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1 Introduction

The Sachdev-Ye-Kitaev model (SYK) [1, 2] is a 0+ 1 dimensional model of N > 1 fermions
with an all-to-all random quartic interaction. SYK has three notable features:

Solvable at strong coupling. At large N one can sum all Feynman diagrams, and
thereby compute correlation functions at strong coupling.

Maximally chaotic. Chaos is quantified by the Lyapunov exponent, which is defined by
an out-of-time-order four-point function [3, 4]. The Lyapunov exponent of a black
hole in Einstein gravity is 2w/ [4-6], where [ is the inverse temperature. This is
the maximal allowed Lyapunov exponent [7], and SYK saturates the bound [1].

Emergent conformal symmetry. In the context of the two-point function, there is
emergent conformal symmetry at low energies [1, 8-10].

Due the scarcity of nontrivial systems which can be solved at strong coupling, the first
item is already enough to make the model worthy of study. The combination of the first
and the second items is remarkable and surprising. In the context of classical systems, solv-
ability usually means integrability, which is mutually exclusive from chaos. For a quantum
system, there is no such restriction, as SYK demonstrates. The third item implies that the



model has some kind of holographic dual. The second item strongly suggests this dual is
Einstein gravity in some form. The combination of all three items would appear to poten-
tially place the model in the unique class of constituting a solvable model of holography.

SYK is a variant of the Sachdev-Ye model (SY) [2] that was introduced by Kitaev
in a series of seminars [1]. Kitaev made significant advances in understanding the model,
connected the holographic study of chaos of Shenker and Stanford [5, 6, 11] to Lyapunov
exponents [3], and proposed SYK as a model of holography.

The main goal of this paper is to study the four-point function. This is also being
considered in [12, 13]. In section 2 we review the model, its two-point function, and
the emergent conformal symmetry. In section 3 we first review the setup of the four-
point function introduced in [1]. We then proceed to solve the Schwinger-Dyson equation
to compute the spectrum of two-particle states. We find both a discrete tower and a
continuous tower. In section 4 the four-point function is expressed as a sum over the
spectrum. The discrete part of the sum is explicitly evaluated. Some comments are made
on the breaking of conformal invariance.

2 Two-point function

The SYK model is given by the Hamiltonian [1],

N
1
H = 1 E Jijhl XaXiXkXI » (2.1)
ivjvkvlzl

where x; are Majorana fermions {x;, x;} = 6;;, and the model has quenched disorder with
the couplings J;jr; drawn from the distribution,

P(Jijit) ~ exp (—N®J7 /12J7) (2.2)
leading to a disorder average of,

——  31J2

ik = 3 Jum =0 (2.3)

The expressions for the correlation functions that will follow will always be the result
after the disorder average has been performed. The Lagrangian trivially follows from the
Hamiltonian and is,

L= —% Xj%Xj - H. (24)
The couplings J;jx; have dimension 1, while the fermions y; have dimension 0. The free
two-point function for the fermions is,

Golt)3is = —{Txa(t)x; (0)) = — gsmn(t)d; (25)

As a result of the disorder average, the anticommutation of the fermions, and large IV, the
Feynman diagrams for the full (zero temperature) two-point function take a remarkably



simple form. The self energy (t1,t2) (1PI) is expressed in terms of the two-point function
G(t1,t2) (see figure la)
Y(t1,te) = J2G(t,t2)> . (2.6)

Expressing the two-point function as a sum of the 1PI diagrams,
G(iw)™ = iw — B(iw) . (2.7)

The equations (2.6) and (2.7) fully determine the two-point function. Their solution is only
known in the limit of low energies. In this limit, one may drop the iw in (2.7), leading the
Fourier transform of (2.7) to become

/ dt G(t1, ) (t, t2) = —8(t, — ta) . (2.8)

Combining (2.8) with (2.6) gives an integral equation for G(t1,t2),
J2/dt G(t1,t)G(t, to)> = —6(ty — ta), (2.9)

which one can check is solved by [2],

1\ 1
G(t)=— (W) ngn(t) . (2.10)
The solution (2.10) for the Euclidean two-point function is valid at low energies, or equiva-
lently, at strong coupling: the time separation t should satisfy J|t| > 1. On the basis of the
two-point function, it appears that the theory flows to an IR conformal fixed point, with
the fermions acquiring an anomalous dimension A = 1/4. The above equations (2.6), (2.7)
determining the two-point function can either be found from the Feynman diagrams, as
has been done here following ref. [1], or equivalently by performing the disorder average
via the replica trick and evaluating the saddle point of the action [2, 14].

An equivalent way to find the two-point function is from the Schwinger-Dyson equation
in the form (see figure 1c),

G(t) = Go(t) + J2/dt1dt2 Go(t1)G(t1,t2)3G (Lo, t) . (2.11)

In the IR, one may drop the left-hand side, and find the solution (2.10). The late time
decay of G(t), as compared to the constant behavior of Gy(t), demonstrates that dropping
that left-hand side in (2.11) was self-consistent.

To go to finite temperature one uses the conformal invariance of the Schwinger-Dyson
equation (2.9) [1, 8]. Suppose G(o1,02) solves (2.9),

Jz/da G(o1,0)G(0,09)> = —6(01 — 09) . (2.12)

Consider an arbitrary time reparameterization, o = f(¢). One can check that (2.12)
transforms into (2.9) provided one lets

G(t1,t2) = |01 f(t1)Daf (t2)| 4G (01, 02) - (2.13)
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Figure 1. The line with a box is the full two-point function, while the solid line is the free two-
point function. (a) The self-energy ¥(1,%2) in terms of the two-point function G(t1,%2). (b) Some
of the Feynman diagrams making up the two-point function. (¢) The Schwinger-Dyson equation
for the two-point function. Iterating generates the sum in (b).

Choosing f(t) = e*™/8 maps the line into a circle, transforming the zero-temperature
two-point function into a finite-temperature two-point function [8],

Ga(t) G ! (2.14)
t) = — , .

g V2B7 \Jsin(nt/B)

where the temperature is 8~'. Analytically continuing to real time t = —it, turns

sin(7t,/B) into sinh(wt,/B), giving an exponential late time decay of the thermal two-
point function, as is expected for a strongly coupled CFT.

