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ABSTRACT: Prompted by the recent developments in integrable single trace 77 and JT
deformations of 2d CFTs, we analyse such deformations in the context of AdS3/CFT; from
the dual string worldsheet CF'T viewpoint. We observe that the finite form of these defor-
mations can be recast as O(d, d) transformations, which are an integrated form of the cor-
responding Exactly Marginal Deformations (EMD) in the worldsheet Wess-Zumino-Witten
(WZW) model, thereby generalising the Yang-Baxter class that includes TsT. Furthermore,
the equivalence between O(d, d) transformations and marginal deformations of WZW mod-
els, proposed by Hassan & Sen for Abelian chiral currents, can be extended to non-Abelian
chiral currents to recover a well-known constraint on EMD in the worldsheet CFT. We
also argue that such EMD are also solvable from the worldsheet theory viewpoint.
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1 Introduction

Recently a class of Lorentz invariant deformations of two-dimensional CFTs, dubbed 7T
deformations, have been demonstrated to be integrable [1, 2]. Concretely, one considers
deforming the Lagrangian of a CFT by the perturbation §£ = ¢T(2)T(z), which is a
composite operator of the holomorphic 7'(z) and anti-holomorphic components 7(z) of the
stress-energy tensor. Since T' and T are operators of conformal dimension (2, 0) and (0, 2),
respectively, the deformation is irrelevant and interpolates between an IR fixed point with
conformal symmetry and a non-local UV QFT. See [3-26] for related work.

It is well-known that any consistent quantum theory of gravity in AdSs defines an
asymptotic CFT [27, 28]. For this reason, the TT deformation is expected to have a holo-
graphic description. Two proposals exist: 7T can be single or double trace. For double
trace deformations, it has been argued that the deformation is dual to AdSs3 with a finite
cutoff [3]. In contrast, the single trace counterparts give rise to deformed geometries [29—
31] (see also [32-38]), which can be accessed through either their WZW, or alternatively
supergravity description. While the deformations are irrelevant from the viewpoint of the
holographic CFT at the AdSs boundary, they are marginal from the worldsheet CF'T per-
spective, where using the general Kutasov-Seiberg construction [27, 28], one can show that
the worldsheet deformation is of XY-type where X,Y are two worldsheet chiral currents.
Through explicitly working out the spectrum (see references above), it is shown that the
deformed worldsheet theory is solvable. The spectrum of the worldsheet theory matches



that of the integrable dual CFT. In fact one can show that integrability or solvability of
the deformed worldsheet theory follows from a similar analysis to that of TT [1, 2], as the
deformation has a similar form, i.e. XY-form [29, 32].

Truly marginal deformations of two-dimensional CFTs are well studied. In particular,
consider a deformation built from bilinear chiral currents obeying a current algebra, §£ =
92 ¥ J;(2)J;(2), where ¢ are real constants and g is a deformation parameter. As
initially highlighted by Chaudhuri & Schwartz (CS), a marginal deformation is guaranteed
provided [39]

Y oIt =Y " diemifF =0, for all I,m, k, (1.1)
i,j 0.
where fijk and ﬁjk are the structure constants of the chiral current algebras. It is worth
noting that this condition is effectively the Classical Yang-Baxter Equation (CYBE), where
ci;j is the r-matrix and the result applies directly to WZW or string o-models.

While (1.1) guarantees marginality of the deformation to first order in g, i.e. pertur-
batively, writing down the Lagrangian for finite g may not be straightforward. This issue
prompted Hassan & Sen (HS) [40] to conjecture that O(d, d) transformations of any WZW
model correspond to a marginal deformation of the WZW theory by an appropriate com-
bination of Abelian chiral currents. This means that when fijk = ﬁ-jk = 0, so that the
condition (1.1) is trivial, O(d, d) presents us with arguably the most powerful means to
identify the deformation at a finite value of the perturbation parameter. The proof of this
conjecture is firmly established [41, 42].

In recent years the CYBE has also resurfaced in another context, notably the Yang-
Baxter (YB) o-model [43, 44]. The YB o-model is specified by an r-matrix solution to the
CYBE and presents one with a systematic way to deform a coset o-model so that integra-
bility is preserved. It can be applied to string o-models to identify integrable deformations
of AdS, x SP geometries [45, 46]. Subsequently, it was realised that the YB o-model can
be recast as a non-Abelian T-duality transformation [47-49], and in parallel that the YB
o-model constituted a generalisation of the (Seiberg-Witten) open-closed string map [50],
namely a single matrix inversion [51, 52]. Regardless of which approach one adopts, one is
led to the inevitable conclusion that the YB o-model is a specific realisation of an O(d, d)
transformation in the target spacetime [53-56]. In particular, for any supergravity solution
with an isometry group, it was shown that there was a deformation based on the open-
closed string map where the supergravity equations of motion reduce to the CYBE [57, 58].
The fact that this class of deformations exists can be explained from the perspective of
non-Abelian T-duality [59]. Ultimately, these developments provide a concrete realisation
of the “gravity/CYBE correspondence” [60].}

Let us emphasise again that the HS proposal assumed the chiral currents were Abelian.
In the light of recent results in the YB literature, we now understand this restriction is
unnecessary and it can be relaxed. Doing so, and provided we honour a “unimodularity”
condition [62] that ensures the O(d, d) transformation leads to a valid supergravity solution,
so that the corresponding WZW model is still a CFT and the result (1.1) applies, we

!See [61] for the extension to the modified CYBE and supergravity.



are expected to recover the condition (1.1) on the nose for any chiral current algebra.
Admittedly, if one limits the scope to WZW models with groups SL(2,R) or SU(2), then
even for rank four deformations that are unimodular [62], one is still restricted to chiral
currents in the Cartan subalgebra, so there appear to be no examples where (1.1) is non-
trivially satisfied. However, our arguments are more general and apply to any group beyond
SL(2,R) or SU(2) where we expect non-Abelian deformations too. In summary, one of the
main results of this paper is that (1.1) can be recovered from an O(d,d) transformation.
In this way, following [40], we provide a way to find finite transformations associated with
the integration of the infinitesimal deformations.

