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ABSTRACT: We describe the general strategy for lifting the Wess-Zumino-Witten model
from the level of one-loop Kac-Moody Ug,(g)x to generic quantum toroidal algebras. A

nearly exhaustive presentation is given for both Uq7t(§[1) and Uq7t(3[n) when the screenings
do not exist and thus all the correlators are purely algebraic, i.e. do not include additional
hypergeometric type integrations/summations.

Generalizing the construction of the intertwiner (refined topological vertex) of the
Ding-Iohara-Miki (DIM) algebra, we obtain the intertwining operators of the Fock repre-
sentations of the quantum toroidal algebra of type A,. The correlation functions of these
operators satisfy the (¢, t)-Knizhnik-Zamolodchikov (KZ) equation, which features the R-
matrix. The matching with the Nekrasov function for the instanton counting on the ALE
space is worked out explicitly.

We also present an important application of the DIM formalism to the study of 6d gauge
theories described by the double elliptic integrable systems. We show that the modular
and periodicity properties of the gauge theories are neatly explained by the network matrix
models providing solutions to the elliptic (g, t)-KZ equations.
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1 Introduction and outline

Conformal field theories [1-4] (CFT) are connected by the AGT relations [5-7]! to the low-
energy supersymmetric Yang-Mills theories [25, 26]? and therefore are once again at the
center of attention in modern theoretical and mathematical physics. One of the immediate
results of this is a new interest in various extensions and deformations, needed to match
higher-dimensional generalizations on the Yang-Mills side. In conformal field theory, the
central personage is the Wess-Zumino-Witten theory [35-39] (WZW), which is the theory
with an extended Kac-Moody symmetry, of which all other important (if not all) models,
including Liouville and Toda theories, are various reductions. This model and its reduc-
tions are straightforwardly handled by various versions of the free-field methods [40—46].
Nowadays problem is the lifting of this model to the level of adequately extended toroidal
algebras (which corresponds to lifting from 4d to 6d on the Yang-Mills side of the AGT
relations) and development of an efficient generalization of the free-field formalism to de-
scribe the resulting “network matrix models” [47-53]. This paper is a continuation of our
study of this problem in [54-57].> Mathematically the problem is that of the full-fledged
representation theory of the Ding-Iohara-Miki algebra [69, 70] and its various generaliza-
tions [71-84], which we also refer to as DIM. In this paper, we focus on a small corner of
this very broad area and describe two generalizations and one application of the (g¢,?)-KZ
equations introduced in [57].

The plan of tlfl\e paper is the following: in section 2, we propose a generalization of the

(q,t)-KZ for Uq,t(gAII) with arbitrary central charge. In section 3, we describe the quantum
toroidal algebra and its vertical and horizontal (Fock) representations that we deal with in
the paper. In section 4, we construct the operators that intertwine these representations.
In section 5, we derive the (level one) Knizhnik-Zamolodchikov equation for the correlation
functions of these intertwining operators, egs. (5.49)—(5.50). In section 6, we use solutions
to the elliptic KZ equations to obtain modular properties of the 6d U(N) gauge theories
with adjoint hypermultiplet of mass m compactified on torus T2 derived in [85] basing
on the description in terms of double elliptic integrable systems. Concluding remarks in
section 7 are followed by appendices A—E that contain various technical details.

With the help of all the technical exercises, we would like to demonstrate a simple
idea: that the DIM intertwiner formalism is not just an interesting toy but an important
tool, which can find its use in gauge theories, as well as in other related fields.

'For various AGT-related issues, see [8-24].

Integrability behind these theories was discovered in [27] and studied in [28-30], see also [31] for a
review and [32-34] for these theories in the Q-background.

31t goes in parallel with other important efforts in the same direction, see [58-68].



In the remaining part of the introduction, we first describe these three objectives
(section 1.1) and then give some general description of the methods by which we are going
to achieve them (section 1.2).

1.1 Strategic objectives

1.1.1 Abelian (q,t)-KZ for general central charge

The (q,t)-KZ equation was introduced in [57].% Tts first generalization relaxes the condition
on the central charge of the “horizontal” representation, i.e. we no longer require this space
to be the Fock space, but instead assume that it has a general central charge (k, N). The
vertical representations are still assumed to be Fock spaces with central charge (0,1). In
this case, the modification of the KZ equation is not hard to guess and the solution to
the equations can also be explicitly obtained. The solution is algebraic, i.e. no integrals of

screening charges appear in the answer.’

1.1.2 Non-Abelian (q,t)-KZ equation for unit central charge and its algebraic
solutions

The second generalization of the (q,t)-KZ equation is the much sought non-Abelian ver-

sion, that for the algebra qut(gA[n). In order to derive the (g,t)-KZ equation, we first
construct the intertwiners for the horizontal and vertical Fock representations with unit
central charges, i.e. (1, N) and (0,1). The intertwining relations for the intertwiners are

determined by the coproduct structure of the quantum toroidal algebra qut(gA[n). The

same strategy as in the gAll case [80] can be used, and the A-component of intertwiner
®, (v) can be expressed as the normal ordered product of the currents F;(z) over the boxes
of the Young diagram A, where the argument z is shifted according to the position of the

boxes. One of the important differences with the 3[1 case is the appearance of the zero
mode factor in the free field realization of the horizontal Fock representation. The zero
modes are group algebra valued and their commutation relation is crucial for obtaining the

correct intertwining relations. Another new aspect of Uq,t(g [,,) is the “color selection” rules.
Some combinatorial arguments for such rules are required, especially when we establish the
relation to the Nekrasov partition function for gauge theories on the ALE space ALE,, of
type A,, which is a resolution of the orbifold C?/Z,.

Once we obtain the intertwiners, we can introduce the T-operator and the R-matrix in
a similar way to [55, 56] and write down the (g, t)-KZ equations [57], where the R-matrix
is featured as the connection matrix for g-shift of the argument of the intertwiner. The R-
matrix can be identified with g-difference of the operator product expansion (OPE) factor
of the intertwiners and is essentially diagonal. Since the OPE factor of the intertwiners
agrees with the Nekrasov factor (the bi-fundamental contribution to the partition function),
we have a fundamental relationship between the R-matrix and the Nekrasov partition
function. Basing on this relation, we can find explicit solutions to our (g, t)-KZ equations,

“See [86-95] for the standard KZ and ¢KZ equations and [66-68] for their extensions.
®For solutions of various KZ equations, see original papers [96-103] and a review in [87].



which turn out to be the Nekrasov functions for 5d gauge theories on ALE, x S'. Since
we consider only the setup with unit central charges, all the solutions to the KZ equations
are still algebraic.

Moreover, for the unreﬁne(i case with unit central charges, we actually demonstrate

that the intertwiners of Uq,q(g/;\[n) essentially factorize into products of noninteracting

Ugn gn (gA[l) intertwiners. The most complicated and interesting case of representations
with general central charges in non-Abelian DIM algebra is left for the future.

1.1.3 Modular and periodic properties of 6d gauge theories

To demonstrate the effectiveness of DIM formalism, we are going to describe an important
application of network matrix models to 6d gauge theories with adjoint matter compactified
on the torus 72. These theories are, in a certain sense, the highest step in the hierarchy of
gauge theories with eight supercharges, for which the Seiberg-Witten and Nekrasov solu-
tions are available. Within the Seiberg-Witten paradigm, they are described by the double
elliptic integrable systems with both coordinates and momenta entering the Hamiltonians
through elliptic functions [104—106]. Despite the recent important progress [107-109], these
systems are still quite mysterious and require more explicit description. In particular, the
behavior of the 6d gauge theories and double elliptic systems under the S-duality and the
modular transformations of the compactification torus is quite peculiar. It turns out that
the modular transformation rule mizes the complex structure of the compactification torus
with the complexified coupling in a very specific way [85]. We w/i\ll explain this behavior

using the network matrix model of the Abelian DIM algebra Uq7t(gA [;) corresponding to the
gauge theories in question. Adding the adjoint matter in the gauge theory corresponds to
the compactification of the network diagram in the horizontal direction, and an extra sixth
dimension also implies the compactification of the vertical direction. Thus, we get the
“doubly compactified” network, which geometrically corresponds to a CY three-fold with
an elliptic fibration. In the algebraic language, the double compactification corresponds to
taking the trace of the product of the intertwiners over both the vertical and the horizontal
representations. The network of intertwiners is modeled after the Seiberg-Witten Type IIB
(p, q)-brane diagram associated with the gauge theory. The brane diagram for the case of
U(2) gauge theory is shown in figure 1, and the network of intertwiners, in figure 2.

The picture of DIM intertwiners corresponding to the double elliptic system is given
by the intersection of one horizontal and N vertical lines. Notice that the picture of inter-
twiners is rotated by § with respect to the Seiberg-Witten (p, ¢)-brane diagram (figure 1)
usually given in the literature. Of course, this does not change the answer since NS5 and
D5 branes of Type IIB string theory are S-dual. The ends of the lines should be identified
with each other so that the picture is essentially drawn on a two-dimensional torus.

The “fugacities” @, @, can be also understood as the twisting parameters of the
fibration giving the background for the M-theory, which hints at possible duality between
them and equivariant parameters g and t of the Q-background. Notice that we set the
preferred direction (determining the coproduct structure and thus the intertwiners) to be
vertical. However, the final answer for the character/partition function is independent of
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Figure 1. Compactified (p, ¢)-brane web corresponding to the 6d U(2) gauge theory with adjoint
hypermultiplet compactified on 72. The wavy (double wavy) lines are understood to be identified
with each other. The parameters of the gauge theory are encoded in the distances between the
branes: a is the Coulomb modulus, m is the mass of the adjoint field, A is the exponentiated com-
plexified coupling, and A’ is the exponentiated complex structure modulus of the compactification

torus T2.
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Figure 2. Compactified network of intertwiners corresponding to the same 6d U(2) gauge theory

with adjoint hypermultiplet, as in figure 1. The grading operators Qdef and PdeL count the

—BH

states of the Fock representations in the same way as the Boltzman factor e counts the states

in a quantum mechanical partition function.

the preferred direction. In these conventions, the trace over the horizontal representation
can be taken straightforwardly giving a combination of theta-functions. Moreover, from our
previous investigations we recall that precisely this trace appeared as a solution to elliptic
(q,t)-KZ equations. Since the result is expressed through the theta-functions, we can use
it to effectively study the modular properties of the partition function. Of course, this
strategy works only for modular transformation on the compactification torus, but not for
the S-duality. The S-duality transformation corresponds to the modular transformation of
the vertical compactified direction, where the trace is a lot harder to compute. However,
we can use the slicing invariance of the partition function and safely change the preferred
direction to the horizontal one. This would allow us to analyze the S-duality transformation
as easily as the modular transformation.

Using the intertwiner picture, we can also analyze periodicity properties of the partition
function. As an example consider moving the incoming vertical lines around the circle (i.e.
under the trace). The lines necessarily have to pass through the grading operators Qdej.
The action of grading operators gives a shift in the positions of the incoming vertical



lines with respect to the outgoing vertical lines. Investigating this move in detail, we find
that it is actually accompanied by a certain change in the complexified coupling of the
gauge theory.

1.2 Tactics of computations

1.2.1 DIM algebra

DIM algebra Ug ¢ (ﬁ)(kh ko) 18 @ quantum toroidal algebra (hence, two hats) with two central
elements fixed to levels k; and k2, and two deformation parameters g and ¢; we usually
consider g = gl,. The physical model, associated with it in just the same way as the
WZW model is associated with the Kac-Moody algebra U(G); is introduced in [50-54]
and named network model. We refer the reader to these papers for terminology and basic
logic.® The basic ingredients of construction of the KZ equation for the network models

generalizing [88] and used in [57] are:

e “Horizontal” representations which is given in terms of operators acting in the
infinite dimensional vector space F(x, ar)(u)

e “Vertical” representations given by combinatorial formulas in some basis in an-
other infinite dimensional space F ,)(u)

e Intertwiners. The intertwiners ¥*, U3 carry the index A (e.g. a set of N Young
diagrams or a plain partition) which labels the element of the vertical representa-
tion space:

‘I’(Ao,;@)(z) b Fy ) (W) @ Floky) (2) —> Fhy Mky)(uz),
‘I’f\(o,kg)(z) : ]:(kl,M)(u) — f(kl,M—kg)(u/Z) ® ‘F(O,kz)(z)' (1.1)

They depend on the choice of the “vertical” coproduct AV®'*. In the horizontal direc-
tion, they can be easily multiplied: W(z1)W(z2) and W(22)¥(z;1) are just the compositions
of operators.

1.2.2 (q,t)-KZ equations

In this paper, we concentrate on the case when only algebraic solutions are present. In this
setup, we can supplement the items from the list above with some more concrete properties.

For other related references, see [69-84] for various aspects of the DIM algebras and [66-68] for a
K-theory approach.



Namely, the short list of ingredients for the derivation of the (g,¢)-KZ equation for the
non-Abelian DIM algebra is:

1. Shift identity. We need to build up the shift operator, whose action on the inter-
twiner can be rewritten as the product of two 7 -operators:

PUA(z) = (T2 (2)) M) T(2). (1.2)

This requirement by itself can be trivially satisfied, since we can simply write
(TA(2) 7! = W2 (p2) (P2 (), (1.3)
T2 (2) = (P3(2)) 10 (p2), (1.4)

where W4 denote the creation and annihilation parts of the intertwiner. However, we
also need 71 to satisfy nontrivial R7 T identities.

2. Commutation of the T-operators. We need the commutation property as follows
z
THEW W) = Ry (=) WA @) TH(2). (1.5)
To get these identities, we need first to find the non-Abelian R-matrix.

3. Diagonal R-matrix. One way to obtain the R-matrix is to commute a pair of
intertwiners:

T (2) W4 (w) = Ry (5) H ()T (2). (1.6)
w
The commutation can be done using the free boson formalism.

4. Vacuum property of T-operators. After we get the shift and commutation identi-
ties, we can act with the shift operator on a string of intertwiners and get an insertion
of a pair of the T-operators. We can then move them to the ends of the string using
the commutation identities. The last step in the derivation of the equation is to
ensure that the T-operators annihilate the vacuum:

Tilo) =12), (2|T- = (2] (1.7)

Concretely for the non-Abelian DIM algebra, the intertwiner is built as a normal
ordered product of elements E;(z) taken at certain discrete points specified by the Young
diagram on the vertical leg. We can derive the shift identity for each operator E;(z) in the
product separately and then account for the normal ordering constants. We have

Ei(a%z) = (T (2)) "' Ei(2)T{ (¢°2) (1.8)

where
T (2) = Ei(2)Fi(q 12), (1.9)
Ti(2) = Ei(2)Fi(q2). (1.10)

The T-operators for the intertwiners are normal ordered products of the basic
T-operators (1.9), (1.10) over the boxes of the Young diagram. It is important that the
T-operators in the non-Abelian case are still diagonal in the vertical Young diagram, so
that no extra sums over diagrams appear.



2 (q,t)-KZ equation for Uq,t(gAll) with general central charge

The ¢-KZ equation for the conventional quantum affine algebra [88] contains an extra
parameter, which is missing in the DIM case we have considered so far. This parameter
is the central charge of the “horizontal” (highest weight) representation running in the
conformal block. It enters the shift operator and also the shifts of the R-matrices. The
conformal blocks of DIM are combinations of intertwiners acting in horizontal and vertical
Fock spaces. These representations have definite central charges of the form either (0,1)
or (1, N). The shift operator determined by the first central charge of the horizontal
representation is therefore fixed and reads (%)Zkazk.

In this section, we will try to extend the central charge parameter to arbitrary values
and find the corresponding solutions to the Abelian (g, t)-KZ. Unfortunately, the intertwin-
ers for general representations are not known, so the solution cannot be found as easily
as that for the Fock spaces. However, the structure of the KZ equation is very rigid and
seems to give the only way of introducing the central charge parameter into it. We will try
to follow this route and investigate the resulting solutions for the conformal blocks.