Sachdev-Ye. The SYK model is closely related to the Sachdev-Ye model (SY), which
we now review. SY involves N > 1 spins with Gaussian-random, infinite-range exchange
interactions [2],

N

1 - o

H=—>"Ju S; Sk, (2.15)
VM 4= e

where the J;; are drawn from the distribution,

P(Jij) ~ exp(—J5/2J%), (2.16)



and the spins are in some representation of SU(M). The choice of SU(2) was studied
by Bray and Moore [15], and it was numerically found to have spin-glass order at zero
temperature. Sachdev and Ye [2] considered (2.15) in an arbitrary representation of SU(M),
obtaining analytic control over (2.15) in the limit M > 1. The correlators in SY are
obtained by representing the spins in terms of fermions [2],

S, = ch”, Z ch“ =np, (2.17)
n

where n; denotes the number of columns in the Young tableaux characterizing the repre-

sentation of SU(M ), and (2.17) holds at each site. Under the mapping (2.17) the Hamil-

tonian (2.15) is transformed into,

1
— IR B 7}
H= NiTi E E Jij ¢;,cj,Ci¢5 (2.18)

which, like the SYK Hamiltonian (2.1), is quartic in the fermions. Depending on the
representation of SU(M), the ground state may or may not be a spin glass. One choice
of representation which was shown in [16] to avoid a spin glass phase is one with a Young
tableaux that has n, = O(1) columns and O(M) rows, where M > 1 [2]. In order to a
have a system that can serve as a model of holography, it is important that there not be
a spin-glass phase [4].! For SYK, a spin glass phase is manifestly avoided, as the fermions
can not condense at a site (unlike the case of SY where the the fermions have an additional
gauge index p) [14]. SYK is simpler than SY, in that it only requires a single scaling limit
N — o0, while SY also requires M — oo. On the other hand, it may be useful to study SY
as well, as it has a 2-index coupling, which may fit better with a bulk string theory than
the 4-index coupling J;;; in SYK.

3 Spectrum
In this section we turn to the study of the four-point function,

Oai(t)xa(t2)x; (t3)x; (ta)) - (3.1)

The leading order connected piece scales as 1/N. As with the two-point function, the large
N structure of the four-point function is remarkably simple. At leading order, it is given
entirely by the ladder diagrams shown in figure 2 [1].

The 1PI four-point function satisfies the Schwinger-Dyson equation (figure 2b),

[(t1,ta,t3,ta) = Do(t1, t2, t3,ta) + /dtadtb I(t1,t2, ta, to) K (ta, to, t3,ta) (3.2)
where

K(taatb7t37t4) = _3J2G(ta7t3)G(tb7t4)G(t37t4)27
To(t1,ta,t3,ts) = 3J26(t13)0(t24) G (t1, 12)? (3.3)

! A maximal Lyapunov exponent [7] could potentially occur in the highly quantum regime, at low temper-
atures. It is therefore important that the system not freeze into a spin glass as the temperature is lowered.
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Figure 2. (a) The four-point function is given by a sum of ladder diagrams, such as the one
shown. (b) These ladder diagrams are generated by iterating the Schwinger-Dyson equation (note:
the propagators are really the dressed propagators; we have suppressed the box on the line that it
is meant to indicate this).

and G(t1,t2) is the two-point function (2.10), and we sometimes use the notation t¢;; =
t; — t;. Finding the four-point function amounts to solving the integral equation (3.2).
Regarding the kernel K (tq,t,t3,t4) as a matrix (t, ty|K|ts t4), a straightforward way to
solve (3.2) is by diagonalizing the kernel. The goal of this section will be to compute the
eigenvectors v(tq,tp) of the kernel. The four-point function will then follow, and will be
discussed in section 4.

Some of the eigenvectors can be found by assuming a form that is a power of the
time separation t,,. In section 3.1 we review Kitaev’s calculation of the eigenvalues of the
kernel for this set. Surprisingly, there is an SL(2,R) symmetry in the t4,t, space. This
was recognized by Kitaev, and is a hint of the holographic nature of SYK: the bulk AdS,
is a hyperboloid in embedding coordinates, having the symmetry SO(2,1) ~ SL(2,R).
In section 3.2 we exploit this insight and use the SL(2,R) symmetry to generate all the
eigenvectors. Subtleties associated with boundary terms are discussed in appendix B. In
section 3.3 we directly verify that these are eigenvectors of the kernel. In section 3.4 we
find the basis of eigenvectors that span the t,,t; space.

3.1 Eigenvalues

To find the spectrum of the theory, we must solve for the eigenvalues g(«) and eigenvectors
Va(ta, tp) of the kernel,

/dtadtb Uoz(ta;tb) K(ta7tb7t37t4) = g(a) Uoc(t37t4) . (34)



Schematically, we can write (3.4) as,
Kvg = g(a)v, - (3.5)

One set of eigenvectors that satisfy (3.4) are [1],

Vo (ta, ty) = sgn(ty —tp) - (3.6)

|ta _ tb|2a

The corresponding eigenvalues g(«) are found by plugging v, into the equation (3.4). The
integral on the left-hand side of (3.4) is,

sgn(t, —tp) sgn(ty —t3) sgn(ty — ta)
dt dt . 3.7
J e e e (3.7

There are 8 regions of integration, arising from each of the sgn’s being positive or negative,
which must be done separately; the computation is performed in appendix A. The result

is [1],
3 1

9(a) = " 2(1 — 20) tan(ra) (38)

In fact, the integral (3.4) is divergent for all «, and the result (3.8) implicitly involved

2

analytic continuation.” We will have a better understanding of this divergence once we

find the complete set of eigenvectors.