This leaves some comments on the single trace TT [29] and JT deformations [30,
31] in the literature. Despite being irrelevant from the perspective of the holographic
CFT, they are marginal from the perspective of the string worldsheet CFT or WZW
model, so they fall into the class of deformations discussed in [39]. Therefore, even in the
case of non-Abelian symmetries, O(d, d) provides a powerful method to identify the finite
deformation, and as we show, it can be exploited to recover existing results and provide
new examples. This replaces auxiliary Wakimoto variables [64], pursued as a means to
identify the finite transformation in [29]. In [30, 31], the infinitesimal deformation is exact,
so the identification of the finite transformation was not a concern. We comment more on
these examples in section 2.

Note added: while we were revising this manuscript, a related paper discussing over-
lapping material appeared on the arXiv [63]. We explain the connection in the appendix.

2 TT & JT: dual worldsheet viewpoint

In this section we review the known single trace current-current deformations, namely
the TT and JT. Let us begin with the deformation originally reported in [65],2 which is
later reproduced in [29], where auxiliary Wakimoto variables are evoked to find the finite
transformation. As pointed out in [65], while the infinitesimal transformation is the result
of a deforming operator built from chiral currents, to get the finite transformation one can
introduce gaugings in the spirit of the Buscher procedure [68-70]. Here, we wish to spell
out that the introduction and integration out of Wakimoto variables [64] simply mirrors a
TsT transformation [71], so that the final geometry is of course a TsT deformed geometry.

A further message to the reader is that TsT with B-fields can be encapsulated in a
single matrix inversion of the form [55] (see also [59])

(g+B) +0] =g+ B, 2 /g=e2/-¢, (2.1)

where g, B are the original metric and B-field, © is the deformation parameter and ¢’, B’
are the deformed metric and B-field. The dilaton transformation follows from a well-known
T-duality invariant. When © is an antisymmetric product of Killing vectors, i.e. @™" =

—2nrt vzmvgl, where 7 = —rJ* are constants, the equations of motion of supergravity are

2See also [66, 67] for related current-current deformations.



expected [57]% to reduce to the CYBE. Specialising to the case where the skew-symmetric
matrix 7% has only a single component with commuting Killing vectors, namely an Abelian
r-matrix, we recover a simple TsT [73]. One further comment is in order. When B = 0 we
recover the original open-closed string map of Seiberg-Witten [50]. We will come back to
this map in the next section where we will review the known embedding of YB deformations
in O(d,d) [55] with a view to extending it.

To illustrate YB deformations via the map (2.1), let us consider the AdS3 x S3 x T*
geometry supported by H-flux:

1
ds® = 2 (—dt* + dz?) + dp* + Z(J% + 03+ o2) +ds*(T),

1
H = —2e*’dt Adz A dp + 101N 02 A3, (2.2)

where we have explicitly written out the AdSs components and adopted left-invariant one-
forms o; for the S3,

o1 = —sinydf + cos ¢ sinfdp, o9 = cosdf +sinsinfdep, o3 = dy + cosfde. (2.3)

To get the finite transformation, one needs only specify the deformation parameter in the
map (2.1),
0= g By A s, (2.4)

where 7 is a deformation parameter. One slight subtlety is that the map can be singular in
a particular gauge, since the matrix G 4+ B may be non-invertible. Provided one is careful
to avoid this specific gauge, the map is well-defined and the end result of the deformation
is [55]:

el (—dt? + da?) 1
a5t = L) L4 4 107 o+ o)+ AT,
2e2P 1
H = —Wdt/\dx/\df)—l—zm/\az/\%- (2.5)

Note, this deformation corresponds to a TsT transformation in the (¢, z) directions. How-
ever, up to a Lorentz transformation it is the same as the deformation © = 79, A 05,
where we have introduced null coordinates, v =t +z,5 = —t +x. But therein lies another
subtlety: T-duality, namely the “T” of TsT is only well-defined for non-null directions. Up
to some redefinitions, this is the same geometry discussed in [29, 65], so we conclude that
it is a TsT geometry.

However, one can go further with the comparison. We recall that Wakimoto vari-
ables [64] were introduced in [29], essentially to identify the finite transformation, and in
terms of these variables the worldsheet action may be expressed as (we set a = 1)

L = 0pdp — 2R 5yp + BOv + By — BBe . (2.6)

%When B = 0, we have both a perturbative [58] and a proof to all orders [72], while when B # 0, the
map has been checked for a number of non-trivial cases [55]. More generally, exploiting the connection to
non-Abelian T-duality, this map can be derived [59].



The idea now is one integrates out the auxiliaries 3, 3, which are quadratic in the action
to recover the AdSs3 o-model with coordinates (p,~,7). The linear dilaton disappears in
the procedure through the usual Gaussian path integral.

Now, let us return to the original solution (2.2) and T-dualise on the z-direction.
Omitting the rest of the spacetime, which does not change, the resulting T-dual solution is

ds? = —2dadt + e~2°dz? + dp?, @ = —p. (2.7)

It is worth noting that the g component of the metric has disappeared in the T-duality, an
artifact of the fact that we considered the gauge where the combination G + B is singular,
and the geometry is supported solely by a linear dilaton without a B-field. Note, the
matrix inversion (2.1) is singular in this gauge, but the TsT can be performed regardless.
The corresponding worldsheet action is simply

L = 0pdp + e~ dx0x — Otdx — dxdt — 2R 3)p- (2.8)

To get back the original o-model, one follows the Buscher procedure and gauges the isom-
etry z, introducing a Lagrange multiplier Z, integrating out the gauge fields, before finally
adopting the gauge where the original coordinate x is a constant. Let us rearrange the
order here. First, we gauge the isometry direction x by introducing the gauge fields,
0r — Ox + A, 0x — Ox + A, before finally setting = to be a constant. Following an
integration by parts, the resulting action is

L=0p0p+ e *PAA— (Ot + 0%)A + A(—0t + 0%) — 2R )p. (2.9)
Note that up to the following redefintions:
A= B, A= -B, (t+I)——y, (—t+i)—7, (2.10)

this is nothing but the Giveon et al. action [29, 32] in Wakimoto variables (2.6). As noted
n [29], the effect of the CFT deformation is to deform the worldsheet action by a term
proportional to 4/, or in our notation AA. To appreciate that this is the shift in TsT, let
us return to the T-dual o-model action (2.8) and shift ¢+ — ¢ + Az with A = —3. Next,
one repeats the gauging and redefines the variables to recover the deformed action, before
finally integrating out the gauge fields.