Let us consider the combination of intertwiners similar to the Fock space case, but
with an arbitrary representation living on the horizontal line. The shift operator thus
becomes p*%= with an arbitrary parameter p. The vertical representations remain to be
(0,1) Fock spaces. This implies that the R-matrices featuring in the KZ equation are still
the same (e.g. they are diagonal), and the new parameter p can enter only as a shift of
their arguments.

Having these two arguments, we can conjecture the (g, t)-KZ equation with the param-
eter p encoding the central charges of the horizontal representation in the simplest case of
two vertical incoming lines:

P1P1GMN (2 29) = R, (“) GMA2 (21 2), (2.1)
29
1

T A R
z
s (p—;2 )

GMA2(21, 29) (2.2)

The solution up to a function independent of the Young diagrams is given by

M2 (21,20) = f <21) 10 %

(2.3)
22/ 150 G (pk%>

where G, (2) can be found, e.g., in [56, eq. (18)]. Obviously for p = ¥ the usual solution

G%(“) for the Fock space is recovered. The solution for general p contains an infinite
Mgl oo

Z2

product, which reminds us of the solution to the elliptic (q,t)-KZ equation. This similarity
looks mysterious and indeed might turn out to be only superficial.



3 Quantum toroidal algebra U, ; (gA[n) and Fock representation

For the future convenience, we introduce here the basic definitions and notation for the
quantum toroidal algebras.

The quantum toroidal algebra Uj (gA[n) has two deformation parameters’ q,0, which
are associated with the Cartan matrix A of type Ale—)u a;j = 25i,j — (51—14' + gi+1,j) and
a skew-symmetric matrix M with m;; = gi—l,j — EHM, where ¢ is the Kronecker delta
modulo n. In this paper, we consider the generic case of (n > 2). Explicitly the matrices

A and M are given by

2 -10.- 0 -1 0O -10-.- 0 1
-12 -10 --- 0 1 0 -10
0 —1 2 . - 0 1 0

0 : oo . 0 0
o . . 2 —1 o . .. 0 -1
-1 0 ... 0 -1 2 -1 0 ... 0 1 O

It seems difficult to introduce an analogue of the skew-symmetric matrix M for other
affine Lie algebras g, and it is not known if the toroidal algebra for general affine algebra
allows a two parameter deformation. As we will see below, if the second deformation
parameter is trivial (9 = 1), the structure function g;;(z,w) coincides with that for the

quantum affinization of Ug(g) for a Lie algebra with a symmetrizable Cartan matrix.®

Thus Uq,azl(gA[n) can be regarded as the quantum affinization of the affine algebra gA[n.
We introduce the structure function [81, 82],

2 — qQ1w, (ZE]_l)
Z — qw, (’LE])

9ij(z,w) := (z =0 " q"w) = (3:2)
z—qw, (i=j+1)
z—w, (otherwise)
where we have defined
a=0" @=9¢ g¢@=0"q" (3.3)
with q1g2q3 = 1. We also use
gij(z,w) =" g;5(z,w) = Mz — q"Iw). (3.4)

"We use the Gothic letters for deformation parameters to keep (¢,t) = (e!,e™“2) for the equivariant
parameters for torus action, or those for the Macdonald function. In the following, we identify q = (¢/ t)_l/ 2
and 0 = (¢t)2 or g1 = q,q3 =t~ 1.

8In general, we can define the quantum affinization based on the data of a quiver [110, 111], by introducing
Chevalley generators associated with vertices and the corresponding Drinfeld currents with the structure

function g;;(z, w).



The generators of Uq, (gA[n) are

Eig,  Figx,  Hip, KT, gt? (3.5)

]

where i € Z/nZ (index set of simple roots or vertices of the cyclic quiver), k € Z,r € Z\ {0}
and c is a central element. It is convenient to employ the generating currents;

= Eix2 ", F(2)=) Fge (3.6)
K (2) = K exp ( (a—a ZHz 42 ® ) , (3.7)

which satisfy [82];
KF (2) Kf (w) = K () K7 (2) (3.8)
i (,w) Kf (q<1¢l>c/2z) Ej (w) + gji (w, 2) B (w) K (aF9/22) =0 (3.10)
Gyi (w,2) K (qUFD22) B (1) + g (2, w) Fy (w) K (q1599/22) = 0 (3.11)
() 5 )] = 2 (5 (a) B 2) - b0 2R () (812
9ij(z, w) Ei(2) Ej(w) + gji(w, 2) Ej(w) Ei(2) = 0 (3.13)
Gii(w, 2)Fi(2)Fy(w) + gig (2, w) F(w) Fi(2) = 0 (3.14)

with appropriate Serre relations.” The delta function in (3.12) is defined by 6(z) = Zz"

neZ
and satisfies §(z) = d(271). Note that there is the following change of the scaling of the

Heisenberg part H;, between [81] and [82];

K (z) — Kii(q_c/QZ) Hiyr — qirc/QHi,ir. (3.15)

()

The coproduct is defined by!®

A(Ei(z)) = Ei(2) ® 1 + K (C12) ® E;(C12), (3.16)
A(Fi(2)) = Fy(Caz) ® K7 (Ca2) + 1 ® F(2), (3.17)
A(K(2) = K (2) @ K (Cy2), (3.18)
A(K; (2) = K (Cy Z) ® K (2), (3.19)
Ag°) =q°®4", (3.20)

where C1 = q°® 1 and Cy =1 ® ¢°.
As is well known, there are two equivalent constructions of the (untwisted) affine Lie
algebra g corresponding to a simple finite dimensional Lie algebra g. One is based on

°In this paper, we do not use the Serre relations.
19Remember the redefinition (3.15), which implies A(K(2)) — A(KF (Cfl/ZCgl/Qz)).



the Chevalley generators with the Serre relations determined by the Cartan matrix A. In
this approach, the affine Lie algebra is obtained by replacing the Cartan matrix of finite
type (det A > 0) with the corresponding one of affine type (det A = 0). The other way,
which is more familiar among physicists, employs the loop algebra (the current algebra)
g®C[z, 27!] of the finite dimensional Lie algebra g. The one-dimensional central extension
of the loop algebra with the additional grading operator gives the affine Lie algebra g.
Analogously there are two methods to obtain the quantum enveloping algebra (or the
quantum affine algebra) U,(g). That is, Drinfeld and Jimbo originally defined Uy,(g) in
terms of the Chevalley generators with the ¢ deformed Serre relations [112-115]. Later
Drinfeld observed [116] that the same algebra is obtained by introducing the generating
functions of the generators (the Drinfeld currents). This is called Drinfeld realization, or
the quantum affinization Uy(g) of U,(g). Note that, in this realization of the quantum
affine algebra, we use the Cartan matrix of finite type. In a sense, the quantum toroidal
algebra Uq(ﬁ) is obtained by combining the above two ways of “affinization”. Namely, if
we use the Cartan matrix of affine type in the Drinfeld realization, we obtain the relations
from (3.8) to (3.14). In fact, if we compare these relations with those of the Drinfeld’s
realization of the quantum affine algebra U,(g) for a Lie algebra g with symmetrizable
(generalized) Cartan matrix (see for example [111] section 1.2), we see the difference is
only a change of g;;(z,w) by the second deformation parameter ? (and a redefinition of the
Cartan part (3.15)).
It is convenient to introduce the following rational function

1 -1 -
z 1—gqy°2 11— g2z
= p— —_— 3.21

1 1 727 (3.21)

_9-a
o) = 1

to rewrite the commutation relations (3.10) and (3.11) in the form of OPE relations of
Ej(w), Fj(w) with K(2) or K;*(qz). We see the relation

P(ge2) Tt = (7). (3.22)

In fact, as we shall see below, the matrix elements of the vertical representation in the
basis labelled by partitions are described by the function 1(z). We can check that

V(%) Ej(w)K; (2), (i=j-1)
K (2)Bj(w) = ¢ (2) ¢ (22) Bj(w)K; (2), (i=)) (3.23)
Y (g7 ') T Ejw)K(2), (i=j+1)

K (2)Ej(w) = Ej(w)K;' (2),

(2

—~
e}
-+
=
@
]
&
.
0
D

N

(3.24)

imply the exchange relation (3.10). Similarly, the OPE relations of the same form with
K (2) being replaced by K; (q2) or E;(z) imply (3.10) and (3.13). We can also see
that (3.11) and (3.14) follow from similar relations for Fj(w) with K; (qz), K; (z) and
F;(z), where 1 is replaced by ¢! with tAhe same argument.

The quantum toroidal algebra Uq@(g/;\[n) has two central elements, q° and « := [ [, K;.

We will call a representation of Uq@(g[n) that of level (k,?), when (q° &) = (q*,q7).
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In analogy with the case of gl;, we will call the level (0,1) representation vertical and

the level (1, N) representation horizontal. It is known that Ug (gA[n) has two subalgebras
which are isomorphic to the quantum affine algebra Uy (Ejln) The horizontal subalgebra
Uélor(;[n) is generated by “zero modes” Fj, Fio and K (i € Z/nZ) and their relations
take the original form by Drinfeld-Jimbo. On the other hand, the vertical subalgebra
Uge (;[n) is most conveniently described by restricting the Drinfeld currents to the “finite
algebra” part E;(z), Fi(z), Kli(z), q=¢/2 with i # 0. As in the case of DIM algebra, there
is an algebra automorphism that exchanges the horizontal and vertical algebra. It also
exchanges two central elements and hence the level (k, ¢) representation is mapped to the
level (—/¢, k) representation. In the case of DIM, there exists the Heisenberg subalgebra
labeled by rational number k/¢ and related by SL(2,7Z) transformation. It is interesting to

see that the Zy symmetry of vertical and horizontal subalgebra of Uy, (5 [,) can be enhanced
to SL(2,Z).

When ¢ = 0 (corresponding to the vertical representation), the factor in (3.9) becomes
trivial, and Kzi(z) are completely commuting. Hence, there exist simultaneous eigenstates
of H; 4, in this case. In the geometric construction of representation of the quantum
toroidal algebra, we can obtain the vertical representation, the fixed points of torus action
give simultaneous eigenstates of H; +,. Hence, in refs. [117-121] the defining relations with
¢ = 0 have been provided from the very beginning.

3.1 Vertical representation and color selection rule

In the vertical representation or level (0, 1) representation, the Heisenberg part is com-
pletely commuting and they are diagonalizable by simultaneous eigenstates. This repre-
sentation is what we will obtain by the geometric construction based on the (Nakajima)
quiver variety [110, 111, 117-121]. The relevant geometry is the instanton moduli space of
the ALE space of A,, type, which is a resolution of the orbifold C?/Z,, .. Originally Naka-
jima constructed a representation of the affine Kac-Moody algebra from the (equivariant)
cohomology of the moduli space. A representation of the quantum affinization is expected
to be obtained, if we replace the cohomology with the corresponding K theory. When
W,
we have a representation of the quantum toroidal algebra by the K theory of the quiver

we consider the instantons on the ALE space of A, type, the affine algebra is A and
variety (the instanton moduli space).

In the vertical representation, we can label simultaneous eigenstates of Kzi(z) by a
partition (Young diagram) \. We take a basis {|\)} of the Fock space,'’ which simultane-
ously diagonalizes Kf(z). Since the eigenvalues are non-degenerate, the freedom is only in
the normalization of each eigenvector |\). In the following computation, we assume that
{|\)} is an orthonormal basis. Then |)\) is canonically identified with the dual basis ()|
with (Alp) = 0x,. The vertical representation with the spectral parameter v is introduced
in [81]. For a partition A= (A1 > Xg > -+ ), let A£1l; =N >--- > X1 >---). We
assign the color ¢ — j 4+ k modulo n to the box (i,j) € A, so that the empty partition and

1YWe reserve the standard bra-ket notation for states in the horizontal representation to be introduced
in the next subsection.
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the box on the diagonal have the color k. With the notation x, := qf‘flqg_l = ngi‘sqg,

the non-vanishing matrix elements of the vertical representation can be written as follows;

j—1 j—1
MLIEEN = [ ¢la'e/z) 1 ¢@/z) sazjo/z) b1,
1 s=1

Aeimatk Aotitl=s+k
(3.25)
o0 o0 _
NEN+1) = [ vlates/z) ] vli/zs) dazo/z) 8ijx b1,
s=j+1, s=j+1,
As+i=s+k As+it+1=s+k
(3.26)
NES )N = [ v@w/z) [] ¢l ew/z)™, (3.27)
Asji:51§+k As+ifllés+k
NE ()N = [ vles/zao)™ T vl z/zw), (3.28)
,\Sji:zlé+k /\S+z’1:11;’s+k

where k is the charge (coloring) of the empty partition, and (z) is defined by (3.21).
The parameter v is called spectral parameter of the vertical representation. The factor
gi,j_)\ﬁk_l stands for the color selection rule stating that the color of the box that is
added to or removed from the Young diagram is i. Note that the matrix elements of
K (z) are related by (3.22). The matrix elements of the generators E; ;, and F; j, are easily
identified by expanding 6(qi2z;v/2). We note that, except for the range of the product over
1<s<j—1lorj+1<s<o0, Efz)and F;(z) have the common factors in their matrix
elements. In fact, these factors emerge as a consequence of substituting v/z = (qlxj)*l
imposed by the delta-function to the corresponding factors in (3.27). The difference of
the ranges for E;(z) and F;(z) is due to the semi-infinite product construction of the Fock
module in [81]. There are the restrictions on the product in the right hand side:

As+i=s+k, As+i+1l=s+k. (3.29)

The meaning of these restrictions becomes clear, if one recalls that we have assigned the
color i — j + k modulo n to the box (i,7) € A. Then the first condition of (3.29) means
that the last box (s, As) in the s-th row has the color i. Note that the box (s, As) may be
removed from the diagram if As # Ag4q. Similarly, the second condition means the box
(s, As + 1), which may be added to the diagram if As_; # Ag, has the color i.

For a Young diagram A, let us define the set of addable (or concave) and removable
(or convex) corner of \. The addable corner A()\) is the set of boxes (x,y) ¢ A such
that we can add (z,y) to A without violating the Young diagram condition. Similarly, the
removable corner R(\) is the set of boxes (z,y) € A such that we can remove (z,y) from
A without violating the Young diagram condition. That is, if we follow the boundary of
A from x — oo to y — oo the direction changes from up to right (from right to up) at
addable (removable) corner. Since the direction is up for  — oo and right for y — oo, we
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see for any Young diagram A

#AN) —#R(\) = 1. (3.30)

When the vacuum charge is k, we introduce the set of addable and removable corners of
color £ by

AP = (i) € AWk +i—j = 0}, (3.31)

RPN :={(i,§) € RNk +i—j = {}. (3.32)

With these notations, we can rewrite (3.27) as follows;?
AEF @O = I v/ I ¢l esw/z)7h (3.33)
(s,xs)€RM(N) (s,hs+1)eAP ()

In particular, we have
(k) (k)
Ko|\) = q# e O=#A47(0 |\, (3.34)

Hence, from (3.30) the value of the center is k = [[, K, = q~1, and we see that the vertical
representation has, in fact, level (0, 1).

3.2 Vertex operators and horizontal representation
The Heisenberg subalgebra part of Ug, (g/;\[n) is

[r][er] ol

r v

(Hir, Hjs| = 0rts0 (3.35)

where [n] = (" —q7")/(q — q~!). We introduce the (q,?) deformed Cartan matrix by
Cij(q,0) == [a]0™"™9, (3.36)

and define ras]
r roar TQij5|  —pm,.

Note that the commutation relation (3.35) is invariant under the redefinition (3.15). To

introduce a vertex operator representation with ¢ = 1, we will employ the following ver-
tex operators:

Vi (z) = exp (zF > Hﬁ” Z”) - (3:38)
r=1

The fundamental OPE by normal ordering is

VIV O (w) = sij(zw) VO VI (w) 2] > ), (3.39)

7

where

(3.40)

Sij(zaw) = 5

12(3.28) can be rewritten similarly.
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Let us introduce notations for the oscillator part of the vertical operator representation:

ni (2) = V;(_) (q_%z) VZ-H) (q%z> , (3.41)
6(2) =V (ab2) v (a732) (3.42)
oF () = VO (aF2) VI (g712) (3.43)

The inverse of the vertex operator Vi(i) (2)~! is defined by flipping the sign of the exponential

and satisfies, for example,
V(+)(Z)V-(_)(w)*1 = s;5(z,w) 7" Vi(ﬂ(,Z)Vj(_)(w)*1 5 |z| > |wl]. (3.44)

Then the vertex operator (horizontal) representation with level (1, N) is given by'?

