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1 Introduction

Increasing attention to relativistic hydrodynamics from the experimental point of view
is due to the fact that after the collision of heavy ions a quark-gluon plasma cluster is
formed. At the theoretical level, different remarkable effects associated with the properties
of relativistic fluids are discovered. The two most famous effects of this kind are the Chiral
Magnetic (CME) [1-5] and the Chiral Vortical Effect (CVE) [2-12], which will be discussed
below. The search for chiral effects is carried out on existing colliders of particles, such
as Relativistic Heavy Ion Collider (RHIC) at BNL and Large Hadron Collider (LHC) at
CERN [13, 14], and is also being discussed as an important task for future accelerator
facilities, such as Nuclotron-Based Ion Collider Facility (NICA) at JINR [15-18]. The
appearance of baryon polarization in collisions of heavy ions can be one of the important
experimental consequences of generation of vorticity and CVE in reactions with elementary
particles, as was shown in [15-18] and [19-21]. The manifestations of chiral effects in
condensed matter physics are also discussed [22].

Various theoretical methods for investigation of the chiral effects associated with the
nonuniform motion of the medium have been developed: within the framework of field
theory at finite temperatures in rotating systems [6], in the framework of hydrodynamics
with the axial anomaly [2], from an axial anomaly in effective field theory [3, 4], etc.
All of these approaches show the existence of CVE, which is thus a well-theoretically
grounded effect.

However, the issue of higher-order corrections with respect to derivatives to this effect
remains open. It is extremely important to determine the exact structure of the current,
since it is closely related to quantum anomalies. If the first-order term (temperature-
independent part) with respect to the angular velocity is related to the axial electromagnetic



anomaly [2-4], then higher-order terms should be related to other anomalies in quantum
field theory, in particular, to the gravitational anomaly [23, 24]. Thus, the study of correc-
tions of higher orders will make it possible to improve our understanding of the effect of
the anomalies of quantum field theory to relativistic hydrodynamics.

Another open question relates to the study of effects associated with acceleration in
chiral phenomena. In particular, these effects were discussed in [10-12, 24-28]. In [25] it
is shown that their occurrence is dictated by the principle of equivalence. In [12, 27, 28]
the relationship of these effects to the Unruh effect is found. In particular, it is shown
in [12, 27, 28] that Unruh temperature appears as a boundary temperature for chiral
effects. In [12] it is shown that instabilities occur in the behavior of physical quantities
below the Unruh temperature, apparently related to the radiation of thermal bosons.

In this paper we will touch on both of these issues. We will be interested in two
recently developed methods for investigation of chiral effects: the first of them is based
on the ansatz of the Wigner function [11, 12, 28-30] (recently in [30] it was shown that
this Wigner function satisfies the zeroth-order kinetic equation with the vanishing collision
term), the second approach is based on the equilibrium quantum statistical density oper-
ator [10, 26, 27, 31-36]. The purpose of this paper is to compare these two approaches in
describing higher order effects at the equilibrium mean value of the axial current.

In [29] an ansatz of the Wigner function was proposed, taking into account the effects
associated with thermal vorticity. In [10-12] an axial current was calculated on the basis
of this Wigner function, and the resulting expression for the current exactly coincides with
the standard formula for CVE. In particular, in [12] the exact nonperturbative expression
for the axial current was obtained. In this expression, the angular velocity and accel-
eration play the role of additional chemical potentials, and the acceleration corresponds
to an imaginary chemical potential. In particular, with parallel vorticity and accelera-
tion, a combination of the form p £ (Q £ ila])/2 (where Q and |a| are the modules of the
three-dimensional angular velocity and acceleration, respectively, in the comoving frame of
reference) appeared in Fermi distribution. Indications that the angular velocity plays the
role of an additional chemical potential were also obtained in [24, 37].

In [11, 12], corrections of higher orders to CVE were investigated, and it was shown
that the axial current contains a third-order term with respect to the angular velocity. The
corresponding term with the same coefficient appeared in [6, 7]. It is also shown that the
current contains third-order terms with respect to derivatives, quadratic in terms of local
acceleration. Note that the third order was the highest - all higher-order terms are zero.

