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ABSTRACT: We revisit the symmetries of massless two-dimensional adjoint QCD with gauge
group SU(N). The dynamics is not sufficiently constrained by the ordinary symmetries and

anomalies. Here we show that the theory in fact admits ~ 22V

non-invertible symmetries
which severely constrain the possible infrared phases and massive excitations. We prove
that for all N these new symmetries enforce deconfinement of the fundamental quark.
When the adjoint quark has a small mass, m < gym, the theory confines and the non-
invertible symmetries are softly broken. We use them to compute analytically the k-string
tension for N < 5. Our results suggest that the k-string tension, T}, is Ty, ~ |m|sin(7k/N)
for all N. We also consider the dynamics of adjoint QCD deformed by symmetric quartic
fermion interactions. These operators are not generated by the RG flow due to the non-
invertible symmetries, thus violating the ordinary notion of naturalness. We conjecture
partial confinement for the deformed theory by these four-fermion interactions, and prove
it for SU(N < 5) gauge theory. Comparing the topological phases at zero and large mass, we
find that a massless particle ought to appear on the string for some intermediate nonzero
mass, consistent with an emergent supersymmetry at nonzero mass. We also study the
possible infrared phases of adjoint QCD allowed by the non-invertible symmetries, which
we are able to do exhaustively for small values of N. The paper contains detailed reviews
of ideas from fusion category theory that are essential for the results we prove.
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1 Introduction and summary

Confinement in gauge theories has been a central subject of research in quantum field
theory for decades. While the ultimate goal is to understand confinement in Yang-Mills
(YM) theory and Quantum Chromodynamics (QCD) in 3+1-dimensions, these models so
far forbid any direct analytical handle. It is therefore important to continue extracting
lessons from similar but more tractable models.

In this spirit, in the current paper we analyze the 1+1-dimensional model of QCD
with a Majorana quark in the adjoint representation of the gauge group. Pure YM theory
in 141 dimensions is a solvable model without propagating local degrees of freedom [1].
Adding a Majorana fermion makes the model nontrivial and with rich dynamics. We only
consider the case where the gauge group is SU(N) in this paper. There has been a lot
of progress recently on some aspects of strongly coupled field theory dynamics, and, in
particular, gauge theories with adjoint matter in 3 and 4 space-time dimensions. See for
instance [2—-14] and references therein.

The adjoint Majorana fermion model in 141 dimensions was extensively studied in
90’s, see for instance [15-21]. For the gauge group SU(2) it was rigorously concluded that



when the adjoint quark is massless, the gauge theory is in the deconfined phase, i.e. the
Wilson line in the fundamental representation obeys a perimeter law. This is a surprising
claim as the quark is in the adjoint representation of the gauge group, so naively there
are no particles that can screen the Wilson line in the fundamental representation. The
physical mechanism at play here is that of a fractionalization of the adjoint quark. We
will see this explicitly in an Abelian analog of this phenomenon. As soon as the quark is
given a mass, the Wilson line in the fundamental representation has an area law and thus
confinement sets in.!

From a modern point of view, this result for SU(2) gauge theory can be immediately
understood from the symmetries of the theory and their anomalies. The theory has a ZJ
chiral symmetry acting on the adjoint fermion as (—1)fZ with Fy being the left fermion
number. There is also a Zs symmetry associated to the center of the group (i.e., a one-
form symmetry in modern terminology [24]). There is a mixed anomaly between these
two symmetries, implying that the topological (—1)f~ line is charged under the Zo one-
form symmetry. The topological line associated to (—1)fZ, being an ordinary internal
symmetry, cannot change the energy density. This means that, on the one hand, acting
with (—1)fZ we must now reside in a state with a string, but on the other hand, it must
have energy density (tension) equal to the original vacuum. Therefore, the fundamental
Wilson line must have perimeter law. If the adjoint quark is massive, one cannot run the
same argument since (—1)fZ is no longer a symmetry and hence the energy density of the
string could be nonzero, and indeed it is confined.?

The situation for SU(N > 2) gauge theory with an adjoint fermion is more complicated.
With a massless quark, (—1)fZ is still a symmetry but now the anomaly with the center
(one-form) Zy symmetry is less constraining. Indeed, the topological line of (—1)fZ takes
the string sector with & € Zx to k + N/2 € Zy for even N while for odd N it does not
shift k. So one can immediately conclude that the Wilson line for an external quark with
N-ality N/2 must be deconfined for even N and for odd N one cannot draw any conclusion
about deconfinement. This summarizes the nice observations of [34]. Therefore, from the
ordinary symmetries and anomalies, one cannot conclude whether the fundamental Wilson
line is confined or not for SU(N > 2).

Our main aim in this paper is to show that this gauge theory admits many “exotic”

symmetries, in fact, of the order of 22V «

exotic” symmetries. These symmetries correspond
to non-invertible topological lines. They constrain the massive particle spectrum as well
as the long distance behavior. We analyze these new symmetries in detail and show that
they lead to the deconfinement of the fundamental Wilson line for all N. As soon as we
add a mass term for the quark, these new symmetries disappear and one finds that the
Wilson lines become confined. However, some quartic fermion terms preserve a sufficiently
interesting subset of these ~ 22V symmetries and we therefore also analyze the dynamics

of the theory with such quartic terms. Finally, if the mass of the adjoint quark is small,

'In this paper we focus on the massless adjoint theory or the theory with a small mass. There are also
many interesting questions about the theory at large mass which have been recently studied in [22, 23].

2Many applications of anomalies involving one-form symmetries have been studied recently in diverse
dimensions and situations. See [2, 5, 6, 9, 24-33] for some examples and additional references.



one can treat it perturbatively around the massless theory and we use such an expansion to
compute the exact k-string tension for several low-rank cases. This is possibly the first such
analytical computation without supersymmetry. We will summarize our findings below.

Non-Abelian bosonization. A convenient tool for studying adjoint QCD is the non-
Abelian bosonization which relates free fermions to a Wess-Zumino-Witten (WZW) model.
The non-Abelian bosonization was first proposed in [35], and was recently made more
precise in [36]. It states that

n Majorana fermions/(—1)"" < Spin(n); WZW , (1.1)

where the modding by (—1)% on left hand side denotes the spin-structure sum (a.k.a GSO
projection) of the fermions. The Spin(n) symmetry on the right hand side is identified
with the symmetry rotating the Majorana fermions. When n = N? — 1, the SU(N) sym-
metry acting on the fermions in the adjoint representation is embedded into the subgroup
PSU(N) C Spin(N? — 1) of the right hand side. Gauging the SU(N) which acts on the
Spin(N? —1); WZW model results in the Spin(N?—1);/SU(N)y coset model [35, 37] with
a kinetic term for the SU(V) gauge fields. The Yang-Mills coupling gywm for the SU(N)
gauge fields provides a dimensionful scale in the problem. The model has nontrivial excita-
tions at that scale and it is not known to be solvable. This coset model is exactly equivalent
to the SU(N) gauge theory with Majorana fermions in the adjoint representation (and a
sum over the spin structures).

If we ignore the kinetic term, the central charge of this coset turns out to be zero, and
thus it is a topological quantum field theory (TQFT). From the bosonization in (1.1), we
get the duality

(SU(N) adj. QCD with gyy — 00)/(—=1)F + Spin(N? — 1);/SU(N)y TQFT . (1.2)

Since removing the kinetic term (gyy — 00) naively corresponds to taking the deep infrared
limit, one expects to find the TQFT Spin(N? —1)1/SU(N)y at long distances. We will see
that this TQFT is indeed acted upon by our ~ 22V symmetries. This large ground state
degeneracy in massless adjoint QCD is forced by the ~ 22V new symmetries. Note that it is
not obvious that the infrared limit is the same as removing the kinetic term for the SU(NV)
gauge fields. Some of our results (about the symmetries, confinement vs deconfinement,
and the effects of four-fermion interactions) actually do not depend on this assumption.
We will also explore possible alternatives for the infrared limit.

A technical point is that the statement in (1.2) is correct for the GSO projected version
of adjoint QCD. Of course, the gauging of (—1)¥ does not change much the essential
dynamical questions such as confinement vs deconfinement but it is important to make
a distinction between the model with and without (—1)f gauged. They have different
invertible and non-invertible symmetries. In the bulk of the paper we only discuss, for
simplicity, the version of the model with gauged (—1)¥ symmetry (i.e. the bosonic model).
Some details about the fermionic theory are collected in the appendices.

The coset Spin(N? — 1);/SU(N)x can be considered as the precise version of the
bosonization in [18]. The bosonic coset Spin(N? — 1);/SU(N)y has 3 x 2V~2 vacua.



Figure 1. The symmetry operator U(g) for an element g of the symmetry group G causes the
symmetry action on a local operator when the symmetry operator passes through the local operator.

Therefore, in the large N limit, it leads to a Hagedorn behavior with zero Hagedorn tem-
perature [16, 20]. This large number of degenerate vacua is enforced by the large number
of new symmetries. (The number of vacua in the fermionic theory in the NS sector is 2V 1,
which likewise leads to a zero temperature Hagedorn transition at large N.)

22N new symmetries is established in the full theory, and that

The existence of the ~
they lead to deconfinement of the fundamental line, is likewise established without any
assumptions about the infrared. To actually count the ground states one needs to, roughly
speaking, understand which representation of the non-invertible symmetries is physically
realized, and while the TQFT Spin(N? — 1);/SU(N)y is an appealing candidate, as we
said, some of our conclusions do not depend on it being the right answer. (In some special

cases such as N = 2, 3,4 we will be able to say much more about this question.)

Topological line operators in 1+1-d QFTs. An important claim of this paper is that
141-dimensional massless adjoint QCD has non-invertible topological lines. This serves
as an ultraviolet reason for the complete deconfinement of the theory that we will show.
Recall that in QFT, given a symmetry group G and an element g € G we have a topological
operator U(g)[X] defined on a codimension-1 subspace ¥ in spacetime. The operator U(g)
induces the symmetry action on local operators as depicted in figure 1. The topological
operators U(g) respects the multiplication law of the group G, and in particular have their
inverse:

Ug)U(g ") =1, (1.3)

where 1 stands for the trivial topological operator. However, a generic topological operator
in a QFT does not necessarily have an inverse, and we call such an operator a non-invertible
topological operator. In general, given topological operators L; of the same dimensions,
we have a fusion rule:

Li®Lj=>» NfLy, (1.4)
k

where the symbol ® stands for the operation of putting the two operators on top of each
other. In the co-dimension 1 case, this algebra is generally non-commutative. The infor-
mation including the fusion rule (1.4) and other more subtle properties is packaged in the
mathematical concept of fusion category, which is the main technical tool we employ in
this paper.

The most basic example of a non-invertible topological line is the duality line A/ in the
critical Ising CFT. The fusion algebra of the lines is

nen=l, NeanzneN=N, NoN=1+y, (1.5)
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Figure 2. The non-invertible duality line A/ in the critical Ising CF'T maps the spin operator o to
the disorder operator p which lives at the edge of the Zs symmetry line 7.
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(a) Local operator O, (b) Topological line L,

Figure 3. The G, WZW model can be obtained by considering the 2+1-d CS theory on I x ¥,
where [ is the interval and 35 is the 2d spacetime of the WZW model. The boundary conditions B
and B are conjugate of each other. (a): a local operator O,, in the Verma module V, ® Vu can be
realized as the Wilson line LSS in the representation p bridging the two boundaries. (b): a Verlinde
line L, is identified with the bulk Wilson line LES along the 2d spacetime .

where 7 is the Zg symmetry line. The line A implements the Kramers-Wannier duality,
that is, it sends the spin operator o to the disorder operator u (see figure 2). In general,
a non-invertible topological line maps a local operator to a sum of defect operators, which
live at the edge of other topological lines.

In addition to the Ising CFT, the other most familiar construction of models with such
non-invertible symmetries are the Gy WZW models with simply-connected group G at level
k. These models have topological lines L, that preserve the left and right g;, affine algebras
(and hence commute with the energy-momentum tensor and are thus topological), and are
labeled by the integrable representations p of gx. They are called Verlinde lines [38]. In
this case, the coefficients Nf,, in (1.4) coincide with the fusion coefficients in the fusion rule
of the primary operators O, which are also labelled by the integrable representations.

A convenient way to understand the Verlinde lines is to realize the WZW model as a
Chern-Simons (CS) theory on an interval [39] (see figure 3). In this picture, the primary
operator O, corresponds to the Wilson line LSS bridging the two boundaries, while the
Verlinde line L, in the 2d theory can be interpreted as the Wilson line LSS in the CS
theory along the 2d spacetime. Therefore, the CS theory explains why the two objects, the
Verlinde lines L, and the primary operators O, obey the same fusion rule. In this way,
the fusion category of the Verlinde lines, which we denote by C = Rep gk, is given by the
modular tensor category governing the Wilson lines of the CS theory [40].3

3Modular tensor category is a fusion category equipped with a braiding (and a nondegenerate modular
S-matrix). A general fusion category does not necessarily admit braiding. The Verlinde lines are therefore
somewhat special non-invertible lines which are equipped with braiding.



Recently, there has been a lot of interest in the study of topological line operators
in 1+1-dimensional QFTs [36, 41-46].* It has been noted that topological line operators
can be thought of as a generalization of the notion of symmetry, which is invariant un-
der renormalization group (RG) flow, and a “non-anomalous part” of the lines can be
gauged [41-44, 46]. In particular, [44] emphasized the RG flow invariance of topological
lines and its ability to constrain the infrared (IR) physics; for example, they found that the
degenerate 2 vacua found in the integrable relevant flow from the tricritical Ising CFT can
be explained by the non-invertible topological line preserved by the relevant operator. We
will find that adjoint QCD is another good example whose dynamics is tightly constrained
by non-invertible topological line operators.

As a general comment, the reason that symmetries and their anomalies are RG in-
variants is that the space of symmetries and their anomalies is a discrete space. Similarly,
the space of all possible non-symmetry lines and their fusion and other relevant struc-
tures is discrete. This is why such non-invertible symmetries place constraints on the full
interacting theory. In fact, the non-invertible symmetries lead to amusing violations of
naturalness. From figure 2 it is evident that RG transformations cannot generate local
operators that do not freely pass through the non-invertible lines. This leads to examples
of 1+1 dimensional quantum field theories where some operators that are invariant under
all the standard symmetries are “mysteriously” never generated by the dynamics. We shall
see this later concretely in adjoint QCD.

Topological line operators in adjoint QCD. The main part of this paper is devoted
to the study of topological line operators in SU(N) adjoint QCD. Consider the topological
lines in the theory of free massless N? —1 Majorana fermions (with gauged fermion number
symmetry). It is actually a difficult problem to enumerate them (for a single periodic scalar,
i.e. two fermions, see [56]). Among all these lines, those that commute with the SU(N)
currents j are especially interesting, because they would survive the gauging of SU(V) and
remain as (possibly non-invertible) symmetries of the full adjoint gauge theory.

Here, we have to be careful about the possible anomalies between the topological line
operators and the SU(N) symmetry that we would like to gauge. For example, in the
14+1d QED case, the axial symmetry has a mixed anomaly with the vector symmetry that
we gauge and therefore the continuous axial symmetry eventually disappears. One can
detect such an anomaly as follows. Consider a (possibly-non-invertible) topological line L
on a closed curve C in the spacetime and then move the line L from the curve Cy to the
another curve Cs, sweeping the middle region D, 0D = C; U Cy. When D is flat and we
do not have any background gauge field, the expectation value does not change from the
assumption that L is topological. Ref. [44] pointed out that on a curved space L can fail to
be truly topological and rather the correlation function gets the anomalous contribution

exp [mL /D d%\/gR(g)}, (1.6)

4See also [47-55] for the study of topological extended operators in higher dimensions.



where R(g) is the scalar curvature of the metric ¢ and «y is a number depending on
L. Similarly, if we turn on a background gauge field A, there might be an anomalous
contribution

exp [z’a’L/DfQ(A)} , (1.7)

where fy(A) is a gauge-invariant quantity made of the background A that can be integrated
over a 2-dimensional surface. For the axial symmetry in the QED case, f2(A) is simply
proportional to the field strength F. Although we can remedy this anomaly by modifying
L by the counter term proportional to A before gauging, after gauging the vector U(1)
symmetry, the line becomes non-topological anyway. More generally, non-trivial fo exists
only when the gauge group G is not simply-connected. Otherwise the anomalous phase (1.7)
is always exact and does no harm.® Therefore, for the case when G = SU(N) we do not
have to worry about this type of anomaly. On the other hand, we will see that indeed
when G = PSU(NV) some of the topological lines are broken. This anomaly in PSU gauge
theory is also closely related to the mixed anomaly between some topological lines and the
one-form symmetry. We will come back to this point soon.

In this paper, we employ the general theory of topological lines in RCFTs quite exten-
sively to constrain the topological lines of adjoint QCD.® Since adjoint QCD can be viewed
as the coset Spin(N?—1);/SU(N)y with a kinetic term for the SU(N) gauge fields, we can
begin by studying the topological lines of Spin(N? — 1);/SU(N)y. Those are guaranteed
to exist also at finite gy since they are the same as the topological lines of the free fermion
theory which commute with the SU(NN) currents.

Let us make some elementary remarks about the theory of N2 —1 free fermions. Using
the conformal embedding su(N)y C s0(N? — 1)1, we can regard the N2 — 1 fermions as a
non-diagonal RCFT of the su(IV)y affine algebra. For example, when N = 3, the partition
function on the torus of 8 Majorana fermions in the adjoint representation summed over
all spin structures can be written as

Z3 fermions (1] :‘X(o,o) + X(3,0) T X(0,3) ’2 + 3‘X(1,1) ‘2 (1.8)

)

where y) are the su(3)s characters corresponding to integrable representations whose finite
Dynkin label is A. This decomposition can be obtained from the branching rules of the
representations under the conformal embedding sit(3)s C spin(8); as we will see in section 7.
The theory of 8 fermions with a sum over the spin structure is therefore rational under the
su(3)s chiral algebra since its partition function is a finite sum of irreducible characters.
But importantly, it is a non-diagonal theory (unlike ordinary WZW models).

There are numerous works on the structure of non-diagonal RCFT (for reviews
see [63, 64]). The main statement is that any non-diagonal RCFT T4 over the charac-
ters of g, can be obtained by gauging, in the generalized sense, a “subpart” A of the

®Recall that for U(1) case F is locally exact: F = dA, but globally can carry a magnetic flux through the
surface. This is precisely because of the nontrivial 71 (U(1)). When 71(G) is discrete there is a generalized
Stiefel-Whitney class w valued in 71 (G) which can play the same role as F' in U(1) case.

6See [57-62] for some references on the subject of topological lines in RCFTs.



Verlinde lines C in the diagonal G WZW model [58, 65, 66].” The T2 partition function
of the RCFT T4 looks like

4T, [T2] = Z ZﬁﬁXﬂYﬁ ) (1.9)
i

with some nonnegative integer coefficients Z/‘:‘ﬂ, known as the modular invariant matriz of
the theory. Since we have gauged the subpart A of the Verlinde lines C in the diagonal Gy,
WZW model, the symmetries of the non-diagonal theory 74 need to be determined. As
usual, some new symmetries appear due to the gauging of A. We denote the fusion category
of the gi-preserving topological lines in T4 as 4C4. Many properties of the topological lines
will be directly extracted from the coefficients Zﬁﬂ. In this paper the case of interest is
when T4 is the free fermion theory with gauged (—1)f where the fermion transforms in
the adjoint representation of G = SU(N). We have seen in (1.8) how for the case of
8 fermions in the adjoint representation of SU(3) they can be viewed as a non-diagonal
RCFT with current algebra si1(3)s. In that particular case it is easy to understand which of
the Verlinde lines of the diagonal SU(3)3 WZW model were gauged. Due to the equivalence
PSU(3)1 ~ Spin(8)1, the non-diagonal model can be viewed as a quotient of the diagonal
SU(3)3 model by the ordinary Zs center symmetry acting on SU(3) group elements. So
the case of 8 fermions is special in that the symmetry we gauge is actually an ordinary,
invertible, symmetry. This is not the case for higher .

We can regard T4 as a CS theory compactified on an interval, with a (2-dimensional)
surface operator Sy4 inserted in the middle of the interval (see figure 4) [47, 49, 52]. The
construction of the surface operator Sy4, given a “non-anomalous subpart” A of Rep gy, is
obtained in [52]. An operator O}"; in the Verma module V, ® V (where m =1,..., Zﬁﬁ)
can be constructed as in figure 4a. Here, the bulk Wilson lines LSS and Lgs are connected
at the surface operator S4. We can further construct a subset of the topological lines 4Cx
in T4 by placing the bulk Wilson lines on the left, or on the right of S4, as depicted in
figure 4b and figure 4c. These operations define maps, or tensor functors, between fusion
categories:

ot 1 C— 4Ca, (1.10)

which are called a-inductions [67-72]. These functors will be one of the main tools to

analyse the topological lines in adjoint QCD. We abbreviate the image ai(L“) of the
+
e
Adjoint QCD in 1+1 dimensions can be thus engineered by further gluing the CS

Verlinde line L, under these functors as o

boundaries B and B with SU(V)g gauge fields, as illustrated in figure 6. From the picture,
it is clear that the topological lines 4C4 also exists in adjoint QCD. Since our results are
derived using the properties of the symmetries of the massless adjoint theory, they are
in fact valid not just for the theory with the canonical kinetic term for the gauge field,
but we can take any function of F2. Additionally, we will see that some quartic fermion
interactions preserves an interesting subset of the symmetries 4C4.

"The precise mathematical notion of “non-anomalous subpart” is called a symmetric Frobenius algebra
object in Rep gr. More precisely the Morita equivalence class of it is in one-to-one correspondence to an
RCFT. We will explain this briefly in A.2.
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Figure 4. The RCFT T4 can be obtained by considering the 2+1-d CS theory on I x ¥, as in
figure 3 with the surface operator S, inserted in the middle of the interval I. (a): a local operator

O, in the Verma module V,, ® V; can be realized as the Wilson lines LSS and LF® connected

at S4. The number of possible ways of such connections determines the multiplicity of the Verma
module in the total Hilbert space of T4. (b): The bulk Wilson line LSS along the 2d spacetime Yo
and to the left of S4 defines a 2d topological line a*(L,) in 74. (c): The bulk Wilson line LSS
along the 2d spacetime ¥, and to the right of S4 defines another 2d topological line o™ (L) in Ta.
(d): A defect operator at the edge of the line o} can be constructed by ending the bulk Wilson line

+
Xu

LSS on the left boundary B. The resulting defect operator O, is in the Verma module V,, @ V.

Topological lines and deconfinement. Now we can explain the relationship between
the topological lines in massless adjoint QCD and the IR behavior of the theory. Because
the 4C4 symmetry is preserved along the RG flow, the IR physics should also admit the
same set of lines. Therefore we hope to extract information on the IR physics from the
topological lines, as we often do from a group symmetry and its anomaly. Here, we are
interested in the asymptotic behavior — perimeter law or area law — of the Wilson line
W,, of the dynamical gauge field in the representation w8

In [21] confinement vs. deconfinement was linked to having a discrete vs. continuous
spectrum in the 2d adjoint QCD. However we note that confinement/deconfinement is a
property of the infrared theory, and since 2d adjoint QCD is gapped, it has no bearing on
the massive spectrum of the theory. Our analysis of non-invertible symmetries, is likewise
mostly focused on the infrared TQFT and not on the massive spectrum of the theory.
In fact, in [24] a modern perspective of confinement in gauge theories was given based on
whether the corresponding center one-form symmetry is preserved or spontaneously broken.
However we should clarify what is meant for a one-form symmetry to be spontaneously
broken. In 1+1d, a one-form symmetry is always preserved by the vacua because its
symmetry operator is a topological local operator and preserves different vacua. But a
large rectangular Wilson loop can still have either perimeter or area law and serves as an
order parameter for the breaking of the center one-form symmetry. For instance in the
deconfining phase, the fundamental Wilson loop exhibits perimeter law and breaks the
center one-form symmetry.

8Here, the Wilson line W), denotes the one composed of the 14-1d gauge field, and should be distinguished
from the Wilson line LSS in the 24-1d CS theory, or its projection ai onto the 2d theory. In other words W,
lives in the gray region in figure 6 while LES lives in the white region. In particular, W, is not topological
while LSS and oz,f are.



A naive argument for confinement in adjoint QCD is that there is nothing to screen
the Wilson line Why,q in the fundamental representation because any composite of adjoint
quarks cannot be in the fundamental representation. To understand better how the new
non-invertible symmetries help settle this question, one has to understand in what way the
non-invertible symmetries “talk” to the Zy one-form symmetry of the model. The one-
form symmetry is nothing but a collection of local topological operators @;, ¢t = 1,--- N,
which generate the Zy one-form symmetry, corresponding to the center of the gauge group
acting trivially on the quarks. They can thus transform nontrivially as they pass through
the topological lines in 4C4. From here the argument proceeds very much like in the SU(2)
case. The fundamental Wilson line is always charged under the Zy symmetry,

27 ;
Qinund =enN Zqunin ) (111)

but we do not know whether Wyy,q is confined or not and Wyynq is not in general a topo-
logical line. As in the SU(2) case, the idea is to find a topological line which is also charged
under @);. The key observation is that the topological line ozflrmd is charged under the Zy
one-form symmetry .
Qiaind = e%iainin . (1.12)
This can be deduced from the 241d viewpoint in figure 6. The 2+1d set up contains
two theories, the SU(N)y CS theory and SU(N) YM theory, both having Zy one-form
symmetry. Furthermore, through the interfaces B and B these two one-form symmetries
are identified. The one-form symmetry in 141d just comes from this one-form symmetry
in 2+1d. The one-form symmetry (local) operator Q; in 1+1d is obtained by wrapping the
one-form symmetry (line) operator L34 on S!, going through the interfaces B, B and the
surface S4. The equation (1.12) comes from the fact that the one-form symmetry charge of
the topological line LES in the CS theory is the N-ality of the representation u. Hence by
acting with oszm 4 on the vacuum we create a string state. But since a;[m q1s topological,” the
string tension has to vanish and hence we have a perimeter law. This picture allows us to
also identify a little more concretely the object that is capable of screening the fundamental
Wilson line. Indeed, the defect operator which lives at the edge of topological line O‘Im &

Ozi‘iﬁ%? is in the fundamental representation of the gauge group SU(N), as depicted in
figure 4d. Therefore, roughly speaking this defect operator can screen the fundamental
Wilson line. Since it is in the fundamental representation of SU(N) we can attach it to the
non-topological Wilson line and then on the other side to affmd, which is a topological line.
This allows to break the string into “topological matter” and hence one finds perimeter
law. See figure 5. In the case of SU(2) gauge theory this argument is identical to the one
we have already mentioned, where (—1)fZ (or its dual symmetry upon gauging fermion
number) creates a string from the vacuum, but on the other hand, it is a symmetry.
Later we will give a more formal argument for the perimeter law of the fundamental
Wilson line. There is also a less formal argument that explains all of the above in simple

90Once again, the subscript fund a;‘rm 4 should not be confused with the fundamental Wilson line in the
141 dimensional gauge theory — rather it stands for the representation of the Verlinde line in SU(N)n
which is mapped by a-induction to our non-diagonal coset.
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Figure 5. A segment in a Wilson loop Wg,nq can be replaced by the topological line a;[md using

the line-changing operator Opc = O;ﬁg% and its conjugate operator Of. The replacement only
causes an effect proportional to the length of the replacement. After the replacement, we can
arbitrarily deform the topological line oszmd without changing its value. This is why the Wilson
line has perimeter law — it is the existence of the generally non-invertible topological line oz;fmd.

Sl

L3

(2

B B Sa

Figure 6. 1+41d adjoint QCD from coupled 241d systems on S'. The left wiggly line and the
right wiggly line are identified. The white region is filled with the SU(N)x CS theory, while
the gray region is filled with the SU(N)g Yang-Mills theory with finite YM coupling without CS
term. In the CS theory region we have the topological surface operator S4. On the interfaces B
and B between these theories, left- and right-moving fermions reside. To obtain the 141d adjoint
QCD, we take the limit where the width of the gray region becomes zero. The one-form symmetry
generator ; in 1+1d adjoint QCD is realized by the topological line operator L3¢ realizing 2+1d
one-form symmetry wrapping S'. In the CS region, L3¢ coincide with LSS with highest weight
w=1(0,...,0,N).

classical terms. While this argument is inaccurate and somewhat heuristic, it is worth
mentioning it as it gives invaluable intuition to why many massless 2d models deconfine.
To demonstrate the idea, start with a WZW model where the basic variable is the group
element g € SU(N). This transforms under SU(NV)y, x SU(N)gr global symmetry as usual.
Consider the current operator J ~ ¢~ 1'0g. If we study how it transforms under local
diagonal SU(N) transformations we find that J transforms like a one-form:

J—= QI +i0 o0 (1.13)

Therefore, the WZW model admits some extended operators which are invariant under
local diagonal SU(N) transformations [59, 61, 62]:

Try Pel 7 (1.14)

where 7 is an arbitrary representation. Clearly these are just the classical analogs of
Verlinde lines.
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The main observation is that by the equations of motion J is a flat connection and hence
these extended operators are all topological. The operators (1.14) would survive gauging
the diagonal SU(N), though J would no longer be flat anymore. However, ignoring this
for a moment, we see clearly that we can insert segments with the operators (1.14) inside
ordinary Wilson lines made out of the dynamical gauge field. So our Wilson line, in any
representation, can morph into the topological operators. This can be also seen from the
equations of motion — integrating out the gauge field we obtain A ~ ¢~ '0g + ---. One
thing we have not explained is why the operators (1.14) can be fixed in the theory with
gauged SU(N) such that they still remain topological. Another thing we glossed over is
that the operators could receive quantum corrections due to the need to normal order these
extended operators. Both issues are rigorously addressed using the fusion category tools
we use in this paper. But the argument showing that the ordinary Wilson line (in any
representation) can morph into the composite topological operator (1.14) is nevertheless
appealing and explains why deconfinement takes place in many massless two-dimensional
theories. It essentially boils down to the fact that there is left-right decoupling before the
diagonal symmetry is gauged.

