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ABSTRACT: We study the global structure of some exact scalar hairy dynamical black holes
which were constructed in Einstein gravity either minimally or non-minimally coupled to a
scalar field. We find that both the apparent horizon and the local event horizon (measured
in luminosity coordinate) monotonically increase with the advanced time as well as the
Vaidya mass. At late advanced times, the apparent horizon approaches the event horizon
and gradually becomes future outer. Correspondingly, the space-time arrives at stationary
black hole states with the relaxation time inversely proportional to the 1/(n—1) power of the
final black hole mass, where n is the space-time dimension. These results strongly support
the solutions describing the formation of black holes with scalar hair. We also obtain new
charged dynamical solutions in the non-minimal theory by introducing an Maxwell field
which is non-minimally coupled to the scalar. The presence of the electric charge strongly
modifies the dynamical evolution of the space-time.
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1 Introduction

The no-hair theorems in General Relativity exclude the existence of hairy black holes in
asymptotically flat space-times for a variety of theories. However, it turns out that the
no-hair theorems are easily evaded. People have found many counter examples in recent
years. For instance, many scalar hairy black holes that are asymptotic to Minkowski space-
times have been analytically constructed in Einstein gravity minimally coupled to a scalar
field [1-5]. Rotating black holes with scalar hair were also numerically studied in [6]. Black
holes with vector hair [7] and with Yang-Mills hair [8-12] have also been found in literature.
By numerical analysis, it was established that non-Schwarzschild black holes do exist in
higher derivative gravity in four dimensions [13, 14].

For asymptotical (anti-)de Sitter space-times, the condition for the no-hair theorems
was much relaxed. There are large classes of scalar hairy black holes having been con-
structed in Einstein gravity either minimally or non-minimally coupled to a scalar field [2—
5, 15-20]. More interestingly, some of these theories even admit exact dynamical black
holes solutions with scalar hair [20-26]. The solutions provide explicit and analytical ex-
amples for the formation of scalar hairy black holes. In particular, one class of solutions
analytically shows how the linearly stable AdS vacua undergoes non-linear instability and
spontaneously evolves into stationary black holes states [20, 26]. The solutions that are
asymptotic to AdS space-times also have potential applications in the AdS/CFT corre-
spondence.

The purpose of current paper is to gain an even deeper understanding of the scalar
hairy dynamical solutions which were found in certain minimally and non-minimally cou-
pled Einstein-scalar gravity by studying their global properties. We focus on discussing



the dynamical evolution of the apparent horizon which was studied as a function of the ad-
vanced time. We find that the apparent horizon (measured in luminosity coordinate) grows
monotonically with the advanced time and approaches the event horizon at the future in-
finity. At late times of the evolution, the apparent horizon smoothly evolves and becomes
future outer gradually. In addition, it is also instructive to study the dynamical evolution
of the event horizon for our solutions. Unfortunately, the event horizon is in general hard
to be established in dynamical space-times, though it is globally well defined. Instead, we
adopt an effective notion “local event horizon”. We find that it covers the apparent horizon
in the whole dynamical process and also approaches the event horizon at the future infinity.
These results provide strong evidence to support the dynamical solutions describing black
holes formation.

Moreover, we generalize the non-minimally coupled Einstein-scalar gravity by intro-
ducing an additional Maxwell field which is non-minimally coupled to the scalar. We obtain
new charged dynamical solutions for proper gauge coupling functions. The dynamical evo-
lution of the space-time turns out to be strongly dependent on the electric charges. The
global property of the charged solutions differs significantly from the pure neutral solutions.

This paper is organized as follows. In section 2, we present some preliminaries for
studying the global properties of dynamical solutions. In section 3, we study two explicit
examples: the dynamical solutions that are constructed in certain minimally and non-
minimally coupled Einstein-scalar gravity. In section 4, we obtain more charged dynamical
solutions in the non-minimal theory and discuss their global properties. We conclude this
paper in section 5.

2 Global properties of dynamical solutions

In this section, we give the preliminaries for studying the global structure of dynamical
solutions of the type
ds* = —Hdu? + 2hdudr + p*dQ?_,, (2.1)

where H, h and p are all functions of the Eddington-Finkelestein-type coordinates r and u
and d€),_9 is the (n — 2) dimensional space with spherical/torus/hyperbolic symmetries.

