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ABSTRACT: We revisit the ALP miracle scenario where the inflaton and dark matter are
unified by a single axion-like particle (ALP). We first extend our previous analysis on the
inflaton dynamics to identify the whole viable parameter space consistent with the CMB
observation. Then, we evaluate the relic density of the ALP dark matter by incorporating
uncertainties of the model-dependent couplings to the weak gauge bosons as well as the
dissipation effect. The preferred ranges of the ALP mass and coupling to photons are
found to be 0.01 < my < 1eV and gpyy = O(1071) GeV ™!, which slightly depend on
these uncertainties. Interestingly, the preferred regions are within reach of future solar ax-
ion helioscope experiments, IAXO and TASTE, and laser-based stimulated photon-photon
collider experiments. We also discuss possible extensions of the ALP miracle scenario by
introducing interactions of the ALP with fermions.
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1 Introduction

The observations of temperature and polarization anisotropies of cosmic microwave back-
ground radiation (CMB) showed that our Universe experienced exponential expansion
called inflation at a very early stage of the evolution and that the present Universe is
dominated by dark matter and dark energy [1]. In particular, inflaton and dark matter are
clear evidence for physics beyond the standard model (SM), and a variety of models and
their experimental and observational implications have been studied extensively.

The inflaton and dark matter have something in common; both are electrically neutral
and occupied a significant fraction of the Universe at different times. The unification
of inflaton and dark matter has been discussed in the literature, where the reheating is
incomplete, and the remaining relic inflatons become dark matter at later times [2-5].!
One of the most non-trivial requirements for such models is to stabilize the inflaton in
the present vacuum. To this end, the inflaton is often assumed to be charged under Zs
symmetry [2-4] or to be coupled to other fields in such a way that the decay occurs only
when the inflaton oscillation amplitude is sufficiently large [5], etc.

Recently, the present authors proposed a novel way to realize the unification of inflaton
and dark matter by a single axion-like particle (ALP) [10]. In this scenario, the inflaton
is an ALP with a sub-Planckian decay constant, and the potential consists of two cosine
functions which conspire to make the curvature around the top of the potential sufficiently
small for the slow-roll inflation to take place. This is the minimal realization of the so-
called multi-natural inflation [11-14]. The reason why we need multiple cosine functions
is that, with a single cosine function, the inflaton field excursion exceeds the Planck scale

!Thermalized inflaton particles [5-8] or inflatino [9] can also be a WIMP dark matter.



which would necessitate a super-Planckian decay constant [15, 16]. The super-Planckian
decay constant is often questioned by the argument based on the quantum gravity (e.g.
see refs. [17-21]), and moreover, even if the super-Planckian decay constant is somehow
justified, the predicted spectral index and tensor-to-scalar ratio are not preferred by the
current CMB data [1].

The key feature of our scenario is that the inflaton masses at the potential maximum
and minimum have the same absolute magnitude but a different sign. In other words, the
slow-roll condition for the inflaton implies that the inflaton is light also at the potential
minimum. Therefore, the longevity of dark matter is a direct consequence of the slow-
roll inflation. For successful reheating we introduced a coupling of the inflaton (ALP) to
photons, and showed that successful reheating takes place for the axion-photon coupling,
Gory 2 O(107H) GeV™! (see eq. (3.1) for the definition). In contrast to the conventional
scenario, the dissipation process plays the major role in reheating. Since the dissipation rate
decreases with the oscillation amplitude, a small amount of the ALP condensate remains
and contributes to dark matter. Interestingly, the relic ALP condensate can explain the
observed dark matter abundance if m, = 0(0.01-0.1)eV and gg, = O(10711) GeV ™1,
which is within the reach of the future solar axion helioscope experiments, IAXO [22, 23]
and TASTE [24], and laser-based photon colliders [25-27].2 We call such a coincidence as
the ALP miracle [10].

