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1 Introduction

In this paper we set out a way to define conformal field theories with fermions and analyse
their conformal boundary conditions, defects and interfaces. Conformal field theories with
fermions have been studied for a very long time, as have their boundary conditions, but in
this paper we take an algebraic approach to the description of fermionic theories and spin
structures. This makes an algebraic analysis of boundary conditions and defects tractable
and has revealed new relations between models that had not been understood before.

The first objective is to define correlation functions of fields in fermionic conformal
field theories unambiguously on surfaces with spin structures; we do this using defects as
proposed in [1]. In this paper we outline this method and state our results; we will give
more details and proofs in [2].

Our description of fermionic CFTs has two immediate implications. Firstly, the state
space is a super-vector space, divided by the grading into fields of even and odd parity.
Secondly, we need to consider the different spin structures separately as each spin structure
defines a different way to put fermions on a surface consistently, so that each circular
boundary, defect, and interface will have a separate description for the two possible spin
structures in its neighbourhood. We obtain a consistent set of sewing constraints for
theories including fermions, which incorporates the signs that arise from re-ordering of
products of fermionic fields and — importantly — extra signs that arise from putting the
spin structure back in a standard form in different limits. We describe this in detail in
section 2. One particularly interesting result is that given a fermionic CF'T, it is possible to
define another fermionic CFT in which the parities (odd/even) are swapped in the Ramond
sector. This can either result in the original CFT again or in a new CFT.

Having defined the bulk theories, we are able to consider their conformal boundary
conditions, defects and interfaces. We show in section 3 how the bulk-boundary, bulk-
defect and bulk-interface structure constants define super-algebras, which we refer to as
fermionic classifying algebras, and which then allow one to identify the fundamental bound-
ary conditions, etc., algebraically from these algebras alone. For purely bosonic theories
the corresponding classifying algebras were introduced in [3, 4]. One consequence is the
natural occurrence of fermionic weight zero fields on boundaries, defects and interfaces,
which are required for their consistent description. These have been known for a long time,



for example they have been used in the coupling of the Ising model to boundary magnetic
fields [5, 6], see also [7, 8] for more recent applications to boundary renormalisation group
flows. Our analysis shows they are a necessary and integral part of the description of
fermionic CFTs with boundaries, defects and interfaces.

We illustrate these ideas in the concrete cases of fermionic extensions of Virasoro
minimal models which we define in section 4, and for which we give an explicit solution for
the bulk structure constants. As is well known, for some values of the central charge there
are two or more different Virasoro minimal models labelled by pairs of Lie algebras [9].
We show that, remarkably, the fermionic extensions of the (A, A4n—1) and (A, Dont1)
bosonic minimal models — and in particular their bulk structure constants [10, 11] — are
related by the parity-shift operation.

The fermionic extensions of the Virasoro minimal models include such important ex-
amples as the fermionic Ising model, i.e. the free fermion, and the fermionic tri-critical
Ising model, i.e. the first unitary N = 1 superconformal minimal model, as well as many
other theories with extended symmetries. Sections 5 and 6 of the paper are taken up with
exploring our results in these situations and comparing our findings with the discussions
already in the literature, in particular [12-14].

2 Bulk fields in fermionic CFT

In this section we explain how to describe fields of a fermionic CFT. In order to include
the effects of the spin structure and the bosonic/fermionic nature of fields, we introduce
a special type of topological line defect; all bulk fields are then connected to one of these
defects, so that we think of them as disorder fields which sit at the starting point of the
specific topological defect.

We start by describing the relevant properties of the topological defect and then use
these to define OPE coefficients and to obtain the crossing constraint they have to satisfy.
We show that, given one solution to the crossing constraint, one can obtain another solution
by shifting the Ramond sector parity and modifying the given solution by signs.

2.1 The topological defect F

The spin structure on the worldsheet of a fermionic CFT is encoded by a topological defect
which we call F. The technical details of this procedure are given in [1, 15]. Here we do
not need the full formalism and just state the properties we will use below.

We denote by Hr the space of disorder fields that sit at the start of the topological
defect F' (figure la). Since F' is topological, Hr carries a representation of the holomorphic
and anti-holomorphic copy of the Virasoro algebra.

The space H is a super-vector space, that is, it is Zs-graded into an even and an odd
component,

Hp = HY @ HF. (2.1)

We refer to this grading as parity, and for a homogeneous element ¢ € Hp we write
|¢| € {0,1} — or just ¢ if no confusion can arise — for its parity. There is a second Zs-
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Figure 1. Properties of the topological line defect F'. a) A field ¢ € Hp sits at the start of F.
b) The OPE of the weight zero defect field 7 and a field ¢ multiplies ¢ by £1, depending on its
parity. ¢) The weight zero junction joining two T  defects into one. d) Pushing the defect field
7 through the defect junction. e) Associativity relation for the junction field. f) Dragging the F
defect through a field ¢ of spin grade v, inserts 7¢. g) Rotating ¢ € H;* by 27 can be traded
for an insertion of 7%¢*1. In particular, one cannot just unwind an F-defect around ¢, instead the
tangent at the insertion point of ¢ has to remain fixed.

grading on Hr whose components are called the Neveu-Schwarz and the Ramond sector,
Hp = HYS @ HE. (2.2)

We will refer to this as the spin grading. It will be convenient to abbreviate H% = H%S
and H: = HR. Each HY is still parity graded, H% = HZ & HY Odd, so that altogether,
Hr is Zo x Zo-graded. For a field ¢ € Hp that is homogeneous with respect to the spin
grading we write v4 € {0,1} for its degree.



We will refer to fields in Hr as bulk fields of the fermionic CFT.
The defect F has the following properties:

1. There is a parity even weight zero! defect field 7 on F which implements parity on
F in the sense that the OPE of 7 with a bulk field ¢ is (—1)?¢ (figure 1b). It will
be convenient to write 7° = 1 for the identity defect field and 7! = 7.

2. There is a parity even weight zero defect junction joining two in-coming F-defects
into an out-going F-defect (figure 1c). This junction commutes with 7 in the sense
shown in figure 1d, and it is associative as shown in figure le.

3. Taking a bulk field ¢ of spin grade vy past an F-defect results in the insertion of 7*¢
as shown in figure 1f.

One can verify that the effect of a 2w-rotation of a bulk field ¢ can be replaced by an
insertion of m¥¢*! on the F-defect (figure 1g), see [1, lemma 4.7]. Thus we get

627Ti(Lo—I_fo)¢ _ (_1)¢(V¢+1) b. (2.3)
Denote the conformal spin of a field by Sy := hg — B¢. The above relation implies that

7+ 1. ¢is a parity-odd NS-field ,
S¢) S 2 (2'4)
7, otherwise .

2.2 Bulk structure constants

To define the OPE of bulk fields, we need to fix a convention for the spin structure in a
neighbourhood of the fields. In the present formalism, this is done by requiring a particular
pattern of defect lines. The convention we will use is that for x > y real,

¢i(z)9i(y) = ... —(—L\c = Z C’i]k (x—y) 2 =254 ¢ (y)+(descendants) ,
di(y) ¢i(x) k

(2.5)
where the ¢; are a basis of primary fields in Hr, and A; = h; + h; denotes the scaling
dimension of ¢;.

One could alternatively have chosen the convention that the F-defect starting at ¢;
passes below ¢;. According to figure 1f, the two choices are related by

Vi

W - _<_£\ . (2.6)

9;(y) i()
¢i(y) ¢i(x)

If we denote the structure constants computed in the F'-defect-passes-below convention by
C’if , then the resulting relation is

Ok — (_1)¢il’j C*i]k ) (2.7)

)

In the following we will stick to the convention in (2.5).

"We use “weight zero” to mean that it behaves like a vacuum field, i.e. that it is annihilated by the
translation operators L_; and L.



(a) (b)

Figure 2. a) The arrangement of F-defects needed to substitute the OPE in the a — 0 limit. b)
The corresponding configuration required in the b — 0 limit.

2.3 Crossing symmetry constraint

Consider a correlator f(a,b) of four primary bulk fields ¢;, ¢;, ¢i, ¢¢, inserted at positions
a + 1b, ib, a, 0 for some a,b > 0,

f(a,b) = (¢i(a +ib) ¢;(ib) b1 (a) ¢¢(0)) . (2.8)
Here it is understood that the F-defects are placed as in figure 2a, and that the ordering
relevant for the parity signs is radial ordering.

For simplicity, in the derivation of the crossing constraint (and in that of similar
constraints below) we restrict ourselves to theories which are rational with respect to the
Virasoro symmetry. Extended chiral algebras can be treated in the same way, but one
has to account for two complications. Firstly, the fusing matrices will in general carry
multiplicity labels. Secondly, the leading contribution in the OPE of two primary fields
(with respect to the extended symmetry) may be a descendent field, which makes the
definition of the OPE coeflicients more involved.

The defect arrangement in figure 2a is such that in the a — 0 limit, we can substitute
the bulk OPE right away. Hence in this limit we simply have

f(a,b) e Z C’i;’ék?ép; e~ Ti5p h=20p | q28p—Ai— A —Ap—Ay (2.9)
p

The phase e ™% = e~milhe—hs) ip (2.9) is determined by our convention on how to continue
the OPE (2.5) to the configuration in figure 2 where the result of the OPE of fields ¢; with
¢; and ¢; with ¢y, results in fields at positions 0 and ib. We choose to continue the OPE
so that the defect lines stay in the same topological arrangement and do not cross through
the field insertion points which determines the phase uniquely.

In the b — 0 limit we have to rearrange the F-defect before we are allowed to substitute
the OPE. The relevant configuration is shown in figure 2b. We have




Here we used the associativity of the junction field and the effect of dragging an F-defect
through a field, see figure le, 1f. The 7-insertion contributes the sign factor (—1)"i%,
The resulting graph of F-defects can be brought to the form in figure 2b by using the
associativity relation once more.

We see that bringing the spin structure to the form required for the OPE contributes
a sign factor (—1)¥%F. Another sign arises from parity as the order of ¢; and ¢y, changes.
Altogether we get

fla,b) ~ (_1)(¢j+’/j) bk Z C']g éz C’q; e%i@Sq*SﬁSj*Sk*Sé) a"28q . pRA— AN A=Ay
" b0 g
q

(2.11)
The rest of the computation is a standard manipulation of conformal blocks. The overall
result is

CACIC,) = (~1)erm)on 3 eSS (1] By [17] 62 6L,
p
(2.12)

(1922

Here, the entries “¢” and “7”

in the two F-matrices refer to the holomorphic and antiholo-
morphic conformal weight (h;, h;) of ¢;, etc.

