors (including the W-operators): all these are described by exponentials of the
free fields, the differences emerge only in the limit ¢, — 1.

e The formalism is best developed for the intertwiners, which act as operators between
the two “horizontal” Fock modules F(IL) and F(LED | while the third representation

(0£1) " Such a non-symmetricity is inevitable

is the “vertical” leg associated with F
since the resulting topological vertex of [35] is still asymmetric and remembers about
the distinguished vertical direction. Technically this restricts consideration to the
balanced networks, what makes many important models, including the quiver ones,

treatable only via additional application of the spectral duality.

e A better treatment should involve infinitely many free fields, giving rise to MacMahon
type modules, what should also allow one to define skew intertwiners, where all the
three legs are non-vertical. An existing description of the MacMahon modules is pure
combinatorial, in terms of 3d Young diagrams (plane partitions). A naive free field
formalism would involve fields depending on two coordinates instead of one, and this
requires a far-going generalization of holomorphic fields used in the ordinary 2d CFT.
Such a formalism is now developing, also with the motivation coming from MHV
amplitudes, but its incorporation into the DIM representation theory is a matter of
future. Still, it seems important for a full understanding of the spectral dualities
and of generic networks, including the sophisticated ones from [165-169]. They can
be treated by the existing formalism, but it leaves the underlying symmetries well
hidden: they show up only in answers, but not at any of the intermediate stages.

e A further challenge is further generalization from DIM(gl;) to DIM(gl,) and the
triple-Pagoda algebras DIM( g(\l) and DIM( ng) An intriguing problem (see appendix
A3) is that already DIM(gl,,) is built from the affine Dynkin diagram of g/[;, thus,
the triple-affine generalization should involve more sophisticated Dynkin diagrams.

We hope that the present text can serve as a good introduction in the DIM-based
generalization of conformal theories, where the conformal blocks are the generic Nekrasov
functions and the Ward identities are the associated regularity conditions for gg-characters.
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We hope that it will help to attract more attention to emerging challenging problems, which
we have just enumerated. Technical means for this seem to be already at hand.
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A Properties of the DIM algebras and their limits

In this appendix, we describe the algebraic structures of DIM algebras and their degener-
ations.

A.1 Constructing DIM(gl;) from W7, algebra

Let us discuss how one can construct DIM(gl,) starting from the algebra of difference
operators, [55, 196].

Algebra W74 o,. Consider the algebra Wi (as usual, 1 + oo refers here to adding the
Heisenberg algebra to W,,) given by the generators WF = W (z"DF), n € Z, k € Z>,
where D = z0,. One can consider the central extension of this algebra:

(W (="D8), W (2" D] = W ([z"D*, 2 D']) + B0+ Yt

" (=)= n>0
okt = > i (=5)(n —j) > (A1)
0 n=>0
or, in the different basis of WF = W (2" DF) with D = P (see (A.22)),
k I kel ket !
(W (z"D*), W (2" DY) = (£7F — ¢ )W(z"+mD +) — Dm0 g —T (A.2)

Note that, if & + [ # 0, the second term in the right hand side of (A.2) can be absorbed
into the first term by redefining the generators W (DF) with k # 0: W (D) — W (D) —
tk%l’ k # 0. However, at kK + 1 = 0 this term can not be absorbed and is equal to
nct_”k6n+m,06k+l,0, see (A3)

— 46 —



Algebra Wi oo. The next step is to consider the algebra Wi . = {W(z”qu), n,k €

Z}, which is a double of the W1 and may have two central extensions:
(W (="D"), W (2" DY)] = (¢7F — t”l)W<z”+ka+l> ™ (ney + kea)Oman00riro (A.3)

Automorphisms. The algebra Wi, (A.3) has the evident automorphisms o, & and 7
defined by

o(Wy) =t W, o(c1) = —ca, o(ca) =1,
5(quz€) = -Wy', G(c1) =cz, g(co) =c1,
T(Wy) = t%n2wf+n : T(c1) =1+ c2, T(c2) = ¢ (A.4)

In particular, o and 7 form SL(2,7Z) acting on two central charges ¢; and ¢y .