3.2 SL(2,R) and all eigenvectors

We now use the eigenvectors (3.6) and the SL(2, R) algebra to generate all the eigenvectors.
Consider the SL(2,R) algebra with the standard generators L, ,

LP = tzfatl +t]278t27 p:071727
[Lp, Lq] = (a = P)Lptq—1- (3.9)

One can perform a similarity transform to find new generators which also satisfy the same
SL(2,R) algebra. Tt will be useful to define L, = [t12|7%/2L,|t12|>/2, so that

~ ~ 3 ~ 3
Lo=Lyg, L1:L1—|—§, L2:L2+§(t1+t2). (310)
The advantage of the Ep is that, at least naively, one finds they commute with the kernel,
L,K =KL,, (3.11)

in the notation of (3.5). So, the L, take solutions of (3.5) to new solutions with the same
eigenvalue. In fact, this statement is subtle and requires a careful treatment of boundary
terms, and we elaborate more on it in appendix B.

2For instance, one of the regions of integration, region 7 in the notation of appendix A, which is for
ta < tp,tq < ts,tp > ta , gives a result which is zero. This is for an integral of a manifestly positive quantity.
A result of zero arises because the contributions to this integral, (A.10) and (A.11), precisely cancel.



We can generate new solutions with Lo,
Onvan(tr, ta) = (t1ta) /2 La(t1t2)* van(t1, ta) . (3.12)
Integrating this with the initial condition (3.6) gives [1],

gn(ti2)

_ _ S,
Vax(t1,t2) = |1 — Atp|2973/2|1 — Agp| 22372 P (3.13)

This would be an acceptable set, but it is better to take a set of definite frequency (which
are distinguished by their subscript),

o
’an(tl, tQ) = / dTe_ZwTUa,\(tl — T, t2 — 7') . (3.14)

—o0
The constant A scales away, as it must or else there would be too many solutions, and vy,

becomes,
sgn(t e ,
Vauw(t1, t2) = iliyi) / dre™ 71—ty + 7227321 — ty 4 722732 (3.15)
—0o0

Splitting the integral into three regions, depending on how 7 compares with 1 — ¢; and
1 — to, and recalling the integral definition of the Bessel functions,

K, (z) = mez /O Tt e 22 (1 4 )rl2 (3.16)
2\ 1
I(2) = \/7?r((i)+1/2)ez /0 dt e 22t (t(1 — )V~ V2 (3.17)

we find,

Vaw(t1, t2) = we%(tﬁmﬂ(mg(zm)Jl_ga(\wt12| /2)4(1+sin(2ra)) Joa 1 (|wti] /2)) ,

[t12]
(3.18)
where in going from (3.15) to (3.18) we have dropped overall factors.?

3.3 Directly finding the eigenvectors

In the previous section, we used the SL(2,R) symmetry to find the eigenvectors (3.18). It
is useful to directly check that (3.18) are in fact eigenvectors of the kernel, which is what
we do in this section. Aside from being a consistency check, this will also help to establish
for which choices of « the claimed eigenvectors in (3.18) are in fact eigenvectors.
We take the eigenvectors to be of the form,
sgn(ta — ty) i

'Uzzw(taa tb) = We ta+tb)/22u(|w(ta - tb)‘/2) ) (3'19)

31t is important that in (3.18) the argument of the Bessel function has |w| rather than w. We are
grateful to J. Maldacena and D. Stanford for noticing this error in the draft through comparison with their
four-point function results [12].



where at this stage Z,(w|t, — tp|/2) is taken to be an arbitrary function. We will now
insert (3.19) into the eigenvector equation (3.4) and perform the integral over ¢, + ;. The
integral appearing in (3.4) is,

sgn(ta — tp) o—iw(tatty)/2 sgn(ty, —t3) sgn(ty, — ta)
dt, | dtp att)iey to — 1 2 . 3.20
[t [ an (ot — )2 e ) 30

We let t =t, —tp, t4 =1tq +tp, T = t3 — tg, 74 = t3 + t4, and take 7 > 0. This transforms
the integral into

[ 7o) [ et e T Tl T AT 0) g
It] Vit+ty —7 =74 flty —t — 7 + 7]

For the t, integral we change variables to t, = tﬁ:;* giving,

iwr sgn = iwli—r sgn(ty — 1)sgn(t4 +1
e +/2/dt | |() ZV(\wt\/Q)/dt [t—7lts/2 (+| _)1|1§2+ ) . (322)

Splitting the . integral into three regions and evaluating gives

—m—%’m/?/dtsgﬁ( ) 7, (tl/2) (Jollw(t = 7)1/2) + Yo(lw(t = 7)I/2)) . (3.23)
Since the eigenfunctions of the SL(2,R) Casimir (B.3) are Bessel functions, the function Z,
should be some combination of Bessel functions. While any Bessel function is an eigenfunc-
tion of the Casimir, as a result of possible boundary terms (as discussed in appendix B),
it is only for eigenvectors that are an appropriate combination of Bessel functions that
the kernel actually commutes with the SL(2,R) generators. In addition, inspection of the
Bessel addition formula (D.3) also suggests Z, is composed of Bessel functions. In any
case, using the hint that the Z, are composed of Bessel functions, we take the Z, to be
some combination of Bessel functions J, and J_, and fix the relative coefficient so as to
ensure it is an eigenvector. In appendix. C we evaluate the integral (3.23) and find that
the Z, in the eigenfunctions are given by,

tan(vm/2) + 1

ZV = v vy —v ) v — T/ oy 10 ‘24
(@)= o) + G Tu@). = o (3:24)
and that the corresponding eigenvalues for the eigenvectors (3.19) are,
3 vT
g(v) = ~5 tan 5 - (3.25)

Setting v = 2a — 1 gives back (3.8). Moreover, the eigenfunctions (3.19), (3.24) agree with
the eigenfunctions (3.18) found previously through use of the SL(2,R) generators.
3.4 A complete set of eigenvectors

In the previous section we established that the eigenvectors of the kernel (3.4) are given
by (3.19), (3.24). In this section, we find the appropriate range of v so as to have a set of



eigenvectors v, (t1,t2) that form a complete basis over t1,t2.* We will do this by appealing
to the standard fact in quantum mechanics that the full set of continuous and bound states
forms a complete basis.

We start with the Bessel equation,

I () + tJ (1) + (12 — vA)J(t) =0, (3.26)
which, upon substituting = logt becomes,

B d*J,(x)

T = () = =2 (@) (3.27)

The Bessel equation looks like a Schrodinger equation in a potential

V() = —e*, (3.28)

with an energy of —v/2.