More on one-form symmetry in 1+1 dimensions. We have thus far given a fairly
extensive introduction to the theory of non-invertible lines and explained how we are going
to use them to establish deconfinement. Here we would like to talk more about one-form
symmetry in 1+1 dimensions, which leads to some peculiarities that will be important later.

e One-form symmetry (such as the Zy one-form symmetry in Abelian gauge theory
with a fermion of charge N or SU(IN) gauge theory with an adjoint fermion) implies
the existence of local operators which are topological: @Q;(z), with ¢ =1,.., N. Since
they generate a Zy symmetry we can take Qn = 1 and Q% = Q. It may not be easy
to write them using the fundamental fields of the theory, but they nevertheless exist.
There must exist a line operator in the theory which obeys the following algebra

QW = "IN WQ, . (1.15)

Of course, in general, there could be many such lines, and W is not required to be
topological. In gauge theories, we can choose W to be the fundamental Wilson line.
In the context of fusion categories, which is the simplest formalism that allows to
discuss non-invertible topological lines, one assumes that local topological operators
are absent. However, including them is not that difficult and we summarize the main
modifications that this leads to below. Mathematically, one obtains a multi-fusion
category in this way.

e [t will be convenient to define the notion of a “universe”: Sometimes in the infinite
volume limit of QFT we encounter degenerate super-selection sectors. These could
be due to a spontaneously broken symmetry, for instance. For a usual super-selection
sectors, we can separate them by domain walls which have finite tension. We will use
the notion of universes for superselection sectors which are not separated by finite
tension domain walls. Such superselection sectors are peculiar because they would
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not mix in compact space. This notion of “universes” as superselection sectors that
are not separated by finite tension domain walls has also been recently emphasized
in [73-75] (see also an older exposition [76]).

e A lemma that is rather easy to prove is that two Poincaré invariant vacua with
different expectation values of ()1 must belong to different universes — i.e. there
cannot be finite mass domain walls between these vacua (regardless of whether the
energy density in these vacua is the same or not). The proof is to imagine a finite
energy configuration which interpolates between the two states. Then (Q1(x)) must
be a nontrivial function of position contradicting it being a topological operator.
Therefore such a finite energy domain wall cannot exist. This is why if we have a
Zn one-form symmetry it is generic to develop universes. But is it necessary that at
least N universes exist?

e It is in fact true that (at least) N universe must exist. Take the infinite space-like
line W and act on the vacuum. This must be a new universe due to (1.15). Indeed
the expectation values of ()1 must abruptly jump. (It cannot be that @1 = 0 either
before or after the line since QY = 1.) These universes can be thought of as the QFTs
that live on the flux tubes which W creates from the vacuum. Of course, the energy
density of these flux tubes is not determined from these general arguments and we
will see that it may have a complicated behavior as a function of the parameters. Can
there be more than N universes? More precisely, can there be more universes than
the number of elements in the one-form symmetry group? We expect the answer is
negative except in theories without propagating degrees of freedom.

e Given line operators that interpolate between different universes, the question of
whether such lines are confined or deconfined should be interpreted as the question
of whether a large rectangular such line has area or perimeter law. This is the same

as comparing the energy densities of the two universes.!?

e Consider a theory with Zy one-form symmetry compactified on the torus. We can
tinker with how the universes are summed up in the partition function of the theory
by adding background fields for the one-form symmetry. This is done by coupling
the theory to a discrete Zy two-form gauge field

B € H*(X,Zy), (1.16)

and imposing [ v B =k mod N. Such background fields preserve two-dimensional
Poincaré invariance. The way this affects the partition function is as follows. Inserting
the B flux is equivalent to inserting a co-dimension 2 defect topological operator,

10T principle, the breaking of one-form symmetry can have two facets. One is that Wilson lines have
perimeter law and another is that the theory compactified on S* admits a broken ordinary Abelian zero-
form symmetry. These two definitions do not necessarily coincide. Indeed, in 1+1 dimensions the second
definition does not make sense because zero-form symmetries cannot be broken in quantum mechanics
(instead, the ground state could be degenerate in a linear representation of the zero-form symmetry). A
similar situation can be found in systems with a discrete d-form symmetry in d + 1-dimensions, see [75].
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i.e. some power of (J1. That means that different universes are now weighted with
different phases
-1
Z=> "INg,, (1.17)
p=0

where Z, is the partition function in the universe p.

o If we were to gauge the one-form symmetry, naively, we would need to sum over k.
The partition function of the theory with the gauged one form symmetry is therefore
Zy. In other words, all the universes except one are projected out. This is however
imprecise. There is not a unique way to gauge the one-form symmetry. Indeed, we

can modify the action by the counter-term — 2%20 | B, where py is an arbitrary integer

in Zy which we are free to choose. If we do not sum over the B fluxes this would be
tantamount to multiplying the partition function by a phase. So (1.17) becomes

-1
Z =" mrkiNg, (1.18)
=0

=

Now gauging the one form symmetry means that we need to sum over k£ again and
hence we project to the universe Z,,.

e To summarize: when we gauge the one form symmetry, a new discrete theta angle
emerges. Computing the partition function with some fixed discrete theta angle is
tantamount to projecting on one of the N universes.!'! This allows us a new point
of view on the question of confinement or deconfinement. Instead of talking about
large rectangular line operators, we can compare the partition functions directly:
Zyp/Zy. This can be viewed as the ratio between the partition function of the theory
with gauged one form symmetry with a discrete theta angle p and the one without a
discrete theta angle. If this ratio is exponentially small in the volume of space then
the corresponding line is confined.

In the context of massless adjoint QCD, we have argued above that one has exponen-
tially many degenerate ground states as a result of the non-invertible symmetries. We will
have to classify these ground states into different universes according to the expectation
value of the one-form symmetry local operator 1. From this we will learn which vacua
are separated by finite mass kinks and which are not.

11n fact, the theta angle of the Abelian theory (2.1) which we analyze in the next section can be viewed
in precisely this way. We could have started with the gauge group R which has one-form symmetry R
and no theta angle (since [ Fy1 vanishes on any compact manifold). Then gauging the subgroup Z of the
one-form symmetry we arrive at a U(1) gauge theory which has a theta angle valued in [0, 27). The theta
angle can be thought of as putting projective representations of the gauge group at infinity. In our U(1)
example (2.1), this corresponds to putting charge /27 at infinity. In SU(N)/Zy gauge theory the discrete
theta angle corresponds to a projective representation of SU(N)/Zy [77].
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Quartic deformation. As soon as we add a mass for the adjoint quark, all the non-
invertible topological lines disappear and we have confinement of the fundamental Wilson
line. It is however noteworthy that the theory has three quartic fermion interactions. All
of them preserve the chiral Zo symmetry of the massless theory and of course also the
one-form symmetry:

Or = Te(Wytp—tpo), Op=Tr(up) Tr(Yyp_), O3 = Te(vrgp_tpyp_) . (1.19)

The operator O3 is odd under charge conjugation so it would not be generated by RG
transformations. (J; can be thought of as a jj in terms of the su(N) currents and hence
it preserves all the non-invertible lines of 4C4 and will be generated by the RG flow.
Adding it to the Lagrangian would not change our discussion about the symmetries or
the results about confinement vs deconfinement. The most interesting case is that of Os,
which is invariant under all the ordinary symmetries but in general breaks some of the non-
invertible lines. (A more precise statement is that Oy is invariant under all the ordinary
symmetries of the fermionic theory.)

It is natural to expect that adding Oz to the action we would restore confinement of
the fundamental line. In addition, there must be deconfinement of the line Wf]jﬁ for even
N as follows from the standard symmetries of the system. For N < 5 we find that indeed,
as expected, the fundamental line now confines while Wév /2 (for even N) does not. It is
tempting to conjecture that for all N the fundamental line would confine upon deforming

the theory with Os.

Some concrete results for SU(3), SU(4) and SU(5) adjoint QCD. In the main
text we give a very concrete treatment of the fusion categories of symmetries in SU(3) and
SU(4) gauge theory and we also analyze the detailed action on various local operators such
as the quartic operators above. We also study the vacua of these theories, the universes,
and the superselection sectors. An explicit analysis becomes harder for larger N. But we
will still make some conjectures about the large N limit and various other properties of
the theory.

One noteworthy result that we have in fact derived for all N is that there must be
some finite nonzero mass for the adjoint quark where massless fermions appear in the string
state. We have done this by comparing the fermionic SPT phases at large mass and at
vanishing mass using our non-invertible symmetries. This is in agreement with the result
of [16] that for some nonzero finite mass the theory develops N/ = 1 supersymmetry which
is spontaneously broken in the string state and hence there is a massless Majorana fermion
there. The existence of this massless fermion was recently pointed out in [78].

Exact results about k-string tensions. The theory with a massless adjoint fermion
deconfines for the reasons we have briefly explained above. We can add a mass for the
adjoint quarks and ask about the k-string tension. Namely, we ask what is the smallest
possible energy density in the universe with &k fundamental strings. Typically there could
be many super-selection sectors with k strings, so what we do is to minimize over them.
Physically that is equivalent to asking about the behaviour of a Wilson loop with k boxes in
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the Young diagram. The minimization over super-selection sectors corresponds to allowing
the worldline of the probe quark to be dressed with finite mass kinks, which would happen
dynamically anyhow in order to minimize the string tension. For quark mass much bigger
than gyy the answer can be derived from pure Yang-Mills theory in 2d, minimizing over
the quadratic Casimir. One finds that the k-string tension behaves as

Ty, ~ gik(N — k) (1.20)

up to a k-independent constant. It is always minimized by the fully anti-symmetric rep-
resentation with k boxes. At small mass compared to gyy the problem is much more
difficult seeing as the theory is in the strongly coupled regime. We use the non-invertible
symmetries to compute the tension for small rank gauge groups explicitly. This involves
computing the NIM-rep matrices which we do not know how to do efficiently for all gauge
groups SU(N) so we present explicit results for N < 5. Yet, quite miraculously, in all cases
the string tension appears to obey the relation

Ty, ~ gym|m/|sin(nk/N) , (1.21)

where m is the mass of the adjoint quark. The fact that the string tension is proportional
to |m| is not surprising, it follows from the fact that the m = 0 theory is gapped and
deconfined. It is tempting to conjecture that (1.21) holds for all N, but at present we do
not have a proof. Our computation of the k-string tension is possibly the first such exact
computation in a strongly coupled theory.

The techniques in this paper can be extended to many other gauge theories in 141
dimensions. In particular it would be nice to revisit the model with two adjoint fermions,
considered in [79].

1.1 Organization of the paper

In section 2 we consider the Schwinger model with a dynamical charge q. While this model
has no non-invertible symmetries, it exhibits the mechanism of complete deconfinement at
zero mass through charge fractionalization. This can be understood due to an anomaly
involving the chiral and one-form symmetry, hence, the idea is essentially the same as in
the adjoint SU(2) gauge theory. In section 3 we review in a little more detail previous
literature on adjoint QCD. In section 4 we review non-Abelian bosonization, focusing on
some global aspects of the problem. In section 5 we discuss the notion of topological lines,
the gauging of non-invertible lines, and the classification of gapped theories with topological
lines. Then, we discuss the topological lines of adjoint QCD and prove deconfinement. In
section 6 we study the mass and quartic deformations, and compute the k-string tensions
in the small mass limit. In section 7 we discuss the possible infrared phases and vacua of
the theory. Our analysis is very explicit for SU(2),SU(3),SU(4),SU(5) and increasingly
less explicit afterwards.

Several appendices cover essential technical computations as well as an extensive review
of various results. Appendix A contains detailed discussion about fusion categories and
theorems stated in section 5. In appendix B we discuss the action of topological lines
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on local operators in RCFTs. We include known explicit expressions for N = 3 and 4,
and new results for N = 5. In appendix C we collect some facts about 2d G/G TQFTs
and 3d Chern-Simons theories. In appendix D we have worked out the branching rules
for the conformal embedding su(N)y C so(N? — 1);. The branching rules can be used
to determine the number of vacua in the Spin(N? — 1);/SU(N)y TQFT. In appendix E
we list modular invariant partition functions of the known (and some new) non-diagonal
su(N)y WZW models (the list is complete for N < 4). These modular invariant partition
functions correspond to alternative IR, TQFTs that adjoint QCD can flow to, apart from
the Spin(N? —1);/SU(N)y coset. Finally, in appendices F and G we discuss the fermionic
adjoint QCD. In the former, we count the number of vacua in the possible fermionic
symmetric TQFT in the IR and in the latter we study the topological lines of the theory,
in particular (fermionic) SU(3) adjoint QCD.

Note added. When this work was being completed, we learned of [80] which has overlap
with section 7.2.

2 Vacua vs universes in the Schwinger model

We will first review the physics of the free photon in two spacetime dimensions. Since the
photon in two spacetime dimensions has no propagating degrees of freedom, the theory of
the free photon is a little peculiar. We begin with the action

1 0

Let us quantize it on the circle of radius R. In the gauge Ay = 0 we have the constraint
01Fy1 = 0 which means that the electric field is constant in space. This is solved by
Aj(z,t) = G(t) + F(z) with F and G arbitrary functions. By a space dependent gauge
transformation we can set £ = 0 and we remain with A;(x,t) = G(t). Even after setting
Ag =0 and F = 0 we still have one important remaining gauge transformation with gauge
parameter 0 = ¢*/% which is a well defined map from S* to U(1) since € does not change
if we shift © — x + 2n RZ. This implies that G = G+ %Z, i.e. G is a periodic variable with
periodicity %. Plugging A;(z,t) = G(t) into the action and using Fy; = G (and integrating
over the circle) we find a quantum mechanical model for G(t) with action

. 1 ) 9 .

This describes an Aharonov-Bohm particle on the circle. The physics depends only on 6
mod 27. The Hamiltonian is

1 €2 2

The eigenstates are U,,(G) = e?™"GF with n € Z. The energy levels are

Ep =5~ (2mn - 0)* . (2.4)
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These states of the QFT (2.1) on the circle are all translationally invariant (i.e. they have
no momentum on the circle). The expectation value of the electric field in the state ¥, is

(n|Fy1|n) = (n|Gn) = € <n - ;ﬂ) . (2.5)

We see that the states of the theory on the circle are simply states with constant electric
field (both in time and space) and constant energy density. Indeed from (2.4) we see that
the total energy of the state is proportional to R, which is the volume of space. We can
ask which state has the lowest energy density. We can restrict ourselves to 6 € [0, 27) since
the spectrum is periodic in §. For § € [0,7) the lowest state is |0), For 6 € (m,2m) the
lowest state is |1), and for § = m we have a two-fold degenerate ground state on the circle.
Under normal circumstances, pure states with constant energy density are expected
to evolve in time and dissipate their energy to infinity. For instance, imagine we had
propagating massive particles of charge +1 and set # = 0 for simplicity. Then if we
prepared the system in the state with constant electric field (Fp;) = €2, the system would
create two massive particles from the vacuum with charges 41, such that the charge -1
would be created to the left of the charge +1, and they would repel each other. In this way,
between the two charges the expectation value of the electric field vanishes and the energy
is instead converted to kinetic energy of the massive particles that proceed to infinity.
Therefore it is somewhat of a peculiarity of the theory (2.1) that it admits such states.
Of course, this is due to the absence of charged propagating degrees of freedom. Another
related fact is that the two ground states at & = 7 are exactly degenerate. Normally, on
a compact space, we expect instantons which lead to energy differences suppressed by the
volume of space. But such instantons are absent due to the lack of charged particles.
Much of the same comments could be made about the free U(1) gauge theory in any
number of dimensions. However, a point that is absolutely crucial in two dimensions is
that the above states with constant energy density do not break two-dimensional Poincaré
invariance in the large R limit! Indeed, while in higher dimensions states with constant
electric field necessarily break Poincaré invariance, in two dimensions they do not because
the order parameter (Fpp) is Poincaré invariant. Therefore, we should think about the
states |n) as superselection sectors. However unlike ordinary superselection sectors which
are typically separated by finite potential barriers (such that we can create bubbles of
superselection sectors of lower energy inside wrong vacua) here the potential barriers are
infinite since the states do not mix on S'. We will refer to such superselection sectors
which are separated by infinite potential barriers as “universes”.
The free photon theory in two spacetime dimensions therefore admits infinitely many
universes. As a function of # we have a first order transition at = 7 with two universes
simultaneously having the lowest energy density.!?

12WWe may compactify Euclidean time 7 ~ 7+ 8 and compute the partition function as a function of R, 3.
We find

2

7 — 267 28 (27n—6)? )

The partition function only depends on the area of the torus, i.e. SR, which is a reflection of the familiar
statement that the theory is invariant under area-preserving diffeomorphisms [81].
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Let us consider the Wilson lines in the free photon theory. In dimensions higher than
1+ 1 as soon as there is a free massless photon we are in the Coulomb phase and all
Wilson lines are deconfined (perimeter law). In two spacetime dimensions this is not so
since there is no propagating photon degree of freedom. The Wilson line PetJ 4 describes
the world-line of a unit charge particle. As a result the electric field must jump by e?
across the line. So the Wilson line can be said to separate the universes |n) and |n + 1).
Similarly the Wilson line Pet* /4 separates the universes |n) and |n + k). Now consider a
large rectangular Wilson line of unit charge. If outside of the line the universe is |n) then
inside the rectangle we have the universe |n + 1) depending on the orientation of Petl A,
For instance, at § = 0, if the vacuum outside corresponds to |0), which is the lowest ground
state, then inside the loop we have either of | = 1), which have energy density Ey; = %62.
This excited state inside the loop should be thought of as a confined string and hence the
Wilson line is confined:

(Wi ~ e 31T (2.6)

where LT is the area of the Wilson loop (L is the length and 7T is the height). We see that
the question of confinement or deconfinement is determined by the energy density of the
universe that is created inside the loop. An interesting case to consider is # = 7, in which
case the universes |0), |1) are exactly degenerate. If we prepare the state |0) at infinity,
then with an appropriately oriented rectangular Wilson loop we can create the state |1) or
the state | — 1) inside. In the former case the Wilson line will have perimeter law and in
the latter case it will have area law.

Thinking more broadly about two-dimensional theories, there could be multiple super-
selection sectors (for instance due to symmetries) and also multiple universes. Let us see
how this comes about when we add a fermion particle.

We consider the U(1) gauge theory with a fermion of (nonzero) charge ¢ € Z. This
is a variation of the more familiar Schwinger model, in which there is a fermion of charge
g =1 [82, 83]. This variation was recently considered in several papers, e.g. [84-87]. Our
presentation here is self contained.

The absence of a dynamical particle of the minimal possible charge would lead to some
interesting differences from the more familiar ¢ = 1 case. The Lagrangian is

1 _ -
— @F2 + Uy D, + mP ¥, (2.7)

with D, = 9, —iqA,. We do not include a 6 term because there is an axial transformation
m—me ", 0 —0+qa. (2.8)

Therefore, if we study the model as a function of complex m we will cover the full parameter
space. In the meanwhile we do not include quartic interactions of W. If we imagine that
the theory (2.8) arises from a lattice system we would expect quartic fermion interactions
suppressed by the cutoff. For now we take this cutoff to infinity. The physics at large
Im| (i.e. |m|? > €?) is rather simple since the fermion fluctuations are suppressed. The
long-distance limit (at distances much longer than m™!) is the free Abelian theory with

~19 —



0 = Arg(m?). The free Abelian theory by itself has infinitely many universes, which means
that there are infinitely many Poincaré invariant states with infinite energy barriers between
them. It may be that now, with a massive fermion, the barriers are of order |m| or that
some of the universes are identified altogether. It may also be that some of the universes
remain. All of these scenarios are consistent with the decoupling limit |m| — oco. The
infinitely many universes of the free Abelian theory are labeled by the expectation values
of the electric field (2.5). But since we now have dynamical excitations of charge ¢ (and the
conjugate representation with charge —¢), the states |n) and |n+ ¢) can communicate and
thus now are resides in the same universe. Therefore the number of universes is reduced
from infinity to ¢, labeled by an integer modulo q.

Next, we will find the lowest energy density states in each universe. For q € 2Z + 1

and 6 € [0,7) these are |0), | £ 1),..., | £ MT_1> The lowest energy density universe is
|0). For 6 € (m,2m) the |q| lowest energy density states in each universe are | — Bi' + 3,
| — % + %>,,\‘(1|TH> The lowest energy density universe in this range is always |1). The

case of § = 7 is quite more interesting; the states with |¢| + 1 lowest energy densities are
0), | £1),..., | £ MT_I>, ]MTH), and now the states | — ‘qlT_l>, ]MTH> can communicate by
creating massive charged particles from the vacuum. These states are exactly degenerate in
infinite volume but on the circle they will not be because there are finite action instantons

—mR (

which would lead to energy splitting of order e where R is the circle radius as usual).

In the infinite volume limit the worldline of the dynamical particle ¥ is a domain wall

lg|—1
2

between | — ) and |‘Q|T+1> The tension of the domain wall is m. So at § = m we have

|g| universes but one of the universes contains two ordinary super-selection sectors.

Another very useful way to think about this is that for (nonzero) ¢ € 2Z + 1 there are
always |¢| universes which do not communicate (and their energies depend on € in some
way) but inside one of the universes there is an additional ordinary first order transition
(as a function of §) with a finite energy barrier at # = 7. It is only for ¢ = 1 that the two
superselection sectors | — ‘q'T_l> and |M|T+1> are also the true vacua (with the smallest energy
density) at § = 7. For ¢ € 2Z + 1 # 1 this phase transition happens on the world-volume
of some flux tube (instead of in the vacuum). Either way, this degeneracy between the
two superselection sectors can be understood as being due to spontaneously broken charge
conjugation symmetry. Sometimes charge conjugation symmetry breaking takes place in a
state with a flux tube and sometimes in the true vacuum.

For (nonzero) g € 2Z the story is a tad different. If § € (0,7) the lowest energy
density states are | — ‘%' +1), | — % +2),..., |%) In fact the same states remain as the
lowest energy density states at # = m and also § € (m,27). None of these are separated
by a finite mass domain wall and hence these are |g| universes. There is no first order
phase transition inside any of these universes at § = 7 (only which universe becomes the
lowest energy density one changes). However something interesting happens at § = 0 (and
therefore for all # = 0 mod 277Z). The states \%> and | — %) are degenerate at § = 0 but
they can communicate due to the fact that the domain wall between them (the particle
of charge ¢) has finite mass. They are therefore degenerate at infinite volume but split
at finite volume. This should be simply interpreted as spontaneous breaking of charge
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conjugation symmetry in the flux tube |%) There are therefore two superselection sectors
in this universe. As 6 goes through 0 mod 27Z there is always a first order phase transition
in one of the universes which is associated to a flux tube.

This almost finishes the analysis of the model at large |m/|. It only remains to discuss
the question of confinement and deconfinement (in the sense of whether the rectangular
Wilson loops have area or perimeter law). The Wilson line Peial A s always screened
since there is a particle of charge q. The rectangular Wilson line Petl A g always confined
except, again, at # = m where with one possible orientation it is deconfined and with the
other orientation it is confined. In summary, W is always confined except for § = 7w and
W is always deconfined.

Now we turn to the physics of the model at small |m|, i.e. |m|? < e2. We start from
m = 0. For m = 0 we have a Zy, axial symmetry acting as

2nik

U e 2V, k=0,.,2¢—1. (2.9)

Note that the Zy subgroup corresponding to k = ¢ acts as fermion number. The ~3
matrix ensures that ¥ and ¥_ are acted upon with the opposite phases. Since the gauge
symmetry acts as U — ¢V (without a 73 matrix), we see that the transformation (2.9)
with £ = ¢ is in fact a gauge symmetry. But since the transformation k = ¢ is fermion
number, this means that this model is non-spin. In other words, although there are fermions
in the underlying Lagrangian (2.7) the path integral includes a sum over all spin structures
automatically. In particular, there are no fermionic local operators and the axial symmetry
is really Z, and not Zs,.

The massless model is most easily solved with bosonization. Since the subject of spin
structure will be crucial later it is paramount to review in detail the Abelian bosonization
case. Our boson will be always 27 periodic: ¢ ~ ¢ + 2w. Consider the action

2
S = f? /de(8¢)2, (2.10)

with f a free parameter. An important subset of the local operators in the theory is
given by et wwhere ¢ is the dual scalar, which is likewise 27 periodic. The scaling
dimension and spin are

1

A= 47 f2

n? +7f*m?, S=nm. (2.11)

Clearly, this is a bosonic theory and it has no operators of half-integer spin (T-duality
takes f2 — ﬁ) For f2 = 1/4r this model is often said to be the bosonic dual to the
free fermion. But clearly that is not quite right. For instance, the “would be” free fermion
corresponds to n = 1/2, m = 1 but this is not in the spectrum since the corresponding
operator is nonlocal. In addition, n = 0, m = 1 corresponds to an operator of dimension
1/4 which does not exist in the free fermion theory. The precise statement of bosonization
is that the model with f? = ﬁ is dual to a free complex fermion with gauged fermion
number. This has been recently emphasized in [88, 89].
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Since above we have argued that the model (2.7) indeed includes a sum over the spin
structures of the fermion we can thus apply the usual bosonization dictionary. The massless
model can be thus rewritten as

1

1 2
8 (09) 4e?

with ¢ ~ ¢ + 2m. The Z, axial symmetry acts by ¢ — ¢ + 2wk/q with &k = 0,...,q — 1.
There are two ways to think about this model. One is to drop the term —éF 2 at long

F2 4 %Mm , (2.12)

distances (since from the infrared point of view it looks irrelevant) and then remain with
+(0¢)* + 5L ¢Fp1 which can be identified with the U(1),/U(1), topological field theory.
This is a simple Abelian TQFT with ¢ exactly degenerate vacua on the circle. One can
think about it as BF' theory or a discrete Z, gauge theory (or U(1) Chern-Simons theory
at level ¢ on a circle). It is a trivial special case of the more general G/G construction
reviewed in [90]. The second way is to integrate out F’ more rigorously. Indeed, we can first
treat ¢ as a classical fixed source. Then integrating out F' we would get the energy density
of the true ground state with 6 = q¢. (The contributions from other universes in the
free U(1) theory are exponentially suppressed.) If there are two such ground states which
simultaneously minimize the energy then we have to include both. In this way, from (2.4)
we find the following potential for ¢:

2

V(¢) = 7R min <n - q‘b) . (2.13)
n 27

This potential is nicely consistent with the global symmetry ¢ — ¢+ 27k/q. Therefore the

effective theory for ¢ is

1 2 2 : q¢ ?
g((%)) —7me"R min <n - 27r> . (2.14)
The potential has ¢ degenerate critical points at ¢ = 27k/q with £k = 0,..,¢ — 1. The Z,
symmetry is spontaneously broken! However, unlike in the usual situation of spontaneous
breaking of a discrete symmetry in two spacetime dimensions, the ¢ vacua remain exactly
degenerate on the circle. This is obvious from the fact that there are no charged particles
in the system that could furnish finite mass domain walls. But it is less obvious from (2.14)
since if we plot the potential, the energy barrier that separates the minima naively seems
finite. This confusion is resolved by noting that the potential in (2.14) is non-differentiable
and hence we cannot compute the tension of the kink reliably from the effective theory.
And indeed, the correct answer is that the mass of domain walls is infinite.

Let us now discuss the Wilson lines of the massless theory. Clearly, since we have ¢
degenerate universes, Wg is deconfined in the sense that a large rectangular loop admits a
perimeter law. Therefore, the massless theory with a charge ¢ particle leads to deconfine-
ment of the elementary charge! This is rather surprising and has received some attention
in the literature. See [19] for a review and references. (Often it is phrased as the statement
that fractional charges are deconfined in the Schwinger model. Of course, as long as the
gauge group is U(1) we are not allowed to consider the world-lines of fractional charges,
strictly speaking.)
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This story changes rather drastically as soon as we add a small nonzero mass. Adding

iarg(m)

a mass m = |mj|e , the potential becomes

2

V = me? n}lin (n — gﬂ) — |m|A cos(¢ + argm) . (2.15)
A stands for some mass scale, which will not be important for us (except that it is posi-
tive). For generic arg m only one universe has the truly lowest energy density. Therefore,
confinement is restored for any nonzero m. The tension of the confining string is linearly
proportional to |m|. If argm = g mod 27” then we find that two of the ¢ universes have
an exactly degenerate energy density. Therefore the fundamental Wilson loop with one
orientation is deconfined and confined for the other orientation. Now we are prepared to
compare these results to those of the large mass theory.

For ¢ € 27 this almost coincides with the large mass limit. At small mass we have ¢
universes, and the only thing that happens as we change the 6 angle is that the identity of
the universe that is the lowest one changes. Therefore there is no phase transition neither
in the ground state nor in any of the string (flux tube) states. But at large mass there was
a phase transition inside one of the universes which describes a flux tube at § = 0 mod 27Z.
This means that there is some finite mass m, (corresponding to a vanishing 6 angle) where
a second order transition (most likely in the Ising universality class) takes place on this flux
tube at § = 0. This is an example of a flux tube theory that becomes massless while the
bulk is gapped and has a unique vacuum. The flux tube theory where this transition takes
place consists of ¢/2 confining strings on top of each other. For ¢ € 2Z+ 1 there is a similar
disagreement between the small and large mass limits. The disagreement is that, for large
mass, inside the universe |M|T+1> there is an additional first order transition at § = 7. All we
see at small mass is that there is a first order transition between the universes themselves
but we do not see additional superselection sectors inside the universe ||Q|T+l> Therefore,
there must be an Ising-type (second order) transition inside this universe for any odd ¢ and
for some non-zero value of the mass (such that the effective theta angle is 7). In particular,
for ¢ = 1, which is the ordinary two-dimensional QED, there must be an Ising type fixed
point at me™ with some positive m,. For odd g > 1 this phase transition is still second
order, but it does not happen in the true ground state, instead, it happens in a state with
a higher energy density. One could say that it happens when one puts (g + 1)/2 confining
strings on top of each other. These phase transitions at finite mass, where two-dimensional
QED flows to the Ising critical point, were recently discussed also in [85].

It is not unfamiliar that new massless particles appear on the string’s world-volume.
Here we see a situation (both for even and odd ¢) where this can be proven to take place.
Only for ¢ = 1 this transition takes place in the true ground state and hence corresponds
to a standard quantum critical point.

A useful additional exercise to carry out before discussing the non-Abelian theory is to
add small quartic interactions to (2.7).' By “small’ what we mean is that it is suppressed

by an energy scale much higher than e or m. A possible quartic interaction to contemplate

13We thank Yuya Tanizaki for discussions about this model.
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is |a)el®8eW, U, ¥ _W_ + c.c.. Another term we can add is SU,W_W,¥_. The term
proportional to § is invariant under both the shift symmetry and the dual shift symmetry,
which means that in terms of the variable ¢ it cannot lead to an interesting potential for
¢ (it may lead to derivative terms).

The operator proportional to || on the other hand leads to

V ~ |af cos(2¢ + arg o) . (2.16)

Such a quartic interaction preserves a chiral Zo symmetry for even ¢. For odd ¢ it does not
preserve any chiral symmetry so we assume that ¢ is even in the following few paragraphs.
Let us set m = 0 and include the quartic interaction (2.16). Such a potential always leaves
two degenerate universes (at least) since ¢ and ¢ + 7 give the exact same energy density
and hence the universes k and k+¢/2 are degenerate. This means that charge ¢/2 particles
are deconfined! More precisely, while W is confined due to the quartic interaction (even
in the massless theory), Wé/ % is deconfined. In fact Wé/ % is deconfined with either of its
two possible orientations.

For even ¢ and m = 0 this model is a little similar to the massless nonAbelian adjoint
model. The similarity is that both models have a chiral Zs 0-form symmetry and a one-form
ZLq symmetry.'4 Furthermore, both models have a mixed anomaly between the Zy 0-form
symmetry and a one-form Z, symmetry. The argument for this in the Abelian theory is
the standard argument for a mixed anomaly between a chiral symmetry and a one-form
symmetry (see footnote 2 for references). Namely, if we were to gauge the one-form Z,
symmetry then the periodicity of the 6 angle would be extended to 2wg. Alternatively
we could introduce an additional discrete theta angle ranging over 1,...,q. Then under
a chiral Zo transformation the discrete theta parameter jumps by ¢/2 in accord with the
deconfinement of these representations.