In summary, the holographic dual to the TT deformed 2d CFT is not only given by
a TsT deformed geometry, but the introduction of auxiliary Wakimoto variables in the
worldsheet action leads to an action that is equivalent to the T-dual o-model action with
gauged isometries. Integrating out these gauge fields, one completes the Buscher T-duality
procedure. Thus, at every stage of the transformation one is mirroring a TsT transforma-
tion, and it is precisely this transformation that allows one to get a finite transformation.
Finally, we note that while the conformal symmetry of the 2d CFT is broken (in the UV),
the T'T deformation keeps the Poincaré symmetry. This may be seen explicitly at the level
of the dual gravity background and also the bulk worldsheet action. Moreover, this tells
us that half the original target space supersymmetry is preserved by the deformation.



Since TsT transformations are Yang-Baxter deformations, essentially through the
map (2.1), this raises the question are all current-current deformations in this class TsT
transformations? To see that the answer to this is negative, let us consider the second
example of a JT [31] or T'J deformation [30]. Here, we follow the treatment in [30], but
the deformation is the same modulo switching holomorphic and anti-holomorphic sym-
metries. The transformation differs from the earlier single trace 7T transformation since
one is mixing a current corresponding to the stress-energy tensor with a current from a
global U(1). In the concrete case we consider below, the U(1) symmetry is a Cartan of an
SU(2) symmetry.

Let us consider the original spacetime (2.2), which we will now deform using our
map (2.1) and the deformation parameter:

0" =—n. (2.11)

Since 7 is a null direction, this transformation should be regarded as a T-duality on ¢ and
a shift in v, otherwise the T-duality does not make sense. The end result is

1
ds? = dp? + €% (dy — %(dw + 2 cos 9d¢>)> 4y + 5 (d6* + sin® 6d¢? + (dyp + cos fde)?) ,
1 1
B = —562[) (d’y — Z(dw + 2cos 9dgz§)> Ady + i Odo A dip, (2.12)

which up to signs and factors agrees with the result in [30]. To remove these factors, as
explained in [74], one can consider further shifts and rescaling in coordinates. Explicitly,
one can redefine n — —2n and then shift v — v + 24. The resulting geometry is [30]:

1
ds? = dp?+e? (dy + A(dep + 2 cos 0de)) dy + 1 (d6? + sin® 0d¢? + (dip + cos 0de)?) ,
1 1
B = —562” (dy + A(dyp + 2 cosdg)) A dy + 78 0do A di. (2.13)

In summary, the finite form of the TT deformation is a TsT transformation, whereas the
JT deformation requires an additional shift. This additional shift is evident in the JT'
example as the mapping (2.1) through the data (2.11) only executes a TsT transformation
so that the intermediary solution is (2.12). As explained above, to bring it to the eventual
expression (2.13) an additional shift is required. Strictly speaking, this additional shift
takes us outside the class of YB deformations, including TsT transformations, described by
map (2.1) and is more accurately viewed as an O(d, d) transformation. One final comment:
the end geometry preserves N = (2,0) supersymmetry, as we explain in the appendix.

3 0O(d,d) transformations

In the previous section we showed that there are deformations of the worldsheet CFT
Lagrangian based on chiral currents that are not simple TsT transformations. They are
also not YB deformations, but are best viewed as O(d, d) transformations as conjectured
initially in [40]. Strictly speaking, there was the additional assumption that the chiral



currents are Abelian, but in the light of the YB literature, this can be relaxed. In this
section, we will solidify the connection. More concretely, we will show that given an
undeformed non-linear o-model with a Wess-Zumino term, Sy, and isometries generated
by generalised Killing vectors, the result is a deformed o-model S, expressed as a current-
current deformation. Our treatment overlaps with [41, 42].

However, before proceeding to this result, let us review how TsT transformations and
more generally YB deformations are embedded in O(d,d) transformations. Consider a
supergravity background that admits a set of Killing vectors, v; = v]" O,

Evigmn = Evian = avicb =0. (3.1)

The middle condition can be relaxed, as v; being an isometry of the full solution only
requires £,,dB = 0, which is satisfied if

Ly, B = —diy, (3.2)

for a one-form v;. We can then introduce the concept of a generalised Killing vector

(VZ-M ) = (v, 17¢m). According to the introduction of the one-form ¥; , a commutator of the

generalised Killing vector is given by the Courant bracket [75], and we suppose V; form a
closed algebra

Vi, Vile = fi" Vi (3.3)
We further suppose that they have constant inner products

Gij = nun VM VN =i 05+ 0 5. (3.4)

In addition to these generalised Killing vectors, we introduce the standard notion of a
generalised metric

_ 9Imn Bmp gP? Bqn Bmp gPr
Hyun = , 3.5
N ( gmp Bpn gmn ( )

and the T-duality invariant form of the dilaton:

e 2 =72 /2y, (3.6)

We also introduce nysn, a constant O(d, d)-invariant metric,

0 o
= m 7
NMN (521 O)’ (3 )

which allows us to raise and lower the O(d,d) indices M, N. Having introduced some
preliminaries, we are in a position to define the O(d, d) transformation of interest to us. To
do so, consider n generalised Killing vector V;M ,i=1,...,n, and define the set of matrices:

(Tig)a™ = Viar ViV = Vinr VY = =(T)n™ (38)



It can be checked that the matrices satisfy the O(d, d) property,
(Ti)m” mpn + e (T5) N =0, (3.9)

and as a result, they form a subalgebra of O(d,d). Using these matrices, we define the
relevant O(d, d) matrix as

b= e 1T ’ P = —pdt, (3.10)

where 7% is a skew-symmetric matrix with constant entries, and the associated O(d,d)
transformation is

iy = hat” Hpg (W9, e =7 (3.11)

It is well known that the O(d, d) transformation (3.11) is a symmetry of string theory for
constant T;;. However, the generalised Killing vectors can depend on coordinates and in
this case Tj; is generically not a constant matrix. As a result, the O(d, d) transformation is
not guaranteed to give a supergravity solution. Nonetheless, it can be shown that there is
a subgroup of O(d, d), called S-transformations, where the transformation is equivalent to
a YB deformation [53]. In this case, a solution is expected to exist once 7% is an r-matrix
solution to the CYBE. See for example [57, 58].