In this paper, we will use an independent approach based on the quantum statistical
density operator for a medium with thermal vorticity [10, 26, 27, 31-36] using the calcu-
lation technique developed in [10, 26]. In [10, 26, 27, 31-36] it is shown, that a moving
medium is described by a density operator containing an additional term, in comparison
with a grand canonical distribution. Compared to the usual grand canonical distribution,
terms with the boost and angular momentum operators appear [38]. This density oper-
ator was used to calculate the effects of medium motion in various quantities [10, 26], in
particular, it was recently used to consider the effects associated with axial chemical po-
tential [39]. In [10] the mean value of the axial current in the linear approximation in the



thermal vorticity for free Dirac fields was calculated and it was shown that it coincides with
the prediction resulting from the Wigner function [11, 12, 29], that is, both these methods
lead to a standard formula for CVE. We will see later that these two methods coincide in
describing the effects associated with rotation separately, but differ in describing the mixed
effects associated with acceleration and rotation.!

We calculate the hydrodynamic coefficients in the third order of perturbation theory
following [10, 26] for free Dirac fields and compare the resulting expression with the result
of the approach based on the Wigner function. The two methods accurately agree with each
other when considering the rotation of the system without acceleration in the comoving
reference system in the general case of massive fermions in the third order in thermal
vorticity and differ when considering mixed effects associated with acceleration and rotation
simultaneously.

Though this paper is devoted to the refinement of the theoretical aspects of chiral
effects, at the end, we will consider whether the new effects under discussion are currently
relevant in terms of the experiment.

The system of units A =c =k =1 is used.

2 Analysis of the effects of non-uniform motion of the medium in the
axial current on the basis of the equilibrium density operator

Following [10, 26, 27, 31-36] a medium in the state of local thermodynamic equilibrium is
described by the covariant quantum density operator of the next form

~

GXP{ - /EdEu[T“”(w)ﬁu(x) - C($)j“(x)]}, (2.1)
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b=
where the integration over the 3-dimensional hypersurface X is performed. Here 3, = %“
is the 4-vector of the inverse temperature, 1" is the temperature in the comoving frame,
¢ = 7 is the ratio of the chemical potential in the comoving reference system to the
temperature, TH and j# are the energy-momentum tensor and current operators. The
general conditions of the global thermodynamic equilibrium for a medium with rotation
and acceleration, under which the density operator (2.1) ceases to depend on the choice of

the hypersurface ¥, over which the integration takes place, have the form [10, 26, 30, 33, 40]

1
By =by +wuwr,, b,=const, w, =const, w, = —5((‘%8,, - 0Bu), (2.2)

where @, is the thermal vorticity tensor. The thermal vorticity tensor w,, contains
information about local acceleration and rotation in the system, which corresponds to
its expansion into the thermal acceleration vector «, and the pseudovector of thermal
vorticity w,,

B

o
W = €uapW U’ + auy, — oy, . (2.3)

"We are grateful to E. Grossi who pointed out this fact.



In the state of global equilibrium (2.2) the thermal acceleration and vorticity become
proportional to the corresponding kinematic acceleration a, and vorticity w,
Wy 1 _ay 1

et vao, _ v
wy = €uapu’ 0%u” ,  a, = = —u

T = 57 T T Uy - (2.4)

Under the condition (2.2) the density operator (2.1) takes the form of an equilibrium
density operator [10, 26, 27]

p= g o] = B+ fm i 400 (2.5)

where P is the 4-momentum operator, Q is the charge operator, and J, are the generators
of the Lorentz transformations displaced to the point x

Jp = / dSA[(y" — ") T (y) — (v — )T ()] (2:6)

The technique for calculating the mean values of physical quantities on the basis of (2.5)
was developed in the papers [10, 26|, in which hydrodynamic coefficients were calculated in
the second order in the thermal vorticity tensor in various observables for scalar and Dirac
fields. We will follow the calculation algorithm proposed in [10, 26] and obtain third-order
corrections in the thermal vorticity tensor. Note that according to [6, 7, 11, 12] in the
massless limit, all the terms in the axial current above third-order in the thermal vorticity
tensor are canceled (at least at a temperature above Unruh temperature); therefore, it is
possible that the expression which we find to be accurate in the massless limit.

