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1 Introduction

More and more frequently integrability has been found to make its appearance in mod-
ern theoretical and mathematical physics in a wide range of problems, sometimes very
unexpectedly (see the ongoing seminar series [1]). To a large extent this is because these
models hide beautiful and very rich mathematical structures. They are universal enough
to accommodate the complicated combinatorics of Feynman diagrams in 4D and 3D gauge
theories and at the same time describe the motion of classically extended objects in curved
spaces making the AdS/CFT correspondence almost manifest in many cases [2].

One of the main features of integrable models is separability of variables: the possibil-
ity of choosing a rather non-trivial coordinate system where the dynamics of the system
simplifies dramatically and often can be solved exactly. At the quantum level this fre-
quently implies the existence of a separation of variables (SoV) basis in the Hilbert space
in which the wave function factorises into simple universal blocks. Ultimately, this factori-
sation should allow one to compute non-trivial expectation values of various observables
with qualitatively much less computational effort than solving the same problem in a direct
brute-force way.

SoV methods for quantum spin chains were pioneered by Sklyanin in [3-7]. The gener-
alisation to higher rank was also initiated by Sklyanin [8] and later extended by Smirnov [9],
but its explicit realization for models such as the Heisenberg XXX spin chain took more time
and required new tricks to be developed. One of the crucial steps was done in [10] where
the basis factorizing the stationary wave functions of the spin chain was built explicitly
and it was also understood into which blocks the wave function factorises. These findings



started a new wave of results in the subject [11-19] which remains very active. Since a
large class of integrable models can be related in one way or another to a generalisation or
deformation of the Heisenberg spin chain — even a complicated and powerful model such as
planar ' = 4 SYM which is essentially a version of the XXX spin chain with PSU(2,2|4)
symmetry [20] — this makes the problem of understanding how separation of variables
works in models with high rank symmetry pivotal for progress in a number of directions.

In order to compute non-trivial expectation values between two stationary spin chain
states one needs an additional ingredient — the measure or, equivalently, the scalar product
in the SoV basis. For gl(2) (rank 1) models it was found in numerous examples, but for
higher rank cases it has remained unknown for a long time. Only recently it was obtained for
spin chains at any rank, in a series of papers [21] and [22]. The result for the scalar product
was shown to take a very compact determinant form, and is also in perfect agreement
with the general structure anticipated earlier from a semiclassical picture [23, 24]. This
finding also encouraged development of an alternative approach to obtaining the measure
via recursion relations for its elements in [25], which to a large extent was shown to be
equivalent. In this paper we extend the results of [21, 22] to non-compact spin chains with
spin s, and also show how to use the measure to compute some very non-trivial overlaps
and expectation values.

The SoV program has a strong motivation from the perspective of the AdS/CFT
correspondence. At the moment it is well understood how to compute, using integrability,
the exact non-perturbative spectrum of anomalous dimensions in planar N' = 4 super
Yang-Mills theory in 4D [26], and there are more examples of non-trivial QFTs which
can be studied [27].! At the same time much less is known about correlation functions
— for very long operators there is the powerful hexagon approach [31], which, however,
fails at a certain loop order. There are strong indications that in order to access truly
non-perturbative correlation functions one should apply SoV methods [32-35] and in this
paper we show how very similar objects can be efficiently computed in the SoV framework.
Related overlaps were studied for spin chains in [36-39], and determinant representations for
them are not known beyond the rank-2 sl(3) case. Here we derive a (different) determinant
form for the overlaps at any rank of the symmetry group.

The paper is organised as follows. In section 2 we discuss some generalities of the
Heisenberg spin chain which will be used throughout the main text and explain how to im-
plement the SoV procedure for s[(2) spin chains. In section 3 we extend the previous s((2)
results to the case of sl(3) case and discuss the details and subtleties which appear beyond
the rank 1 case in depth with the main focus being the construction of the SoV bases and
the corresponding wave functions. In section 4 we explain the functional approach to scalar
products and demonstrate that this formalism matches what is expected from the operato-
rial construction of the wave functions in the SoV bases. In section 4 we explain how to ex-
tract the measure in the SoV bases directly from the integral formalism and give an explicit
formula for its matrix elements. In section 6 we extend the previous construction of SoV

1 As a result one can e.g. obtain very precise numerics for the spectrum at finite coupling [28, 29], analytic
results to very high loop order [30], and much more.



states and wave functions to the s[(N) case and explain the technical aspects omitted from
previous sections. In section 7 we apply our new techniques to the computation of various
observables such as overlaps and correlation functions and show that they take a simple de-
terminant form. Afterwards, in the Outlook section, we present various interesting avenues
for future research. We also include various appendices to supplement the main text.

2 Warm up: notations and sl(2) example

In this section we collect our main definitions which we will be using in the remainder of
the text.

2.1 Heisenberg spin chain generalities

We begin by introducing the Heisenberg spin chain. Throughout the text we will assume
that the spin chain is built out of spins in some highest-weight (HW) representation of
sI(N) with the same spin? s which we define below in terms of the highest-weight of the
representation. Let E,; be the generators of sl(IV), satisfying

[Eab7 Ecd] = 5chad - 5adEcb . (21)

We use the HW representation where E;|0) = 0 for b > a, E11|0) = —s and Ey|0) = +s for
b > 1, which we refer to as the spin s representations (explicit form of the generators can
be found in appendix F). This class of representations is a generalisation of the symmetric
powers of the defining representation which are labelled by Young diagrams with a single
row. Such finite-dimensional representations are obtained by setting s = 0, —%, —1,....
Highest-weight representations of s[(N) can be constructed on the space of polynomials in
some number of variables. In general it is %(N — 1) [40] but for the class of representations
we consider it reduces to N — 1. Hence, our spin chain of length L has L(N — 1) degrees
of freedom.
In terms of the Lax operator

Ea,b(u) = Uuly + iEb’a , (2.2)

and a constant twist matrix Ay, we define the monodromy matrix
1 2 L
Tep(w) = 3 L4 (w—01)L5), (w—02) ... LS | (u—01)Npp. (2.3)
b;
The transfer matrix is then the following operator acting on the spin chain

T(u) =Y Tee(u). (2.4)

The key property leading to the integrability of the model is that [T(u), T(v)] = 0 and so the
coefficients of the operator T(u) in the u expansion are integrals of motion. However, T(u),

2 Actually it is —s which corresponds to the physical notion of spin — the defining representation of s/(2)

—_1
corresponds to s = —3.



which is the transfer-matrix in fundamental representation,? is a polynomial of degree L
and does not contain the complete set of mutually commuting operators. To complete the
set of the mutually commuting integrals of motion we have to additionally introduce the
transfer matrices in all anti-symmetric representations, which we denote as T, 1. We define?

—£b1[1<u—|—2 5 )£b2 (u—l—ia;g)...ﬁbaca](u—iagl) (2.5)

where b := {b1,ba,...,b,} and similarly for ¢,°> and in the same way define the twist matrix

in the anti-symmetric representation A%

Ag:; = A" APz Abe (2.6)

[ex

We then define the transfer matrix in the antisymmetric representation T, by using the

Ca] "

corresponding £%! and A%! in place of the original fundamental representation building
blocks in (2.3)
. a,1(1) a,1(2) a,1(L) a,l

u) = Z Ly (u— 01)/:5152 (u—105)... EBL_liL (u— HL)ABLB : (2.7)
Defined in this way T, 1(u) is a polynomial of degree a x L. However, for a > 1 one usually
finds that Tq 1 (u) contains trivial factors, see appendix F. In particular Ty 1 (u) is just pro-
portional to the unit operator and is called quantum determinant. After removing trivial
factors, each T, for a = 1,...,N — 1 can be reduced to a polynomial of degree L and
hence the total number of non-trivial conserved charges is L(IN — 1) — precisely matching
the number of degrees of freedom of the system and implying complete integrability.

Twist matrix. The purpose of twisting is to remove degeneracies in the spectrum of the
integrals of motion. For this a sufficient condition is that the twist matrix A has pairwise
distinct eigenvalues A1, ..., Ay. In principle the twist matrix could be any diagonalisable
matrix with these eigenvalues, but for the purpose of this paper we assume a particular
form of it and take

Aij = (1) 7 X301 + 0 jn (2.8)

where x; denote the elementary symmetric polynomials in A

[I¢E+x) ijtnj (2.9)
j=1

and we further constrain the eigenvalues with )\1 ...An = 1. One can perform a similarity
transformation, simultaneously in the physical and auxiliary spaces, to bring the twist to
diagonal form and the matrix which diagonalises A is given by a simple Vandermonde-type
matrix

Sij = Ap It (2.10)
However, for the purpose of separation of variables (2.8) is the most convenient as we will
see (see also [13, 19]).

30f the auxiliary space.
4We define antisymmetrization as Aliy i) = % ZUGSk (—1)"141-0(1),.,1-0(,6).
®The r.h.s. of (2.5) is antisymmetric in both by, ... b, and c1,. .., c,.



Wave functions. We will frequently refer to the eivenvectors of the transfer matrices
simply as wave functions, and denote them as |¥) for the right eigenvectors and (¥| for
the left eigenvectors. We denote the corresponding eigenvalues as Tg 1(u)

Toa1|V) =Tu1|V), (¥[Te1 = (V|11 - (2.11)

Spectrum and Q-functions. The expressions for the transfer matrix eigenvalues can
be conveniently written in terms of the so-called Q-functions or Q-polynomials. We define
the Q-functions to be “twisted” polynomials

. Lowees im
Qil,..‘,im (u) = ()‘il ... )\im)w (u — u?’ ’ m) . (2.12)
k=1
The numbers u?z’” are the Bethe roots and they can be found, for example, from the

Bethe ansatz (BA) equations which follow the following pattern
Qo(uy, —is) _ Q1(U}C +1) Qua(uy — 3)

Qo(u} +1is)  Qi(u} —1) Qua(u} +2)’
Q1(up? — %) Qua(up? + 1) Quas(up®® — 5)
- ) k=1, M
Ql(u}f 5) Ql2(uk - )Q123( k23+%)7 ’ e

and we have introduced the Baxter polynomial Qy(u) = Hézl(u —04). As the above BA
equations originate from a nesting procedure, they contain some arbitrariness. Namely, at
the m*™ step of nesting one can choose one of N —m “vacua”. This arbitrariness results in
the existence of a large number of equivalent BAs related by the duality relations

Qri(u+5)Qrj(u—3%) —Qrj(u+ 5)Qri(u—3%) x Qr(u)Qr,;(u) (2.14)

where [ is a multi-index containing 1. We also assume the boundary condition Q12 x =1
in the recursion relation (2.14). By evaluating (2.14) at u = uy; + 4 and u = uz; — & and
then dividing the results by each other we obtain the general form of the BA for auxiliary
Bethe roots®

Q7
Q7 i Q1 , k=1,...,Mj;. (2.15)
QI QIz le,] u= u
Above we introduced the standard notation
fr=flutd), = fxi), = futr ). (2.16)
Having the Q-functions defined one can express all eigenvalues T 1(u) in terms of Q’s. In
particular
[+1] - 3+z
_ 28 @1 [+2s] Ql @ [+2s] Qr..i-1 Q4
Tialu) =Qp 7 -p—+Q o5 +Qy [12'%]1 [1 e (@1

The above expression is indeed a polynomial of degree L when the BA equations (2.13)
and (2.15) are satisfied. General expressions for Tj, 1(u) can be found in appendix C.

5Tn some degenerate cases the set of (2.13) may not produce one solution for each state. In this case one
could either consider the full set (2.15) or use the Baxter equation instead.



2.2 Warm up example — sl(2) case

To give a simple example of the known construction we described above and to set the stage
for the more complicated and original s[(3) and s[(IN) cases in this section we consider the
simplest sl(2) case, very well known in the existing literature, see for example [41, 42].

Representation. We are considering general non-compact HW representations, where
each site carries the spin s representation. The s[(2) raising and lowering operators are
given respectively by

Eio = 0y, Eoy = —220, —2s x (2.18)

and the Cartan generators are
Ei1 = —20; —s, Eoo =x0,+s. (2.19)

The representation space is then the space C[x] of polynomials in = which is spanned by
monomials 2™, n > 0 (for L sites we have polynomials in the variables x,, « = 1,...,L). For
generic s this space is irreducible and infinite-dimensional. However, for special values of s,
in particular when s € {0, —%, —1,...} the representation becomes reducible with a finite-
dimensional irreducible part. It is obvious that the raising operator annihilates the state
given by a constant and so the highest-weight state is simply given by the polynomial 1.

Scalar product. We define the scalar product (-|-) on our Hilbert space by introducing
an orthonormal basis e,, n = 0,1,2,... and imposing (e,|e;,) = dpm. Naively, one would
take e, = z" as a normalised basis, however, this will not result in correct conjugation
properties for the generators. Instead one can define e, = ¢,z" and require the matrix of
the operator E5 to be minus transposed” of the matrix of the operator Eo1, i.e. Eo; = —IElTQ,
where transposition is defined in the usual way (U1|OW¥5) = (OTW;|W;). Together with
the requirement ey = 1 this fixes ¢, and we find®

_Tn+2) (2.20)
I'(n+ 1)I'(2s)

At this point we should mention that our scalar product does not involve any complex
conjugation and the scalar product is linear in both arguments. To promote it to Hermi-
tian conjugation we need to impose that s is real. Furthermore, in order for Hermitian
conjugation to lift to the spin chain Hilbert space one should make certain choices on the
reality of the parameters of the model such as inhomogeneities 6, and twists \;. Instead
we will view our scalar product as simply defining the action of a dual vector on a vector.

"It may be tempting to instead require that the operators are related by transposition instead of minus
transposition. However this is not compatible with the normalisation of our generators — our choice
corresponds to conjugating the usual defining representation generators with a simple diagonal matrix.

8With this definition our representation is equivalent to the well known harmonic oscillator construction.



Bethe ansatz and Baxter equation. There is only one non-trivial transfer matrix
in anti-symmetric representations, the fundamental representation, whose eigenvalue is

given by
Ql [+2s] Ql
Tiq (2] + Qb 92.21
() = Q) ¥ o (221)
The above expression becomes polynomial when the BA equations are satisfied
1_ 1, 5
Qolug =is) __ Qilue+9) (2.22)

Qo(uf +1is)  Qi(uf —1i)’
Twist and the ground state. For the s[(2) case the expression (2.8) is simply given by

DY S |
A= : 2.2

For diagonal twist the ground state, corresponding to Q1(u) = A, would be just a con-
stant polynomial. However, since our twist is non-trivial the constant polynomial gets
transformed into the following expression

L 1 —92s L ) 1 —2s
) = ] Al S(1+ )\ma) @ =] )\’19“S<1+ /\1xa) . (2.24)

a=1 a=1
The normalisation here is chosen for later convenience as we will see soon. Whereas these
states are clearly not polynomial, they can be expanded into an infinite series. The Hilbert
space should be understood as a completed space of polynomials, where such analytic
functions which are regular at the origin are included. The scalar products of such states
are computed as a limit of a scalar product of the truncated series, which additionally
imposes (for s > 0) that the convergence radius of the series should be > 1. In our
particular case convergence is guaranteed for |[A\;| > 1 which we assume to be satisfied.”
Then the overlap of (Q] with |Q2) is
1\ 28 L )
Q) = (1 - )\2> x T A2 (2.25)
1 a=1
Excited states. The excited states (those with non-trivial Bethe roots) can be obtained
by consecutive action of the B(u) = T12(u) operator

My
U) o [ Blug)lQ) . (2.26)
k=1
In the case of sl(2) the left eigenvectors of the transfer matrix can be built in the same
10
way

My
(W] o (Q [] Blug)- (2.27)

9Typically our results are analytic in the twist so one may be able to go to other regimes by a careful
analytic continuation.

°Tn the earlier literature operator C(u) = Tb1(u) was used to create the left eigenstates. The reason
for this was that in the case of diagonal twist B(u) would annihilate the left ground state. One of course
can start from our current construction and diagonalise the twist by a global rotation, then, however, one
will get a B&°°d(u) operator, which is a linear combination of all 4 matrix elements Tqp, like described
in [10, 43].



SoV basis. Another advantage of the non-diagonal twist (2.8) is that B(u) is diagonal-
isable. Furthermore, an important property of our twist, which we will use below, is that
the B(u) operator does not actually depend on A — indeed if we denote the untwisted!!
monodromy matrix elements by 7;; then the twisted monodromy matrix is given by

-1
Tin T2\ _ (T The AL+ AT 1 (2.28)
Ta; Too To1 T2z 1 0
and hence we see that T2 = —7711. In fact this is how this twist was initially introduced

n [13]. The eigenvectors of B(u) form left and right SoV bases, which we denote it as (x|
and |x). The B(u) operator has a very simple spectrum

L L
B(u)|x) = — H(u — 0o —ing —is)|x) = — H(u —Xa)[X), ma=0,1,2,... (2.29)

a=1 a=1

so that x, take values
Xo =04 +is+ing, n,=0,1,2,.... (2.30)

The SoV states can be uniquely labelled by the non-negative integers n,, so one can also
denote [x) = |n1,...,nr). The SoV states |x) are the homogeneous polynomials of degree
> o "a — we will also refer to this number as SoV charge. There is only one SoV charge zero
state, which we call the SoV vacuum and denote as |0). Finally, we define b(u) = —B(u)
in order to make this operator a monic polynomial.

Normalisation of the wavefunctions and SoV states. The reason we mainly use
the non-diagonal twist (2.8) in this paper is to make the SoV basis simple. In particular
the SoV states are simply polynomials and the SoV vacuum is a constant. To fix the
normalisation we define

0y=1, (0|=1. (2.31)

The transfer matrix ground states (2.24) are already normalised so that
L .
(©Q0) = (0] = JT AT, *%a0 =ba +is. (2.32)
a=1
We fix the normalisation of the excited states by
M1 Ml
[0) = (=)™ 5 [T bur)|), (] = (Ql(=1)*"* [T b(ws). (2.33)
k=1 k=1

It remains to fix the normalisation of the excited SoV states (x| and |x). We notice that as
a consequence of (2.33) and (2.29) we have

g

[ (e — i) (2.34)
1

=

X[ W) = (x|2)
1

>
Il

o7

" Corresponding to the case where the twist matrix is the identity operator.



and similar for the (¥|x). We fix the remaining scale of the SoV states by requiring
(x|Q) = (Q|x) = H Nixer (2.35)

Even though this normalisation of the SoV basis does not look very natural, it actually
makes the SoV states independent of \; as was initially shown in [13]. For example for the
case L = 1 the SoV states have to be proportional to x7, fixing the coefficient according
to (2.35) we get

X[r=1 = (—=>1)"™, (2.36)

which indeed does not depend on the twist. For the most general proof of this see [13] and
some details also in appendix A.
Finally, in this normalisation we get

L
(X|¥) = (¥[x) = 1:[ (2.37)

which indeed shows that in the SoV basis the wave functions factorize into a product
of Q-functions. For the general sl(n) case we will be using analogous conventions for
normalisations.

Measure and scalar products in SoV basis. Since the normalisation of the SoV
states is completely fixed, their overlap could be a non-trivial number. As they are left and
right eigenstates of the same operator B(u) they are orthogonal. The overlap (x|x) = M
is nontrivial and is given by

_ A({xa}) L Tang
Myy,..ng = A{0.)) =0 (2.38)

where we defined!2

L
o L1 (0 + 1~ i +i05)0 (2.39)

and (f)s is the Pochhammer function'?® while A is the Vandermonde determinant,
Az1y...,2n) = H(Zl —zj). (2.40)
1<j

This result will be derived in section 4.1 using an integral representation of the scalar
product. At the same time, we expect it to match the overlaps (x|x) and we have checked
this directly for all states for L = 1 and also for states with SoV charge < 2 for L. = 2. For

?The factor —5- in (2.39) is chosen for future convenience in section 5.
13For general values it is defined as (f)s = %, in addition for a particular case when the arguments
are integers and their sum is zero we define (—n), = (—1)"T'(n+1). This is how it is defined in Mathematica

in particular.



example, by explicitly diagonalizing the B(u) operator for the L = 2 case and considering
the states with n; = 1,n2 = 0, we find that the right eigenstate (i.e. the |x) state) reads

1,0) = crz1, (2.41)

while the left one (i.e. the (x| state) is

2
(1,0] = ¢ <x1 + ZS’@) , (2.42)
612
where 612 = 0; — 0. The normalisations c1,ce are fixed by requiring (2.35) which gives
c1=-1, co = 25’_9;2 Finally, computing the inverse of their overlap we find
1 2s(bh2 + 2is)
Mo = - 2.43
B0, 01, 0) 012 (2.43)

in full agreement with (2.38).
Knowing the measure (2.38), we can write the resolution of identity as

> M fx) (x| =1, (2.44)

which is the key completeness relation crucial for the computation of various scalar products
as we will see below. As an example, we can write the overlap of left and right transfer
matrix eigenstates (U 4| and |¥p) corresponding to Q-functions Q{' and QF as

(WaAlUp) = M (Walx)(x|¥p) (2.45)

L L
= ZMX <H Q?(Xa)> < leg(xa)> )
X a=1 a=1

where we used the SoV wavefunctions (2.37).