In this paper, we revisit the axionic unification of the inflaton and dark matter to study
in detail the inflaton dynamics as well as the reheating process by scanning a whole pa-
rameter space. In particular, only a part of the inflation model parameters was explored in
ref. [10], and we made an only order-of-magnitude estimate of the plausible ALP mass and
coupling to photons. In this paper, we evaluate the ALP parameters more precisely to see
to what extent the future experiments will be able to cover the predicted parameter space.
We also consider a possible extension of the scenario by introducing other interactions with
the SM particles.

The rest of the paper is organized as follows. In section 2, we briefly explain the ALP
inflation model. In section 3, we revisit the ALP miracle scenario by carefully studying the
whole inflation parameter space to determine the viable parameter region. In section 4,
we study the reheating process when the ALP has couplings with the SM fields other than
photons. In section 5, the production of ALP hot dark matter and dark radiation will be
discussed focusing on thermalization condition of the ALP. The last section is devoted to
discussion and conclusions.

2 The ALP inflation

Let us first explain the inflation model where the ALP plays the role of inflaton. We
assume that the ALP enjoys a discrete shift symmetry, ¢ — ¢ + 27 f, where f is the decay
constant. Then, its potential is periodic: V(¢) = V(¢ + 27 f). Any periodic potential can
be expanded as a sum of cosine terms. If one of the cosine terms dominates the potential,

2Recently an ALP coupling to photon is a hot experimental target and many experiments are proposed
to search for it, see e.g. [28-39].



it is the so-called natural inflation [15, 16]. The model with multiple cosine terms is called
multi-natural inflation [11-13]. As explained above, multiple cosine terms are necessary to
have successful inflation with a sub-Planckian decay constant. In the simplest realization
of the multi-natural inflation, the potential consists of two cosine functions,

V(p) = A* <cos <? + ¢9> - % cos <7:L;b>> + const., (2.1)
where n is an integer greater than unity, 8 and k respectively denote the relative phase and
height of the two terms, and the last term is a constant required to realize the vanishingly
small cosmological constant in the present vacuum. For x = 1 and 6 = 0, the inflaton
potential is reduced to the quartic hilltop inflation model. In ref. [10] we considered 6 # 0
while k was fixed to be unity. In this paper, to scan the full parameter space, we vary both
f and k and delineate the parameter space where the successful slow-roll inflation takes
place and they can give a better fit to the CMB data than the quartic hilltop inflation
model [10, 11, 40].

If n is an odd integer, the inflaton potential (2.1) exhibits a striking feature:

V(¢ +nf)=—V(¢) + const., (2.2)

where the constant term is independent of ¢. Because of this feature, the curvatures at
the potential maximum and minimum have the same absolute value but the opposite sign.
During inflation, the potential must be sufficiently flat around the potential maximum for
successful slow-roll inflation, and as a result, the inflaton remains light also at the potential
minimum. In other words, the inflaton can be long-lived because of the slow-roll condition
in this case. In the following we focus on the case of n being an odd integer, but our analysis
of the inflaton dynamics can be applied to the case of arbitrary n without any changes.?
We call ¢ the inflaton (ALP) when we discuss its dynamics during (after) inflation.

A flat-top potential with multiple cosine terms like (2.1) has several UV completions
in extra dimensions; e.g., in the context of the extra-natural inflation with extra charged
matters placed in the bulk [41] and the elliptic inflation with the potential given by an
elliptic function obtained in the low-energy limit of some string-inspired set-up [42, 43].
In both cases, it is possible to realize the potential similar to (2.1) with n being an odd
integer for a certain choice of the parameters.

During inflation the inflaton stays in the vicinity of the potential maximum, where one
can expand the potential as
2(n? — 1) A (k—1)A% 6 A* n?—1 <A
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4
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Here we have included only terms up to the first order of § and k — 1, assuming they

V(p) = ¢ +

are much smaller than unity. In fact, the cubic term has a negligible effect on the inflaton
dynamics for the parameters of our interest, and the potential can be well approximated by

4 2
V(o) = Vo~ 056+ -6 a0t (24)

30ne can slightly extend the model by replacing the first term with 1/n cos(n'¢/f) with n’ being an

odd integer smaller than n.



where we have defined

Obviously, when x — 1 and 6 — 0, the potential (2.4) has only a quartic term.