The mean value of an operator of a physical quantity can be calculated using (2.5)
according to formula

(O(x)) = tr{pO(x) }ren - (2.7)

where “ren” denotes the renormalization procedure. Following [10] and expanding (2.5)
into a series in thermal vorticity, we obtain the following expression for the axial current
in the third order of perturbation theory

18]
I W cuy 4
() = 2] o T i ds Oy + (2.8)
18]
D Bpo Tap fuv Fpo Faf A 5
W A dTldTQd7_3 (TT JﬁiTlquiTQ’qu’iTSuJB (0)>5(x)7c + O(w ) ,

where all operators must be expressed through Dirac fields using standard formulas. In (2.8)
only connected correlators enter, since all disconnected correlators are canceled due to the
contribution of the denominator 1/Z in (2.5). This fact is shown in the lower index ¢, the
lower index [(x) means that the mean values are taken at w = 0, that is, the averaging
is performed over the grand canonical distribution. 7, means the ordering of operators
with respect to the imaginary time 7, and |3] = % The contributions of the zero and the



second order in (2.8) are zero, which is connected with the requirement of parity equality
in both parts of the equation, therefore in the third order of perturbation theory

(s (@) = (5 @) + (73 (2) P + O(=) . (2.9)
The first-order contribution to (2.9) was calculated in [10] eq. (7.4)

1
27T2 0

RN =~y [ dor (Wl By — ) + By ). (210)

where the energy derivative is taken ﬁ and E, = v/p? + m? as usual and p? = p?. Let
us calculate the third-order corrections in (2.9). Parity allows the appearance of terms of
three types

(72(2))®) = Ajwuw* + Asaw + Az(wa)a’ . (2.11)

We note that in the presence of an axial chemical potential, additional tensor structures
appear, not included in (2.11), according to [39]. In what follows it is convenient to
introduce the operators of boost K and angular momentum J

JH = utKY — K" — P, . (2.12)
Substituting (2.12) and (2.3) into (2.8), and again using the parity arguments, we get
@) _ 1 18] ,
<j5( )> 6|5|3 (auwuaﬂ/(; dTldTQdTB T {K—m—le rrgu} —7,7'3’u,j5( ))ﬂ(az),c +
18l - o
+ozﬂoz,,wp/ dT1d72d7'3<TTK_iTlu _muJ irsud5 (O)>B(m),c +
0
IE] b i
+wuwywp/0 dTldTQdT3< J—m—lu‘]—zmu‘] irsul5 (0)>,8(x)7c> . (2.13)
Comparing (2.13) with (2.11), and taking into account the independence of the coef-
ficients Aj, As, As from the choice of the frame of reference and the specific form w (or

using the expansion for correlators [10]), it is possible to express the coefficients in terms
of quantum correlators of boost, angular momentum and axial current operators

1 8] -
Ay = _6’/8|3/0 dTldT2d7-3< szrlu‘]3172u‘]3z7—3u.]5 (0)>B(m),c’
1 i 1 3 3 1 1 23
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1 g 53 53 3 53
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18| R -
+/0 d71d72d7—3<TTKiiTlu —ZTQUJ3ZT3uj5 (0)>B(m),c> — Az (214)



Expressing the operators K and J in terms of the energy-momentum tensor THv using
the formulas (2.12), (2.6), we reduce the calculation of the coefficients in (2.14) to the
calculation of correlators of the form

Cooz|asaalasas|Aijk _ |51’3 /dedTyded%dSde (T, T2(X) x
X T34 (Y Y1259 ( 7)32(0)) )Ty 2" (2.15)

here X = (7,,x). The corresponding expressions for the coefficients

1
A = 76{002‘02‘02‘&111 1 O0201[01[3[122 | 501]02(01[3[212 | (501]01/02[3[221
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Ay = —Ay — %{Coz|00|00|3|133 | (000[02100[3[313 | ~00[00/02[3[331 _

_(01/00/00[3[233 _ ~00/01/00|3[323 _ Coo\oo\o1\3|332} _ (2.16)