Overlaps of off-shell states. Another representation for the measure (2.38) is

d(ny,...,nr) (O + ina) P71 (na + 1)gg_4
M, o= B L) g, det Mo ” (246
Lol d(0,...,0) (m1 nL) = 0165 1;[ (=g + 100 — Z9'y)1_25 ( )
Y£a

which is equivalent to (2.38). The fact that it can be written as a determinant is quite
significant, as this implies that some overlaps can be also written as determinants as well.
For example, let us demonstrate that the overlap of any two states (®| and |©), which
satisfy the separability condition i.e.

L

L
(@) =[] Fxa), x1©) = [] G( (2.47)

a=1 a=1
can be written in the form of determinant. Indeed

@,@ ZM @’X 7d t (X ) (X )( +n ) (n + )2571

do o8 2y wl;la (=70 +i00—16;), ’

(2.48)

~10 -



where dy = d(0,...,0). Examples of such states are off-shell algebraic Bethe states with
two different twists

K
|@>=(—1)K1LHb(vi)IQA1>, (@] = (1) )\|wa1 (2.49)

with G(xa) = A2 [T (x — vi) and F(xa) = A [152 (xo — w;). In particular, for the
simplest case K1 = Ko =0 and L =1 we get

1t = (n+1)2s—1 1\ > L c
) = — [T (Ady ) e ~:(1_ _ ) (A0 (2,50
(3, 190) = - l;[ HZ:% ) e al;[l (2.50)

which correctly extends the relation (2.25).

The main goal of this paper is to show how to generalise these types of results to the
s[(N) case. In the next section we will extend our consideration to sl(3), mostly following
the same steps as in this section.

3 sl(3) spin chain

In this section we describe our general construction for the case of s[(3). For brevity we
will leave the proof of certain technical details until we describe the general s[(N) case.
The main purpose of this section is to demonstrate the main ideas and our techniques.
In comparison to the sl(2) case there will be new ingredients involved, such as the C(u)
operator. Also, unlike in the s[(2) case the SoV measure is unavoidably non-diagonal'* for
the general case, but it nevertheless leads to simple determinant expressions for various
correlators and overlaps as we will see.

3.1 Representation

As we explained in the previous section in this paper we consider HW representations on
the space of polynomials. More specifically we consider the representation of spin s, which
we define in terms of the operators acting on a space of polynomials C[z, y] in two variables
as follows:

Raising operators

Elg = 6z, Elg = 6y, Egg = xay (3.1)
Lowering operators
Eo1 = —2°0, — xydy, — 25 (3.2)
Es31 = —y°0y — yxdy — 25y (3.3)
E3y = +y8x (3.4)

!Different SoV bases which lead to a diagonal measure were constructed in [25] but to our knowledge
these bases do not diagonalise any well-defined operators such as B and C, nor can the measure be efficiently
extracted from the Baxter equation.
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Cartan generators

Hy = —220, — y0y — 2s

(3.5)
Hy = —y0y + 20, .

It is also convenient to repackage the sl(3) Cartan generators into gl(3) Cartan generators

2 1 S
Eq; = -H —H — .
=3 1+3 2—1-3 (3.6)
1 1 S
Eoo = ——H —H — .
22 3 1—1-3 2—1-3 (3.7)
1 2 S
E33 = ——H; — —H —. 3.8
33 3T g 2+3 (3.8)

In this way the generators satisfy the commutation relations (2.1). The HW state is
simply a constant polynomial |0) = 1 and the diagonal generators E,, have the eigenvalues
{—s, +s,+s} on the HW state. The eigenstates of the Cartan generators are homogeneous
polynomials in x and y and the lowering generators increase the degree by 1.

Lax operators. For sl(3) there are two non-trivial Lax operators £»! in anti-symmetric
representations. Denoting £! as simply £, it is an easy calculation to show directly from
the definition of £%! (2.5) that

L2 (u) = <u +is— ;) [—L (—u — ;)T : (3.9)

where t denotes the transpose of £ written as a 3 x 3 matrix.

3.1.1 Scalar product

Like in the sl(2) case we define the scalar product by introducing an orthonormal basis

. I'(n+k+ 2s)
Cnk = yk\/r(n +DI(k + 1)I'(2s) (3.10)

and define the bracket (-|-) by
<€nk7 en’k’) = 5nn’5kk’ . (311)

As any polynomial can be expressed as a finite linear combination of e, this defines the
scalar product on the space of all polynomials of x and y. It also defines the scalar product
between a polynomial and any function analytic at the origin. In order to have the scalar
product between two analytic functions finite one should impose some constraints on the
convergence radius. More precisely we need to require the limit of the scalar products
between two truncated expansions to have a finite limit.

Like in the case of s[(2), the factor of gamma functions in (3.11) is needed to ensure that
the generators [, are either self-conjugate or anti-self-conjugate to Ep,. This requirement
fixes (3.10) completely (up to an overall real factor). Similar to the sl(2) case we find the
following conjugation properties of the generators ET, = —Eg1, El; = —E3; and EI; = +Es,.
Finally, since the Cartan generators act diagonally we also have El = 4+E,, for a=1,2,3.
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3.2 Transfer matrix and integrability

Having the representation defined we follow the general steps outlined in section 2.1. In
this section we explicitly write some of the expressions from section 2.1 and give a few
more details specific to the sl[(3) case.

For the case N = 3 the twist matrix (2.8) becomes

M+d+ds - - -1
A= 1 0 0. (3.12)
0 1 0

As before it can be brought to diagonal form and has eigenvalues A1, Ay and A3 = ﬁ

The transfer matrix (2.3) is a differential operator in 2L variables x4, Yo, o =1,..., L.
The complete set of conserved quantities is contained in the two non-trivial transfer ma-
trices in fundamental Ty ;(u) and anti-fundamental To;(u) representations. The transfer
matrix Ts1(u) correspnding to the totally antisymmetric representatio does not contain
any new conserved quantities, but is a non-trivial function of u

Ts1(u) = Qo(u —is+1)Qo(u + is — i)Qp(u +is) I, (3.13)
where T denotes the identity operator.

Bethe Ansatz and the transfer matrix eigenvalues. The set of Bethe Ansatz equa-
tions (BAE), relevant for our discussion, is the following

Qolur —is)  Qi(up +1) Quz(uf — 5 -
Qo(up +is)  Qi(uf —i) Qualup + 1)’ k=1...,M (3.14)
_ Qu(uk +i) Q1(upr — %) B
e Quz(uf? — i) Qr(uj2 + 1)’ k=1,..., M (3.15)
_ Qu(uy +0Qﬂ@3 1) B
e Qu2(up® — 1) Ql(u}f"‘%) ’ k=1,...,Ms (3.16)

where the twisted Baxter polynomials are Q1 = A Hf\/hl (u—up), Q2 = (A1A2)™ HM”(
up?) and Q13 = (MA3)™ [T (u — ut?) (from (2.14) one should have M; = Mjy + M;3).
Note that for the purposes of finding the spectrum the first two equations are usually
sufficient. However, for the SoV construction we describe below one also needs to find 13,
which is a dualised Baxter polynomial, corresponding to an alternative nesting path in the
nested BAE terminology.

Once the Q-functions are known, the eigenvalues of the transfer matrices are given by
simple expressions (e.g. (2.17)). It will be convenient to introduce the notation

_ [+3]
= Qo(u — is) @ + Qo(u + is) Qi Q” + Qo(u + is) Qli , (3.17)
Q1 Q1 12
[-3] o ot
= Qp(u — is) 22— 4 Qq(u — is) 2 2+Qﬂu+m}i—. (3.18)

Q12 Ql Qil_Q Ql
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In terms of these functions the eigenvalues of the transfer matrices become

T1a ()W) = 71 (w)|¥), (3.19)
To,1(u)|¥) = Qo(u +is — 5) m2(u+ 5)|¥). (3.20)

Baxter TQ-relations. As there is certain confusion in the literature about the com-
pleteness of the Bethe ansatz,'® one may like to have an alternative way to define the
Baxter polynomials which can be done by means of the Baxter TQ-relations.

The Baxter polynomials Q1, (12, @13 and simultaneously 71 and 7 can be determined
by requiring their polynomiality (up to the twist factor A% in Q1 and (A \g)™ in Qy, for
a = 2,3) and that they satisfy the following finite-difference equations

Q[6+2s+1]Q [+2s—1] [1—1—3} . TZ_FQ[G—i—Qs—l}Qi;_ + Qé—Qs—l—l}Tl_Ql_ . Q4[9_28+1]Q([9_28_1]Q[1_3] -0
(3.21)
and

QLY — @, +mQt, - QIR =0, a=2,3. (3.22)

This set of requirements is a way to define the Bethe roots, alternative to the Bethe ansatz,
by first finding the Baxter polynomials satisfying the above equations and the analyticity
requirements.

Ground state wave function. The ground state of the transfer matrix — the state
corresponding to the trivial Baxter polynomials M; = Mo = My3 = 0 is particularly
simple. If we were considering a diagonal twist, it would simply be a constant polynomial.
As our twist is non-diagonal, but diagonalisable, the ground state can be obtained as a
result of rotation of the constant function with a GL(3) group element and is a non-trivial
function like in the case of s[(2) — (2.24). Instead of diagonalising the twist and rotating
the ground state it is simpler to construct T ;(u) explicitly for the length L = 1 case first.
Then requiring

T1,1(0)[Qr=1) = 71(0)[Q2=1), T2,1(0)[Qr=1) = Qo(is — 5) 72(3)|=1) , (3.23)

we obtain two first order PDE’s on |Q7,—1), fixing it uniquely up to a constant factor to

y —2s i(01+ s)
Q1) = (1+ ot )\2> x \ZOF (3.24)

Similarly, one can find the left ground state'6
—2s ) ) ) )
Q| = (1+w(A2+A3) Ayl) x [Agl(“ A Y A PPN Ag)] . (3.25)

Here the nontrivial overall normalisation is chosen so as to simplify the main results later on.

These functions are analytic near the origin and can be expanded into a series in = and y.

15Recently completelness has been proven for supersymmetric spin chains in the defining representa-
tion [44].
161 e. eigenvector of the transposed transfer matrix w.r.t. the quadratic form (3.11).
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Note that their scalar product, obtained as a limit of the product of the truncated
series expansions, is a nontrivial number, which we denote as N7,7

(Qr=1|Qp=1) = M, (3.26)
_9 . ) ) ) . )
N = (1 _ )\g)\S _ )\2)\3 i )\g)g) S A?z(@ﬁrls) [)\51(01+1S)+1/2)\;1(91+1S)*1/2 _ ()\2 o )\3)} '

For general L the ground state is simply a tensor product of L copies of |Q7—1) (or
(Q—1|, for the left eigenvector).'®
Having the ground state explicitly will allow us to build the excited states by means

of the creation operator B(u) [8, 10], as we describe in the next section.

3.3 Wave functions and SoV

In this section we explain how to construct excited states of the transfer matrices by action
of a creation operator B(u) on the ground state, in analogy with the s[(2) case (2.26).
The B(u) operator was first proposed in the context of SoV by Sklyanin in the seminal
paper [8]. It was much later in [10] when it was realised that the same operator can be
used to diagonalise the transfer matrix and explicitly build its eigenstates. We will review
this construction in this section and explain how it leads to the separation of variables.

Another operator, which was recently shown in [22] to also play a key role in the SoV
construction, is the C(u) operator which will be used to produce the dual SoV basis in the
next section. Both of these operators have a similar structure in terms of the monodromy
matrix elements!

B(u) = ng(u)Tlg(u — z)ng(u) — ng(u)TQQ(U — l)Tlg(u)
+ T13(u)T11(u — i)ng(u) — T13(U)T21 (u — i)Tlg(u) , (327)

and

C(u) = T23(U)T12(U)T23(u + Z) - T23(U)T22 (U)Tlg(u + Z)
+ T13(u)T11(u)T23(u + ’L) — T13(u)T21(u)T13(u + Z) . (3.28)

A simple observation, which one can immediately make from the form of the B and C
operators, is that due to the particular choice of the twist matrix (3.12) both of them
do not depend on the twist eigenvalues A\, which can be checked by a direct calculation
similarly to the sl(2) case [13].

Creating excited states with B(u). The key formula,

My

) o ] B(uz)l€) (3.29)
k=1

'"The series is convergent for large enough |A1| (and \o fixed).

BWith the replacement 1 — 6, in the overall normalisation.

For the finite dimensional case and with diagonal twist matrix the B(u)-operator defined in [8] is
nilpotent and cannot be used for construction of the SoV basis. In [10] it was shown that there is a
family of operators B&°°4(u) which can create eigenstates of the transfer matrix and at the same time are
diagonalisable.
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where |¥) is the transfer matrix eigenvector with eigenvalues as in (3.19) and uj. are the
(momentum carrying) Bethe roots corresponding to this state, first found in [10] for the
fundamental representation s = —1/2 is valid for general s. Note that B(u) is built
out of Tyy(u) and thus is a differential operator. Hence (3.29) implies that once the
momentum-carrying Bethe roots uy are found (from the TQ-relations or from the Bethe
ansatz equations), one can immediately build the corresponding eigenvector in terms of
partial derivatives of the ground state in full analogy with the s[(2) algebraic Bethe ansatz
construction. This is a huge simplification in comparison with the old nested Bethe ansatz
construction [45], which involves all the auxiliary roots and is a hybrid between the algebraic
and coordinate Bethe ansatz construction for sl(2).

In order to fix the normalisation of |¥) it is convenient to extract a trivial scalar
factor?? from the B(u) operator

B(u) = —Qo(u +is —i)b(u) . (3.30)

The remaining operator b(u) is a polynomial of degree 2L. After that we define

My
W) = T] blur)|9) (3.31)
k=1

exactly like in the sl(2) case.

Eigenvalues of B(u). Another key observation of [10] which generalises to our case
is that the eigenvalues of the operator B(u) are very simple. Because B(u) and thus
b(u) (3.30) commute with themselves for different u their eigenvalues are also polynomials

L
(x|b(u) = H (U = Xa,1) (U — Xa,2) (X] (3.32)

a=1
where
Xa,a = 0o +iSs+inqq, a=1,2 (3.33)
and ng, are integers such that
O S Na.2 S nml . (334)
For convenience we also introduce
Xa,0 = O +is. (3.35)

The spectrum of b is non-degenerate so the eigenstates (x| are well defined. As we will
explain below n’s could take any integer values as long as the constraint (3.34) is satisfied.?!

20The presence of this trivial factor stems from the fact that we consider a special class of representations
of 5[(3) on 2 variables instead of the 3 needed for generic representations, see [13, 19].

2n order to find the eigenvectors one needs to know how various operators acts on the right states. As
B(u) or C(u) are built out of elements of monodromy matrix, which is built out of generators of sl(3) we
can easily transpose those operators by flipping signs of some of the generators accordingly. As a result
the action of these operators to the right is also by a partial derivatives. Equation (3.32) is simply a set of
PDE on the function (x|. We will give some explicit examples below in section 3.5.1.
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Separation of variables. Combining (3.29), (3.30) and (3.32) we obtain

L M

U(z) = (x|T) = (x|Q) H H Up — O — 18 — inp1) (g — Oo — 1S — iNg2) - (3.36)

As we still have not defined the normalisation of the SoV states (x| we fix it by requiring

H )\ZXa 1+Zxa 2 (337)
which then results in22
L
W(x) H 1(%a,1)Q1(Xa,2) (3.38)

which is the very essence of separation of variables as our wave function is now explicitly
a product of one-dimensional factors.

Let us again emphasise the importance of the normalisation (3.37). It was shown in [13]
that this normalisation ensures that there is no dependence on the twist eigenvalues A1, Ao
in the SoV states (x|. We will demonstrate this later on an explicit example for L = 2.

SoV charge operator. While B(u) and C(u) commute with themselves for different
arguments u they do not commute with each other and it is this property which leads to a
non-diagonal measure for s[(3). However, as we see from the definitions (3.27) and (3.28)
they only differ by shifts in 4 and thus commute at large u. Whereas the leading coefficient
is simply a constant the subleading coefficients in B(u) and C(u) contain the same non-
trivial operator N which thus commutes with both B(u) and C(u) at any u. We refer to
this non-trivial operator as SoV charge [22] and in proper normalisation it is given by

L
b(u) = u*" + 1 [IN+2> (0 +is)| + O ?). (3.39)

a=1

The SoV charge operator N defined in this way satisfies
IN,B()] =0, [N,C(u)]=0. (3.40)
When acting on the left SoV state (x| it gives a non-negative integer number

(x|N = Zna’a<x\ (3.41)

and so counts the excitations above the SoV vacuum. It is straightforward to find the
explicit form of the operator N straight from its definition
L
N=N"=>" (2a0s, + 2Yaly,) - (3.42)
a=1
We can deduce from this that the SoV states have to be homogeneous polynomials in
T, Ya, With x, contributing one unit of SoV charge whereas each y, adds two units.

22We recall that we define the Baxter polynomials with the twist factors as Q1 (u) = \i* 2/[:11 (u — ug).
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Eigenstates of B(u) operator. As it was shown above the SoV states are polynomials.
As the ground state (0| (i.e. the left eigenstate of B(u) with all n, , = 0) according to (3.41)
has SoV charge 0 it must be a constant function. Furthermore, its normalisation is fixed
by (3.37), which implies

(0|=1. (3.43)

All the other SoV states (x| can be obtained by consecutive action of transfer matrices
on the SoV ground state (0|. One way to see this is by observing that the eigenvalue of
T5,1(u) at a special values of the spectral parameter u = 6, +1is — 5 simplifies to (see (3.19))

Ql(ea + s + 'L)
Ql(ea + ZS)

Similar relations hold true for the transfer matrices operators in higher representations.

T2.1 (00 +is — £)|¥) = Qp(0a + 2is — i)Qy(0a + 2is) T . (3.44)

Denoting by T, s the transfer matrix corresponding to the rectangular a x s Young diagram
and introducing the SoV creation operator A, s defined by

Ty (0, 7_-
Aus = 2olbatisty — 1) , (3.45)

1 Qo6 + 2is + ik — i)Qp (0 + 2is + ik — 20)
k=1

we have??

o Ql(ea +is + iS)

A, Q10 +79)

D). (3.46)

From this we obtain that

L 2 L 2

(x

O T Aaone..hw) = 1) T1 H =) () (347)
a=1la=1 a=1a=1

where we used (3.38) to get the last equality. So we conclude that the state (0| ][, , Aa,na .

has the same overlap as (x| with all eigenstates of the transfer matrix |¥), which of course

means that they are equal:?*

L 2
= (O T IT Acwnan - (3.48)
a=1la=1

As A, ; are obtained from the transfer matrix in the representation 2 x s, which themselves
can be built out of s copies of Eill)(u) at each site, we conclude that A, ; is an s x L order
partial differential operator with polynomial coefficients, which makes the equation (3.48)
very convenient for the building of the SoV states.

23 A simple way to verify this relation is by using the Hirota identity, which states that the eigenvalues of
the transfer matrices in rectangular representations Ty, s satisfy Tu,s(u+%)Tu,s(u— %) = Tat1,s(w)Ta—1,s(w)+
Tos+1(w)Ta,s—1(u). Using the known eigenvalues Too = 1, To,s = 1, Tus = 0 and Th1 = T3, Thy =
TB, T31 = T one can find all T, s(u) recursively using the Hirota identity. Alternatively, one can use the
Wronskian solution of the Hirota identity, which gives T, s explicitly in terms of 3 Q-functions.

2 Note that it is manifest from this construction that the SoV states (x| are rational functions of the
spin s since the transfer matricies are polynomial functions of the Lax operators (2.2) which themselves are

polynomial functions of s.
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3.4 Dual SoV states

In our construction the left eigenstates (V| are not related to the right eigenstates of the
monodromy matrix in an obvious way. Consequently, the basis which separates states (V|
has to be built from scratch.

In this section we build the right SoV basis |y) as an eigenbasis of the C(u) operator.
Like the original B(u) operator it commutes with itself [C(u), C(v)] = 0. We will again
see that the spectrum of operator C(u) is very simple. For example the right SoV ground
state |0), is the only state with the SoV charge N = 0, which again must be a constant.
We fix its normalisation so that |0) = 1, or equivalently

L . .
Q’O — H |: _ZYQ 0+1/2 2_'LY¢1,O_1/2 o )\2_7/}/(1,0"‘1/2)\3_1)’&,0_1/2] (349)

where we defined for future convenience
Yo,0 = 0o +is. (3.50)

The eigenvectors of C(u) can be constructed in a similar way to B(u) — using the
transfer matrices in anti-symmetric representations as building blocks. Namely, we define
the following combinations

Ty mey (W) = 1<f]§2m T pi—j+k,1 (U+ % (Mﬁ —py—mi+j+k— 1)) ;, 0<mg <my
o (3.51)
where M;‘ =2, j=1,...,mg and is 1 otherwise. The combination (3.51) is reminiscent of
the Cherednik-Bazhanov-Reshetikhin formula [46, 47] for that transfer matrix in an irrep
with a Young diagram p (and p' being the transposed of u,see figure 3), which states

Tu(w) = | _det T, +k( — 5 (= k- 1)) . (3.52)
In (3.51) we had to replace i by —i in the shift of the argument. The reason for such
replacement will be clear in section 6.