2.1 Local event horizon

The event horizon of a static black hole can be easily established corresponding to a null
Killing vector with non-negative surface gravity. The situation for a dynamical solution
is much more subtle. The location of the event horizon cannot be solved in general even
for an exact black hole solution. We shall adopt a local definition for the event horizon,
which can be found in many standard textbooks and some early literature such as [27, 28].
We call it “local event horizon”. It is defined by a null hypersurface which preserves the
isometry of the space-time. That is, if the null hypersurface is parameterized by:

F(r,u)=0, (2.2)
with 7 = r(u), it satisfies
OF OF
o T 2.
Ox# OxV (2:3)



This gives
OF oF
H— +2h— =0. 2.4
or * ou (24)

On the other hand, we have

o _dF _OF OFdr

= — = —+ — . 2.
du ou + or du (25)
Combining these two equations, we find

dr H

ar _a- 2.

du 2h (26)

It follows that the local event horizon coincides with the “true” event horizon in the sta-
tionary limit. However, we should point out that it is not clear what the precise relation
is between the local event horizon and the event horizon in dynamical space-times. In this
paper, we simply take it to be an effective conception for describing black holes formation.
Indeed, we find that it enjoys some reasonable aspects for our solutions. For example,
the local event horizon always encloses the apparent horizon in the dynamical process and
approaches the event horizon at the future infinity.

2.2 The apparent horizon

For the dynamical solutions with planar topology describing gravitational collapse, a suffi-
cient condition is the apparent horizon should be future outer at late advanced times [29].
We shall first give a general discussion on this topic. The tangent vector of radial null
geodesic congruences can be given by:

(@@ EE) e

where € = —1 for ingoing null geodesic congruences and € = +1 for outgoing null geodesic

congruences respectively. It is straightforward to verify that k¢ is null and it satisfies the
null geodesic equations of motions, namely

KPTkS = Ak, A = i(%u +H,), (2.8)

where H, = %—Ij, hy = %. Given the tangent vector, it is easy to calculate the expansion

-2
96 = gabvbkg - )\e = E(nz ) <

H 2
Pry p“) : (2.9)

hp p

where p,, p, denotes the derivatives of p with respect to r and w respectively. The loca-
tion of the apparent horizon is defined by 6. = 0. In the luminosity coordinate p = r,
e(n—2)H
2hr
sion of the ingoing null geodesic congruences #_ is negative! outside the apparent horizon

the expansion was simplified to be 6, = . It is immediately seen that the expan-

The metric function h should be positive definite outside the apparent horizon since u was interpreted
as the advanced time coordinate.



(H(r,u) > 0), which implies that the apparent horizon is future. This is independent of
the coordinate system and is valid for more general p coordinate.

In order to show the apparent horizon is outer, we need compute the Lie derive of the
expansion of the ingoing null geodesic congruences along the tangent vector of the outgoing
null geodesic congruences

a6 .90
£k+9, :k‘ivbQ, — +W+k+m
_ (n—2) 372 2
+(4h(prpu - ppru) + pp’r(2hu - Hr))hH

+(hpi + p(hrpr — hpm«))HZ) :

(2.10)

If this is also negative outside the apparent horizon, the apparent horizon is called outer.
This is valid for planar black holes.? For the solutions considered in this paper, we will
show that the apparent horizon approaches the event horizon and smoothly evolves into a
future outer one at the late times of the evolution.

3 Explicit examples

3.1 The non-minimal example

The first example we consider is non-minimally coupled Einstein-scalar gravity in general
n dimensions [20]. The Lagrangian is given by:

£ =77 (ot = 360 R - (007 - V() ) 3.)

where kg is the bared gravitational coupling constant and £ is a constant that characterizes
the coupling strength between the scalar ¢ and the curvature. The covariant equations of
motion are

av

By = roGry =T = TE™, Oé=EoR+ o, (32)
where G, = Ry — %ng, is the Einstein tensor and
min 1 1 1
T = 5 PO — 3 9uv <2(8¢)2 + V(ff’)) :
non 1
T = S€(0° G + 90 — V,V07). (3.3)
Without loss of generality, we let
ko=t (3.4)

in this subsection. The effective gravitational coupling constant depends on ¢, given by

1 1
i(6) = ko — 5€0° = SE(1 - ¢°). (35)

2Tt is easy to check that this condition does not hold any longer for spherical /hyperbolic black holes.