Note, this transformation covers YB deformations and TsT as special cases, so they
can all be repackaged as O(d,d). Let us spell out how this happens. Truncating out the
one-forms v; = 0, the O(d, d) matrix simplifies to

h = om0 O = 2y 3.12)
emn gm | = —2nriv; vy, (3.
and in the process the O(d,d) transformation reduces to the map (2.1). Further special-
ising to the case where the Killing vectors commute, i.e. [v;,v;] = 0, we recover a TsT
transformation. This brings our definition of the O(d,d) transformation to a close. We
have explained the connection to YB deformations and all that is required is to introduce
one-forms ¥; to describe more general transformations, such as the 7'.J deformation, as we
explain in the next section.

3.1 Finite worldsheet JJ deformation as O(d, d) transformations

Let us now return to the task of illustrating the connection between O(d, d) transformations
and current-current deformations of the string o-model or WZW model. We start with the
undeformed o-model,

1 _
So =5 / d%2 (gmn + Bmn) 0X™OX™. (3.13)
s

The Noether currents associated to the symmetries generated by the generalised Killing
vectors are

J(l) = J(z)m oX™m = ’Um(g + B)mn 0X" + 0;, 0X™,

Fo_T. 5 . - (3.14)
J(i) = Jiym OX™ = 07" (g — B)yn 0X™ — 0 0X™,



and they satisfy the equation 5J(i) + aj(i) = 0. Let us now introduce the matrix

appearing in the o-model action above. Omne can show under a generic O(d,d)

transformation,
N_ [Pn" q
hyt = (r”mln 822) , (3.16)
that E,,, transforms as
E'=(q+pE)(s+rE) " (3.17)

While this is true for an arbitrary O(d,d) transformation, we can specialise to the case
that interests us (3.10), so that the O(d, d) matrix can be expressed as

” 0N 4 89 By V" 59 By B
hap =6y +s7 Vi Vi = |7 0 o 3.18
M M ts MV 51 U;n ,an 621 4+ gl vim f)jn ) ( )
where we have defined the following matrices:
. . 21n)2 . ) 21)3 . . .
§9 = —27’]7’” + ( 277') T‘Zk Gri ,r,l] - ( 37,{) TZk Gri le Gri Tl] 4.
o0
=5 E20 gy, (3.19)
=
and the constant matrix G is defined in (3.4). It is useful to note that this implies
8%+ 5% Gy = (e 29y (3.20)

For the YB case with v; = 0, we have G;; = 0 and hence s = —2ri,
In terms of these matrices, by comparing (3.16) with (3.18), we can record the matrices
appearing in the O(d, d) transformation of the matrix E:

(q +pE)mn = Lmn + s Vim, J(j)n7 (3 + TE)mn = 521 + 5" 'U;n J(])n (321)

We now have to simply invert the latter,

[(s+rE)' ™ =0p — v s™ ted Jym (3.22)
where 1
td =60 — T ol s 4= — - 3.23
i ~ Jam Uk 5T+ T ot 5 (3.23)
We next substitute these expressions back into (3.17) to find,
Epp = (Emp + 87 Tign J(jyp) (65 — A0 J(5),) (3.24)
where
PRI L (3.25)



Next, from (3.23) we learn that
NI = g4 silJ(l)va”‘/\kj =5 — )\ilJ(l)mv,Tskj, (3.26)
and hence

B = Gnn B = B = (i = Bl )N
— By — AV J(i)m J(j)n- (3.27)

Therefore, the string o-model action on the O(d, d)-transformed background may be ex-

pressed as:
Sy = e [ 2 G + Bl )0x"0x"
27
1 P
=S — 5 /d2z)\ T Ty Iy - (3.28)

That is, the O(d, d) transformed action can be interpreted as a current-current deformation
of the original action. However, note that A not only involves all powers of the deformation
parameter 7, but it also non-trivially depends on the worldsheet fields X (z). We also
bring the reader’s attention to the fact that the action S, may be viewed as a one-parameter
family of theories. Recalling (3.26),

NI =2nr 4 O(n?), (3.29)

the infinitesimally deformed action is generated by r% j(i)J( As discussed in the intro-

)
duction, this infinitesimal deformation is exactly marginal and also solvable if "/ satisfies
the CYBE,

i gl okl j okl il k.l jl
flllQZr] i+ fl112] et 4 flllQ rrl? =0, (3'30)

where fz-jk are the structure constants of the algebra of Killing vector fields. We note
that (3.30) is a weaker condition than (1.1) in the sense that it requires vanishing of the
totally antisymmetric part of r - r - f three-tensor. Note also that, unlike our case, for the
CS deformations ¢/ is not necessarily anti-symmetric (recall that anti-symmetry of r% is
associated with the orthogonality of the generic O(d,d) transformation (3.10)). We will
elaborate on the CS condition (1.1) and its relation to CYBE (3.30) in the next subsection.

We now establish that S, may be viewed as integrated form of this infinitesimal de-
formation. To this end we begin by defining the “transformed currents”

n = gqn
i) = Jm
™M = 7"
iy = Jim

OX™ =v"(¢' + B )y 0X" + Ui 0X"

OX™ =™ (d — B’ OX™ — 5. HX" (331)
=" (g Ymn OX™ — 0y, OX™

~10 -



which can be expressed as follows by using matrices introduced above:*

J = ((55 + gilslk)tij(j), J!