Now notice that the eigenfunction (3.24) has a term J_,(|wti2|/2), which diverges at
small |t12] for Re(v) > 0. In terms of the x coordinate, this is a divergence at large negative
x for the states with negative energy.® We get rid of these states by placing boundary
conditions at large positive x that force these solutions to vanish. With the presence of
these boundary conditions, we have a quantum mechanics problem in a potential that has
both bound states and scattering states. The bound states are characterized by v = 3/2+2n
for nonnegative integer n, as these are the only choices of v that force &, (the coefficient of
J_,) to vanish. The scattering states are given by v = ir with 0 < r < co. The complete
set of eigenfunctions is therefore given by v = ir with 0 < r < 0o and v = 3/2 4 2n for
nonnegative integer 1.

This mixing of UV and IR is strange, but it is a recurrent theme in AdSy/CFT;. It
will appear again when we find in section 4 that there is a divergent piece in the four-point
function which must be regulated by physics coming from the UV.

Normalization. Finally, we need to normalize the eigenfunctions. It will be helpful to
use the following indefinite integral Bessel identity,

/dtJ P RV R
t v V2 — 2 w+v

(3.29)

First, we normalize the discrete eigenfunctions, with v, = 3/2 4 2n. For Re(«), Re(5) > 0,

s

/00o %Jw}ﬁ _ iw . (3.30)

4The eigenvectors have the antisymmetry v,., (t1,t2) = —vuw(t2,t1), consistent with the antisymmetry
of fermions. So, the eigenvectors will form a complete basis for antisymmetric functions of 1, ta.

°In fact, recall that in the calculation of appendix C, to demonstrate that (3.24) is an eigenfunction
requires that |Re(v)| < 1, as otherwise various integral identities involving J_, are not valid. If, however,
&, is chosen to vanish, so that J_, is absent, then the eigenfunctions are valid as long as Re(v) > —1.

STn fact, this set of choices of v was known to Kitaev to be a complete set, based on considerations of
the representation theory of SL(2,R) [17].

~10 -



This is the contribution at ¢ = oo of the right-hand side of (3.29); the piece at ¢ = 0
vanishes for Re(a), Re(8) > 0. Thus,

/ %Jynjym = ‘;7’7”“ : (3.31)
0 n

Now consider the continuous ones, Z, with v = ir (3.24). This set of eigenfunctions will
be delta-function normalizable. Computing their inner product

ot
/ ~ 257, (3.32)
0

by using (3.29) and evaluating at ¢t = 0 and ¢t = oo, we find that the contribution at ¢t = oo
vanishes. We regulate the contribution from ¢ = 0 by evaluating it at t = e~1/¢. Noting that

—v/e
ey © T

Jy (e T+ 1) + (3.33)

as well as )
() = limﬁoLn(x/ 9 : (3.34)

T
we find,
dt, ., 27 sinh 77

/0 72”218 = TA £ T —ir) r—s)=2 . d(r—s), (3.35)

where we have used £.&;, = 1 and dropped terms that oscillate rapidly as € — 0.

Summary. We have found that the complete set of eigenfunctions are,

tan(vm/2)+1

Uyw(ta, tb) . Sgn(ta—tb) e*iw(ta‘i’tb)/Z <JV(|W(ta_tb)|/2)+ta(/2)1
n\{ym —

- solat) J_V<rw<ta—tb>|/2>) |

(3.36)
where v pure imaginary, v = ir with r > 0, make up the continuous family, and v = 3/2+2n
with integer n > 0 make up the discrete family. The eigenfunctions have an inner product

o o0
(Vs Vpryt) = / |t1 —tao| d|t1 —ta] / d(ty +t2) v vy = Nyo(v—1v")d(w—w') (3.37)
0 —o0

where (v — /) denotes the Kronecker 0y, for v discrete, and the Dirac d(r — s) for v
continuous, and

N, — {(21/)_1 for v=3/2+2n (3.38)

v sinmy for v =ir .

4 Four-point function

Equipped with the eigenvectors of the kernel, we now find the four-point function (3.1).
Since the eigenvectors v, (t3,t4) (3.36) form a complete set, we can expand the four-point
function in terms of them,

['(t1,t2,t3,t4) :/dVdW’Yuw(thtz)Uuw(t?nM), (4.1)

- 11 -



where the integral over v denotes an integral over the imaginary v (v = ir, r > 0) and a
sum over the discrete real v (1, = 3/2 4 2n, n > 0), and there are some coefficients 7.
We may similarly expand I'g(t1, t2, t3, t4) appearing in the Schwinger-Dyson equation (3.3),

Lo(t1,t2,t3,t1) = /dde Yoww (t1,2) Ve (T3, ta) - (4.2)

Recalling 'y in (3.2) we get for youuw,

3J

’70uw(751, t2) = mvﬁw(tlab); (4-3)
14

where N, is the normalization factor (3.38) for the eigenvectors. From the Schwinger-Dyson
equation (3.2) we therefore have,

3J ’U;wt,t Uy (t3, T
T (t1, by, t3,t4) = \/E/dydw ((11 _29)(V))](V3 4 (4.4)

where g(v) are the eigenvalues (3.25). This is our result for the four-point function. The

integral over v is to signify an integral over the imaginary v and a sum over the discrete
v=23/2+2n. Eq. (4.4) can be viewed as expressing the four-point function as a sum over
all intermediate two-particle states. It is reminiscent of a conformal block decomposition.

If one sets the eigenvalue ¢g(v) = 1, then the eigenvector equation (3.4) turns into the
Bethe-Salpeter equation for two-particle bound states. This is not the decomposition of
the four-point function used in (4.4). However, the eigenvectors v(t,,tp) of the kernel for
general eigenvalue g(v) are perhaps also in themselves of interest.

There are three pieces appearing in (4.4). The first is a pole occurring at v = 3/2, as
a result of g(3/2) = 1. The second is a sum over the remaining discrete v, v, = 3/2 + 2n
with n > 1. The third is an integral over v = ir with r > 0.