Like in the case with the eigenvalues of the operator B(u) we introduce the “cre-
ation operators”, which are simply properly normalised combinations of the integrals of
motion (3.51)

T* 0, +is + i “1
Da,ml,mg = — {ml m2} ( ) , (353)

T Qp(0u +2is + ik — i) T Qo(0u + 2is + ik — i)
k=0 k=1

where like before p} = 2 for mg > 0 and 1 otherwise. The C(u)-operator eigenvectors are

then given by
L

1Y) = II Dasmasimazl0)s 0 <maz<man (3.54)

a=1
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with the eigenvalue

L
C(u)ly) = —Qq(u+is) ] (u—y¥)(u—ys)ly) (3.55)
a=1

where we introduced the notation?®
Ya,1 = 0, +is+ imml y Ya2 = 0, + s+ ’L'mmg —17 . (356)

The SoV charge operator N (3.42) appears in the subleading coefficient of the 1/u
expansion of C(u) and so its eigenvalue is given by the sum of all mq 4,

Nly) =

(3.57)

Finally, let us state the analogue of the relation (3.38) for the contraction of the
eigenstate of the transfer matrix (V| and the eigenstate of the C(u)-operator. For that we
notice that (¥| also diagonalises Dg m, m, Wwith the following eigenvalue:

QYo + 5)Q13(Ya Z‘) (Q13 + Q12)

v Da mi,ma —
(¥ Decms, Q12(Ya,0 + )Q13(Ya0 5) = (Qus & Qu2)

(U] . (3.58)

We normalise (¥| so that

L

(w|0) = H [le Yoo + 5)Q13(Ya0 — 5) — (Q13 le)] . (3.59)

After that we get a factorised expression for the wave function in the SoV basis

L

(Ply) = H [Qm Yai + 2)Q13(Ya2 + %) — (Q13 Q12)} - (3.60)

In particular for the ground state we can read off the following normalisation of the right
SoV states

(Qly) = H [ AT Va, 1+1/2 2—zya 2+1/2 )\2—1'}’04,1"1‘1/2)\;7:)/04,24‘1/2]' (3.61)

Even though the above normalisation looks rather complicated, like in the case with (x|
it ensures that there is no A\, dependence in the |y) state either (for general proof of this
see [13]). We will see some explicit example below in section 3.5.1.

25We see that in these conventions for Ma,1 = Ma,2 = 0 we have yo,1 = Ya,0, Ya,2 = Ya,0 — ¢ With ya 0
defined in (3.50).
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3.5 Overlap of the SoV states

In order to be able to use the factorised representation of the wave function one also needs
to know the measure in the SoV basis. We will see that unlike in the s[(2) case the left and
right SoV states are not orthogonal to each other. Nevertheless, we can write an analog of
the s[(2) completeness relation (2.44) as

> My y) (x| =1 (3.62)
X,y

where M, , is an infinite set of nontrivial coefficients that form the SoV measure, a key part
of the whole construction. As a matrix it is the inverse of the infinite matrix of overlaps
(x|y). Knowledge of the matrix M, , in particular would allow the calculation of overlaps
between two Bethe states ¥4 and U5

(AP = 37 My (WA )y) (x| W) = (3.63)
X,y
L
> My [T (@t (et + HQ15 a2 + ) — (@1 © Q1Y) QF (xa1)QF (xa2)
X,y a=1

The overlaps matrix has in fact a nice and simple structure. First, due to the existence of
the SoV charge operator it is block-diagonal. Second, each block is a triangular matrix for
a particular ordering of the states (x| and |y). More precisely the left and right SoV states
are in one-to-one correspondence as both are labelled by a set of 2L integers constrained
by 0 < ng2 < g and 0 < mg 2 < mg,1. In section 5.2, we show that the overlap matrix
becomes upper triangular when we order both SoV states lexicographically with words
(n1,1,m2,1,...,00L,1,112,...,n N—1) and same for m’s. We will see that in general it is
a rather sparse matrix with elements accumulating near the diagonal. In section 5.2 we
derive the general form of this matrix giving an explicit relation for its matrix elements,
using an integral representation, generalising the results of [21, 22].

In the next section we report on some experimental observations coming from length
two spin chains.

3.5.1 Length-two data

We explicitly realised the above construction for a spin chain of length L = 2. In particular
we computed all SoV states (x| and |y) up to the charge N = 6 analytically.

The eigenstates of B(u) are labelled by 4 integer numbers ngq q, such that 0 < nq o <
Nq,1. Correspondingly we denote the eigenstates

(n1,1,n1,2; 2,1, 22| = (X|. (3.64)
The SoV vacuum in our normalisation is just 1

(0,0;0,0] = 1. (3.65)
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The first two excited states with SoV charge 1 are

(0,0;1,0] = —xo

2iS£L’2 9121‘1
1,0;0,0| = — — — .
< | (012 +2is) (012 + 2is)

where 912 = 91 — «92.
At charge 2 the states become more complicated

i1 2o (28 + 1)z3 61292
1,1 = —
0,0:1,1] 2is — O + 2s 2s (012 — 2is)
1 62,(2s + 1)a?
1.1: = - 1012 (4 1)+2 B =t
(1,1;0,0] (012 + 2is)? (xlx? (012(4s + 1) + 2s) + 2s
92
—2s(2s + 1)z3 + 12231 +i912y2>
(0,0;2,0] = a3
1 . 9 .
<1, 0; 1, O| = m (2(28 + 1).1’2 + (912 — Z) .2171:B2)

(2,0;0,0] = i(2s + 1)a3 + (012 — i) 129 .

(3.66)

(3.67)

(3.68)

We see that if we assign to z, a homogeneity weight 1 and weight 2 to y,, the eigenstates

are homogeneous polynomials of weight equal to the SoV charge. We also note that the SoV

basis does not have any dependence on the twist eigenvalues \;, as anticipated previously.

In a similar way the eigenstates of C(u) are labelled by the 4 integers mq . We denote

ly) = |m1,1,m12;m21,m22) .
For the right SoV vacuum we have
|0,0;0,0) = 1.

At SoV charge 1 we get
2is 1 — 912$2
0,0;1,0) = ———
0,01,0) 012 — 2is
|1,0;0,0) = —x;
At the level 2 the states again become more complicated

O12y2 — 2is 1

0,0;1,1) =

| T > 912 — 218

11,1;0,0) =y

0.0:2,00= L (Piz0z=Das | Ahaszias

010 — 2is \ 010 — ’L(QS + 1) 1010 +2s+ 1

2s(2s + 1)z .
—_— +2 -0
2is 41 — 012 tasy 1292

1,0,1,0) = —Z8 DL+ Bro D &y — i

012 — 28

|2707070> :x%_yl-

- 29 —

(3.69)

(3.70)

(3.71)
(3.72)

(3.73)



We notice once again that both left and right SoV states are homogeneous polynomials of
degree equal to the SoV charge.
Let us give some examples of the overlaps for SoV charge 0 and 1. We get a very

simple expression

1 0 0
0
<X|Y>|N§1 =10 25(01212—2is) 0 (3.74)
0 0 725(9912 '
12+2is)
For charge 2 it is similarly simple, but we also get non-diagonal elements
X[y N2 = (3.75)
—02, 0 —0%, 1 0
452(i912+25)2 452(i912+2s)2 452(i912+2s)2
0 6 0 1 o
4S2(72’912+2S)2 452(72'9124»25)2 4S2(7i012+25)2
0 0 b2l 0 0
S(ZS+1)(i912+25)(i912+25+1) o )
+
0 0 0 (05,157 0
0 0 0 0 —012(012+1)

S(2$+1) (—i912 +25)(—i€12+25+1)

In order to be able to compare with section 5.2, where we found an analytic expression for

the measure elements we need the inverse of the matrix (3.75)

My x|nes = (3.76)
_ 4s?(2s+if12)? 0 S(25+1)(254i012) (0124+25+1) 457 (0F,+45%) 0
02, 012(012—1) 0%,(02,+1)
0  4s%(25—i612)? 0 452(03,445%)  s(2s+1)(25—i612)(—if12+25+1)
0%, e . : 02,(02,+1) 12(012+0)
s 2s+1)(2s+1012)(i012+2s+1
0 0 D12(012—1) ) 20 ] 0
452 (62,+4
0 0 0 A R (0212 ) 0
12+1
0 0 0 0 _ s(2s41)(2s—i612)(—i12+25+1)
012(012+1%)

The overlaps of the SoV states do not depend on twist eigenvalues A,. This shows uni-
versality of these coefficients. As it was advertised previously the matrix M, , has upper
triangular form, i.e. all elements with m, 1 > nq,1 (for at least one «) are zero, furthermore
if mq,1 = nq,1 then one still gets zero if my 2 > nq 2. We computed explicitly the overlaps
between the SoV states up to SoV charge 6. On the figure 1 we indicate with squares the
non-zero elements.

In the section 5 we will explain how to obtain the overlap coefficients bypassing explicit

construction of the SoV states.

4 Integral orthogonality relations

In this section we will describe the method of [21, 32] for finding the SoV measure factor
M,  bypassing explicit calculation of the overlaps of the SoV states and then inverting the
matrix. We derive the so-called orthogonality relation and then use it to find the matrix
elements of the SoV measure explicitly in the next section.
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Figure 1. Non-zero elements of the matrix (x|y) (Left) and its inverse (Right) up to SoV charge
6. Blocks indicate fixed SoV charges.

The idea of the method of [21, 32] is the following: imagine we knew the measure,
then we would be able to compute the scalar products between left and right eigenvectors
of the transfer matrix in terms of the Q-functions corresponding to the states. Due to
the orthogonality of the eigenstates corresponding to different eigenvalues we then have
that a combination of Q-functions, corresponding to any two different states, vanishes. At
the same time the same combination where we only use the Q-functions of the same state
should be non-zero. Firstly, without knowing about the SoV framework it may be even
surprising that such combinations exist. At the same time if we find a combination of
the Q-functions which can be interpreted as an SoV product with some state-independent
measure, which has the above properties, it will most likely be unique and thus should
produce the SoV measure up to an overall factor.

In [22] it was shown for a finite dimensional case how to build such combinations of
Q-functions with the orthogonality properties satisfied. In [22] the orthogonality relations
were then interpreted as a system of linear equations for the measure matrix elements M,
and from the counting of the equations it was argued that they fix the measure factors
uniquely up to an overall factor. In the infinite dimensional case, it is harder to make a
totally rigorous argument as the system of equations becomes infinite. However, we will
see that the dependence on the spin can be factorised and thus it is sufficient to prove this
statement for a finite dimensional case only. Furthermore, the existence of the SoV charge
implies that the measure factor is block diagonal with each block being of a finite size,
which indeed helps to extend the previous proof to the general spin s case. Furthermore,
we explicitly verified our result for short lengths.

In this section we will generalize the results of [21] for sI(N) spin chains in the simplest
infinite-dimensional representation (i.e. s = 1/2 in our notations) to general values of s.
We will first discuss the s[(2) case, and then move on to s[(3). Finally, in appendix C we
give the generalization to any s[(IV).26

26The notation we use in this paper differs by i — —i from [21]. The notation we choose here is consistent
with the more recent paper [22].
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4.1 The sl(2) case

Before considering the non-trivial s[(3) case, we first re-derive the known s[(2) results in
a way suitable for the generalisation in the next section. We are following the derivation
of [21], which we generalise to the general s > 0 case.

4.1.1 Integral form of the scalar product

In the sl(2) case the only nontrivial polynomial Q-function (with a twist factor) is Q1 which
satisfies the Baxter equation which follows from (2.21) or (2.17),

Q= — Q.+ QM =0. (4.1)

Here 71(u) = T ,1(u) is the eigenvalue of the transfer matrix with fundamental representa-
tion in the auxiliary space. Let us note that for general s only one of the two solutions of
this equation will be regular and that is the one corresponding to Q1 = A Hg@l (u— u,%/,)

The main idea of our approach is to introduce a scalar product on functions of one
variable with respect to which the difference operator O defining the Baxter equation (4.1),

O0=qQ\™p+2 7 4 Qi ™p2 0@, =0 (4.2)

will be “self-adjoint”. Here D is the shift operator,

Df(u) = flu+1i/2) . (4.3)
We write this scalar product as
(9 )= 5 [ dupaluo(e)f (4.9

and the self-adjoint property is

(r09) =(90f). (4.5)

where f and ¢ are arbitrary twisted polynomials.?” This requirement constrains the in-
tegration measure . In fact we will find several such measure factors and the index «
labels different possible choices. Let us write more explicitly the L.h.s. of (4.5),

((ng ))a = /_ :o dugia f (Qé+25}9++ — 719 + QE_%]Q”) : (4.6)

For the s = 1/2 case studied in [21] it was sufficient to assume that p, is i-periodic. Then
we can shift the integration contour (assuming there are no poles, which could give an
additional contribution) in each of the terms in (4.6) up or down by ¢ so as to remove the
shifts of the argument in ¢g. As a result we find precisely the same operator O acting now
on f, thus proving the self-adjointness property (4.5).

2TWith asymptotics such that the integral converges at infinity. We will specify the convergence condition
later on.
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For generic s the i-periodicity of u, is obviously not sufficient. Assuming that we can
shift the contour by =+i, without getting any extra pole contributions we find that u, has

to satisfy
[+2s]
:U’(—Jt+ _ QG (4 7)
Lo 252 :
o Q@
The general solution to this first order difference equation is
z [(s —i(u—0p)) ++
Mo = € X Pa s g:H . Pa = Pa - (48)

The factor € is chosen so that it is analytic for all Imu > —s (assuming 63’s are real), it
has poles at u = tlg — is —in, n > 0 and zeros at u = fg + is —in, n > 1 and behaves at
infinity as a power ~ u!'~25. It remains to determine the i-periodic factors pq.

The functions p, have to be chosen such that 1) the integral is convergent 2) there are
no extra poles contributing to the integral when we shift the contour.

For simplicity let’s assume s > 0 to ensure that poles of ¢ are below the real axis. Let’s
first look at the factor p, € QE,*QS} g~ ~ and we need to make sure there are no poles in the
strip 0 < Imwu < 1. The only pole can come from the p, factor, however, since there is
always one zero u = g +is — in for some n > 0 inside this strip, coming from e x QE;QS] we
still can allow for the p, to have poles at u = 0g + is — im, m € Z. Similarly for the term
MQQE;FQS] g™ there should not be poles at —1 < Imwu < 0, this time € has a dangerous pole
at 05 — is, however, this one is luckily cancelled by the factor Q(E-,HS}; and similarly to the
previous term we still can allow for p, to have poles at u = 8 + is — im.

Further constraints on p, are coming from the convergence requirement. Assuming
that both f and g behave as A{“u’ at infinity, and assuming that —7 < arg A\; < 0 for
definiteness, we see that in order for the integral to converge, p,, has to decay exponentially
and faster than A at u — 400 and at the same time not grow faster than A\;™ at u — —oo.
Since, furthermore, we are only allowed to have simple poles at 63+is—im the most general
i-periodic function with these properties should have the form

L
Cs
le 1 — e2m(u—bg—is) ’ (49)

Thus we conclude there are L linearly independent measures with the specified properties,

which we denote as
€

Pa = 1 — e2m(u—0a—is) ’

a=1,... L. (4.10)

Note that for this choice of the basis, for any given « the poles of the measure pu, in the
upper half plane are at u = +is + in + 6, with n = 0,1,.... For the case s = 1/2 the
expression (4.10) reproduces the result of [21].

Finally, let us point out that for the case 0 < arg A\ < m we would have to simply
replace the sign in the exponent in denominator of (4.10) to ensure the convergence.
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Orthogonality. Having the self-adjoint property (4.5), we can now use standard argu-
ments from linear algebra in order to deduce orthogonality relations for Q-functions corre-
sponding to different states.?® Consider two different transfer matrix eigenstates labelled
as A and B, so that

o4Qt =0, OB =0, (4.11)

then as a consequence of (4.5) we have
(eFo*-0%0et) =o. (4.12)

The only difference between operators 04 and OP comes from the transfer matrices which

have the form
L—1

™t =2cos ¢ ul + Z Iy (4.13)
a=0
where IZ are eigenvalues of the integrals of motion. Thus (4.12) gives a linear system of
equations on the differences 14 — IB,

L-1

> (efePu®) up-18)=0, a=1,..L (4.14)
=0

As the set of coefficients of 71 distinguishes the spin chain state uniquely, at least one of
the differences I — IZ has to be nonzero. This means that for A # B the determinant of
the linear system (4.14) should vanish

(efQru)

det X 0AB - (4.15)

o,f=1,...L

B

One can consider this identity as an orthogonality relation between the SoV wave functions,
since the above determinant has the correct form! In the next section we clarify more
precisely the link with the explicit construction of the SoV basis from section 2.2.

4.1.2 Comparison to the SoV basis construction

Let us demonstrate that the orthogonality property (4.15) is directly related to the SoV
basis we constructed in section 2.2. Since the determinant (4.15) vanishes when A and B
label different transfer matrix eigenstates, we expect to identify it with the scalar product
(efQfu)

(WA|Tp) =N x det (4.16)

B a,f=1,...L

up to an overall state-independent constant factor A/ (which we can always introduce
by rescaling the integration measure (4.10)). Let us relate the determinant to the SoV
basis representation of this scalar product given in (2.45). We see that each of the brackets
in (4.15) is an integral over the real line, where the integrands have asymptotics dictated by
the measure and by the Q-functions which have the form A x [polynomial]. In section 2.2

8 Tricks of this type were used earlier in [32] by two of the authors and A. Cavaglia in the AdS/CFT
context.
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we assumed that |[A;| > 1 in order to ensure that the states we constructed are actually
inside our Hilbert space (see the discussion after (2.24)), and here this condition also plays
a key role as it allows us to close the integration contour in the upper half-plane. This
means that the integral reduces to a sum over poles of the measure at u = 0, + is + in,
n=0,1,2,.... As a result, we find

N x det Pur! = 4.17
eof(Qiefet), (4.17)
L L
> WM (T 0200) (T 0000
n1,--5M a=1 B=1
where the sum is over integers n, > 0 with xo = 04 + is + ing, and the M}, co-

efficients are some combination of residues of the integration measure. We see that the
arguments of Q-functions in (4.17) are precisely the eigenvalues of the separated variables
given by (2.30) from section 2.2. We also see that the expressions in the brackets match
the SoV wavefunctions (2.37). It is clear now that (4.17) indeed has exactly the same form
as the scalar product between two transfer matrix eigenstates (U4|¥p) we gave in (2.45)
above, with N x M)
we identify the coefficients in (4.17), following from the evaluation of integrals, with the

appearing in the place of the measure My, ., in (2.45). Thus

1,---ML

(inverse) overlaps of the SoV basis elements given by M, . n,,

My, =N x M, (4.18)

1,---M[ °
In fact, when we consider all different eigenstates A, B of the transfer matrix, (4.17) has to
vanish and thus we get a (infinite) system of linear equations that should be satisfied both
by N x M/

MN1,y...,[,
is unique up to an overall normalisation, which leads to (4.18). Since the overlap of two

and by the inverse overlaps My,  n,. One can expect that its solution

SoV vacua is (0|0) = 1 in our conventions, we must have My o = 1 and this fixes the
coefficient AV in terms of a combination of residues,

1

N=3

(4.19)

Now we can compute M), ., quite directly again in terms of residues, leading to the
correct result (2.38) presented in section 2.2.

4.2 The sl(3) case

In this section we generalise the derivation of the integral form for the scalar product and
orthogonality relations for the Q-functions to the sl(3) case.

For sl(3) we have two Baxter equations, (3.21) and (3.22) that were discussed in sec-
tion 3.2. Like in the previous section we rewrite them in terms of two difference operators,

[+2s+1] ~[+2s—1] [+3] Q+2S 1] [—25—1] ~[—3]
A - s_ B
00, = % T zsfl ) T+Q[ ) QF +11 Q1 — Qy QU7 =0 (4.20)
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and
0T 014 _QL zs]Q[ 3] — mQn + QT — Q[+2S]Q[+3] (4.21)

We recall that 7 and 7 are related to the eigenvalues of the transfer matrices in the
fundamental and twice antisymmetric representations defined in (3.17), (3.18).