In the quartic hilltop inflation, the predicted scalar spectral index is given by
ns ~ 1 —3/N,, where N, is the e-folding number corresponding to the horizon exit of the
CMB pivot scale, k, = 0.05Mpc~!. Here and hereafter, the subscript * implies that the
variable is evaluated at the horizon exit of the pivot scale. Therefore the predicted scalar
spectral index is considerably smaller than the observed value especially for N, < 50. In
fact, the predicted value of ns can be increased to give a better fit to the CMB data by
introducing a small but non-zero CP phase, 6 [10, 11, 40].

The evolution of the inflaton can be expressed in terms of the e-folding number by
solving

Pend H Pend 3H2
/ s, (2.6)

N, = Zdep~ o
b @ -V

where H is the Hubble parameter, the overdot represents the derivative with respect to

*

time, and we have used the slow-roll equation of motion, 3H d) + V' ~ 0, in the second
equality. Here ¢eng is the field value at the end of inflation defined by |1(¢enq)| = 1, and it
is given by

2 f?

¢end > ¢min- (27)

n My

Here ¢pin ~ 7f is the inflaton field value at the potential minimum of eq. (2.1), and
My ~ 2.4x 10'® GeV is the reduced Planck mass. We assume <Z> > (0 during inflation without
loss of generality. The e-folding number is fixed once the inflation scale and the thermal
history after inflation are given. As we will see, the reheating takes place instantaneously
and the energy for inflation immediately turns into radiation after inflation. Assuming the
instantaneous reheating, the e-folding number is given by

ks VAN 1 (T 1 9+(Tr)
N, ~28—log [ ——* )41 0 ) SL0)) L g (O 2.8
Og<O.O5MpC_1)+ ©8 <1OTeV T3 °g< 3.95 > 12 0g<107.75)’ (28)

where g, and g, represent the effective number of relativistic species contributing to energy

and entropy, respectively, and T and Tr are the photon temperature at present and just
after reheating, respectively. The reference values of g, and g.s incorporate the contribution
of thermalized ALPs (see discussion in section 5).

The power spectrum of the curvature perturbation is given by

a2\ V(9.)?
Pr (k) ~ * ~ , 2.9
R( ) (27ng5*> 127T2V’((Z)*)2M§1 ( )
and the CMB normalization condition reads
Pr(ky) ~2.2x 1077, (2.10)



at k, = 0.05 Mpc~! [1]. The scalar spectral index n, is given by
ns ~ 1 — 6e + 21, (2.11)

where the slow-roll parameters are defined as,

e(¢) = My (V/>2, (2.12)

|4
VI/
n(¢) = My < (2.13)

In the small-field inflation, £(¢4) is much smaller than |n(¢.)|, and the spectral index is

simplified to ns ~ 1 + 2n(¢«). In the numerical calculation we keep the terms up to the
third order of the slow-roll expansion [44]. The running of the spectral index is similarly

given by
s 94e? 4 160y — 2¢ ~ —2¢ (2.14)
dlogk A= TS ‘
where we have defined
4 V/v///

In the second equality of (2.14) we have dropped the terms containing . The running of
the spectral index is usually small except for the modulated potential [45], but it can be
sizable since NN, is much smaller than the conventionally used values 50 or 60.

Now let us turn to constraints from the CMB observation. We adopt the following
constraints on ng and its running obtained by Planck TT+lowP+lensing [1],

ns(k«) = 0.968 £+ 0.006, (2.16)
dng

ky) = —0.003 & 0.007, 2.17

dlogk( ) (2.17)

where the running of the running of the spectral index, d?ns/d(log k)2, is set to be zero. If
the running of the running is allowed to float, the above constraints will be slightly modified.
However, according to ref. [46], the preferred range of the running of running is biased to
positive values, and its 20 lower bound reads d*n;/d(log k)? > —0.001. On the other hand,
in our model, the running of the running takes only negative values for the parameters of our
interest, and as long as it satisfies the above 20 lower bound, its effect on the running and
ns is negligibly small. Therefore we can justifiably apply the constraints (2.16) and (2.17)
to our model, if we limit ourselves to the region with d?n,/d(log k)? > —0.001.