Ei(2) = i (2) efigHiott (z*NqNu)éi’k : (3.45)
Fy(2) = & (2) e @y Hiotl (pN =Ny =10k (3.46)
K+ (q%z) — ¢ (2) q =0 Foi kN (3.47)

The vertex operator representation was originally given in [122, 123], where the level was
(1,0). Here we generalize it to level (1, V). We have also introduced the spectral parameter
u for the horizontal representation. Note that the modification by the level N and the
spectral parameter u appears, only when the color i of the currents is the same as the
vacuum.'* The zero mode parts e*¥ 2% and H; o satisfy

eV = (—1)%ie% %, (3.48)
2950 — i @ajzaai, (3.49)
0605 — L0 3Mij o0 4 Hi0 (3.50)

and the same relation for q replacing z. Note that (3.48) defines a Zy twist of the group
algebra of the root lattice Q = >, Z - @;. Since K*' = K¥(0) — qF%i 0tV we see that
k=]LKi=q" by >,0;, =0. The N dependence of E;(z) and Fj(z) is fixed by the
commutation relations. An additional factor of q is introduced for later convenience.

Let us check the commutation relation (3.12). First of all, when i = j, we have

_ :mi(2)&i(w) - (i

) , |z| > |wl, (3.51)

Fy(w)Ei(z) = 2 C > )2 (3.52)

13The shift of the argument of K is due to (3.15).
4The choice of vacuum state breaks the cyclic symmetry of the affine A, Dynkin diagram.
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Using the formula

x B r1 _ 5(qz) — 0(q ')
(1—gz)(1—g7lz) (1 —gz )1 —q -tz q—q!

and the property §(zy~1)f(x) = 6(zy~ ') f(y), we obtain

i) Fiw) =6 (1) B8 (1) Kl (3.51)

When i = j £+ 1, by taking the commutation relations of zero modes (3.48) and (3.50) into
account, we can check

Before concluding the section, we give another example that shows the role of the
commutation of the zero modes. From the OPE relation (3.39), we see

— S0 k—1 3o,k —1 Ot k41
1 1—g3'¥ 9" - 'Y 1
o7 (q éZ)mc(w)Z( Z)— (1= z) ( 2) Lof (a2 2)m(w)

(1-q1%)** 1(1—%%) (1)

(3.56)
and

—12\0ek—1 z _ 71 2\0k+1
nk(w)%(q%Z):(l & )5 (s “’) Mt 5)
(1 a3 )Zk 1(1_q2 ) (1 @ )Zk+1

By combining with the commutation relation of the zero modes: q* Ve et = g eafqi‘%
see (3.49), we recover the relation (3.23) between K, (2), K, (qz) and Ej(w).

cp(w)py (q22) . (3.57)

4 Construction of the intertwining operator

Let .7:1(,0’1) and fl(Ll’N) be the Fock spaces for the vertical and horizontal representa-
tions with spectral parameters v and u. We assume that the color of the vacuum (the
highest weight state) in the vertical representation is 0 for simplicity of expressions.
Note that the color of the vacuum can be made k by the shift of the color indices:

Bi(2), Fy(2), K (2) = Eii(2), Fin(2), K35,

of the quantum toroidal algebra Uq@(g[n) as follows:

(z). Following [80], we define the intertwiners

(N, ulv) : FOU @ FIN) 5 FLNHD 43 = dA(a), (4.1)
and its dual
®*(N + 1, wlv) : FINTD 5 FlLN) @ FOD - A(a)d* = d*a. (4.2)

Later we will see that the intertwiners ® (N, u|v) and ®*(N + 1, w|v) exist only when the
spectral parameters satisfy a conservation law w = —wuwv. Note that, in our notation, the
level and the spectral parameter of the horizontal representation refer to the source Fock
space. In the following, we often suppress them for simplicity. They are indicated explicitly,
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whenever it is helpful. In terms of the basis |\) of the vertical representation ]:150’1), we
introduce components of the intertwiner by

Dy = D(|\) @ o), (4.3)

where {|\)} is the basis of FY introduced in section 3.1. The component @, is a map
between horizontal representations, and our task is to express it in terms of the vertex
operators. Since C; = 1 and Cy = q for the vertical and the horizontal representations,
the definition of the coproduct implies the following intertwining relations for ®y:

(N)+1
Z (A + L[ Ei(2)[AN)®at1, (v) + (MK (2)|A)PA(v) Ei(2), (4.4)
7j=1
)
Z — 1| Fi(q2) [N @1, (0) K7 (q2) + @x(v) Fi(2), (4.5)
=
K (2)@5(v) = ()\!Kf(z)| )@ (v) K (2), (4.6)
K; (92)@x(v) = (AIK; (2)|M)@A(v) K (g2).

At the left hand side, the currents E;(z), Fj(z), K;7(2) and K (q2) are taken in the level
(1, N 4+ 1) representation, while, at the right hand side, the representations are at level
(1, N). The argument v is the spectral parameter of the vertical representation so that
(A, v) represents the data of the state on the vertical side. We have used that 1 =, [A)(}|
in order to derive the intertwining relations assuming (A|x) = 0y . If we employ a different
normalization, the intertwining relation will involve the normalization factor.

The component of the dual intertwiner is defined by'®

Z P35 (e) @ |N). (4.8)

Since C1 = q,Cy = 1 for ®%, we find the following intertwining relations:

I78))
3 (v)Ei(2) = Bi(2)®3(0)Q + K[ (a2) Y ®5_1, (v)(A\|Ei(az)|A — 1), (4.9)
1
" (N)+1
L (v)Fi(2) = AK] (2) N E; Z P31, W) A[Fi(2) A + 1), (4.10)
O3 (v) K (92) = (A K, (2)|\) K (q2) @3 (v), (4.11)
DA (v)K; (2) = (MK, (2)|N K (2) @3 (v). (4.12)

4.1 Structure of the intertwining operator

It turns out that the components of the intertwiner have the same structure as in the
DIM case [80]. Namely, with the normalization factor C)(qi,¢3) which is related to the

5Here we normalize the dual intertwiner in a way distinct from [80].
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normalization of the basis |\) of the vertical representation, we have

— —
@A(U):M; I1 [T Eewsylal " ds o) | - @alv) -, (4.13)
OManas) | oy \ugion

where the vacuum component is (formally) given by an infinite product:
1
H N ’]) j qg 11)) L. (4.14)
1,j=1

¢(i,j) =i—j is the content of the box (7, j) modulo n, which defines the coloring of boxes.
Since the zero modes are non-commutative, we have to fix the ordering of E;(z) in (4.13).

E
This is the reason why we used the notation H, which means we take the product in
+—
the “reversed” order, namely H a; = apan—1---a1. In the case of (4.13), it is more
1<i<n

complicated, since we have double indices. We first order Fg; ;) in each row with respect
to the second index j, then we order the blocks of each row from the first (rightmost) to
the last (leftmost). See (4.22) below more about the ordering of the product in (4.13). We
impose Cx(q1,93) = tz(q1,q3) = 1 as the normalization condition. Then, later we will see
the intertwining relation fixes the normalization factor as

Calggs) = [ (1- g Pgy O, (4.15)

Oex
h(0)=0

We define the arm-length, the leg-length and the hook length of 00 = (4,5) € A by

and
ha(0) = ax(O) + 0,(0O) + 1, (4.17)

where ) is the transpose of the Young diagram. Note that if we do not have the restriction
that the hook length h)([J) is a multiple of n, the normalization factor appears in the norm
of the Macdonald function Py(x). As we will show in section 4.3, the intertwining relation

with Ey(z) gives the following recursion relation for the prefactor ¢y of ®y(v):

t)\+1 . L(X) L(A)+1
R At ) . 418
- (~ag 121 1211 q (4.18)
s ’ze S—Ae=l+1,
s

With the initial condition ¢tz = 1, we obtain

A(q1,g3) H H ( ) (4.19)

OeX © ,j)eA
hA(D)EO ] =0
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In formula (4.13), we employ the vertex operator Eg(i,j)(q{_lqg_lv) in the representa-
tion with level (1, N+1) and the spectral parameter —uv. Recall that the component of the
intertwiner ®,(v) can be regarded as a map between two Fock spaces fftl’N) — ES}’N“).
We will see that the relation w = —uw is required for the existence of the intertwiner. The
level and the spectral parameter of the horizontal representation affect only the zero mode
part of F;(z) (see (3.45)) and it turns out that it is natural to use the vertex operators
referring to the target Fock space.

For the convenience of forthcoming computations, let us separate the zero mode part

of the intertwiner as follows!6
tA(u, v g1, q3) J—1 i1
dy(v) = L0 || i@ gy v) - Py(v) 4.20
MY = =5 . a9) ’ )GA”"”( 105 v) Palv) (4.20)

where

(w05 91, 3) = talqr, g3)ul (—0) M0 (g1, g3) TV 2a(v), (4.21)
and |\|g denotes the number of boxes with color 0 in A\. The monomial factor #y(u,v; q1, q3)
now depends on the horizontal spectral parameter v and takes values in the group algebra
of the root lattice. The group algebra part of ®,(v) is

<_
aw = 1 IT es) |, eii(v) =% (g gy o) im0t (4.22)
1<i<e(N) \1<5<\

The factor in (4.21)

g, q3) = (-Day g3 2, (4.23)

(4,7)EX

&(i,5)=0
is the generalized framing factor arising from the commutation of zero modes. If we do not
impose the restriction &(i, j) = 0, fA(g,t~!) is nothing but the framing factor of the refined
topological vertex [124, 125]. The dependence of the intertwiner ®y(v) on the level (1, N)
can be arranged simply in the powers of f\(q1,q3) and —v. As we emphasized before,
since e; j(v) are non-commutative, we have to fix the ordering of e; ;(v) in the product.
Our choice of the ordering in (4.22) is for convenience of computing of the intertwining
relation with Fy(z), Fy(z). For example, it means that z32) = es2eaie1zeizerr. The
spectral parameter u of the horizontal Fock space counts the number of boxes with the
same color as the vacuum and only appears in the second factor of (4.21). From now
on, we write only the v-dependence explicitly. The condition on the vacuum component
Fy(2)Pgz(v) = ®z(v)Fp(z) imposes the relation w = —uv among the spectral parameters

of the horizontal and the vertical Fock spaces.

16Since there is no ordering problem in the oscillator part, we use the usual notation [T in the normal
product as compared with (4.13).
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Similarly, the dual intertwiner is given by replacing E;(z) by Fj(z):

. t3(q1,93) - a .
(I)A(U):h: 11 I Feiplal  as ) | - @5(0) - (4.24)
MILG3) ) S0y \1<i<n
5.(u,v;q1,q3) i
= A2 ] iy (@l i) - D (v) ¢, 4.25
Ci(q1,93) ]J‘_[E/\ ()@ 05 v) - P5(0) (4.25)
with -
= [ &wplal div)™":. (4.26)
ij=1

The normalization of the dual intertwiners is

C (q1,43) = H (1 - (D)Hq;Z*(D)). (4.27)

OeA
hx(0)=0

As in the case of @) (v), the vertex operator Fé(ivj)(q{flqéflv) in (4.24) refers to the target
Fock space of ®3(v). That is, it has the level (1, N) and the horizontal spectral parameter
u (see (3.46)). Let us decompose the monomial factor as before,

?;(’U,, V541, q3) - ti(CIh Q3)(—U)NI/\|OU_IMOJCA(CI1, q3)NZ:k\(v)7 (428)

with!”
-

A0 = 11 I fs@ ). figw) =e ™ (g gy o)~ Hmiott (4.29)

1<i<e(N) \ 1<\

and the same generalized framing factor (4.23). Then we have the recursion relation

o N o) £ +1
. + 2J —
= )( a4)” ) H II o (4.30)

A = 1

s— )\ —Z s— ;—Z—i—l,
s#jJ

By solving the recursion relation with the initial condition ¢} = 1, we obtain

tlaas) = () T a7t T (-ad). (4.31)

Oex (4,5)€N,
hx(O0)=0 =0

4.2 Vacuum component of the intertwiner

Let us first check that the vacuum component ®4(u) satisfies the following intertwining

relations:
Ey(2)®0(v) = 8(v/2)0008 (1) (v) + 1 (2/0)°00 D (v) Ey(2), (4.32)
Fy(2)®g(v) = Po(v)Fi(2), (4.33)
K} (2)®o(v) = ¥(qau/2) 200D, (v) K (2), (4.34)
K; (92)00(v) = $(2/v)*2004 (v) K, (q2). (4.35)

"The rule of ordering is the same as in the case of z,.
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The color selection rule tells us that ((1)|E¢(2)|@) = 0 and (2|K;"(z)|2) = 1, unless the
color / is the same as that of the vacuum state |@), which we chose 0. Hence, if ¢ # 0, all
the currents Ey(z), Fy(z) and Kf(z) commute with the vacuum component ®4(v). This is
consistent with the fact that the dependence on the level (1, N) and the spectral parameter
of the horizontal representation appear only in Eg(2), Fo(2) and K (2).

Since C'y = tz = 1, the non-trivial commutation relation comes only from the vertex
operator part. A crucial point for the check of the intertwining relations is the following
fact. Let ‘

i () i= oy (dl w) ey (a7 'w) iy (). (4:36)
Then the shift of the power of ¢; combined with (3.56) implies that non-trivial OPE factors
with @Z(q_%z) and apz_(q%z) cancel:

e (a782) ) () =) (w e (a722),
— (L N (tri) ~(tri) _ (.1 (4.37)
Py <q2 Z) Mi—j (w)= i (w) Py <Cl2 Z) .
Because of this “triplet” cancellation, for each row a non-trivial OPE factor of @Z(qféz)
with ®4(v) arises only when the first box (i, 1) has color £ — 1 or /. When i = £, we have'®
q (g ¢t tv/2). And when i — 1 = ¢, we have q - ¥(g2q5 'v/2)!. Hence, if we take the
product over rows, these factors cancel in general. But a non-trivial factor q - ¢(q2§)_1
survives when 1 = ¢ + 1. Recall that, according to our choice of the color of the vacuum,
the box (1,1) has color 0. From our definition of level (1, N) representation, when the color
of K, j (z) is the same as the vacuum, there is a change of the power of ¢, since the level
of the horizontal representation changes from (1, N) to (1, N 4+ 1). Taking this factor of q
into account, we can confirm (4.34). We can also check (4.35).
By the same reasoning, we see that Ey(z) and Fy(z) commute with the vacuum com-

ponent ®g(v), unless £ = 0. When ¢ = 0, we have

q

N
z
)

Hence, the condition Fy(z)®g(v) = ®g(v)Fo(z) implies

Fo(2)Pgs(v) = <Z>N+1 w (1 - q?v) e d0 oot - 60 (D, (v) ¢,
By (v) Fo(z) = < -1 <1 - :U> e00,~Hoot 1 o ()€ (2) - . (4.38)
w = —uv. (4.39)

On the other hand, the substitution of (4.39) to

E@ea() = (2) w(1= L) emtontt sy ()an (),
q z

B (1) ol 2) = (q)Nu (1 - ) oMt By (), (4.40)

q2v

!8Note that we are looking at OPE with the inverse of 7.
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gives

z

Ey(2) Pz (v)—1 (;) Dy (v) Eg (2) = —qV Truv™N6 (

g) 0 Ho0H1 o (N y(v) . (4.41)

This means that (4.32) holds with

Coylar,a3) =1,  tay(u,v:q1,q3) = —q o™ Nue®pfloott (4.42)

It may be useful to mention that the intertwining relation for ®4(v) can be also
reproduced by introducing the dual vertex operator

V) (2) = exp (:F 3 Ai,ﬂﬁ> , (4.43)

r=1

with the commutation relation

[Air, Hjs] = r+s,05z‘,j[r]- (4.44)