The difference with the s[(2) case is that like in [21] we now have two operators O and
O, which become related to each other under a scalar product of the form (4.4). More
precisely we will require that the measure pu,, is such that

(@o'f) =0 (4.22)

where f has the large-u asymptotics similar to Q12 or Q13, i.e. ~ (A A2)™ul or ~ (A A3)™ul
for some powers t. In this section we will show that the measure factors u, are in fact the
same as in the s[(2) case i.e. (4.8) and (4.10), in analogy with the case s = 1/2 [21]. To
verify that we have to move the contours of integration so that there are no shifts in the
argument of f in the Lh.s. of (4.22),

(207), = [~ nalQitw) (@ X -rafrm QM) 2L (1)

211
du

21

+
= [l R @t g QYR ol

+residues from poles,

where we indicate that there may be extra terms coming from poles of p, which we will
consider later. We would like the expression in square brackets in the second line to be
proportional to OQ; as then the result will simply be zero. Notice that we have to match
several terms in the operator O (defined in (4.20)) with only one function pq, so it is not
trivial that a way to do this exists at all. However, from (4.10) we get

[+2s+1} [+2s—1] [+2s—1] [—2s—1]

+3 0 e Q) )
:u[a | = Qg 2s+3] Q[ 2s+1] Por Mo = W”a > /ﬁ([x l — Wﬂa (4.24)

which indeed gives u, OQ1 = 0 for the expression in the square brackets in (4.24).

We now have to verify that there are no additional contributions from the poles, which
one could potentially pick up when moving the integration contours around. Let us remind
that p, has simple poles at u = 6g —is —in, n > 0 for all 3 =1,..., L and in addition
has poles at u = 0, + is + in, n > 0 (with « fixed). Since p, is the only source of poles
here, we see that for large enough s there will be no poles at all to pick and thus the Lh.s.
of (4.24) is indeed zero. At the same time, as all terms under the integral are analytic
functions of s, so should be the integral. Thus we conclude that the poles should cancel
when they are present. In particular, for the case s = 1/2 the cancellation of the poles was
explicitly verified in [21]. We extended this consideration to the case s > 0 in appendix E.

Lastly, let us comment on convergence of the integrals in (4.24) at large u. As we
already mentioned, below we will use this equation for the case when f can have one of
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the two types?” of large u behavior: either ~ (A1 Ao)™u? or ~ (A1 A3)™u!. Similarly to the
5[(2) case (see the discussion above (4.10)) we will assume for definiteness that

0<arglg —arg\; <m, O<arglg—argh <. (4.25)

These conditions ensure that the integral in (4.24) will be convergent for both choices of
asymptotics of f. Also, like for sl(2), if e.g. the first inequality in (4.25) is violated, we
should redefine fi,, for the case when f has asymptotics f ~ (A1 A2)™u!, by flipping the sign
in the exponent in the denominator of (4.10). Similarly, when f ~ (A \3)™u’ we redefine
the measure in the same way when the second inequality in (4.25) is violated.

Integral orthogonality relation for the Q-functions. Now we are ready to derive
the orthogonality relations for Q-functions following in analogy with what was done for
5[(2) in section 4.1. Let us consider again two different spin chain states labelled by A and
B and take the combination

((Ql{1 (OATB N OTA) Q5a+1 ))a =0, a=1,2 (4.26)

where we use the Q-functions @12 and Q13 for the state B and @ for the state A. This
expression is equal to zero due to (4.21) and (4.22) The operators 04 and OF differ only
due to the different values of the transfer matrices 72 and 7.2 in their definition (4.20), (4.21)
which encode the integrals of motion,

L
Ta(1) = uFxa(\) + Z T aa—1, a=1,2, (4.27)

a=1

where x,(A) is the state-independent coefficient that is simply the character of s[(3) in the
a-th antisymmetric representation with eigenvalues given by the twists A1, Ao, A3. With
this notation, (4.26) gives

(2,L)

>oo(et e Db ) < (<1 (B — 1) =0, (4.28)
(b,5)=(1,1)

with @ = 1,2 and we introduced the multi-index (b, 3), which takes 2L different values.
Since for two different states at least one of the differences I, Ifﬁfl -1 Ifﬁfl has to be zero, we
find that the determinant of the linear system for these quantities in (4.28) should vanish,

Wt (@ DO ), =0 (129)
This is the key orthogonality relation, which generalizes the s[(2) relation (4.15) to the
5((3) case.
This time, however, it is less obvious that (4.29) has the form of the SoV product with
some measure factor. In section 5 we show that indeed (4.29) takes the exact form one gets
for the scalar product of two wavefunctions in the SoV basis we built above in section 3.

29We also remind that in our conventions A3z = 1/(A1A2).
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Like in the s[(2) case, one can also argue that the number of the orthogonality relations
in (4.29) is large enough to guarantee that we can actually deduce from it any element of
the SoV overlap matrix (y|x). Indeed, since the entries of the matrix (y|x)~! are rational
functions® of the spin s we can explicitly solve for each block of fixed SoV charge (y|x)™*
by considering the finite-dimensional case s € {0, —%, —1,...} with —s large enough. Then
we can simply analytically continue the result for that block to general values of s. We will
do this calculation in section 5.

4.3 General s[(IN) case

The integral form of the scalar product we obtained above for sl(2) and sl(3) spin chains
can be generalized quite directly to any s[(/N). In this section we will just present the result
for the orthogonality relation, while the details of the derivation are given in appendix C.
The result is almost identical to that obtained for the s = 1/2 case in [21] and reads

(a,(%?(tl)ﬁ) ((Q{x w1 p2+N o oBatl ))a x §AB (4.30)
Here the indices take values a,b = 1,...,N and o,3 = 1,...,L. We remind that here
D is the shift operator defined in (4.3). The only place where the s-dependence enters
into this expression is through the definition of the double-brackets (4.4), which contains
the s-dependent factor u, given in (4.10). In (4.30) we also introduced the notation for
Q-functions with upper indices,

Q4 = hr-by-1ay o (no summation over repeated indices) (4.31)

12..N"— 1, while the indices are chosen as

where € is the fully antisymmetric tensor and €
{b1,...,bn_1} ={1,..., N}\{a}. For example in the s((3) case the functions Q* appearing
in (4.30) are Q% = —Q13 and Q3 = Q12, so that it reduces to the sl(3) result we gave above
in (4.28).

In the next section we show how the relation (4.30) leads to an explicit expression for
the SoV measure M, .

5 Explicit formula for the SoV measure

In this section we establish the relation between the operatorial SoV approach, discussed
in section 3 on the example of sl(3), and the integral orthogonality relation we derived in
the previous section 4. As a result we will derive an explicit®' formula for the SoV measure
for general sI(N).

5.1 Comparison with the SoV construction for L = 2 case

In order to see how the relation with the SoV approach works, we first study the case of
short length L = 2 for the s[(3) spin chain explicitly in detail. In the next section we
discuss arbitrary length spin chains and then consider the general s[(N) case.

30This follows from the fact that both (x| and |y) are rational functions of s which was demonstrated for
example in (3.48).
31The measure has implicitly been obtained in [21, 22] and then later in [25].
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We start from the integral orthogonality relation given by the determinant (4.29) which
for L = 2 reads

(QlQIQ))l ((QlQIQu))l ((QlQlQ))l ((QleQu))l

dy = ((QlQl—Z))z ((QlQl—2u))2 ((QlQl ))2 ((QlQIr2 ))2 (5.1)
((QlQl—3>)1 ((QlQl—3u>)1 (Q1Q13>)1 ((QlQE” ))1
(@en), (@em), (@eh), (@iefu),

Here as well as below we omitted the indices A and B, indicating the state, for clar-
ity. In order to make the connection with the operatorial SoV approach we rewrite the
determinant as

L 2
d2 = /t2 {taa}) 1:[ 1:[ uaan (Uaa) o (Uaa) (5.2)

where
Qrz(u11) u1Qpy(un1) Qiy(uin) unnQiy(uin)
| Qi (u21) u21Qi5(u21) Q5 (u21) u21 Q75 (ua1)
f2({uaal) = Q13 (u12) u12Q73(u12) Qf3(u12) u12Q75(u12) (5:3)
Q73 (u2) u2Q73(u2) Qfs(u2) ugaQi3(ug2)

Note that all terms in the integral, except t2({ua,q}), are symmetric under the permutations
of uq q for each a separately. Computing the determinant explicitly we observe that up to
permutation we have the following equation

to({ttaa}) = (ur1 — uz1)(u1g — uge) FY" ™ Fy ™ (5.4)
(w11 — uw12)(u21 — u22) /0.0 p—1,—1 1,140,
- 1 (Fl Iy + B )

where ~ indicates that the equality holds up to the permutations. We also introduced the
notation

F3bo2 = Qua(uf +is1+5)Qua(uf +isa+5) — Qua(uf +is1+5)Qua(us +isa+3).  (5.5)
We assume that the twists satisfy
(Al > [As], (M) > [Aqf (5.6)

as in section 3 (where this condition ensured that the states we built actually lie in the
Hilbert space). This means that we can close the integration contour in the upper half
plane for all the integrals in (5.2), and evaluate them by picking the poles of p, (defined
n (4.10) and (4.8)) at

u==0,+is+in, n>0. (5.7)

At these points the factor u, has simple poles, with residues given by a product of Pochham-
mer functions defined in (2.39). For example, consider the first term in (5.4), which gives
the following contribution to the result in (5.2):

dy = /(un — ug1)(u1g — ug2) F{" T RS T T du; - @ (aa)a(tad)  (5:8)
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which we can now write as a sum over residues

dé = Z Z Z Z R£11n12n21n22 (59)

n11=0n12=0mn21=0mn22=0

where

R7[L11n12n21n22 = (Xll - X21)(X12 - X22) H [rcx,naan(Xazz)] (510)

a,a

X [Qm(xn + HQu3(x12 — £) — Qua(x11 + 5)Q12(x12 — %)}
X [Q12(x21 + D)Qu3(x22 — 3) — Quz(xa1 + £)Qra(x22 — %ﬂ

and Xaq = 0o + S + inq,q. This already has a form familiar from the SoV approach (3.63)
if we identify yo1 = Xa1, Ya2 = Xa2 — ¢, which gives
1
My xly oy =xar yaz=xaz—i = 7 (X110 — x21)(x12 = x22) [Trena. - (5.11)
The normalisation factor can be fixed by requiring that for n, , = 0 the r.h.s. gives identity.

This results in ;

N = (x10 = x20)* [[ 720 (5.12)
a=1

This is already highly non-trivial as we should be able to reproduce all diagonal elements

of the matrix of (3.74) and (3.75). For example taking ns; = 2 and all other n, , = 0 we
get from (5.11)

01— 0y — 23 72,2 S(2S + 1) (28 + 2'912) (i(912 + 2s + 1)
Mgy = ——F——= = — : (5.13)
01 —02 1rap 012 (012 — 1)
which perfectly reproduces the (3,3) element of the matrix (3.75)! We introduced the
notation MMz — My o where y and x are associated to n’s and m’s in the usual

way (3.33) and (3.56).
Now notice that for SoV eigenvalues we have to impose inequalities (3.34) whereas (5.8)

has the sum running over all positive n’s. To account for that let us split the sum in (5.8)
into 4 parts depending on n,1 > Na2 Or Na1 < Ng2 for a = 1,2. Then only one of four
parts na1 > na2 actually corresponds to (5.11). Now consider the case nj; < mi2 and
na1 > m22. As in this case we violate the inequality (3.34) we better replace the names
of the summation labels nis <> ny1. After that replacement and slight rearrangements
in (5.10) we get

R’I"Lm”nnzmzz = —(x12 = x21) (x11 — x22) H [T 0,0 @1(%aa)] (5.14)
% {Qm(xn — $)Qu3(x12 + ) — Quz(x11 — §)Qr2(x12 + %)}
% [Qw(x?l +5)Qu3(x22 — §) — Qua(xa1 + 5)Qua(x22 — %)} :

which under identification y11 = x11 — %, y12 = X12 and yi11 = X11 — %, Y12 = Xi2, which it
terms of n’s and m’s gives mi1 = n11 — 1, mi2 = nio + 1 and mo, = no, leads to

ni1—1,n12+1,n21m22 __

Mnll, niz, ng1n2y _N<X12 - X21>(X11 - X22) Hraﬂ'la,a . (515)
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For example taking n, o = 2,0,0,0 we obtain from (5.15)

M0 b12 + 2ir12 _ +s(2s +1)(2s — i612) (—?012 +2s+1) (5.16)
012 710 012 (912 + 2)

in agreement with the element 2,5 of the matrix (3.76). There are two other orderings in
d} producing Muimena=bnoatl gpd ppru=tmetlna=lnatl iy an analogous way.

Finally let us consider a slightly different type of terms in (5.4) with Fl0 OF2 It is
clear that this time each ordering of n’s will contribute in the same way so we can remove
the factor 1/4 and assume that 117 > nj2 and ng; > nge (when nj; = nig or ngy = nge we
simply get zero). Repeating the same argument as before we deduce

Mn11n12+1 ng1—1lngy __

1
niiniz, n21, n22 _N(XIQ —Xo1)(X11 — X22) Hra,na,a (5.17)

and finally the last term in (5.4) gives

1

My 17?1122772211,%2222“ - _N(Xu —x21)(x11 = x22) | | Tanaa - (5.18)

We see that the structure of the result is very suggestive. In the next section we will
generalise the above derivation to general length L.

5.2 General L expression for sl(3) measure

In order to generalize the derivation in the previous section to any L our starting point is
again the determinant in the Lh.s. of (4.29),

df, = Q1 v D3 a+1)) . (5.19)

et (

Then we drag out 2L integrations out of the determinant to obtain

L 2
a = [ tr({uaa)) IgIE= U0t a1 (5.20)

where 395
p-1 3
Ua,q Up o a Uq,q T 1 . 5.21
fl{uaal) = 95 { o Qo ( 2 )] (5:21)
We use the following relation for the determinants
det HgqpG > 1)|U071(a)| 11 det  Hups ]G (5.22)
€ a,a a,a,b = - e € a,b Q,a,0q,a .
(@) b,p) OO T L L @per-1(@,s ML :

where the indices a,b € [1,..., K] and o, 8 € [1,..., L], H and G are two arbitrary tensors

with 3 indices. In the r.h.s. we are summing over all permutations o of the L copies of ranges

of numbers 1, ..., K with o, j denoting the number at the location b+ (o — 1)K. We also

indicated that in the r.h.s. the determinant is computed for the L x L matrix whose columns

are labelled by §, and whose rows are labelled by pairs (a,b) such that o, = a (there

are L such pairs). Lastly, the combination ||Jo~!(a)| appearing in the sign factor is the
a
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number of elementary permutations needed to bring the set {o11,...,01,K,021,...,00 K}
to the canonical order {1,...,K,...,1,..., K}. The relation (5.22) is easy to verify and
we will use it in the derivation below.

In application to our determinant (5.21) we get

Ue (o)

tr({uaa}) =S (~1) = A TT Qs (ot +isan + ) Qus (tao +isar + 1)

i " (5.23)
where 544 =1 — 04, and Ay is the Vandermonde determinant, build out of u, , for which
Oa,a =b.

Finally, in order to bring it close to the SoV form we have to use that all terms in (5.20)
(except for the t1) are invariant under u, 1 > uqz2. For tr, interchanging uq,1 <+ uq 2 is
equivalent to interchanging Qi2(ua,1 + ...) with Q13(ua1 +...) and Qi3(uq2 + ...) with
Q12(uqa,2+. ..) and changing the overall sign of 1, as it is clear from the initial determinant
form of t7. Le. that is equivalent to antisymmetrizing Q12 and Q13 in the last term under
the product of (5.23), which will then allow us to rewrite the result in terms of Fa™'**?

1 IUo (@)
sym  t({uaa}) = 57 > (<1) 7 [T 2] Fatree. (5.24)

Ua, 17 Uq,2

Now the expression (5.24) is ready to go under the integration (5.20). Closing the
contour in the upper half plane and evaluating the integration by residues we pick up poles
coming from the integration factors jiq at ug,q = 0o +is+ing . where n, o > 0 and otherwise
are unconstrained. By construction the integrand is now invariant under u,,1 <+ uq,2 for
every value of @ = 1,...,L and so the residues are also symmetric under na1 < nq2.
Using this symmetry we can remove the factor 1/2” and impose 0 < Na2 < Na,1. The only
potential problem could be that in this way we take the contributions with 1,2 = na.1
into account multiple times — we will see in a moment that we do not.

Thus we can read off the following expression for the measure factor My, = Mg:l"‘a‘i}

| = (-1 Se
3X ma,a:na,a_o—a,d—"_o-g,a A%

T r
H 057”047,,12 a,Nq,2 (525)
a,0

M,
where 74,5 is defined in (2.39), 03 , = a+(a—1)(N—1) is a trivial permutation and Ay is the
Vandermonde determinant built out of 6., as before it has to be added to ensure our normal-
isation with My o = 1 holds. We also denote |o| is the number of elementary permutations
needed to bring the set Uuoq(a) to the canonical order Uuagl(a) = U11,U12, ..., ULT, UL2.

a a

It remains to check that we have not over-counted the n,,1 = n4 2 cases. Note that if at
the same time so 1 = Sq,2, then F®»1%«2 = () and we do not have to worry about this case.
Thus the dangerous situations are 04,1 = 1, 042 = 2 and 041 = 2, 04,2 = 1. But in the
latter case we get mq,1 = Na,1 —2+1 < Mq 2 = N2 —1+2 which is prohibited due to (3.48)
for example, so there is only one contribution coming from n4,1 = ng2 = Ma,1 = M2 and
thus (5.25) is valid as is.
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5.3 General expression for the measure

The general sI(IN) case is almost completely clear after the previous two derivations. We
start from the integral orthogonality relation (4.30) and pull out L(N — 1) integrations,
factors of Q1(ua,q) and the measure factors 1o (%a,q)

L N-1

dr, = /tL({Ua,a}) H H deQl(ua,a)#a(ua,a)' (5.26)
a=1 a=1 2mi

Then we apply the identity (5.22) to the remaining integrand tr,({uq,q}) and symmetrise
in permutations of u, q for each given «, which is equivalent to interchanging indices of
Q®. Similarly to the s[(3) example we arrive to the following result

Fsa,lasa,Q’“wsa,Nfl

sym  tr({tuaa}) =D (1) [H Aa] 1= N1 (5.27)

{ta,1,Ua,N—1} o a

where o is a permutation of (N — 1)L numbers 1,2,..., N —1,1,2,.... We also introduced
the generalisation of (5.5) as a (N — 1) x (N — 1) determinant

N -2
For it te T = dep QU <Ua,b +isap + iy ) (5.28)
a,

where sqq =1 — 04,4 <0.

Like in the s[(3) case we then have to close the contour in the upper half plane (which
strictly speaking requires |Ai| > |2 > -+ > |An|) and rewrite the integral (5.26) as a sum
over poles at Uq,q = 0o + 1S 4+ 1Nq,q for ng e > 0. At first let us assume that all n, 4 are all
different for a given «, then we can restrict ourselves to nq1 > na2 > -+ > ngn—1 > 0
using the symmetry of the integrand by removing (N —1)!’s from the denominator of (5.27).
If there are some n., s which are equal among each other, then the number of equivalent
permutations of n,, is less then N! and we have to compensate for the overcounting by

dividing for each « by

N!

M, = - (5.29)

#perm{naﬂ a=1

Thus up to an overall factor we get

dy, o Z H ML H Q1(Xa,a)Tama.q (5.30)

na,lZ"'Zna,N—lzo o ® a,a
. . N =2
X Z (—1)|Cf| H A, H {((ilel:c Q(l—l-a) (ymo + Nap + 1Sap T 1 5 )]
o a @ ’

where Xq,q = 0o + 18 + inq,q and yo,0 = 0 + is. In analogy with sl(3) we define

Ya,a = Ya,0 + ima,a — Z(a — 1) y Ma,1 > ... Ma,N—1 > 0. (531)

We show in section 6 that this in indeed the correct identification for the spectrum of the
roots of the C(u) operator. Note that for every combination of n,, and s, there is a
unique way to find y, 4 such that the expression in the brackets in (5.30) matches

N —2

det QU+ (ya,b + z‘2> (5.32)
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up to a sign. For that we have to find a permutation p® of [1,..., N — 1] such that for each
fixed «
Ma,q + sg’a = Nape +Sape, a=1,...,N—1 (5.33)

0 _
where s, , =

1 — a. For that we simply have to order the numbers 1,4 + Sa,q. Some
observations are in order: firstly, all {nq,q + sma}é\[;ll must be distinct, as otherwise the
determinant will vanish. This means that their ordering produces a unique permutation
pa- Secondly, the number in the 1.h.s. satisfy strict inequality mq, 1 + 8371 > M2 + 82,2 >

© > Mo, N-1+ ng\,_1 > 2 — N at the same time nq 4 + 54,0 > 2 — N meaning that we
will always be able to find unique set {mq.q}, satisfying the required inequalities for any

Na,a and sq,4. Explicitly for each a we find mq,q = (sort{nap + sap}), . — s?w

where we
introduced the notation sort, for a function which implements the sorting permutation p§.
We need to keep track of the signature of the permutation p, as this would affect the sign

of the result. Thus we conclude that we get the following contribution to the measure

o NUAN & (—1)oal Nty
= (-1 HAO H i H . (5.34)

a=1 a=1 a=1 "0

ag
y,X

’ma,a:(sort{nayb—awb})a o8

In practice we will have to determine for given properly ordered sets {nq,,q} and {mqq}
what is the value of the corresponding M, .. For that we have to sum over all possible
permutations ¢’s for which the relation between m’s and n’s holds. Finally, we can simplify
our result a bit by noticing that when we have a degeneracy in n,, we also have several
o’s which give the same result — and their number is exactly M,. So instead of summing
over all ¢'s it simpler to sum over all inequivalent permutations of n,, (within each «).
Denoting such permutations by k we then get

NlAXA ) N
M, = Z sign(o (H N }))H Maa

r
k=perm,n o0

(5.35)

a'a,a:ka,a_ma,a+a

To have all notations summarised in one place let us remind that o, , should be one of

(]}j!}l,)f! permutations of the numbers 1,2,3,..., (N — 1) repeated L times, otherwise we

define sign(o) = 0; we also define x,-1(q) = {Xa,b : 0oy = a}. The signature of the permu-
tation sign(o) is &1 depending on the number of elementary permutations needed to bring
the ordered set u,-1(1) Utig-1(9) - - Utg-1(y_1) to the canonical order uy 1,u1,2,..., UL N-1-
Whereas sign(o) could be ambiguous due to different possible orderings inside ¢ ~!(a), the
combination with the Vandermonds A(x,-1(,)) it is a well defined. Finally 7, is the only
s-dependent factor which is defined in (2.39).