(0 (= (7 TAD ). (3-32)

Then, we can show the following identity for the transformed action .S;;:

on 5 dAY
577+577 = Sn - 2ﬂ_/d z d’l7 J(Z)J(]) (3.33&)
_ on [ o ~ijm m
=5, / a2 ¢ T T (3.33D)
where as we will show below
C = —2rY. (3.34)
To establish the above, let us start with %:j(i)J(j) = CY j(”i) Jg,). Employing the
identity,
d\¥ - dsht
=(As™ ) —¢/ 3.35
G = O o, (3.35)

which can be shown from (3.26), we obtain,

o dskt I N
CU Iy Ty = g A R ot o)
ds™ =1y, 3. gn
= g, [0+ G W T T (3.36)
where (3.32) is used. This leads to
ij ds™ —17 j ij
C = T [(1+Gs) " = =209, (3.37)

where in the last equality we used (3.20). This completes the derivation of our formula

J

n ij 7
Siptan =Sy = — /szr Ty Iy - (3.38)

We discuss the physical interpretation in the next subsection.

4These can be shown as follows. Starting with the definition (3.31) and (3.27), we obtain
T = Ty = 0" Toym A Ty = Ty = Tagmoi N Ty + Gud Ty = (1+ Gs)i" T,
where we used v{"j(k)m = Jymvi* — Gir, (3.25), and (3.26). Similarly one may work through J":
- - m i = B L
Tl = Jiy = v Taym (W) Iy = (s7TAT) T,

where we used (3.25) and (3.26).
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3.2 Physical implications and discussions

As we already discussed, infinitesimal deformations (3.29) are exactly marginal if 7%/ satis-
fies the CYBE (3.30). On the other hand we have the CS condition (1.1) which as discussed
in [39] guarantees marginality of the g3, ct J(i)j(j) deformations to all orders in g. On
a different account, as discussed, the action at finite deformation parameter 7 has three
important features, (1) S, can be written as a deformation by the same currents j(i), J(j)
as in (3.28) and (2) Sy1s; — Sy can be written as a deformation by Ji;)J(;) with a field
dependent coupling dA" /dn (3.33a) or (3) )45, — Sy can be written as a deformation with
transformed currents JZ.) j("j) with a constant coupling —27%, as given in (3.38). In this

part we would like to elaborate on these results.

More on CS condition (1.1) vs. CYBE (3.30). In the setup studied in [39], existence of
the holomorphic and anti-holomorphic currents are assumed. Correspondingly, we prepare
a set of the left and right generalised Killing vectors, {V;} = {V,, V}} satisfying

Var Vile = far® Ve,  [Vas Vile = fap® Ve (3.39)
which commute with each other. The left and right symmetries are characterised by®
HM VN =4y M yMy v = VM (3.40)

Under the setup, the associated Noether currents {J;} = {J,, J;} are (anti-)holomorphic.

Due to the left-right split, the O(d,d) generators are decomposed as {T;;} =
{Tup, T,p, T3} - We can easily see that an O(d) x O(d) subgroup generated by Ty, and T
does not deform the supergravity background. Therefore, the deformations are essentially
parameterized by O(d, d)/O(d) x O(d), namely h = e=217"" Tas 6 For this type of r-matrix,
which is unimodular, the CYBE reduces to

pdape fae =0, pedpbe fe—q, (3.41)
which is exactly (1.1) by identifying ¢;; and rab

On \¥ J(i)f(j) deformation and its exact marginality. To argue for marginality
of finite deformation we first show that the coupling A" satisfies (1.1) provided that r%
satisfies the same equation for both fijk , ﬁ-jk structure constants. To see this it is enough
to note that

§9 =ik 4,0 = Bl rh
for some known matrices A, B. This may be readily seen from (3.19). Then recalling (3.26)
this implies

NI = ph X ) = Y (3.42)

®Note that, if we denote (VM) = (v, Gam) and (V) = (vZ", Dam), these equations are equivalent to
Vg (gnm — Bam) — Uan = 0 and vZ (¢gnm + Bnm) + Uan = 0, which make the associated Noether currents
holomorphic or anti-holomorphic.

6 At first sight the situation here appears opposite to the usual formulation of O(d, d) transformations,
where the non-trivial transformations are contained in the O(d) x O(d) subgroup. However, it should be
noted that here we are deforming the geometry by introducing a bivector corresponding to a Drinfeld twist

and the non-trivial deformations are of the form 7%,
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for some known matrices X,Y. However, the CS condition (1.1) only guarantees exact

marginality of the deformation for constant ¢*. In our case A\¥ is not a constant and has a

non-trivial field dependence. Nonetheless, we note that the dependence of coupling A/ on

worldsheet fields appears through X" (z, z) from components of generalized Killing vector
i

of [39] goes through and the correlators involving any number of the deformation term still

v;, ¥; and the background fields g, B through J(m). One can then see that the analysis

vanishes upon assuming (1.1).

Integrated deformations as O(d, d) transformations. As constructed and is explic-
itly and nicely demonstrated in (3.28) and (3.38), our O(d, d) transformed action produces
a one-parameter family of theories and perturbation around any point of them produces
the same form of the deformation. That is the O(d, d) transformation provides a way to
j)» as discussed in [40, 42].
While the CS deformation does not ask for antisymmetry of the coupling, our analysis sug-

integrate the infinitesimal YB-deformation generated by r% J(i)j(

gests that the condition of being able to integrate the deformation to a finite transformation
requires its antisymmetry, so that there is an associated O(d, d) transformation.”

As another crucial remark we note that given a background with generalized Killing
vectors VM, these vectors do not remain Killing under a generic O(d,d) transformation.
Therefore, the transformed currents J("Z.), ja) (3.31) are not generically conserved anymore.
In the case of Abelian r-matrix, where [V;, Vj]c = 0, we can easily show that V; satisfy the
generalised Killing equations even in the finitely transformed background. Therefore, the
“transformed currents” JZ.) and j("i) are conserved Noether currents. Then, the current-
current deformation (3.38) from S, to S, s, is exactly marginal because the coupling 7 is
a solution of CYBE. In this sense, the finite O(d, d) transformation yields an “integrated”
version of the deformation.