We shall require ¢ < 1 to cancel ghost-like graviton modes. For generic £, there are large
classes of static hairy planar black holes which were reported in [20]. In particular, when

& takes the value
n—2

4n—1)"’
the non-minimal theory admits exact dynamic solutions with the potential given by
1 2(n—1) 1 -1 2n—
=——(n—-2 n—2 —oF |1 2 .
e

The scalar potential has a stationary point ¢ = 0 and its small ¢ expansion is given by

= (3.6)

1 (n —2)3a (n —2)3a

Ve _—S(no922_ P72 apty 720 6+.2; 3.8

s =2 -G 2g)? G T (38)

It follows that the scalar has vanishing mass square, which is above the Breitenlohner-
Freedman (BF) bound® because m}, = —3g¢* for the non-minimal coupling (3.6). This

implies that the AdS vacua is linearly stable against perturbation.
In Eddington-Finkelstein-like coordinates, our dynamical solutions can be cast into the

form of
o §-2
ds? = —fdu2 + 2dudr + r?datdat ¢ = (%) ’ J
aa™ 1 n—12n—3 sa\n—2
f=gr" = P L —— (7) } ’ (39)

where a = a(u) is the time dependent “scalar charge”. It satisfies a second order non-linear
differential equation
i 2a*  aa 1

———+—=0 a=-=-(n—-1)a. 3.10
a? ad a ’ 2( ) ( )
Here a dot denotes the derivative with respect to u. This equation can be integrated. The

resulting first order equation is

i+ da?log (Z) ~0, (3.11)

where ¢ is an integration constant. It is clear that both a = 0 and a = ¢ are stationary
points. The former corresponds to the pure AdS vacua whilst the latter corresponds to the
stable black holes. The first order equation can be solved exactly in terms of an exponential
integral function

Ei <log (%)) = —aqu. (3.12)

In figure 1, we plot a(u) as a function of the advanced time wu (the blue line). The
advanced time coordinate u runs over (—oo, +00). Correspondingly, the space-time evolves

3Due to the non-minimal coupling, the effective mass of the scalar becomes position dependent, given
by mZs = m? + £R. Consequently, the BF bound is shifted by the non-minimal coupling constant m3p =
—l(n— 1)((1 — 4 — 1)g2.
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Figure 1. The plots for a(u) (the blue line), the apparent horizon (the green line) and the local
event horizon (the red line) for the n = 4 dimension. At late advanced times u — oo, a(u)
approaches its equilibrium value ¢ and both horizons approach the event horizon at an exponential
rate of e~%/% where uy = 1/(aq) is the characteristic relaxation time. Some constants g2, &, ¢
have been set to unity.

from pure AdS vacua with a = 0 at the past infinity to stable black holes states with a = ¢
at the future infinity. In addition, from the asymptotical behavior of the metric function f

n—1

aa
f=g*?— 3 +oe, (3.13)
we can read off the effective Vaidya mass
—92)2
M = uan—l ’ (3.14)
128(n — 1)

and deduce its first order derivative

n—1)(n —2)%2a?
M = ( 1)2(567r 2) a" log (g) . (3.15)

It follows that M is positive for a < ¢, implying that the Vaidya mass monotonically
increases with the advanced time.

At the past infinity v — —oo, a(u) behaves as aloga ~ —1/u, indicating that the
scalar only provides a weak source to perturb the space-time. However, the AdS vacuum
is linearly stable against perturbation. It is some non-linear effects that pushes the space-
time evolving into stationary black holes states. Hence, this solution provides an analytical
example how the linearly stable AdS vacua undergoes non-linear instability and eventually
settles down to stable black holes states.

In figure 1, we also plot the apparent horizon (the green line) and the local event
horizon (the red line) during the black holes formation. It is interesting to note that the
apparent horizon is always inside the local event horizon in the whole dynamic process
and both of them approach the event horizon at the large u region. In fact, at the future
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Figure 2. The plots for the Lie derivative £, 6_ for n = 4 dimension. The left plot is given
for static solutions and the Lie derivative is plotted as a function of r. In the right plot, the Lie
derivative is plotted as a function of the advanced time u for r = r4g (Green), r = rggy (Red) and
r = 1.23 (Blue), respectively. We have rag < rpg < 1.23. To have a nice presentation, we have
properly scaled the Lie derivative on the apparent horizon as Ly, 6_ — %Ek 0 and shifted it as
Ly, 0_ — Ly, 0_+0.715 at r = 1.23. Some constants g2, &, ¢ have been set to unity.