Thus, the calculation of the coefficients in (2.11) reduces to calculation of correlators
of the form (2.15). Correlators (2.15) can be calculated by analogy with the way it was
done in [10] in calculating first-order and second-order hydrodynamic coefficients. The
derivation of the formulas (2.17), (2.18) is given in appendix A
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Here, following [10], we introduce the notation P = P(s;) = (—is1Ep, p), and accordingly
we have Q = Q(s2), K = K(s3), R = R(s4). The derivatives act on the whole expression
to the right of them. The quantities B12293%495%6A(L P1) " are defined by the formula

91929394,7T1,72

Q1203040506 50a +00ay +00a3 +00ay +00as +00ag 10 1
B gvosgemm ({P}) = ! ? 3 * 3 6T S an Sagan Sazas X

X (P22 — iP§?)(iPe — z’P;4)(iP§6 — iP) [z‘Pf”z‘PfSz’P?E’z’Pngtrg’l’g’g’g’S’m”\ +
Fm2iPoTPestI835A | 2 par; paogy T39S |2, par; patofr TLSSI0A |
+m ZPaSZPagtr18395)\ +m ZPaSZPalot 183510)\ +m lPQQZPawt 139510)\ +
+m4tr1 35 )‘} {0(=s171) — np(Ep + s19100) }{0(—s272) — np(Eq + s2g2p) } %

><{«9 —s3) — np(E + s3gs3p) }{9 —s4) —np(E, +34g4u)} (2.18)

Here we have introduced the operator Sz, which symmetrizes the expression following it,
so that Sagfas = fap + fsa- The trace of an arbitrary number of Euclidean Dirac matrices
= it7%uy, [41] we denoted by tr(§mFns .. FUnFA30) = trgl’m"”’"N’A.

Using the formulas (2.17), (2.18), we can now calculate the coefficients A;, Aa, As,
performing the remaining operations of integration and differentiation explicitly. Omitting
the intermediate calculations, we give the final result in the general case m # 0

_ 1 " n 2
Al - 48772|5|3/ dp( (Ep )+nF(EP+:u))p )

_ 1 > " " 2 m72
Ay = 16W2|B|3/0 dp( F(Ep — 1) +np(Bp +M))(p +5 )

A3 =0, (2.19)
where the derivative of the third order in energy is taken 7. In the limit m — 0 (2.19)
reduces to o
Al — ! Ay — ! A3 =0 (2.20)
B T T T |

Taking into account the first-order term [10] eq. (7.5) and (2.20) we can write the
formula for the axial current (2.9) for case m = 0 in the following form

) 1 o
(i) = (6 [TQ - 47] Tom w)% +0(=). (2.21)

Note again that according to [6, 7, 11, 12] the third order in (2.21) can be the last nonzero
term. Since A3 = 0, then, using the formulas for differentiation from [10, 11], we get
for (2.21)

" (jp) = 0. (2.22)

Thus, the axial charge in this approach is conserved in the massless limit, in contrast to [11].



3 The density operator vs Wigner function

In [11, 12], based on the Wigner function [29], the following general formula for the axial
current in a nonstationary medium of massive fermions was obtained

wu+isgn(wa)au/ d3p o , B
2o B = p = gu/2 + i90/2)

_nF(Ep_/’L+gw/2_iga/2)+nF(Ep+N_gw/2+iga/2) -

(j2>w =

—np(By + 1+ 92 = i94/2) | + .., (3.1)
where
1 2 2)2 2442 22
gw:ﬁ(\/(a —w?)2 + 4(wa)? +a” —w?) 7,
1

ga = ﬁ(\/(az —w?)? + 4(wa)? — a® + w?) /2. (3.2)

The formula (3.1) was derived outside the perturbation theory. In the limit m = 0 for

2]

T > —gjr (this boundary temperature at w, = 0 or a|| € is equal to Unruh temperature o
T
look [12] for the details), (3.1) leads to

a” — w
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For a, = 0 and passing to the comoving reference system, we obtain from (3.1)