Note that this general result extends the analysis of [40, 42] to general O(d,d) de-
formations of arbitrary backgrounds admitting Abelian generalised Killing vectors. In
non-Abelian cases, where V; do not commute with each other, the formula (3.38) is still
valid but a part of the isometries generated by V; can be broken in the deformed geom-
etry, and J(nl.) are not necessarily conserved. This makes the interpretation of (3.38) less
clear. However, as we know from many examples, an O(d,d) transformed geometry is al-
ways a solution of supergravity if the r-matrix satisfies the CYBE. This indicates that the
deformed theory S, for a finite 7 is CFT, and the deformation S, — S, s, should be a
marginal deformation.

4 Examples

Having established that single trace 77 and T.J deformations are more accurately re-
garded as O(d, d) transformed solutions, we can turn our attention to revisiting the exist-
ing examples in this language. Along the way, we will take the opportunity to illustrate

"We would like to remark that one should distinguish between exact marginality of the deformation and
the condition of its integrability; while the latter requires the former, the exact marginality does not imply
existence of associate finite transformation.
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some new related examples. For concreteness, we consider deformations of the geometry
AdS3 x 83 x T* (2.2). Our conventions and notations are gathered in appendix B. In-
evitably, this will restrict us to pretty trivial examples® with commuting chiral currents,
but the generality of the results in the previous section should not be overlooked. For more
general WZW models, they are expected to apply.

TT case. To begin, let us recall the O(d, d) transformation of interest (3.11) and to get
oriented, let us rehash the original TT deformation [65] from this more general vantage
point. To do so, one simply has to identify the pair of generalised Killing vectors,

Vi = (85,0), Va=(85,0). (4.1)

Note, in the absence of the additional one-forms ¥, this deformation reduces to a YB de-
formation with r-matrix r = %87 A O5. More specifically, this transformation is a TsT
transformation, and exploiting Lorentz symmetry, it is equivalent to a TsT transforma-
tion in the (¢, z)-directions, which is well-defined from the perspective of T-duality, as we
explained in section 2. In this case, the deformed o-model action is

Ui 2 28 71— 7 n 2 1 .
_ — S — ) 4.2
Sy = S0 27r/dze JJ So 27T/d,z<1 7762p)JJ (4.2)
where @' denotes the deformed dilaton and J~ = e* 97, J~ = €%’ 0~ correspond to chiral

currents. Modulo a coordinate change, the geometry can be found in (2.5).

JT case. As stated, the previous example is a vanilla YB deformation (or TsT). The JT
deformation, since it requires an additional shift, is not in this class and we presently turn
our attention to it. The additional shift necessitates adding dual one-forms. So, here we
define the generalised Killing vectors:

1
Vi= (0,0), Va= (0~ dv) (43)
What is interesting about this example is the O(n?) terms do not appear in the final

expression and the infinitesimal transformation agrees with the finite one. In the end the
deformed o-model may be expressed as

S, = So— % /d% J R, (4.4)

where we have introduced the current k3 = %((j)w +cos 00¢). Before departing this example,
let us remark that in the absence of the one-form, we recover the deformed geometry (2.12),
which is a TsT deformed geometry, as explained earlier.

8This is even true if one extends the scope beyond rank two examples to rank four deformations obeying
the unimodularity condition [62], so that the worldsheet theory is still a CFT.
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TT and JT combined. To do something new, we can easily combine the previous two
examples by considering

V= (&,, 0) , Vo = (61 &—, + c2 61/,, —%dw) R (4.5)

where we can truncate to the 7T or JT deformation, respectively, by choosing ¢ = 0 or
c1 = 0. The infinitesimal deformation of the o-model action is obviously marginal,

Ui 2 1 7 7.
Sy=S8y— - [d% —— T (] +ek
n o 271'/ T+ ene) (1] +eaks)
= S — 277/(12,2 (e J_J_ +caJ ks) + O, (4.6)
T

where in the second line we have expanded to isolate the infinitesimal deformation.

KT deformation. Let us consider one further example, which is related to the TT
deformation, but the anti-holomorphic SL(2,R) of Kutasov-Seiberg [27, 28] has been sub-
jected to an SL(2,R) transformation. We know that this deformation exists, as in the usual
notation of conformal symmetry generators where P denote translation and K special con-
formal generators, specialised to null coordinates, the r-matrix r = %PW A K is a trivial
solution to the CYBE. In terms of our current framework, the deformation is specified by
the following combination of generalised Killing vectors:

Vi=(04,0), Vo= (-50,—e *0,+75 05, 7dp+d7), (4.7)

and the o-model action in the deformed geometry becomes

i 9 1 -
=8S,— L [ 2y — -
Sy = So 5 / 2(1 nezf"_yQ)J Jy
=50 — 777 /dZZ J_Jy + (9(7]2) , (4.8)

where J, = —250p + €%’ 5% 0y — 07 . As with the previous example, it is hard to imagine
that one can identify the fully integrated deformation to all orders in 7 by exploiting Waki-
moto variables and this makes O(d, d) transformations potentially the only game in town.

5 Discussion

This manuscript began life as a question: are single trace TT [29] and JT [30, 31] de-
formations TsT or YB transformations? As explained in section 2, this question can be
answered in the negative. A related puzzle concerned the role of the Wakimoto variables,
which appear in the TT deformation as a means to extend the infinitesimal current-current
deformation to a finite geometric transformation, whereas for the JT' deformation, it turns
out they are unnecessary as the infinitesimal deformation is exact. Funnily enough, the
answer to these questions were already in the literature and just needed to be resurrected.

To appreciate this, one simply has to recall that 77T and JT deformations, while irrel-
evant from the perspective of the holographic CFT are in fact marginal for the worldsheet
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Integrable
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o
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Solvable marginal ordd Supergravity
deformations of transfo(mﬂlaiions deformed AdS; xS?
string worldsheet backgrounds

Figure 1. Triangle of integrable deformations. The top corner denotes the integrable, irrelevant
deformations of a 2d CFT, like single trace 7T or JT deformations. The bottom left corner shows
the general .J.J deformations, which are marginal deformations of the string worldsheet theory on
AdS3 x S? background. These marginal deformations are dual to the irrelevant deformations of
the 2d CFT. It has been shown in the literature that these deformations of WZW model are also
solvable. As we argued here O(d,d) transformations allow us to find finite deformations in this
class. These finite deformations can then be traced back in the 2d CFT side. The bottom right
corner shows the gravity background obtained from the same O(d,d) transformation. We should
mention here that the string theory WZW model have another class of integrable deformations,
the YB deformations that are dual to “noncommutative” 2d CFT. These deformations, too, are
generated by another class of O(d, d) transformations, which in especial cases reduce to TsT.