2.4 Symmetry properties of structure constants

The four-point crossing relation determines how the structure constants behave under
permutation of indices. Define

Ciju = CiF Cri. - (2.13)
We obtain the following two relations by setting ¢; = 1 and ¢, = 1 in (2.12), respectively:

Crei = Cire » Cijie = (—1)( 9 @ emilSut85=50) Gy 0 (2.14)
In particular, the C’ijk are cyclically symmetric. Using this we can rewrite the second

equality above as a relation between C’jki and C’kﬂ After relabelling and dividing by C’ki
this implies

C’jzlf — (_1)@' (¢j+vj) mi(Si+S;—5Sk) C’i]k *) (_1>(¢i+l/i)¢j e (Sk—5i=55) éi]k ) (2.15)

In step (%) we used that e?™% = (—1)% (»+1) etc., from (2.3) and the fact that the OPE
preserves the parity and spin gradings.

For the description of the classifying algebra below it will be important that structure
constants involving only spinless fields are symmetric:

To see this, note that the only situation in which both expressions in (2.15) produce a sign
is ¢ = ¢; =1 and v; = v; = 0. But then (2.4) imposes S;,5; € Z + %, which we excluded.



2.5 Parity shift of the Ramond sector

As we have seen in section 2.1, the state space Hp of a fermionic CFT carries two Zo-
gradings, namely even/odd and NS/R. Accordingly it splits into four direct summands,

NS,ev R,ev
7-[F HF

NS,odd R,odd
Hp? Hyp (2.17)

As before, for a primary bulk field ¢;, its parity is |¢;| € {0,1} (with 0 being even) and
its spin grade is v; € {0,1} (with 0 being NS). Let C’if be a solution of the bulk crossing
relation (2.12).

Given such a solution, we can construct a new fermionic CFT as follows. The new
state space H F agrees with the old one, except for a parity shift in the Ramond sector:

ﬁgs,ev — Hgs,ev ﬁ?,ev — H}l}odd
ﬁgs,odd — H?S,odd ﬁ?,odd — H%,ev (2.18)
That is, the old and new gradings are related by
6il = lgil +vi,  Ti=wi. (2.19)
The new structure constants are related to the old ones by signs,
Cil=(—1yoi k. (2.20)

It is a straightforward computation to see that éi]k again solves the crossing relation (2.12)
(and hence also has the symmetry properties stated in section 2.4).

Applying the shift operation twice produces the structure constants (—1)"i%i éif . The
extra sign can be absorbed into the normalisation of the fields (e.g. multiply all Ramond
fields by i), so that this reproduces the theory one started from.>

The parity shifted theory may or may not be isomorphic to the unshifted theory. For
example, parity shifting the fermionic Ising model produces an equivalent theory, while
parity shifting the fermionic minimal model F'M (3,8) produces an inequivalent theory, see

sections 5.1 and 6.2.

3 Classifying algebras

In this section we use the bulk structure constants of a fermionic CF'T to define several types
of fermionic classifying algebras. These are semisimple super-algebras, graded by parity,
whose direct summands are in 1-1 correspondence to boundary conditions (section 3.1),
defects, or interfaces (section 3.2), depending on the algebra under consideration. In sec-
tion 3.3 we observe that either one of these classifying algebras in a fermionic CFT is
isomorphic to the corresponding algebra in the parity shifted CFT as an ungraded algebra,
but typically not as a super-algebra.

2Tt is possible to modify (2.20) so that applying the parity shift twice gives back precisely the structure

constants one started from. For example, with v, = e~ Satba/2) gne can set éif = (—1)~ i Yivi [ Ve C’i]k =

(—1)itd0)9; gmi(Sk—5i=5;) C’ijk = C’jf, where in the last step we used (2.15).



3.1 Bulk-boundary OPE and boundary classifying algebra
3.1.1 Conventions for bulk-boundary OPE and boundary OPE

We now consider the theory on the upper half plane with some conformally invariant
boundary condition « placed on the real line. As for bulk fields, boundary fields will also
serve as starting point for an F-defect. We denote the space of boundary fields by ’Hl(pa).

It is again Zs-graded by parity,?

(a),0dd

1 = HOe gyl (3.1)

Our convention for the defect arrangement near an insertion of a boundary field ¢ € ’H;?) is:

) AT (3.2)

The bulk-boundary structure constants sz are defined as, for a primary bulk field
¢ € HFa
oz +iy) = 3 BY (29)" 2 () + (desc.) (3.3)
P

where the sum runs over a basis of primary fields 1 in 7—[;9). In pictures the above relation
looks as follows,

where the sum runs over a basis of primary fields 1, in 7—[%&).

We will only consider boundary conditions for which the bulk-boundary OPE and the
boundary OPE preserve parity.
3.1.2 Bulk-boundary crossing relation

Let g(a,b) stand for the correlator of two bulk fields and one boundary field shown in
figure 3. The crossing relation is obtained by comparing the a — 0 and b — 0 limit.

3If there are holomorphic and antiholomorphic fermions, one can define a monodromy for fermion fields
around boundary (changing) fields. In this sense the space of boundary fields may also split into NS- and
R-sectors. But this split does not have a geometric counterpart in the present setting: we consider a surface
with a single spin structure, and near a boundary point a spin structure is unique up to isomorphism.



Figure 3. Two bulk fields and one boundary field together with their defect lines as used in
computing the crossing constraint linking bulk-boundary couplings and bulk structure constants.
In the correlator g(a,b), the boundary field v, inserted at L is moved off to oo.

It turns out that this relation does not involve parity signs or spin structure signs. The
computation is thus standard and we will be very brief. The asymptotic behaviour of
g(a,b) in the two limits is

MMZCB (2b) a 7

z ZZ

a b 0 ZBZ ) Cy Z 1 ahz—hz—hy i (2b)hz+hy—Ai—Aj . (36)
b—s

yzz

The crossing relation now follows from a computation with five-point Virasoro conformal
blocks similar to those in [16], and the result is

B; Bi Coy = ZC BF ¢7 (9=555) ¢ 5 (ha—hy—h-)

< @ g [ R, (1) R [4]. 60

If the boundary field ¢, has weight zero (but could still be of either parity, see next
subsection), this relation simplifies to

B BZ Coy = Z(C’Zf e%r(si—sj)Fky Hﬂ) Bk, (3.8)
k

where we used that BY # 0 requires hj, = hy. If the boundary fields v, )y, . all have
weight zero (but could again be of either parity), this relation simplifies further to

@%%:Z@mmmw. (3.9)
k
The corresponding relation for bosonic theories was derived in [17].

3.1.3 Boundary classifying algebra: bosonic case

Let us first recall the situation when there are just bosonic (i.e. parity even) fields and
consider the space of weight zero boundary fields which can arise in the bulk-boundary
OPE. Looking at the right hand side of the crossing constraint (3.9), this is symmetric

z

»y Mmust be symmetric under x <> y. This means that

under 7 «» j and as a consequence c



the weight zero boundary fields which arise in the bulk-boundary OPE form a commutative,
associative algebra. If one restricts one’s attention to situations where this algebra is
semisimple, by the Wedderburn theorem it must be equal to a direct sum of copies of
C, each of which can be considered as the identity operator on an elementary boundary
condition.

Due to this observation, it is enough to consider elementary boundary conditions, i.e.
boundary conditions on which there is a single boundary field of weight 0 (the identity
field). The bosonic version of (3.9) reduces to

B B = Y (Cf Foli]) B (3.10)
k

This equation can be simply seen as a set of equations for the constants B?, but as shown
in [3, 18] this is also the defining relation for a commutative associative algebra with
generators B¥, the (bosonic) boundary classifying algebra. From this point of view, the
elementary boundary conditions correspond to the one-dimensional representations of this
algebra, or, equivalently, to the number of summands C in the direct sum decomposition
of (3.10).

3.1.4 Boundary classifying algebra: fermionic case

In the fermionic case, we equally take the coefficients C'ikao H g] in (3.9) as the structure
constants of an algebra with generators B,

B B = Z(é@mo [ggj]) B, (3.11)
k

where the indices 4, j, k now run over all spinless fields of either parity. We denote this
algebra by B and call it the fermionic boundary classifying algebra. In the examples we
consider in sections 5 and 6, this is indeed an associative algebra which is in addition
semisimple. In [2] we will show that (3.11) defines a semisimple associative algebra for
fermionic rational CFTs in general.

While the C’ijk are not necessarily symmetric under i < j, we saw in (2.16) that
they are symmetric for all 4, and k& which have spin 0 and which can therefore couple to
boundary fields of weight 0. It follows that the algebra B is commutative, B'BJ = BI B’

Since the bulk fields are graded by their parity, we can also view B as a super-algebra
with the parity of the generator B’ being the same as that of the field ¢;. As the above
commutativity relation does not involve parity signs, Bisin general not super-commutative.
Note that B is in fact bi-graded, by parity and by spin, since the bulk structure constants
C’ijk preserve both these gradings.

Let us assume that B is semisimple. Since B is commutative (rather than super-
commutative), the super-Wedderburn theorem [19, corollary 2.12] states that the algebra
splits into a sum of copies of C0 = C and the Clifford algebra Q(2) = C¢; which is two-
dimensional with one odd generator, a, satisfying a®> = 1. In other words, B is equal to a
sum of m copies of C with generators e, (where « labels the copy) and n copies of C/;

~10 -



with even generator fz and odd generator ag,

B= <é<cea> - <é(@fﬁ @Caﬁ)> : (3.12)

These generators satisfy the relations

ei:ea, fg:fg, fsag = ag, a%:fg, Tyys =0, v#4. (3.13)

After analysing B in some detail, let us return to the bulk-boundary crossing con-
straint (3.9). Analogous to the bosonic case, we conclude that the weight zero boundary
fields which arise in the bulk-boundary OPE form an associative super-algebra which is
commutative but not necessarily super-commutative, and which is in addition semisimple.*
Again by the super-Wedderburn theorem, this algebra of boundary fields decomposes into
a direct sum of C’s and C¥;’s. We will call a boundary condition of the fermionic CFT
elementary if its weight zero boundary fields consist of either exactly C or exactly C/;.
Note that in the standard basis of C and C'/¢1, the boundary structure constants c,,* in (3.9)
are either 0 or 1.

In the case of C¢; there is a weight zero boundary fermion a which satisfies a® = 1.
Such weight-zero fermions are well-known and appear in treatments of the boundary Ising
model, for example in [5-8].

We note that as an ungraded algebra, C'¢; is isomorphic to C®C, but the corresponding
generators would not have a fixed parity. Consequently, it is not possible to split a boundary
condition with weight zero field content C?¢; into two more elementary boundaries without
breaking parity-preservation of the bulk-boundary OPE.