Heisenberg subalgebras. By the commutation relations (A.3), it is easy to see that it
contains a Heisenberg subalgebra generated by {W?0, c;},cz satisfying

[Wr?a Wr%] = n015n+m,0 . (A5)

From the viewpoint of the root lattice of Wi, , this can be seen as the vertical embedding
of the Heisenberg algebra. By using the automorphisms ¢ and 7 in the above, it is easy to
find the horizontal and the embedding with arbitrary slope a € Z as follows;

[W6L7 W(;n] = nc2(5n+m,0 s

(W Wam] = ng—on’ (1 + ac2)dntmo - (A.6)

Chevalley generators and Serre relations. The generators WSE 0 = W (2" D*19) form
a closed subalgebra:

(W W] = (" = €)W + (ner + o)t " Sngmyo
(WR W] = (1 — €W,y

m-+n

(W2, WR] = ncibnim,o (A.7)

One can generate the whole algebra from this subalgebra provided the Serre relations are
added:
W WL W] =0 (A.8)

Quantization: from W7o, to DIM(gl;). This algebra can be deformed with the de-
formation parameter ¢. Let us denote the deformed (properly rescaled) generators through
W0 — 20 W+ — 2. Then,
[aham) = F ot
cin __ 4—cin
[xo 20 ] _ _Fhknd q

—
n»*m 1 n+m,0
noq-q
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_ 1 co+ne —nc1—c
[m;tvxm] = (q 2 1r¢}n+m - q = an—&-m) (Ag)

K1
where

kn = (qf — 1) (g5 —1)(¢5 — 1), n=t =92 @=9¢ (q1gpp=1) (A.10)
and

Z P2 = g2 exp (i Z a:inz?") (A.11)
= n=1

Introducing the series of generators,

w:l:(z) _ (1 - q2)(1 —q 2 iwi —clk/QZ:Fk x:l:(z) — Z"Ei:z_n (A.12)

IQ
1 ne’

we immediately come to the DIM(g[l) algebra of section 3.1 upon identification ¢; = g¢,
qo = 1.

Free field realization. At the values of central charges (c1,c2) = (1,0), the constructed
DIM algebra has the deformed affine U(1) subalgebra so that the generators are realized
in its terms as

1—¢t™™

= exp ( ”pn> - exp <Z(q" - 1)2_"3pn> ;

n>0 n>0
— ex l_tn —n_n . _Z n __ -n_—n
= exp w2 "p, | exp (q Dw™"27"0p, |,

n>0 n>0

_ ( q - 1 —2n)z—nwn/28pn> ’

n>0

¥ (2) = exp (Z Lo 2. p) (A.13)

mn
n>0

After the Miwa transform of variables p,, = Efv ', these expressions reduce to the Mac-
donald operators

Z H AT (A.14)
—
=1 j(#1)
1—¢Fn

_ dz —n +N n 1- tin —n +n —n
=P 5= {t exp (Z — pn> — exp (Z 2 "P—n | XD nz;;)(q —1)z""0p,

n>0 n>0

with D; 1= z;== a . Note that the second term in the r.h.s. of the above equation vanishes
for n > 0 so that

-3 I] Zi_%]'z?qip (qt)" TNzt — 5, (A.15)

with n > 0. Similarly, at the values of central charges (c1,c2) = (2,0) this DIM algebra
contains a ¢-deformed subalgebra (Virasoro ® [T(l\)) (and is realized by two free fields), at
(c1,¢2) = (3,0) it contains a g-deformed subalgebra (W®) IT(T)) (and is realized by three
free fields), etc.
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A.2 Elliptic DIM(gl;) algebra

Elliptic version of DIM algebra is generated by the same set of operators as the ordinary
DIM: 2%(z), ¥*(2) and the central element . The relations are a copy of eq. (3.1), except
for the [zT, 27| relation, which changes to

Oy (4:¢ )0y (t7¢)
(¢5)3.9q(q/t;q)

[x+(2)7 l’i(w)] = <(5(’yflz/w) ¢+(,71/2w) o 5(,72/11}) w*(,}/fl/Qw»
(A.16)
where O,(2) = (P;P)oo(2;P)oo(P/2; D)o is the theta-function. Also, most importantly, the

structure function G*(z) is now not trigonometric, but elliptic:
Ghi(2) = 0,(qF'2)0,(tF12)0, (Tt 2), (A.17)

The comultiplication A is exactly the same as in the trigonometric case, given by egs. (3.2).
The essential difference with the trigonometric case appears when one tries to build Fock
representation of elliptic DIM: one set of bosons turns out not to be enough. One needs at
least two sets of Heisenberg generators a, and by to reproduce the commutation relations
of the elliptic algebra. Concretely, we have for the level one representation:

/In| n

1— ¢z 1—¢t " 2" .
pu(zt(2)) = un(z) =u :exp (— Z (n(lfq)/“‘)an> exp (— Z mm) :

n#0 n#0

_4n wf\n|Z7nA _4—n w\n| ’|"L‘Z"A
pu(z(2)) = u '€(z) =u" s exp (Z (1n(tl)_q,|n)an> exp (Z {a rf(l)—q”’?‘) bn) :

n#0 n#0

— ") (W™ — W w—n/Q B R
pu(¥T(2)) = T (2) = exp <Z (1= ¢")( ) (z ", —w"q'"z"bn)> (A.18)

—t M) (W — ww 2 ot
Pt () = 97 (2) = exp (Z (=& Jo " (o — g b_n)>
pu(n) = (/)" (A.19)

where the bosons a,, and Bn satisfy the following commutation relations:

(1—¢mha — ¢l

[am7 an] =1m 1 — t‘m‘ m+n,0
oo (=g - g™
[, b) = 0.

The dressed current t(z) = a(z)x*(2)B(z), corresponding to the stress energy tensor
is given by exactly the same expression (4.1), as in the ordinary DIM case. Moreover, the
dressing operators «(z) and B(z) are constructed from the ¥* generators of the elliptic
DIM algebra using the same formulas (4.2) as give above. In the level two representation

pSﬁ)’uQ the element ¢(z) produces the elliptic Virasoro stress-energy tensor

T(2)=": PR ®(t712) L 4y o~ B(t2/0) o 2(2/0) (A.20)
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where

A~

a Z" a_ z~" ~
d(z) = Y (WP, (A.21)
g% n(l—q'") /1 + wlnl ,% n(l — gl

Let us also mention that the undressed elliptic DIM charge ¢ z7(z)dz/z also leads to
several very interesting objects. In the level one representation it gives elliptic Ruijse-

naars Hamiltonian, while in the second level representation it is the difference version of
the intermediate long-wave Hamiltonian [197-202], which itself is a generalization of the
Benjamin-Ono system.

A.3 Rank > 1: DIM(gl,,) = quantum toroidal algebra of type gl,,

In complete parallel with the previous consideration, DIM(gl,,) emerge as a deformation of
the universal enveloping algebra of the Lie algebra A,, = Mat,, ® C[z*!, D] with

D =q;% (A.22)

i.e. of n X n matrices with entries being elements of the algebra of functions on the quantum
torus, zD = ¢ Dz. The deformation of Ay introduces another parameter, go. Providing
this deformed algebra with two-dimensional central extension, one arrives at DIM(gl,,).

The set of generators of DIM(gl,,) is Eik,Fik,HiT,KfS, *¢ with k € Z, r € Z/{0},
0 <7 <n—1. The generating functions (currents) are:

Z) = Z Eik‘z_k)

kEZ

= Z Fyz™",

kEZ

K¥(z) = Kitlexp ( (q—q° Z Hi 2™ ) (A.23)

The two centers are q¢ and k = H?gol K.
The commutation relations are
dijGij(z,w) Ei(2)Ej(w) + Gji(w, z) Ej(w)Ei(2) = 0
dij Gz, w) K (aUTV22) By(w) + Gralw, 2) B(w) K (a7922) = o,
4Gz, w) Fi2) Fy(w) + oy (w, 2) Fy () () = 0
d3iGii(z w) KF (a0 ) Fy(w) + Gig(w, 2) Fy(w) K (a0%9/22) = 0

q—q z
Gij(q 2, w) (DK (w) = Gji(w,q °z) (VKT (w
Gij(qczaw) K3 ( )Kj ( ) Gji(w,qcz) K’L ( )Kj ( )
[K}@),K}(w)} ) (A.24)
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where, in variance with the DIM(gl, )-case,

q1 = tq_1> q2 = q27 g3 = t_lq_l (A25)
and powers of q are made from entries of the Cartan matrix. The commutation relations
can be added with the Serre relations

forn >3 sym,, ., [Ei(zl), [Ei(zz), Ein (w)} q] =0
qfl

forn=2  sym Ei(z1), |:Ei(22)7 {Ei(zg), Eiil(w)} q2:| i 1] =0 (A.26)
9°=11g-2

21,%2,23

and similarly for F'. The ¢g-commutator is [A, B]; = AB — qBA.

The comultiplication is the same as for DIM(gl;).

The structure functions are build from the affine Dynkin diagrams and for gl,,-case
are defined as follows:

e for the simply laced case n > 3

(z —qw) for i=35—-1

A (z — qw) for =7

(z —qsw) for i=j5+1
(z—w) fori#j,7+1

tFlfori=j+1, n>3
dij = T A.27
K { 1 otherwise ( )
e The affine Dynkin diagram for n = 2 is not simply laced, and in this case
[ I
GSOQ (z,w) = G?f (z,w) = (2 — w)
~ [ [
A, O=e>0 Gt (z,w) = Gi¢(z,w) = (2 — qw)(z — gzw)
doo = d11 = 1, do1 = dig = —1 (A.28)

e For n =1 we return to section 3.1, i.e.