In appendix G we give a simple Mathematica code which computes the measure element
for given n’s and m’s, implementing (5.35). As an example, we show the structure of the
measure matrix for the si(4) length-3 spin chain on figure 2.

6 Extension to s[(IN) spin chains

The integral representation give a sharp suggestion on what the spectrum of the SoV
operators in s[(N) case should be and how they should give rise to the measure factor,
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1 1000 2000 3000 3616
T T T T

1F 11

1000 - 1000

2000 - 2000

3000 - 3000

3616 |-, J J J 13616
1 1000 2000 3000 3616

Figure 2. Structure of the measure matrix M, , for s[(4) length L = 3 spin chain with all 3616
SoV states up to SoV charge N = 10. All non-zero elements denoted by a yellow pixel. Within
each fixed SoV charge block the states x and y are ordered lexicographically according to the words
(n1,1,n2,1,M1,2,M2,2,N1,3, "2,3). The matrix is upper triangular and has a fractal-like self-repetitive
structure.

for which we produced a prediction in the previous section. Here we extend the results
described in section 4 for sl(3) to sl(/NV). We will also fill some gaps in the previous
discussions. In particular we demonstrate how to diagonalise the B and C operators
by introducing new commutation relations between them and certain transfer matrices
generalising the relation first obtained in [13].

We begin by reviewing the key tools and relations and then proceed with the
generalisation.

6.1 Quantum minors

A useful tool when dealing with the higher-rank s[(/NV) case are the so-called quantum mi-
nors which are certain anti-symmetric combinations of monodromy matrices where “quan-
tum” refers to the presence of extra shifts which disappear in the classical limit. The

quantum minors T [;111]‘2] (u), n=1,2,..., N, are defined as

T [ie] () = S (18 T, (uia— 1)) T, (e ia—2)) . T, (@) (611
= Z(_l)deggTig(l)jl (U)TZ'U(2>]‘2 (u+1)... Tio‘(a)ja (u+i(a—1)) (6.2)
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Figure 3. Transposition of Young diagrams.

where the sum is over all elements ¢ of the permutation group S, of a elements. Note that
these objects (6.1) can also be identified as elements of the monodromy matrices in anti-
symmetric representations. In other words in (6.1) the fusion procedure [48] is performed
directly at the level of the monodromy matrix instead of the Lax operators like in (2.5).
The transfer matrices in anti-symmetric representations T, 1(u) are then obtained as sums
of quantum minors of a given size

Tea(w)= > T[] (u 1 1)) - (6.3)
1<i1 < <ig <N
Transfer matrices in all other representations can be obtained through the recur-
sive use of the Hirota identity if the representation is rectangular or by means of the
CBR formula [46, 47] for a representation corresponding to a generic Young diagram
p= (1, 4N)
i

_ . _ / _ _ /4 . _
Ty(u) = (et Tk (u 5 (Ml =+ gtk 1)) (6.4)

where as usual we have the constraints p; > pg > --- > uny and we remind the reader that
the transpose Young diagram p is defined as in figure 3.
6.2 Separated variables, B(u) and C(u)

We now turn to the construction of the SoV bases (x| and |y) obtained by diagonalising
the operators B(u) and C(u) respectively. The B operator is defined as [8-10)]

B(u) = YT [M] T2 [2 ol ] ] plmeNeal [V (6.5)
Jk
where jr = {j},...,jF}, k=1,2,..., N — 2 is a multi-index and we sum over all configu-
rations with 1 < ji < j2 < ... < j¥ < N — 1. Similarly, the s[(N) C operator is defined as
12..N—1 j j j
Clu)=> T 2N ] T RN TR (6.6)
Jk

We see that the only difference between B and C is the order in which the minors appear
and the associated shifts and so the two operators coincide in the classical limit and consti-
tute two different quantisations of the classical separated variables [49]. We will see later
how this definition of the C operator, initially found in [22] for su(3) case, comes about.
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Untwisted operators and lowest-weight state. In order to progress we need to in-
troduce the untwisted monodromy matrix elements 7;;(u) i.e.

N
T = Z TirAj - (6.7)

k=1

If the representation is finite-dimensional i.e. —2s € N there exists a lowest-weight state
0) in addition to the highest-weight state |0). The untwisted operators 7;; have a simple
action on both of these states, in particular

OT;(0) =0, i>j, (O0T(v) = QYN0 k=1,...,N -1, (6.8)
(0| Taen (v) = Q4 (0]

and
Ti@)[0) =0, i>j, Tu@)]0)=Qy0), Tu@)0)=Q;Y0), k>2.  (6.9)

In [13] the B operator was shown to have a very simple form in terms of the un-
twisted monodromy matrix elements 7;; when we use the companion twist matrix (2.8).
In particular, the quantum minors appearing in (6.5) were shown to have the form

Ty = 0 R dee AT L (6.10)

which is easy to verify by direct calculation. Note that since we have chosen to put det A = 1
it follows immediately that B (and also C) are independent of the twist eigenvalues and
hence so are their eigenvectors, in a properly chosen normalisation. Explicitly, in terms of
the untwisted operators 7;;(u), B and C read

=X TR T ] T ] TR 6y
and
=S T[] T B T [P TR (6.12)
We can also verify that k
(OB(w) = (~1)FN DNV (Qfel)) " ]:( B g (6a3)

and

N

C(u)|0) = (~1)2 1(N-1)(3N— H 2s+2k Nl H (Q[zs+2(k 1)] )N*1*k|0> (6.14)

as it follows immediately form (6.8) and (6.9). Like in the s[(3) case we subsequently define
b(u) and c(u) by removing trivial “non-dynamical” factors

LN-1)BN—4) TT (l2s—2k1\ N1
B(u) = b(u) x (~1)} T ()" (6.15)
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and

L(N-1)(3N—-4) = [2s+2(k—1)\ N —1=F
C(u) = e(u) x (~1)2 IT (@ ) (6.16)

k=1
respectively. Like in s[(3) case the operators ¢ and b are polynomials, as will be also clear
from below.

Commutation relation. The key relation derived in [13] allowing us to show that B
indeed generates separated variables is its commutation relation with transfer matrices
T (u) 32

“w 3

T (0= 5 = 1) ) B = fuluo)B@T, (0= 5 (= 4) ) + Raluw)  (617)

where the function f,(u,v) and the operator Ri(u,v) are given by

“u—v—zk—l—u) N
2 : 1
(u,0) 1;[ wu—v—ilk—1) ~’ Rafw,v) 322217;1 (6.18)

7

where h,, denotes the height (number of non-zero rows) of the Young diagram p and “. ..
in R (u,v) refers to non-zero terms irrelevant for the rest of our discussion. The key idea
is that if (A| is an eigenstate of B and (A|7;1(v) =0, j = 1,..., N for some v then the
remainder term R (u,v) in (6.17) vanishes and so (A|T,(v) will be a new eigenstate of B.

As a result of the properties (6.8) the natural state to start with to build up the
eigenvectors of B is the lowest-weight state (0. Unfortunately, for generic values of the
spin s we do not have a lowest-weight state meaning the relation (6.17) is not directly
applicable. On the other hand, as we will see, (6.17) can be modified to allow us to
diagonalise B starting from the highest-weight state instead. In order to gain some intuition
for the required modifications we will first demonstrate how this relation can be used in
the compact case s € {0, —%, —1,...,} to diagonalise B and then extend to general s.

Vanishing of remainder term in the compact case. In this subsection we assume
that s € {0,—3,—1,...,} and hence a lowest-weight state (0| with the properties (6.8)
exists. As we have just stated, we need a state (A| and a point v such that (A|T;1(v) =0
and so we can take (A| = (0] and v = 6, — is. Hence, the commutation relation (6.17)
reduces to

(O (0 —i (25-+ 1 —125) B () = fu (11,00 — i) OB () T (0 —i (254 —p1y))  (6.19)

We can then replace B with b and use the fact that (0| is an eigenvector of b with eigenvalue

N-1 _
(Qg( )12sl ) to conclude that (0T, (0o —i (28 + 1 — p})) is a new eigenvector of b with

eigenvalue
N-1

Fulu, 00 — i) (Q5F (). (6.20)

32Strictly speaking this relation as we have written it only holds when applied to states which are anni-

hilated by 7;1(v) for some v. This will not affect any of our arguments as we will only ever use it on such
states. The precise details can be found in [13].
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What is not clear from this construction is if (0T, (0o — i (25 4+ p1 — 1)) is actually non-
zero. It was explained in [19] how this requirement places strong constraints on the choice
of Young diagram pu. Specifically, p must be contained in the Young diagram describing
the physical space [—2s,0,...,0] in which case it has no vanishing eigenvalues and so we
conclude that (0T, (0o — i (2s + w1 — i) is non-zero. On the other hand, if p is not
contained in this diagram then T, (0, — i (2s 4+ p1 — p})) vanishes identically. Hence we
conclude that our new eigenstate should be of the form

(0|T1 5(0o —i (28 +s—1)) forany se {0,1,...,—2s}. (6.21)

It was also demonstrated in [13] that we can construct a whole family of states in such a
manner. In particular, the remainder term will continue to vanish as long as a transfer
matrix associated to a given 6, is not used more that N — 1 times [13]. The conclusion is
that each vector of the form

L N-1
(O TT TT Tuso (0 —i (25 + 5 1)) (6.22)
a=1 j=1

is an eigenstate of b as long as we choose each s7 to satisty s7 < —2s. Since the transfer
matrices commute we are also free to arrange the order of the product so that s < s§ <
-+ < s for each a, and so by (6.20) we conclude that (6.22) is an eigenvector of b with
eigenvalue

L N-1
IT IJ (w—6a+i(2s —s9)). (6.23)
a=1 j=1

Finally, we make one more remark regarding the independence of the SoV states on the
twist eigenvalues. Clearly, the state (0| is independent of twist. Furthermore, it was
demonstrated in [13] that every transfer matrix T, (v) with our choice of twist is of the form

. N
T, <v - % (1 — uﬁ)) = twist independent part + Z:l Ti1(v) x twist part, (6.24)
j=
see appendix A for more details. The twist part drops out when we act on states which are
killed by 7;1(v), which is precisely the requirement that T, generates a new eigenstate of B,
and hence B eigenstates constructed in this way are independent of the twist eigenvalues.
Of course, we already know that this is the case since B is independent of twist, but also
eigenvectors constructed as in (6.22) does not introduce twist into the normalisation.

In this section we needed the lowest weight state to construct the eigenstates of the
B(u) operator. The existence of this state is only guaranteed for particular values of s.
In the next section we will extend this construction to all values of s, circumventing the
requirement of a lowest-weight state.

6.3 *-map

Now that we have reviewed how to diagonalise B in the compact case we turn our atten-
tion to the non-compact case and further explain how similar techniques can be used to
diagonalise C.
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We introduce the following map, which we call *-map, which acts®* on monodromy
matrix T;;(u) elements as
Tij (U + CL) — Tz‘j (u — (I) (625)

and furthermore reverses the order of products
Tij(u+a)Ti(u+b) = Tr(u—b)Tij(u—a) (6.26)

for any a,b € C.

We will now discuss the key properties of this map, in particular how it acts on B and
the transfer matrices. First we will find how it acts on quantum minors since these are the
building blocks for both of these objects. From the definition (6.1) we find

T[] ) o T[] (=it - 1) (6.27)
which implies
T [3ie] (u—ila— 1)) o T [ ] (), (6.28)

and hence relates B(u) — C(u)! This means that all results for the B(u) operator can be
translated into some new relations for C(u) and will allow us to diagonalise C(u) in the
next seciton.

Next we examine the transfer matrices T, (u). Let us denote their image under the
#-map as T} (u). We first start with transfer matrices in anti-symmetric representations
Tq,1(u). Since these transfer matrices are defined by

Toi(u) = Z T Bigﬂ (u ~3 (@ — 1)) (6.29)
1<i) < <ig <N
it follows immediately from (6.27), (6.28) that Ty ;(u) = Tq1(u), and so the full set of
conserved charges is invariant under the x-map. Since transfer matrices in other represen-
tations T, (u) can be defined in terms of T, ; using the CBR formula
]

_ . Y Y — . o
Ty(u) = lggggm Ty k1 (u 5 (ul =i+ g+ k 1)) (6.30)

we can immediately read off that T;’l(u) is given by

* o X 3 I _ l‘ . _
T, (u) = lggggm Tyt =gt (u +3 (ul p =+ +k 1)) (6.31)
which explains the origin of the transfer matrices (3.51). The meaning of these transfer
matrices in terms of representation theory is given in appendix B.

Finally, let us recall that the remainder term Rq(u,v) appearing in the commutation
relation (6.17) is given by

Ri(u,v) = 27}1(@) X ... (6.32)

N
J=1

33This map is a composition of the Yangian anti-automorphism T (u) — T(—u) together with a relabelling
of the spectral parameter —u — u. Hence, terms such as f(u)T(u) transform to f(—u)T(u).
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and so under the x-map it results in R (u,v) = - % T;1(v). Combining these results

] 1°
we immediately find that the commutation relation (6.17) transforms under the *-map to

produce a new commutation relation which reads

T (v-+5 = 1)) = gulu )T (04 5 (= 4) ) € + Riluw)  (6:33)

where g,,(u,v) is defined as

Mo pbi(k — 1 — pa
(u,v) Hu vt il Ha) (6.34)

u—v—i—z(k—l)

In the next subsection we will explain how to use this relation to construct right SoV states
ly), the eigenstates of C(u).

6.4 Constructing the SoV bases

Diagonalising C. We will now explain how to diagonalise C using the commutation
relation (6.33). By (6.9) we have that

Ti1 (0o + i)]0) = 0 (6.35)

which itself implies that R} (u, 8, +is)|0) = 0. Applying (6.33) to this state then produces
the relation

Cl)T, (00 + 5 @5+ i = 1) ) 10) = g6+ )T, (G + 5 (254 1 = 1) ) C(w)]0)
(6.36)

where T}, is defined in (6.31). Replacing C with ¢ and using the fact that |0) is an eigen-

vector of ¢ with eigenvalue [Th ' Q([;_zsw(k_l)] we find that T}, (Ha + (28 +py — ,u’1)> |0)

is a new eigenvector of ¢ with eigenvalue
N—
H [F2st20=1] g (4,0 + is) . (6.37)

In terms of the different states we can construct the situation can be shown to be identical
to that of diagonalising B for the case where the physical space carries symmetric powers of
the anti-fundamental representation which was discussed in [13] but now using the transfer
matrices T*. Since the situation is identical we simply state the final result which is that
the set of vectors

L .
. i
I T (e)a o (2s+ug - M?”)) 10) (6.38)
a=1
are eigenvectors of C for any choice of the Young diagrams p® = (uf,...,u%_,0) and

are always non-zero (see appendix B). The eigenvalues of ¢ on these excited states is then
deduced immediately from (6.37) and have the form

L N-1
I IT (w=v$) (6.39)



where we have defined yo j = 0o + i(s + p§ + 1 — j), where pu$ = m$ in the notation of

section 3.
The operator T},a (9a +is + % (u? — ,u‘l)"/)) is diagonalised by any eigenvector (V| of
the transfer matrix with eigenvalue given by
1

J+1 «Q N —9
1< 9 <y’“ T3 ))

J+1 o E -
1§j,%gj\7—1Q (yo+2(N 2k))

* . Z (0% «,
([T <9a st o (s - )) (W (6.40)

where Q7 was defined in (4.31) and we have omitted certain Q-dependent factors which
we reabsorb into the definition of the SoV basis, similar to what was done in the sl(3)
case (3.54), and like for s[(3) we define

Yo =0q +is. (6.41)

We can then choose to normalise (¥| so that

L

_ i+l (o Loy
wo =11 ,_get, @ (6 + 5 (v~ 20)) (6.42)

and hence obtain the following SoV wave function for (¥

L

(Uly) =[] det Q" (y;%“r

1< k<N-1

1

LV 2)) (6.43)

o=

which perfectly matches the wave functions appearing in the integral approach to scalar
products, see section 4.3.

Diagonalising B. We already mentioned we would have some trouble diagonalising B
since our commutation relation (6.17) requires the presence of a lowest-weight state (0.
Let us return to the compact case one more time. We already explained that the set of

vectors
L N-1 i
(0] H H Ty,s0 (Ha - 5(25 + 55 — 1)) ;o 0<sf <28, 8§ <Py (6.44)
a=1 j=1

diagonalise B. We can gain some further insight by rewriting these transfer matrices using
Q-operators [50-54]. The Q-operators Q;(u) and Q° are defined as the operators which
have the Q-functions Q;(u) and Q*(u) corresponding to the transfer matrix eigenstate |¥)
as their eigenvalues

Qi(w)[P) = Qi(w)[¥),  Q'(u)|¥) = Q"(u)|P). (6.45)

The main relation we will make use of is the following

Q1(0q —i(s + s;l))
Q1(0, — is)

Ty 5o (9a - %(23 + 8§ — 1)) x (6.46)

45 —



where o indicates that the equality holds up to non-zero multiples of Qg [19]. This relation
allows us to rewrite the above set of vectors (6.44) as

~' Q1 (0 —i(s +55))

L
. 6.47
]g :1 Ql( _ ’I,S) ( )
The highest-weight state can then be obtained by choosing all s7 = —2s
L N-1 .
A Ql(ea + lS)
o] «< (O T 150 (6.48)

This simple rewriting has actually helped us quite a lot — we see that we can start from
the highest-weight state (0| and move back down towards the lowest-weight state by acting
with operators of the form

Q10 +i(s — 59)) N

F=0,1,...,-2 6.49
Qlatis) =~ T (049

and we will be able to obtain all B eigenvectors in this way. Explicitly, the B eigenvectors
can be written as

(0| ﬁ ]i'[l Qi (0a + ils — 53)) (6.50)

a=1 j=1 Q19+ZS)

where now —2s > s{ > ... > s%;_; > 0. We can now analytically continue in the spin s from
{0,—1,...} to general values. Then in (6.50) the constraint —2s > s¢ > --- > s%_; > 0
should reduce to s{ > --- > s%_; > 0, with no upper limit on the value of s{', and we
expect this set of vectors to exhaust all eigenvectors of B. In order to verify this it would
be convenient to be able to generate the vectors (6.50) using transfer matrices instead of
@-operators since the former are usually easier to work with. Hence, we need some transfer
matrix which at some value of the spectral parameter becomes the ratio (6.49). Luckily, it
is not hard to work out that the transfer matrix in question is given by

TN—LS?‘ (Qa + 15 — %(N - 3? - 1)) (651)

and we derive a new commutation relation between B and Ty_; s, alternate to (6.17),
which reads

Ty-1. <u—;(N—s—1)> B(u) = h(u, 0)B(w)Ty 1.6 <v—;( o1 ) +ZTLJ

(6.52)
This relation is a special case of a more general relation involving B and the transfer
matrices constructed from the inverse monodromy matrix T~!(u), see appendix A but
for our purposes this relation is enough. Now we can use (6.52) directly to diagonalise B
starting from (0|, avoiding analytic continuation. Like what was previously described when
starting from the lowest weight state, it is possible to apply a transfer matrix corresponding
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to a given 0, at most N — 1 times and the remainder term will still vanish, meaning all
eigenvectors of b can be constructed as

L N-1 .
, i

O/ TT IT Tv-1e (e)a Fis— DN = - 1)) , (6.53)

a=1 j=1

and the corresponding eigenvalue is given by

L N-1
IT TT (v = %ay)s  %ay =ba +i(s + s5) (6.54)

a=1 j=1

with s = nq,; in the notation of section 3. The fact that this normalisation ensures that
the states (x| are independent of the twist eigenvalues is clarified in appendix A.

6.5 Reduction of SoV bases to the compact case

We close this section by demonstrating how the SoV bases we have constructed behave
when we restrict ourselves to the compact case with s € {0, —%, —1,...}. In this scenario
our infinite-dimensional irreducible space becomes reducible with a finite-dimensional irre-
ducible part. As we will see, the SoV basis vectors corresponding to the irreducible part
remain non-zero and everything else vanishes.