More explicitly, A;, is a linear combination of Hj

n—1
Ny =Y 00MH;,, (4.45)
j=0
where
b? = b;;(q",0"), (4.46)

and b;;(q,0) are the components of the inverse of the deformed Cartan matrix (3.36);

2 _m\ oz oz [i = "+ [n+j — ol (i > ),
af —aq1 ) (a5 — a3 ° ) bij(a,0) = - - (4.47)
(1 ' ><3 ’ ) ’ [ — o7 4 [n i — j]07 (i < j).
The fundamental OPE relation is
~(_ w\ —%ij ~(_
VI ()T (w) = (1_;) "V T D w) 4 (4.48)
~ _ w\ %ij o~ _
Vv (w) = (1_;) TV @V (w) - (4.49)
Then another formula for ®4(v) is
~ - ) -1
By (v) = V) (q%v) v (q%v) . (4.50)

where k is the color of the vacuum. We can check the intertwining relation for the vacuum
component with general gg,k. Similarly, the vacuum component of the dual intertwiners
can be expressed as

o7 (v) = ‘N/k(_) (q%v)il TN/,C(JF) (qév) . (4.51)
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4.3 Zero mode part and intertwining relations

We can use the same idea to compute the OPE relation of ®(v) with K,/ (2) and K, (qz).
When we compute the OPE relation of []; e Fe, )(q1 1q§ ') with K (2), using (3.23)
for the (1, N + 1)_,, representation, for each row (fixed index i) a non-trivial OPE factor
arises from the first box (i, 1) and the last box (i, \;) when they satisfy the color selection
rule. The factor from the first box (i,1) exactly cancels the contribution from ®4(v)
discussed above. Thus the remaining factor comes from the last box (7, \;) with the color
selection rule that (i, A;) has the color £ or £+ 1. From (3.23), we obtain

TV . ziv\ 1 .
zp(z> for N\ +{0=1, w( z) for A +1+1=14, (4.52)
and, hence,
_1 7
oy (a722) gl 0ro(vHD H Egiy(qi a5 ') (4.53)
1<z<£(A 1<5<
o) ) +1
Y(gv/2)% H EXYES Y(gz 'wsv/2) 7
s=1,
S— )\S_E s—As=f+1

<

11 H Euigy (al7'a70) | o (a7%2) a5 (4.54)

1<i<e(n) \1<5<N

where we also used relation (4.34). This implies

o(N) LN)+1
K/ (2 H (xev/z) ] (g5 zv/2)7" ®A)K] (2). (4.56)
Syl i1

Similar computation is valid for K, (qz), since (3.23) also holds for K, (qz).
Let us move to the intertwining relation with Ey(z). Since (3.23) still holds even after
replacing K, (z) by Ey(z), we have

Ey(2)®x(v) = (AIE, (2)|A)@a(v) Ee(2) = [(ALK, (2)IN) — (K, (2)[N)] @a(v) Ee(2),  (4.57)

where we also used relation (4.32). Note that the first term at right hand side of (4.32)
vanishes due to the coefficient ¥ (gav/2)d(v/2z). To obtain the delta functions in the inter-
twining relation, we make use of the following formal series identity for a rational function
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v(z) regular at z = 0,00 and with simple poles at most (Lemma 3.3 of [72]);

77 (2) Z’Y 8(z/2), (4.58)

where v¥(z) denote the Taylor expansions of v(z) in 2¥! at z = co and z = 0. The sum
at the right hand side runs over all poles z() of v(z) with ) = Res,_,17(2)% being
the residues. One can prove the identity by the partial fraction decomposition of rational
functions. The formula (4.58) implies

o) () o
;U
IFER -G = 3 (2 )at-a") 1] o (%) H o)
j=1, Ly q3x;
J=Aj=L S— )\578 s— )\SfZJrl
x;éj
() +1 . ey N
+Z§(”>—11q2 Hzp< > H w(“) . (4.59)
=" N
J=Aj=l+1 s— )\S,g s— )\S,g+1
i

To get ®)y1;(v) out of the difference Ey(2)®x(v) — (AK, (2)|A)®A(v)Ei(2), we have to
compute the normal ordered product and take contributions of zero modes and spectral
parameters into account. We need the following OPE relation for |z| > |w|:

11
mi (2)m (w) = g5 (422,473 w) : ma(2)my(w) :
-1
(I—as%) -
=q (1 -9 (1 - qas) :mi()n(w): j=i (4.60)
1-a®) " m@)nw): j=it+1
The “triplet” cancellation also holds in this case. Thus, a non-trivial OPE of @ (v)ns(z)

2nj(w): j=i—1

appears when the selection rule ¢ — A\; = £ or i — A\; = £ + 1 is satisfied in each row. The
contribution of the i-th row is

-1
(1— : > for N+ =1, <1_qu> for N+Ll+1=1. (4.61)
T;v ;v
Hence, the product over the rows gives
Ey(2)®a(v) = (MK, (2 )IA)%( )Ee( ) (4.62)
(A)+1
- NnL;v _ Ty
S semea T o) 0-)
j—ij_zkﬂ 5— Ag—z
L(N)+1 1 1
Ts T
I1 w(q‘;—]) (1 %xs 7) LBy (0) Ey(2) : (4.63)
s—)\;Eé—s—l,
s#]
£(N)+1 ) E(N)+1 .
nr;v Lj . .
= X o(") H ) I a(2) mene:
=1, = s=1,
f,]\jzeﬂ >\ =( s—As=l+1,
s#£]
(4.64)
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Note that the delta-function §(qiz;v/z) appears when j — A\; = ¢ + 1, that is, when we
may add a box with color £ in the j-th row. Then we move e, 1 to get? Zat1,;(v) =
zg\jf)(v)ejv,\jﬂ(v)zgjﬂ(v) by using Lemma 4 in appendix B, a necessary technical result
is worked out in appendix B. Taking the level dependence of the zero modes part into
account, we finally obtain

Eu(2)®(v) — AK; (2)\)®r(0) Eel2) (4.65)
N)+1 R 5, -1 . j—1 2\ L
i+1 2 3
S 0 () (o)
j=1, s=1, J s=1, J
J—=Aj=l+1 5— )\Sfé s—As=l+1
i) T; ks zi\ v\ tn COxt1
ALt () I0a(e2) o (M) 32 e ma
s—jt1, q3Ts S=it1, Ts z t/\—l—lj Cx
s—As={ s—As=f+1

Now we employ the following combinatorial identity for the normalization factor Cy,?"

i1 s O g 041 Z(ﬁﬂ L Os—xg 041
H 1= 2 x
C/\Jrlj _ s=1 i s=j+1 ’ (4 66)
) J—1 T Gsng,e LN T Gs—xg,t . .
S —
1—‘[<1—q1 m) 11 (1_q311>
s=1 J s=j+1 s

See a related computation in the DIM case, Lemma 6.4 in [80]. In appendix A, we
prove (4.66) which also appeared in section 7.2.1 of [120]. Taking this into account, we
arrive at

Ey(2)®x(v) - ()\!K[(Z)I/\)CI’A(U)E (2)

£(0)+1 - e(N)+1
_ jt+ -1
_ Jz: ( qq;’ ) H q 11 H <q1x]>

=1, = s=1,
J—A=0+1 s— /\S—K s— )\S—K—I—l S— )\ _E
s#j
Jj—1 "
Zj q14v A
J J
< 11 ¢( ) (B42) D, () (4.67)
s= 1 J"S z )\—f—l]
s— )\S_Z—i-l

By comparing with the intertwining relation (4.4), we obtain the recursion relation (4.18)
which gives the formula (4.19).

The OPE computation of Fy(z) and ®(u) involves the commutation relation of F;(z)
and Fj(w). But it can be performed similarly based on

Ee(2)ni(w) = sei(z,w)™h = E2)mi(w) -
(1) s &(2)m(w) s i=L+1
=) (1) )
(1-2):&(2)ni(w): i=L—1

19See appendix B for the definition of zg\j j[)(v).

20To obtain trivial cancellations with this factor, we have chosen the product order of zy.

¢ (4.68)
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for |z| > |w|. We can deduce that

Fy(2)®x(v) = PA(v)Fo(2) = (75 (2) =77 (2)) : Fu(2)@a(v) 5, (4.69)
£(X) 1 )41
v(2) = g (1 - qz> ]:1 <1 - qqu). (4.70)
s—=As=L s—As=l+1,

This time the delta-function § (?—;) appears when j—\; = ¢, that is, when we may remove
a box with color ¢ from the j-th row. Using

o (o) 0 () = a5 (22, (471)

we can check the intertwining relation with Fy(z) by (4.66) with A\; — A\; —1

Finally, the dual intertwining relations can be demonstrated in the same way.

4.4 Network matrix model and screening operator

Network matrix model is a matrix model of the Dotsenko-Fateev type (conformal matrix
model)?! whose measure is determined by a trivalent planar diagram (5 brane-web) rep-
resenting a toric Calabi-Yau threefold [52, 53]. The correlation functions of the model
are computed as the (vacuum) expectation values or the traces of appropriate products
of the intertwiners glued together. They reproduce refined topological string amplitudes
or five dimensional lift of the Nekrasov partition function for A/ = 2 quiver gauge theo-
ries. Using the intertwiners constructed in this section, we can define a network matrix

model with Ug, (gA[n) symmetry. There are two fundamental ways of gluing intertwiners
(see figure 3). The gluing along the horizontal line is simply the successive action of op-
erators on the horizontal Fock space. A particular example is the product of ®*(z) and
the dual intertwiner ®7 (w), which we call T operator [55]. The 7T operator satisfies the
RTT relation and plays an important role in deriving (g¢,t)-KZ equation, since it realizes
the g-shift operator (see the next section). Note that such a product of the intertwiners
along the horizontal line gives again an intertwining operator which satisfies, for example,
a®(z1)P(22) = P(21)P(22)((1®A)oA)(a). On the other hand, the gluing along the vertical
line means taking the tensor product in the horizontal direction with summation over the
intermediate Young diagrams on the vertical line. This gives the screening operator of the
network matrix model [54];

Zq’x ) @ ®A(2). (4.72)

In the DIM case, there should be the inverse of the square norm of the Macdonald function
||[M|| 72 as a weight in the summation over \. However, we have changed the normalization
of the dual intertwiner ®3 and consequently there appears no weight factor in (4.72).

2See [126-131] for an original and generic issue of the conformal matrix models, and [47-49, 132-139)
for AGT-related conformal matrix models.
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S(2) = 305 P3(2) © PX(2)

31

U2

—ZU2

Figure 3. Gluing two intertwiners ® and ®* gives the T-operator (horizontal gluing) or the
screening operator (vertical gluing).

An important property of the screening operator is a commutativity with A(X) for

any element X in Uq@(g[n):

[A(X),S(z)] =0. (4.73)
This relation gives constraints (Schwinger-Dyson equations) for the correlation functions of
the network matrix model. Since the coproduct A is a homomorphism of the algebra, it is
enough to check (4.73) for generating currents Ey(w), Fy(w) and Klft (w). For X = Klft(w),
the commutativity is easily checked by using the definition of A and the intertwining
relations for ®(z) and ®3(z). For X = Ey(w), we have

oN)+1
[A(E(w)),S(2)] = (K, (qw)®1) Z Z A+ 1| Be(qu)[ N @i (2) @ @MY (2)  (4.74)

L)
=Y (AE(qu)A=1))®5_y ()29 (2)
A =1
The right hand side vanishes inductively in the number of boxes |A| of the Young diagram.
A similar computation is valid for Fy(w).

4.5 Abelianization of the DIM intertwiner

We would like to reexpress the intertwiner (4.20) so that it explicitly depends on the
quotients \© and shifts p. of the vertical diagram A. We will see that the intertwiner
factorizes into a product of commuting operators, each depending on its own quotient A\(¢)
and shift p.. Thus the intertwiner for the non-Abelian DIM algebra breaks down into a
product of intertwiners for the Abelian?? DIM algebra.

22We abuse the terminology and call Abelian the DIM algebra associated with the double loops on the
Abelian gl;, = C, though, of course, the DIM commutation relations are nontrivial. The non-Abelian DIM
in this terminology is the deformation of the double loop algebra on gly.
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To minimize technical steps in the derivation in this section, we limit ourselves to the
unrefined non-Abelian DIM algebra. The unrefined limit corresponds to setting ¢1 = g5 L
or, equivalently, to q = 1 with arbitrary 9. Let us first write down the expression (4.20)
for the intertwiner ®y(v) using the colored characters:

{A(U,U)
Da(v) = Y (4.75)
CA(QL ql 1)
N-1 r(c—N) r(c—N)
1 ©m . 0 Ngq, r
X @ exp - —ch) " (q]) + — — V' He _y— (1 —r)
Z [Z ( S N

Now we use the formula (E.15) expressing the colored character in terms of characters of
the quotients:

By (v) = ALY f,\(u v)
A C)\(q17Q1 1)
N-1 N-1 —rNpg
, 1 1-¢q;
X : eXP{Z [ < Lea(qy) ql r(Npa~ )<Ch)\(d)(Q1N)_1_ N 17qu )
r>1 c=0 d=0 a4 1
r(N—c) rN
5 (0(1*(11 )+N) r .
+ (1—g™)2 V' He _p—(r<>—r)| p:, (4.76)

where the matrix Leg(q) is from eq. (E.16). We introduce modified Cartan generators H,
which are given by the following linear combinations of the original ones:

Hy, = Z Lea(q7 ) He, (4.77)

The modified Cartan generators (4.77) satisfy very simple commutation relations:
~1N-1
[Hd,Tv HfS Z Z Lcd Q1 ef Q1)aceql ‘e'r'57"+s,0 = (1 - Q{N)(l - Q;TN)T(SdférJrs,Oa

c=0 e=0
(4.78)
where a;; and m;; are the Cartan and adjacency matrices introduced in eq. (3.1), and we
have used the crucial property of L'
aijiq,
(L Ha DL @), = L (4.79)
Y (1_(11 )(1_(11N)

This property is easy to verify from the explicit expression (E.19). We therefore conclude

that .FNIZ',T are N independent bosonic generators.
We notice a further simplification which occurs when we rewrite the vacuum part of
the intertwiner in terms of the new Cartan generators:

N—-1 r(N—c) rN

0 (c(1—¢i™)+N)
) _ He. ., = _ § a . (4.80)
g (1—gN)? ‘ (1—q')( 1—qN !
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Plugging the identities (4.77) and (4.80) into the intertwiner, we obtain

_ EA(”?”)
W)= D (4.81)
' 1 = B rN 1 Npa—d_ \" 7 _ _
xiexpd Y = | Y | —chyw(g] )+(17q4N)(17qTN) <q1 v) Hg—p—(r<>—r)
m>1 Ld=o0 ! !

It is remarkable that, since fInd for different d commute, the intertwiner is a product
of commuting operators each depending on its own quotient diagram A4 and the shift
P4, the latter entering only in the shift of the spectral parameter. Moreover, upon closer
examination each of the commuting operators is nothing but the Abelian DIM intertwiner!
Let us denote the Abelian DIM intertwiner by W (z) as in [54]:

‘llg\ql)(szr) =é\(2)rexp Z% [<_Ch)\(q”+(1—qlr1)(1—q{)> ZH_ o —(r<—r)| ¢,
r>1
(4.82)
where ¢)(z) denotes the scalar prefactor, which we omit in what follows, and we have
explicitly written the gi;-dependence of the intertwiner and also indicated that it acts in
the horizontal representation with the bosonic generators H,. The generators H, satisfy
the commutation relations

[ﬁr’ ﬁs} =1 =q)(1 —q " )rdriso- (4.83)

Notice that here the normalization of the generators is nonstandard, though the expression
for the Abelian intertwiner (4.82) is correct. We can introduce a more convenient set of
_ _Hy

operators a, = 1=/, for which we have
1

[ar, as) = 10r450- (4.84)

Let us also introduce modified zero modes &, and ﬁd,o

N—-1
Qe = Z (5C,d - 5(c—d) mod N,I)O:fda (485)
d=0
N-1 3
HC,O = (6041 - 6(cfd) mod N,I)Hd,O (486)
d=0

which are independent (we assume that Zfiv:_ol Qg = Zévz_ol Hgo = 0). Then the zero modes
also factorize into a product of independent factors:

H eia(ifj) mod N (q{_iv)H(i—j) mod N9
(4,5)€A

N-1 N-1|d— Hgo
H Pdd ( —N\D|=3 Npa(pa+1)+dpa+3 7, LNprfvpd> ’

a0 (4.87)

~ 98 —



3po 3p1—1 3pa—2
vqy vqy vqy

PrMv) ~

Figure 4. The intertwiner of Fock representations of Ug—1 5 (gl3) drawn in terms of the intertwiners

of Fock representations of Ug—1 » (gAll) The Young diagrams A9 on the vertical legs are the quotients
of the Young diagram )\, and the spectral parameters of the vertical legs depend on the shifts p.
obtained from the quotient construction. More details on the quotients of Young diagrams are
collected in appendix E.