D@ Gg{)l (27 w) = (2 - Q1w)(z - Q2w)(Z - Q3w), dop =1 (A.QQ)

~
~
o~

e One expects in the Pagoda (triple-affine) case DIM(g/[\l) (or U_,3(gly), hence, the

gt
name Pagoda) the Dynkin diagram of the form: g g

A.4 Affine Yangian of gl; [139]

One can consider a “quasiclassical” limit of the DIM(gl,) algebra, ¢ = €1, t=1 = ¢lth2,

t/q = " with properly rescaled generators. We also use another parameterizations:

01 = hi1+ hs+ hs =0, (A.30)
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o9 = hihs + hi1hs + hohs,
g3 = hlhzhg (A.31)

In the limit of A~ — 0, one obtains the affine Yangian, which, on the gauge theory side,
describes the 4d theories/Nekrasov functions. It is given by the commutation relations:

wz—k] (A'32)
0 (A.33)

] =

| =

[eits, €] — 3leit2, €j41] + 3leit1, €j42] — [ei, €3]
+02([€z‘+17 e;] — es, 6j+1]) — o3(eiej + eje;) =

]

[Vits,€j] — 3[Yita, €j41] + 3[Yit1, €j12] — [¥i, €543
+02([¢¢+1, ej] — (i, €j+1]) — o3(vie; +je;) =0 (A.34)

and two more relations similar to (A.34) with e; substituted by f; and o3 substituted by
—o3. These commutation relations should be added by the Serre relations

SYMyy ig iz |:eil’ [eiza €i3+1]} =0 (A'35)

and similarly for f;.
The commutation relations should be supplemented with the “initial conditions”:

e 1)y are the central elements, i.e. commute with everything all generators
e 1)y is the grading element, i.e.
[ho,ej] =2e5,  [h2, fi] = =2f;,  [¥2,945]=0 (A.36)

Note that, introducing the generator functions

0
1=0
o

= Z fiu_i_17
=0

Y(u) = 1+03y giu ! (A.37)
i=0
one can rewrite the commutation relations as
e(u)e(v) ~ ®(u —v)e(v)e(u),
fu)fv) ~ ®(v—wu) f(v)f(u),
P(u)e(v) ~ @(u—v)e(v)v(u),
P(u)f(v) ~ ®(v—u) f(v)i(u),
(I 0) ~ [(@)efu) ~ 1 IV,

() (v) ~ P(v)Y(u (A.38)

X u+hi)(uthe)(uth
with ®(u) = Eu_higgu—hzggu—hig'
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Virasoro @ Heisenberg subalgebra

The commutation relations of the Virasoro algebra with extended 17(1\)—algebra,

[y In] = kmdmin
[Lmyjn] = _nJm+n

(L, Ln] = (m — 1) Lynsn + —1(n% — 1)dmin (A.39)

12

can be realized with identification:

J—l = €0, Jl == _f07

L1 =e+aey, Li=fi—afs, = L=+ 2+ o

1

Ly = 5[62760] - %503@&0[61,60]7 Ly = %[fz, fol + %503¢0[f1,f0] (A.40)

From the first line it follows that & = 1g. The other current mode are constructed by
repeated commutators: J_o = [e1,ep], Jo = —[f1, fo] etc. Consistency conditions (e.g.
J_g~ [L_y,J 9] ~ [L_g,J_1]) require 2a = (1 — )03ty (the dependence on h-parameters
comes from relation with [eg, 13], which does not involve e3, because [es, 1] = 0). Thus,
there remains a free parameter 3.

The central charge is ¢ = —099)g — o315 = 1 — (1 — A\1)(1 — A2)(1 — A3), where )\, =
—1hohphe with (abc) is a cyclic permutation of (123).