Since the SoV bases are polynomial functions in the spin s when we use the differential
operator realisation like in the s[(3) case there is no problem with simply setting s to some
negative half-integer value. Using the results of appendix B only a finite number of transfer
matrices will remain non-zero when we do this. For the right SoV basis |y) defined by

L .
* ? (o] «,
ly) =TI T (% +5 (2s +ul = py ')> 0) (6.55)
a=1

the state will vanish for any configuration with u$ > —2s but will be non-zero as long as
1y < —2s, and hence the number of non-zero states precisely matches the dimension of the
finite-dimensional irreducible part of the representation, see [13, 19].

Similarly, for B, the transfer matrix (6.51) can be shown to be non-zero for any s in
the non-compact case, and if we reduce to the compact case it remains non-zero only if
0 < s < —2s and we reach the same conclusion.

7 Determinant representations for overlaps and expectation values

In this section we will extend the previous results by deriving the SoV based determinant
representations for overlaps and expectation values of various operators.

7.1 Defining det-product and its relation to SoV

Here we discuss the main tools for computing some physical observables with the help of
the SoV approach we developed in the previous sections. For simplicity we will mostly
demonstrate the method on the sl(3) example but in all cases the generalisation to s[(V)
is quite clear.
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In particular, in this section we consider the overlaps between the state of the chains
with different twists. Such overlaps were recently considered in the context of AdS/CFT
correspondence [35] and can be interpreted as 3 point correlation functions involving so-
called color twist operators.

The key observation is that the SoV states, in the non-diagonal frame (2.8), are not
sensitive to the twist of the monodromy matrix. In other words the same SoV basis will
separate the wave function for any values of the twist eigenvalues A\,. This implies that
the integral representation we derived in the previous section for the states of the same
spin chain can be, very non-trivially, used to compute overlaps between the eigenstates of
different transfer matrices.

For what follows it will be convenient to introduce the notation for what we call the
det-product,

[GaitalFal = jéo o Jet (Palw) w1 D32 G gy (u) ))a (7.1)
where the notation with double brackets, which initially referred to an integration (4.4),
we understand now more generally as a sum over the poles of the factor u,. So in this
section we re-define

(f(u)), = Z Tanf(Xa,0 +1in) . (7.2)
n=0
The normalisation factor is .
No=A5, [][r20- (7.3)

Thus for the case when G and F in (7.1) are Q-functions describing two spin chain states,
the det-product gives the overlap of these states we presented above in (4.29). Notice that
with the expression (7.1) one can follow all the same steps as in section 5 to arrive to the
following result:

[GajitalFa] = ZMyXHF (Xa,a) (7.4)

X,y «,a

X H [ a,2 Ya 1+ )Ga,3(Ya,2 + %) - Ga,S(Ya,l + %)Ga,Q(Ya,Q + %)} .

We will see that a number of correlators can be expressed in terms of the det-product.
Even though we found an explicit expression for the SoV measure M, ,, our ultimate goal
is to bring the correlator to a determinant form, rather than to a sum over the SoV states.
We will show how in some important cases the explicit form of the measure is not needed
as the result takes the form of the det-product.

In order for two states © and ® to have a scalar product which can be written in the
det-product form, we have to require what we call separability property from these states,
which can be expressed as

H a Xa 1 Xa 2) (75)

a=1

L
(I)‘y H |: a,2 YQ 1+ )Ga,S(YQ,2 + %) - Ga,S(Ya,l + %)GQ,Q(YQ,Z + %):| . (76)

a=1
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If that is the case, then as a consequence of the completeness of both SoV bases {x} and
{y} and due to the relation (7.4) we then immediately get

(®|1©) = [GaitalFa] - (7.7)

In what follows we explore a few examples when (7.5) does hold. One immediate example
is when both states are transfer matrix eigenstates. In this case of course we simply have
Fy = Q1 and G = Q1,¢, so that

(AP = [Q1) 1 |QF | oc 645, (7.8)

In the above expression the left and right wave functions are normalised according to our

conventions from section 3.

7.2 Overlaps between wave functions with different twists

Another quite obvious example where the separability property (7.5) is satisfied for both
states but gives much less trivial overlap than (7.8) is the case when both states are eigen-
states of transfer matrices with different sets of twists eigenvalues A\, and \,. As we
emphasised before, the SoV states do not depend on X's and thus should separate wave-
functions corresponding to the spin chains with arbitrary twist eigenvalues A\, (provided
the twist matrix is of the form (2.8)).

Thus we conclude that the overlap between the states of the spin chains with different
twist eigenvalues can we written in the form

(P [ W) = [[Q12,Q13‘Q1ﬂ : (7.9)

In the above expression we still assume that the states are normalised in agreement with
our conventions. However, we can also form a normalisation independent combination, for

example
( @) (Phe [ Pha) B HQm,Qw’QlH [[Q12,Q13’Q1H
( ) (e[ WAa) [[Qm,@l?)’@lﬂ [[Q12,Q13’Q1ﬂ '

Examples of the non-trivial overlaps. The simplest example of a non-trivial overlap

(7.10)

T | g
Pha ’\1;5\

is the overlap between two ground states corresponding to two different twists. Since our
twist is non-diagonal, the corresponding ground states can be obtained by acting with a
suitable global rotation on the constant polynomial. This is discussed in detail in section 3
where we explicitly found the ground states (3.25) and (3.24). For the simplest length 1
spin chain we have

Q)‘“ . )\2ix1,0 ﬁ i 1 s 711
[Q72,) = Ay )\1+/\2+ ; (7.11)
1
X ~ix 1. ~ - - —2s
(@] = AT (R = Ay) (rc (Ro+2s) - % + 1) . (7.12)

In order to demonstrate that equation (7.9) holds, we first compute the Lh.s. by expanding
both functions up to some fixed order, computing the scalar product between two resulting
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polynomials and then sending the expansion order to infinity, like we did previously in (3.26)
for two equal twists. We find that the generalisation of (3.26) reads*

(QYe|Qe) = AZPo 3 o+s (A3 = X2)(1 = Xa/ A1) 725(1 — A3 /M) 7. (7.13)

Now we can try to reproduce this result using the det-product of the corresponding
Q-functions, i.e.

Qe = A", Ql G4a = >‘m>‘1+a (7.14)

Evaluating the sum over residues we get

—2s
iu+b—3 ~iutb— 3 I'(2s i01—s (X ~ b+if1 —s—3 1
(e mre i b)) = (i)™ (12 )

(7.15)
Then we plug this expression into the determinant and divide by the normalisation con-
stant, obtaining

Q?a]] = Fdet (( A X i )) i (7.16)

0 ab

| @i

which perfectly reproduces (7.13)!

Probing the transition matrix. The overlap between two eigenstates of the transfer
matrix in different frames is s[(/V) invariant. This means that one can diagonalise either one
of the two twist matrices (2.8). The matrix which relates the two frames that diagonalise
one of these two twist matrices has the following general form, valid for sl(N):

Ai — 5\b 1 i — N
Sap = HA Y S :HS\-—X . (7.17)
i#a i#a 7t a

Let us show that the above transformation is hard-wired into the SoV construction and
into the det-product in particular. Consider the normalisation independent combination
of the scalar products of two twisted vacua,

QU _ (A= Aa) 25\ = Ag) 25 (M = da) 25\ — Ag) 2
QD) (A= A2) 72 (A1 — Ag)725(Ag — Ag)2(Ay — Ag) 2

(7.18)

Let’s now focus on the fundamental representation, i.e. s = —1/2. Let’s assume that [(2)
is in the diagonalised frame. We know that for the diagonal twist the ground is simply
the highest weight state |Q2) = €}, whereas the other state reads |Q) = S7'|Q) = S;'e1 +
52_116’2+S:3_11€3. Similarly for the left states (2| = €1 and <S~2\ = (Q]S = S11€1+ 52162+ 53165,

from where we would expect that for s = —1/2 we should get
(1) (22) 1
@ )

34For the limit of the truncated series to exists one requires |Ai| > |X2| and |A1| > |X3|, which also
coincides with the condition for the convergence of the sum over poles in the r.h.s. of (7.9) (generalising a
similar condition for the equal twists case discussed in equation (5.6)).
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which is indeed the case as we see from (7.18). Note that one can further interchange the
order of the eigenvalues, changing the vacua accordingly, to deduce any combination of
the form SabSba ,
of all SabSb , a,b=1,2,... N allows one to reconstruct Sy, modulo the transformation

a,b = 1,2,3. One can invert the logic and verify that the knowledge

S — D1.5.Ds, where D1, Do are two independent diagonal matrices. The diagonal matrices
will commute with the twist matrices and they reflect the freedom in the definition of S in
the first place.

7.3 On-shell off-shell overlap

In this section we explore the effect of the action by B(u) or C(u) operators on the states.
Assuming the state |©) is separated by the SoV basis like in (7.5), we have

L L
{x[b(w) U —x7)(w = x3) 1:[ u—a7)(u—x3) Fo(X{) Fa(xy)  (7.20)

where b(w) is the nontrivial part of the B(w) operator defined in (3.30). We see that the
action by b(w) simply translates into the replacement Fy(u) — (w — u)F,(u). It is clear
that there is a potential to generalising this further. We can define a “local” b, operator
so that

L
=[] pa(u) (7.21)
a=1

where b, (u) is a polynomial of degree N — 1 in u, diagonalised by (x|, with the spectrum

NMu — Xa.q). Repeating the same calculation as in (7.20) we see that bg(w) acts on

F,, as®
bs(w) o Fu(u) = (w—u)%Fy(u). (7.22)
To summarise, this means that multiple action of any bg(w) operators does not spoil the

separability property of the wave function. This means that we can compute a set of rather
non-trivial form factors in a determinant form,

(Blbg, (01) . b (0)[0) _ | G110 — ) | ,

= (7.23)
(®[6) [GaalFal
A particularly important case is the following state
|\Il>off shell = b(vl) . b(vk)]Q) s (7.24)

which in analogy with s[(2) one could call the off-shell Bethe state. To distinguish it from
some other off-shell Bethe states existing in the literature, one could call it algebraic off-
shell Bethe states as opposed to the hybrid coordinate-algebraic way of building eigenstates
of transfer matrix in nested Bethe ansatz approach. It follows immediately from (7.23) that

350ne should be careful with the o notation, as there is no linearity in the first argument, e.g. sum of two
operators does not necessarily produce a factorisable state and thus does not have any well defined action
on individual F,. However, o is an associative operation and does support an action by several operators.
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the overlap between (7.24) and any separable state, and in particular with an eigenstate
(®| of the transfer matrix, is of a determinant form

(@) off shell = MQMH

) K
AT (u - vk)]] . (7.25)
k=1

Note that for that to be true it is not required that {vy} are the Bethe roots, solving Bethe
ansatz equations. As we described before in section 3.3, when the parameters {v;} do
satisfy the Bethe ansatz equations the state |U)qg shenn does actually become an eigenstate
of the transfer matrix.

In analogy with b, (u) we can also define ¢, (u), containing only those roots of c(u)
that are associated with 6,. For the insertion of this operator we can use the relation

(@leg(w)ly) = (@ly)(w—ys1)(w—ys2) (7.26)
L
= (w_yﬂ,l)(w_y,b’,2) H (GQ,Q(YOA+%)Ga,3(YO¢2+%)_Ga,3(YQ1+%)Ga,2(}/a2+%))
a=1

implying that Ggq(u) — (w—u+ £)Gg 4(u), leaving other Gq q(u) with o # 3 unchanged.
Therefore we can generalise the result (7.23) as follows:

(Bley, (V1) - - Cype (Vi) by (w1) - .. by, (w)[O)
(@)

| G () TS (0 =+ 5700 () T (w0 — ) |
[GHIF] |

(7.27)

7.4 Form factors of derivatives of the transfer matrices

In this section we show how our integral SoV approach leads to determinant representations
for a large class of diagonal form factors, extending the results of [21] from s = 1/2 to generic
s. While the extension is almost straightforward, we present here the key steps to make
the discussion self-contained. We first consider the sl(3) case, but generalization to s[(N)
is immediate as we will explain shortly. We also show how to compute matrix elements of
some local operators from this data.

The form factors we consider are the diagonal matrix elements of the derivatives of
integrals of motion (coefficients of the transfer matrices) defined in (4.27),

(W) g,
(re)y 9

(7.28)

where p is a parameter of the model (either an inhomogeneity 6, or a twist \,). While
the spectrum of the model is under good control and one could in principle compute the
derivative in the r.h.s. of (7.28) directly (as a ratio of finite differences), here we rather wish
to express it in terms of Q-functions evaluated at one fixed value of p, and it is nontrivial
that such an expression exists at all. We will see that the result has a rather natural form
of a ratio of two determinants, with the denominator corresponding to the norm (4.29) and
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the numerator given by the same expression with an extra insertion that we interpret as
describing the operator 8pfa7a_1 we consider. In the AdS/CFT context correlators of this
kind are also important as they correspond to 3-pt functions with marginal operators [55].

If we consider a small variation of our parameter p — p + dp, the Q-functions Q¢+!
as well as the operator O in the Baxter equation (4.21) will change, but the equation will
remain satisfied, so that (Of +801)(Q91 +6Q*+1) = 0. Using that the original Q-function
satisfies OTQG+1 = 0, and dropping the terms quadratic in variations, we have

0= (@Ot +50N Q" +6Q") ) = (@015 ) + (@07 ) . (7.29)

Using now the self-adjoint property in the form of (4.22), we see that the first term vanishes
so that we get

(@,0fQ ) =o. (7.30)
Explicitly, the variation of O reads
8POT _ Z (—1)b+18pr,g_1uﬁ*1D*2b+3 _ f/p (7.31)
(6,8)
with
¥, = = [0,y D7+ (-1)°0,Q, D] = S ()Mo, b put DR (732)

b

Here we denoted by I, ;, the leading coefficient in the transfer matrices of (4.27) so that
I, = xp(A1, A2, A3). Plugging this into (7.30) we get a linear system for the variations
Oply g—1, of the form

Z m(ava)v(b:ﬂ)(_1)b+18pr,,3—1 =Ya,a)s Ya,a) = ((Ql }A/ZD o Qa+1 ))a (733)
(6,8)

where

M s = (Q1 w1 D0 Q) (7.34)

(e
is the same matrix appearing in the sl(3) scalar product (4.29) with the two states taken
to be the same. We can write the solution of (7.33) using Cramer’s formulas as

111 9€t(a,0),(6,8) T (a,0),(0,8)
Oply grq = (—1)"*! 22 sl L (7.35)
. det(a,a),(6.5) M (a0),(6,5)

where 1My q),5,3) i the matrix m(q a4 With the column (b', 3) replaced with yq.q)

a,q
defined in (7.33). This gives a determinant representation for the variation of integrals of
motion and the form factor (7.28).

From the discussion in appendix C it is clear that the result (7.35) extends immediately

to the sl(N) case provided that instead of (7.32) we use
N-1

Y, = [apQé_QS}D’N 1 (—1)NapQg+25]p+N] = Y ()" utD 2N | (7.36)
b=1
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and the indices a,b, ... take now values from 1 to N — 1 while the matrix mq q) ) 18
given by (4.30). Let us also note that we can derive a similar determinant representation
for the values of I, , themselves. For that we simply repeat the steps above starting now
from the identity

(@0fQ ) =0 (7.37)

rather than (7.30). This gives a linear system for the set of I, o1 with a« =1,..., L whose
solution reads

o 1detig o Mg
Ib’,ﬁ’fl — (—l)b +1 ( > ):(an) ( ) ):(b’ﬁ) ’ (738)
det(a,a),(b,6) M(a,0),(6.8)
where now 1M, q),(5,8) 18 the matrix m, ) g With the column (b', 3’) replaced by 2(q,q)
defined (similarly to (7.33)) as

Z(a,a) = ((Ql ZO QaJrl ))a (739)
with
5 A28y =N | [ 1\N A28l y+N _N_l_ b1, . Ly—2b+N
Z==|Qy DN+ (—1)NQFI D] = Y (— 1)yt D . (7.40)
b=1

Notice that the determinant in the denominator of the result (7.38) for the quantities I, o—1
is the same as the one appearing for their variations given by (7.35) (and is the overlap of
the state with itself).

7.4.1 Example: local spin expectation value

One of the key quantities of interest in spin chains are correlators of “local” operators, i.e.
those that act on a particular spin chain site in contrast to “global” operators such as the
transfer matrix. While certain maps from local to global operators are well known (see
e.g. [56] and the reviews [57, 58]), here we will demonstrate that our approach offers yet
another way to access local quantities. Namely, there is a remarkable relation between
a subset of local operators and derivatives of the integrals of motion 8.&5 /00, whose
expectation values we computed in the previous section.

The main idea is that when taking the derivative in 6, we can single out the a-th spin
chain site. To make it precise, let us write explicitly the large u expansion of the transfer
matrix with fundamental representation in the auxiliary space defined in (2.3), (2.4) using
the form of the Lax matrix from (2.2),

T(u) = u=Tr (A) + w2 ELJ (ITr(E@©1A) = 0, Tx(A)) + O(u72) | (7.41)

a=1

The trace here is taken over the auxiliary space, and E@ is an N x N matrix whose element
at position (a, b) is the operator E, ; (the s[(N) generator) acting on the a-th site of the spin
chain. Note that E in this expression is transposed w.r.t. the indices a,b as we indicated
with the superscript ¢ (this is due to the form of the Lax matrix (2.2)). We see that in (7.41)
we have a sum of local operators over all sites of the spin chain. Now we notice that when
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we differentiate the transfer matrix in 6, the Lax operator at position « in its definition
will be simply replaced by minus the identity matrix, so as a result we will get the transfer
matrix for the spin chain with the a-th site removed. This means that the derivative will
be given by the same result (7.41) but with sum taken over all sites except one,

agg(:) = —ul I Tr(A) — w2 % (m(E<ﬁ>tA) — 95Tr(A)) +O0(ur?). (7.42)
By combining this with (7.41) we can therefore extract the contribution from the site « only,
T(u) + u 8{% W _ e (ITr(E®1A) - 0, Tr(A)) + O(uh72). (7.43)

Taking the coefficient of u~1 in this relation, we finally get
Tr(E@A) = ag eL 2 il —i0,Tr(A) . (7.44)

We remind that fa@ are the operator coefficients in the expansion of the transfer matrices
n (4.27). We see that (7.44) is a relation between a local operator acting on the a-th site
(in the L.h.s.) and a global operator acting on all sites (in the r.h.s.). Sandwiching this
relation between left and right transfer matrix eigenstates |¥) and (V¥|, we find that the

expectation value is given by

(U Tr(E@FA)| W) ,(\I’Iajl’fj2 vy .
T S % — il 1 — 0, Tr(A). (7.45)

Let us note that this expression does not depend on normalisation of the states |¥). The
only nontrivial correlator in the r.h.s. is the first term, which is given by the determi-
nant (7.35) we derived above in the SoV approach. Thus we find a compact result for the
expectation value of the local operator Tr(E(®)*A).

We can also repeat a similar argument starting from the transfer matrices in a-th
antisymmetric s[(N') representation in the auxiliary space. Using the results of appendix F,
we find that the generalization of (7.44) reads

za: Tr (B -
j=1

where a = 1,2,...,N — This
(lower triangular) system of N — 1 linear equations from which we can extract the
,IN —1.

To illustrate the structure of this linear system, let us give as an example the expecta-
tion values of the operators in the r.h.s. of (7.46) for the sl(3) case with a = 2 and L = 2,
taking o = 1. The first term is simply the character, Io2 = x2, while the other two are

S)(_A)j) Xa—j = (19 +S) aL+ZIaL 1+7189a a,L—2 (746)

1 and we recall that y; is the character defined in (2.9).
gives a
expectation values of the local operators Tr (]E(O‘)tAj) for j=1,2,...

given by the determinants presented in (7.35) and (7.38),
u@Q1Q1y Q1Q7, ) (Q1R12); ( Q1Q7;
(v@0r), (@0r), (@0b)
5= L (v ), ((QlQ;g))1 (QiR1s); (@QT) i)
’ N (UQ1Q12))2 ((QIQE))Q (QiRi2), (( QE))
((UQIQ13))2 ((Ql@fg))Q (Q1R13),y (( 1Qf3))
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and

(v@i0n), (@@n), (veiek), (Qis),
09, I = € (UQ1Q1_3>)1 (Q1Q1_3))1 (quQE)L (@813 ), (7.48)
. ((UQleg))z ((Qleg))z ((UQlQE))z (Q1512),
(v@ien), (@0n), (vi0h), (AiSi),
where N = det(q,q),(5,8) ((Ql uf=1 D=3 5 Qatl )a and
Ra = Q) Q™ — @bl + w2 QY — w220 Y (7.49)
Sa = (95,05 *HQL ™ — (9,0, QL . (7.50)

Let us describe more explicitly the local operator Tr(E(®!A) which enters (7.45). No-
tice that this equation holds as long as |¥) and (¥| are eigenstates of the transfer matrix
constructed as in (2.3), (2.4) with the twist given by A. In our current notation A is the
non-diagonal companion twist matrix (2.8), so the operator Tr(E(®)A) is quite nontrivial.
At the same time, the corresponding states |¥) are somewhat unusual as they are built
starting from the nontrivial ground state (e.g. (2.24) for s[(2)). Alternatively, we can go to
a more standard frame by performing a global rotation that diagonalizes the twist matrix
A — Agiag. Then the states |¥) will also get rotated |¥) — |¥’), so that e.g. the ground
state will become simply the trivial state |0) (given by (2.31) for s[(2)). The value of the

36

r.h.s. of (7.45) is the same in either frame,”® so we have

(UITe(ECA) W) ([ Tr(E Adiag)[¥)
(W|w) - (W)

In the new frame, our local operator will be a simple combination of the Cartan elements.