Eventually, we get the key result

N-1 1y de H
5. [ —NIND|=3Npa(pa+1)+dpa+> 3o 145 Ipr YO GNY ([ Npa—d 7
@g\m)(v)w H ePada <q1 2 f=0 "N v~ Pd ‘I’(f(b)) (‘h Pd Udeﬂn)
d=0
(4.88)
where we have omitted the scalar prefactors. Several remarks are in order:

1. Each operator ¥ acts on its own horizontal Fock space with the bosonic operators
Hg ., which are completely decoupled from each other. The vertical quotient diagrams
A are also independent.

2. The normal ordering in the product in eq. (4.88) has been omitted, since each factor
is already normal ordered, and the bosons ITId’r commute for different d.

3. The Abelian intertwiners in the r.h.s. of eq. (4.88) have the equivariant parameter
q}, i.e. one can view the corresponding Q-background as a N-sheeted covering of the
original one with parameter ¢;.

4. The shifts pg enter only as shifts of the spectral parameter v. Thus, the vertical legs
on which the intertwiner acts do not coincide, but are shifted with respect to their
center of mass position v by ¢"Pa~?. Notice also that the shifts are integer powers
of q1-

Overall, since we have expressed the non-Abelian intertwiner as a product of the
Abelian ones, we can now draw a network matriz model picture for it, see figure 4. The
non-Abelian intertwiner acts in the tensor product of N horizontal Fock spaces and N
vertical Fock spaces. The latter have the basis labelled by the N-tuple of Young diagrams
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A4 The spectral parameters on the vertical legs are obtained from the original one v and
the shifts p., while those on the horizontal legs are encoded in the momenta (zero modes)
of the corresponding bosonic fields. The Fock spaces are intertwined pairwise by the usual
triple topological vertices so that, as a result, one gets a tensor product of N horizontal
Fock spaces.

From the physical point of view, the phenomenon we observe in this computation is
that of symmetry enhancement. The Abelian intertwiner corresponds to a triple junction
of three Type IIB (p, q)-branes, each of them being represented by a Fock space in the

3

algebraic picture. The DIM algebra plays the role of the “worldvolume gauge symmetry”

of the brane. Since there is only one brane, the symmetry is essentially Abelian, hence,
represented by the Abelian DIM algebra Uq7t<§[1>.

One can consider a triple junction of a stack of N (p,q)-branes. If the branes in the
stack are far apart then on each of them there is still an Abelian algebra acting. However,
when we move the branes closer together, the symmetry will be enhanced. The natural

candidate for the enhanced symmetry algebra is Uq,a(a[]v)- A priori it is nontrivial that
the triple junction of stacks of branes factorizes into a product of non-interacting triple
junctions. Our computation shows that at least in the unrefined limit this is, indeed, the
case: the branes pass through each other and form the junctions just in the way they used
to when they were far apart. Perhaps one can interpret this effect as conservation of certain
protected quantities.

5 Level one KZ equation and Nekrasov function for ALE space

Let us define the T-operator [55, 56] as a bilinear composition of the intertwiners

A A N 1,N+1 1,N
T (N, ulz,w) i= @ (N + 1, —zuw) @ (N, ul2) : FLN) f&zu R féu/w), (5.1)
where (z,A) and (w, ) label the states in the incoming and the outgoing vertical Fock
space, respectively. In some of the computations below, it is necessary to change the level
N and the spectral parameter u of the horizontal Fock space. We also introduce a function
G»u(2) by the normal ordering of the oscillator part?

O (w) PN 2) = Ghru(q2/w) : (w) P (2) : . (5.2)

As we will see below, in the construction of algebraic solutions to the (g,t)-KZ equation,
G »u(a71z/w) plays a role similar to the two point function (the propagator) in the com-
putation of correlation functions based on the Wick theorem for the free fields. From the
structure of the intertwiners

Mz o [ ey (@ a5 2) @a(2) s, (w)~ [ G (@l dh 'w) @5 (w):,
(i,)EN (3,7)EN
(5.3)

Z3We keep the ordering of the zero mode part in (5.2). The insertion of q ! is for later convenience.
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with the free field realization
n(@) =V (a5 VO (a32), 6=V (a2s) VI (a2) L 6

all the OPE relations (the two point functions) of the intertwiners are expressed in terms
of the single function Gy, (2);

D (w) P (2) = CNJ,\M(q_QZ/w)_1 : OH (w) D (2) -, (5.5)
BH(w)83(2) = Cau(a™"2/w) : D (w)P5(2) (5.6)
(W)@ (2) = é,\u(z/w)_1 t DL (w) PR (2) ¢ (5.7)

Recall that the vacuum components are given by

Dy (2) = Vk( ) (q?z) Vk(+) (q?z) , O (w) = Vk( ) <q2w) Vk(+) <q2w) (5.8)
with the commutation relation

pl']
[Ai,mAj,s] = _57"4-5,07]- (59)

Since the diagonal component of inverse of the deformed Cartan matrix is

bii (q,0) = n] (5.10)

we find

oo

~ 1 [nr qrz"

G (2) = exp § - [[7"]] T —nr T _nr
r=1 (Q12 —q : <Q32 —ds3 2 )

When n — 1, Gy (2) simplifies to

(5.11)

~ 1 z"
Goo(z) = exp (;m —a _q§)>. (5.12)

In topological string theory, ég@(z) gives the amplitude of the conifold and is the origin
of the “anomalous” factor in the RTT relation [55]. In the following, we renormalize the
function G Au by

Gru(2) = Gaul(2) /oo (2), (5.13)

so that Ggg(z) = 1.

5.1 Shift operator and R-matrix

From the combinations of the g-shift in the vertex operators, we can see that when the ratio
of the incoming and the outgoing spectral parameters is q*', the diagonal components of
the T-operator have no positive or negative modes. Namely, if we define

T (N, ulz) = NN, ulgz, 2) « FON) — 7o), (5.14)
Ty (N ulz) = XN, ulz,q2) + FN — FOD, (5.15)
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these operators satisfy

T (N, ulz)|@) = cf|@), (D|T5 (N, ulz) = ¢ (2], (5.16)
with (N4
+_ hiyet R eS|
== @G . 5.17
C)\ C)\Cg\f)\ /\)\(q ) ( )

Actually Tf(N ,u|z) is independent of the horizontal spectral parameter u, and the depen-
dence on the level N is simply

TE(N + 1,ul2) = gFAOTE(N, ulz). (5.18)

-2

A crucial point in deriving the KZ equation is that the q~“-shift of the intertwining oper-

ators is realized as the action of T)\i(z) and their inverses as follows:
o (N, qu|q_2z)
—op G (1)

= q 20 A (N 41, —uzlq22) @ (N ul2) T3 (N, ulg~'2) (5.19)
G (972)

oY (N +1, q_1u|q_2z)
= 2o Gax (a7)
G (1)

where we have used

_ qu, 1 \ 1 ., _ _
T; (N,—7]q 12) ®% (N + 1Lulz) T (N + 1,97 ulg22),  (5.20)

NN, qulz) = gON(N,ulz),  BX(N +1,qujz) = PRIV + 1ulz).  (5.21)
Due to relation (5.23) to be discussed below, the prefactor can be simplified to

~ +1 00 nr _nr

Goz(972) =" ((117 - ql—?)(qu —q3 %)

It is instructive to count the power of q on both sides of these relations. We can see
the factor q=(1+2N)Ao (the positive sign for (5.19) and the negative sign for (5.20)). Since
q = (t/q)'/?, the shift parameter is the same as in the gl; case [57]. It should be noticed that
the q~2-shift of the vertical spectral parameter is accompanied by a shift of the horizontal
parameter q*u, which is consistent with the fact that T)\i and (T}7)~! shift the horizontal
spectral parameter by q*!, while keeping the level N.

In order to derive the KZ equation based on (5.19) and (5.20), we have to use the
commutation relations between the intertwiners and Tf (N, u|z) which follow from those
among the intertwiners. Let us begin with the commutation relations of ®*(z) and P (w).
We want to require them to commute up to the anomalous factor Ggg(z) so that we
have a simple algebra of two copies of the Zamolodchikov algebra satisfied separately by
d*(z) and ®J,(w). In the computation of the commutation relation, it is important that
the exchange of ®*(z) and @7, (w) changes the level and the spectral parameter of the
horizontal representation. It also involves the exchange of the zero mode factors z* and
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2, which are the group algebra parts (4.22), (4.29) of the (dual) intertwiner. We find that
the above requirement is satisfied if and only if**

u

e u/v)z ()2 () = ()

v

Mo+lrlo fx(q1,q3)

e q3)Gu/\(q_l(U/U)—l)zA(u)zZ(v), (5.23)

where f)(q1,q3) is the generalized framing factor (4.23), and |\|op denotes the number of
boxes with color 0 in A. In appendix D, we prove (5.23).

Using the relation (5.23), we can write down the commutation relations of the inter-

twiners as follows;2?

O (w) P (2) = TO (2/w) D (2) @7 (w), (5.24)
' (w) DM (2) = T (2/w) Ry (2/w) @ (w) DH(2), (5.25)
7 (w) @3 (2) = YO (2/w) Ry 1 (2/w) B (w) 7, (2), (5.26)

where we have introduced the R-matrix defined by

o Gal?)
Rau(z) =1 H(\p) GM(: o (5.27)
where

H(A, 1) = #{s € Alhua(s) = 0} + #{t € plhy,(t) = 0}. (5.28)

When there are no constraints on the relative hook length, H(\, u) = |A| + |p|, and (5.27)
reduces to the definition for the gl; case [55, 56]. Y(O%)(2) stands for the anomalous factor

~ -2 -1 ~ -1 ~ -1
TH(2) = M’ TO(2) = %—qz)’ T (2) = %’ (5.29)
Gz@(q‘2z) G@@(q—lz—l) G@@(z)
which satisfies T(O#) (2)Y (%) (2=1) = 1. Note that the relation (5.23) implies
Rau(2)Rua(z71) = 1. (5.30)

The definition of the R-matrix (5.27) is justified by the fact that we can derive the following
RTT relation by a computation similar to the gl; case [55, 56],

Rou(21/22) TN (21, w1) T (22, w2) = T} (22, wa) T, (21, w1) Royp(wi fws), (5.31)

up to the anomalous factor from the vacuum contribution.

24 As we will see in the next subsection, G,(2) agrees with the Nekrasov factor Ny, (z) on ALE, x
S (5.33). Thus the formula (5.23) is a generalization of the usual symmetry of the Nekrasov factor
incorporating the contribution of zero modes.

25Gee also the computations in appendix D.
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5.2 Relation to K-theoretic Nekrasov function for ALE space

Difference of the Nekrasov functions for the flat space and the ALE space is in the selection
rule for the boxes of the Young diagram. The selection rule is a consequence of taking the
invariant part of the character under the orbifold action of Z,,; on C2. To define the
selection rule, we introduce the relative hook length

h)\#(s) = au(s) + 5)\(8) + 1. (5.32)

Then the building block (the bifundamental matter contribution) of the five-dimensional
Nekrasov function for instanton counting on ALE,, x St is given by [140, 141]

Nap(wsq,03) =[] (1—uq?(s)q§z“(s)fl) 11 (1—uqfa“(t)7lcé*(t)>- (5.33)

SEX tewn
hua(s)=0 h,u(t)=0
The following specialization of Ny, (u;q1,q3) is related to the normalization factor of the
intertwiners:

Na(Lia1,q3) = Cx(q1.93)C5 (67 ', a5 h). (5.34)

In [142, 143], the gl,, version of the Jack polynomials (Uglov polynomials) is obtained by
taking the roots of unity limit of the Macdonald polynomials. The Uglov polynomials play
an important role in the four-dimensional (Yangian) version of AGT correspondence for
the Nekrasov partition function on the ALE space [144—149]. Since our current problem
should be related to a five-dimensional uplift of this story, we expect the normalization
factor of the intertwiner is closely related to the norm of an uplift of the Uglov polynomials
as a generalization of the uplift of the Jack polynomials to the Macdonald polynomials.
Though such an uplift is not available at the moment, we can guess the normalization
factor from that of the Uglov polynomials given in [143].

Ci(q1,q3)

Cr(q,q3)° (5.35)

(AN )gr,g5 =
See also Lemma 2 in appendix A. At the CF'T side, the uplift might be related to ¢g-deformed
Wh-coset models. We can expect the same level-rank duality as in the undeformed case,
since the character is invariant under the g-deformation. It is interesting to see how the
level-rank duality is realized in the setting of quantum toroidal algebras.
Now we argue that the renormalized two-point function G, (z) of the intertwiners is
nothing but the bifundamental matter contribution (5.33) on the ALE space. By a direct
computation of the OPE factors between ®%(v) and ®*(u), we obtain

e 2) = TT (1o 2)
(i.7) €A

i—j=0
= I (- ) =N (a7 S a) . (5:36)

SEN
ax(s)+Hz(s)+1=0
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where, in the second equality, we convert the summation over the co-arm length 7 — 1 in
each row (1 < j < )\;) to that over the arm length \; — j and use ¢(i,j) = —i.