<J'5>W—/(;lj£3{np (Ep—u—;Z) —np <Ep—u+g>+

Q Q
—l—nF(Ep—{—,u—2>—nF<Ep—|—,u—|—2>}eQ, (3.4)

where eq = % is a unit vector along angular velocity. Let us first compare the formu-

las (2.21) and (3.3), which determine the axial current in the case of massless fermions.
We see that the terms of the first order in w coincide with each other and the standard
formula for CVE, also the term w2wu has the same coefficient, which also coincides with
the result of [6, 7]. At the same time, the term a’w,, enters with different coefficients, and
the term (wa) a, in (2.21) is absent. Due to this, the axial charge is conserved for (2.21)
and is not conserved for (3.3), where

1

8“(j2>w =" [12712 (wa) aM] = 6?(wa,)(a2 + w?). (3.5)

On the other hand, in formula (3.3), unlike (2.21), the combination of the form p +
(Q=+i]a|)/2 appears, since (3.3) in the comoving frame of reference and for parallel angular

velocity and acceleration Q2 || a gives

] 3 ] 3 ] 3
() = <T29+ (pr5+5)" w-5-%)" (+3-49)"
6 1272 1272 1272
Q ilal\3
— == _|_ il §
. 9)



which is a manifestation of the fact that the angular velocity and acceleration play the role
of chemical potentials, the latter being an imaginary one.

The fact that the imaginary chemical potential corresponds to acceleration leads, first,
to the absence of terms of odd order in the acceleration in (3.3), and also to the appearance
of the Unruh temperature as the boundary temperature in the axial current, according
to [12].

Thus, both approaches give the same answer in the massless limit for the case of pure

rotation a, = 0 and diverge when describing mixed effects (the terms a?

wy and (wa) ay).

In the more general case of massive fermions, the situation looks the same. In this
case, it is necessary to compare the formulas (3.4) and (2.9), (2.10), (2.19) at a, = 0 (in
advance it is clear that for a, # 0, (3.1) and (2.9) are different). To do this, it is necessary

to decompose (3.4) to the third order in 2
d

d®p Q Q
=30 /W{n}w(Ep—u—2>—nF(Ep—u+2>+

Q Q
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Q Q 1
+npg (Ep-f—u— 2> —ng <Ep+,uz+ 2> }] EQ2Q+O(QS), (37)
Q=0
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It is easy to show that this formula corresponds exactly to the expression (2.9) obtained
on the basis of the density operator: the first-order term exactly coincides with (2.10), and
the third-order term with A; from (2.19). Thus, (3.4) and (2.9) coincide for a, = 0 in the
first two non-vanishing orders in w also in the case of massive fermions.

Recall that formula (3.3) refers to case T' > . Making the transition m — 0 in (3.1)
in case T' < %, additional terms will appear in formula (3.3) that contain a step func-
tion (look [12] for the corresponding full formula). There are no such terms in (2.21),
since (2.21) is obtained within the framework of perturbation theory. It should be ex-
pected that at temperatures below Unruh temperature, the behavior of the current either
changes qualitatively [12], or the Unruh temperature sets the lower temperature boundary

for accelerated moving systems according to [27, 28].

4 Discussion

The resulting formulas (2.21), (3.3), (3.4) describe new effects, the discovery of which is of
interest from an experimental point of view. The interactions of elementary particles at
high energy can be considered as the laboratory to study chiral effects. In particular, in non-
central collisions of heavy ions huge vorticity can appear. As we have seen, the correction
to the standard CVE in (2.21), (3.3) of the form _%Wu is obtained in various theoretical
approaches and therefore is reasonably reliable. Since w? < 0, this correction should lead



to the enhancement of CVE. Typical value of vorticity, achievable in the experiment, is of
the order ~ 0.1 fm~'. Although this value is huge by the standards of macroscopic systems,
it is too small to fix the cubic term. Due to this, as well as the coefficient ﬁ, the effects
associated with the cubic term are strongly suppressed, and lead to an increase of the
axial current by an amount of the order of 1%, which is not yet achievable for experiment.
Therefore, at the moment it is too early to talk about experimental verification of cubic
vorticity correction to CVE.

Formulas (2.21), (3.1), (3.3) also contain effects associated with acceleration, although
as we have shown, there is still uncertainty on a theoretical level. In collisions of heavy
ions, acceleration can appear due to the rescatterings of hadrons and partons and stopping
phenomenon.