We conclude that the indices « in (3.12) label the different elementary boundary con-
ditions: Each pair {f3,ag} corresponds to a boundary condition which supports an odd
weight 0 field, while each generator e, corresponds to a boundary condition which does
not. The bulk-boundary structure constants are given by the action of the algebra elements
B’ on the generators,

Blea=B{"" e, B'fs=B""fs+ B ag, Blas=B""as+ B fs. (3.14)

Here, we added the superscripts («), () to distinguish different solutions to (3.9).
Analogous to the bosonic case, there is a relation between elementary boundary con-
ditions and representations of the fermionic boundary classifying algebra. Namely,

{elementary boundary conditions}
= {irreducible Zy-graded B-modules that are submodules of B}
=~ {irreducible Zy-graded B-modules up to even or odd isomorphisms}.  (3.15)

Both equivalences follow from the description of elementary boundary conditions in terms
of direct summands in (3.12). Note, however, that elementary boundary conditions do not

*Semisimplicity follows from that of B. Indeed, the coefficients BZ in (3.9) can be understood as the
coefficients of a homomorphism of super-algebras from B to the algebra of weight zero boundary fields.
Since B is by assumption semisimple, so is its image under a homomorphism.

- 11 -



correspond to irreducible Zo-graded B-modules up to only even isomorphism (this would
count summands C with a factor of two and summands C¢; with a factor of one).?

As can be seen from the structure of the boundary classifying algebra of fermionic
theories, restricting to the bosonic generators and removing the fermionic generators re-
duces each copy of C¢; = C'! to just C. In this way we see that the elementary boundary
conditions of a fermionic theory are in 1-1 correspondence with the elementary bound-
ary conditions of its bosonic projection (the related “spin theory”); consideration of the
fermionic generators allows one to see which boundary conditions support a fermionic

weight zero field and are hence “supersymmetric” as we discuss below.

3.2 Bulk-defect OPE and defect classifying algebra

Topological defects in a conformal field theory C have been long known to be equivalent to
a particular class of conformal boundary conditions (a special case of so-called permutation
boundary conditions [20]) on the doubled model C x C, and so can be studied from that
perspective. It can, however, also be useful to consider them in their own right and that is
what we do here.

A topological defect will always have a non-trivial set of defect fields, as it will always
support the full set of bulk fields; in the case of the trivial identity defect this is exactly
the space of defect fields, but in general it will be larger.

It does not add any difficulty to generalise the situation slightly to topological interfaces
with a CFT C above the interface and a CFT C’ below the interface. Below we will
sometimes use the term defect to include both situations, with C and C’ being equal or
different.

The sewing constraint for topological defects is almost identical to the bulk crossing
symmetry constraint (2.12), with the replacement of some bulk structure constants by
bulk-defect structure constants and defect-defect structure constants. We shall here focus
only on weight zero fields on the defect as this is sufficient to derive the defect classifying
algebra. The bulk-defect structure constants in the OPE of two bulk fields ¢; (above the
defect) and ¢}, (below the defect) to a weight zero defect field ¥, will be denoted by D
and the OPE of weight-zero defect fields will be taken to have structure constants c;,*:

. . Di*
Gula+ i) 04— D) = OB, s 9-() +

Vp¥y = Cay Vs . (3.16)
The result is the defect sewing constraint

D D)™ = (—1)@ 500 S eSS B[] B |
p.q

Z ~ ~
k} CrCa D, (3.07)

7

®Nonetheless, we will see in [2] that it is in fact natural to say that each elementary boundary condition
comes in two varieties, which differ by an overall sign in the boundary state (this then counts each elementary
boundary condition with a factor of two).
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As in the boundary case, we can consider the couplings to the weight zero fields as genera-
tors D* of an algebra D — the fermionic defect classifying algebra — defined in terms of
the constants on the right hand side of (3.17),

Dik pit — (_1)(¢j+l/j)¢k Zewi(si-i-se—Sp) Fyo [Z ﬁ] Fpo {Z:I{Z] (:“'ZJP é]/j DPY (3.18)
X
Here, the pairs ik, j¢ and pq have to satisfy the condition that for each pair zy the bulk
fields ¢, and ¢}, have the same left conformal weight and the same right conformal weight.
This implies, for example, that Fj H lf:] = Fyo H ”

The algebra D is commutative and associative (at least in fermionic rational CFTs [2]).
We take the generators D% to inherit the parity of the product of fields qﬁi(ﬁ;, so that D is
also a super-algebra (not necessarily super-commutative). As in the boundary situation,
we assume that D is semisimple, in which case it decomposes into a direct sum of copies
of C and C¢; which are in 1-1 correspondence with the solutions of the defect sewing
constraints and hence in correspondence with the defect operators (up to an overall sign)
and elementary defect conditions.

In the case C = C’, one generic solution for the D is provided by the trivial defect.
The only weight zero field on the trivial defect is the identity bulk field 1, and we can set
Dk = C’Z,Cl The bulk-defect crossing relation (3.17) then turns into a special case of the
bulk crossing relation (2.12).

Interfaces between fermionic and bosonic theories can also be treated by the above
classifying algebra by simply choosing one of the two CFTs to be purely even.

In the purely bosonic case, classifying algebras for topological defects were studied
in [4].

As opposed to case of boundary conditions, the number of defects of a fermionic theory
is larger than the number of defects of its bosonic projection since there is a bosonic
generator D?? of D for each field ¢, whether it is bosonic or fermionic. Each defect of
the bosonic theory can be associated with one or more defects in the fermionic theory (as
it happens, in the examples we have looked at, each bosonic defect is associated to two
defects in the fermionic theory).

3.3 Classifying algebras in the parity shifted theory

When comparing the various classifying algebras between a fermionic theory and its parity-
shifted version, one finds that they are isomorphic as ungraded algebras, and that one can
give an isomorphism by a simple rescaling of the generators.

However, we stress that the fermionic classifying algebras will in general not be iso-
morphic as super-algebras (with Zs-grading given by parity). We will see this explicitly in
the example of FM(3,8) in section 6.2.

3.3.1 Fermionic boundary classifying algebra

Let us write B? for the generators in the unshifted theory as in section 3.1.4 and denote the
structure constants of the fermionic boundary classifying algebra by Z-f , such that (3.11)
becomes B'B/ = Dok /Bika. The bulk structure constants in the parity-shifted theory

~13 -



are given in (2.20). If we denote the generators and structure constants of the classifying

algebra of the parity shifted theory by Bt and B.*

ij o we get

B'Bl = Y BFBF  with Bf=(-1)"%pF. (3.19)
k

In general, the factor (—1)*% cannot be absorbed into a rescaling,® but since certain of
the ﬂif are zero, here this will be possible. Explicitly, we may identify B’ = \; B’ to get

~ i s i
B = 508y with A =eZ0r, (3.20)
k

The scalar coefficients A are not unique, and we just exhibit one possible solution. To
verify the above equality, first note that A\;A;/A\x = (—1)%%i. One thus needs to check that
(—1)¥% = (—1)%® whenever Bif # 0. Since all NS-sector generators in the boundary
classifying algebra are parity-even, we only need to consider the case that B® and B7 are
from the R-sector, and that B’ is even and B’ is odd. But then Bijk =0, as B¥ would then
need to be odd and in the NS-sector.

3.3.2 Fermionic defect classifying algebra

Let us use the letter “U” for the unshifted theory and “P” for the parity shifted theory.
Here we will give the relation between the defect classifying algebras of types U-U, U-P,
P-U and P—P, where the first letter refers to the theory in the upper half plane. The
U-U-case is as given in section 3.2 and will be our reference case:

o -
Dk pit =" pllt)ve pra (3.21)
p.q

with Bl(,g jUE) P? determined by (3.18). A computation similar to the boundary classifying
algebra gives (all parities are stated with respect to the unshifted theory)

ﬁl.(gj?pq = (—1)”k(¢j+¢£+”€)6i(]gj%)pq - L; Aje B;}gj{i)Pq7 Aoy = o5 (batdy—20s0y+1y) 7
7 ’ Pq ’
/ !/ ]
ﬁi(:jUZ)pq = (—1)Vi¢j+’/£¢kl8i(g’jUZ)Pq _ )\i:/)\jé ﬁz(ngg)qu )\;y — o5 (batdy—20:0y) 2miSy
Pq
Y
ﬁi(]fji)m _ (_1)w¢k+l/k¢zﬁz‘(l£],jvtz)pq _ zl;// 5l Bz‘(lngZ)pq7 )\;/y — 2miSy (3.22)
Pq

To verify these equations one needs to use that for a generator D*¥ one always has v, = v,
(but not necessarily ¢, = ¢,) as otherwise the bulk-defect OPE does not contain 1 or a.

5The reason for this is that Cij = (—1)”i¢j is a non-exact two-cocycle on Za X Zg as witnessed by the
fact that it is not symmetric in 4, j.
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1
hG 2

[\l [J%)
DUt
[NJEN]
N[

(pa) | (3,4) | (3,8), (4,5) | (4,7) | (3,16), (4,9) | (3,20), (4,11), (5,8)

13 | 161 19 | _ 279 125 7

7
cp,a) | 3 T 10 | T g — ¢ | 10> — 52 — %

Table 1. Virasoro minimal models admitting a fermionic generator G listed by increasing hg.

4 Fermionic Virasoro minimal models

The examples we shall consider are all Virasoro minimal, i.e. the Hilbert space is formed
from a finite set of Virasoro representations. This might seem odd, as it might be more
natural to start with a super-algebra for which there is naturally a fermionic interpreta-
tion, but as we shall see it provides ample examples, not only infinite series which extend
the bosonic Virasoro minimal models but also the simplest example, a free fermion, as
well as examples with super-Virasoro symmetry and extended (W-algebra type) fermionic
algebras.

In this section we give the bulk structure constants for fermionic A- and D-type minimal
models, in section 5 we treat the free fermion in detail, and in section 6 we give further
Virasoro examples.

Consider the Virasoro algebra at the minimal model central charge ¢(p,q) =1 —6(p —
q)?/(pq) with p,q coprime integers greater than 1. We recall that the possible Virasoro
representations are labelled by two integers (7, s) where 1 <r < p and 1 < s < ¢ with the
identification (r,s) ~ (p — r,q — s); for more details see [21].