CFT. As such, these deformations fall into the CS class with chiral currents. However,
they are indeed more restricted and fit into the CS class with Abelian chiral currents, a set-
ting where the condition (1.1) is in fact trivial. This is precisely the context where O(d, d)
transformations were proposed [40] as a powerful method to identify the integrated trans-
formation corresponding to a given infinitesimal marginal current-current deformation.

Our contribution here is importing insights from the YB literature and in particular
the understanding of the YB deformation as an O(d, d) transformation. This allowed us to
generalise the HS prescription to O(d, d) transformations based on non-constant matrices,
thereby recovering the CS result, which is valid for non-Abelian current algebras, on the
nose. This is new. We have also grasped the opportunity to illustrate how the Noether
currents transform under an O(d, d) transformation.

With this new perspective, we revisited the single trace 77 and JT deformations
and illustrated how they may be understood within O(d,d). This provides a powerful
alternative to Wakimoto variables that is expected to work in all cases. We have also
showcased the connection to generalised Killing vectors and the role of appropriately chosen
one-forms. Building on this technique we constructed a number of further examples of
related deformations that are not accessible to a Wakimoto description.

In the examples such as 7T and JT deformations, the deformation of the geometry
was always realised as a combination of a TsT transformation and an additional coordi-
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nate transformation. Here we briefly explain the reason for that. In these examples, the
generalised Killing vectors satisfy r% ¢; A 0; = 0 and this makes the O(d,d) matrix to

h = einrij Tij = <Z aE)T> = (g CL(_)T> (é 2) , @ = CLTb. (51)

The first matrix on the right hand side represents a diffeomorphism GL(d) while the second

the form

matrix is the YB-type deformation (3.12). In other words, the O(d,d) transformation can
be replaced by a combination of a YB-type deformation and a coordinate transformation.
In particular, when V;M are constant like the case of TT and JT deformations, this is
exactly a combination of TsT transformation and a shift.

Our discussion here was mainly focussed on the AdSs x S% background and its dual 2d
CF'T. However, in our string worldsheet or WZW theory analysis we did not use this specific
background in any crucial way. This analysis can hence be readily generalized to WZW
models associated with coset spaces other than AdSs x S3, in particular to AdSy x CP3
or AdSs x S® backgrounds. The analogue of T'T deformation in the 3 or 4 dimensional
CFTs dual to these backgrounds has been briefly mentioned in [14, 18]. Nonetheless, as
argued our analysis here is dual to a single trace deformation in the 3d or 4d CFTs and
the deformations discussed in these papers are double trace. As in the 2d case, one may
construct such single trace deformations starting from an orbifold CFT. We hope to explore
this direction in future publications.
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A Comments on the relation to [63]

After submitting our original manuscript to the arXiv, a preprint [63] appeared, which per-
formed a more detailed analysis of deformations of AdSs x S2. In our original manuscript,
when we made the connection to the CS condition, we mainly focussed on the “strong CS
condition” in the terminology of Borsato & Wulff [63]. This condition is the necessary and
sufficient condition for marginality of the deformation for o-models with compact groups.
For the non-compact groups, however, the condition for marginality of the deformation,
as was originally noted in the CS paper [39], is a bit weaker and has been dubbed “the
weak CS condtion” [63]. In the class of AdS3 x S3 deformations, there are cases where the
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weak CS condition is satisfied while not the strong one. Here, we explain the difference
and clarify our original claim.

Let us consider a background which has a set of left and right generalised Killing
vectors, {J;} = {Ja, Ja}. Since a general group manifold will have such a set of left/right
generalised Killing vectors, this assumption is not so restrictive. On the other hand, in
order to derive the CS condition, we further supposed that our O(d, d)-transformation is
generated only by 7T, ;, or in other words, we have assumed 7% = 0 and 7% = 0. This
is more restrictive as it excludes non-unimodular r-matrices. We then showed that the
CYBE for the unimodular r-matrix 7 is precisely the CS condition (3.41) (which is called
the strong CS condition in [63]). Therefore, unlike the comment made in [63] on our work,
we do not claim the equivalence of the CYBE based on a general r-matrix and the strong
CS condition.

Examples beyond the strong CS condition. Here, going beyond our original re-
striction, we show through examples that for a non-unimodular r-matrix the strong CS
condition is broken. Consider a non-unimodular r-matrix, r = % Vi A Vo with

‘/1201‘/_—%-62‘7_:(0187-{-028@, 0),

~ (A1)
Vo=V3+ V3= (_ap‘f"}/aw‘i‘:)’a% 0):

which was studied in section 4.2.1 of [55]. If the product of the constants is zero, ¢j co =
0, the deformed supergravity background satisfies the supergravity equations of motion.
Otherwise, it is a solution to the generalised supergravity field equations [76, 77].

As we have discussed, in the case of a group manifold, we can always decompose an
O(d, d) matrix into a product of O(d,d)/O(d) x O(d) and an automorphism O(d) x O(d) .
In the present example, we can decompose the O(d, d) matrix as hpN = (eM €)Y with

CcC1C
hi=—n <c1T_g—02T3-+77 ; 2T—>,

(A.2)
hg = —n (Cl T 3+ co T;g) .

