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1 Introduction

Integrability is one of the key features for obtaining exact results in quantum field theory
(QFT). The most well-known example where integrability was greatly exploited is that
of the maximally supersymmetric gauge theory in four dimensions, that is N' = 4 SYM.
Thanks to the AdS/CFT correspondence [1] the dynamics of N' =4 SYM can be translated
to those of an integrable two-dimensional non-linear o-model evading thus certain no-go
theorems which forbid integrable theories in more than two dimensions. A variety of
integrability-based techniques, from the asymptotic Bethe ansatz [2] to the thermodynamic
Bethe ansatz [3] and the Y-system [4], were employed in order to determine the planar
anomalous dimensions of gauge invariant operators for all values of the't Hooft coupling
A= g%/ uN. For further developments on integrability and the AdS/CFT correspondence
see [5] and references therein.

It is an intriguing endeavour to formulate new examples of gauge/gravity dualities
where although supersymmetry may be broken the integrability of the theories involved
will be maintained. The comments above make it clear that one starting point could be new
integrable two-dimensional field theories which can serve as the seed for such constructions.
One such direction which has attracted attention lately is the A-deformed models of [6], as
well as generalisations in many directions [7-10].

The aforementioned constructions provide an effective and rather effortless method for
obtaining exact results in a general class of two-dimensional QFTs. The starting point of



the construction is certain conformal field theories (CFTs) of the WZW type perturbed by
current bilinear operators with the currents belonging either to the same and/or different
groups. The essence of the method relies on the construction of the corresponding all-loop
effective actions for the deformed theories by a gauging procedure [6-10]. These effective
actions possess non-perturbative symmetries in the space of couplings [9-12].!

Combining low-order perturbation theory with the manifestation of the aforementioned
non-perturbative symmetries at the level of correlators one is able to derive exact expres-
sions for them. This program was initiated and implemented in a series of papers in which
exact expressions were obtained for many observables. In particular, when gravitational
techniques were also implemented the exact in the deformation parameters S-functions
were found [9, 11, 12, 14], with expressions for the most general case of anisotropic A-
deformations and different WZW levels derived in [15].? In addition, anomalous dimensions
of current [20] and primary operators [21, 22|, as well as three-point correlators involving
currents and/or primary operators [21, 22] were calculated for the models of [6-9]. Further-
more, the computation of the C-function of Zamolodchikov [23], exactly in the deformation
parameter for the case of isotropic perturbations but to leading order in k, was performed
in [24] and further generalized for anisotropic A-deformations in [25].

In a parallel development of particular importance the extension to the case where
the unperturbed CFT of a single WZW model is replaced by a coset CFT was considered
in [6, 26-28]. The deformed theory was found to be integrable when the coset is cho-
sen to be a symmetric space [26]. Subsequently, the corresponding analysis for the case
of supergroups was considered in [27]. Although integrability has not been an essential
ingredient in the computation of the S-functions and of the operators anomalous dimen-
sions, in the case of isotropic deformations the above models have been demonstrated to
be integrable [6, 8, 9, 26-28]. Note that for the special case of the isotropic deformation
based on the SU(2) group the model has been initially proven to be integrable in [29].
Furthermore, integrability was shown to persist in some other cases with more deformation
parameters [30, 31]. In addition, certain deformed models of low dimensionality have been
embedded to type-IIA or type-I1IB supergravity [32-35].

An interesting relation between A-deformations and n-deformations for group and coset
spaces was discussed in [31, 36-40]. In particular, the A-deformed models are related via
Poisson-Lie T-duality, which has been introduced for group spaces in [41] and extended
for coset spaces in [42], and appropriate analytic continuations to the n-deformed models.
The latter were introduced in [43-45] and [46—-48] for group and coset spaces, respectively.
Moreover, the dynamics of scalar fields in some A-deformed geometries corresponding to
coset CFTs has been discussed in [49] while the relation to Chern-Simons theories was
discussed in [50, 51]. Finally, D-branes regarded as integrable boundary configurations
were introduced in the context of A-deformations in [52].

!For isotropic A-deformations the simplest such non-perturbative symmetry was found initially in [13]
using path integral arguments.

2The exact S-functions for CFTs deformed by operators bilinear in currents and for isotropic cases have
been obtained in the past either by field theoretical methods (resummation of the perturbation series or
the background field method) [16-19]. The results are in complete agreement.



The models presented in [9, 10] have several virtues. They provide concrete realizations
of flows between exact CFTs in which the Lagrangian of the theory is known all the way
through from the UV to the IR fixed points. Integrability is preserved in the entire flow and
therefore these flows are called integrable. Furthermore, the construction of [10] provides
the first example in which self- and mutual-interactions between different WZW models are
present already at leading order in the deformation parameters. In this work we continue
this line of research and construct integrable multi-parameter deformations of CFTs whose
Lagrangian and RG flow equations are known to all-orders in perturbation theory. The
integrable sector will belong to the most general A\-deformed model which we construct. In
this model self- as well as mutual-interactions are present.