The fermionic generator G we consider has Kac-labels (1,¢ — 1) ~ (p — 1,1) and is
the unique non-trivial simple current at that central charge. Note that for G to indeed be
different from the vacuum representation we actually need p,q > 2. The conformal weight
of G is hg = +(p — 2)(g — 2). The condition that he € Z + 3 amounts to

p=2n+1, q=4k, or equivalently p =4k, g=2n+1, (4.1)

k,n > 1, in which case hg = 3(2n — 1)(2k — 1). The first few values of hq are realised

in the models in table 1. The next value of hqg realised in a unitary model is hg = % at

_ 25
=2,
Recall that the possible different bosonic field theories with this central charge are

central charge ¢(7,8)

labelled by a pair of simply-laced Lie algebras with Coxeter numbers p, g [9]. We will give
two explicit solutions to the fermionic crossing relation (2.12). One is an extension of the
minimal model of type M(Ap,_1, Aq—1) which we will call the fermionic Virasoro minimal
model FM(A,—1,Aq—1) or FM(p,q) for short. The other is an extension of the minimal
model M(Ap—1,Dg/o41) which we will call FM(Ap—1, Dgjo41) or FM(p,q) for short. By
an extension we mean that the fermionic model contains the full bosonic field theory as
a sub-theory. The two models FM (p,q) and FM (p,q) are obtained from each other by
shifting the Ramond sector parity as in section 2.5.
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4.1 A-type fermionic models

Let Z be an indexing set for the Kac-table modulo its Zg-identification (r, s) ~ (p—7r,q—s),
and let M,, a € T be the corresponding irreducible Virasoro representation. In the setting
of [1, section 5|, the defect F' relevant for A-type fermionic models is the superposition of
the identity defect and a parity shifted version of the topological defect labelled by the
representation G = M ,_1). (What we call F' here is called A in [1].) The splitting
into NS- and R-sector depends on the sign of the ratio of S-matrices S ./Sco € {1},
with +1 being the NS-sector and —1 the R-sector. Explicitly, for a = (r,s) we have
SG.a/Sco = (—1)7PsT1 g0 that the set Z splits as

Ins={(rs)€I|qr+psodd},  In={(rs)€L|qr+pseven}. (4.2)
The state space Hp of FM(Ap—1,Ag—1) splits into the four sectors in (2.17) as follows:
NSeV. @M@Ma, Rev_ @M@Ma,
a€lns a€lR
HpooM = P M, ® Mg, Hp* = P My ® Mg, (4.3)
a€INs a€Ir

where Ga is the result of the fusion product of G and a. That is, for a = (r,s) we have

Ga = (r,q —s) ~ (p —r,s). Note that Hgs sodd

(ha,0) and an anti-holomorphic one of weight (0, hq).

contains a holomorphic field of weight

We will use the notation ¢, for the primary field in H% of conformal weights (hq, hq),
and ¢ for the primary field in HOFdd of conformal weights (h4,hge). This notation is
slightly asymmetric in that ¢¢ is the field of weight (hg,0) while ¢¢ is that of weight
(0, hq). Suppose we take ¢ = 4k in (4.1). Then Ga = a if and only if a = (r, %) = (r, 2k),
so that for Kac labels of this form we have a € Zy and fields with conformal weights (hq, hq)
occur with multiplicity two, once as ¢ € ’H?’ev and once as ¢J € H%Odd.

For the structure constants we use the notation

¢ (x ZC aﬁ)c )A Sy ¢a+,3 (4.4)
cel

where «a, 8 € {e,0} and a +  stands for the parity of the product. One solution to the
bulk crossing relation (2.12) is given by

A(ee) ¢ )\e )\e ~(00) ¢ )\ )\

Cc(lb) - )\ebFOC[le;] Cc(zb) - )\eb M(hca o™ hG)FGC[GaGb} )
Aloe)e _ Aoy Gab]  (leo)e _ mil(he—hae)~(hy—hey)) (10e) e

Cab = /\ F [ ] FaGC [ G c] ’ Cab =€ ] Cba . (4'5)

(¢

The )\f/ ® € C* are normalisation constants which can be chosen at will. The proof that
these constants indeed solve the crossing constraint will be given in [2]. There it will also
be shown that one can find a topological defect F' with the required properties.

One standard normalisation is to make a choice of square roots

Ao = (0536%21)5 A= (C*CSZO”IA:Jé : (4.6)

With this choice one has ééff) T AC(LZO) 1.
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This concludes the definition of the fermionic minimal model FM(Ap—1,A4-1) =
FM(p,q), where p,q are as in (4.1).

Bosonic subtheory. The bosonic subtheory of FM (p,q) is the restriction to the parity
even subspace of Hp. This can alternatively be understood as the result of summing over
spin structures. Explicitly we have

¥ =M, M,, (4.7)
a€l

which agrees with the state space of the A-type (bosonic) minimal model M (A,—1, A4—1).
Restricting the structure constants to the even subsector and choosing the normalisation
XS = Spa/Soo, the solution (4.5) precisely recovers the bulk structure constants for the
A-type models in terms of F-matrices as given in [10],

Foc[33] - (4.8)
Note that with these conventions, the coupling to the identity field is not normalised to 1.

4.2 D-type fermionic models

We now consider the theory FM (p,q) obtained from FM (p,q) by shifting parity in the
Ramond sector as in section 2.5. We will assume that p is odd and ¢ is even, which
according to (4.1) implies that ¢ € 4Z. We will also denote m(p, q) as FM(Ap—1, Dg/211)
which will be justified later by the restriction to the bosonic subtheory. The state space
Hp of ]?]\/4(]), q) splits as

RS @ M0, T 1= @) M, Mo,
(lGINs (ZGIR

S Oy M, @ T, Hyp*l = P M, ® M,. (4.9)
a€INs a€lr

As opposed to F M (p, q), shifting the antiholomorphic label by G or not no longer corre-
sponds to the field being odd. We therefore label the fields as, for a € Z,

v : weight (hg,ha)  ¢° : weight (ha, haa) (4.10)

a a

where u stands for “unshifted” and s for “shifted” (referring to the shift by G). The spin
grading of qbg/ * is v, as before, but the parity has changed,

64 =va, 163 =va+1. (4.11)
As in the A-type case, for a = (r,%) we have a € Ig, Ga = a, and both ‘Z;Z c ﬁ?,odd and

(%Z € ﬁ%’ev have conformal weights (hq, hg), so that these weights occur with multiplic-
ity two.
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The structure constants of FM(p,q) are obtained from (4.5) by the transforma-
tion (2.20):

Glyre = 2% gy, (28], el = 22y gritenheto) R, [0 4]
glame _ AZ’A ?%f Foo [98] Fage [Got], GU)e = (Z1)e milltheha)~(h—ha) Glemwe
i (4.12)
Bosonic subtheory. The even subspace of Hp is
HY = PMeMy & PM®Me,, (4.13)

a€INs a€lr

which is the state space of the D-type minimal model M(A,_1, Dg/241). Note that since
q € 47, this model is always of Dyqq-type (a permutation modular invariant). When
restricting the structure constants to the even subsector, i.e. to ¢y, a € Ing and ¢,
a € Iy, the expression (4.12) reproduces the structure constants of the D-series bosonic
Virasoro minimal model found in [11].
Since the comparison requires a bit of calculation, we give some details. The expression
in [11] is
Ko - _ _
Cio i = exp (5 (o sy =g +2(h5=hy)+hm—hon—hi+hi=hs+hy)
(W) R Wa (W) R ¥B
Bia Bj@

X 5 P, 88 85) Pagr | 527 | P |15 ] From | 3
My

(4.14)

The notation is as follows. The indices «, /3,y take values in {e, 0}. The index i, corresponds
to the field ¢¥ and i, to ¢;. Furthermore, w, = (1,1) and w, = G. For i, we have h; = h;
and for i, we have h; = hg;. The label r is given by » = j if @ = e and r = Gj if a=o.
The constants (M)Bi:", etc., are certain bulk-boundary structure constants which will be
absorbed into the normalisation coefficients (together with a phase for the G-shifted fields),

A — (W pgwe )3 (w)Bat;Jo ¢i5 (ha—hca—he) (4.15)

a Ae ) a —

The label p, is the Kac-label (1,%), which is a fixed point for . The F-matrix entry
Flyw, [5; fﬁg] is either 0 or 1, depending on whether the Zs fusion rules in the OPE are
obeyed. This grading rule holds by construction for (4.12), so that this F-matrix coefficient
can be dropped. One can now check sector by sector that the restriction of (4.12) to the
even subsector agrees with (4.14). In sector “su”, i.e. for & = o, = e, this requires an
F-matrix identity:

Foan [G0] Fae [ G¥] Fapae [99 8] emilha+hy—hey)

a c

By [20] Fage [Gab] emilhetha—hen)~(ho+he=hee)). (4.16)
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spinless even odd fold Jd& NS
elds o)
fields NS | R | R ) -
w. spin Y Y
1 e o n
. h.h $.0) (0,1
h=h 0 % % TIG ( ’ ) (2’ ) ( ’ 2)

Table 2. Virasoro primary fields in the fermionic Ising model.

Finally, note that since we restrict to the even subsector, for ¢% we have v, = 0 while for
@5 we have v, = 1. Accordingly, the factor (—1)* is equal to 1 in CN'(EZU)C and equal to —1
in 5’6(5)8)0. In the latter case, the minus sign cancels against e=27¢

Finally, let us note that fermionic minimal model FM (p,q) and its parity shifted
cousin FM (p, q) are non-isomorphic (as graded theories) whenever the corresponding Doqq-
diagram differs from an A-diagram. Since q € 47, this happens for ¢ > 8. On the other
hand, the fermionic Ising model FM (3,4), which we will treat in detail in the next section,

is isomorphic to W(S, 4).

5 The Ising model and the free fermion

The Ising model is the Virasoro minimal model M (3,4) and the relevant data is given in
appendix A.1. The fermionic Ising model FM (3,4) is really the theory of the free fermion
— the field ¢¢ = 1 is a free holomorphic fermion and ¢¢ = 1 is a free anti-holomorphic
fermion. Altogether, the Virasoro primary fields in the fermionic model are given in table 2.

5.1 Bulk structure constants

The structure constants of the free fermion can be read off from (4.5), but in this simple
model it is easy to compute them directly from the crossing constraint (2.12), and this is
what we will do.

For all fields we set C¢¢1 = 1, which fixes all normalisations up to signs. The structure
constants of the even fields are those of the Ising model and are of course well-known: up
to the symmetry properties (2.14) the only remaining structure constant is

C,f= 3 (5.1)
which also fixes the sign-freedom in the normalisation of €. The structure constants involv-
ing even and odd fields in the fermionic model have been considered before and some are
given in [6] and [21, section 12.3.3], but these are only partial results and it is not clear
how the various signs were chosen nor how the full consistency could be checked. Using our
formalism, we state and solve the sewing constraints, and taking the same normalisation
of the primaries as [21] we agree with the partial results stated there.