At the same time, if one follows the papers [43, 44], acceleration can also occur in the
processes such as eTe~ annihilation or pp and pp collisions due to string tension during
hadronization. In this case enormous acceleration may occur, which is related to the
universal hadronization temperature by means of the Unruh formula |a| ~ 27Ty with
T ~ 150 MeV. If this mechanism of the formation of acceleration takes place, then the
acceleration can be of order ~ 1 GeV and its contribution to (2.21), (3.1), (3.3) turns out
to be significant.

Therefore, one may try to separate the effects of acceleration and rotation experimen-
tally. The acceleration may be studied in the eTe™ annihilation, while in the non-central
heavy-ion collision the impact parameter defines the orbital momentum and rotation effects.

5 Conclusions

Using the quantum statistical approach based on the equilibrium density operator (2.5)
from [10, 26] we calculated the hydrodynamic coefficients in the axial current in the third
order of perturbation theory in terms of the thermal vorticity tensor for the free Dirac
fields. Thus, we calculated the third-order corrections in the derivatives to the CVE.

The obtained expression exactly coincides with the prediction in [11, 12] based on
the ansatz of the Wigner function [29] in the first three orders of perturbation theory
(formulas (3.4), (3.7) and (2.9), (2.10), (2.19) in the case of massive fermions and (3.3)
and (2.21) in the massless limit) for a, = 0 and differ for a, # 0. This indicates the
correspondence of the method of Wigner function and equilibrium density operator in
describing the effects associated with pure rotation, and the discrepancy in describing
mixed effects, when both rotation and acceleration are significant.

Effects in an axial current related to acceleration were investigated. In the approach
with the Wigner function, as well as in the approach with the density operator, terms
quadratic in acceleration appear. In the case of the Wigner function this is explained
by the appearance of the combination p £ (2 £ ia)/2 - the appearance of an imaginary
chemical potential associated with acceleration forbids the appearance of odd acceleration
terms. However, this combination does not arise in the approach with the density operator.
The coefficients in front of the terms with acceleration in the two approaches differ. This
leads, in particular, to the fact that the axial charge is conserved for the statistical operator
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and is not conserved for the Wigner function if acceleration has a nonzero component along
the rotation axis in the system.

Note that the acceleration implies the non-equilibrium situation (cf. [30]) which might
explain the discrepancy between Wigner function and density matrix approaches, both be-
ing the equilibrium ones. This problem, as well as other consequences of possible emerging
instabilities and dissipation, require further investigation.

In reactions with elementary particles, a large vorticity may arise, which, however, is
too small to allow third-order corrections in vorticity to be observed at the current experi-
mental level. In the processes of collisions of heavy ions and electron-positron annihilation
or proton-(anti)proton collisions, tremendous accelerations can occur, which may open the
way for observing the effects associated with acceleration.

A Calculation of quantum correlators

Let’s derive formulas (2.17), (2.18) for quantities C*1@2lasealasasMijk — Eollowing [10], we
represent all operators in (2.15) in a split form. The operator DZ‘f (0x,,0x,), acting on

the product of two Dirac fields, gives Belinfante energy-momentum tensor in the limit
Xl, XQ — X

T%(X) = lim D (9x,,0x,)Va(X1)Uh(X2),

X1,X9—X

j90a+60s ~

ngﬁ(aXuaXz) = 4 [73b(8X2 - 6X1)/B + '75[,(6)(2 - 6X1)a] ) (Al)

and the axial current is expressed in terms of the operator ‘75/\ab

BX) = lim T Pa(X1)W(X2),  Tgup = (3 ) (A.2)

X1,X0—X

Then taking into account (A.1) and (A.2) we get

(T, T2 (X) T304 (V)T (Z)j2(0)) glay.c = o lim DGR (O, Ox,) X
Y11,7Y22~>Y
Z,Z9—7Z

Fy,Fy—F=0

x Dyt (ayl ) ay2 )Da5a6 (8Z1 ) aZz)\-75)\a7a8 <TT\I’¢11 (Xl)\paz (XQ)\IJas (}/1)\1]&4 (Yé) X

azaq asae

X\Ij%(Zl)\I]as (ZQ)\T/W(FI)\IIQS (F2)>ﬁ(x),c . (A'?’)