(7.51)

As an example, for s[(2) it will be

o a 1 a )\1 -1 )\1 a a
Tr(E© Ading) = ME{; + EEgg = 2/ (B - ES) (7.52)

so it reduces to the usual spin projection operator Ej; — Egs. Here we used that for s[(V)
in our representation the operator Zivzl E., acts as a scalar,

N
> Egqa=(N-2)s. (7.53)
a=1

For sI(N) we can compute in this way the expectation values of all N operators E,, on a
given site by considering (7.46) for a =1,..., N — 1 together with the condition (7.53).

We note that form factors of exactly the type we can compute here are important
e.g. in Landau-Lifshitz models [59], and it would be interesting to further explore their
properties. Let us also point out that the expectation values of operators like 9T (u)/06
are not straightforwardly accessible by traditional methods of the algebraic Bethe ansatz,
but appear to be natural objects in the SoV approach. We believe that exploring the inter-
relations between the SoV and more standard methods should open the way to computing
a still larger class of correlators in the future.

36Gince the eigenvalues of the transfer matrices do not change under this rotation.
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8 Outlook

In this paper for the first time we found an explicit expression for the SoV measure for
spin chains in highest-weight representation of sl(N) with general spin s. This was done
by carefully analysing and bringing together two different approaches — the operatorial
SoV approach [8, 10-13] and the functional SoV approach [21].

The knowledge of the SoV measure has unlocked for us the possibility of computing a
number of nontrivial scalar products, overlaps and form factors for which we derived new
determinant representations. These results include in particular overlaps of states with
different twists and on-shell/off-shell type overlaps.

Having direct access to the elements of the measure opens the way to an in-depth
study of a great variety of important quantities in higher rank s[(/N) models. Some future
applications may include form factors, correlators and g-functions of the types studied
via SoV in [60-63] for rank-one cases. Our results should also facilitate studying the
thermodynamic limits for higher rank spin chains in the SoV framework, extending the
existing su(2) results (see e.g. [64]).

Another class of objects which can be computed using the functional SoV approach,
generalising the initial observation in [21], are the form factors of derivatives of the transfer
matrices w.r.t. external parameters like twists or inhomogeneities. As we discussed in
section 7.4.1, in particular this type of form factors includes local spin operators — Cartan
generators acting on one site of the chain. These are still to be fully understood within
the operatorial SoV approach and could be relevant for the exact calculation of correlation
functions in A/ = 4 SYM.

Most of these results seem to be highly nontrivial to get within traditional algebraic
nested Bethe ansatz methods e.g. [65, 66]. Trying to merge these methods together could
promise a fruitful interplay.

Our results have already allowed us to compute rather exotic overlaps involving states
with different twists. We are hopeful that they could find applications in N' = 4 SYM
where similar objects emerged already [32, 35, 67]. Our results could also give further clues
about the type of algebraic structures that may appear in the A/ =4 SYM context.

Let us note that in N/ = 4 SYM we have infinitely many degrees of freedom and
corresponding integrals of motion, so we expect the determinants in the expression for
the norm will be of infinite size. At the same time, it should be possible to find a set
of appropriate integration measures such that the determinant will truncate e.g. at weak
coupling (see [60, 61] where related issues are discussed in 2d QFTs).

We leave for the future investigation the generalisation of our results to non highest-
weight representations. One should keep in mind that there are certain complications on
this way — none of the @Q-functions Q;, the constituent blocks of the SoV wave function,
are polynomial anymore, furthermore the spectrum of conserved charges will no longer
be a discrete set of points. These additional features should have certain effect on the
SoV construction as well, and there are still some mysteries to uncover. This direction is
particularly important as it has applications for the Fishnet/Fishchain theories [68, 69].
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SoV-type methods adapted to the principal series representations have already led to a
variety of interesting results in this context [70-73] (see also [74]).

Another interesting direction is developing SoV for higher rank spin chains with differ-
ent symmetry groups such as so(/N) where progress was made recently in [75, 76]. Other
natural extensions include the super-symmetric case (see [18, 77] for related results), bound-
ary problems and g-deformations (see [15, 78] for recent work). We hope to come back to
some of these problems in future work.
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A Transfer matrices and antipode

In this section we will derive the relation (6.52) — actually we will derive a more general
form of it. Our main tool for doing this will be the so-called Yangian antipode map S which
sends the monodromy matrix 7 (u) to its inverse

S(T(w) =T Yu). (A1)

For ease of notation we will also denote S(u) = 7 ~!(u). Note that this map extends in
an obvious way to the twisted case: if, as before, T(u) denotes the twisted monodromy
matrix T(u) = 7 (u)A then the antipode sends T(u) — S(u) := A~1S(u). We will now
derive a new commutation relation which intertwines B and S,,, which are transfer matrices
constructed from S(u) in a similar way as to how T, is constructed from T'(u), and reduces
to (6.52) for special choice of p.

In order to derive this relation we will need some properties of the antipode map, which
we now describe. We will need to perform fusion with the inverted monodromy S(u). The
original monodromy matrix T satisfies the RTT relation

Rap(u — v)To(u)Ty(v) = Tp(v)To(uw)Rap(u — v) (A.2)

which acts on two copies a and b of the auxiliary space CV and the physical Hilbert space,
and the R-matrix Rgp(u) is given by

Rab(u) =ulgy + 1 FPop (A3)

where 14, and P, denote the identity operator and the permutation operator on CV @ CV,
respectively. Note that when v = u + i the R-matrix Rg(u — v) = Rgp(—i) becomes an
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antisymmetriser, and it is this reason why the quantum minors (6.1) are constructed by
taking products with the shift in each subsequent T(u) increased by i. Inverting the RTT
relation, we obtain

)T v) = T )T (w) Ry (u — v) (A.4)

R;bl (u,v)Sq(u)Sy(v) = Sb(v)Sa(u)Rgbl (u—v) (A.5)

Since Ryp(u) = ulgp, + 1Py, we have that R™!(u) = u 14, — iPyp, up to a scalar factor, so
fusion for S is performed in exactly the same way as for T up to changing the sign of the
shifts, which leads to the following definition for quantum minors constructed from S

S {ﬁx} (u) = Z(_l)dego Si[,u)jl (U)Sig(z)jQ (u - Z) s Sig(n)jn (u - Z(n - 1)) : (A'G)

Since the transfer matrices T, (u) corresponding to generic Young diagrams jp can be ex-
pressed in terms of T, 1 using the CBR formula
i

2(uﬁ—u1—u§+j+k—1)) (A7)

T = det T, _. —
w(v) 1<k IR (u

it then follows that all S, (u) can be expressed in terms of Sq 1(u) as

_ | ek
Suw) = det Sy s (w3 (- - +ith=1)).  (43)

It is important to stress that the transfer matrices S, (u) do not give us a different set of
conserved charges, or even any new ones. All transfer matrices constructed from S(u) can
be written as simple expressions in transfer matrcies obtained from T(u). Denoting by
T = {i1,i2,...,in} and J = {j1,72,...,jn} two permutations of {1,2,..., N} then the
following relation can be shown to be true [79]

tm+1---IN J1.--Jm

Tw1 <u + 5V - 1)) S [t dV] (w4 (N = 1)) = sgn(T)sgn(I)T [ | (). (A.9)
This relation then implies the following relation for transfer matrices

Tws (u+;(N—1)) S (u—H’(N—l)—;(a—l)) —Tyu (u+;(N—a—1)> . (A10)

Since all S¢ and all T¢ respectively can be constructed as polynomials in these anti-
symmetric transfer matrices it follows that

[S,ul (ul)v TM? (UQ)] =0 (A.ll)

for any Young diagrams p; and ps.
We will introduce one final map, which is usually denoted by w [79], obtained by first
applying the x-map and then the antipode S. It is trivial to check using the definitions that

w(T ] (w) =S [t (u). (A-12)
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This holds if we are twisted or not, so in particular
o (T[] ) =8 [k] (). (A.13)

We will now consider the commutation relation (6.17) which we repeat here for convenience

T (0= 5 (= 18) ) B@) = fulw o) B@T, (v 5 (=) ) + Ra(wv). (A1)

As was stated earlier in the paper the relation (A.14) is strictly speaking not correct as we
have written it. The correct version is given by
i i
T (0= 5 = 1) ) B(w) = fulw BT (0= 5 (= ) ) + Ra(uw). (A15)
The objects ’]I‘ﬁ[ are null twist transfer matrices, obtained from T, (u) by sending all twist
eigenvalues®” )\; to 0. It was demonstrated in [13] that all T, (u) have the form
i i al
T, (v -5 (i — ,ull)) = ’]I'ﬁ[ (v -5 (1 — u'l)) + 2731(1)) X twist (A.16)
j=1
and so when applied to an eigenstate of B which is annihilated by 7;1(v) (A.15) is equivalent
to (A.14).
The new relation we will derive then reads

5 (04 5 (= 4 +2) ) Bw) = (s 0B@ST (v + 3 (1 — i +2) ) + Rafu.)

2
(A.17)
where
By , N
u—v+ila—1—pg)
gu(u,v) = al;[l P Rs(u,v) —]Z::ITU(U) X ... (A.18)

and S} are transfer matrices obtained from Sy (u) by sending the twist eigenvalues \; — oo,
in analogy with the null twist transfer matrices.

Let us recall that the twist matrix A has the explicit form A;; = (—l)jflxjéﬂ + 0 j+1,
and lets define A{}f = 0;,j+1 so that

Aij = A{\Jf + (—l)j_lchijéﬂ . (Alg)

Next, it is easy to work out the inverse matrix A~! is given by

At = (1M Gy (A.20)
XN
and in the same way we define AY = 0;11,;. The main property we will use below is
that AV and A are related by a simple change of basis. Let K denote the matrix with
Kij = 5N+1—i,j' Then
KANEK™ = A%, (A.21)

37In this section for transparency we do not impose det A = 1 and leave all Ay,..., Ay free.
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Now lets consider the transfer matrix in the fundamental representation, ’]I‘Jl\fl =
tr (T(u)AN ) Unfortunately we cannot apply the antipode map to le\(l as the twist AV is
not invertible. On the other hand, we can bring T{\{l to S by first performing a change
of basis by K and then applying the w map to the untwisted monodromy. Let consider
the change of basis 7;; — Tn41—i,N+1—; Which can be done with K. More precisely, we

transform

tr (T()A) = tr (KT ()~ AY) (A.22)

which, because of the cyclicity of the trace, is equivalent to sending AV — KAN K1 = A>!
If we then apply w to the untwisted monodromy 7 we will obtain precisely S75. It is a
straightforward calculation to show that the procedure can be done for all transfer matrices
'JI‘//Y , by first considering transfer matrices in anti-symmetric representations T, 1 and then
considering T, together with the CBR formula (6.4), being careful to take in account
various shifts.

To summarise, the net effect of the change of basis K followed by w is

T4 (u) — S (u). (A.23)

It now remains to see what happens to B when we apply K followed by w. For
simplicity of the calculation we will consider the sl(3) case, with higher rank following
immediately.

Recall the explicit form of B in terms of untwisted monodromy entries 7;; given
in (6.11):

Bu) =TT [B] + T 72 [13] (A.24)
Now we perform the change of basis given by K which sends 7;; — Tn41—s,n+1—; Which
results in
B To T3 (3] + o772 3] (A.25)
By applying w we obtain
w(Tss)w (THEA[B]) +w () w (T2 [33]) (A.26)

after which we apply the relation (A.13) to obtain, up to an overall factor of the scalar
quantum determinant, B[7? and the same computation goes through for higher rank in
exactly the same way.?®

Now lets examine the remainder term R;(u,v) = Zj-vzl Tj1(v)x in (A.14). Applying
the same transformations results in Z?le (T1—j3(v)) x which works out to be, up to
quantum determinant factors,

T e [ T[] (A.27)

38 Actually, one finds that the order of minors will be reversed. For sl(3) this doesn’t matter since all of
the minors commute. For higher-rank this is no longer the case, but it can be easily checked, using the
method of [13] that the commutation relation (6.17) is invariant under reversing the order of minors in B,
meaning one could apply the mentioned sequence of transformations to that commutation relation and the
end result will contain precisely B.
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which can be recast in the form 7'1[]-72] (v)... by expanding out the minors. Putting all of
this together we hence obtain

Sy (U + % (o1 — py + 2)) B(u) = gu(u, v)B(u)S;? (v +1 (b1 —ph + 2)) + Ra(u,v)

2
(A.28)
with Ra(u,v) = Zévzl Tij(v).
Next, if we recall that the transfer matrices T, (v) satisfied
i i al
T (0= =) ) =T (0= 5 G =) ) + > Ti) % (A.29)
]:

and so, on eigenstates (Alof B which satisfy (A|7;1(v) = 0 we can replace ’]I‘ﬁ[ in (A.15)
with T, resulting in (A.14). In a similar style, we can show that

. , N
S, <v+;(u1 — i +2)> =S (v+ % (p1 — py +2)) +) Tii(v) x ... (A.30)
j=1

and so on eigenstates (Alof B which satisfy (A|71;(v) = 0 we can replace Sj° in (A.28) with
S,, resulting in

S (v 5 (= 14 +2) ) B = g0, 0)B@S, (045 (= #h +2)) + Rafu,v).
(A.31)
Now in order to derive (6.52) we will specialise to Young diagrams p with a single row,
so that 1 = s and pf = 1 and in this case the transfer matrix S, is denotes S5, and
so (A.31) becomes

S1, <v + % (s + 1)) B(u) = g, (1, v)B(u)S1.s <v + % (s + 1)> +Rs(wv).  (A32)

By using the CBR formula (A.8) together with (A.10) we can easily derive the following
relation

Tn-1,s (v — %(N — 85— 1))
kl:[lTN’l (v - 5 (N =2k - 1))

Since the T 1 factors are just scalar multiples of the identity operator we can then replace
S1,s (v + %(s + 1)) in (A.31) with Ty_; s (U — %(N —5— 1)) to finally obtain (6.52).

S, (v ol 1)) _ (A.33)

B Eigenstates of B and C form a basis

In this appendix we prove that the eigenstates (x| of B and |y) of C indeed form a basis
of the Hilbert space which we remind the reader is the space of functions analytic at the
origin. We will demonstrate this in two parts. First, we show that all of the vectors (x| and
ly) constructed in the main text are non-zero. The fact that they are linearly independent
follows from the fact that each (x| and |y) corresponds to a unique eigenvalue of B and C.
Then, we will show that every element of the Hilbert space admits a series representation
in (x| and |y).
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B.1 (x| and |y) are non-zero

In the main text we constructed the SoV bases by action of certain transfer matrices
evaluated at special points. We need to check that the resulting states are not identically
zero. To do this we need to check that the required transfer matrices do not having
vanishing eigenvalues at the required point. In order to do this we use the method developed
in [19], which is to check that the transfer matrices in question do not have vanishing
eigenvalues for a specific value of the twist and hence to not in general. We use the fact
that, for length L = 1, when the twist matrix is the identity matrix all transfer matrices are
just scalar multiples of the identity operator where we can easily verify that the required
transfer matrices are non-vanishing. At higher values of L the statement can be shown to
reduce to the L = 1 case by taking limit where inhomogeneities are largely separated [19].

In order to prove the above claims we will use so-called quantum semi-standard Young
tableaux [19, 80-83]. A semi-standard Young tableaux 7 of shape p is a Young diagram
p filled with numbers from {1,2,..., N} such that the numbers in each row weakly de-
crease and the numbers in each column strictly decrease. Let g € GL(NN) have eigenvalues
A1, ..., An. Then the character x,(g) of g in the representation p can be written as a sum
over all tableaux 7 of shape pu:

Xu(g) = Z H )‘#(a,s) (Bl)
T (a,s)Cp
where #(a, s) denotes the number in position (a, s) of the tableaux 7.

Similar expressions exist for transfer matrices. In order to describe them, let us consider
generic highest-weight representations with gl(N) highest-weight 1v4,...,vy. Denote by
Ri(u) = (w — 0 +is+ivg), k =1,...,N. Then the transfer matrix T,(u) can be also
written as a sum over tableaux of shape p according to the rule

T (w50 =) =X T Raasy(utila—s). (B.2)

T (a,s)Cp

In [19] T, (Ga —is —ivn — £(u — ,u’1)> was proven to be non-zero under certain conditions
on pu, which were precisely the cases needed for constructing the SoV basis. Namely,
let v denote the “reduced” diagram of v, i.e. U is the Young diagram [vy,...,vy| where
vj:=v;—vy. Then T, <0a — s — iUy — %(pl — ,u’l)) is non-zero if any only if ;4 C v, i.e.
if and only if the diagram of p can be inscribed inside the diagram of U, see figure 4.

Let us examine how this rule changes under action of the x-map, i.e. when are the
transfer matrices T}, (v) necessary for constructing |y) non-zero? To understand this we
should first understand what happens with transfer matrices in antisymmetric representa-
tions Tq1. By writing the sum (B.2) we obtain

To (u + %(a _ 1)> - > R Rautila 1) (B.3)

Applying the *-map we find that

To (u + %(a _ 1)) > Tos (u _ %(a _ 1)) (B.4)
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T T
1

Figure 4. The reduced Young diagram v is denoted by the dotted exterior and the shaded region
denotes the Young diagram p.

which can be written as
Z Riy(u)... R, (u—i(a—1)) (B.5)
i1<<dg
and hence we can deduce from the CBR formula [46, 47] that all of the transfer matrices
T}, (u) can be written as

T (w5 =) =TT Rty ila—s) (B.6)
T (a,s)Cp

where 7" is a tableaux of shape p but now the entries strictly increase (instead of decrease)
in each column and weakly increase in each row, which is equivalent to permuting the
weights {v1,...,un} — {vn,...,1}. Notice also the difference in the sign of the shift in
R(a,s) in (B.6) compared to (B.2). Hence, T}, has the interpretation of being a Young
diagram describing the lowest-weight of the representation instead of the highest. For the
classical character x,(g) there is no difference, but T, and T}, correspond to two different
quantizations of this character. Alternatively, instead of swapping the weights and signs
of shifts we can interpret both of these as having flipped the Young diagram upside down
and backwards, while keepting the same rules for associating shifts to boxes after assigning
zero shift to the bottom right corner.

Now consider the xreduced diagram v* = {v7,...,vx} where we define 7 :=v;—v;.
Since all of the entries of v* are either zero or negative we can view the diagram
as having been flipped upside down and backwards. Then the requirement on u for
T, (9a—is—iy1+%(,u1—,uf‘)) to be nonzero is totally analogous to the original case, that
is v should be a subdiagram of v* after  has been flipped upside down and backwards as
well, see figure 5.

Restricting to the compact case of interest where v = —2s,v9 = 0 = --- = vy, this
then implies that the transfer matrix

* . i
T, <9a +is+ 5 - ui)) (B.7)

will be non-zero as long as we restrict to u being height at most N — 1 and width at most
—2s. When we extend to general s this latter restriction is no longer present, and the only
condition is that p is of height at most N — 1, and hence all |y) are non-zero.
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Figure 5. The reduced Young diagram v* is denoted by the dotted exterior and the shaded region
denotes the Young diagram p.

Finally, we examine (x| which is constructed using the transfer matrix
Twn-1.s <9a tis— %(N s 1)) .

This transfer matrix is the same as Ty _1 s (9a + is + %(N -5 — 1))7 which admits the sum
over tableaux (B.2), together with an overall shift of i(s — N + 1). If we write

TNfl,s (Ga —1is + %(N — S — 1))

using the sum over tableaux then any tableaux containing 1 must contain it in the bot-
tom right corner, which comes with a shift of —i(s — N + 1). Hence, the transfer matrix
Tr-1,s (Ga + s + %(N — 85— 1)) when expanded in a sum over tableaux will always con-
tribute a factor R (6,+is) = 0 if that tableaux contains 1, and so only tableaux which don’t
contain 1 can contribute — in fact there is a unique such tableaux. In the compact case, it
can easily be worked out that this single contribution is non-vanishing as long as s < —2s,
and in the non-compact case it is always non-vanishing. Hence, all (x| are non-zero.

B.2 Series representation

Now that we have demonstrated that all (x| and |y) are non-zero, we need to show that
every element f of the Hilbert space can be written as

F=Y e (B.)

where ¢, are some finite coefficients and similarly with |y).