The odd fields in the fermionic model are v, v and p. Setting i = j =, k =1 = in

bulk crossing relation (2.12) results in (C

W—f)Z = —CA'W;CA'W% = —1. We link the remaining
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free signs in the normalisation of ¢ and v by setting € = 11}, or, in other words,
A e
C wp = b
The symmetry properties (2.14) relate any two permutations of the three primaries in a

(5.2)

structure constants. Up to such permutations, the remaining structure constants involving
two odd fields (and no identity field) are

C,uue > éuwa ) Cmﬁg . (5'3)
To fix their value, we consider the crossing constraint (2.12) for the following four choices
of parameters: a) i = ¢, k =1, j = £ = 0 and ¢ = ¢; b) the same with j = £ = yu; c)
i=j=o0,k=1=u,q=1;and finally d) the same with ¢ = ),

CpiCog =20 1 CL L, (5.4a)
N e e . mi2A o o

CosCut = e™2Cy7Cr 0, (5.4b)
~ 2

(Cot)” = =72 (Codt Cl Foc 351 P [35] + Cog Gt Fec[351 Fua 1551, (5:40)

(C’ w)z — _eTi/2 (C’ C F()s[o'o‘]F()O[O'O'] + CA'U;CA'H;FEE[gg}FGO[ggD, (5.4d)

Using (2.14) we get the following relations between the structure constants appearing in
the above constraints and those listed in (5.3),

Cmf = Cuuev Cwau =C uw Cmﬁav wa = e T/ Cwﬁcﬂ
Cl=C,0 =Chiy, Cpr =€ Cipy (5.5)
Then, combining this with (5.4a), (5.4b) and (5.2) shows (in agreement with (5.1))
A 1
Coup = —Cf =—3- (5.6)
Substituting this into (5.4c) and (5.4d) gives (C’Uu¢)2 = L and (CA’(,,Z]’)2 = —%. Condi-

tions (5.4a)—(5.4d) leave an overall sign in the normalisation of ¢ and v undetermined,

and we choose

e7ri/4 e—m'/4

A~

Cuyo = R Co = 5 (5.7)
This agrees with the constants C’w;, C’q;cf, C’wlf and CA‘QZJ: given in [6, eq. (4)] and [21

A~

eq. (12.68)], as well as with (4.5) (the normalisation constants A% are given in ap-
pendix A.1).

Consider for a moment the parity shifted theory FM (3,4). Its structure constants are
related to the ones given above as in (2.20). This turns out to be an equivalent theory, and
a choice of parity-grading preserving isomorphism from FM (3,4) (whose fields we denote
by &, 1, etc.) to FM(3,4) is

NS-sector: R-sector:
T —e, Y, zNﬁ|—>—1E G, i —io. (5.8)

This can be interpreted as the action of an invertible interface and agrees with the solution
to the (ungraded) fermionic defect classifying algebra called “duality,” in table 8 below.
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Bf{ BY BY
fixed up 1 21/4 0
fixed down 1| —2/4 0
free -1 0 21/4
free -1 0| —2t/4

Table 3. Solutions to the bulk-boundary sewing constraints for the fermionic Ising model.

5.2 Boundary classifying algebra and boundary conditions

In the fermionic Ising model case, only the three spinless fields (e, 0, 1) can couple to a
weight zero field on the boundary and of these, the two even fields (€, 0) can only couple
to a bosonic field of weight zero while the odd field (u) can only couple to a fermionic field
of weight zero.

We shall denote a possible fermionic weight zero field by a and normalise its two point
function to (aa) = 1, so that ¢, = 1. As a consequence, we would like to find the sewing
constraints on the following set of bulk-boundary structure constants:

Bi? B10-7 B(’;? (5'9)
and we have six sewing constraints of the form (3.9), namely

BiBi = éeelFOO[gg] =1,
BiBf = CA'GUUFUO[(GIC;] iT = ?’

A A 1
BlaBi‘ = CaalFOO[gg]—FCJ;FEO[gg]Bi = 72(1—1_3;)7
BY Bl =0,

A A 1
By BY = Cu Fool351+Cyf Fo 53] BT = —=(1-Bj) . (5.10)

V2

These equations have four solutions, given in table 3, but the last two can be identified
by the change of normalisation a — —a, and so there are three inequivalent solutions to
the boundary sewing constraints, two fixed boundary conditions which do not require a
fermionic weight zero field, and one free boundary condition which does require a fermionic
weight zero field.

From (5.10) we can also read off the fermionic boundary classifying algebra B in (3.11)
for the free fermion:

1 1
BB =1, B”B”:\ﬁ(lJrBe)a B“B“:ﬁ(l—Bf),
BB — B BB =_pB", B°B"=0. (5.11)
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This is a super-algebra and the parity of each generator agrees with that of the corre-
sponding bulk field: B¢, B are even and B* is odd. Now we can more easily identify
the elementary boundary conditions by expressing B as a direct sum of copies of C and
the Clifford algebra C'¢; which correspond directly to the elementary boundary conditions
without overcounting the free boundary condition (cf. the discussion in section 3.1.4),

B = Cey @ Ce_ @ (Cfy @ Cay), (5.12)

where the indices +, —, f correspond to fixed up, fixed down and free. Explicitly,

1 1
er =71+ B9+ 273/1B7 | e = 11+ B9 - 273/4p7
1

fr=50-B9, a= o~1/4pH, (5.13)

One can check that these satisfy the algebra (3.13) and from the action of the generators
B¢, B? and B*, we can read off the representations:

B¢ | B° BH
fixed up 1 21/4 0

(5.14)
fixed down | 1 | —21/4 0
free -1 0 ol/4 . A

where the 2 x 2 matrices 1 and A are

1:(10>, A:(Ol). 5.15)
01 10

It is easy to see that the matrix representation of the free boundary condition is reducible
and (by diagonalising A\) splits into exactly the two solution in table 3 but this does not
respect the even-odd nature of the generators and leads to the over-counting of the free
boundary condition in table 3; only when ensuring that the representation of B respects
the even-odd grading do we get the correct counting (cf. (3.15) for the precise statement).

5.3 Boundary field content and boundary states

It is also instructive to consider the contribution of non-zero weight boundary fields as this
will determine the full boundary field content of each boundary condition as well as give
the gluing conditions for the fermion fields on the boundaries.

5.3.1 Boundary field content

Given the bulk field content in the fermionic Ising model, one only has to consider h = %
boundary fields as no other couplings are possible.

The first result is that there must always exist a fermionic weight % field, which we
denote p; and which could be identified with the boundary disorder field. The reason is

that the bulk fermionic fields can only couple to a weight % field on the boundary. If we
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B B B, Bl B | B | B,
B | 1
By | By | L+
Bg | —Bg 0 ﬁu — BY)
BY | B! 0 LBl - Bl | 50— BY)
Bli, | Bh, | 3(Bl, + Bl 0 0| gl + 5D
BY | B V2B ~LB! ~V2Bg, L By 1
By | BY V2B LB V2Bg, Ly | B |1

Table 4. The sewing constraints from (3.7), rewritten in the from B¢ Bf = Z%c Coaa,pp7¢ BY and
stated explicitly as a multiplication table; the sewing constraints for the standard Ising model are
in the top left 3 x 3 sub-table.

denote the bulk-boundary coupling of v as B;fB and if the boundary field two point function
normalisation is cuBuBl, then the sewing constraint (3.7) requires (B:fB)2 Cu uBl =1 and
hence we see that not only must such a field exist but that the bulk fermions must couple
to it. We shall not consider the possibility of two distinct boundary fermions but instead
suppose that both bulk fields 1 and ¢ couple to the same boundary field.

The next question is whether there is also an even (bosonic) weight % boundary field
op (which could be identified with the boundary spin). If there is such a field then its OPE
with pp must necessarily be to an odd weight 0 field and conversely the OPE of an odd
weight zero field with p5 must be an even weight % field 0. If we normalise a’? = CO-BO-Bl =
CMB#B1 = 1 then the OPE algebra is forced by the boundary sewing constraints to have
the form

aog = Mg, apg = (1/X)og, oga = (1/Nug, ppa= Aog, (5.16)

where \* = 1. The values A\ = +1 turn out to be inconsistent with the bulk-boundary
sewing constraints and A = 4 are equivalent under a field redefinition, hence we make
the choice A = ¢ from here on. With this boundary field algebra and the seven structure
constants
€ o m o I P W
B17 1> Ba 9 BUB’ BV’B’ Bp,Ba BuBu (517)
there are 28 sewing constraints coming from (3.7). These amount to 28 multiplication rules
for the structure constants, which are given in table 4.
Viewed as equations, the sewing constraints have 8 solutions, four fixed with Bf =1

and four free with B = —1. The eight solutions are given in table 5. In the four fixed
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Bi | BY | B B | B, | B |5,

9B

fixed up 1| 21/4 0 0 9~ 1/4 1 1
fixed up 1| 21/4 0 0 —2~VAl 1 | —1
fixed down | 1 | —2V/4 0 0 | —27V4| 1 1
fixed down | 1 | —21/4 0 0 2=l | -1 | —1
free -1 o0 2-1/4 | gl/4 0 -1 1
free -1/ o0 2-1/4 | _ol/4 0 1| -1
free —1] 0 | —271/4] o4 0 1| -1
free —1] 0 | —271/4] 21/ 0 -1 1

Table 5. The eight solutions to the full sewing constraints with A = 4; the three solutions to the
sewing constraints for the standard Ising model are given by the first three columns of the table.

B | By By, BY | Bh |B. | B

fixedup | 1 | 2Y/%.1 0 0 27VAA| A | A
fixed down | 1 | —2Y/4.1 0 0 274 A | —A | A
free ~1 0 2-l/4. 1 | 2/ A 0 —A| A
free ~1 0 —2~ V4.1 | 2V/4. A 0 A | A

Table 6. Representations of the boundary classifying super-algebra of the fermionic Ising model.

solutions, there are no couplings to the fields a and o5 and so these fields can be consistently
excluded from the set of boundary fields, as expected.

Only three of the eight solutions are physically distinct. Namely, for each of the sign
choices (, ¢ € {£1} we can redefine the boundary fields as a — (a, o5 = {og, gy — C€ .
This agrees with the three physically distinct solutions found in table 3.

What is perhaps surprising is that the full set of sewing constraints in table 4 also

defines a commutative algebra [with identity] with generators {1, Bf, BY, B ,BgB,B,’fB,

B}fB, B}fB}, with the boundary classifying algebra as a sub-algebra, and the solutions in
table 5 are the eight one-dimensional representations of this algebra.

As with the classifying algebra, this commutative algebra can also be viewed as a super-
algebra with even generators {1, B{, BY ,BgB}, and odd generators {Bf ,BﬁB,BZ}B,BﬁJB},
and the eight one-dimensional representations in table 5 combine into four representations
of this super-algebra on C', of which the final two are again related by op — —0g, g —
—pp and so are equivalent physically; these are given in table 6.