Representations: plane partitions

The basis of a quasi-finite representation of this affine Yangian® can be described by plane
partitions (3d Young diagrams). The generators of algebra act on the plane partition as
follows:

e(u) ~ adding a box to 3d Young diagram
f(u) ~ removing a box to 3d Young diagram

¥ (u) ~ diagonal action (A.41)
More precisely,

e the diagonal action is

A > = P >
va) = o) TT @(u - w0 —a(0)) (A.42)

OeA

where h(J) = xhy + yho + zhs and (z,y, z) are the coordinates of the box within the
plane partition;

5Such representations are labeled by a triple of ordinary Young diagrams: “minimal” plane partitions
are labeled by boundary conditions, [65, 139].
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e the raising (lowering) action is

e(u)|A > = Z M‘A+ >,

DeAA u — ug — h(O)
B F(A— AD)
f(w)A > = Dg\%_ P A_ > (A.43)

where A4 (A_) denotes arbitrary plane partition with one additional (one subtracted)
box as compared to A.

Here F and F are coefficients which have to be defined from the commutation relations
of the algebra and are some residues of ¥ (u), up is a constant shift, a counterpart of
inhomogeneity in the standard spin chain.

Formula (A.42) is derived by acting with the both sides of the commutation relation
P(u)e(v) ~ ®(u—wv)e(v)(u) on |A >, using (A.43) and then taking the residue at v = h(O)

Constraints on the coefficients E and F. Constraints on functions E(A — AL)
and F'(A — A_) can be derived from the commutation relations [e;, f;] = ;4. For the
generating functions it looks like

a) = 1y BE(A_ —>u ﬁ)}i(DA) — A ZD: F(Ay —>u f)hE((DA) — Ay)

(A.44)

|
where the second-order pole does not contribute. This relation does not fix £ and F
completely. Imposing an additional requirement of unitarity E(A — Ay) = F(Ay — A),
one immediately obtains [139]

o3E(A — Ay)? = —res,pmyta(u)
o3BE(A_ — A)? = res, o) ¥a(u) (A.45)

One still has to fix the sign (after taking the square root).
The commutation relation e(u)e(v) ~ ¢(u — v)e(v)e(u) relates adding two boxes in
different order:
EA— A+0)EA+04 — A+04+0p) :<I><h L )
E(N— A+0Og)E(A+0Op — A+ 04 + Op) Hs " Ha

To check that it is satisfied, calculate the square of the L.h.s.:

(A.46)

€Sy n(0) WA (W) - TeSy L n@p)Paro, (u) resy—sn(04) YA (1) - T€Su—sn(Dp) {¢A(u)@(u_h(DA)) }

1€Sy s h(0p) WA (W) - TSy (04 Pat0, (1) YOSy (0 WA (1) - T€Su_yn(C4) {wA(U)’@(u—h(DB))} =

@(h(DB) - h(DA)) ,
- @(h(DA) - h(DB)) N q)(h(DB) a h(DA)> (A.47)

Similarly one can check the Serre relations by adding three boxes:

> [A004,0) = 200, + h(Oa, )| B(A — A+ 04, ) x
TeS3

XE(A — A+ O, + O ) B(A — A+ Day) +Oa +Oa ) =0 (A48)
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A simplest example of the highest-weight representation. Consider a representa-
tion with the highest weight |A >:

¢J‘A >= ¢j7A’A >, f]’A >=0 (A49)

Since we consider the quasi-finite representations, there should be linear relations among
e;]A >. Consider vectors in the representation at the first level with finitely many, r — 1
independent vectors. This means that the Shapovalov matrix at the level one, which is

BA(ei, ej) < A|A >=< A‘fiej|A >= ¢z‘+j,A < A|A > (A.50)

should have only r — 1 independent lines, i.e. there is a relation

r—1
D itk =0, k>0 (A.51)
=0

Then, the generating function of eigenvalues

Ya(w) =1+03Y thjau’ ' = % (A.52)

~—

Jj=0

where f(u) and g(u) are polynomials of degree r — 1.

Consider the case of r = 2, i.e. a single state at the level one and linear functions f(u)
and g(u):
u + o3¢\ 1y o310, (A.53)

alu) = — "
Then, the commutation relations and the Serre relations implies that there are 3 states
at the second level (this is since the function ®(u) is a ratio of cubic polynomials) and 6
states at the third level. These particular numbers are equal to the number of 3d Young
diagrams with a given number of boxes. This means that the highest weight is associated
with the trivial plane partition |A >= (), and the single first level vector is associated with

the only one box plane partition |J >:
eild >=0, i > 0; el >~ |0 >; il >=0,i>0 (A.54)
Since 17 is a center and [1)2, eg] = 2e¢ one immediately obtains
1|0 >=0, |0 >= 2|0 > (A.55)
Using these formulas, from the Serre relations that involve v; and eg 1,23, one gets

u+ 031 g
Tﬁp(u)

D)0 > = 0> (A.56)

Open Access. This article is distributed under the terms of the Creative Commons
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