In the context of the Abelian theory it is possible to demonstrate explicitly how inside a
rectangular Wilson line a different universe appears. Let us insert the worldlines of a charge
+ifA

1 and charge -1 particles Pe separated by distance L. The equations of motion in the

presence of these sources in the bosonic variables for static configurations are given by

1

=076 — |m|Asin(6 + argm) + %Fm =0, (2.17)
1 q EXT
— O F - = 2.1
= O1Fo1 + 27r61¢ Jo (2.18)

where JFXT = §(z+ L/2) — §(z — L/2). The formula for the total energy of the system is

1 1
E = /dm [262F021 + g(alqzb)Q — m|A|cos(¢ +argm)| . (2.19)

If m is the largest parameter in the problem (and argm = 0) then to a good approximation,
between the sources (i.e. # € [~L/2,L/2]), Fo1 = e* and outside of the sources Fy; = 0.
The field ¢ is not quite at the origin between the sources, rather, ¢ ~ ge?/27|m|A. So

27

40One can think of @i, the generator of the one-form symmetry, as, roughly speaking, e<fa ™ Tt is
essentially topological because particle creation only changes the electric fields by integer multiples of e?j.
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the field ¢ is slightly displaced from its vacuum while Fp; is displaced significantly. Inside
the loop we are in a different universe which has energy density e?/2. The energy density
mostly comes from Fjy.

In the massless limit it is not beneficial for Fy; to be activated between the sources,
rather, it is energetically favorable for ¢ to attain (approximately) the value 27” between
the sources. The reason is simply that a constant value of ¢ does not cost energy in the
massless limit. The field configuration is exactly solvable since if we set m = 0 in (2.17)
the equations become linear.

The equations are solved by Fo; = Ae?**/VT for x < —L/2 and Ae=9%/VT for x > L/2
and B(e9°%/VT 4 ¢=9%/VT) for —L/2 < & < L/2. The solution for ¢ is ¢ = —%Aeqm/ﬁ
for x < —L/2 and —q%;Ae‘qe”‘;/\/;r for x > L/2 and —%B(eqew/ﬁ + 79/ 1 ¢y for
—L/2 <z < L/2. The constant ¢p must be adjusted so that the jump across the source is
consistent with (2.18). This is achieved by setting ¢g = 27/q.

To determine the constants A, B we note that from the massless version of equa-
tion (2.17) it follows that ¢ must be continuous and its first derivative must be likewise
continuous at = +L/2. This leads to two relations which are solved by B = ¢2?/2 and
A= %(eqeL/ VT _ 1). We thus see that if L is very large the electric field quickly decays
far away from the sources, as expected, while ¢ in between the sources is exponentially
close to 27 /q, as expected from the universe corresponding to n = 1 mod ¢. Qualitatively,
we see that near the source it is Fp; that jumps according to the Gauss law (while ¢ and
01¢ are continuous) but then this jump in the electric field, which is energetically costly,
is quickly screened by ¢.

While we have phrased the results in terms of the bosonic variables, it is worth noting
that this was not necessary. In terms of the current .J, = W7, ¥, the equations (2.17)
and (2.18) take the form e%alF(n +qJy = JéEXT and 01 Jy + %Fm = 0. The second equation
follows readily from the fermionic degrees of freedom, being nothing but the axial anomaly
equation for static configurations. We see that the charge density Jy is a continuous function

L and

of space. Most interestingly, if we integrate Jy over a region much bigger than e~
smaller than L around the external sources, we find that [dz.Jy = £1/¢ — namely, even
though the dynamical particle has charge ¢, the charge accumulated around the sources is,
respectively, 1, i.e. in some sense the dynamical charge has fractionalized, which is what
allows for screening. Presumably the same mechanism is responsible for deconfinement in
the massless adjoint theory but it is hard to demonstrate it as explicitly. It may be possible

in the limit of many matter fields [91].

Let us now give an argument for deconfinement in the massless Abelian theory which
is more in the spirit of this paper and relies only on the symmetries and anomalies. We are
dealing with a bosonic system with a Z, zero-form symmetry and a Z, one-form symmetry.
Most importantly there is an anomaly between the two symmetries which means that if
we take the topological local operator ()7 that generates the one-form symmetry and pass
it through the topological line U that generates the Z, zero-form symmetry we obtain

QU = ¥y, . (2.20)
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.17
This can be concluded by noticing that U can end on charge 1 defect operator e's? in

the bosonized theory, therefore connected to W at the defect operator. A line-changing
operator exists only when the connected lines have the same one-form symmetry charge.

The anomaly means that if we insert U in a time-like fashion this will separate space
into the universe without the string and a universe with the string. But since this time-like
line is topological we can move it freely and this implies that the energy density in both
universes is the same, namely, the string tension vanishes. We see that the deconfinement
of the Abelian model really follows straightforwardly from the ordinary symmetries and
anomalies of the theory. Once we add the quartic fermion interaction proportional to «
above, the Z, zero-form symmetry is broken to Zj for even ¢ and to nothing otherwise.
Then we no longer have a topological line that can create the universe with one string and
confinement sets in (for even ¢, ¢/2 strings can be created with a topological line and hence
that string is still deconfined).

From this point of view the adjoint theory is actually simpler than the Abelian theory.
Even though it only has Zo and Zy zero-form and one-form symmetries respectively, it
has (exponentially) many other non-invertible symmetries which allow to construct the
universe with one string via a topological line operator. So deconfinement can be proven
without having to solve the full theory.

To close this section let us present some results about the k-string tensions in this
model (without quartic interactions and at # = 0 — both of which can be easily relaxed).
First, in the large mass limit,

T, = e*Rrk?, (2.21)

where for ¢ € 2Z + 1 k ranges over the integers £k = 0, +1, +2, ...,iM'T_l, and for q € 2Z
k ranges over the integers 0,+1,£2,...,%|q|/2 — 1, |q|/2. This does not describe physical
k-strings as bound states of the fundamental string since the binding energy has the wrong
sign. Hence, the conclusion is that in the large mass limit k-strings do not exist. This is
in contrast with the non-Abelian theory, as we will see. That fact that k-strings do not
exist in the large mass limit is hardly surprising — it simply boils down to the fact that
same sign charges repel. The small mass limit is a little less trivial. We have computed
the potential in (2.15). For simplicity consider nonzero positive mass, such that argm = 0.
For small mass m < e the energy density in the vacua j = 0,...,q — 1 is given by F; =
—mA cos(2mj/q). The k-string tension is therefore

Ty, = mA(1 — cos(2mk/q)) = 2mAsin®(7k/q) . (2.22)

This again does not describe genuine k-strings as the binding energy has the wrong sign.
In conclusion, the Abelian model has no genuine k-strings, unlike the non-Abelian theory.
This also makes sense from the following point of view: the least energy k-strings in the
non-Abelian case turn out to correspond to completely anti-symmetric representations,
which have no analog in the Abelian case.
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3 Review of previous proposals

In the previous section we studied in depth the Abelian gauge theory with and without
matter. Let us recall the properties of the pure non-Abelian theory now (the non-Abelian
model was first solved in [1]). The Lagrangian of the theory without matter is given by

-1

49\2(1\/1

Tr F? . (3.1)

We will consider the gauge group SU(N). There is no theta angle in this case and hence
this theory has no free parameters (since gyy has dimensions of mass, it is not a parame-
ter). The theory has no propagating degrees of freedom and it is solvable. Quantizing the
theory on a circle, we find that it essentially reduces to a quantum mechanical model with
eigenstates labeled by irreducible representations of the group SU(N). These eigenstates
have energy E ~ ¢3,,RC5(Z) with C5(Z) the quadratic Casimir of the irreducible repre-
sentation Z and R is the radius of the circle. Therefore, these eigenstates have finite energy
density in the infinite volume limit. There are therefore infinitely many universes labeled
by irreducible representations of SU(NN). However, unlike in the U(1) case, the universes
are not associated to a standard one-form symmetry. Indeed, the set of representations
of a group is not itself a group. This is therefore an example of a situation where the
universes are not determined by a standard one-form symmetry. (The one-form symmetry
of the model (3.1) is simply Zy.) It might seem perplexing that the adjoint representation
universe cannot communicate with the universe corresponding to the trivial representation.
This is of course because the pure gauge theory has no propagating gluons. This means
that all Wilson lines are confined and the string tension is proportional to Co(Z).

Just to be concrete, let us quote the SU(2) gauge theory partition function on a circle
of size R and time direction compactified on a circle of size L:

ZSU(Q) — Z e_%g%MLRj(j‘f‘l) ) (32)
j=0113..

The dimension of the representation corresponding to j is as usual 25 + 1.

Now let us consider the gauge theory based on PSU(N) = SU(N)/Zy. This is obtained
from the gauge theory SU(N) by gauging the one-form symmetry Zy. The PSU(N) gauge
theory does not have one-form symmetry, but as our general discussion showed, there is
now a discrete theta angle p € Zy [77]. We can thus ask about the partition functions
Z}IZSU( N As argued before, choosing p is tantamount to choosing those universes in SU(NV)
gauge theory where the one-form symmetry generator takes the same expectation values.
Therefore, the partition function ZII;SU( N) picks up a contribution from those universes
where the corresponding representation has p boxes mod N [73, 74]. Note that those are
generally not PSU(N) (linear) representations. This is in accord with the idea that the
theta angle corresponds to a projective representation in two dimensions. For instance, in
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SU(2) gauge theory we have PSU(2) = SO(3) and we have the two partition functions:

0 —1g2 (LRj(j+1
ZSO(3): Z e 29vm 3+ )’ (3'3)
§=0,1,2...
ZéO(?)) = Z e_%g%MLRj(j'i‘l) X (34)
13
J=3,5

Note that Zéo(?)) /Zgo(s) is exponentially small on a large torus, which is the same as the
statement that the fundamental Wilson line in SU(2) gauge theory is confined.

Let us now include an adjoint Majorana fermion. Namely, we add to the theory the
adjoint fermions 1, and 1_ such that they are themselves real. The Lagrangian takes
the form

Si = / d*z [— i Tr F? + Te " ilp 0 + imp" o (3.5)
49ym

By virtue of the reality of ¥, m must be real. There is no # angle in SU(N) gauge theory
(neither continuous or discrete) and hence the change of variables ;. — —; does not
change the measure. The theory with mass m is therefore equivalent to the theory with
mass —m. As a result, we can take m to be nonnegative without loss of generality. For the
same reason the massless theory m = 0 has such a chiral Z symmetry. This means that
the massless point is distinguished.

While the U(1) model with a charge ¢ fermion from the previous section is a non-spin
theory, the adjoint model (3.5) is a spin theory because the fermion number symmetry
(—=1)F :4py — —1p4 is not part of the gauge group.'®

The dynamics for m? > g%,M is governed by the pure SU(N) gauge theory, but now
the existence of massive adjoint fermions reduces the universes only to the N universes
with the smallest values of Co(Z). This of course always includes the empty universes and
then N — 1 additional universes with nonzero energy density representing the flux tubes
ending on the representation Z. These flux tube theories are all a priori different (i.e.
they have a different spectrum of excitations). For instance, in SU(2) gauge theory we
have the trivial and doublet representations furnishing the two universes. In the SU(3)
gauge theory case, there are three universes corresponding to the representations 1,3, 3.
The latter two have the same energy density due to charge conjugation symmetry. In the
universe corresponding to the trivial representation, v itself is not an excitation — only
the two particle state ¥ exists. So the mass gap above the vacuum in the trivial universe
should be around 2m. In the universe corresponding to the fundamental representation,
since in the product fund ® adjoint the fundamental representation itself can be found (this
is true for all N), the state ¢ exists. This means that the mass gap above the flux tube
should be approximately m rather than 2m. (Another way to think about it is that the
universe corresponding to the fundamental representation is described by the excitations

5The same is true also for SU(2) gauge theory; while there is a gauge transformation implementing
P+ — —1h4, it also acts non-trivially on the gauge field and it is hence not the same as fermion number. To
see this explicitly consider the fermionic gauge invariant operator T'r(Fp1%). It does not vanish in SU(2)
gauge theory.
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of the fundamental Wilson line, and we can insert a single ¥ on such a Wilson line in a
gauge invariant fashion.)

In the PSU(N) gauge theory language the same story is told in a different language.
It is interesting to repeat it because of the different role played by the chiral Z) symmetry.
We now have theories labeled with p € Zy and mass m. Now the chiral symmetry flips
the sign of m but at the same time it also takes [34]

p—p+N/2. (3.6)

(For odd N, the index p is unchanged by the Z symmetry. For even N, the measure of the
PSU(N) theory is not invariant under Z3 which leads to the above shift of the index p.)
We can therefore again restrict m to be positive and study the theories with all possible
values of p. Different values of p are just the different universes we saw above. Either way,
we see that for m? > g%M the fundamental Wilson line is confined Wg ~ e~9mArea,

The small mass limit is much less obvious. Some facts about the massless limit directly
follow from the symmetries and anomalies. For the SU(N) gauge theory, at m = 0 there
is an axial symmetry ZJ which has a mixed anomaly with the one-form Zy symmetry for
even N. This is reflected in equation (3.6). This means that, for even N, the universes p

/2 is deconfined. Another

and p+ N/2 have the same energy density and hence the line Wév
way of saying the same thing is that in the PSU(N) gauge theory language the theories

with p = 0 and p = N/2 are related by a Zo symmetry and hence

lejvs/IQJ(N)/ZgSU(N) =1. (3.7)
For N = 2 which is the simplest nontrivial case this means that the fundamental line is
deconfined. But for N > 2 ordinary symmetries and anomalies alone do not imply that
the fundamental line is deconfined. We will later see that there are theories with the same
symmetries and anomalies where the fundamental line for NV > 2 is confined or deconfined,
depending on the parameters.

In [19] it was argued (see after equation (5.28)) that there are 2(N — 1) zero modes in
each universe. This would mean that all the Wilson lines are deconfined in the massless
theory. However, it is not true that such zero modes exist [34]. The only zero modes which
exist are those that allow to connect the universes p and p+ N /2 which imply deconfinement
of ijv 2, Identifying this error, the authors of [34] were therefore led to suggest that the

fundamental line is confined and only Wév /2

is deconfined. In fact, this is exactly what
happened in the Schwinger model with quartic interactions and Zs axial symmetry (2.16)!
So the suggestion of [34] is certainly attractive from the point of view of anomaly matching.

What we will show in this note is that one can harness the power of certain topological
defects which are unrelated to ordinary zero-form or one-form symmetries. These topo-
logical defects are non-invertible in general and hence do not correspond to a symmetry
group. We will show that these topological defects exist only in the massless theory and
they allow to prove some very concrete results about the dynamics. Renormalization-group
invariants that are associated with non-invertible topological defects should be viewed as a

generalization of the idea of anomaly matching [44]. The adjoint gauge theory is a striking
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demonstration that these renormalization group invariants are really powerful and can shed
light on the physics of strongly coupled gauge theories.

We will show that the massless adjoint SU(N) gauge theory admits a large number of
such topological non-symmetry defects. We use them to prove that the theory has a large
ground state degeneracy. In fact, as IV is taken to be large, the degeneracy is exponential
in N. In particular, all the Wilson lines are deconfined. Furthermore, the Hagedorn
temperature of the planar massless theory vanishes. We also analyze the effects of some
quartic interactions. We show that sometimes they break the non-symmetry defects. This
means that sometimes the model deformed by quartic interactions is confined. This is
in accord with our expectations from the usual symmetries and anomalies. Finally, we
study the theory at small nonzero mass, where these non-invertible defects cease to be
topological. For small enough mass the breaking of topological invariance is soft and we
use that in order to obtain exact predictions for the tension of k-strings at small mass.

4 Adjoint QCD and non-Abelian bosonization

Let us begin by studying 2d adjoint QCD through non-Abelian bosonization. The action
of adjoint QCD i.e. SU(N) gauge theory coupled to Majorana fermions in the adjoint
representation, in two Eucledian dimensions is given by

S = / &’z [— i TrF? + Tegp i) | (4.1)
49ym

where the subscript p in the covariant derivative denotes the spin structure chosen to define

the fermions. Summing over spin structures, i.e. gauging the (—1)¥ symmetry, the theory

is dual to a gauged WZW model. To explain this duality, first we review the non-Abelian

bosonization [35].

The duality states that n free Majorana fermions with gauged (—1)f symmetry can
be bosonized to the Spin(n); WZW model [36]. Since the global aspects of the theory are
crucial for us here, we check that the duality is exact and all the global symmetries of the
two sides of the duality match. The global symmetry group of n free Majorana fermions
before gauging (—1)F is Gy = O(n), x O(n)r. This group can be decomposed into its
connected and disconnected parts as

SO(n), x SO(n)g x Z§ x Z n odd,
Gy = c c (4.2)
(SO(n), x SO(n)g) = (ZQ X ZQL) n even,

as will be described in detail in the following.

Symmetries: odd n. ZZ is generated by the fermion number symmetry (—1)F and Z3
is generated by (—1)fT which is the left-moving fermion number symmetry. Alternatively
we can write Z4 x Z¥ = 75 x ZI® . There is a mixed anomaly between Z% and Z¥. An
easy way to derive this anomaly is to add a mass term and then reverse the sign of the
mass by acting with ZJ. This reverses the sign of the mass for an odd number of Majorana
fermions and hence induces the Arf contact term for the spin structure. Therefore, naively,
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after gauging Zg — summing over spin structures — the axial symmetry should have
disappeared. Instead ZJ becomes a non-invertible line [36]. At the same time, as usual,
gauging fermion number leads to a dual “quantum symmetry”, which in this case acts as
+1 and —1 on the untwisted and twisted sectors respectively. Hence, after bosonization,
the global symmetry of the model becomes a non-trivial Zs extension of SO(n);, x SO(n)g,
namely

_ Spin(n)r, x Spin(n)g
7 (Spin(n)diag)

The group Z (Spin(n)diag), is the center of the diagonal Spin(n) which for odd n is Zs.

Gy (odd n) . (4.3)

To see that the extension is a Spin group, notice that the spin field in the twisted sector
transforms in the spinor representation of the so(n) algebra. The Zs associated with the
center of the group Spin(n) is precisely the symmetry dual to the gauged fermion number
symmetry.

Symmetries: even n. Now let us discuss the bosonic symmetry group for even n (4.2).
The disconnected part of the symmetry group Gy, is generated by determinant —1 or-
thogonal matrices. These matrices do not commute with the connected component of the
symmetry group that includes the identity, hence we have the semi-direct product in (4.2).
This semi-direct product is defined by the Zy outer automorphism group of so(n) which is
known as the charge conjugation. More precisely, Zg is the diagonal charge conjugation,
and ZSL acts as charge conjugation only on left-moving fermions. We can now gauge Z1".
The ZL" symmetry becomes a dual invertible Zs symmetry which we will soon identify as
before to be in the center of the Spin(n) symmetry of the bosonic theory.'® So we conclude
that the bosonic symmetry group is a Zsy extension of

SO(n);, x SO(n)
i

R 7§, (4.4)
namely

_ Spin(n)L, x Spin(n)
~ Z(Spin(n)diag)

where Z (Spin(n)diag) is Zo X Zy for n = 4k and Z, for n = 4k + 2. The dual symmetry
to Z%' is now a Zy subgroup of Z (Spin(n)diag). We refer to it as Z3. It is the subgroup

Gy, LN 7§  (even n), (4.5)

of the center for which Spin(n),/Zy = SO(n)r.!” A natural question concerns the other
elements of the center Z (Spin(n)diag). For even n one can define an axial transformation
on the fermions ¢, — —1;. This Zy symmetry resides inside SO(n); and it commutes
with it. For n = 0 (mod 4) this symmetry has no mixed anomaly with Z and this is
why Z (Spin(n)diag) is Za X Zy for n = 4k. For n = 4k + 2 there is actually a mixed

16Similarly to the fate of Z¥ for odd n, after gauging fermion number symmetry, ZQC L becomes a non-
invertible line. Only that now it does not commute with the current algebra and hence we do not follow it
further.

"Here we have conventionally chosen the Z; in Spin(n)L; one can equally well choose it to be inside
Spin(n)r. These choices are equivalent since the diagonal center acts completely trivially.
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anomaly between the axial symmetry ¥y — —t; and Zg but this anomaly is such that
upon gauging Zg the axial does not disappear, but instead, it squares to the generator of

5, which is why the center becomes Z,4. A similar phenomenon in a different context was
discussed in [92].

Is bosonization unique? So far we have listed the symmetries of the theory which is
obtained from n free fermions upon gauging Z4. But in fact the procedure of bosonization is
not yet uniquely specified since one has a freedom to insert spin-structure dependent phases
when summing over different partition functions. The choice of such phases correspond
to invertible spin-TQFTs (a.k.a fermionic SPT phases) [93-96].!® In 141d there are two
invertible spin-TQFTs, the trivial theory and the Kitaev chain whose partition function is
given by the Arf invariant of the spin structure [36, 89, 93, 97-99]. Therefore these two
choices correspond to adding the Arf invariant to the action of the fermionic theory, and
in the bosonic theory are related by gauging the quantum Z§ symmetry (without an Arf
term). We fix the scheme unambiguously as follows. We give the fermions large positive
mass and require that at low energies there is no Arf term. In this scheme the bosonized
theory at large positive mass has two vacua with the quantum Z§ symmetry spontaneously
broken. Flipping the sign of the mass for all the fermions introduces the Arf contact term
for odd n because then the total number of fermions is odd. So for odd n one can go
between the two possible choices of the invertible spin TQFT by flipping the mass of the
fermions. Since flipping the sign of the mass term is the same as acting with the axial
fermion number symmetry, the two choices are related by the Verlinde line that emerges
after we gauge fermion number. In other words, for odd n the two choices of how we
may bosonize the theory are related by a duality line and so there is essentially only one
way to bosonize modulo relabeling the operators. We will see that this is realized by a
Kramers-Wannier type duality in the dual bosonic theory.

For even n there are genuinely two distinct bosonized theories since the Arf term is not
generated by flipping the sign of the mass term. By requiring that at large mass the Arf
term is absent, we are choosing one of these two possible ways to bosonize the fermions.
We will stick to this choice of the bosonized theory for the rest of the paper.

The dual description. Both for even and odd n, the dual description satisfying all the
requirements above is Spin(n); WZW model [35, 36], defined in terms of group valued fields
g(z) € Spin(n). The model has a global symmetry that acts as g(z) — Uy 'g(z) Ur with
Uy, Ur € Spin(n). However, the diagonal center acts trivially on g(z). Moreover, for even
n there is also the Zg charge conjugation symmetry which acts by the outer automorphism
action on g(z). Therefore, the global symmetries of the WZW model match exactly with
those of the free fermion theory after bosonization — see (4.3) and (4.5). In fact we have
an exact duality between the Spin(n); WZW model, and n Majorana fermions with gauged
(—=1)¥ symmetry, as long as the (—1)f" symmetry is gauged with the choice of Arf contact
term specified above. The center of the symmetry group of the WZW model also precisely

8More precisely, such choices correspond to fermionic SPT phases modulo bosonic SPT phases.
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matches what we have anticipated above, with Z3 being part of the center always:

Spin(n)1, x Spin(n) . e

pin(n)r, X dSpin(n)r i

- = Z (Spin(n)y,) = { Z5 x 7S = 4k ’ 16

< Z (Spin(n)diag) ) (Spin(rn) Z2X : ’ 4k + 2 "
4 n=

By gauging this Zj symmetry with the Arf twist, we can fermionize the theory and go
back to the fermionic theory with the (—1)f symmetry [88, 89, 93, 96, 100]. If we gauge
the Z3 symmetry without the Arf twist, then we are choosing among the two possible
bosonized theories we discussed above. When n is odd, as anticipated, the Spin(n); WZW
model is self-dual in the sense of Kramers-Wannier, i.e. Spin(n); and SO(n); are equiva-
lent conformal field theories. The actual isomorphism requires re-labeling some operators,
and the corresponding duality defect line is given by a non-invertible Verlinde line of the
Spin(n); WZW model [44]. When n is even, gauging Z3 results again in the SO(n); WZW
model which is now not dual to the Spin(n); WZW model. It is now clear why we choose
to bosonize with the choice of the Arf contact term as we did: the bosonic theory can be
then chosen to be Spin(n); WZW model both for even and odd n, which greatly simplifies
the notation.

The coset construction. Now when n = N?—1, we can gauge the SU(N) C Spin(N? —

1), symmetry on both sides of the duality to get a duality between

/DgDA exp (—Swzw[g,A]—i—/ d%z é TrF2> , (4.7)
s 49y m

and

> / Dy DA exp (- / d’z [—4 é TrF2+TwTuz)p¢D , (4.8)
P) =

Iym

where Swzwl[g, 4] is the action of the Spin(N? — 1);/SU(N)y gauged WZW model.

Let us for a second concentrate on the piece Swzwlg, 4], formally sending gyy —
oo and ignoring the kinetic term. An observation that will be useful later, is that the
Spin(N? — 1); WZW model has the same central charge as the SU(N)y WZW model.
It means that the coset Spin(IN? — 1);/SU(N)y has zero central charge and is a trivial
CFT. Trivial CFT here means that all the Virasoro generators act trivially on the states
of the theory, therefore the theory is a TQFT. Hence, the two theories Spin(N? — 1);
and SU(N)y must be the same up to a discrete generalized gauging (orbifolding) [43, 66];
see section 5.1.3 for details. It turns out that for N = 3 this is an ordinary gauging
and PSU(3)3 = Spin(8); [101], while for N > 4 it is a generalized gauging of some non-
invertible lines.

9More precisely PSU(N) C Spin(N? — 1), and the center of SU(NV) does not act faithfully on the theory;
see (7.15).
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5 Topological lines in WZW model and adjoint QCD

In this section, first we review some aspects of topological line operators in two dimensions,
which are going to be used later to study the infrared behaviour of adjoint QCD. We then
show that the existence of non-invertible topological lines is responsible for the deconfine-
ment in the massless theory, and we study the N = 2 and 3 cases in detail. For simplicity
we focus on the bosonic theory, with the (—1)¥ symmetry gauged, since it turns out that
the qualitative IR behaviour of the theory is the same. We elaborate on the fermionic
theory in appendices F and G.

5.1 Topological lines in 2d
5.1.1 Fusion categories

As reviewed in the introduction, when a quantum field theory have a symmetry with group
G, there is the codimension-one topological operator U(g) for each element g € G. One
can fuse them by bringing them close and parallel to each other. The operation, called
fusion, is represented by the symbol ®, and respects the group multiplication:

Ulg1) ® U(g2) = U(g192) 91,92 € G. (5.1)

In particular, a symmetry operator U(g) always has its inverse operator U(g)~! = U(g~!):
U(g) @ U(g) ™ ~1, (5.2)

here 1 is the invisible identity codimension-one operator. In the rest of this paper, we write
the line operator U(g) (for a O-from symmetry) as just g.

A generalization of the notion of symmetry is the g-form symmetry, which corresponds
to topological codimension-(q + 1) operators that are invertible and can be thought of as
the exponentiation of a conserved Noether charge when the group is continuous [24]. Such
g-form symmetries act on g-dimensional operator by linking, and the topological nature of
them leads to the conservation of the corresponding charges assigned to the g-dimensional
operators. In two dimensions, 0-form and 1-form symmetries are associated with topolog-
ical line and local operators. They act on local operators and on lines, respectively.

In this section and most of the rest of the paper, we consider another generalization of
symmetry, which we call “category symmetry”, since it is governed by the mathematical
notion of category with additional structures, instead of a group. It is composed of all
topological lines operators that the 1+1d quantum field theory has. They are not required
to have inverses. A basic example is the duality defect line in the Ising CFT implementing
the Kramers-Wannier duality, which is not invertible and hence does not correspond to
any group-like symmetry. Other familiar examples of topological lines include the Verlinde
lines in WZW models.

Topological lines (invertible or not) in a bosonic quantum field theory form a mathe-
matical structure known as tensor category. If one imposes a certain finiteness, one gets
a rigid structure known as fusion category [43, 102, 103], and unitary fusion category in a
unitary theory. This type of category symmetry should be regarded as a generalization of
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finite group symmetry. The rigidity of fusion categories, known as Ocneanu rigidity [102],
implies that such structures do not admit continuous deformations and are invariant un-
der the RG flow [44]. Hence they can lead to very concrete and powerful constraints
on the dynamics. The fusion category includes not only the algebra of the (potentially
non-invertible) lines but also the the proper generalization of 't Hooft anomaly matching
conditions, as we review below.

In the remainder of the section, we give a brief introduction to fusion categories by
stating some of their axioms which we use later on. For a complete list of the axioms see
appendix A.1 (see [43] for a review accessible to physicists which we follow closely).

1. Lines (Objects): the objects in a fusion category C correspond to oriented topological
line operators that implement the symmetry. More precisely, for an oriented path C
and an object a € C, there exist the topological line operator a(C') whose dependence
on C is topological.

2. Defect Operators (Morphisms): the morphisms in C, correspond to local topological
defect operators which turn a line a into another line b. Such defect operators?® form
a complex vector space denoted by Hom(a, b)

52 m b e Hom(a,b) .

3. Additive Structure: given two lines a and b, there exist a new line given by their sum
a® b, such that (- (a®b)(C)---)={(--a(C)---)y+{(---bC)---).

4. Fusion: given two parallel lines a and b, one can bring them close and consider them
as a single line denoted by a ® b. The invisible identity line correspond to 1 € C, and
acts as the identity element under fusion, i.e. a® 1 =1 ® a = a.

5. Simplicity, Semisimplicity, and Finiteness: simple lines are defined to be irreducible
meaning that they cannot be decomposed as a sum of two other lines. Equivalently,
for simple lines a € C, the defect spaces Hom(a,a) are one-dimensional and thus
isomorphic to C. Fusion categories are finite and semisimple in the sense that there
is a finite number of simple lines and every other line is isomorphic to a direct sum of
simple lines. Furthermore, in fusion categories as opposed to multifusion categories,
the identity line 1 is simple.?!

20By using the folding of axiom 7, m € Hom(a,b) can be thought as a defect operator living at the end
of the line a ® b*. Instead one might call it a line-changing operator.

21The category symmetry of the SU(N) adjoint QCD actually does not satisfy this condition, because it
has the topological local operators corresponding to the one-form symmetry. In this paper, however, we first
ignore these topological local operators and analyze the topological line operators only, then, afterwards,
we study the algebra between topological lines and topological local operators. In particular, one has to
ignore the topological local operators in order to make sense of equation (5.4), as in general the loop could
contract to a topological local operator. We will see that it is indeed consistent to first ignore that we are
dealing with a multifusion category and then add the topological local operators. The point is that we
apply the tools of fusion categories to analyze the topological lines of a WZW model, where the simplicity
of the trivial line is satisfied, and then we will gauge the WZW model appropriately.
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6. Associativity Structure: the fusion operation is associative (a ® b) ® c ~ a ® (b ® c),
and the associativity structure is a particular isomorphism

agpe € Hom((a®b) ® c,a® (b®c)), (5.3)

which is called the associator. The associators capture the data of crossing relations
of lines under joining and splitting, and satisfy a consistency condition known as the
pentagon identity, see [40, 43, 44]. When the symmetry is a group, the associator
encodes the 't Hooft anomaly.

7. Dual Structure (Folding): for any line a, there exist the dual line a* which is the
orientation reversal of a, such that (a*)* ~ a and (e ®b)* = b* ®a*. If a is invertible,
a* ~a~!. A line a can be folded to form the line a* ® a, and this data is captured by
defect operators at the ends of the line a* ® a which are known as the evaluation and
co-evaluation morphisms ¢, € Hom(a* ® a, 1) and ¢* € Hom(1,a* ® a) respectively.
Using these folding defect operators one can calculate the expectation value of an
empty loop of a by

€a
a =€, 0€¢* = (dima)l € Hom(1,1), (5.4)

where ((}a ) = dima is known as the quantum dimension of a.

8. Unitary Structure: for any defect operator m € Hom(a,b) which takes the line a to
b, there exist the Hermitian conjugate defect operator m! € Hom(b, a) form b to a.