Divergence

Since ¢(3/2) = 1, the four-point function (4.4) is divergent. The true four-point function
should be finite, so this divergence must be an artifact of taking the IR limit. Indeed, in
computations of the four-point function, we made use of the two-point function given by
(dropping overall constants) (2.10),

G(t) = : (4.5)

and used this for integrals ranging over all times. However, (4.5) is only valid in the IR: for
time separations Jt >> 1, as is clear from the derivation of (2.10) in going from (2.7) to (2.8).

To see how the divergence goes away in the full theory, note that the two-point function
in the UV is given by sgn(¢) (2.5), and so the true two-point function interpolates between
this and the IR form (4.5). An example of such a function is

Gty = 8 (4.6)

VIJt 1
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though of course (4.6) is not the real two-point function; for this one must actually solve
the Schwinger-Dyson equation (2.6), (2.7) for all Jt.” A correction to the form of the
IR two-point function (4.5) is already enough to remove the divergence in the four-point
function. For instance, Taylor expanding (4.6) about Jt > 1 gives,

_ sgn(t) 1
G(t) = 71 <1 =277 +.. ) : (4.7)

One can then use first order perturbation theory in quantum mechanics, regarding the
kernel as a Hamiltonian, to compute the change in the eigenvalues, under the change 0G
in G going from (4.5) to (4.7),

5g,,5(w - w') == /dtldtgdtgdt4 v;w, (tl,tg) 0K U,/w(tg,t4) . (48)

The shift in the eigenvalue §g, will be a power of w/J (depending on the power of (Jt)™1
used in 0G). This shift dg, removes the divergence of the four-point function and, in
addition, removes the degeneracy of the eigenvalues by having them acquire w dependance.®

The need to break conformal symmetry is in some sense surprising. In the spirit of
effective field theory, one may have thought that the conformal IR theory should in itself
be consistent. Instead, we see that the UV does not truly decouple. In fact, this behavior
should have been expected from holographic studies in AdSs/CFT;. Gravity in AdSs is
known to be problematic, as the backreaction of any finite energy excitation is so strong
that it destroys the boundary [18]. This was studied in [19] by embedding AdSs in a higher
dimensional space: with Poincare coordinate z = 0 denoting the boundary, there was a
transition at z = a from conformal Lifshitz (small z) to AdS, times a compact space (large
z). On the boundary, this corresponds to an RG flow with a CFT; in the IR. From bulk
computations, [19] found breaking of conformal invariance in the four-point function, along
with a divergence as the regulator a was removed.

This suggests that it is not the IR fixed point of SYK that should be thought of as
dual to AdSs. Rather, one should consider an AdSs embedded in a higher dimensional
space: for instance, as the near-horizon limit of an extremal charged Reisnner-Nordstréom
black hole in asymptotic AdS. While the dual of this bulk is certainly not SYK, it may be
that the IR limit is SYK.

Chaos

Building on semiclassical intuition, quantum chaos can be diagnosed by the exponential
growth of an out-of-time-order four-point function [3, 4]. For recent work, see [7, 20-25].
In the context of SYK, one can consider the thermal out-of-time-order four-point function,

OO (D) ~ e (19)

"In fact, a careful study of the Schwinger-Dyson equation shows that the first subleading term one may
naively expect is absent. We thank D. Stanford for sharing his result with us.
8The connection between v = 3/2 and breaking of conformal symmetry was recognized by Kitaev [1].
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where k is identified with the Lyapunov exponent.’ Kitaev found that SYK, at strong
coupling SJ > 1, has a Lyapunov exponent £ = 27/ [1]. This was done by considering
the Schwinger-Dyson equation for the out-of-time-order four-point function, as defined on
the Keldysh contour, and plugging in an ansatz of the form (4.9).

One can also compute (4.9) from the zero-temperature Euclidean four-point func-
tion (3.1). We begin by noting that the finite temperature four-point function
can be obtained by a conformal mapping of the zero-temperature four-point func-
tion. The Schwinger-Dyson equation for the two-point function (2.12) had the invari-
ance (2.13), G/(ty,ta) = [01f(t1)02f (t2)]Y/* G(f(t1), f(t2)). Similarly, one can check that
if T'(t1,t2,ts3,t4) satisfies the Schwinger-Dyson equation for the four-point function (3.2),
then so does

'(t1, ta, s, ta) = [O0f (1) f (t2)Ds F(t3)Da f(t) A D(f(t1), F(t2), F(ts), F(ta)),  (4.10)

while the eigenvectors transform as,

V(b1 t2) = [01F (11)Dof (t2)]* * vpo (f(11), f(22)) - (4.11)

The finite temperature four-point function therefore follows from the zero-temperature one
through the mapping f(t) = exp(2mit/f).

Finally, the Euclidean correlator is transformed into a Lorentzian out-of-time-order
correlator by assigning small Euclidean time €; to t; (the desired ordering of the Lorentzian
correlator determines the relative magnitude of the €;), then adding some Lorentzian time,
and finally sending €; to zero (see e.g [20, 26, 27]). In particular, for (4.9) one chooses,

27 2m

27 4e i€ 2 27 3¢ i€ 21
flh) =e3™, flty) =ed ™™ f(ts) = €7, f(ta) =7 T (412)

Discrete sum

We now return to the expression for the four-point function, (4.4), and evaluate the sum
over the discrete v, = 3/2 + 2n with n > 1. Denoting this by I'?, we get from (4.4),

T4(ty, to, t3,t4) (4.13)
3J sgn(t12)sgn(tss)—=(n + 3/4)2/::

= d 2) J. t 2)J. t 2
3/2 t10|[t34] ;1 n ) w cos(ws/2) 3/2+2n(w’ 12|/2) 3/2+2n(w\ 34//2) ,

where we have defined,
s=t3+ts—1t1 —to. (414)

Using eq. 6.612 of [28] (see appendix D), one has that,

o0 1 p24a2—g2 4a2—s2
/0 dz Jy,(ax)J,(bzx) cos(sx)= 3 [Qy_1/2<2ab+ze> +Ql,_1/2<2ab—zeﬂ .
(4.15)