We have numerically solved the inflaton dynamics using the potential (2.3), varying
both 6 and x — 1 around 0. Here and in what follows n = 3 and f = 107 GeV are chosen as
reference values, unless otherwise stated. As we shall see later, while larger values of f are
consistent with inflation and the CMB data, f should be close to 107 GeV for successful
reheating and explanation of dark matter. In figure 1, we show the viable parameter
region in the (k,0) plane, where the red and blue regions correspond to the lo and 20
of (2.16) and (2.17). For simplicity we have not taken into account of the correlation
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Figure 1. In the red and blue shaded regions the CMB constraints (2.16) are satisfied at 1o and
20, respectively. We have set n = 3 and f = 107 GeV, and normalized # and x — 1 by their typical
values for convenience. In the gray region |n(¢.)| < 0.1 is satisfied.

between ng and its running. The left side of the viable region is bounded from above
around 60 ~ 0.02(f/Mp)3, because we have imposed a condition d*n/d(log k)? > —0.001.
We have confirmed that the running of the spectral index tends to be larger than the
conventional case with N, = 50 or 60 because of the small e-folding number. In the
gray shaded region, |n(¢.)| < 0.1 is satisfied, where the curvature of the potential is so
small that slow-roll inflation takes place. =~ We note that the viable region lies in a tiny
range of x for a fixed #, which requires some amount of fine-tuning of the parameters for
successful slow-roll inflation. In the scope of this paper, we do not pursue the origin of
such fine-tuning, but we note that a similar flat-top potential arises from extra-dimensional
set-up [41-43].

One can see that the viable region continues to larger values of k and 0. In the limit of
large k—1 and 0, the inflation takes place around a saddle point, not the maximum. We do
not consider this possibility further in this paper because successful reheating becomes so
inefficient that the relic inflaton condensate exceeds the observed dark matter abundance.
Note also that, in the limit of the saddle-point inflation, the inflaton mass during inflation
is not directly related to that at the potential minimum, which breaks the link between
low-energy observables and the inflaton parameters.

Now let us evaluate the inflaton parameters at the potential minimum using the relation
of eq. (2.2). To avoid the confusion let us call ¢ the ALP when we discuss its properties
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Figure 2. The range of my and A\ with f = 107 GeV. The points are consistent with the CMB
observation at more than 95% CL.).

around the minimum. The potential can be similarly expanded around the minimum as

A? m? 4
V(¢+7Tf)297¢—7¢ + AP+ (2.18)
Let us denote the field values of ¢ at the potential maximum and minimum as ¢max and
®min, respectively. They satisfy ¢min = dmax + 7f because of eq. (2.2). We can then
estimate the ALP mass, mgy, as well as the self-coupling, A, at ¢nin in the viable region
shown in figure 1. The result is shown in figure 2. Here, the upper bounds on A and mgy are
set by the constraints on the running of the running of the spectral index, while the lower
bound of A is determined by the largest of x in figure 1. As k becomes larger, A becomes
smaller, which makes it more difficult to reheat the Universe because the inflation scale
becomes lower. Therefore we focus on the parameters shown in figure 2 in the following.
One can see that the ALP mass and its self-coupling are in the following ranges:

0.03eV Smg S 0.1eV, (2.19)
5x1078 <A< T7x 1071 (2.20)

for f = 10" GeV. Note that the ALP mass myg is of order the Hubble parameter during
inflation. This is because of the observational constraint on the spectral index. To see this,
let us rewrite mg as

s — 1 12, (2.21)

mi = V//(¢min> = ‘V//(¢max)‘ ~ ‘V//(¢*)‘ =



The equality in the middle reflects the fact that the inflation takes place around the poten-
tial maximum. So, substituting the observed value 1 — ng ~ 0.03, one obtains mg ~ H,.