Action of line operators on local operators. The above axioms describe the prop-
erties of topological line operators in a two dimensional theory. These line operators can
also act on the local operators of the theory. The action of a topological line L on a local
operator O is defined by shrinking a loop of L that encircles the local operator. Since the
line operator is topological, shrinking the line does not change the correlation functions and
the resulting configuration is equivalent as another local operator that we denote by L - O

@L _ Lo (5.5)

A line operator L is said to commute with a local operator O, if the loop of L in (5.5)
can be moved through O without changing the correlation functions — meaning that an
empty loop of L commutes with O. Equivalently, L commutes with O if

L -O=(dimL)O . (5.6)

For instance when L is invertible, the quantum dimension of L is one and (5.6) reduces
to L-O = O. As explained in [44], in a unitary theory if equation (5.6) holds, then O
commutes with any line of L, and not just with an empty loop of L.
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Generally when a non-invertible topological line L passes through a local operator O,
it transforms the local operator into L - O/(dim L) plus a defect operator attached to the
original line operator

L
) 1 L-O Odefect
Y = 7. ° > - - . 5.7

L dimL | L + > (5:7)

L

Note that the dashed line in (5.7) that attaches the defect operator Ogetect to L, can be a
non-simple (composite) line but it does not include the identity line in its decomposition
into simple lines.?? Therefore, when the line L is a closed loop, the last term in (5.7)
becomes a tadpole which vanishes and we recover equation (5.5). The vanishing of tadpole
was proved in [44] by assuming that all the topological lines act on the local operators
faithfully. Furthermore, assuming the vanishing tadpole property and unitarity, it was
shown in [44] that when (5.6) holds and L commutes with O, then the second term on
the r.h.s. of (5.7) vanishes. Therefore, if an empty loop of L commutes with O, then any
line of L has to commute with . This property will be important when we study the
deformations of adjoint QCD in section 6.

Selection rules and naturalness. Category symmetries like the ordinary group sym-
metries lead to Ward identities and selection rules on the amplitudes. These new selection
rules violate the ordinary notion of naturalness.

Starting with a QFT in the UV with category symmetry C, symmetric deformation can-
not break the category symmetry. In other words, an operator O transforming non-trivially
under a topological line L € C cannot be generated by radiative quantum corrections along
the RG flow. To show this, we consider the simple situation where

L-O=)0#(L)O. (5.8)

All the amplitudes in the theory with an insertion of a single operator O (and
no other non-invariant operators) must vanish. Consider the sphere amplitude
(O(z0)p1(x1) - - - Pn(xn)) g2 where all the operators ¢; commute with L, i.e. L-¢; = (L) ¢;.
Now contracting a loop of L enclosing the points xg,zs,...,2, € S?, we can shrink the
loop in two ways. If we shrink the loop on the operators we only get a factor of A when
shrinking it on O (note that this only works when there is a single insertion of ), but
shrinking it on the other side of the sphere we get the quantum dimension (L). Hence

(A = (L)) (O(z0)p1(x1) - - Pn(@n)) g2 = 0 . (5.9)

This shows that all the amplitudes involving O must vanish unless O commutes with L.
Hence, the operator O breaking any topological line will not be generated by the radiative
corrections, even if it is preserved by all the ordinary invertible symmetries. This leads to
a violation of the ordinary notion of naturalness. We conclude this subsection with two
examples of fusion categories, namely the Verlinde lines in WZW models and group-like
symmetries with 't Hooft anomalies.

*2Note that when L is invertible, the second term in (5.7) vanishes.
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Examples. The Verlinde lines of a G WZW model with a simply connected Lie group
G, are by definition the topological lines that preserve the affine Lie algebra g, of G at level
k. These lines correspond to the integrable highest-weight representations of gi. Although
the group G is not a finite group, since it has only finitely many integrable irreducible
highest-weight representations at fixed k, it satisfies all the above axioms and forms a
fusion category, which we denote by Rep gi.>> The example of Rep g is special in the
sense that it admits braiding, which makes the fusion ring of the category commutative.
Braiding can be thought of as a commutative structure on the fusion category. In a
braided fusion category one can define modular S and T matrices similar to that of a
CFT, and when the S-matrix is nondegenerate — as is the physically relevant situations
— the resulting category is known as a modular tensor category, or a modular category for
short [40, 65, 103, 104]. A useful way of thinking about such categories, as emphasized in
the introduction, is in the framework of 3d TQFTs, in which the Wilson lines form such
a modular category with a non-degenerate S-matrix. For instance, Rep g; describes the
Wilson lines of 3d G Chern-Simons theory. By the correspondence between 3d TQFTs
and 2d RCFTs [39, 47, 58, 105] (see section 1), such a category describes the category of
representations in a chiral RCFT.

Group symmetries are generated by topological lines which are invertible. In such a
fusion category, simple lines correspond to the group elements, and their fusion is given
by the group multiplication law. For three simple lines g; 23, we have the isomorphism
associator ag, g, g» € Hom(g19293, g19293), and since the line g1gog3 is simple its associator
is just a U(1) phase. The pentagon identity implies that the associators define a 3-cocycle
a € H3(G,U(1)), which turns out to be equivalent to the 't Hooft anomaly of the sym-
metry [43].22 (The connection between anomalies and cocycles for ordinary symmetries
goes back to [106].) In the other direction, every fusion category whose simple lines are
invertible is equivalent to such a group symmetry with 't Hooft anomaly.

For the case of invertible lines the corresponding fusion category includes both the
information of the group and its 't Hooft anomaly. For a group symmetry, we can gauge a
non-anomalous subgroup of the group. The notion of gauging is generalized into category
symmetry case in [41, 66], and reviewed in [42, 43]. The precise generalization of “non-
anomalous subpart” in category symmetry case is called symmetric Frobenius algebra.
It often happens that the whole category symmetry cannot be gauged. In such a case,
analogous to the anomalous group symmetry, the theory cannot be gapped with single
vacuum as we will see.

In the following subsections (5.1.2, 5.1.3 and 5.1.4) we will discuss gauging of category
symmetries, TQFTs with category symmetries, and modular invariants of SU(NN)y. As we
will see all these concepts are very closely related and there is a one-to-one correspondence
between them. These correspondences are all summarized in table 1, and the corresponding
category theory notions in table 2.

Z3The WZW model contains other topological lines that are the ordinary symmetry lines of left- and
right-G' symmetry, which are not included in the Verlinde lines.

24Tn the mathematical literature this is often denoted by Vec& — the category of G-graded vector spaces
with associator a.
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C Physical concepts Notation
For Ways of gauging a non-anomalous subpart of C A
fusion category C 2d TQFTs with symmetry category C Tc,
2d TQFTs with symmetry category pCp Tyca
If C is also 2d RCFTs with chiral algebra V such that RepV =C Ta
modular Surface operators of the 3d TQFT associated with C Sa

Table 1. The physical concepts that are in one-to-one correspondence. Given a modular tensor
category C, every physical concept in the above table is uniquely determined by the Morita equiv-
alence class of a symmetric Frobenius algebra A in C. When C is only a fusion category, only the
first two rows are in one-to-one correspondence. In the third row, B denotes a way of gauging a
subpart of C.

Physical concepts Categorical notions Notation
Topological lines of the ungauged theory Fusion Category C
Ways of gauging a subpart of C Frobenius algebras in C A
Topological boundary conditions C-module categories Ca
Topological lines of the gauged theory Dual fusion category AC4

Table 2. Fusion category theory notions and the corresponding physical concepts.

5.1.2 Gauging symmetries and symmetric TQFTs

The purpose of this section is to discuss the generalized notion of gauging in a category
symmetry C, and its relation with gapped phases with that category symmetry which we
call C-symmetric TQFTs. This turns out to be crucial for studying the adjoint QCD. This
is because, as we will see, the topological lines of adjoint QCD can be obtained as a gauging
of the Verlinde lines of the SU(N)y WZW model. Thus to understand the topological lines
of adjoint QCD, one has to understand the gauging procedure. Furthermore, the possible
gapped phases of adjoint QCD are restricted by the existence of these topological lines, and
such possibilities are in one-to-one correspondence with different ways of gauging a subpart
of these lines. We begin by first reviewing the gauging for ordinary group symmetries.

Gauging. For a 2d theory T with a discrete group symmetry G, a non-anomalous sub-
group of it such as H C G can be gauged. To gauge the symmetry, one has couple the
theory to a background discrete H gauge fields. Turning on these gauge fields is equivalent
to inserting topological lines around the non-trivial cycles of the 2d spacetime manifold M.
Then, the gauging operation is done by summing over all the gauge field configurations,
or equivalently summing over all the gauge-inequivalent insertions of different topological
lines in H. Alternatively, one could consider the line A = @, h given by the sum of
the topological lines in H. Then summing over all the insertions is equivalent to inserting
a fine-enough trivalent mesh of A into the path integral [41-43, 107]. Note that, one also
has to fix a choice of defect operator in the three-way junctions of A in the mesh, which is
equivalent to a choice of phase coefficients when summing over different insertions. Thus
the gauging is determined by A and the choice of defect operator, that together form an
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algebra as discussed in appendix A.2. This procedure can be easily generalized to category
symmetries.

More precisely, for a category symmetry C, gauging a non-anomalous subpart of C is
done by inserting a fine mesh of a symmetric Frobenius algebra object A in C into the path
integral. For a theory T with a category symmetry C, we denote the gauged theory by
T/A where A denotes the gauging. In the rest, we do not need to know the details of A
as an algebra, and we simply refer to A as a way of gauging. All we need to know is the
following theorem whose proof is given in appendix A.3.

Theorem 1. For a category symmetry C, different ways of gauging a non-anomalous sub-
part of C are in one-to-one correspondence with different C-symmetric TQFTs. For a way
of gauging C such as A, the corresponding C-symmetric TQFT is denoted by T¢, .

The physical interpretation of this statement in our context is as follows: one begins
with the standard diagonal SU(N)xy WZW model. It has a collection of Verlinde lines C.
If we gauge a non-anomalous subpart A of C we obtain a non-diagonal WZW model based
on the same affine Lie-algebra su(/N)y [66]. This will be further reviewed in 5.1.3. These
two models have the same central charge and hence the quotient of these two models is
given by a 141 dimensional TQFT. The crucial point is that after we have gauged the
subpart A, the topological lines of the resulting non-diagonal theory are not the same as
the original Verlinde lines. Thus we have to discuss the lines of the theory after gauging
to understand the symmetries of QCD.

Topological lines of the gauged theory. A natural question to ask is the description
of the topological lines of a theory after gauging. This is well known for the case of finite
Abelian group symmetries. For instance, starting with a theory with a Z, symmetry and
gauging it, the gauged theory is known to have a new Z, symmetry [108], which is also
known as the quantum symmetry.

As explained in [43], starting with a theory with category symmetry C and gauging
a subpart of it associated with A, the gauged theory will have a new quantum symmetry
that we denote by 4C4, and call it the gauging of C with respect to A.2° This finite gauging
is an invertible and associative operation.?® More precisely, if C' = 4C4 is a gauging of C
with respect to A and C” = 4/C’ 4 is a gauging of C’ with A’, then C” is also a gauging of C
with respect to the combined gauging operation that we denote by A’ o A. Furthermore, if
C' = 4C4 is a gauging of C, then C is also a gauging of C’ by a symmetric Frobenius algebra
object that can be called A7!, ie. A~ loA=A0 A" =1.

Now we can give a construction for the C-symmetric TQFT 7T¢, of theorem 1. This
TQFTs can be constructed by starting with a canonical 4C4-symmetric TQFT, and then
gauging a non-anomalous subpart of its C symmetry by A~!. For details and a definition
of T¢ see appendix A.3. In particular, the number of vacua in T¢ is the same as the number
of simple lines in C. But here we only need to know that for the case of SU(NN)y Verlinde
lines, this TQFT is the SU(N)y/SU(N)x coset.

ZMore precisely, 4C4 is the category of (A, A)-bimodules in C.
26Fusion categories C and aCa that are related by gauging are called categorically Morita equivalent.

40 —



For category symmetries C and 4C4 that are related by gauging, it is easy to see that
different choices of gauging 4C4 are in one-to-one correspondence with choices of gauging
C. In particular, given B a choice of gauging C, there exist a choice of gauging 4C4 by
Bo A™'. We first gauge 4C4 back to C by A~', and then gauge C with B to get the
combined gauging operation B o A™!

N,
BoA~1!
ACA ————— BCp

According to theorem 1, there must exist an 4C-symmetric TQFT associated with the
gauging BoA~!. This TQFT is given by starting with the canonical pCg-symmetric TQFT
T,cy, and then gauging a non-anomalous subpart of its sgCp symmetry by Ao B~1. We
denote the resulting TQFT by T,c,.2" In section 5.1.3 we describe a practical way of
analyzing the theory T, ¢, for when C is the Verlinde lines of SU(NN)x or more generally
when it is a modular tensor category.

5.1.3 Topological lines in RCFTs and modular invariants

Here we review the topological lines in RCFTs. An RCFT contains a chiral vertex algebra
V, and has a modular invariant for this chiral algebra. The chiral aspects of the theory
are captured by the representations of the chiral algebra which form a modular category
RepV, also known as the Moore-Seiberg data [40, 63]. To describe the full theory one needs
a choice of a modular invariant matrix Z,, that gives the torus partition function

Z(T7 7_—) = Z Z,ul/X,u(T)y(zz(?) ) (5.10)

where x,(7) is the character of the irreducible representation V, of the chiral algebra.
As emphasized above, there could be multiple choices of the Z,, that lead to consistent
theories.

In the diagonal modular invariant theory we have Z,, = d,,, and Rep)V describes
many important aspects of the theory, e.g. its local operators, OPE structure constants,
and line operators [58]. For instance, in the Gy WZW model — that is the diagonal
modular invariant RCFT associated with chiral algebra g — the representations of the
chiral algebra form the Verlinde modular category Rep gx. The Verlinde modular category
describes both the primary operators of this theory, and the Verlinde lines — which are
the topological line operators that commute with the chiral algebra gy [38].

A relevant question to us is the study of non-diagonal modular invariant RCFTs, and
their topological line operators. The essential observation made in [58, 65, 66] is that phys-
ical modular invariant RCF'T with chiral algebra V), are in one-to-one correspondence with
distinct gauging (generalized orbifolding) of Rep) with some algebra (what we previously

2TThe theory T,cp also has a right gCp symmetry; see appendix A.3 for detail.
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called “subpart”) A. The topological lines of the theory that commute with V are not the
same before and after gauging A. Before gauging these are just the Verlinde lines RepV
and after gauging we denote them by 4 (RepV) 4 [58].

Therefore instead of finding distinct ways of gauging the category symmetry RepV
directly, one can first try to classify physical modular invariant matrices Z,, associated
with a non-diagonal RCFT with chiral algebra V.2® The Hilbert space on a circle of such
a theory decomposes as

H=PZ.V.eV,, (5.11)

“7”

where Z,,, is the degeneracy of the states in the holomorphic ® antiholomorphic module
V. ®V,,. In particular Z,,, must have nonnegative integer entries, commute with the mod-
ular S and T matrices of C, and Zgy = 1 reflecting a non-degenerate single vacuum. More
precisely, a physical modular invariant RCFT corresponds to left and right extensions of the
chiral algebra and an isomorphism between their modular category of representations [63].
In the general case the torus partition function takes the form

Z =" (bapXu) (bav Xv) » (5.12)

so that V, = &P u bay V, and V, = D, by, V, are the irreps of the extended chiral algebras.
Note when BW = bqy, such modular invariants are known as type 1.%° But in general BW
and by, are related by a permutation w, i.e. by, = bu(a)p [109]. Finding modular invariant
matrices, although is an open problem in the general case, is an easier and more tractable
task than finding Frobenius algebras in C.

Finally, we describe a practical way of finding TQFTs with the category symmetry
AC4 where C = RepV for some chiral algebra V. Since 4C4 is a gauging of C by A,
AC a-symmetric TQFTs are in one-to-one correspondence with C-symmetric TQFTs. More
precisely, given a C-symmetric TQFT such as T¢,, we can gauge its C symmetry by A
to get the ACa-symmetric TQFT T,c,, and vice versa. Since C is braided, there exist
a map form the lines of C into the lines of 4C4 that preserves their fusions and crossing
relations.?? Thus any 4C4-symmetric theory is also C-symmetric. In particular, the theory
T,cp is also a C-symmetric TQFT denoted by T¢,.p, ;- Note that A°? @ B corresponds
to a gauging of C, or equivalently a modular invariant matrix of V that we denote by
Z(A°? @ B). The operation ® is different from o and, as explained in appendix E, defines a
fusion between algebras that is given by taking the product of the corresponding modular

Z8Note that a non-diagonal RCFT cannot necessarily be uniquely determined by just the modular in-
variant matrix Z. In particular, different theories can share the same modular invariant matrix (same bulk
states) but different boundary states (see F.2). Nonetheless min packages many of the necessary information
and is easier to handle hand the data of Frobenius algebra itself.

29For type I invariants, the vacuum block corresponds to the algebra object A that we gauge, i.e. V4 =
@D, bou Vyu [58].

3%This map, or more precisely tensor functor, is known as a-induction [71, 72].
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invariant matrices

Z(A® B)=17Z(A)Z(B), (5.13)
Z(A®B)=Z(A)+Z(B), (5.14)
Z(AP)=Z (AT . (5.15)

Note that gauging a theory T with A @ B results in a sum of two decoupled theory given
by T/(A® B) =T/A & T/B. With the formulae given above we can count the number of
vacua in C-symmetric TQFTs and also the number of simple lines in 4C4 as

Number of vacua in T¢, = Tr[Z (A)] , (5.16)
Number of simple lines in 4C4 = Tr [Z (AT z (A)} . (5.17)
Number of vacua in T,¢, = Tr [Z ATz (B)} . (5.18)

5.1.4 3d TQFT and a-induction

In the introduction we briefly reviewed the correspondence between 2d modular invariant
RCFTs and 3d CS theories on an interval. In the previous section, we also saw that
modular invariant RCFTs are in one-to-one correspondence with algebra objects A. In
3d, these RCFTs correspond to the insertion of different surface operators. The diagonal
theory (trivial A) corresponds to inserting a trivial surface, i.e. no surface at all. Moreover,
surface operators in the 3d TQFT form a 2-category [47, 49, 52, 110] and the fusion between
algebras defined in (5.13) can also be understood from the 3d point of view. For instance,
the product (5.13), can be understood as the fusion of surface operators in the 3d TQFT.

The objects of the 2-category are surface operators whose 1-morphisms are line opera-
tors sitting at the junction of two surface operators, mapping one surface to another. The
2-morphisms (morphisms between 1-morphisms) are local operators sitting at the junction
of two line operators. The bulk local operators in the 3d TQFT are the 2-morphisms of
the trivial line. Similarly the bulk line operators are the 1-morphisms of the trivial surface.

The correspondence between 2d RCFTs and 3d TQFTs provides an intuitive way to
understand the a-induction map which is one of the main tools for analysing the topological
lines of adjoint QCD. The purpose of the current section is to use the 3d-2d correspondence
and give an intuitive proof of some properties of the a-induction used in the rest of this note.

Consider a CS on Xy x [ theory with gauge group G at level k, where I is the interval
[0,1]. At the boundary we impose boundary conditions B and B where the latter is the
conjugate of the former. We denote the surface that corresponds to the RCFT with modular
invariant matrix Z(A) by S4.> The lines LSS of the 3d CS theory form the modular
category C = Rep gr which we briefly review in appendix C.2. In the case where Sy is
trivial the corresponding 2d RCFT is the diagonal theory. Starting from a diagonally
modular invariant RCFT whose category symmetry is C, we can gauge an algebra object
A and construct a new modular invariant RCFT whose category symmetry is 4C4.

3'In the language of [53, 111], Sa is the categorical condensate of A.
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In the 3d TQFT this corresponds to inserting a surface operator S4. We can then
insert bulk line operators on either sides of the surface S leading to two different maps
at : C — ACy (see figure 4). For simplicity, we denote the image of a line LSS by just ozf.32
We can combine the two maps and consider the more general lines oz:[ ® a . In general,
the lines o} ® a; are not simple but rather a sum of simple lines. It was claimed in [72]
and proved in [60] that the image of the a-induction is the whole 4C4. More precisely, any
simple line of 4C4 appears in the decomposition of the line ale ® «y into simple lines, for
some u, v € C.

The main goal of this section is to understand how to decompose the lines 04:[ ® oy
into simple lines of 4C4. For this purpose we define the “inner product”:

(af ®ag, 0 ® o) = Dim Hom (o)) ® o, ) @ ay) . (5.19)

When the self-product <oz:[ ®ay, a;‘; ®ozﬁ> is 1 it means that line ozj; ®ay is a single simple
line. When it is bigger that 1, it means the line a:[ ® ay; contains several simple lines. In
general, af ® a and ;) ® a; might have common simple lines, which is exactly what the
inner product measures.

This product has two very important properties [71, 72]

1. {ai,05) = Zyg,

2. (o @y, 0 @ay) = (af ®aj., ap. ®ay),

where Z,; is the modular invariant matrix (5.10) of the corresponding RCFT, and p* is
the conjugate representation of u. Given these two properties one can easily calculate any
product from

<a:[ ® oy, af ®ag;) = ZNZpNgﬁZpﬁ ) (5.20)
0P

The above properties can be given an intuitive 3d proof. For property 1, as shown in
figure 7a the number of morphisms between o (line on the left of Sa) and aj; (line on the
right of S4) is the equal to the number of morphisms between lines p and i meeting at S4.
This is exactly the number of primary operators of the RCFT transforming in the (u, i)
representation (see section 1) which is equal to Z,;. For property 2, consider for simplicity
<oz:[, af{). As shown in figure 7b, we can deform the picture on the left to the picture on
the right, which implies that the number of morphisms from p to p is equal to the number
of morphisms from p ® g* (it is @* because the arrow is outgoing) to the identity. This
translates into the analogous property for the images of the a-induction.

We end this section by analyzing the action of a/f ® aj lines on the local operators
of the RCFT. Recall from section 1 that a 2d local operator OJ'; corresponds to two
horizontal lines meeting at the surface S4, namely a p line (L%d) from the left and a p
line from the right. The the multiplicity label m = 1,...,Z,; determines the morphism

at the intersection of these lines on the surface. In 2d the action of a topological line

32The lines oz?f are possibly equivalent to each other — for instance if the surface operator is trivial, the
lines coincide as one can move the Wilson line freely in the bulk.
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Figure 7. Pictorial proofs of the properties of the a-induction.
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Figure 8. Action of the line o;f on a local operator in the (p, p) representation.

is represented by a circle surrounding the operator, which in the bulk is equivalent to a
circular line linking a straight line as shown in figure 8. Unliking the two lines we get an
S-matrix factor (see appendix C.2) and we arrive at
ol oM — Sue om (5.21)
12 P SO PP :
P
This should not be confused with a topological line in 2d passing a local operator, since

that produces more terms (see (5.7)). However, when the p line is a loop these extra terms
give tadpole diagrams and therefore they vanish [44]. For more general lines we get

S Sas
T®az) O = TR M 5.22

(o @ ag) - O Sop Sop " (5.22)
Note that the index m is untouched by the action (5.22) because intuitively the index m
lives near the topological surface S4, away from the lines.

5.2 Topological lines in adjoint QCD

As we discussed in section 4, adjoint QCD with gauged (—1)f can be bosonized to the
Spin(N? — 1);/SU(N)y gauged WZW model with a kinetic term for the SU(N) gauge
fields. Here we discuss the topological lines of the bosonic theory. We summarize the
fermionic theory in appendix G and only discuss the theory with gauged (—1)% here.
Since si(N)y C so(N? — 1)1 is a conformal embedding, the diagonal Spin(N? — 1);
WZW model can be regarded as a non-diagonal modular invariant SU(N)y WZW
model [63]. Therefore, the topological lines of the Spin(N? — 1);/SU(N)y coset include
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the topological lines of the diagonal Spin(N? — 1); WZW that commute with its su(N)y
chiral algebra, i.e. those that survives the SU(NN)y gauging.®® In the rest of this section,
we use the formalism reviewed in 5.1.2 to describes these lines more systematically.

As we reviewed in 5.1.3, the Spin(N? — 1); WZW is a generalized gauging of the
SU(N)ny WZW model. It turns out that for N = 3 we have Spin(8); = PSU(3)3 =
SU(3)3/Zs — which is the usual Z3 gauging of SU(3)3— while for higher values of N it is
a generalized gauging. Let C = Repsu(N)y be the Verlinde lines of the SU(N)y WZW
model. There exist an object A € C which can be gauged so that the chiral algebra of
SU(N)y is extended to that of Spin(N? — 1);. That is,

SU(N)y WZW
A

where A denotes a way of gauging C. This gauging changes the category symmetry from C to

= Spin(N? —1); WZW, (5.23)

4C4. The topological lines in 4C4 describe all the lines that act on the theory but commute
with su(N)y affine algebra [57, 58].3* These are the topological lines of the Spin(N? —1);
WZW that survive after gauging to the Spin(N? — 1);/SU(N)y gauged WZW model.
Note that a Spin(N? — 1); WZW model apart from the Verlinde lines that preserve the
whole s0(N? — 1); affine algebra, has more topological lines that preserve only the smaller
su(N)y subalgebra. Adding further the kinetic term for the gauge field preserves these
lines. This is because the kinetic term is written in terms of the SU(NN) gauge fields which
couple to SU(N) currents. These are invariant under 4C4 and so are the gauge fields. The
existence of these topological lines in 4C4 — which are mostly non-invertible, restricts the
possible gapped phases of adjoint QCD which we study in section 7.2.

5.3 Deconfinement in adjoint QCD

So far we have considered the category symmetry 4C4 in the UV. Since this is preserved by
the RG flow, the vacuum Hilbert space has to form a representation of 4C4. Different vacua
of the theory correspond to different boundary conditions at infinity. If the IR TQFT is
just Spin(N? — 1)1/ SU(N)y, these boundary conditions correspond to different elements
of C4.3% These vacua are distributed between the N universes of the theory which are
labeled by the Zy one-form symmetry and separated by the Wilson lines (see section 1).
The purpose of this section is to explain how the existence of topological lines requires
that all these universes are degenerate, and therefore all Wilson loops have a perimeter law
which proves that the theory is in the deconfined phase.

The deconfinement can actually be shown without assuming what the IR TQFT is.
That is, given a vacuum |0) in some universe, we can obtain a superposition of vacua in
other universes as L™ |0) with topological line L with the unit one-form charge. Because L
is topological, |0) and L™ |0) necessarily have the same energy, and therefore every universe
has the same lowest energy, meaning complete deconfinement.

33 Although we do not have a proof, we believe that these lines are all the topological lines of the theory,
except for the line that generates the charge conjugation symmetry.

34This can also be deduced from an alternative definition of 4Ca given in appendix A.4.

35C4 is a module category over 4Ca whose action on it can be determined from the data given in
section B.1.
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To complete this argument, we must show that L|0) # 0 for a vacuum |0) (in flat
space R). This is achieved by invoking reflection positivity. Instead of working on the
non-compact space R, we work on a large circle S'. The vacuum |0) is approximated
(up to terms exponentially small in the circle size) by a boundary state (satisfying the
generalized Cardy condition: [97]), which is also denoted by |0). This is a particular state
on the circle which approximates the vacuum in the infinite volume limit. The norm of the
state |1) = L10) is

(L[1) = (O L|0) = (0[0) + 3 Ng:, (01L[0) , (5.24)
La#1

where LT is the dual of the line L, and LT ® L = 1 + >r.41 N}

3 a
integers N}y, .

slice, where the reflection is taken to be the timelike line perpendicular to L,. To be more

i La With nonnegative

The term (0|Lq|0) is reflection-symmetric when L, is put along a time

precise, (0|L4|0) can be regarded, by 90-degree rotation, as the norm (L,|L,), where the
state |L,) is the lowest energy state in the Hilbert space Ho r, 0 on R whose boundary
condition at infinity is fixed by the flat space vacuum |0) and timelike L, is inserted in the
middle. Therefore (0|Lq|0) = (Ly|Ls) > 0 (it is 0 when Ho 1, 0 = {0}).>° Thus we have

(11) > (0[0) > 0 . (5.25)

Note that to show L |0) # 0 we used the fact that |0) is the vacuum, or a boundary state.
On the other hand, for a generic state i) and a non-invertible line L, L |¢) can be 0,
which we will see explicitly in the following when N = 3. To illustrate how the lines acts
on vacua and universes more explicitly, in the rest of the section we look at the examples
of SU(2) and SU(3).

Consider the bosonic adjoint QCD based on the SU(2) group. In this case Spin(3);
actually means SU(2)2 and the theory at the gym — oo is dual to the SU(2)y/SU(2)2
TQFT. In this case the category of lines 4C4 is C itself. Hence, the lines of adjoint QCD
are just the Verlinde lines of the SU(2)s WZW model. These correspond to the integrable
representations of SU(2)a, namely the trivial line 1, the fundamental line Lg,ng and the
adjoint line L,q;. They obey the fusion algebra

Ladj & Ladj = ]l, qund & Ladj = qund> qund & qund =1+ Ladj . (526)

and they carry one-form symmetry charge equal to the N-ality of the corresponding rep-
resentation (see section 1), namely g1 = 0 = @aqj and gryna = 1. This adjoint QCD has two
universes labeled by their one form-charge. It is now obvious that Lg,q creates a universe
whose one-form charge is 1 out of the universe with charge 0, and the two universes are
degenerate. In other words the fundamental Wilson line has a perimeter law and thus
the theory is in the deconfining phase. (Note that before gauging (—1)¥, the fundamental
string universe could be created by the invertible ZJ axial symmetry, which leads to a

31In fact (0|L,|0) is identified with the matrix element nJ o of the NIM-rep discussed below when the
radius of the circle is very large.

47 —



quick proof of deconfinement. But after turning the theory to a bosonic theory, the axial
symmetry disappears and is replaced by the non-invertible symmetry Lgng.)

It is possible that each universe has several vacua in it. At this point, we have only
showed that there are two degenerate universes but what about the exact number of vacua?
As we have argued in appendix A.3 the vacuum Hilbert space has to form a representation
of the topological lines. It is described by a TQFT where these lines act. The possible
TQFTs in the IR is the subject of section 7. Here we just show that the smallest allowed
representation of the above algebra (5.26) is three dimensional. To see this, first note that
in a TQFT the topological lines form a nonnegative integer valued matrix representation,
or NIM-rep for short.>” Let us now assume that there is a one-dimensional NIM-rep. If
we represent the action of the above lines by matrices npng and naqj, the above algebra
implies that

NadjNadj = 17 NfundMadj = Mfund,  Mfundfund = 1+ Nadj - (527)

which cannot be satisfied in integers. A two dimensional representation is also not allowed
but it is more involved to see why. Although one can find 2 x 2 matrices that obey the
algebra it turns out that the crossing kernel equations [44] are not satisfied.*® On the other
hand, a three dimensional NIM-rep, namely the “regular” representation, exists and it is
given by the fusion coefficients of the algebra. In fact since there is no non-diagonal SU(2)4
modular invariant, every allowed NIM-rep is decomposed into copies of the regular NIM-
rep. The regular NIM-rep is the smallest allowed representation of (5.26). If the vacuum
Hilbert space belongs to the smallest representation of (5.26), we conclude that SU(2)
adjoint QCD has two degenerate universes, the first with two vacua and the second with a
single vacuum. Regardless of the symmetry realization in the infrared, the above analysis
shows that there are two degenerate universes with one-form charge 0 and 1 respectively,
leading to deconfinement.