Since the automorphism e does not deform the background, the non-unimodular defor-
mation (A.1) is equivalent to the deformation associated with a non-Abelian r-matrix,

ncice

r’:%V_A%—%VgAV_Jr VoAV, (A.3)

One should note that although ¢ does not have any effect on the deformation, in
fact, it is playing the role of relaxing the CYBE. Originally, the r-matrix r = %Vl A Vo
satisfies the CYBE for arbitrary ¢; and cp, but after modding out e, the r-matrix (A.3)
satisfies the CYBE (or the strong CS condition) only when ¢ co = 0. In our setup, since
we have assumed 7% = 0 and 7% = 0 , we have not considered the case ¢ co # 0, where the
strong CS condition is broken. On the other hand, the r-matrix (A.3) satisfies the weak CS
condition of [63], which is the condition for the exact marginality and is equivalent to the
strong CS condition only for compact groups. This means that the conformal invariance
of the string o-model is realised even for solutions of generalised supergravity.
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Other r-matrices, called Ry, Ry, and Rg, which violate the strong CS condition were
discussed in [63]. Although these r-matrices originally satisfy the CYBE, just as in the
above example, after decomposing the O(d, d)-matrices as h = e 2" T Top o= (° Tap+b™ Tgp)
and ignoring the second factor, the r-matrix "% does not satisfy the CYBE. Therefore,
this is again beyond our assumption, where "% was assumed to follow the CYBE.

It is also interesting to note that in some examples a non-unimodular 7-
matrix can become unimodular after decomposing the O(d,d)-matrix as h =
e 217" Ty =1 (a® Tap+0°° Tpp)

a

and ignoring the second factor. Indeed, in the above example
r = %Vl A Vo with (A.1), if we choose co = 0, this r-matrix is non-unimodular because
r® f¢ # 0. However, after the factorization h = €' e and the ignoring the second
factor, the r-matrix (A.3) with co = 0 is Abelian. This clearly explains the reason why
some non-unimodular r-matrices can give solutions to conventional (and not generalised)
supergravity [55, 78].

B Generalised Killing vectors in AdSs x S3

In the background (2.2), we find the following set of generalised Killing vectors:

V.= (0,0). vi=(-30,+70. 7). (B.1)
Vi= (=70, + 7?0y — e 2 05, —ydp — dy), (B.2)
Vo = (05, 0), Vs = (—;8,) +7 65, d;) : (B.3)
Vi= (=90, — e 20, +7°05, ¥dp + d7) (B.4)
K= (sinqb@a + Ezrslqg b — CS?;? Dy, s odo - §;i§d¢ —~ Z?sg d1/1> ) (B.5)
Ko= (cosqﬁ@e — :;I:Z b + Zi? Oy, cosgdf + igrll:% do + i;“gd¢> ) (B.6)
&= <sinzp89 B C(;Islz 2% (;Z?g 9. —sint df + C;ag’ do + ngfg d7/1> , (B.7)
L
K3 = <8¢, (Tﬁ) ) K3 = (&p, —df> . (B.9)

These satisfy the algebra
[‘/35 V:l:]C == :tV:t7 [V+) V—}C - _2‘/3) [‘737 ‘ZI:]C - :l:‘_/ﬂ:7 [‘7+7 V—]C - _2‘737
(K1, Kolc = K3,  [Ks, K3lc = K1, (K3, Ki]c = K>,

K1, Ks]c = K3, (K, K3lc = K7, (K3, Kilc = Ko, (B.10)
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and the corresponding Noether currents are holomorphic or anti-holomorphic, having the
following form:

J_ =e* o7, Jys = —0p+e*~ 07, Jo=—2~0p—0y+e*~y2 07, (B.11)
J_=e* oy, Jy = —0p+e* 50, Jp = —270p+e** 320y — 07, (B.12)
k1= % (sin¢89 —sind cosqb@w) , ko = % (cosgbc?@ + sind singﬁ@w) ,  (B.13)
ki = % (siny 00 — sin 6 cos1p I¢) ky = % (cost 00 + sin 6 sintp d¢), (B.14)
ks = 5 (00 +cos00v) Fs = 5 (00 + cos0130) (B.15)

For the sets of left and right generalised Killing vectors
{Va} = {V-i-a V—v V37 Kla K27 K3}7 {Vd} = {V—H V—v ‘737 Kl: K27 K?)}a (B16)

the constant matrices G, and g‘ag become

0 -20000
-2 0000

0
01000 _ >

00100 __(g(_zb)' (B17)
0
0

(Gu) = 5

0010

0
0
0
0 0001

C Supersymmetry of T'J deformation

Let us solve the Killing spinor equation for the solution (2.12). This will allow us to cor-
rectly identify left and right-moving symmetries. We adopt our supersymmetry conditions
from [79]. We introduce a natural orthonormal frame:

1 1
e’ =dp, et = —eldn, e = —efd¥,
P NG Y NG Y
1 1 1
e = idﬁ, e? = 3 sin 6d ¢, eV = i(dw + cos 0do). (C.1)
From the dilatino variation, we find the projector:
P09, — e, (C.2)
Solving for €1 one gets:
€r = e§F+76%rp+6_%Fg¢€+, e_ = e BT eV BT ST (C.3)

Here we observe a clean split between the spinors describing the left and right supersymme-
tries, where €4 depends on ¢ and e_ depends on (6, ¢). We see that T-duality on ¢ breaks
all supersymmetries associated to ey. The shift in v then preserves the e_ spinors satisfy-
ing I'"é_ = 0. This appears to leave N' = (2,0) supersymmetry, but we can confirm this
statement by having a quick look at the Killing spinor equations of the deformed geometry.
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To this end, let us reconsider the orthonormal frame:

1 1
e’ =dp, et = —el(dy+ A), e~ = —efd7,
1 1 1
el = 540, et = 5 sinfdo, eV = 5 (¢ + cos 6d¢) (C.4)

where A is now a one-form on S3. The ansatz for B is
1 1
B = §e2p(d7+A) Ady + ZcosGdgb/\d@Z). (C.5)

From the dilatino variation for the deformed solution, we find an additional projector
I'"é;+ = 0, so supersymmetry is broken to N' = (2,2). From the 051 gravitino variation,
we find the following equation:

Lo Lo+ Lot ab 1 ab
05 = —=e POye — §FP o3€ — §Fp €— e’ FopI'e — ePFpl' o3¢ =0, (C.6)

1
V2 8v2 8v2

where we have introduced F' = dA. Note that due to the p dependence of the terms is

different, so the only way we can solve this equation is if €, = 0. This is in line with
expectations, since the Killing spinor dependence of v should vanish. Thus, the remaining
supersymmetry is ' = (2,0), as claimed.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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