This table also shows that the fermions have opposite gluing conditions on fixed and
free boundary conditions. On the free boundary condition with B¢ = —1, the bulk fermions
obey 1 = —1) on the boundary; on the fixed boundary conditions they obey v = 1.
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5.3.2 Boundary states

Since we are working with theories on a fixed spin structure, each boundary condition b
will be associated to two boundary states, one state |b)ns entirely in the NS sector and
one state |b)g entirely in the R sector. In our approach, correlators are overall even linear
forms, so that a one-point correlator on a disc is an even linear map Hr — C. This implies
that boundary states are purely even.

The bulk-boundary couplings to the identity field (cf. table 3) determine the overlap
of the boundary states with each primary bulk field, normalised by the overlap with the
vacuum. Namely, for primary bulk fields ¢; in the NS sector and ¢; in the R sector we have

Ns(Ol9i) R (bl9;)

Ns(0|0) e ns (b]0) =51 (>15)

This fixes the expansion of |b)xs g in terms of Virasoro-Ishibashi states [1)), |0)), |€)) up to

the overall constant (0]b) ys.
To determine (0|b)ns (up to a sign) we will make use of the fact that we know the
boundary field content for each boundary condition:

fixed : 1, ug , free: 1,a, pug, o5 . (5.19)
This means that the NS boundary states have to satisfy
s (fixed| g™t 012! ffixed)ns = xo(@) + x1/2(0)
ns (free| g0 HLoT /2 [free) g = 2x0(§) + 2x1/2(4) , (5.20)

where as usual ¢ = exp(2mi7),§ = exp(—2mi/7) and xj, are the characters of the Virasoro
highest weight representations of weight h.

Putting all this together, we arrive at (up to an overall undetermined sign for each
boundary condition)

fixed+)ng = |0) + |e)), fixed+)g = 240,
fixed—)ns = [0) +[€)) fixed—)g = —2'/4|0),
Ifree)ns = V2 ([0Y) — |e)) , |free)g = 0. (5.21)

The overlaps between the R-sector boundary states must give the supertrace over the field
contents, and the above states correctly give these supertraces,

r(fixed| gFo+Lo—1/24 |fixed) r = x0(q) — Xx1/2(q),

r(free| glotTo=1/24 [free)p = 0. (5.22)

As briefly mentioned in the end of section 3.1.4, one can think of boundary states as
coming in pairs which differ by an overall sign; the three boundary states presented above
are then characterised by the condition (0|b)ng > 0.

Note that the NS components in (5.21) agree with the conjectures in [12] for the
NS-sector of the boundary states, although that paper does not correctly account for the
fermionic fields in this model nor the Ramond sectors.
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D Doe D Dot p% | D% | D%
D |1
D¢ | D $(1+D%)
pi | D | (DYDY | L4y
Dy | -D% 0 0 3(=1+Df)
D' | —pre 0 0 | =HDP-DYY) | 40-D5)
p¥ | pvv Dl Dge —iDH? iD% 1
D% | DYY Dl D7° iD"e —iD% | D | 1

Table 7. The defect classifying algebra for the fermionic Ising model.

Boundary states in the NS-sector of free fermions are also considered in [22], and the
boundary states for a single Majorana fermion given in appendix D there agree with the
NS-component in (5.21) up to normalisation.

Finally, we note that our boundary states are related to the boundary states for the
purely bosonic Ising model by taking a superposition of the NS- and R-sector boundary

states,

s = 75 Johs + ol ) (5.23)

5.4 Defect classifying algebra and defect operators

5.4.1 Classifying algebra and defect conditions

We consider now the defect classifying algebra of the standard Ising model and the fermionic
version, assuming that there is a single bosonic field of weight zero (denoted 1) on the defect
and at most one fermionic defect field of weight zero denoted a which satisfies a®> = 1.
The bulk-defect structure constants for the non-identity bulk fields in the Ising case are
{D<, D¢}, and for the fermionic case they are { D, D7, D", D°F D D“¥ D“¥}. The
sewing constraints are given by the multiplication table 7.

Viewed as equations, there are eight solutions to the defect sewing constraints, given
in table 8.

We can view the bulk-defect structure constants as algebra generators of a super-
algebra D, the fermionic defect classifying algebra, with odd generators {D’', D*J} and
the rest being even. As an ungraded algebra D is commutative, and the solutions in table 8
are its eight one-dimensional representations. When viewed as representations of the super-
algebra, the first four are one-dimensional representations on C!9 while the second four
combine to form two two-dimensional representations on CI*. Accordingly, D decomposes
into four copies of C (with generators e,) and two copies of C¥; (with generators { fo, an})
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D | pog | DM | DY | DY | Do | DM

identity 1 1 1 1 1 0 0
identity’ 1 1 | -1 | =1 -1 0 0
spin reversal 1 —1 —1 1 1 0 0
spin reversal’ 1 -1 1 -1 -1 0 0
duality? -11] 0 0 1 -1 i -1
duality? -1/ 0 0 1 -1 | —i 1
duality® —11] 0 0 -1 1 —i | -1
duality® —-11] 0 0 -1 1 i 1

Table 8. Solutions for the bulk-defect structure constants in the fermionic Ising model.

satisfying the same algebra (3.13). The explicit forms are:

1 .
e = 5(1+Di +2D{" + 2D77 + DY* + DY),

1 __

ciar = (14 Di" = 2D7" +2D77 — DYY — DYy,
1 __

es = 5(1+ D — 2D} — 2D + DY 4+ DYy,

1 __
ey = = (14 D§ 4+ 2DM —2D77 — D¥Y — D¥¥)

8
1 €€ P Py 1 HO | sTYO M
fdeZZ(l_Dl _Dl ‘l—Dl ), adlgzi(Da +ZDa ),
1 €e P vy 1 po - o
Jasa = 1(1 — D+ Dy" —Dy"), agsa = §(Da —iDJH). (5.24)

5.4.2 Defect field content and defect operators

Topological defects can also be described by operators on the Hilbert space of the theory
which commute with the Virasoro algebra, and hence are sums of intertwiners between
equivalent Virasoro representations. The bulk-defect structure constants are proportional
to the coefficients of these intertwiners and hence the defect operator is defined, up to
an overall scalar multiple, by the bulk-defect structure constants. This overall multiple
can itself be fixed (up to a sign) by the requirement that it correctly determines the field
content on the defect, and in particular that it correctly determines the dimension of the
space of zero-weight fields on the defect.

We illustrate this in the case of the bosonic and fermionic Ising defects. The bosonic
Hilbert space is

Hising = (Mo ® Mo) ® (M @ M¢) ® (Mg ® M), (5.25)
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where M, denotes the corresponding irreducible Virasoro representation. This means a
topological defect operator takes the form

N

D = aPyy + P + 7Py - (526)

The constants Dllj are given by

DY = Yl (5.27)

and hence the defect is fixed up to a scalar,

D = A(Pyo + DSPoc + DI Py, , (5.28)

The field content on the defect is then given by the modular transform of the trace on the
cylinder,

2(0,0) = T (" +2=/12D - D) = 2 (Ixo(@)? + (D5)2Ix1/2(0) 2 + (D)1 j16(a) )

(5.29)
The upshot is that A = #1 for the identity and spin defects and £+/2 for the duality defect,
cf. [23, 24].

The same ideas can be applied to the defects in the fermionic model, with the ob-
servation that the defects come in two versions, depending on the spin structure, so that
there are separate defect operators acting on the Neveu-Schwarz and Ramond sectors of
the Hilbert space. In the fermionic model the Hilbert space is

Hp =HYS + HE, (5.30)
HES = (Mo + M) @ (Mo + My s), Hit= M6 ® My, & Mg ®M1/16‘M -
(5.31)

The defect operators in the two sectors are then given by the bulk-defect structure constants
up to an overall constant

DNS =\ (Py+ DYYPy + DY¥ Py + D{'P.) , D" = \(D{"P, + D{*P,).  (5.32)

The main difference is that the space of weight zero fields on the defects can now be either
one or two, depending on whether the defect supports the fermionic weight zero field a
or not.

When we perform the calculations we find that DNS are in fact identical with the
defect operators proposed in [12]. We give the explicit forms in table 9.

We note that the defects of the bosonic Ising model are given by the combinations

in in 1 in 1
Diy" = 2 (Dia+ Diar) , Dginf = 5(Ds + Dw) . Dyuifiyy = 5 (Dan2 + Dasa) - (5.33)

N —
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NS R
id Po+ Py + Py + P P, + P,
id’ Py—P,—P;+P. P, — P,
S Po—l—Pw-i—Plz-i-Pe P, — P,
s Py~ P, —P;+P. ~P,+ P,
d12 \@(P0+P¢—P¢—P€> 0
d34 | V2(Py— Py + P;— P.) 0

Table 9. Explicit forms of the defect operators in the fermionic Ising model.

DS DY D%
D<§ 1

D7 | DFT | 301+ D)

D% | =D% 0 3(—1+ D)

Table 10. Interface sewing constraints for an interface between the standard and fermionic Ising
models.

5.5 Interfaces between Ising and fermionic Ising

As an example, consider interfaces between the bosonic Ising model and the fermionic
version. Let us assume that the Ising model is in the upper half plane and the fermionic
model in the lower half plane. This means that the possible bulk-defect structure constants
are DY where i takes values in {e, 0}, j takes values in {¢,0,u} and = € {1,a}.

The interface sewing constraints are exactly the appropriate subset of the fermionic
defect sewing constraints in table 7, as given in table 10. There are four solutions to the
sewing constraints, which constitute the four one-dimensional representations of the com-
mutative interface classifying algebra and which also form two one-dimensional represen-
tations on C'° and one two-dimensional representation on C!I' of the interface classifying
super-algebra, as in table 11.

6 Further Virasoro examples

In this section we will consider a few examples of fermionic minimal models by increasing
weight of the generator G as listed in table 1. The smallest value is hg = 1/2 in the single
model FM(4,3) = FM (4,3) which is the free fermion and was already treated in section 5.

The next value is hg = 3/2, so that the fermionic theory has super-Virasoro symmetry.
There are two such examples, FM(4,5) which is the fermionic tri-critical Ising model
(section 6.1) and the non-unitary models FM (3, 8)/?’]\7(3, 8) (section 6.2).
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DEE DU’O’ Dau
1 1 0
1 -1 0

-1 0 A

Table 11. Solutions to the interface sewing constraints for an interface between the standard and
fermionic Ising models.

The N = 1 superconformal minimal model values of ¢ are ¢(p,q) = 15/2—3p/q—3q/p,
parametrised by two integers p, ¢ with p—q even and p, ¢ > 2 [25, 26]; we shall denote them
generically by SM(p, q). The possible modular invariant partition functions for the unitary
models [p — ¢| = 2 have been classified in [27] but, as noted there, modular invariance does
not fix the partition function uniquely and it is determined only up to a constant which is
fixed by the parities of the states with h = ¢/24.