Before moving on to the case of SU(3) gauge theory it is worth contemplating the
consequences of our result thus far, i.e. that there are two vacua in the first universe (the
one without a string) and one vacuum in the universe with a string. It is interesting to add
back the mass term for the adjoint quark and compare this to the situation at large mass
for the quark. In the fermionic language the mass term of course preserves (—1)f, which
in the bosonized language means that the mass term operator ought to be invariant under
g — —g. Therefore, in the bosonized SU(2),/SU(2), language the mass term corresponds
to deforming the action by

08 = ;c/d% Tr(g2) , (5.28)

with some real coefficient c. We can diagonalize g = diag(e’,e™%) with = ~ x + 27 but
in addition also z ~ —x due to the Weyl group. The potential is ¢ cos(2z) and hence there
are two cases: for negative c there are two vacua x = 0 and x = 7 while for positive ¢ there
is only one vacuum x = 7/2. This tells us the number of vacua in one of the two universes.

3"More precisely, such a NIM-rep describes the action of topological lines on the boundary conditions
(the true vacua of the gapped theory) forming the module category Ca — see also [112-115].
38We thank Yifan Wang for pointing it out to us.
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But at large quark mass the number of vacua will be the same in all universes as the string is
not important and hence we have two possibilities, corresponding to negative and positive ¢
respectively: two vacua in each universe or one vacuum in each universe. Either way there
is a phase transition compared to the vanishing mass case. Indeed, for zero mass or very
small mass the number of vacua in the two universes ought to remain (2,1) as the two-fold
degeneracy is protected by the g — —¢ symmetry. This phase transition is clearly of the
Ising type as two vacua merge into one or one vacuum splits into two, depending on the
sign of the mass. This is beautifully consistent with the emergence of a massless Majorana
Goldstino particle on the string at the supersymmetric point [16]. After bosonization, the
massless Majorana fixed point becomes precisely the Ising fixed point.??>4? This argument
for an Ising transition on the string at finite mass can be carried out for all N in principle,
though in practice it is very difficult (as we will see) to count the number of vacua in each
universe in the TQFT. We will check it for N = 3,4,5 explicitly in the following.

Let us now consider the bosonic adjoint QCD based on SU(3). In the UV the category
symmetry is the same as in the Spin(8)1/SU(3)3 gauged WZW model.*! Working out the
a-induction map (see section 5.1.4) from Rep su(3)3 to the topological lines of the gauged
WZW model we get

O‘(+070) =1, a(JE),l)OfO,l) =2Ls,

Oéao) =1Ly, aao)a(_lﬁo) =2Lg,

O‘ZBJ) = La, a?—l,O)a(_O,l) =51+ 82+ 83+ 54, (5.29)
0‘(_1,0) =Lz, azt)’l)aao) = 85 + S¢ + S7 + s3,

) = L4, aliy=a+b+ab.

The lines s;, a,b and ab are invertible and generate a (Zg X Zg) X Zs symmetry. The
Za x Zg factor is the center of Spin(8), while the second factor is the Zs subgroup of the S3
triality in Spin(8);. The Zg part of the triality acts as charge conjugation on SU(3)3 and
therefore is not an element of 4Cy4 since it does not preserve the su(N)y affine algebra.*?
One can further determine the fusion algebra of these lines but for simplicity we do not

39From our discussion it seems that for negative and positive masses the transition occurs in different
universes. Actually, it always occurs on the confining string due to the fact that when we flip the sign of
the mass, due to the mixed anomaly with one-form symmetry, the universes are exchanged.

40We can translate this discussion to the fermionic theory. After gauging Zy with Arf twist, Z3 doublet
states in the bosonic theory are identified and give a single state. The phase of this vacuum differs from
that of the Z3 singlet state in the bosonic theory by the Arf invertible phase which depends on the spin
structure. In our convention, at large mass all the vacua have the same invertible phase as the state coming
from a doublet. Thus, a singlet vacuum should experience a phase transition while the mass is cranked up
towards infinity.

41 As noted in section 4, there are two bosonization of the theory. Here we are concerning the bosonization
whose category symmetry is that of Spin(8)1/ SU(3)3 coset. The other one has a different category symmetry
isomorphic to that of SO(8)1/SU(3)s coset model. Note that although Spin(8); and SO(8); shares the same
torus partition function, the theories are different as SU(3)3 RCFT, so as the category symmetries of them
does.

42The charge conjugation is still a symmetry of both the Spin(8);1 WZW model and the theory after
SU(3) gauging.
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include it here. The conclusion is that the L; lines listed above are non-invertible. In
addition, L1, Ls and Ls have one-form symmetry charge equal to 1 while Lo, Ly and Lg
have one-form symmetry charge equal to 2. It follows that the former create a universe
with one-form charge equal to 1, while the latter create a universe with one-form charge
equal to 2, leading to deconfinement of all Wilson lines.

If we assume that the IR theory is captured by the gym — oo limit, we can say
more about how the vacua of the theory are distributed in the 3 universes. In this case,

the vacua correspond to the 6 elements of C'4. It is sufficient to study the action of the

+

af o) = o (L)) line on these vacua from

O‘(+1,0) IVa) = Z”(Lo)ab V) (5.30)
b

where L(; ) € C is the fundamental Verlinde line of SU(3)3, and the NIM-rep matrices n,
are discussed in appendix B.1. Using equation (B.18) we get

o) Vi) = 1Ivs) (5.31)
afy g V2) = Ivs) (5.32)
o gy Ivs) = Ivs) . (5.33)
aao) lva) = |vs) , (5.34)
afi o) Ivs) = 2|ve) | (5.35)
aELl,o) Ve) = [v1) + [v2) + [v3) + [va) (5.36)

If we assign one-form charge 0 to the first vacuum, since the charge of the aa 0) line is 1,

we conclude that*3
n=@=@p=q@u=0, ¢g=1, ¢g=2. (5.37)

This implies that there are (4,1, 1) vacua in the universes with one-form symmetry charges
0, 1, and 2 respectively. Further studying the action of the Z3 line on these vacua, we find
that there are (2 + 2,1,1) vacua where 1 means a Zj invariant vacuum and 2 a pair of
vacua related by the Zy symmetry. Thus, in the fermionic theory, there are (2,1,1) vacua
in the universes 0,1, 2. The pattern of Zj symmetry breaking/preserving in each vacuum
predicts Ising phase transitions in these universes as we increase the quark mass. This
is because in the large mass limit, the Zj symmetry is completely broken in all universes
from the analysis analogous to what we have done for N = 2 case. Thus we predict the
existences of massless fermions in the string universes for some positive value of mass in
the fermionic theory, consistent with the emergence of supersymmetry.

Let us consider what happens if we compactify the theory with N = 3 on a circle
with radius R. For simplicity, let us consider the fermionic theory (and the anti-periodic
boundary condition on S'), where we have two vacua |vq) (identified with |vo) by ZY
symmetry) and |v3) (identified with |v4)) in universe 0, |vs) in universe 1, and |vg) in

43To justify the assignment of charge 0 to the universe with four vacua, one should use the relation
between the one-form symmetry and the outer automorphism of the chiral algebra explained in section 7.1.
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universe 2. On the vacua |vi) and |vs) the Z chiral symmetry is broken. With a finite YM
coupling gym (equivalently with a finite scale), there will be a kink solution between |v1)
and |v3) and thus the lowest energy state on S! is |[+) = |v1) + |v3), and the energy gap
to the second low-lying state |—) = |vi) — |v3) behaves like e=9¥M%, The states |vs) and
|ve) have the same energy with |+), because of aao) |[+) = 2]vs) and (aa,o))z |[+) = 4]vg).
On the other hand, acting with topological lines on |—) gives 0, which is consistent with
the absence of low-lying states with exponentially suppressed energy in other universes.
Therefore, on S we have 3 vacua |+),|vs), |vg), one in each universe. One can define
a different basis |(;) = |[+) + e’ lvs) + e’ lve) for j = 1,2,3, which diagonalizes the
topological line aao). This basis is close to what is considered in [34], which diagonalizes
the fundamental Wilson line. However, since ]@) diagonalizes the topological line, there
cannot be any tunneling event between |£;).

For SU(4) using the NIM-rep matrix given in equation (B.25), we study the action of
the aao,o)
3 respectively. Furthermore, by studying the action of the Z3 line which in this case is
given by the O‘a,o,o) line (see equation (6.31)), we find (4,3,2,3) = (2+2,1+2,1+1,1+2).
Moreover, in the next section, we will see that with small mass deformation the 1 states in

line on the 12 elements of C4 and find (4, 3,2, 3) vacua in universes 0, 1, 2, and

the universes 1,2, 3 will remain the lowest energy states in each universe. Thus there are
(0,1,2,1) ZY invariant vacua in universes 0, 1, 2, and 3 respectively. This again predicts the
existences of massless fermion transitions in universes 1, 2, and 3 in the fermionic theory.
Finally, for SU(5) using the NIM-rep matrix (B.31) we find (8,4,4,4,4) = (4 x 2,2 x
14+2,2x1+22x1+22x1+2) vacua in universes (0,1,2,3,4). Again, there are
5 invariant vacua only in the non-trivial universes and these remain the lowest energy
states in each universe with small mass. Thus we predict massless fermions on the string
as we increase the mass, compatible with the spontaneous breaking of supersymmetry in
the string state.

6 Mass and quartic deformations

In this section we study some interesting deformations of adjoint QCD. One of them is
a mass term for the adjoint quark and the others are quartic fermion operators. As we
saw above adjoint QCD has generally many degenerate vacua, even small deformations
which are quadratic or quartic in the fermions could change the long distance physics
dramatically. The purpose of this section is to understand how these deformations affect
the IR structure of the theory. The way we proceed is by analysing which topological lines
are broken by these deformations.

It is sufficient to look at the free theory to analyze which lines are broken. The
free theory is a diagonal Spin(N? — 1); WZW or equivalently a non-diagonal SU(N)y
WZW model. Since we are interested in topological lines that preserve only an SU(N)y
subalgebra, the second view point is more suitable. Hence, the strategy will be to consider
the non-diagonal SU(N)xy RCFT and use the machinery of RCEFT to determine the action
of the topological lines on local operators. Adding an operator to the UV action that
transforms non-trivially under a topological line will break such a line, leading to a smaller
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symmetry category in the IR. Consequently, some of the vacua might get lifted affecting
the phases of the theory.

The procedure outlined in the above paragraphs is independent of which TQFT ad-
mitting the symmetry category is realised in IR of the (bosonized) adjoint QCD. Assuming
that the theory flows to the Spin(N? — 1);/SU(N)y TQFT enables us to extract even
more information. Under the assumption, one can compute the vacuum expectation value
(condensate) of various operators and determine that first order correction to the vac-
uum energies induced by a deformation. With this computation we verify that the mass
deformation restores confinement, and calculate the tension of the confining strings.

In the rest of the section, we begin by studying the various relevant or classically
marginal deformations of adjoint QCD. For N = 2,3 and 4 we then study the action of
symmetry lines on those deformations and we determine which lines remain unbroken. This
allows us to determine whether the deformed theory is confined or not. We also study the
first order correction to the vacuum energies in the Spin(N? — 1);/SU(N)y TQFT for
N < 5 and we calculate the tension of the confining strings. For N = 5 even if we do
not know the action of symmetry lines on operators, our TQFT calculation shows that
in the deformed theory all the non-trivial universes are lifted. We conclude that certain
deformations break all the lines with non-zero one-form charge. This shows that the theory
confines even without assuming that the IR TQFT is given by Spin(N? — 1);/SU(N)y.
In this way we have studied confinement for N < 5.

Relevant and classically marginal operators. In the rest of the section we use CFT
notation. We denote left and right moving fermions by @b,i 4 and w,i_, where upper and lower
indices are fundamental and antifundamental respectively (and + denote the chirality). The

mass deformation is just
Om = Yy ¥f, (6.1)

and it belongs to the adjoint representation with highest weight (1,0,...,0,1) in both left
and right sectors. (Of course the operator is in the singlet with respect to the diagonal
of the left and right current algebras, after its indices contracted.) The various quartic
couplings are built out of the bilinears @b,iwlj and their right-moving counterparts. We
define the current

Jj = it (6.2)
which generates the SU(NV) transformations on left-movers. We can similarly define J! for
the right movers. In addition, there are quadratic primary operators in the left-moving

sector: 1 1
OZJZ = T/J}c+¢zj+ - N@%Zﬂ/’?ﬁ - N‘%T/’%#ﬁlﬂ ) (6'3)
This set of operators contains two irreducible components that are
() [#4]
O[kl] , O(kl) , (6.4)

where (ij) and [ij] denotes the symmetrization and anti-symmetrization of the indices.
We can likewise define the operators O that are made out of the right movers. The cur-

rents in (6.2) are descendants in the vacuum module (0,0,...,0,0), while O[(Ig]) and O&jl})
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correspond to the primaries in the representations (2,0,...,0,1,0) and (0,1,0,...,0,2)
respectively and are related by charge conjugation. The various quartic interactions can
be built out of the quadratics as

O = JjJ! = Te(peiprip_ip_) (6.5)

i i 2
0y = OO + OO = Tr(wiv ) Te(wy o) — % Telwy i), (6.6)
O3 = 03 O = O Opy) = Tr(Wydp-vhtpo) (6.7)

We see that O; and Oy are even under charge conjugation, while O3 is odd. Moreover,
since Oy is in the vacuum module, it does not break any topological line and therefore can
be generated by the RG flow. On the other hand O3 cannot be generated since it breaks
charge conjugation. In the following we analyze the deformation Oy. The question in two-
fold. On one hand, whether it can be generated by the RG flow, and on the other hand, the
consequences of turning it on in the UV action. The standard considerations of naturalness
would suggest that Oy can be generated as it is invariant under all the ordinary symmetries.
Here we will see that the non-invertible symmetries impose surprising constraints on it.
To answer these questions we need to determine how topological lines act on local
operators. In the RCFT literature there is a whole machinery for this purpose known as
the Ocneanu graphs which we review in appendix B.1. In the Spin(N? —1); RCFT, a local
operator O} is labeled by a representations p and ji of the SU(N)y algebra, and the
multiplicity label m. However after gauging SU(N)y, only the diagonal operators of the
form O}, survives, as they contain the gauge invariant operators. This is also evident from
the 3d point of view, since gauging SU(NN)y correspond to identifying the left and right
chiral algebras and compactifying the CS theory on the circle, hence the only operators that
survives are the diagonal ones — see figure 4a and figure 6. The free fermion theory has
SU(N)1, x SU(N)g left and right symmetries. But the gauged SU(N) subgroup corresponds
to the anti-diagonal elements (g, g*) € SU(N ), xSU(N)gr. Therefore, since O[(]Zj) transforms

n (2,0,...,0,1,0) and O[(kg]) transforms in (0,1,...,0,2), the above quartic couplings are

diagonal. Thus when we discuss the gauged theory, we often use the notation O := O,
In this notation

Om = OE/LO,.,.,O,I) ) (6.8)
02 = O(2,....0,1,0) T Q0,1,0,...,0,2) - (6.9)

Note that the representations that appear above do not have multiplicities, except for the
mass operator in the N = 3 case — see appendix D. Because the mass operator corresponds
to the vector representation of Spin(N? — 1)1, we have denote the multiplicity label in this
case by ‘v’

Action of line operator on local operators. In general, the action of a topological

line L, on a primary local operator/state O]";, in the sense of equation (5.5), would be

e
written as
u Asm,m )

Z /SO,uSO‘

Lo - O (6.10)
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where S, is the modular S-matrix of SU(N)y, and ® is the data to be determined.
Knowing the modular invariant matrix of the theory there is a way to determine these
coefficients (though not uniquely) which can be encoded in the so called Ocneanu graphs.
We review how the Ocneanu graphs encode this information in appendix B.1. An alternate
way to determine the action of topological line is the a-induction map in section 5.1.4. The
two approaches might seem independent but they should actually be thought of as being
complementary for our purposes. For instance, the a-induction map from the Verlinde lines
of SU(N)n to the lines adjoint QCD determines the one-form symmetry charge from the
N-ality of the SU(N)y lines. However, the map is not one-to-one and therefore in general
cannot completely determine the action of a general topological lines on local operators.
We use both approaches to study the cases of N = 2,3,4,5.
The topological lines are generally non-invertible, hence their quantum dimension

(I)OO
V/S00S00

is generally nontrivial (s 1). If the action of a line L, on a local operators is equal to the

dim(Ly) = (6.11)

quantum dimension of the line, it means that the local operators is invariant under L, —
see equation (5.6).

Condensate and the string tension. If we assume that the IR TQFT is the
Spin(N? — 1)/ SU(N)y coset, we can further explicitly compute the effect of the defor-
mation. In the Spin(N? — 1);/SU(N)y TQFT there are two useful basis for the local
operators/states. After gauging SU(N)y, only the diagonal primary operators of the
CFT survive which correspond to the boundary states of the CFT. The first basis cor-
responds to the diagonal primary operators (Ishibashi states) of the CFT, that we denoted
by O = O}, where m = 1,...,Z,, labels the multiplicities. The second basis (Cardy
states) forms the vacua (where cluster decomposition holds in the flat space limit) of the
gapped theory and corresponds to the normalized boundary conditions which we denote by

Vo =Y oPmon . (6.12)

m,m

The matrix ¢(“ m) , reviewed in more detail in appendix B.1, is unitary and contains the in-
formation about the NIM-reps (n,,)% and the OPE coefficients M, ((p ’ )) () of local operators
as [113, 115, 116]

rv.m S v v,m)*
=D g o (6.13)
v,n JT)%
(pr) ¢ ¢a (bp
M Z g . (6.14)

Here, n,, describes the action of Verlinde lines (C) on the vacua (boundary conditions C4) as

L, vq= Znuavb’ (6.15)
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and the OPEs among the TQFT operators are given by

(6.16)

. 5ab
VVp = Eva
mmn (p,r) or
oroy ZM(W v O - (6.17)
Note that for the diagonal WZW model, or equivalently the Gy /G TQFT, ¢ is the same
as the S-matrix, i.e. ¢ = Sy, (see appendix C.3). By using the above formulae we find
the condensates of primary operators as

QS(/J'vm)*

= (6.18)

(Val Ozl Va) = &0

Furthermore inverting (6.13) we find
Z¢ pom) p{pom)x ZSOM Mg - (6.19)

Thus when there are no multiplicity in p (Z,, = 1), one can calculate the condensates
using the NIM-rep matrices.

Using these formalism, we can compute the condensates of various deformation op-
erators discussed above. In particular, we study the condensate of the mass operator in
different universes and compute the tension of the confining strings. Moreover, we study
the Oy condensate in different universes and verify the confinement of the fundamental
Wilson line in the theory deformed by Os.

6.1 SU(2)

For N = 2, the quartic deformations Oy and O3 do not exist. As we already mentioned, Oy
does not break any topological lines. Hence it is generated by the RG flow and turning it on
in the UV action does not lift any universe and the theory is still in the deconfining phase.
Let us now consider the mass term. Since the theory in this case is given by the SU(2)
gauging of the diagonal SU(2)y WZW model, the topological lines are just the Verlinde
lines of SU(2)2 and there are no multiplicities. In this case equation (6.10) simplifies to

Svu
Sou

L, -0,="20, (6.20)

where we have omitted the antiholomorphic index since i = p. From the known expressions
for the S-matrix one can easily calculate the action of topological lines on the mass operator
Om = Oadj:

Lagj Om =0,  Liuna - Om = —V2 O, (6.21)

while the quantum dimensions are
dim(Lag) =1, dim(Lgng) = V2 . (6.22)

Since Lyng is not invertible we see that its quantum dimension is not one. All in all, we
see that the mass term breaks the only non-invertible line Lg,ng which carries non-zero

— 55 —



one-form symmetry charge. The fact that the mass term breaks the Lg,q line, can also
be explained in the fermionic theory by the observation that the Z3 chiral symmetry flips
the sign of the mass term. Hence, the universe of the undeformed theory with one-form
symmetry equal to 1 is lifted after turning on a mass for the fermions. This shows that
Wilson loops separating the two universes acquire an area law and the theory confines. We
note that the line L,q; is preserved by the mass term as it should be; this line should be
thought of as the bosonic avatar of fermion number (Gauging it with an Arf term we arrive
at the massive fermionic theory).

In this case the only (indecomposable) candidate for the IR TQFT is the
SU(2)2/SU(2)2 TQFT. Since we started with a diagonal modular invariant theory, the
value of the condensates are given by the S-matrix:

(vV[O V)| Vo Vadj Veund
Op 1 1 1
Owi |1 1 -1

Ofund \/i _\/§ 0

This computation verifies that the mass deformation mOy,, = mQO,gq; lifts one of the uni-

(6.23)

verses — depending on the sign of the mass m — and restores confinement. Note that for
one sign of the mass (m > 0 in our conventions), vg,g is lifted and we are left with the
vacua Vg and v,qj. These two vacua are related by the Zj symmetry line L,qg;, thus the
Zy symmetry is spontaneously broken. For the other sign of the mass parameter (m < 0),
we get the unique vacuum vg,pg and the Z3j symmetry is preserved. This reshuffling of the
vacua depending on the sign of the mass in the bosonized version of adjoint QCD sim-
ply reflects the mixed anomaly between the chiral symmetry and the one-form symmetry
(which is responsible for changing the N-ality of the representations on the two sides) and
the mixed anomaly between the chiral symmetry and fermion number symmetry (which is
responsible for changing the number of vacua on the two sides). This theory of course has
no interesting k-strings to discuss.

6.2 SU(3)

Now we study the deformations in the SU(3) adjoint QCD. This is the simplest non-diagonal
case where the formalism of a-induction in section 5.1.4 and the Ocneanu graphs reviewed
in B.1 are being particularly useful. In this case the a-induction completely determines the
action of topological lines on local operators. One can also check the two approaches agree
given the known the Ocneanu graphs (see appendix B.2), but for simplicity here we only
use the a-induction. The map is given in (5.29). Let’s start with the quartic deformation

0Oy = 0(370) + 0(073) . (6.24)

The topological lines do not act diagonally on 3. Let us focus on the first part only.
From (5.22) we have
Su.0)  Sa,0)

af ®az) - Opo = O(s.0) - 6.25
(% #) O S(0,0)(3,0) 5(0,0)(3,0) 3.0 ( )
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Using this formula one can determine the action of the topological lines L; in (5.29). One
can further determine the action of the invertible lines. For instance, consider the image

of the Verlinde line L(; 1y which maps to azrl p=a+ b+ ab. From (6.25) we have that

O‘zrl,l) 00 =303 - (6.26)

Since both the a and b lines generate invertible Zo symmetries their action on states
is either 1 or —1. From the above, it follows that both a and b act trivially and therefore
are not broken by Os. As a side remark, to arrive at the fermionic theory we need to
gauge the diagonal ZY symmetry and the remaining axial Zs will become the chiral ZJ
symmetry of the fermionic theory. The same line of arguments can be applied for the s;
lines and shows that all of them are preserved. In fact, Qs breaks all the non-invertible
lines and preserves the invertible ones. Note that the operator Qs is not protected by any
invertible symmetries neither in the fermionic nor in the bosonic description and yet it is
not generated by the RG flow. The unbroken lines generate the (Zg x Zg) x Zs symmetry,
and they all have trivial one-form symmetry charges. Therefore, Oy breaks the topological
lines with non-trivial one-form symmetry charge, and restores confinement.

Similarly we can study the action of topological lines on the mass term O, = O(VM).
We find that the mass term breaks all the topological lines, except for the Z3 symmetry line
which has a trivial one-form symmetry charge. Hence adding the mass term also restores
confinement.

Assuming that the theory flows to the Spin(8);/SU(3);3 TQFT we can compute the
condensate of the mass operators and further calculate the first order correction to the
energy of each vacua in the deformed theory. By determining the lowest energy state in
each universe, we find the tension of the confining string that creates that universe. We
denote the tension of the string with N-ality & by Tj. Then

T~ min  (vo|mOp|ve) — min  (vq| mOny |Va) , (6.27)
Vg Euniverse k Vg Euniverse 0
where m is the mass parameter. The value of the condensates can be computed using the
¢ matrix given in equation (B.20) as

<V|O|V>‘ Vi V2 V3 V4 V3 V6
O4 1 1 1 1 e27ri/3 e47ri/3 6.98
@ -2 -2 -2-2 1 1 (6:28)

Om |-V3-V3V3V3 0 0

Note that O4 = O(q 3) is the one-form symmetry operator (denoted by @7 in the introduc-
tion) whose condensate determines the universe in which a vacuum lives — see section 7.1.
Note that in vacua |vs) and |vg) although the fermion bilinear O, does not condense, the
05, composed of four fermions, condenses. Let us remark on the dynamics of the massless
theory deformed by Q3. From the table above we see that with one sign for this deformation
the universes with the strings are lifted. Therefore we have confinement as expected. The
other sign for the deformation behaves in a rather exotic fashion. The string-less universe
is lifted while the universes with the 3,3 strings remain degenerate. This degeneracy is
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protected by charge conjugation symmetry. This is quite strange seeing as this means that
the strings develop negative tension and therefore dip below the ordinary vacuum. We do
not see why such behaviour is disallowed.
Given the value of the mass operator condensates we find the string tensions (inde-
pendent of the sign of m)
To 0
T | ~m|| V3] . (6.29)
15 V3

This shows that the tension of the two strings must be the same, which is expected from
the charge conjugation symmetry.
6.3 SU(®4)

We now turn to the SU(4) adjoint QCD. In this case

O2 =010 + O0,1,2) 5 (6.30)

1,0),(2,1,0) (0,0,0),(0,0,0)

and g coefficients in (6.10) to study the action
of topological lines on 0. Using the known Ocneanu graphs (see appendix B.2) we find

and we only need CI)(O?’

that only three topological lines remain unbroken with quantum dimensions 1,1 and /2.
This shows that the unbroken lines satisfy the Ising fusion rules as in (5.26) (and form the
TY, fusion category). These lines are the image of the following SU(4)4 Verlinde lines

1
_ o+ _ L4 +
Lo =000 L2=50011)~ %00 - (6.31)
with
L0®L0:]1, L2®L0:L2, L2®L2:1+L0. (632)

These lines are precisely the Verlinde lines of the Spin(15); WZW model. Furthermore,
this shows that the Z3 line Ly has 0 one-form symmetry charge, while the duality line Lo
has one-form symmetry charge equal to 2. Similar to the SU(2) case, this algebra leads
to at least three degenerate vacua distributed in two different universes. Hence, we have
shown that the rest of the universes are lifted (those with one-form charge 1 and 3). We
conclude that the Wilson lines with one-form symmetry charge equal to 2 are deconfined
while those with one-form symmetry charge equal to 1 or 3 are confined. This is actually
the scenario proposed in [34].

Adding the mass term, we find that all the topological lines except for the Z3 symmetry
lines are broken. Since the Zj symmetry line is not charged under the one-form symmetry,
the mass deformation, again restores the confinement of all the Wilson lines with non-trivial
N-ality.

Again assuming that the theory flows to the Spin(15);/SU(4)4 TQFT we can calculate
the condensate for the mass operator O = 01 9,1) as well as O, using the NIM-rep matrix
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in (B.25). We arrive at

(v|O |V>‘ Vi V2 V3 \Z V5 Vg V7 Vg Vg  Vip V11 V12

(@) 1 1 1 1 i 1 1 -1 -1 -7 —i —1
A (6.33)

@) 0 0 0 0 -2 2 2 0 0 2 -2 -2

Om |-vV2—-1-vV2-1vV2-1+v2-1-1111-vV2v2+1-11 1

The expectation value of O 4 = O(q o 4) distinguishes different universes. We observe that
O- lifts universes 0 and 2, while leaving universes 1 and 3, related by the Wilson line
with N-ality 2, unlifted. This verifies that the fundamental Wilson line confines while the
Wilson line with N-ality N/2 remains deconfined. Adding the mass deformation mO,, with
m > 0, only the vacua v; and v remain unlifted which are related by the spontaneously
broken Z3 symmetry. On the other hand, for m < 0 the vacuum vg remains unlifted and
the Z3 symmetry is unbroken. By determining the lowest energy state in different universes

we find the string tensions — independent of the sign of m — as

To 0
T 2
"~ ml V2 (6.34)
T 2
13 V2
Note that one can summarize the k-string tension succinctly with the formula
Ty, ~ |m|sin(rk/4) . (6.35)

up to a k-independent coefficient.

6.4 SU(5)

Finally, for our last example, we study the SU(5) adjoint QCD. In this case, the Ocneanu
graphs have not appeared in the literature to our knowledge. Therefore, we do not have
a complete list of the topological lines and their action on the deformation operators.
However, the NIM-rep matrices in this case are derived in appendix B.3 and we use them
to study the action of lines on the operators indirectly.

Dropping the kinetic term, we focus on the Spin(24);/SU(5)5 gauged WZW model
and calculate the condensates of the deformation operators Oz = O(30,1,0) + O(0,1,0,2) and
Om = O10,0,1)- We find that both of these operators lift all the universes with non-
trivial N-ality, and the deformed theories by these operators confine. Hence we conclude
that all the topological lines with non-trivial N-ality must be broken by these operators.
Note that this conclusion is independent of whether the undeformed theory flows to the
Spin(24),/SU(5)5 TQFT in the IR.
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Using the NIM-rep matrix n(; 0,0y given in equation (B.31), we find the condensates
of the deformation operators as

(vV|Ov)|vi vy V3 vy Vs Ve V7 Vg

Oy 1 w w? w3 w? w w?

w
Oy |—41—=+v511-5V511=-5V51—+v52V5—-42V5—425—4
On |-21=vV5 vV5-3 V5-3 1—-v5 0 0 0

<V’ Olv) V9 V10 V11 V12 V13 Viq V15 V16
O4 w w3 w3 1 1 1 1 1
Oy [12v5—4 25 —425—436—16V5 36 — 16v/5 —4 36 — 161/5 36 — 161/5
Om 0 0 0 4-2v5 4-2V5 -2 2/5-4 2/5-4
(v|Olv) V17 V18 V19 V20 V21 Voo Va3 Voq
Oy 2 w? w? w3 w wh 1 1

w
6.36
Oy [25—-42V5—-411-5V511-5V51—+v51—+5 —4 —4 (6.36)

On 0 0 3—v5 3—-vV5 V5—-1+/5-1 2 2

where w = e2™/5 Again the Q4 = O(0,0,0,5) condensate determines the universes. We see
that the Oy condensate lifts most of the vacua except for four of them (vi,vi4,va3,v24) in
universe 0. These four vacua correspond to the spontaneous breaking of the Z§ x Z$ center
of Spin(24). Therefore, this is again consistent with the scenario that Oy breaks all the
non-invertible lines and preserves the invertible ones. The Oy, condensate also lifts most of
the vacua except for two of them, vy and vi4, in universe 0. Again, this suggest that these
two vacua correspond to the spontaneous breaking of the Z3 symmetry, consistent with the
scenario that the mass term breaks all the topological lines, except for the unbreakable Z3
symmetry line. By minimizing the Oy, condensate in different universes we find the string
tensions as

Ty 1

n| s

T, |m| ;(\/5-1- ) (6.37)
Ty 1

The string tensions we have computed so far are only valid for the very small mass
limit |m| < gym. This is because they are the first order correction to the energy of string
states due to the perturbation m Tr(¢ 1) = mOyp,. But we can also do a computation for
the very large mass limit. In this limit, we can integrate out all the fermions and are left
with the pure SU(IN) gauge theory reviewed in section 3. In this case, the energy of the
state created by the Wilson line in a given representation is proportional to the quadratic
Casimir of that representation. Minimizing the quadratic Casimir of representations with
N-ality k (mod N) we find
E(N — k)
N
The representation that minimizes the tension with N-ality k, is the k-th fundamental

Ty ~ gym (6.38)

representation with & antisymmetric indices and highest weight wy = (0,...,0,1,0,...,0).
If we look at the condensates for the case of N =5 given in (6.36), we see that the tensions
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are minimized by the states vy, va, V3, v4, Vs in universes 0, 1, 2, 3, 4 respectively. Curiously,
these vacua are related to the representations wy, w1, w2, ws,ws by the a-inudction given in
equation (B.29). This suggests the possibility that the string tensions are minimized by
the same representation for all values of the mass parameter and there is no first order
phase transitions in different universes as we change the mass parameter away from the
massless point m = 0. Finally, we want to point out that our string tensions for the small
mass limit and small N agrees with the simple formula (also found in different contexts
in [117-120])

Ty ~ |m|sin(nk/N) . (6.39)

It will be interesting to understand whether this formula is correct for all £ and N.
We observe that the string tensions we have computed for small N, all coincide with
the string tensions of the gauged SU(N)y/SU(N)y WZW model. Note that adjoint
QCD is related to the SU(N)x/SU(N)y WZW model by discrete gauging as we have
argued in previous sections. It is a tempting conjecture that, at least to this order in
the quark mass, string tensions are not changed by discrete gauging and thus can be
computed in the SU(N)y/SU(N)y WZW model for all N. Calculating the string tension
in the SU(N)n/ SU(]\Q N WZW model is easy and reduces to the computation of the

#(1,0,...,0,1)
SuO :

string tension formula (6.39) to all k and N.

ratios (vu|Om|vy) = Assuming this conjecture, we were able to extend the

We close this section by noting that we gauge the ZJ symmetry with an Arf twist
to arrive at the fermionic theory. The conclusions about confinement remain true in the
fermionic theory of course. It is tempting to conjecture that for all N, adding Os, one
arrives at a confined phase where all the Wilson lines except the one with N-ality N/2 (for
even N) are confined.