The plan of the present paper is as follows: in section 2, we construct the all loop
effective action of a general class of models whose UV Lagrangian is the sum of an arbitrary
number n of WZW models based on the same group G but at different levels. In general
our models depend on n? general coupling matrices. In section 3, we consider a consistent
truncation of our models that depend on 2(n — 1) couplings, identify the non-perturbative
symmetries in the space of couplings A and Ani and show that the theory is classically
integrable by finding the appropriate Lax connection. In section 4, we calculate the exact in
the deformation parameters S-functions of our models which can be cast in a particularly
simple and compact form. Subsequently, we determine and classify the fixed points of
the RG flow in particular those that are IR stable. Finally, in section 5 we consider non-
Abelian T-duality type limits in the case when the theory is integrable. In the last section
we present our conclusions.

2 Generalities: Lagrangian and equations of motion

In this section we construct the effective actions of our model and derive the corresponding
equations of motion.

Our starting point is to consider group elements ¢;, ¢ = 1,2,...,n in a semi-simple
group G and the corresponding WZW model actions S, (g;) at levels ki, ko, ..., k,. We
add to this the action of n PCMs which are both self and mutually interacting and are
constructed using n group elements g;, ¢ = 1,2,...,n belonging in the same group G.
Namely, we have that

n
- 1 el ~ aln ~
Skeloin ) = 3 Sulo) = 1 [ o (570,0), B 6'0-5),  (21)
i=1
where the E;;, 7,5 = 1,2,...,n are generic coupling matrices and the indices a,b = 1,2,

...,dim(G). In the spirit of [6, 8, 10] we gauge the global symmetry acting on the group
elements as follows: ¢; — A;lgiAi and §; — A;lgi, i =1,2,...,n. The resulting gauge
invariant action reads

Ston(ois . AY) = Y S AY) - - 30 [ @o (57 Desi) B (5°D-55) . (22
=1

,j=1



where Sy, (gi, Agi)) is the standard gauged WZW action

i ki i _ i
Sulo0 AY) = Slg) + 2 [ o (40,057 - AVg M0,

+ A(_Z)gz‘ASf)gi_l . A(_Z)AS:)) ,

(2.3)

where we have suppressed the group indices. Furthermore, the covariant derivatives were
defined as D1 g; = (04 — A@)gi. One may now fix the gauge in (2.2) choosing §; = ¥ to
arrive at the following action

Sk i gz,Ai ZSk (i) /d20 TI“(A@aJer‘Q{l — Agz)g{l@—gi

(2.4)
+ AV g AP g Z /d2 ki ADAZ AY
’L] 1
where we have redefined the coupling matrices appearing in the PCM models as®
v/ ki j /\i_jl = Eij + kzzéw . (2.5)

In order to obtain the o-model and to show integrability in the next section we should
integrate out the gauge fields. These are not dynamical and appear only quadratically in
the action. We cast the corresponding equations of motion into the following particularly
convenient form

. AN . [k;
97 D_g; = <5ij A kﬂ) AY | Dgigt = _<5ij AT h)A(Q, (2.6)

where as usual we have defined D_g; = 0+g;— [Agz) , gi] and where we note that the transpose

in \; jT, as well as the inverses refer only to the suppressed group indices and not on the

space of couplings with indices 1, j.
Varying with respect to the group elements one obtains

D_(Dygig; ") = (z)_ < Di(g;'D- gz)—F(i),

- (2.7)
FO =0, 49 — 9 40 — (49 497

To proceed we find it convenient to rescale the gauge fields and define

D=/l AD (2.8)

3To compare with the corresponding actions in [10] (see eqs. (2.1) and (2.4)) corresponding to two WZW

models self- and mutually interacting we have

En=Fp, E2 = FEy, Ei2 =F,, E» =FE3,

k k
>\11:\/k1/\4, )\22:\/]:)\37 A2 = A2, A2 = A1,



Using them and substituting (2.6) in (2.7) we obtain after some algebra that

_ ~( ~(3 1 (7 —1 50
AjrorAY — o A = o [AD A

X (2.9)

Vi

0, A —NFTo AV = [P AY, A9,

To present the o-model action we introduce representation Hermitian matrices ¢, and define
the currents and primary field to be

JE = —i Tr(t%dygg™t), J* = —iTe(t%g *o_g), D =Tr(t%tlg"). (2.10)

These will be computed for the particular group elements g; in which case an extra index
i will be inserted in the above quantities. We also define the diagonal in the coupling
space matrix

Dz’j = Dz(szg . (2.11)

Then we may solve for the redefined gauge fields using (2.6) to obtain

AW = (A~ - D), Ve AY — (3! - D) VET - (2.12)

Note that the entries of the matrices A™7 —D and A~! — DT are themselves matrices in the
group G. Thus, their inversion is to be understood as an inversion in the space of different
models keeping in mind that their entries are non-commutative objects.