In the quartic hilltop inflation, it is A that is fixed by the CMB normalization (2.10)
and it only depends logarithmically on the inflation scale through the e-folding number,
A o< N3, Therefore, A\ ~ O(10712) holds for a broad range of f. Since H2? oc Af*, the
ALP mass and decay constant scale as mg o< f 2,

We stress that the relation (2.21) holds for a broader class of the ALP inflation (with
e.g. more cosine terms) satisfying (2.2), as long as slow-roll inflation takes place in the
vicinity of the potential maximum. This is partly because V"”(¢,) is tightly constrained
by the observation as it contributes to the running as well as the running of the running
of the spectral index. Our argument on the reheating and the relic ALP abundance in the
rest of this paper relies on the two relations (2.21) and A ~ O(107!2), and so, we expect
that our results in the following sections are not significantly modified for a broader class
of the ALP inflation model.

3 The ALP miracle

The inflaton (ALP) is light at both the potential maximum and minimum in a class of
the ALP inflation, in which case the ALP becomes long-lived and therefore can be dark
matter. As we shall see shortly, such axionic unification of inflaton and dark matter is not
only economical but also has interesting implications for future axion search experiments
and the small-scale structure problem.

3.1 Coupling to photons and dissipation rates

After inflation, the ALP starts to oscillate about the potential minimum. For successful
reheating, one needs to couple the ALP to the SM fields. Here we introduce the ALP
couplings to weak gauge bosons, which is reduced to a coupling to photons in the low energy.
Other interactions such as couplings to fermions will be studied in the next section. At first,
it seems that the reheating is hampered by the suppressed decay rate in the vacuum, but
as we shall see, the effective mass of the ALP condensate soon after inflation is much larger
than the ALP mass in the vacuum. After thermal plasma is generated by the perturbative
decay, the reheating mainly proceeds through thermal dissipation process.
Let us consider the ALP coupling to photons,

o ¢

£ = C»VE?

- 1 -
F, F'" = 1 Gy O L FH (3.1)
where ¢, is a model-dependent constant and « is the fine structure constant. The ALP
condensate decays into a pair of photons at the decay rate given by*

2 2 3
C’Ya Mg

64m3 f2 7

1_‘dec,'y = (32)

4Strictly speaking, one should use the decay rate averaged over time during the oscillation. However,
we have confirmed that this does not change our results, as the dominant process for the reheating is the
dissipation process.



where we have introduced the effective mass of the ALP as

m2g = 12020 = 124/ Apg (3.3)

amp
given in terms of the oscillation amplitude measured from the potential minimum, ¢amp,
and the oscillation energy, pg, of the ALP condensate. Note that the potential about the
minimum is dominated by the quartic term in eq. (2.18), and the mass term is negligible
until the oscillation amplitude becomes sufficiently small. The effective mass decreases
with time as the oscillation energy is red-shifted. In the present Universe, the oscillation
amplitude of the relic ALP condensate is so small that the potential is well approximated
by the quadratic term. We emphasize here that the decay rate of the ALP just after
inflation is significantly enhanced compared to the one in the vacuum.

In figure 3 we show the relation between mg and g4, for ¢, = 0.01,0.1, and 1 as
diagonal bands from bottom to top. Each band corresponds to the viable parameters
consistent with the CMB observations for different values of f. (The case of f = 107 GeV
is shown in figure 1). We also show the regions constrained by the CAST experiment [47],
the cooling argument of the horizontal branch (HB) stars [48] and the optical telescopes
(assuming the ALP dark matter) [49], and the projected sensitivity reach of the future
experiments. One can see that a large fraction of the viable parameter space consistent
with the CMB observation will be covered by the future experiments.

Soon after a small fraction of the ALP condensate decays into photons, the produced
photons quickly form thermal plasma, and its back reactions become relevant. One of the
back reactions is the thermal blocking effect. Photons in the thermal plasma acquire a
thermal mass of order €1, and once it exceeds half the ALP effective mass, the perturba-
tive decay is kinematically forbidden. Then, evaporation process of the ALP condensate
with the ambient plasma such as ¢+v — e~ +e™ becomes significant [52-56]. The thermal
dissipation of the QCD axion was studied in ref. [57], where it was pointed out that the dis-
sipation rate is accompanied by a suppression factor, p?/¢¥T2, when the typical momentum
of the axion, p, is smaller than ¢g2T', where g is the strong gauge coupling. In the case of
spatially homogeneous condensate, the momentum should be replaced with the (effective)
mass. In our case, even though the ALP condensate is (almost) spatially homogeneous
just after inflation, inhomogeneities quickly grow due to the tachyonic preheating [58, 59].
The initial typical peak momentum is about the effective mass or less [60]. Afterwards,
the finite momentum modes continue to scatter via the quartic coupling, and the spectrum
gets broader leading to self-similar evolution [61]. As a result, the typical momentum of
the ALP condensate can be larger than the effective mass by a factor of several.> Applying
the result of ref. [57] to the ALPs, we obtain the following dissipation rate,