%Eq. 4.9 is valid for times longer than the dissipation time and shorter than the scrambling time,
kTl <t< kT logN.
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The Legendre function of the second kind, @, (z), has a branch cut along a portion of the
real axis, z € (—00,1). As discussed in appendix D, we define @), (z) through a hypergeo-
metric function (D.9). For arguments z > 1, one has that 3(Q, (2+i€)+Q, (2 —i€)) = Qu ().
For z < —1, one finds that $(Q,(z +i€) + Qu(z — i€)) = — cos(vm)Qu(2). (see eq. (D.18)).
An alternative way to define @, (z) is as a Hilbert transform of the Legendre function of
the first kind, P,(z2),

L1 LB
Qn(z) = / 1d : (4.16)

2 T—z
where for z € (—1,1), the integral is interpreted as a Cauchy principal value integral. For
€ (—1,1), the definition (4.16) of Q,(2) is equal to 3(Q,(z + i€) + Q,(z — €)), where in
the latter @), denotes the definition through the hypergeometric function (D.9). With this
understanding, we have from (4.13) and (4.15),

3J sgn(ti2)sgn(tss) > (7”H—3/4)2 t%2+t§4—52
Tty o, tg, y) = A2 470 ) g7
(bt ta) = 5 22w @t oy (417)

We have written (4.17) for the case when the argument of the Legendre function Q2,,+1(x)
is in the range z € (—1,00) (where for x € (—1,1) the definition (4.16) is implied). For
x € (—o0,—1), one should replace Qa,,+1(x) with Qap+1(—2).

We note that the first several Legendre functions are given by,'"

1 1+=x
— 1 = —
Py(x) Qo(x) 2log T
T 1+=z
1(z) == Q1(z) +5log T —
1 3 1 1
Py(x) = 5(3952 -1) Q2(x) = —; + 1(3:1:2 —1)log R .

The form of the discrete tower contribution to the four-point function, expressed as
the sum (4.17), is already an interesting expression and should be studied further.!'’ We
will now evaluate the sum over n in (4.17). We first evaluate the same sum as in (4.17),
but with the P, instead of the Q2,+1. Recall that the Legendre functions P, (x) can be

found from the generating function h(v, x) 12

h(v,x 4.18
(v,2) = V1— 270 + 02 Z (4.18)
We will evaluate our sum by taking derivatives and mtegrals of the generating function, so
as to appropriately form the rational function of n appearing in the sum. Letting

H(v,z) —/dvh(v’x) (4.19)

v2

10This is for = € (=1,1). For = > 1, the argument of the log should get an extra minus sign.

HEor instance, one can study the themal out-of-time-order four-point function, through the conformal
mapping specified in (4.10) and (4.12). The contribution of the vy = 3/2 block (not included in the
sum, since it is the one with a divergent coefficient) gives exponential growth with the exponent 27/g3,
while simply from the leading scaling of Q2,+1, one can anticipate that the v, = 3/2 4+ 2n block gives an
exponent that has an additional factor of 2n 41 (of course, the overly rapid growth of the individual terms
is not a problem, as the full sum over all n > 1 cures this).

2The Q. (z) also have a generating function, which is just the Hilbert transform of h(v,z).
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so that
k-1

H(v,z) = H(v,z) — P () Z Py(z (4.20)

and
1

ha(v, z) = v'/?0, (v@v( S2H (v, x ) ZPk k+ /2) R AL (4.21)

and
hs(xz) = ha(l,2) — ho(—1,2), (4.22)

We thus get,
— (n+3/4)

ha(z) =4 (nn/)PQnH(a:) : (4.23)

where performing the above operations we find,
3 (1—|—3£L’/2)_ 3 (1-3x/2) 9

hy(w)=—6r+ = = —4xlog((1—x+\f2\/1—x)(1+x+ﬁ\/h(ux))).
4.24

Since the Legendre @), are defined in terms of P, by a Hilbert transform (4.16), we can

get the sum

~ 2 (n+3/4)?
hs(z) = 4; (n/)QQnH(x) : (4.25)
by performing a Hilbert transform of (4.24),
; 1 [t ha(z)
hs(x) = 2/1 dzx — - (4.26)

This Hilbert transform is straightforward to evaluate and contains, for instance, the dilog-
arithm function. We thus finally get,

3J sgn(tiz) sgn(ts) ; (11, + 13, — 5° (4.27)
4312 |t13]3/2  |ta4]3/2 2|t12||t34] '

Continuous sum. Finally, the four-point function I' (4.4) also has a contribution com-

T%(ty, ta, t3,ts) =

ing from an integral over v = ir. Denoting this piece by I'“, and inserting the eigenfunc-
tions (3.36), eigenvalues (3.25), and normalization (3.38) into (4.4),

3J 1 > [ i Z5 (lwt12]/2) Zir(lwiza|/2)
Tt to ta. ts) — d d 2 —iws/2 ir
(t1,t2,t3,ta) (47)3/2 t1atay / T/ wire 2r sinh(7r) + 3 cosh(mr) — 3”7

where 7, is given by (3.24) and s is defined by (4.14). In appendix D we perform the
integral over w; the remaining integral over r is left to future work.
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A Integrals in eigenvalue computation

In this appendix we evaluate the integral appearing in the computation of the eigenvalues
of the kernel in section 3.1.
We will need to evaluate the integral on the left-hand side of (3.4),

sgn(t, —tp) sgn(t, —t3) sgn(ty — ta)
dt, | dit . Al
e f e s T (A

There are 8 regions of integration which must be done separately. Without loss of generality,
we let t3 > t4. The following representations of the § function will be useful,

['(z)T(y)

B(r,y) = T(z+y) (A.2)
T 1 1 & 1 1 1
R R R e T e S L
T 1 1 1
/sdt(t—s)x =T = (T_S)x+y_lﬂ(1—x,1—y) . (A.4)

We label the ranges by indicating if the sgn is positive or negative.