Finally, substituting the values for the gauge fields in the action (2.4) we obtain the
following o-model

Sk (91) Zsk %) Z [ o VR (VD7) B @

7]1

This is a particularly compact form resembling the single A-deformed model of [6]. The
above action encompasses all previous ones for A-deformed models. Furthermore it is the
most general action that can be construct using the same group G for all couplings. A
further generalization in which a different group is associated to each WZW model can be
constructed straightforwardly.

For small entries in the matrices A;; the action becomes

Skun (1) Zsk %) Z/cﬂ Vidi O o (2

zgl

Note that ()\_l)i—jl # Aij since the inverse in A~! is taken in the group space, and the dots
denote subleading terms in the small A-expansion.



Finally, note that in integrating out the gauge field a dilaton field is generated. The
value of the dilaton is proportional to the logarithm of the determinant of the square matrix
A~! — DT inverted in (2.12). Note that the dimensionally of this matrix is n dim G.

In the next section the inversion of the above matrices in the coupling space will be
done explicitly for the case of integrable models.

3 Integrable deformations

In this section we will attempt to answer the following question. For which choices of
the matrix Efjb appearing in (2.1) is the theory described by (2.13) integrable? To the
best of our knowledge we are lacking a general answer to this question even for the case
of a single group G. Nevertheless, it has been proven that there are several cases where
these theories are integrable for specific choices of the couplings matrices. Among the
single A-deformations the first one is the case of the isotropic A-deformation, that is when
Aab = Adgp [6], a second one is the case where the matrix E is of the form F = %(1 —nR)~ Y,
where the matrix R satisfies the modified Yang-Baxter equation [44, 45]. Another case
is that where instead of the group G one has a coset with the coset being a symmetric
space [6, 26].* Furthermore, integrability has been shown for the models of [8, 9] and [10]
representing particular cases of self- and mutual-interactions of current algebras based on
WZW models.

3.1 A truncation of our models

In what follows, we will show that the theory (2.13) is integrable in the case where the
matrices A;; is of the following form

MPA0, i=1,2,...,n—1, A A0, §=23,...,n, 5.1)
)\i_jl = 0 for all other entries . '
Hence, the corresponding coupling matrices reads
-1
)\111 0O --- 0
Aoq 0o --- 0
A= : Pl . (3.2)
-1
)\(n—l)l 0 --- 0

0 Ay A

As a result it will be shown that one obtains an integrable deformation of the Gy, x Gy, x
.-+ X Gy, depending on 2(n—1) parameters. This provides a partial answer to the question
posed in the beginning of this section. We stress that by turning on just one more coupling,
in addition to those appearing in (3.2), it will generate other couplings through quantum
corrections. Then, the theory will most likely cease to be integrable. However, we have no
proof that (3.2) exhausts all integrable cases among our general class of models.

“For the case of the anisotropic A-deformed SU(2) model integrability was shown in [30].



Turning to the general action (2.13), after using (3.1) and explicitly inverting the
relevant matrix in the coupling space we find that

n k B B
Skia(gi) = Z Ski(9i) + ?1 /d20’ Jir (A = DY)

=1
k 1 n—1
n 2 —1 Ty\—1 2
: /d 0 I Oy = DR e = — ;:2: ki/d o Jui D Ji

n—1
1
+ > Vkiki / d*c Jir Dy Apr(OA = DY) (3.3)
=2
n—1
1
+— > \/knki/dza s Ok = DIYENAID; T
=2

n—1
1
= Vkik / Ao Jne (N = D)7 A Didgt (O = DY) T
T
=2

From this point on we will focus for simplicity on the case where the couplings are
taken isotropic in the group space, that is

Afp = 5% N;; . (3.4)

One now encounters the following problem. By combining Sk, (gi), ¢ = 2,...,n—1 with the
last term in the second line of (3.3) we obtain a sum of WZW model actions S_,(g; '), i =
2,...,n—1 with negative signature (this is also true for the PCM part of the action (2.1) be-
fore the gauging procedure is performed). As was pointed out in the case of two interacting
WZW models in [10] to remedy this situation one can perform the following redefinitions
of the couplings and analytic continuation in the following specified order. First define the
hatted couplings

. k . k
it = Ay =, Ani = A A= 1=2,3,...,n—1 (3.5)
ki ki
and then flip the signs of levels and invert the corresponding group elements as
ki — —k; . g —g; ", i=23,...,n—1. (3.6)

Then the action (3.3) becomes
Skea(9) = Sk.(9:)
=1
k ky, _ _
+7r1/d20 Jiy (Al—fué—D{)ljl_+7r/dza s MDY g
n—1
1 1% _ _
+7r22ki / d*o A\{ A Jir O =D (3.7)
1 n—1 )
+=) ki / o M N Ty N =Dy g
T
=2

n—1
1 A
+%§ k; / 2o A\ i din Jus O =D DI (- D).
=2



This is the final expression for the all-loop effective action of our o-model. In what follows
we will prove that it is indeed classically integrable.