The final value we consider in any detail is hg = 5/2 in FM (4,7) in section 6.3. This
final case was first noted in [28] and a longer list is given in [29] where chiral algebras
which extend the Virasoro algebra by a single fermionic field are considered. FM(4,7) is a
reduction the WB(0, 2) algebra (a.k.a. the fermionic WB3 algebra) at a value of ¢ at which
the spin 4 field decouples.

These examples in fact all fit into two infinite series of fermionic models with a current
of spin (2k —1)/2, and these are FM (4,2k+1) and FM (3,4k). For k > 3, these two series
are all special cases of the fermionic W-algebra WB(0,k — 1) (a.k.a. the fermionic WBj_4
algebra first introduced in [30]) in which all but the fermionic W-algebra field decouple.

6.1 Fermionic tri-critical Ising model

The fermionic tri-critical Ising model is the second in the series of fermionic extensions of
the minimal models and some essential data is given in appendix A.2.

6.1.1 Fermionic TCIM boundary classifying algebra

The boundary conditions of the tri-critical Ising model in both bosonic and fermionic
models have been studied before. For the bosonic case see [31], and for the fermionic case
see for example [13, 14]. Here we will study boundary conditions of the fermionic model
via the fermionic classifying algebra.

In the fermionic tri-critical Ising model, there are eight spinless bulk fields which can
hence couple to a weight zero boundary field, as in table 12.

As before, we assume that the only possible weight zero boundary fields are the identity
1 and an odd field a, and so the bulk-boundary couplings fields are

Bl=1, BS, B, B, BY, BY, B*, B* . (6.1)

The sewing constraints can again be considered as the relations in an 8 dimensional com-
mutative algebra which also has the form of a non-supercommutative super-algebra with
even generators { 1, B, B¢ B B°, B"/} and odd generators { B, B“'}. It is also a graded
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spinless even odd
fields NS R R

label | (1,1) (3,3) (1,3) (3,1)|(2,3) (2,1)](2,3) (2,1)

h=h | 0 +

e
N
w
N
w

Table 12. Spinless bulk fields in the fermionic tri-critical Ising model.

$=0 p=1
$=0|B'=1, B, B, B | B+, B
¢=1 B°, B —

Table 13. The bi-grading of the generators of the tri-critical Ising model boundary classifying
algebra.

algebra with respect to the spin grading, so it is in fact a bi-graded algebra. The generators
are shown along with their gradings ¢ and (;3 = ¢ + v in table 13.

There are 28 sewing constraints for these structure constants which have eight solutions
corresponding to the eight one-dimensional representations of the commutative algebra with
generators (6.1).

When viewed as super-algebra, the boundary classifying algebra decomposes into four
copies of C and two copies of C¥7, giving six boundary conditions in all. This means the
eight one-dimensional representations combine to form 4 one-dimensional representations
on CHO and two two-dimensional representations on C'I*, as shown in table 14.

The boundary states in the NS and R sectors are given by taking linear combinations
determined by table 14 with an overall normalisation,

la)ns = Aa(|0) + Bf |e) + B |¢) + BS |€")), |a)g = A\a(BY o) + B o). (6.2)

The normalisation is fixed (up to a sign) by the requirement that the number of weight-zero
fields is 1 on the boundaries corresponding to one-dimensional representations and 2 on

the boundaries corresponding to two-dimensional representations.

6.1.2 Comparison to [13, 14]

There has been a considerable amount of work on boundary conditions of superconfor-
mal field theories. Here we compare our results with those of Nepomechie in [14] which
discusses boundary states in the tri-critical Ising model M (4,5) and which of these are
“supersymmetric”. The boundary states discussed in that paper include both NS- and
R-sectors and a boundary condition is said to be supersymmetric if the partition function
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boundary B¢ B° B° | B° B° B* B*

L)=(-) |1 1 1]1 1] o 0
GL=(+) | 1 1 1 ]|-1 -1] o 0
(1,2)=(-0) | —a -« 1 a -1 0 0
(1,3)=(0+4) | —a -« 1 |—a 1 0 0

2)=0 |-1 1 -1]0 0 |54 —BA
(2,2)=(d) |al —al -1 ]| O 0 | —vA pBA

Table 14. The boundary conditions of FM (4,5) at ¢ = 7/10; a = (3 — v/5)/2, B = (2/V7)(1 + i),
Y =VT(3 = VB)(1+1), 6 = 2V/7(1 +1).

on a cylinder is a sum of characters of the super Virasoro algebra, rather than simply a
sum of characters of the Virasoro algebra.

Since the fermionic theory FM (4,5) we consider includes the generators of the super-
Virasoro algebra, the partition function calculated using the overlaps of the boundary states
in the NS-sector will always be sums of characters of the super-Virasoro algebra. However,
these are not the partition functions discussed in [13] which are instead the average over
the two spin structures, that is the average of the overlaps between the NS-sectors and
the R-sectors. Since the R-sectors will contribute the supertrace over a super-Virasoro
representation, not a trace, any contribution from the R-sector will stop the partition
function being a sum of super-Virasoro characters. Hence we see that “supersymmetric”
boundary conditions in the sense of [14] correspond to boundary conditions with zero R-
sector boundary state, that is boundary conditions for which the algebra of weight zero
boundary fields is C/y; if the weight zero boundary fields are simply C then the boundary
condition is “non-supersymmetric”. The latter boundary conditions fall into pairs related
by the spin symmetry and which give “supersymmetric” boundary conditions when taken
as a superposition.

In this sense we find, as in [14], two “supersymmetric” boundary conditions and four
“non-supersymmetric”’ ones.

6.1.3 Fermionic TCIM defect classifying algebra

The defect classifying algebra of FM(4,5) has one generator D% for each pair of fields
¢;,¢; whose operator product on the defect includes a field of weight zero. There are 6
such pairs where ¢ and j are both even which generate the defect classifying algebra of the
bosonic M (4,5). There are 6 more pairs for which ¢ and j are both odd, but for which
DU is again therefore even. Together these generate the 12 dimensional even subalgebra
of D. There are further 4 pairs where one of 7 and j is even and the other odd and these
span the four dimensional odd part of D, see table 15. As a vector space, Dis equivalent
to C'214. As a super-algebra, D splits into 8 copies of C and four copies of C¢; giving 12
defects in total, twice as many as the purely bosonic defects of M (4, 5), with the differences
occurring in sectors that are not in M (4,5).
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1" 1

1,1 A Ty
Even generators | D' =1, D, D¢, D€ Dgo, pg'e’, pit pi'#' p&c pGG pvv  pvv

i [
Odd generators Dg", Di°, D3", D& °

Table 15. The generators of the defect classifying algebra of FM(4,5).

3 25 1 3 1 7
2 13 5% 1 —33 —1 —3:3 0
7 1 3 1 25 3
L 10 =355 =3 =35 1 5 3
r/lsl1 2 3 4 5 6 71

Table 16. The representations of the Virasoro algebra at ¢ = —21/4.

If we restrict ¢ and j to the NS sector alone, the algebra is instead equivalent to €8I0,
i.e. it is purely even and the corresponding eight solutions are formally the same as those
found in [12].

Up to now, the question has been entirely one of calculating the bulk-defect structure
constants. The final step is to fix the normalisation of the defect operators (up to a sign)
to reproduce the correct counting of weight zero fields from the torus expectation value of
the defect operator which is easily done.

6.1.4 Fermionic TCIM interface classifying algebra

The only interface we can consider is that between M (4,5) and F'M(4,5). Since the fields
in M(4,5) form a subalgebra of the fields in F'M(4,5), the interface classifying algebra
is a subalgebra of the defect classifying algebra of F'M(4,5). From table 15, there are
6 surviving even generators and 2 surviving odd generators. This means the interface
classifying algebra is C%2 as a super-vector space, splitting into four copies of C and two
copies of C/; as a graded algebra, giving 6 interfaces in total.

6.2 FM(3, 8)/ﬁ\4(3, 8), the supersymmetric Lee-Yang model

The case of ¢ = —21/4 is the first where there is a half-integer spin simple current al-
lowing the extension of a bosonic Virasoro minimal model to a fermionic model and
there are also two bulk invariants. There is the diagonal model M (Az, A7) and the D-
invariant M (Ag, Ds).

The representations and their weights are given in table 16. As usual the Kac-table
includes two copies of each representation and in this case we remove the degeneracy by
considering only the representations of type (1,s).

The value ¢ = —21/4 corresponds to SM(2,8) and has been looked at before, see
e.g. [32-34]. It has been identified as the supersymmetric Lee-Yang model. The issue of
different models at the same central charge does not seem to have been considered in these
works — they assume that the bosonic projection is the diagonal invariant M(3,8), and
hence in our language identify the superconformal theory as FM (3, 8).
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h.s NS/R M,

0 NS M171 =M1 & M7

R M1,2 =Mio® Mg

NS M1,3 =M3® M5

—~ —~ —~ —~ —
—_
[\]
~— ~— ~— ~— ~—
|
&~

o | im

R M1,4 = M4

Table 17. The representations of the super-Virasoro algebra at ¢ = —21/4.

A invariant D invariant
even, NS | even, R | odd, NS odd, R even, NS | even, R | odd, NS odd, R
P(1.0) (10) (1,0) P(1.a) P(1,0) (1.0) (1,0) P(1,0)
(L) (1,1) | (1,2)(1,2) | (1,1)(1,7) | (1,2)(1,6) (L, (1,1) | (1,2)(1,6) | (1,1)(1,7) | (1,2)(1,2)
(1,3)(1,3) | (1,4)(1,4) | (1,7)(1,1) | (1,4)(1,4) (1,3)(1,3) | (1,4)(1,4) | (1,7)(1,1) | (1,4)(1,4)
(1,5) (1,5) | (1,6) (1,6) | (1,3)(1,5) | (1,6)(1,2) (1,5) (1,5) | (1,6) (1,2) | (1,3)(1,5) | (1,6)(1,6)
(1,7) (1,7) (1,5) (1,3) (1,7) (1,7) (1,5) (1,3)

Table 18. The field content of the A and D invariants of Mz g (even part of the table) and their
fermionic extensions (even and odd part). The fermionic extensions differ only in their Ramond
sector parity. Listed are the parity and spin grade, the notation of the primary bulk field used in
section 4, and the Kac-label of the left/right representation of that field.

At ¢ = —21/4, there are 4 relevant representations of the super-Virasoro algebra with
labels (7, s), shown in table 17. Since the Virasoro algebra is a subalgebra, each represen-
tation MT,S of SVir decomposes into a sum of one or more representations M, , of Vir and
this information is included in this table along with their sector.