1. +4+ +.
o ta 1 1 1
dt, dt
/ta b (ta — 15)20 (ta — 3)22 (8 — £1)22
& 1 1
=B(1-2a,1—2A dt,
B( @, ) /t3 (ta _ tS)QA (ta _ t4)2a+2A—1

1
(t3 _ t4)2a+4A—2

=B(1-2a,1—2A)B(1 = 2A,2a + 4A — 2) (A.5)

From now on we will not write the time dependance of the result of integrals, and use
notation ¢;; = t; — t;.

2. ++ —.
/t4 dtb/tg dts tm tm t% — _B(1—2A,20+2A —1)B(1 — 2A, 20+ 4A —2) (A.6)
3. + —+.
t3 ta
/ dt, / dtbt2a tm t% “B(1—2a,1 - 2A)B(1 — 2A,2 — 20— 2A) (A7)
4., + — —.
ta t3
/ dty /tb dt tm tm tm — B(1—20,1—2A0)8(1— 27,20 +4A —2)  (A.8)
5. — + 4.

o] ty
—/ dty / dte o 1oL 51 20,1 2A)8(2 20— 21,20+ 4A —2) (A9)
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6. — + —. Doesn’t exist, since we assumed t3 > t4.

7. — — 4. We need to split the integral into two regions,

b > 1 1 1
dta dty - —« —~ = B(1—2A,2a+2A—1)8(2—2a—2A, 2a+4A —2) (A.10
e [t g g = 602820428 1)3(2-20-24,20+48-2) (410

and
3 > 1 1 1
dta dtb 75270[ 1:2? t27A :6(1—2047206+2A—1)/8(1—2A72—206—2A) (All)
tq tq ba 3a b4
8. — — —

fa a1 11
—/_Oodta\/ta dtb@ t%iaA % :—5(1—2(1,1-2A)5(2-20{-2A,20€+4A—2> (A12)

Summing the results (A.5)—(A.12) and recalling A = 1/4 gives g(«),

3 1
9la) = ~2(1 — 20) tan(ra) (A-13)

B Eigenvectors and boundary terms

In this appendix, we elaborate on the statement made in section 3.2 that care must be
taken in arguing that the SL(2, R) generators commute with the kernel.

In particular, to show that .Z/Q’an is an eigenvector if v, is an eigenvector, one must
integrate by parts

/ dtodty (204 4+ t20p)Vaw K (ta, ty, ta, t4) = — / dtodty Dow (aa(tzK) + ab(t?,K))

+ / dty (DawtiK)

(B

ta=00
t tp=—00

+ / dty (Dauwt>K)

a=—00

We will need to drop the boundary term on the second line. As we will see, this assumption
will only be true in certain cases.

To find the eigenvectors, we use the naive commutativity (3.11) to conclude that the
eigenfunctions of the kernel are the same as those of the SL(2,R) Casimir. The latter is

9L? = 2L3 — LoLy — LoLyg . (B.2)
We find
L? =202 +3t_0_ — 207

= 73/ <t2(82 — %)+ 2) £3/2

=t (#2702 + 0 + R 1) (B.3)

~ 18 —



Herety = %(tl +19). In the second line we see that the Casimir is the Lorentzian Laplacian,
even for Euclidean four-point functions. In the third, we have gone to frequency space,
and we see that the Casimir is conjugate to the Bessel operator, plus a constant. Thus,

we*wﬁw)/%@%l(\w(tl —12)/2) (B.4)
[t1 — 1o
is an eigenfunction of L2, and hence would seem to be an eigenvector of the kernel K as
well. Note that Yo, 1 would also seem to be an eigenvector. The important point is that
to drop the boundary term appearing in (B.1) requires a particular combination of the
Bessel functions, such that this term actually vanishes. The eigenvectors that we found in
the main text formed the correct combination so that this boundary term vanishes.

C Integral in eigenvector computation

In this appendix we perform the integral appearing in the direct calculation of the eigen-
vectors in section 3.3.
We need to evaluate the integral (3.23),

_.We—wwamt/}ﬁsgjf) Zu(Jt)/2) (Jolleolt = 7)1/2) + Yo(w(t = 7)I/2)) . (C.1)

We can rewrite the integral as,

| 52 (a2 =t + Ya(lwr/2 — ) (€2)

— [ She 220 (Goo) + Tolw)) (©3)

where
mm—ﬂmmﬂw—Jiﬁm—w (C.4)
%@wiﬁ#WWMW——véilwm—U- (C.5)

Also,

I = [ e = 20 (singsin phoa- o)+ T2 g1

(Ipl +/p* = 1)¥
(C.6)

and similarly for Y(p) (eq. 6.693 of [28]). One should note that the above formula for
J}(p) is only valid for Re v > —1, and the one for Y}/(p) is valid for |Re(v)| < 1.
Let the eigenvector be a combination of Bessel functions,

Z,=cyJ, +cyY, . (C.7)

The Fourier transform of (C.3) becomes,
44

vy/1 — p?

0(1 — |p|) sin(v sin~! Ip|) (CJ — cy tan U7T/2)
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2 p(lp| — 1)(p| — V=TT

_I/\/p2 -1 cos(vm/2)
4i cysin(vm/2) 1 cy

o(l = 1) ) ©

VRS (pl + VP — ¥ Zcos(vr/2)(p| — v/p® — 1)

The Fourier transform of Z,sgn(7) is

2i sin(v sin~! |p|)9(1 e <CJ i CY)

V1-—p? tan(vm/2)

icos(mv) V o
+sin(mr/2)\/ﬁ(lp| — VP2 = 1)"8(lp| = Dey

1
+——0(p| -1 (2
(] =1

cjcosvm/2 B cy
(Ip|+ VP2 — 1) sin(wr/2)(p| — /P — 1)

which has the range of validity of Re(r) > —2 coming from the J, integral, and |Re v| < 2
from the Y, integral. Equating (C.8) and (C.9), the eigenfunction is therefore,

) ., (C.9)

Zy, = (tanvm/2 —1)J, + (1 +tanvn/2) Y, , (C.10)

with eigenvalues 2% tan v /2 (recall the factor of — in (C.1)). We can rewrite this as

Zl, = —7Z,sinvm = (Jl,(tan v /2 — 1)+ J_,(tanvm/2 + 1)) (C.11)
Finally, let us rescale the eigenfunctions, writing them as

_ tanvm/2+1

Z, = _ e S B
v ‘]l/+£l/<] vy é-V tanljﬂ'/2— 1 9

(C.12)

where we are reusing notation for Z,; this Z, is a multiple of the one in (C.7). Now
recall that in the integral (3.20) there should be a factor of —%: the 3 is due to Feynman
diagram combinatorics, and the 1/47 is from the normalization of the 2-pt function. The
eigenvalues are thus,

g(v) = —— tan — . (C.13)

Setting v = 2o — 1 gives (3.8). Moreover, the eigenfunctions (C.12) agree with (3.18).
Finally, it will be useful for later to note that

b
cosh(7r)

Eir = (1 +isinh7r), (C.14)

*
and so Z; = Z_;.