Before that, we comment on the constraints imposed by demanding a non-singular
o-model of Euclidean signature. In order to avoid singularities the couplings A1; and A,
should be such that [A11], |Ann| < 1, the reason being that the matrix D is orthogonal and
therefore its eigenvalues lie in the unit circle. In addition, similarly to [10], it can be shown
that the signature of (3.7) is Euclidean provided that the couplings lie within the ellipsoids
defined by

n—1 n—1
ki « ki <
— 2 § : L y\2 _ 2 } : 132
Al =1- )\11 — ‘- ]{;1 )\il >0 and AQ =1- )\nn — L kn )‘nz > 0. (38)

It is straightforward to show that the action (3.7) is independently invariant under the
following two non-perturbative symmetry operations, as well as under their combination

1 Ai
(A) )\11—>7, )\i1—> ll, k1—>—k1, gl—>gl_l, i:2,...,n—1
A11 A11
3 (3.9)
1 R .
B): M= — A= = k= —kn, gn—gnt, i=2,...,n—1.
)\nn >\nn
This is a generalization of the corresponding symmetry found in [10].
Expanding (3.7) and keeping the linear terms in the couplings one obtains
n
1 2 a a a a
Sk (9i) = Z Sk (9:) + - d U(k?1>\11 iy Jim + kndnn Ty Jn—)
= (3.10)

n—1
1 A )
T Z_; "?i/d% (N JETE 4 Ani Ty JE2) + O(N?).

Notice the last line of (3.7) has disappeared from the small coupling expansion since it
is quadratic in the X’s. This term, as well as the full action of (3.7) is generated when
quantum corrections at arbitrary order in perturbation theory are taken into account.

Note that there is the following interesting truncation of (3.7) which dramatically
further simplifies it. If we let \1;1 = A, = 0 then we obtain

n—1

Skon(9i) = Sk, (91) + Sk, (gn) + > Sk, (9:)
=2 (3.11)

n—1
1 . . S
+ = g k‘z‘/dQU (Nt Jit Ji— + Ani Ing Jie + Ani At oy Df Jio).
T
i—2

This effective action is exact in A and is at most quadratic in the couplings and represents
only mutual interactions between the various WZW models as depicted. It becomes linear
if we make the further truncation A,; = 0 or A\;; = 0.



3.2 Proof of integrability

To prove that (3.7) is integrable we write the equations of motion (2.9) for the choice of
couplings appearing in (3.1). The first equation of (2.9) can be decomposed to

Aptos AW — o AY = 1k [AY ALAW] i=1,2,...n—1,
» _ 1 » (3.12)
)‘r_n'la-i-A(j) - a—AS:L) = \/F[A(f)a )‘r_nlA(j)] .
while the second one to
- (i 1 )~
aJFAg) - )\;118,14&) = \/T[)\zllAS»)v A(j)] s
i N 1 ' _ . (3.13)
3+A@ - A;ilafAS:L) =Tk [)\;ilAS:L),A(_z)} ) 1=2,3,...,n.

The first line equations in (3.12) can be combined with the equation in the first line in (3.13)
to form a system depending only on the /\i_ll’s but not on )\7—”1 which furthermore can be
used to solve for the n derivatives of the gauge fields, 6+/~1(_1) and a,figﬁ), i=1,...,n—1.
Similarly, we may use the equation in second line of (3.12) and the equations in the second
line in (3.13) to form a system of equations that depend only on the )\,_n-l’s, but not on
the )\i_ll’s. This allows to solve for the n derivatives of the gauge fields 8_[15?) and &JI@,
i =2,...,n. The two aforementioned sets of equations are decoupled. We stress that even
though in these systems the couplings )\;11 completely disentangled from the )\;il’s this is
not the case in the effective action (3.7) where the last term involves both sets of couplings.
The reason is that the various gauge fields depend on all group elements g;, i = 1,2,...,n.