7 IR TQFT and adjoint QCD

The aim of this section is to study the TQFT that characterizes the infrared (gapped) phase
of adjoint QCD. We first study the bosonic TQFT by bosonization, and then fermionize
this theory to get the fermionic IR TQFT.

As we discussed in section 4, the bosonized adjoint QCD** is dual to the Spin(N? —
1)1/ SU(N)n gauged WZW model plus the kinetic term

/d% _21 Tr F2, (7.1)
493\

for the SU(N) gauge fields. Since the coupling constant gyn is super-renormalizable, one

could imagine that the gyn — oo limit should correspond to the deep IR limit. Under this

assumption, the kinetic term vanishes under the RG flow and the IR theory becomes the

Spin(N?—1);/SU(N)y coset with zero central charge, i.e. a TQFT. Note that since gy is

the only scale in the theory, the gyy — oo limit is not meaningful and one cannot rigorously

44 A5 discussed in section 4, there are two inequivalent bosonizations of the adjoint QCD when N is odd
and consider the specific one described in the section.
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show that the IR TQFT is the same as the coset. Nevertheless, the Spin(N?—1);/SU(N)yx
coset is the most natural candidate for the IR TQFT. In the following we study this coset
in details, and then study other possibilities in section 7.2. Let us emphasize again that our
previous conclusions about confinement vs deconfinement (in the theory not deformed by

the mass or the quartic coupling) are independent of the assumption that the low energy
theory is given by Spin(N? — 1);/SU(N).

7.1 Spin(N%-1);/SU(N)y TQFT

Here we remove the kinetic term (i.e. gyym = oo) and study the pure gauged WZW model
Spin(N?—1);/SU(N)y. This is one possible realization of ground states consistent with the
category symmetries of the theory. Since the central charge of the Spin(N? —1);/SU(N)yx
gauged WZW model is zero, the coset is described by the conformal embedding of SU(N)n
inside Spin(N? — 1);. The vacua of the theory are determined by the branching rules of
this embedding. Each Kac-Moody primary of Spin(/N? — 1); decompose into primaries of
SU(N)n. We use Latin letters for the former and Greek letters for the latter. We write
the branching rules as

Vo= bayVy, (7.2)
7

where V, and V,, correspond to Spin(N? — 1); and SU(N)y primaries respectively. The
vacua of the Spin(N? — 1);/SU(N)y model are in one-to-one correspondence with the
branching spaces labeled by (a, 1) with multiplicity bg’ - By the state/operator correspon-

dence, we denote the local operators of the TQFT by O, withm =1,..., bz, T

Branching rules. The branching rules of the conformal embedding si(N)y C so(N? —
1)1, are studied in detail in appendix D. The spinor representations of so(N? —1); decom-
pose into 2N/21=1_multiple of Vi, [121], while the vacuum Qg and vector §2; represen-

tations decompose into*?
VQO @ Vﬂl - @V[/\o,...,)\j\]_l] ? (73)
A
where
N-1
> (Ai+1)=2N and (\;+1)>1,
i=0
> (k+1D#N for0<i<j<N-1, (7.4)
1<k<j

and all such weights appear with multiplicity one. As shown in the appendix, 2V—!

rep-
resentations appear on the r.h.s. of (7.3) and along with the spinor representations they

form a 3 x 2V~2 dimensional vacuum Hilbert space for the bosonic theory.

“5We are following the notation of [64], where the affine Dynkin labels of \ are denoted by [Xo, .. ., An—1],
and its finite part by (A1,...,An—1) omitting the zeroth Dynkin label given by Ao = N — Zi\;l A; for
Eil(N)N .
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Vacua vs. universes. The vacua of the coset TQFT can live in different universes,
which are labeled by the Zg\l,} one-form symmetry. More precisely, the true vacua of the
theory are eigenstates of the topological local operator that generates the one-form sym-
metry. To study this local operator and its eigenstates, first we take a detour to review
the SU(N)n/SU(N)x model or more generally G/G models.

G/G TQFT. As reviewed in appendix C.3, the G} /G, TQFT has topological lines L,
— Verlinde lines in G WZW that survive after gauging — and local topological primary

)

operators O, (we call them “primary” operators). These operators are both labeled by

irreducible representations of the g affine Lie algebra and satisfy the same fusion algebra

L,L, =) N, Ly, (7.5)
A

0,0, =Y N, 0, (7.6)
A

L, -0, = i{)‘: Oy, (7.7)

where N /1\1, and Sy, are the fusion coefficients and the modular S-matrix of the affine Lie
algebra.?® Note that equation (7.7) is interpreted as the action of the topological line L,
on the local operator O, by shrinking the line around O, — see equation (5.5). When O,
is an invertible element of the fusion algebra (7.6), we have the commutation relation

St S,
w20 1 o (7.8)

O L, ,
T SouSon MY

that describes the action of O, on L, by passing O, through L, — see equation (5.7).

The true normalized vacua of the theory correspond to the boundary conditions |v,,)
imposed at infinity of R? which generate superselection sectors on R?. These normalized
vacua, written as linear combinations of the primaries, are

Vu=> S0, . (7.9)

The v, are analogous to boundary (Cardy) states in conformal field theory. They satisfy
the generalized Cardy condition [97] and are related to the more conventional basis O,
(Ishibashi states) via the transformation above. The action of lines and primaries on these
vacua is given by

Lulvy) =Y Nj, va) (7.10)
A
S*

Oulv,) = ﬁ v,) . (7.11)

Thus the Verlinde lines act on the primary operators diagonally, and on the boundary
conditions by NIM-reps.

YV, ®V, =@, N, Va.
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The invertible elements of the fusion algebras (7.5) and (7.6) generate global zero-form
and one-form symmetries respectively. For the case of G, = SU(N)y, these invertible
elements are generated by the representation Vg o n) whose fusion with other represen-
tations generates the Zy outer automorphism*’ of su(N)y algebra [64]. To see this, note
that Vo o n) = Vao where Vo = V(o ¢ is the vacuum representation, and A denotes
the action of the outer automorphism that acts on the affine weights by permuting the

Dynkin labels cyclically. Using N ;\lu a1, =N, /i‘y , we get

Vao @V, =Vo@ V., = Vu, . (7.12)

Therefore V 49 generates the outer automorphism action. From now on we denote the
representation V 49 by V4, i.e. Vg, = V4@ V.

The invertible element V 4 of the fusion algebra leads to the zero-form symmetry
generated by the invertible line L 4, and also to the one-form symmetry generated by the
local operator O 4. This one-form symmetry acts on the line operators (see (7.8)) and
measures their N-alities, i.e.

Sj\ A SO 0 2mi
ATTT R 1+2/\2--~+(N—1)>\N71)’ (7.13)
Sa,0950
where A = (A\1,...,Ay—1). While O4 acts as the outer automorphism action on primary

operators, it acts diagonally (7.11) on the normalized vacua |vy) (boundary conditions)
with eigenvalue equal to the N-ality of A\. This is because a local operator cannot cause a
transition between the vacua and thus the topological local operators should be diagonalized
on a vacuum.

Hence, we conclude that the one-form symmetry of the SU(N)y/SU(N)y model acts
on the primary operators as the Zy outer automorphism of the su(N)y algebra. This has
a rather intuitive interpretation in terms of Chern-Simons theory SU(N)y. Such Chern-
Simons theory has a Zy one-form symmetry corresponding to an Abelian subalgebra of
lines. These lines act on all the other lines of the theory. Since SU(N)y/SU(N)y TQFT
is obtained by a circle compactification of SU(/V)y Chern-Simons theory the results above
follow. This statement generalizes to any G/H; WZW coset model. Namely, the G/H},
model has a Z(H) center one-form symmetry that acts as the outer automorphism of the
affine Lie algebra of H; WZW.

G/H TQFT. For the case of Spin(N%2—1);/SU(N)y TQFT, the ZE\I,] one-form symmetry
acts on the local operators as the outer automorphism of su(N)y. More precisely, the local
operators Op', of the theory corresponds to the branching spaces in (7.2), and under the
outer automorphism action

O+ Ol Ay (7.14)
where A and A are elements of the outer automorphism of su(N)y and so(N? — 1)

respectively.?® In particular, the local operator O A A generates the Z ]\1, symmetry. Note

4"The outer automorphism group of an affine Lie algebra § is isomorphic to the center of the simply
connected gauge group G.
“8The branching rules are invariant under the outer automorphism action: baa, 4x = ba,p-
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that when b, ,, > 1, the one-form symmetry can act non-trivially on the multiplicity label
m and extra care is needed to determine its action. The outer automorphisms A and A are
related by a map from the center of SU(N) into the center of Spin(N?2 — 1) that is induced
by the “embeding” of SU(N) into Spin(N? — 1). To be precise, the conformal embedding
of the Lie algebras does not correspond to a true embedding of the gauge groups. In fact
we have the embeddings

SU(N)/Zy C Spin(N? —1)  for odd N,
SU(N)/Zysy C Spin(N® —1)  for even N . (7.15)

For odd N, the center of SU(N) maps trivially into Spin(N? — 1), therefore A maps to
the trivial (vacuum) representation and A = 0. Whereas for even N, A maps to the
vector representation Vg, generating the Zy = Z(Spin(N? — 1)) outer automorphism and
A=0.

It is precisely the non-triviality of A that is responsible for the mixed anomaly between
the ZE\I,} one-form symmetry and the ZJ chiral symmetry of the adjoint QCD reviewed in
section 3. This is because

S* S
= - —L,Oau, (7.16)

where L, is a Verlinde line of the Spin(N? — 1); WZW model that survives the SU(N)y
gauging — see section 5.2 for a discussion of the topological lines of the coset. In particular,
for even N we get O g 4Lq, = —Lq,O.a 4, where Vg is the spinor module of s0(N?2 —1);.
This translates to a “mixed anomaly” between the one-form symmetry generated by O4 4,
and the non-invertible line Lq . After fermionizing the theory, the Verlinde line Lgq,
becomes the chiral Z symmetry line [36], and the above anomaly becomes the mixed
anomaly between Zg\l,} and Z3.

Therefore, we learned that the one-form symmetry of the coset TQFT is generated by
O 4 that acts as (7.14). Furthermore, in the NS sector of the fermionic theory there are no
multiplicities and equation (7.14) uniquely determines the action of one-form symmetry.
Under this outer automorphism action, a local operators (’)g:‘u forms an orbit of some
length that divides N. As in the G/G case, the true vacua of the theory form a basis
that diagonalizes the one-form symmetry action. A vacuum with eigenvalue ¢ under the

one-form symmetry — (O4.4) = e2miq/N

— belongs to the g-th universe. These outer
automorphism orbits are studied in appendix D, where it has been shown that there are

N degenerate universes with at least 2=1/N + O(2"/3) vacua in each of them.

7.2 Other possible IR TQFTs

Now that we have studied the Spin(N? —1);/SU(N)y IR TQFT candidate in detail, we
study other possibilities that are compatible with the topological lines of the (bosonic)
theory in the UV. Indeed, while it is plausible that Spin(N? — 1);/SU(N)y is the correct
answer for the IR TQFT, we have not proven that this is the case and it is worth dwelling
on some other logical possibilities.
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As discussed in section 5.2, the bosonized theory has a rich set of topological lines
denoted by 4C4. C = Repsu(NN)y describes the Verlinde lines of SU(N)y, and A denotes
a gauging of it which identifies the diagonal Spin(N2—1); WZW as a non-diagonal SU(N) x

WZW model
SU(N)y WZW

A
Physically, 4Ca describes the topological lines of the diagonal Spin(N? — 1); WZW model
that preserve the chiral algebra su(N)y C s0(N? — 1);. Recall that the bosonized adjoint
QCD is dual to the Spin(N? — 1);/SU(N)x gauged WZW model plus a kinetic term.
Thus 4C4 describes precisely the lines that survives after gauging SU(N), and therefore

= Spin(N? — 1);WZW . (7.17)

are present in the bosonized adjoint QCD. Now since these lines remain invariant under the
RG flow triggered by the kinetic term, they must also be present in the IR TQFT. Therefore
possible gapped phases for the bosonic theory correspond to 4C4-symmetric TQFTs.

Before moving further, we summarize some crucial facts about symmetric TQFTs that
were discussed in sections 5.1.2 and 5.1.3 (see also tables 1 and 2). Let D describe a
collection of — possibly non-invertible — topological lines, then

e D-symmetric TQFTs < Different choices of gauging a non-anomalous subpart of
D.

e For the case of Verlinde lines C, different gaugings of C correspond to modular invari-
ants of SU(N)y.

e Since 4C4 is related to C by gauging, there is a one-to-one correspondence between
AC4-symmetric TQFTs and modular invariant RCFTs of SU(N)y.

Therefore, given any modular invariant RCFT of SU(N)y with Z (B), there exist the 4C4-

symmetric TQFT T,c,. In fact this TQFT is a gauging of the Spin(N? — 1);/SU(N)n

TQFT by a subpart of its C symmetry associated with B, and can be intuitively regarded as
Spin(N? — 1)1/ SU(N)y

5 :

(7.18)

Moreover as explained in 5.1.3, there is a map from the lines of C into 4C4, that preserves
their fusions and crossing relations. Therefore any ACx-symmetric TQFT, is also a C-
symmetric TQFT or equivalently a modular invariant for SU(N)y. Thus the TQFT (7.18)
is C-symmetric, and moreover corresponds to the modular invariant matrix

Z (AP @ B)=Z(A)"Z(B), (7.19)

where Z (A) = Z(Spin) is the SU(N)y modular invariant matrix corresponding to the
embedding into Spin(N?2—1);. By using this formula, we can decompose the TQFT (7.18),
that we also denote by Spin ® B, as a direct sum of indecomposable C-symmetric TQFTs.

This is done by decomposing the r.h.s. of (7.19) into a sum of SU(/N)y modular invariants.
Furthermore, we can count the number of vacua of this TQFT by

Spin(N? — L/ SO ‘ = v [2(3pin) Z(B)] . (7.20)
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Figure 9. The TQFT T,c, is obtained by compactifying the 3d SU(N)y CS on S! with the
insertion of surface operators S4op and Sp transverse to S'. The left and right wiggly lines are
identified in the picture. The topological loop operators LSS and LSS wrapped around S! corre-
spond to local operators of the 2d TQFT denoted by O}, where m =1,...,Z(A),,Z(B),, labels
the multiplicity.

The IR TQFT (7.18) can also be described from the 3d point of view. The TQFT T ¢,
can be constructed by compactifying the 3d SU(N)y CS theory on S! with the insertion
of two non-intersecting surface operators Sqo0 and Sp transverse to S', see figure 9. The
surface operator Saop is the orientation reversal of S4. In this picture, it is clear that
the local operators of the 2d TQFT correspond to topological line operators LSS and
LSS wrapped around S'. These topological line operators meet at the surfaces S4op and
Sp, and the dimension of the vector spaces at these intersections is equal to Z(A),, and
Z(B),, respectively. Therefore the multiplicity of the corresponding 2d local operator Oy
(labeled by m), is given by Z(A),,Z(B),,. This is consistent with the trace formula (7.20),
counting the number of vacua in this TQFT.

In this 3d picture, the one-form symmetry generator O 4 of the 2d TQFT is realized
by the topological line Lff‘S with highest weight A = (0,...,0, N) wrapped around S!. The
multiplicity of this operator is equal to Z(A)44Z(B)aa = Z(B)au, since Z(A)qq = 1
from the branching rules given in appendix D. Therefore, this shows that the TQFT T ¢,
admits the symmetries of the bosonic adjoint QCD iff Z(B) 44 # 0. Here by symmetries,
we mean collectively the topological line operators given by 4C4 and the topological local
operators that generate the Zg\lf] one-form symmetry.

Hence, to find the possible IR TQFTs, we have to find all the modular invariants
of SU(N)y satistying Z(B)aa # 0. For small values of N, namely N < 4, all modular
invariants of su(V), are known [122-125]. But this classification in general is an open
problem. In the following we discuss some known modular invariants of su(N)y that exist
for any N, and construct 4Ca-symmetric TQFTs out of them. In appendix F we discuss
the N = 3,4,5,6 examples in detail, where for the case of N = 3 and N = 4 we provide a
complete classification of the possible gapped vacua.

Modular invariants of SU(IN)n. Asreviewed in 5.1.3, modular invariants correspond
to left and right extensions of the chiral algebra. There are two practical methods to find
such extensions that are useful for SU(V)y. The first method is by conformal embedding
of the affine Lie algebra into a larger affine Lie algebra [126, 127]. The second one, is
by gauging a symmetry that is generated by the outer automorphism of the affine Lie
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algebra [128], and the resulting modular invariant is called a D-type*® invariant. There is
also the charge conjugation modular invariant, but since it does not satisfy the requirement
Z(B)aa # 0, is not allowed.

The list of all modular invariants of SU(N)y that can be obtained by combining these
methods is given in appendix E. Using these modular invariants, we find 4C4-symmetric
TQFTs that can arise as a possible gapped phase of the bosonic theory.

Even N. Foreven N, we find only two types of modular invariants: D-type invariants that
we denote by SU/Zy, and the Spin modular invariant given by the conformal embedding

su(N)y C spin(N2 — 1);. Therefore, as we discussed above, we can build 4C4-symmetric

TQFTs by taking the product of these modular invariant matrices with Z(Spin). By

150

decomposing the resulting matrix into a sum of physical®® modular invariants, and using

their explicit formula given in appendix E and equations (D.6) and (D.7), we find

N

Spin ® SU/Zy = kSpin,  for — 20, (7.21)
k N

Spin ® SU/Zy, = 5 Spin,  for — 21, (7.22)

Spin ® Spin = 2V 2 Spin . (7.23)

Therefore we see that all such 4C4-symmetric TQFTs, as a C-symmetric TQFT contain
the Spin modular invariant, or equivalently, the Spin(N? —1);/SU(N)y TQFT. Thus the
Spin(N? — 1);/SU(N)y candidate TQFT, remains the smallest possible IR TQFT with
the smallest number of vacua. It is physically reasonable to assume that under the RG
flow, some of the vacua get lifted, and the IR TQFT becomes the one with the smallest
number of vacua. So the Spin(N? — 1)1/ SU(N)xy TQFT seems to be the most natural
choice for the IR TQFT of the bosonic theory.

Odd N. When N is odd, apart from the D-series modular invariants SU/Zj and the
Spin invariant, there also exist the SO, Ss, Sc, and PO™12 modular invariants obtained by

further gaugings of the Z3 x Z$ center of Spin(N? — 1);. However some of these theories
have the same modular invariant matrices, and thus the same number of vacua — Z(Spin) =
Z(SO) and Z(Ss) = Z(Sc) = Z(PO') = Z(PO?). We can build 4C4-symmetric TQFTs out
of them as

Spin ® SU/Zy, = k Spin, (7.24)

N-3

Spin @ Spin = (2V"2 — 22" Spin@ 2°7" PO, (7.25)

V-2 42" P0 N ZE 41
2 Spin@2V2PO N = 43

Spin ® PO = (
o 2

“*This terminology is coming from the ADE classification of SU(2), modular invariants [122].
50Note that a physical modular invariant has Zgo = 1.
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Using the trace formulae

|Spin| = Tr [Z(Spin)] = 3 x 272, (7.27)
3x2N-3 9% NE4

[PO| = Tr [Z(PO)] = _ :
32V3 1 2°5%) N2 43

(7.28)

we can count the number of vacua in these TQFTs. As mentioned above there exist
four more theories whose number of vacua are given by ‘M ® @} = ‘M ® M} and
|Spin ® PO’| = [Spin ® Ss| = |Spin ® Sc|. Although the Spin(N? —1);/SU(N)x TQFT is
not contained in all the decompositions above, it still remains the smallest 4C4-symmetric
TQFT among our list, and perhaps the natural expectation for the IR TQFT.
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A Fusion categories

A.1 Axioms

In this appendix, we review the axioms of fusion categories [102, 103, 129]; see [43] for a
physicists’ review, and also [44] for more physical examples and discussions. A basic and
simple example of a fusion category, is the category of representations of some finite group
G denoted by Rep(G). To make the axioms of fusion categories more intuitive, as we define
each axiom we also make connection with the simple example of Rep(G). For more details
and pictorial representations of these axioms see [43], which we follow closely.

1. Lines (Objects): the objects in a fusion category C correspond to oriented topological
line operators generating the symmetry. More precisely, for any oriented path C and
object a € C, there exist the topological line operator a(C) which can be inserted in
the path integral and its dependence on the path C'is topological; Objects of Rep(G)
are representations of G.

2. Defect Operators (Morphisms): the morphisms in C, corresponds to local topological
defect operators between two oriented lines a and b. Such defect operators (mor-
phisms) form a complex vector space denoted by Hom(a,b); These morphisms in
Rep(G) are the intertwiners between representations a and b. Moreover, there is
a composition operation between defect operators, which can be thought as a kind
of operator product algebra. Namely given defect operators m € Hom(a,b) and
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n € Hom(b, c) there exist the defect n o m € Hom(a,c), which can be thought of
as bringing the topological defects m and n close together and viewing the segment
starting with m and ending in n as a single defect operators between the lines a and
¢; In Rep(G), this composition of morphisms is just the compositions of linear maps
(intertwiners). An isomorphism is a morphism which has a left and right inverse
morphisms; In Rep(G), isomorphic representations are those which are related by a

similarity transformation.

. Additive Structure: given two lines operators a and b, there is a new line operators
denoted by a @ b which is simply the sum of two such operators such that (- (a ®
b)(C)--)=(--a(C)---)+{(--b(C)---); Additive structure in Rep(G) is the direct

sum of representations.

. Fusion: having two lines a and b, one can bring them close and parallel together
and consider them as a single line denoted by a ® b; For Rep(G), a ® b is the tensor
product of representation a and b. Any fusion category contains the invisible trivial
line 1 € C, which acts as the identity element under fusion, namely a® 1 = 1®a = a.
In Rep(G), the identity object is the trivial one-dimensional representation.

. Simplicity, Semisimplicity, and Finiteness: simple lines such as a € C are defined
as lines whose defect spaces Hom(a, a) is one-dimensional and thus isomorphic to C;
Simple objects of Rep(G), are the irreducible representations of G. Fusion categories
are finite in the sense that the number of isomorphism classes of simple lines is finite;
Clearly Rep(G) has only finitely many non-equivalent irreducible representations for
finite G. Moreover, fusion categories are semisimple in the sense that any line is
isomorphic to a direct sum of simple lines; In Rep(G), this is the statement that any
representations have a unique decomposition into irreducible representations. Fur-
thermore, in fusion categories as opposed to multifusion categories, one assumes that
the identity line 1 is simple, i.e. there are no topological local operators; In Rep(G),
this is the condition that the trivial representation is irreducible. Therefore, multifu-
sion category generalizes the notion of both finite 0-form and 1-form symmetries and
their interactions.

. Associativity Structure: the fusion operation is associative (a®b)®c ~ a®(b®c). Note
that, this condition is different from strict associativity where the isomorphism sign
~ is replaced by the equal sign. In a category, for two isomorphic objects, generally
there does not exist a canonical isomorphism between them and an isomorphism
between isomorphic objects is a data which one should keep track of. In particular,
the associativity structure for lines a, b, and c is a particular isomorphism

agpe € Hom((a®b) ®c,a® (b®c)), (A.1)

which is called the associator; Wigner’s 65 symbols (Racah coefficients) in the study
of representations of SU(2) (or Moore-Seiberg fusion F' matrices [40]) capture the data
of associators if one fixes a basis for the set of simple lines in the fusion category.
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By composing different associator isomorphisms, one arrives at a consistency condi-
tions of such associators known as the pentagon identity, see [43, 44]. Tt is worth
mentioning that in practice, the data of a fusion category is captured by the fusion
ring of the category and a solution of the pentagon identity for that fusion ring, where
usually there exist only a handful of such solutions. The fusion ring, is the data of
fusion for the isomorphism classes of simple objects, captured by the structure con-
stants of the ring. Solutions to the pentagon identity is a solution for the associators
written in terms of a fixed basis of simple lines. For instance, for the Ising fusion ring
there exist two solutions to the pentagon identity known as Zs Tambara-Yamagami
fusion categories (TY ) [130]. TY+ and TY_ are realized by the topological lines of
the Ising CFT and the Verlinde lines of the SU(2)2 WZW model respectively; For the
case of Rep(G), denote Dg and Qg as the dihedral group and the quaternion group
of order 8. The fusion rings of the categories Rep(Dg) and Rep(Qs) are isomorphic
while they have different associators and realize different solutions of the pentagon
identity, thus as categories Rep(Dg) and Rep(Qs) are not equivalent [130].

7. Dual Structure (Folding): for any line a, there exist the dual line a* which is equiv-
alent to the orientation reversal of a, such that (a*)* ~ a and (a ® b)* = b* ® a*;
In Rep(G), the dual object is the complex conjugate representation. Moreover, a
line a can be folded to form the line ¢* ® a, and this data is captured by particular
defect operators at the end of the line ¢* ® a which are known as the evaluation and
co-evaluation morphisms ¢, € Hom(a* ® a, 1) and €* € Hom(1,a* ® a); In Rep(G),
the existence of the evaluation morphism follows from the fact that the trivial repre-
sentation is always contained in a¢* ® a in a canonical way for any representation a.
Using the folding (evaluation morphisms), one can calculate the expectation value of
a loop of line a by

€a
a =€ 0€” = (dima)l € Hom(1,1), (A.2)

where dima is known as the quantum dimension of a; For Rep(G), the quantum
dimension of a representation is the same as the dimension of that representation.

8. Unitary Structure: for any defect operator m € Hom(a,b) from the line a to b,
there exist the Hermitian conjugate defect operator m! € Hom(b,a) form b to a;
For Rep(G), this is just the Hermitian conjugate of linear maps (the intertwiners)
between complex vector spaces. We also require that €* = (ea*)T.

A.2 Gauging and Frobenius algebras

In this appendix we discuss the relation between gauging and Frobenius algebras in cat-
egory symmetries. First, we state it for the case of group-like symmetries in a language
that can be generalized later on to category symmetries. For a 2d theory T" with a discrete
group symmetry G, a non-anomalous subgroup of it such as H C G can be gauged. As
stated in 5.1.2, the gauging operation is done by summing over the insertions of different
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topological lines in H, or equivalently summing over H-gauge fields a € H'(M, H). How-
ever, this operation is not unique since there is a freedom to insert a-dependent phases
to get

Zr)(w) M) = # Z 2@ 71 M, a] (A.3)
ac H (M, H)

for w € H?(H,R/Z) known as the discrete torsion [107, 131].
Alternatively, one could consider the line

A=Ph, (A.4)

heH

given by the sum of the topological lines in H. Then summing over all the insertions is
equivalent to inserting a fine-enough trivalent mesh of A into the path integral [41-43].
Note that, the choice of w is captured by defect operators in the three-way junctions of
A in the mesh. Thus the gauging is determined by a choice of (H,w), or equivalently a
mesh of A including defect operators p € Hom(A ® A, A) and v € Hom(1, A) which are
known as the multiplication and unit morphisms respectively. These morphisms satisfy
the associativity and unit axioms, and along with some other details stated in [43], form a
symmetric Frobenius algebra algebra in Vecq (see footnote 24). This notion of gauging by
algebras can be generalized to any category symmetries.

For a theory T with a category symmetry C, gauging a non-anomalous subpart of C
correspond to inserting a fine-enough mesh of a symmetric Frobenius algebra object A in
C [41, 43, 58]. We denote the gauged theory by T'/A. However, note that different algebra
objects can lead to the same gauged theory and such algebras are called Morita equivalent
algebras. The Morita equivalence class of an algebra A € C, is determined uniquely by the
category of A-modules in C which we denote by C4. As we will explained below C4 admits
a C-action, or more precisely form a module category over C.

A.3 Symmetric 2d TQFTs and module categories

In this appendix, we construct all C-symmetric TQFTs for any fusion category C. More
precisely, we construct 2d unitary TQFTs that admit topological line operators whose fu-
sion category is given by C. Such construction for group like symmetries with 't Hooft
anomalies in arbitrary dimensions was given in [132-134]. For category symmetries in two
dimensions this is already answered in [46], here we give a different and more straightfor-
ward construction. Namely we first study the maximal category of boundary conditions
(D-branes) of such TQFTs and from it we determine the symmetric TQFT similar to the
construction in [97]. We begin by summarizing some basic facts about two-dimensional
unitary TQFTs.

Unitary closed 2d TQFTs are equivalent to semisimple commutative Frobenius alge-
bras, while open/closed (or extended) theories also come with a category M of boundary
conditions that are equipped with trace pairing [97, 135]. Such categories equipped with
traces are called Calabi-Yau categories in the literature [136]. As it was pointed out in [97],
given a semisimple Calabi-Yau category M, then this is a category of boundary conditions
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of a canonical 2d TQFT whose commutative Frobenius algebra is the ring of endomor-
phisms of the identity functor of M. Thus for our purposes, the data of a 2d TQFT is just
their (maximal) category of boundary conditions. Furthermore for a category of boundary
conditions M, we define the corresponding TQFT by T\.