infinity 4 — 400, the space-time approaches the static limit exponentially fast. We find

_ 3c2 _

. 2 _1)e? -
M(u) = M, <1 — (n— 1)cge™ % 4 (”2)6%2%“ 4 > . (3.16)
Here ¢ is a positive integration constant which can be absorbed by constant shift of v and
My is the static black hole mass, given by eq. (3.14) with a replaced by ¢g. The apparent

horizon and the local event horizon have analogous behaviors at late advanced times.
1

Therefore, we can naturally define a characteristic relaxation time ug = 1/(aq) ~ 1/Mg~".
It turns out that the relaxation time becomes shorter for a bigger black hole mass.

To end this subsection, we remark that our solutions have future outer apparent hori-
zons. This is immediately seen from the behavior of the Lie derivative Ly, 0_ (see figure 2).
For the static solutions it vanishes on the apparent horizon and becomes negative outside
the apparent horizon. In the dynamical process, the Lie derivative continuously evolves and
approaches the static limit at late advanced times. These results imply that the apparent
horizon is future outer and the dynamical solutions describe the physical process of black
holes formation.

3.2 The minimal example

The second example we consider is the dynamical black holes which were found in certain

minimal coupled Einstein-scalar gravity in four dimensions [21]. The Lagrangian is given by

L= V=g (3 500 - V<¢>> ,

V = —2¢*(cosh ¢ 4 2) — 2a(2¢ + ¢ cosh ¢ — 3sinh ). (3.17)
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Figure 3. The dynamical evolution of apparent horizon (green) and local event horizon (red) for
planar black holes & = 0 in r (left) and R (right) coordinate, respectively. We have set g2, ¢ to
unity and a = 2.

The scalar potential has a stationary point ¢ = 0 with small ¢ expansion

1 1
2 2,2 2,4 2,5
= —6g° — - — - — cee 1
Vi=—6g"~g"¢" — 159°¢" — z507°¢" + (3.18)
It follows that the scalar has a mass square m? = 2¢® which is above the Breitenlohner-
Freedman bound (m3p = —%92) in AdS space-time with g2 > 0. In fact, the potential

arises from N = 4, D = 4 gauged supergravity for vanishing o and g2 > 0 [30].
Using Eddington-Finekelstein-like coordinates, the dynamical solution reads

ds® = —fdu® + 2dudr + r(r + a)dQ3 ., ¢ = log (1 + ﬁ) ,
’ T

1
f=g¢r*+k- §aa2 —a+(¢° — a)ar + ar? (1 + 2) log(l + 2) , (319
T T

where dfy ;, is the 2-space with constant curvature k = 0, 1. The time dependent “scalar
charge” a = a(u) satisfies
i+ aaa =0, (3.20)

which can be solved immediately by
1
a = gtanh <2aqu> . (3.21)

It follows that a = 0 at © = 0. However, its first order derivative a = %an sech (%aqu) is
non-vanishing at this point. This results to subtle global structure around this point [21].
When v goes to zero, the space-time turns out to be pure AdS except the singular point R =
0, where R is the luminosity coordinate defined by R = \/7(r + a). In fact, the existence of
this singularity strongly depends on the path to (0, 0) point on the (u, R) plane. We find
that for some paths such as R o< v with § < 1 /3, the singularity disappears. However, all
these trajectories are space-like, indicating that this singularity is non-traversable.

In figure 3, we plot the apparent horizon and the local event horizon as a function of
the advanced time for planar black holes with £ = 0. We find that the apparent horizon
is always enclosed by the local event horizon in the dynamical process. Note that in r
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Figure 4. The plots of the Lie derivative £, _ for planar black holes. The left plot is presented
for static solutions and the Lie derivative is plotted as a function of r. In the right plot, the Lie
derivative is plotted as a function of the advanced time u for r = r4z (Green), r = rggy (Red) and
r = 0.53 (Blue), respectively. We have set g2, ¢ to unity and a = 2.

coordinate, both horizons become decreasing functions of the advanced time at late times.
However, this does not mean the black objects are radiating energies. To clarify this point,
we also plot the horizons in luminosity coordinate. We see that both horizons grow with
the advanced time monotonically and approach the event horizon at the future infinity.
For sphrical /hyperbolic black holes, we also find qualitatively similar features.