In general, from the normal ordering

1N 1
[T (t-a'a ™ a7 )
=1,
—\i=l+1
& (Q;lqu% 1w> P (2) = ! o 1 & (qi“q% 1w> D (2)
—1 N
11 (1 -9l g JZ/w)
i=1,
’i—)\iEf
(5.37)
for ¢ = j — pi; — 1, we obtain a recursion relation for G, (u) with respect to the second
diagram pu,
eN)+1
— )\i_ i—1 j—qj—
[T (1-ata ™ 7z w)
i=1,
— i—\i=0+1 _
Gapt1; (q 1z/w) = 76y G (g 1z/w). (5.38)
1 Ai—pi—1 5—5
11 (1 a7l g jZ/w)
i=1,
i*)\igf

In appendix C, we prove that Ny, (u;qi,q3) satisfies exactly the same recursion relation.
Thus, we have

Grp(u) = Ny (us g1, q3). (5.39)

5.3 Level one KZ equation for Uq,a(gA[n)

From the commutation relations between the intertwiners, we obtain the following com-
mutation relations of the T-operator and the intertwiners:

TNz, w)@"(2) = YO fw) YO [ 2)Ron (2 2) 25 (2) TNz, w), (5.40)
Tz, w) @) (w') = TO(w'/2) T (W' fw) Ry (0 Jw) 105 (W) TNz, w). (5.41)

It is convenient to introduce a universal function that is the q~2-difference of the vacuum
anomalous factor

T(z) := _Goolz) (5.42)
Goo(q722)
and define a renormalized R-matrix by
_ _ ~ Gulz
Rou(2) = T(2)Rou(2) = q o) _Gwl) (5.43)

G/\,u(q_Qz)

It is amusing that a similar decomposition takes place for the R-matrix for the tensor
product of evaluation representations of the quantum affine algebra [87]. Here the vertical
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Fock representation of the quantum toroidal algebra plays the role of the evaluation repre-
sentation [150]. With the renormalized R-matrix, the commutation relations between the
shift operator T;E(z) and the intertwiners take the following simple form:

Ty (N+1,—wu|z) @ (N, u|w) = R,x (w/qz) @ (N, qulw) Ty (N, u|z), (5.44)
& (N, q 'ulw) Ty (N,ulz) =Ry, (z/w) Ty (N+1, —wulz) ®* (N, u|w), (5.45)

Ty (N,—%\z) O (N+1,ulw) =Ry (w/2) " &% (N +1,qulw) Ty (N+1,ulz), (5.46)
O (N+1,q "ulw) Ty (N+1,ulz) =Ry, (g2/w) (N —%\z) O (N+1,ulw). (5.47)

After commuting with T*-operators, there is the q*'-shift of the horizontal parameter of
the intertwiners, while the level of T itself changes. Let us derive an ((g,t)-KZ) equation
for the correlation function of the intertwiners
, N "" - o\ A )\n

GO (0]2, X, ) = (@I0%, (w1) -+ O (W) (21) - O (5)]2),  (5.48)
where v is the incoming (rightmost) spectral parameter of the horizontal representations.
Without loss of generality, we can assume that the right vacuum belongs to the level
(1,0) representation. Then the left vacuum belongs to the level (1,7 — m) representation.
The other horizontal spectral parameters are determined by the conservation law for the

229 acting on each

existence of the intertwining operator. The difference operator q
intertwiner produces an insertion of T f(z) according to (5.19) and (5.20). Using the
commutation relations (5.44) — (5.47), we can then move T to the left and T} to the right.
Finally acting on the (dual) vacuum, T; (z) produces the prefactors ¢i given by (5.16)
which cancel G function in (5.19) and (5.20). The remaining factor comes only from the
level dependent part of ¢~ and from the assumption on the level of vacua |@) and (@] we

obtain the factor g=(=™elo In this way we can write down the (¢,t)-KZ equation;

q 205000 gnm) (12 X 05, ) (5.49)
= g(r=m)Axlo ﬁﬁkw (zr/qwe) ™ [T Raons (a/0%20) TT R (z3/26) 71 67 (),
=1 i<k k<j
and
q 2wk, —vdu . G(nm) () 2 X 45 i) (5.50)
— ol T Ry 5) TT R (003 /8) ™ T R (2008 G o),
i<k k<j =1

The additional operator g% accounts for the shift of the horizontal parameter in (5.19)
and (5.20). Note that since all the horizontal parameters are proportional to the initial
parameter v, all of them are shifted by q*'. After commuting the intertwiners with the
operators Tj; or letk, the shifted horizontal parameters get back to the original values.
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5.4 Nekrasov function as algebraic solutions to KZ equation

The Nekrasov function for the U(1) gauge theory on the ALE space satisfies the (g,1)-
KZ equation derived in the last subsection. This solution does not require any screening
operators and, hence, there are no integrations associated with the screening operators. In
this sense, the Nekrasov function for the U(1) gauge theory gives an algebraic solution to
the (g,t)-KZ equation. For the U(N) gauge theory, one could need screening operators,
and we have to glue N building blocks, with each block being an appropriate Nekrasov
functions for the U(1) theory.

To construct algebraic solutions to the (q,t)-KZ equation, let us introduce the “modi-

fied” two point function
Fau(z) = 53 (HO )+ plo—|Alo) .é)\#(z)7 (5.51)
which satisfies a fundamental difference equation
Fu(a722) = g0 PORy () Fy(2). (5.52)
Then one can check

n m 2
[TTAs (5

i=1j=1

_9%j Wy
H Fyx (q ;) H Fop, <wk>

1<i<j<n " 1<k<t<m

-

G (|2, X 3, j7) = viNlo—lilo (5.53)

satisfies both the (g, t)-KZ equations (5.49) and (5.50).

6 Modular and periodic properties of double elliptic systems from

Uq,t(gAll) network matrix model

Let us use solutions to the elliptic KZ equations for Uq,t(gll) obtained in [57] to deduce
the properties of the 6d U(N) gauge theories with adjoint hypermultiplet of mass m com-
pactified on a torus 72. These systems are described by the double elliptic integrable
systems [104-106] and possess remarkable modular properties [85]. The partition function,
or prepotential, of the double elliptic system depends on the bare complexified coupling
constant 7 of the gauge theory and on the complex structure modulus of the compactifi-

cation torus 7. S-duality can be thought of as the symmetry of the theory with respect

to inversion of the coupling constant, 7 +— —%. However, in the double elliptic case, this

transformation is mixed with the transformation of the compactification torus so that its
Nm(m+51+€2)

—
from the exact solution of the elliptic KZ equations, which can be understood as the net-

complex structure is shifted 7 — 7 — We will derive this transformation
work matrix model correlator. It also gives the basic building block of the 6d version of
Nekrasov functions.

From string theory considerations, one can also argue that the partition function of the
6d theory should be doubly periodic in the mass parameter, e.g. m+— m+1or m +— m+7
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should leave it invariant. Upon closer look, however, there is a surprise here: when shifting
the mass by 7, one also needs to shift the coupling constant 7 +— 7+ N (7 4 2m + &1 + €3).
This seemingly mysterious shift can be also explained from the network matrix model
picture, which we redraw here (for N = 2):

As As
UQLP_Q /%/2‘17 A 22, Ao
dnd, |uP 2 u
5(1,0) v N (1,0)°
Z(Q,QL,P,PL,2) = & - (6.1)
pipi
Yz, M Y22, A2

The algebraic expression corresponding to this picture reads

ZQ.Qu.PPLE)= > PYTr 00 (QUQ1E5, (P2r)- W3 (P2 )W (1) W™ (2y) )
Al AN
(6.2)

In eq. (6.1) we have introduced the grading operators QdQCf counting the states of a
given degree just as in the ordinary characters of affine algebra representations V;:

ch,(Q) = Try, Q* (6.3)

where d is the grading operator counting the modes in the loop algebra. An important
difference between compactified DIM networks and the characters ch,, is that, in the DIM
case, there are two grading directions and two grading operators d and d . This happens
because the DIM algebra is essentially a double loop algebra. However, we cannot simply
write a generalization of character as

44 d b))
Ch]__i(Lkl,kg)(Q, QL) = Trfﬁkl,kg)QdQlL (6.4)

at least not for the simplest representation, the Fock one Fqgkl’b). The problem is that the
general grading operator QdQ‘iL shifts the spectral parameter u of the Fock space Fﬁkl’kz),
i.e. it does not map the representation space into itself. A pedantic reader might notice that
what we have just stated actually means that Fock representations are strictly speaking
not representations of the whole DIM algebra. Indeed, the Fock representations are coun-
terparts of the evaluation representation of the affine algebra g, which are representations
of the loop algebra Lg, i.e. with zero central charge and without the action of the grading
operator d. Evaluation representation ev, is a representation in which all the modes ;% of

affine currents j%(z) act in the same way, up to scalar factors:
v, u) = ut v, u), (6.5)

where t* denote the generators of the finite algebra. In particular, the action of modes of
the Cartan generators can be simultaneously diagonalized. The grading operator d can be
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introduced, but it transforms one evaluation representation into another one, shifting the
spectral parameter u:

U7, u) = |7, u + 2) (6.6)
Similarly, the Fock representations Fikrk2) of the DIM algebra are representations
in which a certain linear combination of central charges vanishes. Therefore, a certain
linear combination of grading operators d and d; transforms one Fock representation into
another one, shifting the spectral parameter, while an orthogonal linear combination counts
the level of the states in the representation. In other words, the Fock representation is
an evaluation representation for a quantum affine (in the 3[1 case, simply Heisenberg)
subalgebra of the DIM algebra with a particular slope (ki, k2). The action of all the DIM
generators can be expressed in terms of the action of just one Heisenberg subalgebra (with
“slope” (—kg, k1)) of DIM. The action of the “orthogonal” DIM subalgebra with slope
(k1, k2), on the other hand, can be diagonalized on the whole Fock module and gives rise
to the basis of Macdonald polynomials. Taking the trace of the grading operators (6.4) is
forbidden for the same reason as the trace of Q% over the evaluation representation ev,:
it simply makes no sense, since the operator does not act from the representation space
into itself.

In general, the grading operator QdQCil changes the spectral parameter u of the Fock
representation Flkka) o general slope (ky, k2) into Q%2 Q’j_l u:

dd K1,k K1,k
QUQ: F) = N (6.7)
or, pictorially,
QRO (6.8)
(1, k) S (ki k)

One can notice that, at the r.h.s. of (6.7), the slope vector (ki, k2) and the fugacity vector
(In@,In @) are paired using the skew symmetric SL(2, Z)-invariant bilinear form.

Instead of the trace (6.4), one thus needs to consider in addition to the grading opera-
tors a nontrivial network of the intertwiners which compensates for the shift of the spectral
parameters. Eq. (6.1) provides an example of such a setup. The spectral parameters of the
horizontal representations before and after the wavy lines are u@ | P~2 and u respectively.
These spectral parameters have to coincide for the trace (represented by the wavy line) to
be well-defined. We therefore tune Q| = P? or, for generic N,

QL=r~ (6.9)

so that the whole network between the wavy lines does not shift the horizontal spec-
tral parameter. We will not write (), among the arguments of the partition function
Z(Q,Q., P, Py, Z2) henceforth.
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The relations between the spectral parameters of the network and the gauge theory
parameters are as follows:

2T 27T

Q =e€ s PL =e€ )
2ﬂi(m+m) i

P=e 2/, z; = 2T, (6.10)
—2mie 2mie

q = e 27 t = e 17

where a; are the Coulomb moduli. The periodicity of the partition function with respect
to shifts of a, m, 7 or 7 by 1 is automatic in this formalism. Notice that the picture we are
considering is almost symmetric with respect to the exchange of the vertical and horizontal
directions (the exchange is called Miki automorphism [70], spectral duality [151-159], or
S-duality of Type IIB strings depending on the formalism). The asymmetry appears only
in the number of lines. Thus we can predict that the necklace quiver 6d theory with the
gauge group U(N)®V will be spectral self-dual, i.e. symmetric with respect to the exchange
of 7 (a certain combination of the NV coupling constants) and 7 accompanied by a suitable
exchange of the vevs and masses of the bifundamental hypermultiplets. In particular, the
6d U(1) theory with adjoint matter is spectral self-dual.

In the two subsequent sections, we will use the network matrix model formalism to de-
duce the modular and periodicity properties of the partition function (6.2). The derivation
of the modular and periodicity properties from the DIM intertwiner picture gives the answer
for the gauge theory in arbitrary 2-background with all corrections in €12 automatically
taken into account.

6.1 Adjoint mass shift

Let us understand the transformation of the partition function when the mass is shifted by
7. To this end, we carefully use the commutation relations of the DIM algebra intertwiners
and automorphisms. We start with the “double” (vertical and horizontal) trace of the
intertwiners shown in figure 2.

The procedure breaks down into two steps which can be divided further into substeps:

1. Commutation of intertwiners. Let us move the intertwiners ¥*i(z;) cyclically under
the trace. Here are the steps of this procedure:

(a) Move ¥*i(z;) to the left through the intertwiners vy (w;):

As

mZh Al o, A2

p2 u
Uu QdQ{j} u ()

> 1,0 1,1 1,2 1,1 1,0

Z(Q,P,PJ_,Z) — ( 3 ) ::PZ(17 ) ::PZ(27 ) ( 3 ) ( ) ) (611)
pipis
¥z, M Y22, Ao
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Here we use the commutation relation for ¥ with ¥*, which involves the scalar

function Ty,

Z, A Z, A
7 llé O !IL C T (VEE) 612)
(1,N) Jf (1,N) (1,N) Jf (1,N) AV
w, w,
with
a (wn . w—n)
T _ a” , 6.13
q,t (CV‘ZL’) €xp Z n (1 _ qn)(l _ t_n) ( )
n>1
(b) Move ¥?i(z;) through the grading operators Qdel_L:
Z(Q,P,P,Z) =
Ay
mzh)q 22, A2
U P2 U
N dryds >
STt () TR0 A p TR RIS
— AL e VTP UG L
ni=t PdeJ_
¥21, M ¥29, A

(6.14)

The crucial point is that the grading operators satisfy the intertwining relations with

¥ so that
Z, A
£0,1)
QQt
Z, A .
(0,1) 170
—uz@Q QN! 010" —uz u _ —uz@Q QN! u@Q QN Q" u
(LN +1) (LN+1) (1,N) (IL,N+1) (1, N) (I, N)
(6.15)

where we have indicated all the slopes and spectral parameters of the Fock spaces

corresponding to the legs explicitly.
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(c) Move ¥?i(z;) through the trace so that they emerge on the right:

Z(Q7P7PJ_72):

u

N
q| z u z122 P2z129 u
— T ,‘ X > dydL >
11 ‘”( t sz> NEROJNERRSTINCIR ) KA R TR MPD

wI= 7 PZ; ”PZQ/
pipit
Yz, M Y29, Ao
(6.16)

Recall that the corresponding (double) wavy lines are identified with each other.
Therefore, the grading operators QdQ'j_L sitting on the upper vertical legs are effec-
tively multiplied with the grading operators PdeL sitting on the lower ones.

After these steps one arrives at the following picture:

Z(vaaPLa'g) =
u@? w ?8 /\1 ?%QZQQ?Z
F1z2 P221 22 z122
> < Qd iL ()
N _ 1,-1)y (1,0 1,-1
B H <\/7’ ) 1,-2) ::Pz(l )A,P;gz ) ( ) (1,-2)
ij=1 Pz (PQ)(PLQL)™
1 igw
~Ns
(6.17)
The expression looks almost the same as the initial one (6.2). There are two key differ-
26
ences:

(a) The fugacities on the vertical legs are different. They used to be (P, P|), whereas
after the cyclic movement of the intertwiners they became (PQ, P1 Q).

(b) The Fock space over which the trace is taken has a different slope, which used to be
(1,0) and has become (1, —N). To compare the parameters of the theory with that of
the initial setup, we need to transform the slope of the Fock space back to (1,0) using
the T-transformation, i.e. act with the T-element from the SL(2,Z) automorphism
group of DIM.

26The horizontal spectral parameter has also changed, but this is inessential since there is only one
horizontal line and the overall shift eliminates this difference.
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2. T-transformation. The action of the automorphism 7" € SL(2, Z) of the DIM algebra
on the vertical and horizontal representations is easy to deduce. In particular, the grading
operators, as well as the central charges form doublets under SL(2,7Z). Let us consider the
action of 7" on the elements of the network (6.17) in turn:

(a) On the legs. T-transformation naturally transforms the slope vector (which is the
vector of central charges) of the horizontal Fock representation ]-'S’m):

u u
T 1
) B ey (6.18)
It acts diagonally on the vertical Fock space .7:50’1) in the basis of Macdonald poly-
nomials:
(0,1) 2, A
(0,1)y2z,A
T = (=)Milet)x (6.19)
(0,1) 1z, A
where
g, t) = <_1>I)‘qu(i,j)Ez\(jié)tz(i,j)ek(%ii) (6.20)

is the framing factor.

These actions are, of course, consistent with the explicit expression for the DIM

intertwiners written down in [80].

(b) On the grading operators. The action of T on the grading operators is explicitly

given by
u@QLQ™™
u@ Q™™ ind U - u _uQQTm 4 u
Lm )L o e (1,m) r (1,m+1) (1,m+ 1) QL9 (1,m+1)
(6.21)

Notice how the fugacities @), @ transform as a doublet of SL(2,7Z).

Now we are ready to insert the identity operators 1 = T~NT¥ to all the intermediate
legs of the network (6.17) and commute them with the intertwiners and grading operators
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using eqs. (6.18), (6.21):

N
Z(Q,P,PJ_,Z?)Z HTq,t< a

ij=1

(6.22)

The slopes indicated on the picture are those appearing in between the TN and TV
operators.