Now for a C-symmetric 2d TQFT, C acts on the boundary states, therefore M should
form a module category [43, 46, T2] over C with traces that are compatible with the action
of C. It is shown in [137] that any C-module category has a C-compatible traces making
it a Calabi-Yau category, and moreover when the module category is indecomposable the
trace is unique up to an overall normalization. Therefore C-symmetric 2d TQFTs are
in bijection with C-module categories. Moreover, the number of boundary states or the
number of vacua on the torus is the same as the number of simple objects in M.

Theorem 2. Unitary 2d TQFTs with category symmetry C are in one to one correspon-
dence with module categories M over C. Moreover M is the mazimal category of boundary
conditions (D-branes), which determines the TQFT uniquely for indecomposable M. The
corresponding TQFT is defined by Th.

Module category can be thought as a generalization of “representation” for category
symmetries. Note that boundary conditions form a category, as opposed to bulk states
which form a vector space. Group symmetries act on the Hilbert space and this action
— without taking into account the anomaly — is captured by a representation. Whereas
for category symmetries — taking into account the anomaly — the topological lines act
on the boundary conditions and this action is captured by a module category. This action
also leads to a nonnegative integer matrix representation for the fusion ring [112] which is
usually called a NIM-rep [113-115].

The relation between C-symmetric 2d TQFTs and C-module categories was proved
in [46], by putting the 2d TQFT on the boundary of the 3d Turaev-Viro TQFT [138]
associated to C. The Turaev-Viro theory is basically the 3d TQFT associated with the
modular tensor category Z(C) — the Drinfeld center of C (see [95] for a review). The
construction of C-symmetric theories in [46] was given by compactifying the Turaev-Viro
theory on the interval. It is known that the gapped boundary conditions of C-Turaev-Viro
TQFT are described by the 2-category of C-module categories [47-49, 139]. Thus viewing
C and M as C-module categories, we could reduce the Turaev-Viro on the interval with
these boundary conditions and get a C-symmetric 2d TQFT. Now we give some simple
examples.

The regular C-symmetric TQFT. Any unitary fusion category C can be viewed as a
module category over itself — known as the regular C-module category. Thus there exist
the canonical C-symmetric TQFT T¢. The category of boundary condition of this theory
is given by C, hence the number of vacua in T is the same as the number of simple objects
in C. Below we discuss some simple examples for the case of group-theoretical category
symmetries such as Vecg and Rep(G), and modular tensor categories.

Vecg. Following the above procedure, namely finding the ring of endomorphisms of the
identity functor in C, we study the regular TQFT T for the case of C = Vecg. One can
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identify the commutative Frobenius algebra of Ty with functions f : G — C, with the
obvious algebra

(f+h)(g) = f(g)+h(g),
(f-h)(9) = f(g9) hg), (A.5)

with trace 6(f) = >_ ¢ f(g). The idempotents are just delta functions f,(g) = d,,n, thus
all the boundary state have the same norm and the partition function is just a constant
Z[%) = 1G]

Rep(G). For C = Rep(G), T¢ is just the discrete G-gauge theory. The commutative
Frobenius algebra in this case is the center of the group ring C[G] [97]. The trace is defined
by 003>, fs9) = fi/IG|, for >, fgg a central element in C[G], ie. fugn-1 = fg. The
idempotents or boundary states defined in C.1, in this case are given by the characters
X of irreducible representations p of G, i.e. f; = xu(9)xu(1). Therefore, the partition
function of this theory is calculated as

215 =Y 0 = oy — L (A.6)

29—2
P Xu(1)™
which indeed is the partition function of the discrete G-gauge theory.

Modular categories. When C is a modular tensor category, Ty can be obtained by
compactifying the (Witten-Reshetikhin-Turaev [39, 140]) 3d TQFT associated with C on
the circle, or equivalently by the folding trick, putting the C Turaev-Viro TQFT on the
interval. The commutative Frobenius algebra in this case is the same as the fusion ring of
C, with the trace given by the modular S-matrix of C. More precisely, the idempotents are
labeled by elements of 1 € C with trace 6, = (So,)%. When C = Rep(gy) the theory is the
G /Gy theory, or the Gy, CS theory reduced on the circle. The Frobenius algebra and the
idempotents are calculated explicitly in C.3.

Left and right symmetries and bimodule categories. More generally, a theory can
admit commuting left C and right D category symmetries that we call a (C, D)-symmetric
theory. Accordingly, a (C,D)-bimodule category describes the topological boundary con-
ditions of a theory with a commuting left C and right D symmetries. Equivalently such a
(C, D)-symmetric theory will have a left C X D'V symmetry. The product C X D, is called
the Deligne’s tensor product which is a generalization of the direct product G; x Ga of
group symmetries. Moreover the category symmetry D™V, is the orientation reversal of D
where the order of tensor product ® has been reversed.

Gauging and symmetric gapped phases. Here we show a correspondence between
different ways of gauging a category symmetry, and topological quantum filed theories —
gapped phases — with the same category symmetry. This can be easily seen by a theorem
about fusion categories relating module categories with Frobenius algebras. Namely for
any Frobenius algebra A in C, one could form the category of right A-modules in C, that
we denote by C4. Then it is known that C4 forms a module category over C, and any
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C-module category can arise in this way [72]. Furthermore algebra objects A and A’ with
the same module categories C4 = C4/ are called Morita equivalent and lead to the same
gauged theory. Therefore a way of gauging a subpart of C by A is uniquely determined by
Ca, or equivalently with module categories over C. Thus C-module categories classify both
C-symmetric TQFTs and ways of gauging C.

In a 2d TQFT the dimension of Hilbert space on the circle is the same as the number
of elementary boundary conditions. Therefore for a theory with category symmetry C, its
number of vacua on flat spacetime is constrained by the number of simple objects in C-
module categories. In particular, a theory with a category symmetry that does not admit a
module category with one simple object cannot be trivially gapped with a unique vacuum.
We call such a fusion category anomalous — that is there is an obstruction to gauge the
whole category symmetry. This because after gauging the whole symmetry, we expect that
all the topological lines are identified. Which means that the module category has a single
object, or equivalently there is only a single A-module in C. Thus the anomaly matching
condition for group symmetries applied to gapped phases can be thought as a special case
of this observation.

A.4 The gauged theory

In section 5.1.2, we described how the topological lines of a theory change after gauging
with an algebra. Given the correspondence between algebras and module categories, we
can rephrase those results in terms of module categories. For instance, starting with
a theory with category symmetry C and gauging a subpart of it associated with a C-
module category M = C4, the gauged theory will have a new quantum symmetry given
by Fune(M, M)™ = 4C4. Where Fune(M,N) is the category of left C-module functors
from M to N [103, 129]. In particular, Func(M, M) is a fusion category with tensor
product being composition of functors, and Fung(M, M)V is the category with reversed
tensor product. Note that M is a module category over C X Fung (M, M), or equivalently
a (C,Fung(M, M)™V)-bimodule category. Therefore based on this definition, 4C4 can be
understood as the category of topological lines that act on C4 but commute with the action
of Con Cy.

Now that we have discussed how the topological lines change after gauging, we can
discuss the gauged theory in more detail. Given a way of gauging C such as A, there
exist a C-symmetric TQFT denoted by T, whose category of boundary conditions is C4.
Furthermore as we discussed above, T¢, also has a right 4C4 symmetry since C4 is actually
a (C, oAC4)-bimodule category. Now we can try to either gauge its left or right symmetries.
Gauging its left C symmetry by an algebra B € C, the theory becomes

@:T

B BCa (A.7)

where pCy4 is the category of (B, A)-bimodules in C, which is a (5Cp, 4C4)-bimodule cate-
gory [103].>! Moreover, T¢, itself can be obtained from T¢ by gauging its right C symmetry

®Tn terms of module categories 3Ca = Func(Cp,Ca).
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by A. Therefore, T,,c, can be obtained by gauging (left, right) symmetries of T¢ by (B, A)
and has a commuting (5Cp, 4C4) symmetries. Schematically

TC L) TCA

=]
A
TBC ? TBCA

where vertical and horizontal arrows denote gauging left and right symmetries respectively.

As we discussed in section 5.1.2, gauging is an invertible and associative operation.
Category symmetries C and 4C4 that are related by gauging are called categorically Morita
equivalent, and their module categories are in one-to-one correspondence. More precisely,
given a C-symmetric TQFT such as T¢, one can gauge its left C symmetry by A to get the
ACa-symmetric TQFT T',¢,, and vice versa. Therefore, all 4C4-symmetric TQFTs are of
the form T',¢,, for B a way of gauging in C. Below we describe a practical way of analysing
the T',c, TQFT for when C is a modular tensor category.

Modular invariants and modular categories. Here we study 4C4-module categories
when C is a modular tensor category. As explained above, since 4C4 and C categorically
Morita equivalent there is a one-to-one correspondence between their module categories.
More precisely, given a left C-module category such as Cp, one can gauge its left C-action to
get the (4C4, pCp)-bimodule category 4Cp, and vice versa. Because C is braided one can
turn left A-modules in C, into right A-modules. Therefore, one can turn the (4Ca, pCp)-
bimodule category 4Cp into a left C-module category denoted by Caorgp [58]. The opera-
tion ® here defines a fusion on algebras in C.

Using the correspondence between modular invariants and algebras [58, 65] reviewed
in 5.1.3, we denote the modular invariant matrix associated with an algebra A by Z(A).
Then the fusion on algebras reduces to simply taking the product of the corresponding
modular invariant matrices [58]

Z(A® B)=17Z(A)Z(B), (A.8)
Z(A®B)=Z(A)+7Z(B), (A.9)
Z(A%®)=Z (AT . (A.10)

With these formulae we can count the number of elementary boundary conditions in Cx
and simple lines in 4C4 as

(A)] (A.11)
A T} . (A.12)

Number of simple objects in C4 = Tr

[Z
Number of simple objects in 4C4 = Tr [Z (A)Z(A)
Number of simple objects in 4Cp = Tr [Z (B)Z (A)T] . (A.13)
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Ezample (su(2); Modular Invariants). Modular invariants of su(2); have the ADE classi-
fication [122]. Working out the fusions of Rep su(2);-module categories one finds [58]

ke€dZ: Dgi2®Dgyo=2Dg0,

kedZ+2: Doy1 ®Doy1 = Ay,
k=10: D;®Es=Es, Eg®Eg=2Eg,
k=16: D1 gy®E;=2E;, E;®E;=D1g®Er,
k—928: Dys®FEs—2Fs, Fg®FEg—4Fs .

B Action of topological lines

B.1 Ocneanu/quantum graphs

Starting with a modular category C, we saw in section 5.2 that the bosonic adjoint QCD
is described by two categories, the C-module category of boundary conditions C4 and the
fusion category of topological lines 4C4. In this subsection we study the action of C on
C4a and ACxs. The section is mostly a review of known facts in the RCFT literature.
Furthermore, we also discuss the action of topological lines on local operators which is
important for analyzing the IR phases of adjoint QCD.

The relevance of how the topological lines act on local operators is twofold. On the
one hand, it places restrictions on the RG flow. An operators which is not invariant under
all topological lines present in the UV cannot be generated by radiative corrections. On
the other hand, turning on a non-invariant operators in the UV will explicitly break some
of the lines, in the sense that they will not be topological anymore. As a consequence, the
number of topological lines present in the IR will change, which might alter the vacuum
structure of the theory. In particular some of the universes might get lifted which may lead
to confinement of some Wilson lines.

In the following we focus on an RCFT based on the Lie group G at level k& and we
collect several facts that can be found in the literature. For reviews see [141-143]. Denote
the elements of C by U, and their fusion by

U.U, = N&,U,, (B.1)

where the fusion coefficients N}, are known symmetric Nj,, = N}, nonnegative integer
valued set of matrices. We denote the actions of C on C4 and 4C4 by

UpVa) = (n,)d [vo)  for  |va) € Ca, (B.2)
U LoU, = (Vi) Lg  for Ly € aCa, (B.3)

The n, and V), matrices are called NIM-rep and double fusion matrices respectively.
The above structure constants give the partition function on the cylinder with boundary
conditions a and b

Za\b = Z(n,u)ab X s (B.4)
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and the partition function in the presence of two topological lines L, and Lg

Zolp = Z(VW*)aﬁ XpuXv - (B.5)

uv

From (5.10) we see that Z,, = (Vu=+)oo. The structures n and V' determine the RCFT
completely. They further satisfy the algebras [57]

Ny = Z LT (B.6)

V,uuvn)\ = Z Uk ;/U)\Vpa . (B'7)

These algebras can be used as recursion relations to determine all of the n,, and V,, matrices
started from some generators, say n; for the former and Vjy along with Vj; for the latter.
Once these matrices are given the RCFT is determined. Since these matrices have non-
integer elements, the generators ny, and Vy, can be encoded as adjacency matrices of graphs.
Historically, the classification of RCF'T was translated to a classification problem of graphs.
The graph that determines the generators for n, is typically called ADE or Mckay graph,
and the graph that determines the generators for V), is called Ocneanu graph. Typically
an Ocneanu graph consists of several connected components of the corresponding ADE
graphs. For the SU(3)3 and SU(4)4 cases studied in B.2, the matrices n are actually equal
to the first block of the Vo matrices. The summary is that every such pair of graphs
determines a modular invariant RCFT.

The relevant quantities for us are constructed as follows. The spectrum of a non-

diagonal RCF'T will consist of primary operators O}"'., where m denotes the multiplicity

Hof?
of operators with the same representation. To determine how line operators act on local

operators, we need to diagonalize the commutative sets of matrices n, and V,,, [57, 113]:

v.m S v (v,m)x*
(nu)d =Y o )ﬁcb,(, i (B.8)
o SupSup ~ (ppmam’y
(Vip)d = 37 @lpmm) et gprmm: (B.9)
By 0p20p

All of the RCFT structures can be expressed in terms of qb(“ 7 and @&“ Bmm) Phese

are unitary matrices

S agpsmmigumaty — g (3.10)
Z @&U,,ﬂ;m,m/)(p(ﬂu,ﬂ;m,m’)* — 5&5 , (Bll)
olsmre,m/

and similarly for ¢. The action of lines on bulk local operators is given by

ummm)

Z /SO,uSO‘

Lo-O7, (B.12)
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while their fusion algebra
La®Lg=N),L, . (B.13)

is determined by
P Hosmm”) g oz’ ;") g (s ismsm”)

Ny= Y “ B ] . (B.14)

M?ﬂvmvmlvm// SOMSO[L

This algebra is not commutative in general because of the existence of multiplicities as

can be seen from this formula. In addition, one can even construct the algebra of bulk
operators (Pasquier algebra [144]) from a Verlinde-like formula involving Y- hich
for simplicity we do not reproduce here.

Having computed all the matrices V), one can invert (B.9)

Zw#mm plyvrimm) SOHSDMZSZPSZP : (B.15)

Requiring that the action of the identity line is trivial <I>(“ pimam’) = /SouSon 0™
non-degenerate primary operators there is no summation on the right-hand side of the
above equation and we arrive at

O =\ /S0,S0n Z S5 S5 (Vi)a - (B.16)

So far we have reviewed how to determine a modular invariant RCFT based on Gy, given
the Mckay and the Ocneanu graphs as an input. Given a partition function the process
can be reversed and one can calculate the double fusion matrices through the so called
modular splitting equations [125, 145, 146]. However, there might be several solutions
which correspond to different RCFTs with the same partition function but different set
of boundary condition C4 and topological lines 4C4. In the following, from the known
Ocneanu graphs we list the generators of the double fusion algebra for Spin(8);/SU(3)3
and Spin(15);/SU(4)4.

B.2 Ocneanu graphs for SU(3) & SU(4)

From the known Ocneanu graphs, in this appendix we have included the generators of the
double fusion matrices (B.3). Using (5.17) and the partition function of the conformal
embedding Spin(8)1/SU(3)s (F.5), the number of topological lines is 18. Given the matri-
ces V(1,0)(0,0) and V{o,0)(1,0) all of the double fusion matrices can be recursively computed
from (B.7) using that Vg )0,0) = 1 and Vg; = Vju+. The Ocneanu graph for this case can
be found in 71, 147] and leads to

GIO 0 0 0 G10 0
V(l,[))((),o) = 0 Gip O s V(O,O)(LO) = 0 0 G|, (B.17)
0 0 G Gio 0 0
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with

000010
000010
000010
- . B.1
Go 000010 (B.18)
000002

111100

The generator for the NIM-rep matrices n,, is
n(1,0) = Go, (B.19)

and the rest of them can be computed recursively from (B.6). However in this case, the

)

unitary matrix gi)((f’m is known and can be used to calculate all the NIM-rep matrices. It

is given in equation (6.17) of [148]

1 1 1 V3 V3 V3
1 1 1 V3 —V3-V3

b = Lttt _¢§¢§_¢§7 (B.20)
2v3[1 1 1 —V/3-V3 V3
225 2% 0 0 0
22 2% 0 0 0

where the columns are are ordered as (0,0), (3,0), (0,3), ((1,1),v), ((1,1),s),((1,1),c).

Similarly the Ocneanu graph for the conformal embedding Spin(15);/SU(4)4 can be
found in [149, 150]. Using (5.17) and the partition function of the conformal embedding
Spin(15)1/SU(4)4 (F.9), the number of topological lines is 48. In this case, the double
fusion algebra has four generators

Gioo O 0 0

0 Gio 0 0
Vaoooon =| 4 Gio 0 | (B.21)
0 0 0 Guo
Gooo 0 0 0
0 Goio O 0
Vorooon = | 4 Gow 0 | (B.22)
0 0 0 Goio
V0.001,00 = P V100000 £ (B.23)
V10,0,00(0,1,0) = £ V(0,1,0)(0,0,0) £ (B.24)
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where
000010000000O0

000010000000
000011100000
000011100000
000000020000
000000011000
Go=1 600000011000 | (B.25)
000000000211
000000000011
111100000000
001100000000

001100000000

000000010000
000000010000
000000021000
000000021000
000000000211
Goto = 000000000111 ’ (B.26)
000000000111
112200000000
001100000000
000021100000
000011100000

000011100000

and P a permutation matrix that permutes the following pairs (the elements P;; = Pj; are

1 only for these pairs and zero otherwise)

m‘3 4 5 6 7 8 1011 12 17 18 19 22 23 24 30 31 34
13 14 33 37 38 21 45 25 26 32 39 40 44 27 28 47 48 41 °

m*

Finally, the generators for the n, matrices are
n(1,00) = Gioo, 1(0,1,0) = Goo - (B.27)
B.3 NIM-reps for SU(5)

In this appendix we find the NIM-rep matrices for the module category C4 corresponding
to the Spin(24); modular invariant of SU(5)5. This NIM-rep has not appeared in the
literature to our knowledge. We use the a-induction tensor functor o : C — C4 to find
the action of C on C4 from the fusion algebra of C and the modular invariant matrix of
Spin(24); [65, 69].

For pn € C we define its image under the a-induction by ay. Defining (o, ay) =
DimHom (ay, o), the starting point of our computation is the equation [69]

(o, av)e, =(A® p,v)e = NyyZpo, (B.28)
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where Z,,, is the modular invariant matrix associated to Spin(24); chiral algebra. Using
the above equation, after some trial and error we find the following decompositions

Q0000 =V1 , 0020 =Vs + Vo, 3 (1020 — cvgo11) =v19,

1000 =V2 , @1100 — ®0010 =V10 + V11, %(aoml — @1100) = V20 5

Q0100 =V3 , Q1001 =V12 + V13 + V14, %(Oélno — Q1000) — Q0020 = V21 ,

@010 = V4 , Q0110 =V12+V13+Vi5+Vie %(040111 — @0001) — (0200 = V22,

Q0001 = V5, Q011 — 0100 =V17 + V18, %(041111 — 1001 — Q0110) =V15+V16+Vaz+Vas .

200 = V6 TV7,

(B.29)

where {vi,...,va4} are the simple objects of C4. Note that the a-induction preserves the

fusion algebra, and we have o, - o, = ) p Nl a,. Using this equation we can determine
the action of p € C, or equivalently «,, on the a-inducted elements of C4. In particular,
the above decompositions determine the first row of the NIM-rep matrices as
24
@y =Y (nu)iva - (B.30)
a=1
Having found the first row of the NIM-reps, there is very little freedom to fix the action
of C on all the elements of C4. To check that the NIM-rep solutions are compatible with
the modular invariant matrix Z, one has to match their “exponents”. In other words, the
eigenvalues of n, must be given by S, /S0, with multiplicity Z,, — see equation (B.8).
With a bit of guesswork we find the NIM-rep that solves the fusion equations (B.6) and
is compatible with the modular invariant matrix of Spin(24);. Here we list some of these
NIM-rep matrices. However in this case, knowing n 00y and using (B.8) one can finds
all the other NIM-rep matrices.

010000000000000000000000
002000000000000000000000
000200000110000000000000
000021100000000000000000
100000000001110000000000
000000000001101100000000
000000000001101100000000
001000000000000011100000
001000000000000011100000
000001100000000000000000
000001100000000000000000

. _|010000011000000000000000 (B.31)

(1,0,0,0) 010000011000000000000000 |~ ‘
010000000000000000000000
000000011000000000001000
000000011000000000001000
000100000000000000010000
000100000000000000010000
000000000110000000020000
000001100000000000000200
000000000000000000200000
000000000000001100000011
000000000000000000001000
000000000000000000001000
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and

001000000000000000000000
000200000110000000000000
000022200000000000000000
100000000002211100000000
020000011000000000000000
010000022000000000001000
010000022000000000001000
000200000110000000020000
000200000110000000020000
000000000001101100000000
000000000001101100000000

| 002000000000000011100000

TM0.1,000= 1 602000000000000011100000
001000000000000000000000
001000000000000011200000
001000000000000011200000
000011100000000000000100
000011100000000000000100
000002200000000000000200
00000000000110220000001 1
000000000110000000020000
000000011000000000002000
000000000000000000100000
000000000000000000100000

C G/G TQFT and 3d CS theory

C.1 2d TQFTs

Here we summarize the basic facts about 2-dimensional unitary TQFT. The local operators
of a 2d TQFT forms a commutative Frobenius algebra F' [97, 151, 152]. That is, F' is an
commutative algebra over C (with unit 1) equipped with a linear trace map 6 : F — C,
where g;; = (0;, 0;) := 6(0;0;) for O; ; € F defines a non-degenerate symmetric bilinear
form in F. The value 6(O) is identified with the one-point function of O on the sphere S2.
We define the Handle-attaching operator H : F' — F' by

Hi = C™Cyy5 (C.1)

where Cjj;, denotes the three point function 6(0;0;0}), and the indices are raised by the
inverse ¢g* of the inner product matrix gij- Then, the partition function on genus g surface

¥4 can be presented as
Z[E4) = 6(H1) . (C.2)

For a unitary (to be precise, reflection-positive) TQFT, it is always possible to find an
idempotent basis ¢; satisfying [153]

EZ'EJ' = 5@'61 . (03)

This property for Frobenius algebra is called semisimplicity. Furthermore, unitarity re-
quires that the one-point function 6; := 6(g;) to be a positive real number. Noting
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1 =), €, the partition function can be explicitly written downs as

Z[Sg = 6,79 (C.4)

(2

This formula should be interpreted as the direct some of the invertible TQFTs each of which
has the action 9;[X,] = —1x[E,]log6; where x[Zy] = 2 — 2g is the Euler number.”?> More
physically, the TQFT describes the long range limit of a gapped system with n = Z[T?]
vacua, each of which comes with induced Euler term S; in the deep IR. The normalized
state of each vacua corresponds to the operator?

1
Voi

where n; are nonnegative integers. The justification of the interpretation is the theorem

€i, (C.5)

V; =

by [97] whose statement is that the boundary state |B) of a boundary condition of a 2d
TQFT with a semisimple Frobenius algebra must have the form of

By =3 milvi) - (C.6)

Therefore, each superselection sectors on R? are generated by boundary conditions |v;)
imposed at the infinity of R2.

C.2 3d Chern-Simons theory

Because 2d G /Gr TQFT is the S! reduction of 3d the G, CS theory, it is convenient to
summarize the facts on the CS theory — for more details see [154] and references therein.
The Gy CS theory has topological Wilson lines L, labeled by representations of G whose
highest weight p satisfies (u,0g) < k where 0 is the heighest root of G. The fusion
coefficient NJj, characterizes the algebra of these topological lines:

L,L,=>» Nf,L,. (C.7)
P

Each component of Nf, is a positive integer and symmetric with respect to the lower
indices: Nf, = NJ,,.

The unknot correlation function of a line L, in a 3-manifold M3 (divided by the M3
partition function without insertion) is called the quantum dimension d,:

d, = Qu . (C.8)

The modular S-matrix is defined by the Hopf link observable:

Sy = % MOQI/ , (C.9)

52The Euler number counter term defines an invertible TQFT. However, as its coefficient can be deformed

continuously, it belongs to the same deformation class of the trivial theory. Therefore, we do not have
corresponding anomaly in one lower dimensions.

%3 As noted in [97], there’s a subtlety in the choice of the branch of the square root. In an unitary theory,
as 0, is real and positive, it is natural to take the positive square root.
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where D is the total quantum dimension D = , /> 4 dZ. We let the line Lo with the index 0

denotes the trivial line. Then, by definition, we have D = S&Jl and d, = g—zg The modular

S-matrix (for a unitary 3d TQFT) satisfies S+, = (S,)* = (S71),,. Contracting a loop

of L, around the line L, we get
=31 (©10)
Ov

|
v 1%

n

The Verlinde formula relates the modular S-matrix to the fusion coefficients:

SuaSua(Spn)*
Nf, = Z“SO(AP) : (C.11)
\

C.3 G/G TQFT

As [155] have shown, the G%/Gj TQFT for a simply connected Lie group G is the S1
reduction of the 3d G} Chern-Simons theory. Each Wilson line L, in the 3d Chern-Simons
theory provides both a line L, and a local operator O, for the 2d theory. The latter form
the basis of the Hilbert space of the G/G TQFT on S!. Both the line and local operators
inherit the fusion rule of the 3d Wilson lines:

LuL,=>» Nf,L,, (C.12)
p

00, =Y N£,O,, (C.13)
P

Where N/, are the fusion coefficients of the gy, affine Lie algebra. When v corresponds to an
Abelian anyon in the 3d CS theory, or equivalently an invertible element of the fusion alge-
bra, then these two kinds operators commute with each other up to the monodromy phase
S500
SopSov
In the 3d CS theory, the non-trivial Wilson line has no (topological) endpoint operator

O,L, = L0, . (C.14)

(otherwise we can break the line up and trivialize it). Which means that correlation of L,
inserted along the S' direction of S' x S? vanishes. In G/G language, this means

0(0,) = 6,0 . (C.15)

Here, the coefficient is because Z[S! x S?] = 1 in the 3d Chern-Simons theory. From the
Verlinde formula, the idempotent basis can be found as

eu=Sop Y _ SOy . (C.16)
14
The corresponding Euler counter term is
0 = 0(eu) = (Son)” (C.17)
as So is real. The normalised vacua are

Vu=_ S0, . (C.18)
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D Branching rules and outer-automorphism orbits

The branching rules for the conformal pair (so(g),g), where g C so(g) via the adjoint
representation, is given by Kac-Wakimoto (Remark 4.2.2. in [121]). Here we are only
interested in the branching rules of the embedding su(N)y C s0(N2 — 1);. Thus we state
Kac-Wakimoto result for this case and analyze them. The affine algebra so(N? — 1)1, has
only the vacuum, vector and spinor(s) representations at level one. As derived in [121], the
spinor representation(s) decompose into 21V/2=1-multiple of V,, where p = [1,1,...,1] is
the affine Weyl vector of su(N). The remaining level one representations decompose as

Vo, = @ Vi, Vo= @ Vi, (D.1)

AePYNRy AePYNR-

where Qy = [1,0,...,0] and ©; = [0,1,0,...,0] correspond to the vacuum and vector
module of the orthogonal affine algebra respectively, and

Ry ={Nwo+w-p—p|lweW,detw ==+1}. (D.2)

Here Qo, ..., Q| (n2-1)/2) and wo, . ..,wy—1 are the fundamental weights of s0(N? —1) and
su(N) affine algebras respectively, Pf denotes the dominant weights at level N, and W the
affine Weyl group of su(N)y. To find the weights that appear in (D.1), we should find all
the dominant weights A = [Ag, A1, ..., Ay—1] such that A+ p = Nwy+ w - p, or equivalently

Mo+1,M+1,... . Av_1+1]=[N,0,...,0] +w-[1,1,...,1] . (D.3)

One can check the Dynkin labels of A have to satisfy the conditions

N-1

> (Ai+1)=2N and (A +1)>1,

=0

S (k+1D#N for 0<i<j<N-—1, (D.4)
i<k<j

and all such weights appear exactly once in (D.1).

Here we argue that the number of modules in the r.h.s. of the branching rules (D.1) is
2N=1_ Basically we want to count the number of weights [Ao, AL, ..., An—1] that satisfy the
conditions (D.4). Define the partial sums f; = 22:1()‘2' +1)fori=1,...,N —1. Then
the conditions above translate into

.O0< fi< - < fn_1<2N |
2. fi#N ,
3. fi—fi#N .

Therefore we have to choose N — 1 distinct integer numbers from the set {1,..., N —1, N+
1,...,2N — 1} such that the difference of any two of them is not equal to N. Therefore we
have to choose exactly one number from each of the sets below

{I,N+1},{2,N+2},....{N—1,2N — 1} . (D.5)
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2N71 2N71

Thus there are exactly choices and therefore vacua for the fermionized
Spin(N? — 1)1/ SU(N) y model or equivalently 2d adjoint QCD at infinite coupling. More-
over, one can also count the number of primaries in the branching of the vacuum and vector
representations individually and get

Vol oN-2 even N
Qo — — )
‘ ON=2 1 9%5*  Hdd N

V| oN—2 even N (D.6)
0 - _ . .
Yo |2V2-2" odd N
Furthermore,
V, ¢ Vo, ®Vg, N=0 (mod?2),
V, € Vo, N =41 (mod 8),
V, € Vg, N =43 (mod 8). (D.7)

This information will be needed later to calculate the product of the su(N)y modular
invariant matrices.

Outer automorphism orbits. Now by studying the action of the one-form symmetry
on these vacua we calculate the number of vacua in each universes in the NS sector of the
fermionic theory. The action of the one-form symmetry is the same as the action of the
Z N outer automorphism of the su(N) affine Lie algebra which amounts to shifting the \;
Dynkin labels cyclically. For each affine weight A appearing in the branching rules (D.1), we
define its order to be the length of its orbit under the action of the Zy outer automorphism.
We calculate the number of weights of given order recursively.