In addition, the Vaidya mass of the dynamical black holes is given by

1 1 1
M(u) = 5Mo tanh <2a2q u> (3 — tanh? <2a2qu>> >0, (3.22)

which is a monotonically increasing function of the advanced time and approaches the final
black hole mass My = %aq?’. This is independent of the radial coordinates.
At the future infinity, the system exponentially reaches the static limit. We find

0= q(1 _ 9eaau | gp=20qu 4 ) . M= Mo(l _ Gem20au | (ged0qu 4 .. ) . (3.23)

The characteristic relaxation time is given by uy = 1/ (aq), which is inversely proportional
to the cube root of the final black hole mass ug ~ 1/M3/3.

Finally, we plot the Lie derivative L, 6 for planar black holes in figure 4. It is
clear that for static solutions the Lie derivative vanishes on the event horizon and becomes
negative outside the event horizon. In dynamical process, it smoothly decreases and ap-
proaches the equilibrium value at late advanced times. Hence, our dynamical solutions
have future outer apparent horizons at the future infinity which implies that the solutions

indeed describe black holes formation.

4 More charged black holes

In order to construct further solutions in the non-minimal theory eq. (3.1), we introduce an
additional Maxwell field which is non-minimally coupled to the scalar filed. Its Lagrangian

density is given by
1
L4 = —ZZ_lFQ, (4.1)



where F' = dA and Z = Z(¢) is the gauge coupling function which is specified by

P ’y((n -3)¢* +n— 1)(]5%

4.2
(1- @) | (42
where 7 is a positive constant (recall that ¢ < 1). From Maxwell equations
V(27 =0, (4.3)
the gauge field strength can be solved as
Z
Ko T™™
Here @ is the total electric charge
Q= /10/ Z MF. (4.5)
En—2

Provided the gauge coupling function eq. (4.2) and the scalar potential eq. (3.7), our new
theory admits charged dynamical solutions

. Ln—2)
ads® = — fdu? + 2dudr + r2dzde’ | ¢ = (9> 2

n—1

aa
f=g'r* - 7’"7_321:‘1 [17

n—1.2n—3'an_2
n—2" n—2" yn—2

256(n — 1)3yQ? n—-1 1 a2
|1 ; 4.6
(n—2)ppan—3pn=3>"1 |2 p—2 2]’ (4.6)
where a(u) satisfies a new non-linear second order differential equation
a2 aa ﬁQi& _o, 5 128(n — 3)(n — 1)3y (4.7)
a2 a? a a®n3 (n—2)°

We see that both the metric function f and the dynamical evolution equation of the “scalar
charge” receive new contributions from the electric charge. From the asymptotical behavior
of the metric function f when r — oo

1 . 256(n —1)3yQ?
_ 2.2 n—1
we can read off the new Vaidya mass
_9)2 _1\3N2
_ (n—2) aa™ 256y(n — 1)°Q ' (4.9)
128(n — 1) (n —2)%an—3
The positiveness of the Vaidya mass requires
256(n = 1*1Q*\ 7 _ [ (n— 1)3Q\ 71
n—1)%y n- n—1)% n-
= 0 4.10
> (Fmt) " = () > o

~10 -
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Figure 5. The plots for a(u) (the blue line), the apparent horizon (the green line) and the local event
horizon (the red line) in the dynamic process. We have set g2, &, 7 to unity and ¢, = 5, Q = 1//3.

which provides a lower bound for the “scalar charge”. We shall require the initial state of
the evolution satisfying this bound. In fact, in order to ensure the existence of an apparent
horizon, the “scalar charge” should be sufficiently large such that the « term dominates
in the metric function f. This is expected since an apparent horizon exists for generic «
and any non-vanishing a in the neutral limit. Generally speaking, a(u) satisfies this bound
when an apparent horizon exists in the initial state.

The dynamical evolution equation eq. (4.7) can also be integrated, giving rise to a first
order equation

a+aalo (“) L@ e g (4.11)
& q« 2(n —2) - ’

where ¢, is an integration constant. It follows that for a < ¢., @ > 0, indicating that a = g4
is not a stable point. In fact, we find that there is only one stable point (denoted by a = q)
in this equation, which is determined by

~ M2 2n—4
zlogx = ﬁqf”", T = <q> , (4.12)
a Q%
or more explicitly
5/@2 4—2n
= - , 4.13
q qexp( 25— 2)al (4.13)
which turns out to be smaller than ¢q. Moreover, for ¢, > 1 we find
:YQ2 4—2n
~q |1+ =24 , 4.14
q q<+2(n_2)aq (4.14)

which is a little bigger than g.. We shall point out that this stable point corresponds to
the final stable black hole state.