Our strategy will be to determine a Lax pair for each set of equations and then show
that the charges obtained from the first Lax pair are in involution with those obtained
from the second one, thus proving that the theory is integrable. To this end we define the
rescaled anti-commutators

1
k;

() ~(i | ; )
AP Ay = A0 AT, (AT AT e =

In terms of these redefined quantities the solution to the first set of equations reads

1A, A9 (3.14)

n—1 n—1
% 1 iy —1756) F k; _
0 AL = 53 (i = NN AT, A r, g = [ d=1-300,
i=1 =1
- L (3.15)
0 AD = A | A, AV + 3 (ugr — AL, AV

J=1

These imply the existence of a Lax pair which is constructed by first assuming that this is
of the form

PO TR (R I ) (3.16)



where cgf) are constants depending on the matrix of the couplings, on the WZW levels as

well as on the spectral parameter. After substituting into the Lax equation
o.M —o b W M=o, (3.17)

and using (3.15) one obtains a system n equations which arises by equating to zero the
coefficients of [/ngi), fl(l)]*L.

n—1 -1
z 1 () y—1 A —2vVE) @
S—= > () + H———c =0. (3.18)
d djz; o )‘ul(MH - )‘i11> i
This system can be solved for unknowns cgf), i=1,...,n—1 and its solution reads
W _ Mg ) 2 SR = )

=12,...,.n—1, dy =

_ , 3.19
Cr ()\Z—ll_z\/E) d+ d; ( )

—1 *
j=1 )‘jl — Z«/k’j
In conclusion we have shown that the equations of motion (3.15) imply the existence of a
Lax pair from which an infinite tower of conserved charges can be calculated.
In a similar manner, the second system of equations can be solved for the derivatives
of the gauge fields as

n

T(n 1 — —17r4(n) (2 kz 7 = —
a—AS,-) = gZ(Nm’ _)\m'l))\ml[AS_),A(_)]*Rv Hni = k‘i’ d=1- >‘ni27
i=2 " i=2
" (3.20)
(2 )\rr_Lz Jgran) 7 — —1ran) (g
02 AL = 2 | (AL, Ao+ 3 s = NN AV, A L
=2
The corresponding Lax pair will be of the form
P =50 P =2AP. (3.21)
=2
The flatness of this Lax pair is guaranteed when
) At (A = tni 5 2N ) = Hng)
G0 _ A A = i) 2 =2,...n, dy=Y "o W (3.22)

W= e —, 1=2,... - .
()‘nil_z\/k»i) d+dy =2 )‘njl_z\/kj

The conserved charges obtained from (3.16) and (3.21) are in involution. This is so
because any the gauge fields appearing in (3.16) have zero Poisson bracket with any of the
gauge fields appearing in (3.21). To see this one may define, similarly to what was first
done in the Hamiltonian treatment of gauged WZW models in [53], the following dressed

currents jgé) which satisfy the usual Kac-Moody algebra at level k;

K =Digigrt +AY - aY, 0= gD g - AP 4 A0 (3:23)

~10 -



Using these definitions and the constraints (2.6) one obtains

n—1
1 ki _7 .G 1
=5 g,
i—1

39 = %A;A@—Aﬁ), i=1,2,....n—1.

(3.24)

These can be inverted to express A(_l) and the Ag)’s in terms of ]S_l) and the ]@’s. In
precisely the same way the gauge fields AT) and A(_l) can be expressed in terms of the

(n) (

dressed currents 5 and j Jz). Due to the fact that the first set of currents has zero Poisson

brackets with those of the second set we conclude that {E$ ),Cf)} pB = 0 and as a result
the conserved charges obtained from the monodromy matrix involving the first Lax pair
are in involution with those obtained from the monodromy matrix involving the second.
This concludes the proof that the CFT deformed by the 2(n — 1) deformation parameters
/\i_ll7 t1=1,2,...,n—1and /\T_n.l, t=2,3,...,n is integrable.

A final comment is in order. The careful reader may have noticed that the analysis
for integrability has been done using the equations of motion (3.12) and (3.13) in which
the analytic continuation discussed in (3.6) has not been applied yet. However, one can
easily see that the analytic continuation of (3.6) can be straightforwardly be done in the
final expressions for the Lax pairs (3.16) and (3.21) once the latter are expressed in terms

of the usual gauge fields A(iz) and the couplings Air and A appearing in the o-model (3.7).

4 RG flow equations and fixed points

4.1 The RG flow equations

In this section we will first calculate the running of the couplings in the case of the inte-
grable deformations presented in the previous section. We will need the system of RG flow
equations for the running of the couplings of the anisotropic A-model [12]

_ dAup

BaB %

1
= 5 N(W)ac”N(AT)pp” (4.1)
where ¢ = In 2, ;1 being the energy scale and where

N (M) ag® = (AapAspfepr — fapeAer) g7 c,

) (4.2)
Gap = (I— AAT) 4R, gap =1 —ATA) 5.