The key point is then that both the orthonormal basis of monomials and (x| are
eigenvectors of the SoV charge operator (3.3). The charge operator gives the Hilbert space
H the structure of a graded space, that is H = P> Hs where H; is the subspace of SoV
charge s. It is then a trivial counting exercise to verify that the number of (x| contained
in Hg precisely matches the number of basis monomials, and each is contained in precisely
one H,. Hence, (x| with charge s form a basis of the finite-dimensional space #.

By definition f admits a series expansion in the orthonormal basis of monomials and
this series is absolutely convergent so can be rearranged in any order we like. We can then
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arrange it in order of increasing charge and so can write f as

f= Z s (B.g)
s>0
where f; denotes the projection of f onto Hs. Then, each fs; can be written as a finite
linear combination of (x| with charge s and precisely the same argument goes through for
ly), completing the proof.

C Measure for s[(IN) from the Baxter equations

In this section we extend the results of sections 4.1 and 4.2 for the integral form of the
orthogonality relation to the generic sl(N) case. We present the derivation in a more
algebraic way, largely following the one done in [21] for the s = 1/2 case.

In order to concisely obtain the transfer matrix eigenvalues in the sl(N) case, it is
convenient to use the generating functional described [51] (see [84] for a review) which in
our case it can be written as

W =QL (1 - AyD2) (1= AD2) ... (1— AyD2), (C.1)
where A, are ‘quantum eigenvalues’ that are given in terms of Q-functions,

s . +Z ’L
Q9 2 Ql A Q[ -1 Q[ 3+

A
1= Q+2S Ql Q Z21+7,] Q[ 144]

1=2,...,N, (C.2)
where J; = 12...7 is a multi-index, so that e.g. Qj, = Q12 (recall also that Q2. ny =
1 in our conventions). The Q-functions which appear here are all twisted polynomials,
i.e. polynomials times exponents. This functional provides the (nontrivial part of the)

eigenvalues of transfer matrices 7, with k-th antisymmetric representation of sl(N) in the
auxiliary space as coefficients of powers D" in its expansion,

N
W= 1,(-1)*D > . (C.3)

Let us note also that the first and last terms are state-independent,
2 -2
To = ([; sl , TN = QE) sl (C.4)

All the other 75, are also polynomials (of degree L) as long as the Bethe ansatz equations
are satisfied. This can be shown by following the same argument as in [21]. Their relation
to T,1 (eigenvalues of T, 1 defined in section 2.1) is

T, = 7ito1l aﬂl QLras—2kra=ll (C.5)
k=1
Using this functional we can write the Baxter equations in a very compact form.
Following [22] let us introduce the notation for action of the shift operators to the left and
to the right,
fD=f, Bf=s". (C.6)
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Then we see from the last factor in (C.1) that VVQNH'N} = 0. Similarly to [21] one can
show that this is true for all twisted polynomial Q’s with one upper index (which we remind
are defined in (4.31)),

WQUEDEN g g =1, . N—1. (C.7)

Moreover, from the form of the first factor in (C.1) we find that when acting to the left W
annihilates @1 if we multiply it by the same function ¢ we used before in (4.8),

Q1eW =0. (C.8)

As a result we can write the N-th order Baxter equations satisfied by Q% and @, as (C.7)
and (C.8). Due to (C.3), the first of these equations can be written in a more explicit form as

otQ**' =0, a=1,....N—-1 (C.9)
where we introduced the difference operator Of,

OTQo = 7oQ N — QU N=2 . (L) Ny N ()N el — ¢
(C.10)
This makes it clear that in particular for N = 3 we get the Baxter equation (4.21) we
described before.

C.1 Orthogonality

Like for the sl(3) case, in order to derive the orthogonality relations for Q-functions we will
prove the key relation

((QlOTf))a =0 (C.11)

where we take the measure i, in the definition of the bracket (see (4.4)) to be the same
function (4.10) as for sl(3) and sl(2). Here f is a regular function with the same large u
asymptotics as any of the Q¢*! functions (a = 1,..., N — 1). To demonstrate (C.11), we
start from its Lh.s. and use that Of = VVDN , then we transfer the shifts of the argument
away from f by moving the integration contour,

(@io'r) = % /du 1 QU FLN] (C.12)

1
= — /du (an11</_V) N [poles contributions] .
27

We see that as a result we get the operator 1</_V acting to the left on the combination p,Q1,
and this gives zero due to (C.8), thus proving (C.11). In (C.12) we have also indicated
that when we move the integration contour there could be extra contributions from poles
of po (located at w =g —is—inand u =6, +is+inwith f=1,...,Land n=0,1,...).
However, we see that when s is positive and large enough, there are no poles in the region
where the contour is being moved. Since all the terms under the integral are analytic as
functions of s, so should be the whole expression and thus the poles do not give any extra

contribution.??

390ne can also verify directly that the poles contributions cancel by adapting the derivation from [21].
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Let us also comment on convergence of the integrals. Since we take f to have the same
asymptotics as any of the Q4*1, the integrals in (C.12) will be finite if

0<argA.—arg\ <2m, c¢=2,...,N. (C.13)

Here for definiteness we assume that these inequalities hold. If that is not the case, one
should modify the integration measure in the same way as for the s[(2) and sl(3) spin
chains (see the discussion after (4.25)).

Having the property (C.11) we can derive orthogonality relations for different states ex-
actly like for s[(2) and sl(3) cases. For sl(n) the transfer matrix eigenvalues 7, have the form

L
Ta = Xa()‘lu cee 7)\N)UL + Z Ia,oauai1 (014)

where the leading term is the character of the twist matrix in the a-th antisymmetric rep-
resentation, and the I, , are eigenvalues of the integrals of motion. Using (C.11) we have
for two different states A and B

(et -0")QPet) =0 (C.15)

«

where the difference of the operators comes from the transfer matrices,
(O™ = O1F) 0 QP! = Z Z (I ) — 1B, )Pt DN o QBetl - ((Cl16)

Requiring that this linear system has a nontrivial solution leads to

et e b =05 Maa) 0.0 = (@ w D@ No@Petl) L (Cay)

This is the orthogonality condition that we presented in the main text in (4.30).

D Scalar product for compact su(IN) spin chains and analytic
continuation in the spin

In this section we discuss how our results for the scalar product can be analytically con-
tinued from s > 0 to negative values of s, as well as the reduction to the compact spin
chain case.

D.1 Analytic continuation to s < 0

Let us recall that when deriving the integral form of the scalar product (e.g. (4.30) for
s[(N)) we assumed that s > 0. All these scalar products are written in terms of the
bracket (4.4) which is an integral along the real line with the measure (4.10) which has
poles at u = 0g —is+in (for all f =1,...,L) and u = b, + is + in with integer n > 0.
One potential possibility to define the analytic continuation of this integral to s < 0 would
be to keep the contour always slightly below the pole at u = 6, + is, but still we see that
when we go from s > 0 to s < 0 the poles at u = 63 — is cross the integration contour and
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thus one should also subtract their contribution. As we further decrease the value of s,
more and more poles will cross the contour, making the result somewhat cumbersome. A
simpler approach is to first rewrite the integral (for s > 0) as a sum of poles in the upper
half plane at u = 0, + is + in with n =0,1,... as we discussed in sections 4.1.2 and 5 by
closing the contour in the upper half plane. The sum over these poles itself is analytic in
s and thus can be directly used for s < 0.

Thus, for s < 0 we understand the bracket in the scalar product to be the sum over
the poles at u = 0, + is + in. Being analytic in s, it retains all its key features and ensures
that the scalar product (4.30) vanishes for different states A, B.

D.2 Reduction to the compact su(IN) case

Having clarified the construction for s < 0, we can now explore the particularly interesting
case when s takes negative half-integer values, s = —1/2,—1,—-3/2,.... In this case the
representation of s[(/N) on the spin chain sites becomes reducible and acquires a finite-
dimensional irreducible subspace, corresponding to the (—2s)’th symmetric power of the
fundamental irrep of sI(N). As discussed in the end of section 6, our construction of the
SoV basis then provides the basis precisely for this subspace, so that now our model reduces
to a finite-dimensional compact su(N) spin chain.

We expect that accordingly the scalar products (defined in terms of the sum over poles
as we just discussed) should reduce from an infinite to a finite sum, over the values that
label the SoV basis. Nicely, for the sl(2) case we can see at once that this sum truncates
for s a negative half-integer, as all but the first several elements of the SoV measure vanish
since (2.38) gives zero for ng > —2s. The same is true for the sl(/N) case, as one can see
from the explicit result for the SoV measure (5.35) since the factor r, , defined in (2.39)
vanishes for n > —2s. As a result, we see that our SoV measure works perfectly for the
finite-dimensional case as well.

For various applications it is interesting to still write the scalar products in an integral
form for the finite-dimensional case as well. This was done for su(3) originally in [22] for
the case s = —1/2 (i.e. fundamental representation). We can now almost immediately
extend this result to any su(N) and any s = —1/2,—1,....

Let us note that for these values of s the measure (4.10) we used so far in the integral
form of the scalar product simplifies and becomes

const 1

— X
2m(u—6q) S .
1+e T Qo+ k)
=—s

fa(u) (D.1)

where the product goes over k = —s, —s+1,...,s. Let us redefine it by multiplying with an
i-periodic function that removes the inifnite set of poles coming from the first factor, and
also removes the poles of the Qp factors associated to all 03 with 3 # o, so that we define

B H,B;éa(l _ 627T(U7957’L'S)>
I Qolu+ik)

k=—s

(D.2)

Ha
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We see that now we only have poles at u = 0, + ik with k = —s, —s + 1,...,s. We should
change the definition of the bracket accordingly to pick up these poles, so we define

du pie( D.
O‘ 271'2?{ bl (D-3)

where the integral goes around a large circle enclosing all the poles of the measures
(i.e. all the points v = 63 + ik for k = —s,—s +1,...,s and § = 1,...,L). Since the
measure (D.2) differs from the one we used previous just by an i-periodic factor, the same
argument as in section C leads to the key ‘self-adjoint’ property?’ (C.11), and consequently
to the orthogonality relation in the form (4.30), the only difference being that the bracket
is now given by (D.3). Of course, this integral can be evaluated as the sum over poles at
u =0, + ik (with k =s,—s+1,...,s) as expected. This provides an integral representa-
tion for the scalar products for the compact su(NN) spin chains in the finite-dimensional*!
representation with spin s.

E Direct proof of poles cancellation for s((3)

Here we will verify explicitly that there is no additional contribution from the poles in (4.23)
when we shift the contour to transform the integral in the first line to the one in the second
line. For convenience we repeat this equation here,

N +oo _og] 1 s d
(@07), = [ natw@u(u) (@51 —raf =+ fr—QpF i) 22 (1)
:/+ [+3]Q[ 23+3]Q[+3] — kT Q++Ma71 Q7 M([x—g]Q([QHs 3]Q[ 3]}f2
—o0 )

+residues from poles.

We assume for simplicity that s > 0 and the inhomogeneities 63 are real.

The poles of the integrand are located at u = =%(is + in) + 0z with § # « and at
u =1is+in + 0,, with n > 0. Let us first consider the case 0 < s < 1/2. We start with the
first type of poles, i.e. those associated with g where 8 # . The first term in (E.1) (the
term with f[_3]) has no pole at potentially dangerous points u = is+ 60z and u = is+i+ 03
which we are crossing, and thus gives no contribution. The second term in (E.1) (the term
with f7) also has no pole at u = is + 3. The third term (the term with fT) gives a
contribution from the pole at u = g — is that we denote as r; with

Z'627r9a +4ims

(627r9a+4i7rs _ eQw@g)r(l o 28)

r] = f(@ﬁ —1is + i/2)Q1(95 — iS)Tl(HB —is) (EQ)

I'(i(6y —05))
. #Hﬁ T(—2s+ (6, —65) + 1)

40Let us note that now we do not have to worry about any extra poles contributions (i.e. the terms in
square brackets in the second line of (C.12)) when proving this property, since the integration contour is
now far away from all the poles.

“1For instance, in our notation for 5[(2) the fundamental representation corresponds to s = —1/2, the
3-dimensional vector representation corresponds to s = —1, etc.
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The fourth term (the term with f¥3)) has no pole at u = 65 — is but gives a contribution
from the pole at u = 03 — is — ¢ that we denote as 7o with

ra = f(05 —is +1/2)Q1(0s — is — 1)Qe(0s — i) (e%%+4ii“ia;‘:;)r(_28) (E.3)
. H 2:+_1(%ﬁ)—_01;))
Notice that as a consequence of (3.17), (3.18) we have
71 (—is + 03) = le (i_sgigff) Qo(—2is + 05) (E.4)
and
To(is + 05) = ng(i:i;:)ﬂ) Qo(2is + 65). (E.5)

Nicely, using these relations we find that r; + 7o = 0! Thus, the poles we considered so far
give no contribution.

Next we consider the poles associated with 6,. The first term in (E.1) has no pole at
u = is + 6, but has a pole at u = is + ¢ + 0, which contributes r3 with

ry = —%f(ﬁa +is —1/2)Q1(0a +is +1)Qp(0n + )T (2s + 1) (E.6)

0 T(2s — i + i0, + 1)
T(—ifq +i0, +2)

YF#o

The second term in (E.1) gives a contribution r4 from the pole at u = 6, + is with

ry = %f(@a +is —i/2)Q1(0, + is)2(61 + is)I'(2s) (E.7)

0 T'(25 — i + i)
e I['(—i0y + 16, + 1)

Using (E.5) we find that r3 + r4 = 0 so these contributions cancel against each other.
Finally, we can check in a similar way that the contributions from the 3rd and 4th terms
n (E.1) also cancel each other.

Thus we see that when 0 < s < 1/2 the poles give no contribution. The case when
s = 1/2 was considered in [21] and the poles similarly cancel. Finally, let us consider the
case s > 1/2. Then the 2nd and 3rd terms in (E.1) do not have poles in the relevant region
at all. For the 1st and 4th terms the poles trivially vanish due to their accompanying
Qg factors. Thus there are no contributions from any poles. Let us also mention that
when s > 3/2 we see at once that all potential poles are absent from the relevant strip
—3/2 <Imwu < 3/2 where we are moving the contour.

As a result, we have shown that all the contributions from poles cancel nontrivially
once we invoke relations between various transfer matrices and Q-functions.
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F Oscillator representation for sl(IN), and relations for generators

In the main text we noticed that the transfer matrices in anti-symmetric representations
have trivial non-dynamical factors (3.20) and (C.3). This can be traced back to some
simple relations satisfied by the generators of sI(/N) in our specific representation.

Firstly, there are linear and quadratic Casimirs, which are easy to determine by acting
on the HW state

Ego = (N —2)s, Eg Ky, = Ns* —2Ns +2s, (F.1)

where the repeated indices a and b are summed over. Another relation, which we found to
be very useful, is

Ea,ch,d - 1[’Eb,cﬂia,d =S8 (Ea,céb,d - Eb,céa,d) + (S - 1) (Eb,déa,c - Ea,déb,c) (FQ)
+ (S — 1)S (5a,d5b,c — 5a,05b,d) .

This is easy to verify for s[(3), using the explicit form of the generators (3.1), (3.2), (3.5).
For general s[(N) we used the oscillator representation of [85, 86].

For completeness we write it below in our conventions

Eij=bl_1b_1+sdi;, 4,j#1 (F.3)
Ein=b_Vh, i#1 (F.4)
Ei; = Vhb;,, i #1 (F.5)
Eij1=h+s (F.6)

_ N-1p+p— - ] =
where h = —2s — SN 1 b b; and [b;,bF | = 6.
One of the consequences of the relation (F.2) is that the Lax operators £%! (2.5) is
linear in generators and produces trivial scalar factors. For example for £2! we find

ch (wtg)e®, (u—5) = (utis—§) (u—is+ )50 + 2E

lex

[da 5]
) (B)

le1

where we raised some indices to indicate antisymmetrisation more easily. The general
expression, which can be deduced as a consequence of (F.2), takes the form

d a—1 do a—1Y
El[el<u—|—z 5 >£ ea]<u—z 5 >— (F.8)

a—1
—1
<<u - %i(a —1)(2s — 1)> o L. o% aiE, o 5;1:}]) I1 (u +is+is - m) .
k=1

We see that the last factor agrees with (C.3). Removing the scalar factor and performing
the shift in accordance with (C.3) we see that 7,(u) is built out of the following “reduced”
L-operators

[’nguced(u) _ (u _ i(a _ 1)5) 5d1 . _5?:} + a’iE[ [dl(;g;‘ - 6da} . (FQ)

le1” e1 €a)
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In section 7.4.1 we are interested in the following combinations 7, (u)+udy, 74 (u)|,2-1 =
I, -1+ 0p,141—2, which give a combination of generators acting on one site of the chain.
From (F.9) we immediately obtain

~ ~ . . d da e €q
fop1+ 0, don o= [(~0a —ila—1)s) 6 .. 50 + @i, Mo% sl A, A,
= (0o —i(a—1)8)Xa +i Y (=1} "r(E'A ) xa—j (F.10)

J=1

where we use the superscript ¢ in Ef to denote transposition in the auxiliary space and we
used the identities

. d dal A e . a - .
ai E[el[ 15322 . 5ea}]Ad11 AR = Z(_l)J (B A ) Xaj (F.11)
=1
d da] A e €a
S5l SLAG A = Xa (F.12)
Finally, we simplify (F.10) to

>t (B = 8)(=A)) Xa—j = (0a+8) Lap +ilap 1+ 05, ap 2, (F.13)

=1

which is what we use in section 7.4.1.

G Mathematica implementation of general measure elements

In this appendix we give a simple implementation of our general formula (5.35). The code
is purely for demonstration purposes and is not particularly optimised for long chains.
First, we introduce some notations in Mathematica

In[1]:=
sig0:=Table[Table[a,{a,Nc-1}],{al,L}]//Flatten;
xs:=Flatten[Table[x[al,a],{al,L},{a,Nc-1}]1];

xsinv[z_,sig ]:=xs[[(Position[sig,z]//Flatten)]];

Delta[lst_]:=Product([1st[[i]]-1st[[j]1],{i,Length[1st]}
,1j,i+1,Length[1st]}];

r[al_,n_]:=Product[Pochhammer [n+1-I (t[al]l-t[be]),2s-1],{be,L}];
SGN[sig_]:=Signature[Flatten[Table[xsinv([z,sig],{z,Nc-1}1]1]1;
MyPerm:=Flatten[Table[Flatten@Table[p[al],{al,L}],

Evaluate [Sequence@@Table [{p[al],
Permutations[Take [#,{(Nc-1) (al-1)+1, (Nc-1)al}]1]1},{al1,L}]1]1],L-1]&
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With these helper definitions the implementation of the measure M, , is very simple and
reads

In[17]:= M[ms_,ns_]:=
If[

Total [ms]==Total [ns],
Sum[
sig=ks-ms+sig0;
If[

Union[Tally[sig]]==Union[Tally[sig0]],
Do[k[al,al=ks[[(al-1) (Nc-1)+al],{al,L},{a,Nc-1}];

SGN[sig] /SGN[sig0] *
Product [Delta[xsinv([z,sig]]/Deltalt/@Range[L]],{z,Nc-1}] *
Product([r[al,k[al,al]/r[21,0],{al,L},{a,Nc-1}]
/.x[al_,a_]1->t[al]l+I s+I k[al,a],O]
»{ks,MyPerm[ns] }]
,0]

The usage is the following, one has to initialise global variables Nc = N and L. Then
one can call the function M (m’s,n’s) to obtain the corresponding element of the measure
My . For example, for sl(4) length 3 spin chain the measure element M, with y =
11,1,0;3,1,1;1,1,0) and x = (2,0,0;4,1,0;2,0,0| can be computed as follows

In[44]:= Nc=4;
L=3;
m({1,1,0,3,1,1,1,1,0%}
,{2,0,0,4,1,0,2,0,0}1/.t[a_]->t,//FunctionExpand//Factor

outfad]= -((s* (s+1) (2 s+1)3 (2 s+3) (2 s+i t1-1i t9)? (2 s+i t1-i to+1)
(2 s+i t1-1 to+2) (2 s+i t1-1i to+3) (2 s—-i t1+i ty) (2 s-i ty+i to+l1)
(2 s+i t1-1i tz) (2 s+i tq1-i t3+1) (2 s+i to-i t3) (2 s+i to-i tz+1)
(2 s=i ti+i t3) (2 s-i ti+i t3+1) (2 s-1i to+i t3)? (2 s-i to+i tg+l)
(2 s=i to+i t3+2) (2 s-i to+i t3+3))
/(3 (t1-t2)? (ti-to=1) (ti-to+i) (t1-to+2 i) (t1-tp-3 i)
(t1-to-4 i) (t1-t3z-i) (t1-ta+i) (t1-t3-2 i) (t1-tz+2 i)
(to-t3)? (to—t3-i) (to-tz+i) (to-t3-2 i) (to-t3+3 i) (to—tz+4 i)))

or one can reproduce 1,3 element of the matrix in (3.76) with this code

In[50]:= Nc=3;
L=2;
M[{0,0,1,1},{0,0,2,0}1/.t[21->0/.t [1]1->t1,5//FullSimplify//Factor

s (2 s+1) (2 s+i t1,2) (i t1,+2 s+1)
t1,2 (t1,2-1)

Out[50]=
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