In general, eq. (4.11) cannot be solved analytically. We will study it using numerical
approach. Without loss of generality, we focus on the n = 4 dimension. In figure 5, we
plot a(u) as a function of the advanced time u. It is clear that the space-time evolves from
some unstable states in which the power-law singularity at the origin was dressed by an
apparent horizon. This is characteristic for our charged solutions. At the future infinity,

- 11 -



Uy
06F | 061
05t |\ 05

04
04 -

03

T _ 0.2 T —

| | | I Mo | | | | | T .
0.05 0.10 0.15 0.20 025 2 4 6 8 10 12 14

Figure 6. The plots for the relation time wug in the n = 4 dimension. In the left plot, ug is plotted
as a function of the final black hole mass M for fixing electric charge @ = 1/4/3. In the right plot,
it is plotted as a function of the electric charge for fixing black hole mass My = 1/(487). We have
set g2, &, 7 to unity.

the space-time approaches the equilibrium and arrives at stationary black hole states. We
also see that both the apparent horizon and the local event horizon monotonically increase
with the advanced time and approach the event horizon of the final black holes at the
future infinity.

In addition, the Vaidya mass satisfies

a" (@ +7Q%a* ). (4.15)
s

It follows that M > 0 in the whole dynamic process since @ > 0, implying that the Vaidya
mass also monotonically increases with the advanced time.

At the future infinity, the system approaches the static limit at an exponential rate of
e~u/  We find

—u  3—(2n—T7)1 _2u
a:q<1_coe w 3= (2n=T)logz , )

2(1+logz) ‘e "ot

B (n—3)(n—1)(1+logz) —u (n—3)(n—1)(n+1-3(n—3)logx) s
M_MO<1_ n—3—(n—1)logz coe 2(n—3—(n—1)logz) che o+ >

(4.16)

Here ¢g is a positive integration constant and M is the mass of the final black holes,
given by eq. (4.9) with a replaced by ¢. Note that the sub-leading correction of the Vaidya

mass requires logz < Z—j This is equivalent to the condition for the positiveness of the

final black hole mass. The relaxation time is given by

1 1
Uy = —= = — , 4.17
*7 aq(l+logz)  g(a+3Q%¢2n) (4.17)

which turns out to be a rather involved and decreasing function of the mass and the electric
charge of the final black holes (see figure 6).

- 12 —



5 Conclusions

In this paper, we study the global properties of some exact dynamical black holes with
scalar hair which were found in certain minimally and non-minimally coupled Einstein-
scalar gravity. In order to analyze the global structures, we adopt an effective notion
“local event horizon” as well as the apparent horizon.

For the solutions of both minimal and non-minimal thoeries, we find that the apparent
horizon is always inside the local event horizon in the whole dynamical process and both
of them increase monotonically with the advanced time and approach the event horizon at
the future infinity. We also find that the apparent horizon smoothly and gradually evolves
into a future outer one at the late times of the evolution. This is instructive to support
the solutions describing black holes formation. At the future infinity, the solution reaches
the static limit exponentially fast with the relaxation time inversely proportional to the
1/(n — 1) power of the final black hole mass.

There exists a crucial difference in the initial state of the solutions between the minimal
and non-minimal theories. For the non-minimal case, the dynamical evolution of the space-
time starts from pure AdS vacua which is linearly stable. However, driven by some non-
linear effects the space-time spontaneously evolves into stationary black hole states at the
future infinity. For the minimal case, the space-time evolves from some finite advanced
time (which was set to zero), at which the scalar vanishes. However, the space-time does
not become AdS vacua at this point. It contains a power-law singularity at the origin which
results to linear instability and triggers the dynamical evolution.

For the non-minimal theory, we also obtain new charged solutions by introducing an
additional Maxwell filed which is non-minimally coupled to the scalar. The initial state of
the evolution has non-vanishing scalar and becomes unstable at the linear level. This is
significantly different from the pure neutral solutions. At the future infinity, the charged
solutions also exponentially approach stable black hole states with the relaxation time
strongly modified by the electric charge.
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