In what follows each of the capital indices of (4.1) will be split in two, that is A = (ia),
where 4,7,k = 1,2,...,n — 1 enumerate the different groups while a,b,c = 1,...,dim(G)
denote as usual group indices. Furthermore, in order to take into account for the different
levels k; of the WZW models, one should set k& = 1 in (4.1) and rescale the structure
constants of each group as fapc = fia)(ib)(ic) = fave/ Vk;. All structure constants that
do not have the indices enumerating the different groups equal are set, of course to zero.

- 11 -



Finally, the coupling constants matrix A4p can be read from (3.10). It reads

Aip 0 0
Sor /2 0 - 0
Apoiny/5t 00 - 0

0 X77,2\/]]% )\nn

Keeping in mind that the couplings of the first column in (4.3) decouple from the ones in
the last row of the same equation we focus on the first column and rename A;; by A; and

similarly A\j by A;, where i = 2,3,...,n— 1.5 Then the non-zero components of Niain?(A)
and N, 15¢(AT) are
Ao ki .
Nia,in€(A) = \ﬁlA(kl U fape, i=1,1,....n—1,
A )\ \/> .
Nla,iblc(A) - ! fabc ’ v = 21 3a cee, 0 — 1 (44)
A )\ \/k ik L, .
Ma,jblc(A) k3/2 fabca 'L#]a i,7=2,3, -,n—1,
1
where
n—1 k:
A=1-) )2 4.5
>t (45)
is the same quantity, called Ay in (3.8), after the renaming of the couplings we mentioned.
Furthermore,
. )\ - n—1 k.
Nia 1 (AT) = Vi NA =1+ N fae,  i=1,2,...,n—1. (4.6)
’ k1A — k1
Notice that /\/Z-ayjbk’c(A) = — jbmkc(A) and j\/;a,jbkc(AT) = — jbka(AT). Using the ex-

pressions above we finally obtain for the running of the couplings the following formula
5 = _cg Ai(l = X)(MA = Z)
Y2k A2 ’

1=1,2,....,n—1, (4.7)
where
n—lk'
Z=> ZX(1-X). 4.8
=) (18)

We note that despite of the privileged role of A; in the action (3.7) (see also (3.10))
the B-functions for all couplings are on equal footing and can be obtained from a single
expression (4.7). This fact will allow us to fully determine the fixed points of the RG-
flow in the next sections. Furthermore, the g-functions in (4.7) are invariant under the
non-perturbative symmetry of (3.9).

Finally, similar expressions hold for the running of the couplings Ani. The same is true
for the analysis following in this section.

°Tt turns out that the form of the matrix A in (4.3) is preserved under the RG-flow equation (4.1).
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4.2 Fixed points

We now determine the fixed points of the RG flow equations (4.7). Each fixed point belongs
to one of the following classes. Each class is characterised by three integers (ni,ng,ns),
obeying the condition n; +ng +n3 =n — 1. By n; we denote the number of the couplings
that are set to zero, that is A\,,; =0, ¢ = 1,2,...,n1. These couplings can be distributed
randomly among the complete set of the n—1 couplings. By ny we denote the number of the
couplings that are set to one, that is A, =1, ¢ =1,2,...,no. Finally, by n3 we denote the
number of couplings that are neither zero nor one, i.e. Ay, #0,1, with i =1,2,...,n3. By
subtracting pairwise the equations in (4.7) it is straightforward to see that all the A4, which
are neither zero nor one should be equal to each other, that is Ay, = Ay, 1 = 1,2,... n3.
Then the quantity A becomes

p < S S
AZI_I?_FAE’ p=> kp, (=Y k. (4.9)
LM i=1 i=1
As a result the vanishing of the bracket in (4.7) implies
ki —
Ao = 1C iy (4.10)

We will assume in the rest of our analysis that ng > 1 since it turns out that this should
be the case for the existence of physical IR stable fixed points.
Let us note that each of the distinct classes of fixed points characterised by (n1, ng,ns),

— 1)
u different members.

that obey the condition n; + ng +n3 =n — 1 has
n1!n2!n3!

4.3 The stability matrix

We evaluate the stability matrix for each of the fixed points given by (4.10). This will
allow us to determine the relevant and irrelevant directions of each of the fixed points and
identify the fixed points which are IR stable.