Denote AEIN) to be the number of weights of order d that satisfy (D.4). First, we note
that A&N) is nonzero only if N/d is an odd integer. The fact that N/d must be integer is
obvious, since for a weight of order d, the Dynkin labels have to have preiodicity d, i.e.
decompose into N/d identical blocks of length d. Now since the sum of all Dynkin labels
is equal to 2N, the sum of the Dynkin labels in each block will be 2d. Therefore if N/d
were an even integer then the sum of the Dynkin labels in the first N/2d blocks would
have been equal to N contradicting the last condition in (D.4), thus N/d must be an odd
integer. Now we prove a key property that

AN = 4D g % =1 (mod?2). (D.8)

To prove this, we have to give a one-to-one correspondence between the weights of su(d)q
and su(V)y that have order d and satisfy the conditions (D.4). We show that the following
naive guess works

A=A A, dam1] < A= Ao, AL At A0 Ade] (D.9)

where the Dynkin labels on the r.h.s. are just N/d copies of the Dynkin labels on the Lh.s.
. Therefore we have to show \ satisfy the conditions (D.4) if and only if AV/? satisfies
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them. Let’s first assume A\™/? satisfies (D.4), then the only non-trivial condition that we
have to check for A is the last condition, that is the consecutive partial sum of the Dynkin
labels in each block cannot be equal to d. We prove this by contradiction. First note that
because of the periodicity property of the Dynkin labels the sum of each kd consecutive
Dynkin labels has to be equal to 2kd for any integer k. Now, assuming that there are some
consecutive Dynkin labels in the first block that their sum is equal to d, then the sum of
those Dynkin labels plus the sum of the next d% labels would be d +d(N/d—1) = N,
contradicting (D.4). Now let’s prove the opposite, that is A satisfy the conditions, then
we must show the sum of any consecutive Dynkin labels of AN/? cannot be equal to N.
Assume the contrary that there are some consecutive such Dynkin labels with sum N, note

again that the sum of any a ;l_l consecutive labels is equal to N — d, thus there has to

be some consecutive Dynkin labels whose sum are exactly d contradicting the fact that A
satisfies the conditions.
All in all, we have

(D.10)

AN {A((id) if % is an odd integer,
d —

0 otherwise .

Note that 2V—1 = 3" d AEZN), thus keeping only the non-zero terms gives

2N =N Ax, (D.11)

where we have dropped the upper index on A, and the summation is taken over the odd
positive divisors of N. Using the Mobius inversion formula, we can invert the formula
above to get

Ay = nd)2d, (D.12)

2td|N
where p is the M6bius function. Diagonalizing the action of the outer automorphism on the
orbit of an order d weight, gives d universes with eigenvalues 0, %, 2%, ..., N (mod N).

Thus if we define C2 to be the number of vacua in universe m, then

N A% ! 2%_1
Ch= > &= > wd) 5. (D.13)
2(d|ged(m,N) d 2fd|ged(m,N) dd’
2fd'| &
In particular, the number of vacua in universe with eigenvalue 1 (mod N) is CY = AT.
Also there are at least
N 1 N N N _N
- _ i Pipj _ ;PP
o =55 |2 Z2p+22 j 'Zz 4| (D.14)
i i#£] i<j<k
N
2N71 201 2N71
- = O(2N/3 D.15
vacua in each universes, where p; < ps < ... are the odd prime factors of N.
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E SU(N)ny modular invariants

In this appendix we list all the modular invariants of SU(N)y that can be obtained by
conformal embedding and the method of outer automorphism of the Kac-Moody algebras.

D series. The D-type modular invariants correspond to the usual gauging of the SU(N )y
WZW by a subgroup of its Zy center symmetry [64, 128, 156]. As discussed in section 7.1,
the Zn center of SU(N) leads to invertible Verlinde lines that generate a Zy zero-form
symmetry. It turns out that this group-like symmetry, for the case of SU(N)y, is non-
anomalous. Thus any Zj subgroup of this Zy symmetry can be gauged which leads to a
new modular invariant. We denote these modular invariants by SU/Z, for k a divisor of N.

Conformal embedding. All the conformal embeddings of affine Lie algebras have been
classified in [126, 127]. For the case of SU(N)y, there are only two such conformal embed-
dings: SU(N)y C Spin(N? — 1); where we denote the corresponding modular invariant by
Spin, and SU(6)g C Sp(20); that we will discuss in E.4.

Even N. Using these methods we find the following modular invariant torus partition
functions for even N

U) = ZXA X Z(SU%) ZXA X

N 2
SU/Zk ZZX)‘X.APIC,A’ for k/:?507
k/2—1 ,
Z (SU/ZIC) = Z Z XA )ZAZpk’)\ + Z X\ >_(_A(2P+l)k’)\ , for K =1 ,
p=0 k

iAZ0 iNik/2
2

Z (Spin) = |xa, | + |xa, > + 277 xp , (E.1)

where the summations are taken over affine weights at level N, i.e. Zf\; oAi = N, and

Yo X = D, X (E.2)

VAEVQO V;EVQI

Moreover, SU and SU* denote the diagonal and charge conjugation modular invariants
respectively, and A\* is the complex conjugate of A, i.e. A} = Ay_;. Asin 7.1, A denotes
the outer automorphism action, i.e. (AX); = \j_1.

Odd N. When N is odd, the chiral algebra of Spin(N? — 1); can be further extended.
These extensions are given by the modular invariants of Spin(N? — 1)1, which have been
classified in [157]. It turns out that all such modular invariants are D-type that are as-
sociated with gauging subgroups of the Z$ x Z$ center of Spin(N? — 1). There are six
such modular invariants associated to the five subgroups 1, Z5, Z5, Z3, and Z35 x Z5 of the
center. The sixth modular invariant arises because there are two ways of gauging the whole
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center. Different ways of gauging a discrete symmetry group G in 2d are classified by the
second group cohomology H?(G,U(1)), which is known as the discrete torsion [107, 131].
For G = 7y, this group is trivial, while H?(Zg x Zg, U(1)) & Zs.

The exact form of these six modular invariants for Spin(N? — 1); depends on whether
N =41 or N = +3 (mod 8). We denote the non-diagonal modular invariants by SO =
Spin/Zy, Ss = Spin/Z$,, Sc = Spin/Z$§, and PO = Spin/(Z3 x Z$), where there are two PO
modular invariants (PO! and PO?). Note that these six Spin(N? — 1); modular invariants
leads to only two different SU(/V)y modular invariant matrices. More precisely, Z(Spin) =
Z(SO) and Z(Ss) = Z(Sc) = Z(PO') = Z(PO?). However, as we will see for the case of
N = 3 in F.2, having the same modular invariant matrix does not mean that these theories
are necessarily the same and they can correspond to different boundary conditions (module
categories) C4. All in all we find the following modular invariants

U) = ZXA X Z (SU") ZX/\ POLR

N
SU/Zk‘ Z ZX/\XAPk’/\a for kl:?a

7(7

2
Z (Spin) = \XQO\ +[xa, [ +2‘2 z Xp‘ , (E.3)
and
‘ +2°7 ’2 NZ 41
2 =
Z (PO) = { X% XP ST
Ixaol? +277 (xa, X+ XpXa,) + 2V 3,2 N =43

where p =[1,...,1] is the affine Weyl vector of su(N).

Having discussed the modular invariants of SU(N)y for general N, in the following
we study the N = 3,4,5,6 examples. For the case of N = 3,4 the list of the modular
invariants that we provide is claimed to be a complete list [124, 125].

E1l N=3

For N = 3 the only non-diagonal modular invariants are the charge conjugation and the
PSU(3)3 modular invariants [124]

=Y x0xas 26U =) v, (E.5)
A A
Z (Spin) = Z (PSU) = |x00 + x30 + X03|* + 3|x11]*, (E.6)

where from now on to avoid a cluttered notation we use xax,n,. instead of

CAN—1
X[Ao,A1 A2, An_q]» and suppress the zeroth affine weight Ag. Defining the corresponding

modular invariant matrices by Z one gets

Z(Spin) Z(Spin) = 3Z(Spin) . (E.7)
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E2 N=4

For N = 4, there are still no other SU(4)4 modular invariant beyond the D-series and the
Spin modular invariant [125]. There are precisely seven modular invariants given by

= ZX,\XA, Z(SU") = xaxXa
)\

Z(SU/Zz) = Z X (X +Xaza)

2

’i)\iEO
Z(SU/Zs) = > xa (i +Xaza) + D X (Xax + Xasn)
4
ixiZ0 N

Z (Spin) = |x000 + X040 + X210 + Xo12|® + [x400 + X004 + X101 + x121|* + [2x111]%,

along with the charge conjugated modular invariants SU/Zy" and SU/Z4".

the product of the corresponding modular invariant matrices are

Z (Spin) Z (SU*) = Z (Spin) ,
Z (Spin) Z (SU/Z2) = 2Z (Spin) ,
Z (Spin) Z (SU/Z4) = 2Z (Spin) ,

Z (Spin) Z (Spin) = 4 Z (Spin) .

E3 N=5

(E.8)

Furthermore,

For the N = 5 case, interestingly there exist a modular invariant found in [158], that cannot
be obtained by the method of conformal embedding or outer automorphism. We denote

this modular invariant by SY. In total we find six modular invariants

=Y w0, ZUN) =3 e,
A A

(E.13)

Z(SU/Zs) = [xa” + x> + Ixsl* + [xal® + [xs|* + 5lxsl*
Z(SY) = [xal* + Ixel® + Ixal® + Ixs” + (xsXe + x6x3) + 4lxsl
Z (Spin) = |x1 + xa2|* + [xs + x6/” + 2/2x6/*,
Z (PO) = |x1 + x2> + 2 (x3Xs + x6X3) + 8|x6|”

written in terms the Zs (outer automorphism) invariant characters

X1 = X0000 + X5000 + X0500 + X0050 + X0005 5
X2 = X0102 + X2010 + X2201 + X0220 + X1022,
X3 = X0013 * X1001 + X3100 * X1310 + X0131
X4 = X0021 + X2002 + X1200 + X2120 + X0121 ;
X5 = X0110 + X3011 + X0301 + X1030 + X1103
X6 = X1111 -
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The product of some of these modular invariant matrices is given by

Z (Spin)

5Z (Spin) ,

Z (Spin) +4Z (PO) ,
2Z (Spin) +8Z (PO) ,
6 Z (Spin) +4Z (PO) .

Z (Spin) Z (SU™)
Z (Spin) Z (SU/Zs)
Z (Spin) Z (SY)
)
)

Z (Spin) Z (PO
Z (Spin) Z (Spin

(E.14)

In particular, these modular invariants form a closed algebra, and no new modular invari-
ants can be constructed by their fusions.

E4 N=6

For N = 6, we have an extra conformal embedding SU(6)¢s C Sp(20); [126, 127] that we
denote by Sp. Furthermore, we will find a new modular invariant by taking the product of

Spin with Sp. In total we find 13 distinct invariants. The automorphism invariants are

U)=> %, Z(6U) = xaxwe,
A A

7 (SU/Zs) = Z X (X0 + Xaza + Xain) 5

3

Z(SU/Zs) = Z al” + Z XA XA 5

Z_0 i\; —1
Z(SU/Zg) = > xa(Xa+ Xazx + Xann) + D xa (Rar + Xazn + Xasn) » (E15)
iA=0 N3

along with their charge conjugated modular invariants SU/Z3*, SU/Zy* and SU/Z¢*. B
using the branching rules of the conformal embedding SU(6)¢ C Sp(20); given in [159],
we find

N N C) (3) (3) (3) (3) 2
Z (Spin) —’Xooooo + X20010 T Xo1002 T Xo1410 T X11211 T X02020’

3 3 2
+ ‘Xéo)ooo + X:(32)001 + X£(’>O)100 + Xéo)141 + X(()1)121 + X20202‘ + [4x11111l”,
3 3 3 3 3 3
Z (Sp) :’X(()O)()00+X(()0)200+X02020‘ + ’X(()2)001 +X§o)ozo+X11111‘ + ‘X:(ao)oo:a +X§1)211 +X02020

‘XGOOOO +X4(10)()20 +X20202 } + ‘X30200 +X:(>>1)002 +X11111 ’ + ‘Xooozao +X§1)011 +X20202

‘ 2

:

3)
+ ‘Xoowo + XOlllO) + ‘X01010 + Xi2021
9

(3) 3 2.0
+ ‘X50010 + X30111’ + ’X40101 + X01202‘ + ’X20102 . (E.16)
where
3
X(>\1))\2)\3)\4)\5 XA1A223M425 T XAshoA1d2As T XAz aAsAoAs » (E'17)
XE\ = o+ xan + XA2x T XA3x T Xa4x + X A5 5 (E.18)
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denote the Z3 and Zg (outer automorphism) invariant characters. By taking the product
the above invariants, we find three more invariants

. 3 3 3
Z (X|Spin) = (X(()o)ooo + X(()0)200 + Xgo)ooz’, + X§1)211 + 2)(()2020)
—(3) —(3) —(3) —(3) —(3) -
X (Xooooo + X20010 t Xo1002 T Xo1a10 T Xit211 T XOZO?O)
(3) (3) (3) (3)
+ <X60000 + X10020 T Xo03000 T Xo1121 + 2X20202)

(3) (3) —(3) -3 —(3) -
<X60000 + X32001 T X30100 T Xoo141 T Xo1121 + X20202>

+ <X(()2)001 + Xgo)ozo + 2X11111> 4x11111 5

3
Z (X) :’Xéo)ooo + X(()0)200 + Xgo)()o3 + X51)211 + 2x02020

3 3 (3) 3)
+ )X((so)ooo + X40)020 + Xo03000 T X(()1121 + 2Xx20202

:

:
‘2

(E.19)

)

6 6
+ )X(()z)om + Xgo)ozo +2x11111

where the third one is Z (Spin|X) = Z (X|Spin)". They are related to the previous invari-
ants by

Z (Spin) Z (Sp) = 4Z (Spin|X) ,
Z (Sp) Z (Spin) = 4 Z (X|Spin) ,
Z (Sp)Z (Spin) Z (Sp) = 16 Z (X)) . (E.20)

In total we have found 13 modular invariants, and taking the product of these invariants
with Spin, we get

Z (Spin) Z (SU*) = Z (Spin) ,
Z (Spin) Z (SU/Zs3) = 3Z (Spin) ,
Z (Spin) Z (SU/Z2) = Z (Spin) ,
Z (Spin) Z (SU/Z¢) = 3Z (Spin) ,
Z (Spin) Z (Sp) = 4 Z (Spin|X) ,
Z (Spin) Z (X) = 8 Z (Spin|X) ,
Z (Spin) Z (Spin|X) = 16 Z (Spin |X) ,
Z (Spin) Z (X|Spin) = 8 Z (Spin) ,
Z (Spin) Z (Spin) = 16 Z (Spin) , (E.21)
where
Tr[Z (Spin)] = 48, (E.22)
Tr [Z (Spin|X)] = 24. (E.23)
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F Fermionic symmetric TQFTs

In the bulk of the paper we have discussed the bosonic version of adjoint QCD, where one
sums over all spin structures. This changes the symmetries of the theory a little bit, the
number of vacua changes etc. It however does not affect the question of confinement vs
deconfinement. For the sake of completeness in this appendix we discuss the symmetries
and vacua of the fermionic theory. In order to return to the fermionic theory from the
bosonic one, we can “gauge back” the (—1)f symmetry in (1.1) by gauging a Zy symmetry
with the twist defined by the Arf invariant [80, 88, 89, 93, 96, 100]. Applying this operation
to the bosonization (1.1), we get the duality

n Majorana fermions <> Spin(n); WZW /aysZs . (F.1)

Here, the Zy symmetry in Spin(n); WZW model is a subgroup of the center of the chiral
Spin(n) symmetry. The notation /a.fZo represents the gauging of the Zy with the Arf
twist. By taking n = N2 —1 and gauging SU(N), we arrive at the following duality for the
adjoint QCD with infinite coupling;:

(SU(N) adj. QCD with gyy — o0) < Spin(N? — 1)1/ SU(N)n/artZ2 TQFT . (F.2)

Having analyzed the vacua of the Spin(N? — 1);/SU(N)y theory, we can now gauge
the Zy center of Spin(N? — 1) with an Arf twist to analyze the vacua of adjoint QCD.
The question is then which vacua survive the gauging and whether more appear. In the
following we show that this gauging amounts to dropping the spinor representations of
Spin(N? — 1);. Therefore, the vacua of adjoint QCD in the NS sector are in one-to-one
correspondence with the branching coefficients in the decomposition of the trivial and
vector representations of Spin(N? — 1);.

Consider the theory on a torus. To gauge a discrete subgroup we sum over insertions
of topological lines generating the action of the symmetry [43]. We count the number of
vacua in the NS sector of the fermionic theory by the NSNS partition function which is a
sum of terms

1
ZNSNS = B ( + + + ) ; (F.3)

where the blue line is the Z3j symmetry line. The minus sign in front of the last term
corresponds to the insertion of the term imArf[ps] where s is the gauge field of the Z3.
To see this notice that the boundary conditions along the two circles are periodic and
therefore im [ Arf[ps] = im. Moreover the last two terms are related by the action of

= =T ( > : (F.4)

and thus, they contribute the same to the partition function. This is because in a TQFT,

modular T transformation

the partition function is independent of 7 and therefore each term in (F.3) is invariant
under modular transformations. Also, we have used the fact that the Zj symmetry is
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non-anomalous and thus the four-way junction can be resolved unambiguously. Without
the Arf term (upper sign) the theory has two invariant sectors, the untwisted one (first two
boxes) and a twisted one (last two boxes). However, gauging Z35 with the Arf term amounts
to dropping the odd states without introduction a twisted sector for this symmetry. Going
back to the case of interest, out of the three primaries of Spin(/N? — 1)1, only the spinor is
charged under the Zj center. In conclusion, gauging the ZY in the Spin(N? —1);/SU(N)x
gauged WZW model with an Arf twist and going to the NS sector of the fermionic theory,
is equivalent to dropping the branching coefficients appearing in the decomposition of the
spinor representations.

Having discussed all the essential ingredients, now we discuss the N = 3,4,5,6
examples.

F.1 SU(2)

We begin by analyzing the simplest case of N = 2. In this case the Spin(3); WZW model is
actually the same as the SU(2)e WZW and the IR TQFT candidate is the SU(2)3/SU(2)2
coset. The branching rules in this case are trivial since every module decomposes into
exactly one module of the same SU(2), representation. The primaries of SU(2)y are O,
Ofuna and O,gj with affine weights A = [2,0], [1,1] and [0, 2] respectively. Hence, before
gauging the Z3 center of SU(2) with Arf, there are three vacua in the bosonic theory.
After gauging with Arf twist, we are instructed to drop the fundamental representation
and we end up with two vacua which are permuted under the action of the one-form
symmetry. Thus the Spin /SU IR TQFT candidate predicts two universes and two vacua
— one vacuum in each universe — for the SU(2) adjoint QCD in its NS sector. This is in
agreement with the scenarios proposed by both [19] and [34].

Furthermore, since SU(2)2 does not admit any non-diagonal modular invariant, there
exist no other possible IR TQFTs, based on the existence of topological lines, beside a
direct sum of decoupled SU(2)2/SU(2)2 TQFTs.

F.2 SU(3)

To study the N = 3 case, we begin by the explicit branching rules

V01,0000 = V3,00 @ Vo300 ® Vio.3 5

Vi0,1,000 = Vi1,1,1] 5

V90,0010 = Vi1,1,1] 5

Vi0,0,001 = V11,1 - (F.5)

After fermionization we drop the two spinor representations and we are left with two vacua
in universe 0 and one in each of universes with 1 and 2. Therefore, the Spin(8);/SU(3)3
TQFT predicts four vacua (in the NS sector) and deconfinement for adjoint QCD.

There exist only two allowed non-diagonal modular invariants for SU(3)3, namely Spin
and SO modular invariant theories. Note that the other invariants such as the Ss, Sc,
and PO"? invariants do not lead to new theories because of the triality of Spin(8);, see
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also [160]. The possible IR TQFTs compatible with the existence of the topological lines
of 4C4, are in one-to-one correspondence with the SU(3)3 modular invariant matrices

Spin ® SU = Spin, (F.6)
Spin ® Spin = 3 Spin
Spin ® SO = 380, (F.8)

which shows that Spin(8);/SU(3)3 TQFT is the smallest possible IR TQFT and probably
the most reasonable candidate.

Note that although the Spin and SO have the same modular invariant matrices, they
correspond to different theories. The SO(8); WZW model is obtained by gauging the Zj
symmetry of the Spin(8); WZW model, and these two theories have different boundary

conditions C4. These different boundary conditions correspond to different SU(3)3 Ocneanu
graphs denoted by Az/3 and 3A§ in [125].

F.3 SU®4)
The branching rules for N = 4 are [149, 161]

V110,000,000 = V4,000 D Vio,040 © V(21,00 D V01,2
V10,1,0,0,0,0,0,00 = V1[0,4,0,0] © V[0,0,0,4] D V12,1,0,1] © V[0,1,2,1] »
V10,0,0,0,0,0,0,1] = 2V[1,1,1,1] - (F.9)

Similarly here after dropping the spinor representation and going to the fermionic theory,
there are 8 vacua that organize themselves into two orbits of the one-form symmetry, each
one of length 4. Hence we conclude that the Spin(15);/SU(4)4 TQFT candidate predicts
four universes, each with two vacua, for the SU(4) adjoint QCD. Looking for other possible
IR TQFTs, note that for SU(4)4 there are no other modular invariants beside D-series and
the Spin invariant that we discussed for general values of N. Thus we find possible TQFTs

Spin ® SU = Spin, ( )
Spin&U /2o = 2S§n, ( )
Spin ® SU /Z4 = 2 Spin,, ( )

Spin ® SU /Zy* = 2 Spin,, (F.13)
(F.14)
(F.15)

Spin ® SU /Z4* = 2 Spin,,

Spin ® Spin = 4 Spin .

Again, the Spin(15);/SU(4)4 TQFT has the smallest number of vacua among the possible
IR TQFTs.

F.4 SU(5)

By studying the branching rules for N = 5, using the modular invariants given in (E.13),
we find 16 vacua for the Spin(24);/SU(5)s TQFT after fermionizing the theory. Where

— 96 —



there are 4 vacua in universe 0, and 3 vacua in the other four universes. Furthermore,
five modular invariants satisfying Z(B)44 # 0 were found in appendix E, which lead to
possible IR TQFTs

Spin @ SU = Spin, (k.16
Spin ® SU/Zs = 5 Spin, ( )
Spin ® SY = Spin @ 4 PO, (F.18)
(F.19)

(F.20)

Spin ® PO = 2 Spin & 8 PO,
Spin ® Spin = 6 Spin & 4 PO .

There are four more theories whose number of vacua are given by ’Spin@@} =
’Spin@Spin‘ and }Spin@POl’z‘ = |Spin®&’ = }Spin@&’. Again, the
Spin(24);/SU(5)s TQFT has the smallest number of vacua among our list.

F.5 SU(6)

For N = 6, by dropping the spinor representation, the Spin(35);/SU(6)¢ TQFT has 32
vacua after fermionization. There are six vacua in universes 0 and 3, and five vacua in
other universes. In appendix E, we found 12 allowed modular invariants, that lead to other
possible IR TQFTs
Spin @ SU = Spin,
Spin ® SU/Z9 = Spin,
Spin ® SU/Z3 = 3 Spin,
Spin ® SU/Z¢ = 3 Spin,
Spin ® SU/Z>" = Spin,,
Spin ® SU/Z3™ = 3 Spin,,
Spin ® SU/Z¢" = 3 Spin,
Spin @ Sp = 4 SpiniX,
Spin @ X = §Spin[X
Spin ® Spin|X = 16 Spin|X,
Spin ® X|Spin = 8 Spin,
Spin ® Spin = 6 Spin . (F.21)

By using the trace formula we get

|Spin| = Tr [Z(Spin)] = 48, (F.22)
|PO| = Tr [Z(PO)] =24 . (F.23)
The Spin(35);/SU(6)¢ TQFT is the one with the smallest number of vacua, namely 48

vacua for the bosonic theory. The slightly larger TQFT is the Spin ® Sp TQFT with 96
vacua, which is twice as big as the Spin(35);/SU(6)s TQFT.
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G Topological lines in fermionic theory

In most of this paper we have worked with the topological lines in the bosonized the-
ory. This is to avoid technical complications, and also because of lack of literature
completing the theory of lines in a fermionic theory, though there are remarkable pa-
pers [93, 95, 162-169].>* Based on this literature, here we give a brief outlook of the
topological lines in fermionic theories, and give an explicit example of topological lines in
the fermionic SU(3) adjoint QCD.

G.1 Topological lines in fermionic theories

The topological lines in a 14+1d fermionic QFT is described by a super-fusion category. A
difference between a fusion category and its super-version is that in the latter the space
of morphisms is a Zs graded C-vector space (super-vector space). The grading denotes

55

whether the defect operator is bosonic or fermionic. Correspondingly, there are two

types of simple object in the category distinguished by their endmorphism algebra:%

e m-type simple object: the endmorphism algebra is C, whose dimension is 1/0. An ob-
ject of this type shares many properties with an object in a (bosonic) fusion category.

e ¢-type simple object: the endmorphism algebra is the Clifford algebra Cl; with a
single odd generator, whose dimension is 1|1. The odd isomorphism f in Cl; squares
to 1.

Physically, an m-type line is a defect on which an even number of 1d Majorana fermion
reside, while on a g-type line an odd number of 1d Majorana fermion reside. In addition,
if |0) is a gapped vacuum and L is a topological line of g-type, the vacuum L |0) should
differ from |0) by the Arf invertible phase, to match with the anomaly possessed by the 1d
Majorana fermion on the line. In particular, |0) # L|0). An example of a g-type operator is
the Zo symmetry operator when the Zs symmetry has an odd element of the Zg classification
of the Zs 't Hooft anomaly. Note that the quantum dimension of the anomalous Zs line
is \/5, even though it is invertible. Indeed the V2 is a natural contribution from a 1d
Majorana fermion living on the line.

A super-fusion category C should contain the “transparent fermion” line, which is
denoted by II. This line satisfy

Dim Hom(II,IT) = 1|0, Dim Hom(II, 1) = 0|1, Dim Hom(II,L)=0|0 for L # 1,1II.
(G.1)
In other words II is odd-isomorphic to the trivial line 1. For a qg-type line L, the line
IIL := I ® L is identified with L itself by the odd-isomorphism in Hom(L, L) ~ Cl;. The

54n particular, most of the literature talks about super-commutative Frobenius algebra object A and the
corresponding module category Ca, but not about the bimodule category 4Cg in detail. In [169] constructed
the bimoduel category based on [58].

55The dimension of a Zs-graded vector space is denoted as p|g, where p is the dimension of the degree-even
(bosonic) subspace and g is the dimension of the degree-odd (fermionic) subspace.

%6The m-type and q-type are referred to as bosonic and Majorana lines respectively in [93, 95].
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simplest super-fusion category is the cateogry SVect of super-vector spaces, whose simple
objects are even and odd one-dimensional vector spaces. Given a bosonic fusion category
Cpos, One can obtain a super-fusion category Cpos X SVect by including the transparent
fermion line. These are the topological lines in a bosonic system, when it is declared to be
put on spin manifolds without actually be coupled with the spin structure.

A general discrete gauging procedure in a fermionic theory is characterised by a “super-
commutative” Frobenius algebra object, which generalises a symmetric Frobenius algebra
object in the bosonic case. The “fermionization” gauging often considered in the main
text is the special case. There, the starting theory is bosonic whose symmetry category
Chos contains an anomaly-free Zo line a € Cpos. The Frobenius algebra object for this
special case is 1 @ Ila € Cpos X SVect. For a line L € Cpos to survive the fermionization,
L should commute with a with respect to the fusion ®. If L ® a ~ a ® L ~ L, after the
fermionization L becomes a g-type line because a is identified with II after the gauging
and the above fusion provides the odd isomorphism to itself. Omne the other hand, if
Li®a~a® L) ~ Ly with Home, (L1, L2) ~ {0}, L; becomes an m-type line after the
gauging and Lo is identified with II1L;. Further, there should be a quantum Zy symmetry,
which is the fermion parity (—1)F.

For a general super-commutative Frobenius algebra object A € C, we expect the cat-
egory symmetry of the A-gauged theory to be the bimodule category 4C4 defined in a
suitable sense. Here we assume that C = Cpos X SVect with a bosonic braided fusion cate-
gory Cpos. We further expect that the 3d picture involving surface operator S4, explained
in section 5.1.4 still holds, by allowing S4 to couple to the spin structure.”” Namely, we
expect that there are tensor functors a® : C — 4C4, and the analog of (5.20):

Dim Hom(a™ (L) ® a™ (Ly),a™ (L;) @ a™ (L) = Y NANRZRS,  (G2)
kk

where ZS}ES defines the T2 partition function with NS spin structure along the space direc-

tion."®

G.2 Lines in fermionic SU(3) adjoint QCD

The lines in the bosonized adjoint QCD, equivalently that of the Spin(8);/SU(3)s gauged
WZW model, are enumerated in (5.29). By analysing the fusion between the Zj line a
and other lines, we can determine the fate of the lines in (5.29) after the fermionization.
One finds that L;, i = 1,2,--- ,6 are fixed by the fusion with a and thus survive after the
gauging as q-type lines. The Z§ line will become the chiral Z) line which is anomaly-free in
8 fermions. Actually there are left chiral symmetry xr and the right chiral symmetry xg,
which differ from each other by the quantum symmetry (—1)¥. The other invertible lines s;
does not commute with a. However, if we let s denote the Z3 generator with multiplication
as = sab, the non-simple lines s + sb, sa + sab, s + sab, s>a + s>b commutes with a and
these give 2 m-type simple lines L7, Lg and the lines odd-isomorphic to them: IIL7,I1Lg

5TThe categorical condensation construction of Sa in [63, 111] is applicable to fermionic cases.
58Z1§,;S is understood as a pair of integers p|g where p counts the bosonic operators while ¢ counts the
fermionic operators.
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after the gauging. Therefore we expect that the lines are generated by the g-type lines L;,
i=1,2,---6 and the m-type lines II, L7, Lg, x1, (—1)¥" over the fusion ®.

The fact that Ly, Lo are g-type has significance in physics, because it indicates the
universes 0 and 1,2 have different invertible phase regarding the Arf invariant. This in
turn reproduces the expectation made in section 5.3 that a phase transition is expected at
a finite mass in the string universes.

One can further try to fit these lines into the image of the functors a® : C — 4Ca, where

A is now taken to be the super-commutative Frobenius algebra in C = Rep su(3)3 X SVect
+

(1,1)7
in the bosonized theory,

defining the 8 fermions CFT. The left-chiral symmetry line xr belongs to « since
+
(1,1)

and xr acts only on the left-moving sector. Then the right-chiral symmetry xgr should

the symmetry comes from the invertible line b belongs to «

belongs to oz(l - We also assume that the relation between a™ lines and L; lines with i =
Jr —

1,2,---6 remains the same as (5.29) and that L7, Lg belong to O‘(+1,0)O‘(0,1) and 1)1 0

respectively. The rest of the data can be fixed by demanding the equation (G.2) and the

result is

Ao =L a0 = Ls + TLs,

O‘(+1,0) = L1, Oéal) =1+xr+1xz,

0‘25,1) = L2, gy = L+ xr+1xg,

) = L3, aag)a(_m) = L1+ 2xgrL1,

Yo, = L a1y = L2 +2xrLe, (G.3)
o1 %0,1) = 2L5 ol = Ls+2xuLs,
aaO)O‘_LO) =2Ls O‘ELl,l)O‘(_m) =Ls+2x1Ly,

O‘zﬁ,o)a_o,n = L;+ 1L, aal)a(ll) =1+ xp +xz + xg + xg + 2(=1)F + 200 (-1)F".
In summary, there are 10 g-type simple lines:
Ly, Lo, L3, Ly, Ls, L, xrL1, xrL2, x£. L3, Xz L4 (G.4)
and 6 m-type lines up to II action:
1, Xz, Xr, (—1)%, Ls, Ly . (G.5)

The quantum dimensions are 1 for the invertible lines 1, 1, xr, (—1)F and 2 for all of the
others.

The analysis regarding deformations can also be done. The mass operator Oy, breaks
all but (—l)F , and the double trace quartic coupling preserves the m-type lines while
breaking the g-type lines.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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