As there are two different invariants of the Virasoro algebra, there are two different
fermionic extensions. These are related by parity shift in the Ramond sector and are the
fermionic models FM(3,8) and FM (3,8) from section 4. Their field content is given in
table 18.

The representation content in the even and odd Ramond sector of FAM(3,8) and
FM (3,8) now differs, and so these models cannot be graded-isomorphic. From the point
of view of the super-Virasoro algebra, the parity of the Ramond sector ground state has
changed between these two models, cf. table 17, where the R-ground state has label (1, 2).

The structure of the boundary classifying algebras also differs in the two models.
According to the general theory in section 3.3, there are equal numbers of bulk-boundary
structure constants in the two models, but the parities are different. In FM (3,8), where
the Ramond ground state is even, there are 7 even and 1 odd generators. This leads to a
classifying algebra which is CI! as a super-vector space and which decomposes into 6 copies
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Table 19. The bi-grading of the generators of the boundary classifying algebras of FM (3, 8) (parity
#) and FM (3,8) (parity ¢), with the identification B(1:)v = pl.aye p(Ld).s — ;L) cf (3.20).

of C and 1 copy of C¢; giving seven fundamental boundary conditions. From the point
of view of the superconformal algebra, this means there is 1 “supersymmetric” boundary
condition in the sense of [13] and 6 “non-supersymmetric” ones.

In FM (3,8), where the Ramond ground state is odd, there are 5 even and 3 odd
generators, leading to a classifying algebra which is C53 as a super-vector space and which
decomposes into 2 copies of C and 3 copies of C'¢; giving five fundamental boundary
conditions, 3 of which are “supersymmetric” and 2 are not.

As expected, the boundary conditions of FM (3,8) are in 1-1 correspondence with the
7 boundary conditions of M (Az, A7), and those of FM (3,8) are in 1-1 correspondence with
the 5 boundary conditions of M (A, Ds) (see [35] for the boundary conditions of minimal
models).

The two boundary classifying algebras can be made identical [as ungraded algebras]
by a suitable rescaling of the fields in FM (3,8) (or equivalently of the generators of the
algebra). The generators and their gradings are shown in table 19 together with the
rescaling of the generators that makes the algebras identical.

There are now three different fermionic defect classifying algebras, classifying the de-
fects in FM (3,8), defects in FM(3,8) and interfaces between FM(3,8) and FM(3,8).
Again, according to the general theory in section 3.3, these can be made equal as ungraded
algebras by a simple rescaling of the generators by phases, but they are not all equivalent
as graded algebras. The two defect classifying algebras have the same gradings, but the
interface algebra has a different grading. These are shown in table 20. The two defect clas-
sifying algebras are C'42 as vector spaces, decomposing into 12 copies of C and two copies
of C'¢; as graded algebras, giving 14 defects in each of these two theories. The interface
algebra is C191% as a vector space and 4 copies C and 6 copies of C'¢; as an algebra giving
10 interfaces between the two theories. When we descend to the bosonic A and D theories,
the defects/interfaces in the fermionic theories are identified in pairs (as in subsection 6.1.3,
the pairs only differ in sectors that are not in the bosonic theories) and give 7 defects in the
each of the A and D theories and 5 interfaces between the A and D theories, in agreement
with the computation in terms of traces of products of bulk modular invariant matrices,
see [24] and [36, remark 5.19].

6.3 The FM(4,7) = WB(0,2)s5,7 example

Finally, the only fermionic minimal model to have a weight 5/2 current is FM (4,7) with
central charge ¢ = —13/14. This turns out to be a restriction of the “fermionic” W-
algebra WB(0,2). This algebra, also known as the “fermionic” WB; algebra, extends
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Table 20. Tlibi—grading of the generators of the defect and interface classifying algebras of
FM(3,8) and FM(3,8). The parity of a given generator in either of the two defect algebras is
called ¢, and in the interface algebra it is called ¢, with the identifications used in (3.22).

the Virasoro algebra by primary fields of weights 4 and 5/2. Its structure constants were
worked out explicitly in [37] and it can be seen that the field of weight 4 decouples from
the algebra at this value of ¢. The minimal model of this algebra has 6 representations
labelled by [rs;r’s’]| where r,s,7',s" > 1, 2r + s < 3 and 2r' + s’ < 5. Three of these
are irreducible as Virasoro algebra representations and in the Ramond sector and give the
three R sector representations of FM(4,7); three are reducible, splitting each into two
Virasoro algebra representations and these together are the six NS sector representations
of FM (4,7). The rest of the analysis is straightforward — there are 9 boundary conditions
of FM(4,7) of which three are invariant under the W-algebra automorphism W — —W
and three are related in pairs. This is exactly as in the fermionic TCIM, where there are
two “supersymmetric” boundary conditions and two pairs which are related by G — —G.

7 Conclusions

We have defined fermionic conformal field theories and their classifying algebras, defined
fermionic extensions of the Virasoro minimal models, found explicit expressions for all the
bulk structure constants (of both Neveu-Schwarz and Ramond fields) of these models, and
have given numerous examples in these cases.

We have found that it is natural for certain boundary conditions and defects to support
a weight zero fermionic field which has up to now been introduced in an ad hoc manner.

We have also found that there is a natural parity-shift operation which can relate
different theories. On the one hand, this relates bosonic theories as the projections of
parity-shifted fermionic theories, and on the other hand this means that there are hitherto
unconsidered fermionic theories to be looked at.

There are quite a few questions that are unresolved and which suggest new lines of
enquiry.

Firstly, we showed that the full set of bulk-boundary structure constants in the Ising
model defined an algebra, not just the couplings to boundary fields of weight zero. This
seems to merit further investigation, even in the purely bosonic case.
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Secondly, we showed that the fermionic extensions of the A- and D- invariant min-
imal models are related by a parity-shift operation. This leads one to wonder if one
can define extensions in other cases in which the extended algebra would be bosonic,
such as the A- and D- invariants of M (5,6), namely the tetra-critical Ising model and
the 3-state Potts model respectively. It would also be interesting to investigate possible
fermionic extensions of the exceptional invariants; one of these, M (A4, Es), is a product
theory M (A1, Aq) x M(Ag, A3) = M(2,5) x M(3,4) [38], with the obvious proposal that
FM(Ay, Eg) = M(2,5) x FM(3,4). It would be good to have a general understanding of
these models.

It would also be good to give the structure constants for the field theories on the
boundaries, defects and interfaces that we have found which would be a necessary first
step to discuss their perturbations and the resulting renormalisation group flows.

In [39], the moduli space of ¢ = 1 CFTs with fermions was investigated (see figure 2
there), it would be interesting to look at this problem from our perspective.

Finally, one consequence of our construction relating F'M (p, q) to FM (p, q) is that when
these are also superconformal field theories, their partition functions differ in the sign of the
“bottom component” of the super-partition function, that is Zrg = TRg((—1)F) which is
the trace of (—1)% on the highest weight space of the Ramond fields [40]. This cannot be
determined on the grounds of modular invariance. We have found that in our construction,
Zgr = +1 for FM(3,8) and Zrr = —1 for Z/TAV{(?),S) which are hence two inequivalent
superconformal field theories at ¢ = —21/4. It is a curious fact that this implies that in
this model the Virasoro characters satisfy x12 = x1,6 + 1, as is easily checked from the
character formulae in [21]. The value Zrr = 0 for the TCIM was already observed in [40].
This leaves open now the question of investigating the superconformal models in which
this parity-shift relates two inequivalent field theories, and how this might affect previous
results on boundary conditions, boundary perturbations, etc.
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A Data for the Ising and tri-critical Ising models

A.1 Ising data

We list here the data for the Ising model that is used in section 5. The representations

(1,1),(1,2),(1,3) with conformal weights 0, % and % are denoted 1, o and e.

— 37 —



The bulk field content is as follows, giving both the conventional name from the free-
fermionic extension of the Ising model and the names following the conventions of sec-
tion 4.1:

Even (r,s);h Odd (r,s);h

(7,8);h | (1,1);0 | (1,2); 75 | (1,3); 3 (7,8);h | (1,1);0 | (1,2); 45 | (1,3); 3

(1,1);0 | 1=¢f — — (1,1);0 — — Y=

(1,2)ig5 | — | o=¢5 | — (1L,2)i5 | — | =95 | —

wapy | | Je=e || wmidle=a| — | —
(A1)

The values for the normalisation constants chosen in (4.5) to get the structure constants
in section 5.1 are

A=1, X=1, xe=2Y1 MN=1, XN=i

€ € ’

Ao =™/ (AL2)
The F-matrix entries we need are:

FOO[gg]: FOe[gg}:i FEO[gg]:\/i Fee[gg]:

Fos [5¢] = Fools o] =2 Foo[67] =—1 Folecl=1. (A.3)

In the discussion of boundary states and defects we make use of the modular transforma-
tions of Virasoro characters, with ¢ = exp(27i7) and § = exp(—27i/7),

~ 1 1 1

x0(q) = §X0(Q) + ﬁxa(q) + §Xe(CI)7
xo(d) = \}imq)—;ixg(q),
xld) = 5300 = J5xo() + 5xla). (A4)

A.2 Tri-critical Ising data

The tri-critical Ising model is the Virasoro minimal model M (4,5). The bulk model is
described in [41] and the conformal boundary conditions in [31].

In table 21 we list the even and odd sectors in the same manner as for the Ising model,
using mostly the naming conventions of [41] and [42] (43] use t instead of €¢). The even
sector is the field content of the bosonic tri-critical Ising model. Note that the field G is
conventionally normalised to (G|G) = 3¢/2 = 21/20 (as opposed to our (G|G) = 1) and so
we only have G x ¢¢. Likewise, €’ o iGG.

As pointed out in [43], the tri-critical Ising model is related to the first non-trivial
unitary superconformal minimal model SM (3,5) which is the associated fermionic model.
There are four unitary highest weight representations Mr,s of the superconformal algebra
at ¢ = 7/10. These each decompose as a finite sum of Virasoro representations M, s as
shown in table 22.
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(1,10 | (3,1);5 | (21515 | (23)i5 | (1,3)i3 | (3,3)i1g

1=¢¢ — — — — —

(L1);0 | (3,1);3 | (21):75 | (2,3);55 | (1,3):2 | (3,3); 19

h

0
dlexe| — | — | — | —
e

6

Gocgl | — — — —

— | | e=e
- - - - U= ¢, -

Table 21.

The odd and even sectors of the bulk tri-critical Ising model.

(r,s) | hrs NS/R M,

(L) | 0 NS M= M,®Ms,
(1,2) | & R My = Mo
(L3) | & NS Mg=Mjs®Mss
1,4 | & R Myg= My

Table 22. The representations of the super-Virasoro algebra at ¢ = 7/10.
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