D Integrals of products of Bessel functions

In this appendix we review some integral identities involving products of Bessel functions.
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Laplace transform of J,J, and J,J_,

We would like to evaluate integrals of the form

/ Tt et (B0 T (), (D.1)

0

where the cylindrical function 7, is defined as
Ty =a(v)J, +b(1)Y,, (D.2)

where a(v),b(v) are arbitrary functions of v with period one, and J,,Y, are the Bessel
functions.
From the Bessel addition formula,

7 it v/2 0o A
Jy <\/Z2 + 22 — 27z cos ¢) <Z_Z;€u;$> = Z Jysm(Z) T (2)e™ (D.3)

m=—0Q

where |ze*®| < |Z|, one finds [29],

TV 22+ 22 —2Zzc08d) . 4, , ., TA(Z) Jo(2)
/ W T2 —2Zmcomgprz S0 ¢ =TT =720 (D)

Next, following the same procedure as in [29], and defining w = \/ B2 4+ ~2 — 237y cos ¢, one
has that,

0

/ dt e LT, (Bt) T, (vt) = OFS S / dt / dg o=t T “t) sin® ¢, (D.5)
2 §
where |3] < |y|. Now using eq. 13-2 (2) of [29]:

o0 _ o 0/2a)"T (p + v) p+v p+r+1 w?
at et J, (@t = &L F 1,—2) . (D
/0 e J,(wt) T (v + 1) 2 F 5 5 v+ 1 o (D.6)

Combing the previous several lines, and taking J, = J,, in (D.5) gives,

o —at _ (57)V 22U @2
/ dt e J,(Bt)J,(yt) = 7ra21’+1/ dmsin™ ¢ o F <V+1/2 v+ 1lv+1, _a>

0
1/2—v
= a2y+1/ d¢sin™ ¢ < >

V=12 T(1/24v)? 2
= Filv+1/2,0+1/2,20+1,
m/ S (12)72 T(1t20) > 1<’+ /2, v+1/2, 20+ 1—|—z>

= WFQV 1/2(2) (D.7)

where in the last line we used the relation,

a a+1 1 22
)

— b4+, D.
5 3 ,b+2,(2_ (D-8)

2F1(a, b, 2[), :L') = (1 — $/2) 2F1 <
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and the definition of Q,,

Qu(z) =

V(v +1) v v 1 3
Fl-+1=-+= : D.
T(w+3/2)2zp+ \2 that v ty? (D-9)
The result (D.7) reproduces (13-22, 2) of [29].
Now, we would like to consider the choice of 7, in (D.2) with coefficients a, =

—by/tanvr and b, = 1, which gives,

Ty = N (D.10)

sin v

Taking this choice of 7, in (D.10) gives

/ Tt et (BH)T (1)

0

(5’7)1/ T . 2y 1 @2
~ o BT J, % en (311-vg) @1

This integral can be evaluated to yield a combination of hypergeometric functions of the
type 3f3.
Fourier sine and cosine transform of J,J,

Our starting point is (D.7), (see also eq. 6.612 of [28]),

oo 1
dz ¢ 1,(0)0,00) = Qi
/o e /B Y
where Re(a £ i +iv) >0, v >0, Rev > —%.
The Legendre function @, (z) has a branch cut on the real axis running from —oo <

O‘2+ﬁ2+72>, (D.12)

28y

z < 1. We would like to start with « real and continue it to imaginary values. We write
a = |ale”; and we will have @ evolve from 0 to 7/2. Alternatively, we will also evolve 6
from 0 to —7/2. Also, we will assume [, are real.
We define ) ) )
—a® + 3%+
2=—-| D.13
20 (B-13)

and let a = |a|. We have that

/0 " do sin(az) g, (82) 0, (1) (Qurja(z+1i6) = Qurjplz —i€)) . (D.14)

i
2178

Consider first 0 < a < v — f; this corresponds to z > 1, which is away from the branch
cut. As a result, the right hand side of (D.14) vanishes. Next, consider v — 3 < a < v+ £,
which corresponds to —1 < z < 1. For this range of z, from (8.13) of [30],

Qu(z +i€) — Qu(z —ie) = —inP,(z) . (D.15)
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Finally, for v + 8 < a, which corresponds to z < —1, we use the definition of @, in (D.9).

Since the hypergeometric function F'(a,b,c,x) has a branch cut for z > 1, the only jump

in (D.9) comes from the z7*~! term. Thus,

Qu(z +ie) — Qu(z —ie) = 2isinmv Q,(—2), (D.16)

for z < —1. Collecting everything, we get

0 z>1
/ dz sin(az)J,(Bx)J,(yr) = ﬁpu—lﬂ(z)a -1 <z <1, (D.17)
0 _cos(uﬂ')Q (—Z) 2 < —1
By v—1/2 )

which matches eq. 6.672 of [28]. Also, we find that

/oo 1 QV—]./Q(Z) z>1
dz cos(ax)J,(Bx)J,(vx) = ——={ Qu—1/2(2) -1<z<1 (D.18)
0 B sin(vm)Qy—1/2(—2), z < —1

where Q,,_l/z(z) = %(Q,,_l/g(z—i—ie) +Qu_1/2(2 — ze)) (eq. 8.14 of [30]) and is simply
Qy—1/2(2) (as defined by eq. (4.16)).
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