Let’s split the index i = (m, a, ) in such a way that

Am =0, m=1,2,...,n1,
)\azl, a:1727...7n2, (411)
ki —
Ao = A = ! p, a=1,2,...,n3,
¢
Then at the FPs we have the following relations
A= kgx\*(l - ), Z = MA. (4.12)
1

Furthermore, the derivatives of A and Z evaluated at the FPs read

OmA =02 =0

kq kq

8aA == _2]{:71 3 80,Z - _E ) (413)
ko ko

OnA = —2—\,, O0pZ = —)\*(2 — 3)\*) ,
k1 Ky
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The non-zero entries of the stability matrix defined as H;; = 0;0;|rp are given by

ca A ca 1— A
Hmn = 775mn7 Ha = 77(5& )
2k A Tk A
ce A(1—\) ka
Hypg=——F———"AQ0us — —M(2—Xs) |, 4.14
=g 5= A2 =) (114)

e M- Ak

o= -G 2s A B 9),).
ok AT Ry )

Note that Hy, = 0, so that the stability matrix is not a symmetric one. Clearly the part of
this matrix corresponding to the ni values A,; = 0 decouples. For the eigenvalue problem
for the rest of the stability matrix we clearly obtain a matrix of the form

A0 ¥ 0 A 0
(B C’)Z(O C) (clzam) ‘ (4.15)

Specifically, we have the matrix elements Ay, = Hqp — Fdgp already in diagonal form with
E appearing in the left hand side of (4.15) being an eigenvalue of the stability matrix. The
matrix Cog = Hog — Edqpg is of the form c1d,3 — cokg and as a result its determinant is
equal to ¢3! (¢; — Cep). Furthermore, the second matrix in the right hand side of (4.15) is
triangular. The vanishing of the determinant of the matrix in (4.15) gives the eigenvalues
of the stability matrix, as well as the corresponding degeneracies

e
Deg = ny : Hy = & 2*
€eg="n 0 i A’
1— M\
Deg =Ny : H1 = QCTG A s
! (4.16)
Deg—ny—1:  H,—— ¢ MI-A)
g_ 3 . * T 2]{31 A bl
ce ¢ N2(1-A\)
°8 YT Sk kA2

These eigenvalues and their degeneracies will be instrumental below in determining the
physical IR stable fixed points of the RG flow.

4.3.1 IR stable fixed points
It turns out that in order to have a Fuclidean signature for the metric, the constant A
should be positive leading to the following condition

0<A<1l <= p<ki<p+c. (4.17)

As mentioned before we will only consider cases with ng > 1. In addition, physical fixed
points cannot have A; = 1 since the o-model action (3.7) is in that case singular.

We are primarily interested in identifying the physical IR stable points, that is the ones
which have all eigenvalues of the stability matrix positive. The condition (4.17) guaranties
that Hy > 0 and H; > 0. However, the third eigenvalue in (4.16) is negative, i.e. H, < 0
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and therefore we should necessarily have ng = 1 so that this eigenvalue is non-existing.
Finally, the positivity of the last eigenvalue H, is also guaranteed by (4.17).

The condition n3 = 1 means that there is a single coupling that is not zero or one.
Keeping in mind that A\; # 1, there are two cases. In the first one let A\; = 0 and a single
Aa = A«. Then also ¢ = k4. The condition (4.17) implies that p < k1 < p+ k,. The second
case is when A\; = A,.. In this case \; = 1 — p/k; which holds automatically since according
to (4.17). Also, in this case ¢ = k1. We conclude that there is a multitude of fixed points
the number of which depends on the relative ordering of the levels k;. It would be certainly
interesting to study the structure and properties of the corresponding CFTs.

5 The non-Abelian T-duality limit

When some of the \’s approach unity then we get a singularity in the manifold. Then a
zoom in procedure maybe applied as in [6]. We will not discuss this for the most general
action (2.13) but for (3.7) corresponding to integrable models.

In that case near A\;; = 1 or near \,, = 1 we get a singularity in the manifold.
However, one may zoom in by taking simultaneously the large k1 and k,, limits. Then we
expand for ki, k, > 1 as follows

7 ('Ul)ata
A1 =1— 4+ =1+ — 4+
11 21k g1 2, (5 1)
A =1 — —— N C L |
T 2k, TG ’

where (7 and (,, are new coupling parameters. This leads to the following expressions for
the currents and the operators D;

1 04vf 1 a .
Jo= g (Dl)abzéab+7(f1) b ()ab = SabetS s
20 Kk 20 Kk 5 9
1 (9:|:’Ua 1 (f ) b ( ’ )
o — = T (DY = Oy 4 = IO (Y=
T , (Dn)ab A T (fn)ab = fabevy,
In this limit the action (3.7) becomes
n—1
S=> " Sk, (9:)
=2
1 a — a —
+27TC1/d2a 04§ (“‘+f1)ab13—v’1’+2ﬂ<n /d% OV (Wt fr) o O—0?
1 n—1 A 1 n—1 A (53)
+Zki)\i1/d20 Jz’+(“‘+f1)_lav1+Zk‘z’)\ni/d% Oy v (K4 ) 1T
Tz Tz
1n71 o
—i—WZkiAﬂ/\m/d% O v (K4 f,) T DI (W4 f1) 10 vy .
i=2
Note that Euclidean signature imposes a constraint on the parameters
n—1 n—1
Q>0 G>0, Y A<l GY A<l (5.4)
=2 i=2
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This o-model represents the interaction of (n—2) WZW models for a group G with two non-
Abelian T-duals of the PCM for the same group which in turn interact among themselves.
We note that the o-model (5.3) being the limit of (3.7) is itself integrable. The original
action whose non-Abelian T-dual is (5.3) is that of interacting PCMs.