Finally, we obtain the equality between the initial gauge theory partition function
Z(Q, P, P, ,Z7) and a similar one, but with shifted parameters:

Z(Q>P1PLag):
u@? ’?8’)\1 T§é§2
H Q"
1,1 1,2 1,1
— ot (/2
ij=1 1Pz (PQ)Y(PLQLP?Q*)™
::%7)\1 ::%7A2
N
Z3 .
= 1L % <\/§ 7 )Z(Q’QP PLQYPY.2)(6.23)
2j

ij=1

Notice that we have omitted an inessential overall shift of z; in the argument of the partition
function. The product of T, ; functions arises from the classical part of the gauge theory
partition function. Indeed, the prefactor is independent of P, i.e. of the gauge theory
coupling constant, thus we can safely send it to zero and still keep eq. (6.23) intact. In this
limit, the gauge theory instantons do not contribute, or, in the language of intertwiners,
the vertical lines become uncompactified so that Ay = Ay = @. What remains is the
strip of intertwiners compactified only along the horizontal direction. The prefactor can
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be absorbed into a simple redefinition of the partition function

N
= = q|Qzi -
Zperiodic(Qa PP, Z) = H =q,t,Q (\/;) PZZ) Z(Qv P, Py, Z) (624)
o j
Z?]
where
_ a "+ Q™
Egtq (alz) =exp | = (6.25)

o (L—g")(1—t)(1-Qn)

n>1

and we have the following difference equation?”

Egt.Q (|Qx)

— =7, (alx). 6.26
200 (Oé|IL‘) q,t( | ) ( )

The resulting partition function Zperiodic is invariant with respect to the following shift of
the parameters:

Zperiodic(Qa pr PJ_QNPQNa 5) = Zperiodic(Q; P7 PJ.? E’) (627)

Now the shift of the gauge theory parameters can be easily extracted from the dictio-
nary (6.10):

m—m+ T, (6.28)
T—=T+N2m+e +e2+7), (6.29)
P 7 (6.30)
a; > a;. (6.31)

In absence of the e-deformation, this transformation law coincides with what was found
in [85] for the classical integrable system. Here we provide an ezact expression valid for
arbitrary Q-background. In particular, setting e = A, €9 = 0 in eq. (6.28) gives the
transformation law for the exact prepotential of the quantum double elliptic integrable
system (as usual in the Nekrasov-Shatashvili limit [160-163]).

6.2 Modular transformations

The properties of the partition function with respect to the modular transformations of the

compactification torus can also be deduced from the network matrix model. We take the

explicit expression for the trace of intertwiners over the horizontal Fock space from [57].

It is written as a product of theta-functions, which are modular invariant up to a simple

prefactor. This prefactor gives rise to an extra shift of the gauge coupling 7. For N > 1, we

will discuss only one of the two modular transformations of the 6d U(NV) partition function,
1

the second being the 7 + —=. This second transformation can also be easily analysed in

our framework, but we leave this task for the future.

2"Notice that Z,.1.0 ((Q)_%a‘Q%m) is symmetric in ¢, t~* and Q.
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6.2.1 U(1) theory

As a warm-up, we consider the U(1) theory, where the expressions are simpler, though the
modular properties are still nontrivial. In particular, there are no vacuum moduli in this
case. We have:

1 (@) (1) 5P ) (VIPQ)" +(1-Q") (V)"
2(BPLQ)=e | ) 5 (= (—t")(-Q)

n>1

| ‘9 (IP‘Q) 2mim | 2miF
P\ O VRIS 2l (r—m) O (€77
><Z<\[ ) On{1Q) ZA:B S (6:32)

where?®
O (21Q) = TT o (za™ 705 =1) T 6 (s 7'¢N),  (633)
(i,7) €A (i.5)Ep
and fg(z) is the Jacobi theta function:

Oo(z) =[] (1 - Q’““) (1 - Qkx) <1 - Qk§> . (6.34)
k>1

Notice that in eq. (6.32) we exclude an extra =, o prefactor used to construct the periodic
partition function Zjeriodic- The modular transformation of the theta function is given by
the standard formula:

0 _20: (*77) = (im)7 €7 (FH7) G nir (7). (6.35)
Making the modular transformation
Q=e¥ s Q=c7, (6.36)
g=e 2Ry G e (6.37)
t= e e (6.38)
P =e2mimy p = oM (6.39)

we get a prefactor from each theta-function in the product in eq. (6.33). The term in the
instanton expansion labelled by the diagram X is multiplied with the exponential of the
following expression:

2
<m+1;—52(/\ —])+€1()\ —2—1—1))

T

~

(4,7)EN

1_ 2
+ <m + TT —ea(=Ni+j—-1)+ 51(—/\]T + z))
(6.40)

_ <1;T—52(>\ —j)+e(A] —z+1)>2

1— 2
+ <27- — 62(*)\1' +5 - 1) + 61(*)\;'[‘ + ’L))

28We slightly change the notations as compared to [57]. There was also a typo in [57].
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There happen to be many cancellations between different terms in the sum (6.40). The
final answer for the prefactor looks quite simple:

O (\/>P‘Q> @m (mteite2)|A| 2T \|—2mrim| Al o (fP‘Q) .

Om(1|Q) O (11Q)

The partition function is invariant (up to an overall scalar factor) under the modular

(6.41)

transformation of 7, if we perform a shift of the complexified coupling of the gauge theory

encoded in P| = e™7:
1
Z (8}, 672, T m(m +A€1 k) , 77}) ~ Z(e1,69,7,T,m) (6.42)
A A 7 T

In the classical case, this matches the transformation law obtained from the Seiberg-
Witten theory techniques and modular anomaly equations [85]. Notice that our derivation
is valid for the general Q2-background, in particular, it holds for the quantized double elliptic
integrable system.

As we have mentioned earlier, the U(1) theory is spectral self-dual, which, in this case,
means that it is invariant under the exchange of 7 and 7. This implies the second modular
transformation for 7. Notice that for m = 0 the theory becomes 6d N = (2,0) theory
compactified on 72 without any punctures.?? The partition function becomes a product of
two n-functions:

. 1
Z(e1,€2,7,7,0) ~ H (1 — e2mith) (1 — e2mitk)’ (6.43)
k>1

where we omit an overall prefactor independent of 7 and 7. The spectral duality and
modular invariance are evident in this limiting case.

6.2.2 U(N) theory

The case of U(N) gauge theory can be understood along the same lines as the U(1) one.
The partition function is equal to

Z(P,P1,Q,%) HeXp Zn( (qt)%P*") (1 " DR ) (VIPQ)"+(1-Q") (fpzj)

g )(1—t—)(1-Q")
n>1
N Ay )
2 I CNONG! (\/?Pé Q)
XZ ( ) L i]];[1 eA(i)A(1>(% Q)

DA (627Ti(m+ai—aj) |€2m'+)

4 S)
- z 27 (7= Nm) H A(;
X %,

Now we have a nontrivial dependence on (N — 1) vacuum moduli a,, which we assume add

' 7 6.44
A(”)\(j)(62“(‘11'7‘11')‘627"”) ( )

up to zero, Zflvzl ag = 0. The modular transformation of a, is the same as that of the
mass m:
2q = €200y 5 = 2Mha — 2T (6.45)

In the Q-background, the theory is invariant with respect to the reflection m — —e; — €2 — m, thus
m = —e1 — &2 also leads to a symmetry enhancement.
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After the modular transformation, the theta-functions in the instanton series give a pref-
actor, which is the exponential of

. N 2

i 1—-71 a) . .

? [ E <m+aa—ab+2—€2()\§ )—j)+51()\§b)T—Z+1)>
ab L(ij)ext®

1— ot
+ Z (m—l—aa—ab—i—T—sg(—/\l(»b)—i—j—l)—i-al(—/\E. )T—H))

(i,5)EX®) 2 ) (6.46)
D S e R Re e
(4,5)EX(@)
1—7 ®) . . ()T | . 2
_ Z (aa—ab+2—52(—)\i +j—1)+e1(=A; +z)>
(i,5)EX®)

Again there are many cancellations, in particular, the dependence on a, cancels completely.
Eventually, we have a simple transformation law:

Il

1,j=1

1P| 2miN 2mimN N ;
ewum( $Pz Q) . 7;1 m(m+€1+g2)\,\|e m;n |\ —2mimN|A| H CRONG (ﬁPj—j Q)
CRONGIEA[®) Oxiaw (2£Q) 7
(6.47)

The partition function is therefore invariant under the following modular transformation:

t,j=1

1 -
Z< - —T,T—Nm(m+61+€2) @ a> NZ(€17€277277—7m76) (648)
T

A Y A ) A

T T T

The transformation is consistent with the classical case discussed in [85].

7 Discussion

We have presented two generalizations and one application of the (g, t)-KZ equation for
the quantum toroidal algebra Uq,t(gAll) derived in [57]. The first generalization is the case

of an arbitrary horizontal level in Uq7t(a[1), where we postulate the KZ equation using the
analogy with the quantum affine case. The second generalization is the KZ equation for

the “non-Abelian” quantum toroidal algebra Ug, (gl,,), but with horizontal level one. In
this setup, we find the expressions for the intertwiners of the Fock representations and
show that (at least in the unrefined case) they factorize into products of the intertwiners

~

for Ugn ¢n (gAll). Thus, the networks of the “non-Abelian” intertwiners can be redrawn as
more complicated networks of the Abelian ones. We call this procedure Abelianization.

In both of these cases, we still find only algebraic solutions. For Uy (5 [,,) these solutions
are related to the Nekrasov functions on the ALE spaces C?/Z,.

We also consider an application of network matrix models and KZ equations to 6d
gauge theories. We identify the compactified network of the intertwiners corresponding to
the 6d U(N) gauge theory with massive adjoint hypermultiplet compactified on T2 and
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study the properties of the partition function under shifts of the adjoint mass and modular
transformations of the compactification torus. We find all e-corrections to the known
classical answer. It would be interesting to understand the origin and interplay between
two SL(2,7Z) modular transformations and spectral duality of the 6d gauge theory.

The most interesting and nontrivial generalization of (g, t)-KZ equations, when both
central charges are arbitrary still remains to be understood. In this case, new integral
solutions should arise, which generalize the Nekrasov functions in a nontrivial way. We
plan to study these intriguing cases elsewhere.
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A Combinatorics of the normalization factor

We have normalized the components of the intertwiner ®(u) by the following factor:

Caaas) = [ a—a?@g O, (A1)

OeX
h)\ (D)EO

Note that in the product there is a restriction on the length of the hook. Our normalization
of the component of the dual intertwiner ®3(u) is slightly different and given by

O)+1 —65(0
Cilaa) = [ (- Hg). (A2)
Oex
hx (0)=0
In this subsection, we will prove technical lemmas on these normalization factors.

Lemma 1. When we add a box with color £ in the k-th row, the change of the normalization
factors C and C} is given by

(A.3)
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and

(41 s et
Tk J=Xjs
Il (1-a'3)

k—1 S
I1(1-% o
Tk

Ml _ 1 _ J=kt1 _ , (A.4)
C}\ k—1 z; 5j_>\j,/z £(N) T 6j—)\j,l
M(-ez) " I (o)

Since we have to deal with the coloring and the length of the hooks in A, let us introduce
convenient notations for this purpose. We define the head (xp,yp) and the tail (x4, y;) of a
hook by the condition (z,ys — 1), (zs,y:) € A and (x4, yn), (¢ + 1, y:) € A

E The hook consists of boxes with e.
Note that the tail belongs to the hook, but the head does not. The corner of the hook is
(zn,yt). The color of the boxes is increasing along a hook from the head to the tail. If a

hook satisfies hy(zp, y:) = 0, the head and the tail have the same color. In the above hook
diagram, the head is the red box with x and the tail is the red box with e. In terms of
these notations, the normalization factor is

Crlaas) = ] (1 - qa’hfyﬁlqgh_xt_l). (A.5)
0ex

hy(O0)=0
Thus, we can evaluate each factor of C(q1,¢3) by identifying the heads and the tails of
the hooks.

Now when we add a box (k, A, + 1) with color ¢ in the k-th row, a newly appearing
hook in A+ 1j has the head (k, A\ +2) or the tail (k, A\r +1). Let us first consider the case
when (k, A\ +1) is the tail and the hook length is a multiple of n. Then the head (j, A; +1)
for j < k—1 has the color £. This hook gives a new factor to Cx1,, if the up-shifted hook
is not a hook in the original diagram A. This takes place if A;_1 > A;, that is, when we
can add a box with color £ in the j-th row. Since the head and the tail of such a new hook
are (j,A\; +1) and (k, A, + 1), the new factor is

<1 - qi\j_/\k_lqgfkfl) . (A.6)

Next, when (k, A\, + 2) is the head and the hook length is a multiple of n, we may have
the tail (4, p;) for k < j and A\j41 < p; < . This time a new factor in Cy1, appears, if
the left-shifted hook is not a hook in the original diagram A. This is the case only when
tj = Aj+1 + 1, the minimum of allowed p;. Since the tail (j, Aj41 + 1) has the same color
¢ —1as (k,\p +2), we can add a box (j + 1, A\j41 + 1) with color ¢ in the (j + 1)-th row.
The new factor is

(1-a* a5, (A7)

where we have made a shift j — j — 1 so that £k + 1 < j < ¢(\) + 1. On the other hand,
thinking in the opposite way, we see that the hooks that cease to contribute Cy(q1,q3)
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have either the head (j,\; + 1) and the tail (k — 1, A\ +1) for 1 < j < k — 1, or the head
(k, A +1) and the tail (j, A;) for k+1 < j < £(A). The selection rule is that we can remove
a box with the color ¢ from the j-th row. The corresponding factors are

(1-a" ™ "), (A8)
for the former case and
(1-a* a7, (A.9)
for the latter one. By taking above four factors with the color selection rule, we ob-
tain (A.3). Considering the difference between Cy(q1,¢3) and C (g1, ¢3), we see that (A.4)
follows from (A.3) by a shift ¢/¢% — ¢ "¢¥q3.
In the vertical representation, we take a basis {|\)} of the Fock space, which simulta-
neously diagonalizes K tft(z). Since the eigenvalues are non-degenerate, the freedom is only

the change of the norm of each eigenvector |A). The normalization factors Cy(q1,¢3) and
C4(q1,q3) are related to the relative normalization of |A). In fact, if we define

_ C&(ql) QB)
Cx(qi,q3)’

the recursion relation for (A|\)g, ¢, is given by the matrix elements of the vertical repre-

()"/\)tﬂ,qs : (A.10)

sentation as follows:

Lemma 2.

A+ 1 A+1
AE() A + 1) = g AR At T+ L) g,

(AN q1.5

By using Lemma 1, the formula is easily checked by direct computation. This is a

O\ + 1| Eo(2)|N). (A.11)

generalization of Lemma 6.1 in [80].

B Zero mode factor of the intertwiner

In this appendix, we prove the lemmas concerning the zero mode part of the intertwiner.

First of all, we recall the zero mode algebra
kfej(z)=qt%ie;(2)kE, kE fi(2) = qF%9 fi(2)kE, (B.1)
ei(z)ej(w) = (w/z)""(=0) " ej(w)ei(2), fi(2)fj(w) = (w/z)""(=0)"" fj(w) fi(2),
(B.2)

ei(2) fi(w) = (w/2)* (=0)" fi(w)ei(z),  fi(z)ej(w) = (w/2)* (=0)™ I ej(w) fi(2),
(B.

3)

7 lei(q™2) fi(2) = T fi(aT 2)ei(2) = K, (B.4)

where i,j € Z/RZ, Qi = 2gi,j - (51'_17]‘ - gi-‘rl,j and mi5 = gi—l,j — 52'4_17]'. These are
represented by
kE = q50% () — B0t fi(2) ey Hiotd (B.5)

and relations (3.48)—(3.50). Then the first lemma is stated as below

30This is motivated by the formula for the norms of the Macdonald functions.
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Lemma 3.