Using Wick theorem, the calculation of averages in (A.3) can be reduced to
finding the mean values of the quadratic combinations of Dirac fields of the form

(T7Wq, (X1)Way(X2))g(a), Which are thermal propagators. Leaving only the connected cor-
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relators, we obtain

, (A.4)

where the thermal propagators Gaa,(X1,X2) = (Tr¥q,(X1)V4,(X2))g(z), and
Gayay (X1, X2) = (T 94, (X1) W, (X2))g(x) have the standard form [10, 41, 42]

Gayas (le XQ) - I 6iP+(X17X2)(_Z.P+ + m)alazA(PJr) ) (AS)
{r}
and, respectively, for G. In (A.5) we introduce the notation

3
P* = (py,p), Py =7(2n+1)/|8] £ip, i Z / o

1
A(P) = P (A.6)
In A(P) the square is taken with the Euclidean metrics, as in 7 = Pr3, (unlike from
P*(X; — X3), where the metrics is non-Euclidean in accordance with [41]).

Now substitute (A.5) in (A.4) and then in (A.3). Then we differentiate in operators
DZf (0x,,0x,), group the matrices in the form of a trace, taking into account that in
the exponential factor we can cancel terms with chemical potential. For simplicity, let us
analyze the transformations for the first term in (A.4). After substituting to (A.3) we get

lim Dgllc?; (8X1 ) aXQ)Dg§i4 (8Y1 ) 6Y )D(Cz!;z%fj (821 ’ aZQ)jS)\awzg C_:611614 (Xl’ Y2) X

X1,X9— X
Yi,Yo Y
71, g7
Fy,Fo—F=0
a 2! : —ip(x—y)—iq(x—z)—iky—irz
XGa2a5(X2aZl)Gagag(}/laFQ)Ga6a7(Z2>F1) - - € p( y) q( ) Y X
{P7Q7K7R}

x P (7o =Ty) g (ra—T2) ik Ty Fira T A (P)A QT A(K T)A(RT) x
Xtr [(z’K‘ 4+ m)D*% ((K~, —iP7)(iP~ +m)D*2(iP~ iQ") (=i + m) x

x D5 (—iQT iRT) (iR + m)jg\} : (A7)
Summing over the Matsubara frequencies in (A.7) using the formula [10, 41]
W'rL + 4 ZM k 'L(wniz,u) 1 . b el
= —isE)"e™"[0(—s1) —np(E + A.
IBIZ (wn£ip)2+E* ~ 2E D (—isE)*er [0(—s7) —np(E £ )], (A8)

s=+1
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we obtain

dgpd3Qd3kd3 e(Tx —7y)s1 Ep+(Ta—72)$2Eq+Tys3 Ex+7.54Ey % (A 9)
16 Z (2m)2E, E, B, B, ‘
34 il

Xe—ip(x—y) iq(x—=)—iky - Zrng?fAI?;l(C:-iasg%/\(Tz,Tz)([’;—7 I?v _ﬁv ﬁa ﬁ? @7 _@7 _©7 é? _E) ’

where the quantities B are given by (2.18). Substituting (A.9) in (2.15) and using formula

/dgpdSQdSkdgTdSJTdSyngf(p q,k I‘) —ip(x—y)— iq(x—z)—iky—irzxiyjzk‘

— i(21)° / d3 v _,_& f(p.ak r)| k=p" (A.10)
- P\ orkariop  arkokiok ) P DT P ‘

following from the properties of the delta function, we finally obtain

/ > drdrydr.p’dpsin(6)dfdp x

5$1:52,53
sq=%1

1287T3]ﬁ|3

e(Tszy)lep+(Tz77'2)52Eq+-ry33Ek+7284ET >

3 3 1
8 (arkaka‘api * arkakjaki) E,E,E,E,

Q3040 a5 iy ~ ~ ~ ~ quf
X B N ey (K K, =P, P, P,Q, —Q, —Q, R, —R) | k=p (A.11)

which corresponds to the first term in (2.17). Performing transformations from (A.7)
o (A.11) with other five terms in (A.4), we obtain (2.17).
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