An interesting limit of (5.3) arises if we take the remaining levels k; — oo as

zitq % Gi1 3 Cni
]I"‘Z Z _i_...’ )\21: s Anz: s
Vi Vki Vki (5.5)
k; — o0, 1=2,3,...,n—1.

Then (5.3) becomes

n—1
1 a a

27TC1 /d o Oivi K+ f1) 0_vb+

/d2o’ 04 0L (W fn) ) 00D,

27 Cy,
n—1 n—1 (56)
+= Zgl/d o Oyxi(W+ f1) 10_vi+— Zcm/d o Opvn(K+fn) 1O
=2 =2
n—1

- ZClem [ @0 0vuutk+ 1) e ) o,

This represents the mutual interactions of (n—2) dim G free fields with the two non-Abelian
T-duals of PCM for a group G and is also integrable. We may clearly simply even further
by consistently taking (;; = 0 or (,; = 0.

6 Discussion and future directions

We have construct the all loop effective action of a general class of models whose UV
Lagrangian is the sum of an arbitrary number n of WZW models based on the same group
G, but at different levels. Although the complete effective action can be quite involved, at
the linear level the theory is driven away from the conformal point by operators bilinear in
the WZW currents. These current bi-linears involve currents belonging to both the same
and different CFTs. Hence we have self- as well as mutual interactions of current algebra
theories in their most general form. In general our models depend on n? general coupling
matrices. We considered a consistent truncation of our models that depends on 2(n — 1)
couplings and showed that the theory is classically integrable by finding the appropriate
Lax connection. Turning on even one more coupling will generate other couplings through
quantum corrections and the theory will most likely cease to be integrable. Subsequently,
we proved that the theory possesses certain non-perturbative symmetries in the space of
couplings M\ir and Ani and calculated the exact in the deformation parameters S-functions
of our models which can be cast in a particularly simple and compact form. This fact
allowed us to fully determine and classify the fixed points of the RG flow in particular
those that are IR stable. Last but not least we consider non-Abelian T-duality type limits
in the case when the theory is integrable.
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A number of open questions remain to be addressed. Given that our models provide
concrete realizations of integrable flows between exact CFTs it would be interesting to
elucidate the nature and symmetries of the corresponding IR stable CFTs. Furthermore,
one could exploit the aforementioned non-perturbative symmetries that our models enjoy to
compute the all-loop anomalous dimensions of current operators, as well as that of primary
operators in a similar manner to that in [7, 14, 20-22, 24]. One could also calculate the
exact in the deformation parameters C-function of the models presented here as was done
in [24] for simpler cases. In that respect the general results in [24] should be a useful
starting point.

Another direction would be to consider the case where more of the couplings are non-
zero, as well as the case where each of the WZW models is based on a different group.
It is notable that in the latter case all formulae of section 2 will still be valid after slight
modifications. In addition, one could search for integrable deformations in these more
general cases. Compared to the integrable models presented in this work, we expect an
even richer structure of the RG equations to be unveiled. Recently, a class of integrable
models consisting of IV coupled principal chiral models each with a WZW term and based
on the same group G was presented in [54]. The construction was based on an association
of integrable field theories with affine Gaudin models having an arbitrary number of sites.
It would be interesting to see if these models bear any relation to the ones constructed in
this work (see also [10]) or to the models with N sites firstly presented in [7].

Our approach is valid to all orders in the deformation parameters but only to leading
order in the 1/k expansion, i.e. for large levels of the WZW action. One may wonder
of how corrections of order 1/k? or higher may be computed. Although constructing
the % corrections to the effective action of the present work seems a hard task, one may
resort to the higher order derivative S-functions of the o-model. This will be helpful in
computing corrections to the S-functions of the deformation parameters using gravitational
methods and also in discovering the corrected version of non-perturbative symmetries of
the type (3.9). In addition, we may compute the subleading terms in the 1/k expansion of
the S-functions, as well as of the anomalous dimensions of operators using CFT techniques.
Finally, one could try to embed our models to solutions of type-IIB or type-1IA supergravity
(for n = 2,3 and small rank semisimple groups) and/or construct the corresponding 7-
deformed integrable models.
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