— —
Aoy= I | I Mo, M) = eimjunladd a5 o), (B.6)

— —
2w =11 [ II £fw ). @) = fisginlad g ) (B.7)
1<i<e(n) \1<5<N
(B.8)
satisfy
eo(w)A () = il w/w A w)egw),  fuw)T (W) = 2l (0 ) (0) folw),  (B.9)
eo(u)2l (v) = 7l (0/w) A W)er(w),  fow)2 @) = 7l w/w) B W) fulw), (B.10)
~ +1 * ~ Fl1 *
ke ) = (7)) ke AT ) = (A AT ke B
where
ey L(N)+1
_3 _ -1 1 — 1 s
WE\IC,]E(Z):(_CIZ) bek H (—Cl 11:32) (—CI 1‘]3 1=Tsz)a xs:(ﬁ\s 1Q3 !
sj;:isze sf,\ssfkl’zul
(B.12)
B 2N £(N)+1
ﬁ[xk,]ezqa’f’k II « II «oF (B.13)
s=1, s=1,

s—AsHh=C s—As+h=l+1
and [k] denotes the vacuum color k € Z/nZ.3!

Now we shall check the commutation relation between ey(u) and z&k] (v) using the same
idea as for the oscillator parts. Thanks to the triplet cancellation in each row

ee(u) €ij41(v)ej(v)eij—1(v) = e;jp1(v)eij(v)eij—1(v) e(u), £=i-—7j, (B.14)

we only have to consider the left- and right-most boxes for each row. The factor which
comes from the left-most box (s,1) for 1 < s < 4(\) is

—qq5 k=/¢
{ qg3v/u sth=4 (B.15)

(—qq§_1v/u)_1 s+k=0+1.

The non-trivial factors surviving after we take the product over the rows are (—qu/u)~*
when ¢ = k and —q_lqglxgm“v/u when ¢ = ¢(\). On the other hand, the factor which
comes from the right-most box (s, As) for 1 < s < £(\) is

_ -1 -
{(_q Lzv/u) s—As+hk=1, (B.16)

—qflqglxsv/u s—ds+k=0+1.

31We often omit the symbol [k] when k = 0.

~52 -



Hence, gathering these factors, we get 7r[ ](v /u). The computation of other commutation
relations can be performed in the same way, hence, we omit them here.

Consequently, we obtain the following results used in section 4.3. For each j we divide
a partition A = (A1,..., Ayy)) into two parts Mot = (A, 00, A= (A, s A)
so that

«— —

AP () = T II eg?m) z[fjﬁ}() (B.17)
1<6<y \1<k<\;

z/(\]_)(v) = H H e[] E\j{]7 }(q3v) (B.18)

JHI<I<O(N) \1<k<A;

Lemma 4. Under the condition j — A; —1 = ¢, we have

ein 1)) = 7 (g ey )Y T (e (), (B.19)
A0 0) = (o fi'5)) " enn@L V@, (B20)

and under the condition j — A\; = ¢, we have
fin @ 0w = (a8, agdes)) 2w, (B2Y)
D) fia, (@710) =l (025 fin, @ 0)2 (W), (B.22)
kA W) = 700 A Ok (B.23)
kg = (7,,,) 7 k). (B.24)

We can also check the same result, if we replace e <+ f, z <> 2*, kT < k™.

We can write down the factors explicitly, for example,

A 3, N | )+
41 i Ts - T
&7{]J }g(ql q3$ ) ( qq; ) H (_qQ3;) H (—q;), (B 25)
S:j+1, J s:j+1’ J
s—=As={ s—As=0+1
[0] -1 -1 q 73[,0 >\7+1 73@,]‘ jil Zs —1 ]71 .
77)\{1‘+},g((h T )=(—q) (7(]1551') (*qu ) 1_{ (*CIQ3:ET_> 1 (7q;j) '
s=1, s=1,
s—=As={ s—As=(+1

C Recursion relation for Nekrasov function

In this appendix, we give a proof of

Gau(2) = Nap(z5q1,03) (C.1)
for the Nekrasov function (bifundamental contribution) on ALE,, x S,
ax(s) —Lu(s)— —a —

Nyzane) = [ 0 -2aPg "9 T (1 —2q7™O7'2")  (C2)

SEA tep
hux(s)=0 h,u(t)=0

by obtaining a recursion relation for Ny, (z;q1,¢3).
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Lemma 5. The Nekrasov factor Ny,(z;q1,g3) satisfies the following recursion relation

N)\u—i—lj (Z)/N/\,u(z)
£(X) L(A)+1
)\i_ —1 j—g\— )‘i_ —1 j—g—
= [T a—zr ™ ') (1= 2™ g5, (C3)
i=1, i=1,
=X\ =4 i—A =041

where £ = j — pu; — 1 is the color of the added box (j,,uj +1).

To obtain the recursion relation, we can proceed in the way similar to the proof of
Lemmas 1 and 2 in appendix A. However, since a pair of the Young diagrams is involved, the
argument necessarily becomes more sophisticated. As the Nekrasov factor (5.33) consists
of two parts, let us consider each part separately.

L. J],e\-part.

In this case, the condition h,x(s) = ax(s) + £u(s) +1 = 0 is imposed. Only the
leg length ¢,(s) may change, when we add the box (j, ; + 1) to . Hence, suppose
s=(i,pj+1) € Xor 1 <1 < £(N) satisfying p1; +1 < ;. The corresponding relative
hook is the left one in (C.4),

s« {a::(i,)\i) [ x| {zZ(i,)\i) o (Ca)
; y =i+ 1) i y=0—-1Lu+1)

Y Y

S —£4,,(s)—1 )\Z— - —1 71—]—
()q3 () ):(1—2:(]1 Hj q3_7 1)

if hyy1,0(8) = ax(s) +£u(s)+1 = 0, which is equivalent to i — \; = £+ 1. Conversely,
for the right hook in (C.4), the old factor (1 — zq?(s)qg—g“(s)_l) =(1- zqi\i_“j_lqéfj)
ceases to contribute Ny, if h, \(s) = 0, which is equivalent to i — \; = .

Then the new factor (1 —zq}* appears in Ny, 41,

2. [lie,-part.

This time the constraint is hy ,(t) = a,(t) +¢x(t) +1 = 0, where only the arm length
a,(t) may change, and there is the new box (j, u; +1) € p. In any case, it is enough
to consider t = (j,A\iy1 +1) € p+1; for 0 < ¢ < £(N) satisfying Aiy1 < p; and
i # Niv1,%2 see the left hook in (C.5),

t-~|x‘{$:($uj+1) t-~|w\{$=($uﬂ
: y=(i,p+1) [

4 Y

(C.5)

)\i —pi—1 §—j .
= (1—2¢,"""""" g5 7) appears in Ny,

if hyut1,(t) = 0, which is equivalent to i + 1 — Aj11 = £+ 1. Conversely, for the
right hook in (C.5), set ¢t = (j,\;) € p for 1 < i < ¢(N) satisfying A\; < p; and

Then the new factor (1 — zq; “* (t)_lq?(t))

32We set Ao = 0.
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Ai # Nit1, then the old factor (1 — zq;a“(t)flqék(t)) =(1- zqi‘ﬁuj*lqé_j) disappears
if hy,(t) = 0, which is equivalent to i — A; = £. Note we can take these factors even
when A\; = \;41 due to the cancellation.

Thus we see that the changes for \; < p;(Aiy1 < p15) come from the HtE#—part and those
for p1; +1 < A; come from the ], ,-part. Combining these two contributions, we arrive
at the recursion relation (C.3).

D Symmetry of Nekrasov function
In this appendix, we prove the following relation for the Nekrasov function:

Lemma 6.

Nau(a ™ "u/0)25 ()2 (u) = N,

(u)\AloHu\o falar, a3) (070 /)2 (u) 2 (v), (D.1)

; fﬂ(QhQi&)

where Ny, (2) is the Nekrasov function on ALE, x St (5.33), f is the generalized framing
factor (4.23) and

—
aw= T [ I es@].  eijlu) =" (g g w)Tsott. (D2

ziw)= ] I £ |, fijw)=e 9 (g gi o) Hsott (D.3)

1<i<e(p) \1<j<pu
are the group algebra parts of the (dual) intertwiner.

Since a direct computation leads us to

NAu(qflu/’U) —1 _ax(s) —Lu(s)—1 —1 —au(t)=1 £5(t)
~ TN = — u/v - u/v),
Non(aTo/u) [[ (—a'ag ) I e 'a gs" u/v)

SEX tep
huﬁ)\(S)EO h/\yu(t)EO
(D.4)
it suffices to show that
* * —1 -1 _ G(O) D5
zu(v)z,\(u)zﬂ(v) zx(u) M(u/v), (D.5)
where
—1 ax(s) —£,(s)— _ _1 —a — _
GLOA)(Z):ZM\0+|M|OQ I Ca'a@@gO 1 T (ca g™
H SEA tepn
By x(5)=0 hi (£)=0
(D.6)

Since (D.5) is trivially satisfied, when p = @, we can take the same strategy which we used
in appendix C. Thus we first derive a recursion relation for the left hand side of (D.5).
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From (D.3), we see that z}, (v)/2}(v) ~ fju,+1(v). Hence, the desired recursion relation
follows from the relation

)

IT a'a ™" a5 /o)
_ =1
. . 5@0 _Z)\;g
By —j+1 T mAi=
fj,uj+1(v)ZA(U)=<—qq1 "a3” “/”) () +1
1 Ni—pi—1 i1
H (_q 1q1 12 Q;Zg J U/U)

i=1,

Zx(w) i +1(v),

(D.7)

where ¢ = j — pj — 1. We can check (D.7) in the way similar to the proof of Lemma 4
in appendix B. Then by the same argument as in appendix C where we translated the
color selection rule in the right hand side of (D.7) to the condition on the relative hook
length, we see that the right hand side of (D.6) satisfies the same recursion relation. This
completes the proof of Lemma, 6.

The function GLO/\)(Z) universally appears in the commutation relations among the
intertwiner ®* and the dual intertwiner @7, since all the commutation relations of the zero

modes can be expressed in terms of GLO)\)(Z) as follows:

a@a(w) =GR u/v)a)zi ), zu0)zw) =G (/)@@  (DS8)
2u(v)2a (1) = Gy (u/v) T ax(w)zu(v), 25 (0)25(u) = (G} (u/v)) 2 (w)zu(v).  (D.9)

Using these relations, we can see

N 1/v)z(0)25 () = () Plolve BN @ (/o)™ )z (), (D.10)
Ko -1
N (a4 %u/v) " 2 (v) 2 (1) = ((;)IAI o ﬁNuA(ql(U/qv)l))

% 2u(0)2,(q0) ™ 2 () 2 (qv)

I lp—
_ (l) Alo=lulo Te Ny (0/10) L2 () 2,0 (0) x g~ P00 g H )

qu Fr
[ —[Ao—|pl . _
- (5) o %NM(U/U) Loa(u) 2, (v) x g (D.11)

-1
Nou(ufv) ™ 25 (0) 23 (u)

((q;) [Ao+Ixlo %NHA(qfl (qu/v)1)>

A (qu)z (v)23 (qu) 23 (u)

—|Alo—=Ixlo _ 1. . _
=) L Nn (0720 /) 7125 )25 () x q Mo+ g =)

I
= %)*\Alo*\#\o %Nu/\(q_2v/U)_lzf\(u)Z;(v) Xq—H(A,#)’ (D.12)
where
H(\ p) = #{s € AMhyr(s) =0} + #{t € p|hy ,(t) = 0}. (D.13)
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E From colored Young diagrams to quotients

In this appendix, we first introduce the notion of the quotient of the Young diagram. We
then use some combinatorial identities to express the characters of colored Young diagrams
in terms of their quotients.

E.1 Quotients of the Young diagram

Let Y be a Young diagram and N a natural number. Then Y determines the N-tuple of
Young diagrams {Y(© ... Y(N=D1 called quotients and the vector of integer-valued shifts
{po,...,pN—1}, satisfying Zivzf)l pe = 0. The correspondence is described in steps:

1. Transformation into Maya diagram. By the boson-fermion correspondence, the
Young diagram determines the Maya diagram specifying the fermionic state. This

state consists of a Dirac sea of electrons with momenta k& = —%, —%, ... plus an equal
number of electrons and holes, with momenta given by the Frobenius coordinates d;,
d; of Y:
1 .
holes at: di:Yi—z—g, i=1,...,n(Y), (E.1)
1
electrons at: df =i—Y;T + ok i=1,...,n(Y), (E.2)

where n(Y") is the length of the diagonal of Y.

Ezample: for the diagram Y = [3,2], the holes are at d = {—3, —3}, and the electrons
* _ 1 3
are at d* = {3,5}.
2. Division of the momenta lattice. The lattice of fermionic momenta is divided
into N subsectors labelled by the color ¢ = 0,...,(N — 1). Subsector ¢ contains
the electrons and holes with momenta k such that k — % = ¢ mod N. The general

formula for the momenta of electrons and holes in subsector ¢ is given by

d<0>_{;f(di—;—c)+; ‘ di—%zc mod N, i—l,...,n(Y)}, (E.3)

1 1 1 1
d*(c):{N<d;k—2—c>—l—2 ‘ d;k—izc mod N, izl,...,n(Y)}. (E.4)

Ezample: let Y = [3,2] as in the example above and N = 3, then we get three
subsectors with ¢ =0, 1, 2:

1 1
_ o _J_ 2 O« _ )L
I !
c=1 dV = @, dW* = {;} , (E.5)
c=2 d(2):{—;}, d?* = o
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3. Shifting the vacuum charge. The collection of electrons and holes from each sub-
sector determines a fermionic state. However, though the total number of electrons is
equal to the total number of holes, their numbers might not match in each subsector
separately. Equivalently, the Dirac seas in the subsectors have different levels, i.e.
the states may have nonzero vacuum charge. We denote the negative value®® of this
vacuum charge by p.:

pe=#{d} - #{d”}. (E-6)

Notice that the sum of all p. vanishes since the charge of the original vacuum state
is zero. Eliminating the vacuum charges in each sector, one can transform the corre-
sponding fermionic states into quotient Young diagrams Y ().

Ezxample: let Y = [3,2] and N = 3. The subsectors are listed in eq. (E.5). The
shifts read:

c=0: po = 0,
c=1: p1=—1, (E.7)
c=2: p2 = 1.

Finally, the collection of quotient Young diagrams together with shifts is

Y = {[1}7®7®}7

Y =032 o
13:2] pe = {0,-1,1)

(E.8)

One can easily write down the relation between the total number of boxes in the
original Young diagram and its quotients:

N-1

N
vi=3Y" (N]Y(c) + 5P - cpc> : (E.9)

c=0

In the next subsection, we work out a more general relation between the character of the
Young diagram and its quotients.

E.2 Decomposing characters

The (uncolored) character of the Young diagram is defined as follows:

chy(q)= > ¢ (E.10)

(4,7)€Y

After substituting ¢ = e and expanding in &, eq. (E.10) actually gives the character of the
gl representation associated with the Young diagram Y. We also have

chy (1) = |Y]. (E.11)

33In other words, p. denotes the value of the momentum shift needed to eliminate the vacuum charge.
Of course, one can use the convention, where the sign of p. is reversed.
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We would like to rewrite the character as a manifest function of the quotient diagrams Y (¢)
and of the shifts p.. This, indeed, can be done and we obtain the following expression:

l—gq _ 1 1— g Npe
chy(q) = ——— > ¢"P° (ehy<c) (") - TN 1= g ) : (E.12)

@)= Y ¢ (E.13)
(i,7)€Y
i—j=c mod N

Naturally
N-1
chy(q) = Y ch{(g). (E.14)
c=0

The colored characters can also be expressed in terms of the quotient Young diagrams:

_ d—c|_ _ 1 1- qind
P = X Mg (g () e ) g

where |z | denotes the floor function of . One observes that the colored characters chgf) (q)
are linear combinations of chy () (¢) with very special coefficients forming a matrix L:

d—c

Lea(q) = ¢ NUR I=etd, (E.16)

The matrix L turns out to have a particularly nice inverse:

1 —q O - 0
) 0 1 —q°
Lig) ™" = 7 00 o | (E17)
0 —q
—q 0 - 0 1
(E.18)
or, in the index notation, -
_ 1) d — q5 d—
(L@ et = == 57— 5 (E.19)

where 6.4 is the Kronecker symbol modulo N. In section 4.5, we used this result for the
inverse matrix in order to transform the expression for the non-Abelian DIM intertwiner
into a product of commuting intertwiners.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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