2 2m3
C’Ya T mgff (3 4)
87T2f2 edT?2 ) :

where C' is a numerical constant of O(10) which represents the uncertainties of the order-

Fdis,w =

of-magnitude estimation of the dissipation rate as well as the effect of tachyonic preheating
and the scalar resonance [58, 59, 61, 62].

®See ref. [62] for the latest detailed analysis on the scalar resonance. We thank M. Amin for useful
communication on this issue.
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Figure 3. The preferred region of g4, and mgy for ¢, = 1 (blue), 0.1 (red), and 0.01 (green). The
gray, light gray, and black regions are excluded by CAST, the cooling arguments of HB stars, and
the optical telescopes, respectively [47-49]. The last constraint assumed the ALP dark matter. The

purple, black, orange, and blue lines show the projected sensitivity reach of TASTE, baby TAXO,
TAXO, and TAXO+, respectively [22-24, 50, 51].

At temperatures higher than the electroweak scale, T' > Tgw, one should consider the
ALP coupling to SU(2), and U(1)y gauge bosons:

— 0,220 g o Y P
E_C2S7TfW“VWa +cy T fB'uVB , (3.5)

where (a2, Wg,) and (ay, Byy) are the fine-structure constants and gauge field strengths

of SU(2), and U(1)y, respectively, and ¢y and ¢y are anomaly coefficients. For instance, if
there are extra fermions 1); in the fundamental representation of the SU(2) 1, ¢z is given by

Cy) = Zqi, (3.6)

where g; is the charge of 1; under the shift symmetry. Similarly, cy is given by

cy = Z%’Yf, (3.7)

where Y; is the hypercharge of the ¢-th chiral fermion.

~10 -



In the low energy, the above interactions are reduced to the coupling to photons
eq. (3.1), and the coefficients satisfy

c
Cy = 52 +cy. (3.8)
The dissipation rate due to the couplings to the weak gauge bosons is similarly given

by [10, 57]
2
€

Fd' EW = /C%O‘%T?) m(Qeff /102}/0‘%/'113 Meg (3‘9)

> 32m2 f2 g3 T2 8m2f? gy T?
where C” and C” are constants of O(10).

Taking account of the above thermal effects, we obtain the following Boltzmann

equations,

Py +4Hpy = —T'totpe
, (3.10)

pr+4Hp, = Ftotp¢

where p, denotes the energy density of the radiation. Note that the ALP energy density
decreases like radiation since it oscillates in a quartic potential. The total dissipation rate
is given by

I‘dec,'y + I‘dis,'y (T < TEW)
Tiot = . (3.11)
Laispw (T > Tew)

In numerical calculations we also take account of the perturbative ALP decay to the weak
bosons if kinetically allowed, but this does not change our results since the dominant
process is due to the dissipation at T' > Tgw. We adopt the initial condition (at t = t;) as

48
ﬂqﬁ’t:ti - ‘/b = ﬁ)‘félv pT|t=ti = 07 (312)

where we have set the initial oscillation energy equal to the total energy just after the
inflation.”

The dissipation becomes ineffective at a certain point since the dissipation rate de-
creases faster than the Hubble parameter. The fraction of the relic ALP energy density to

the total energy density becomes constant afterward, and we denote it by

_Pe
P +pr after dissipation

= (3.13)

One can show from eq. (3.10) that the ratio asymptotes to a constant when I'yoy becomes
smaller than H.

6 Although the potential (2.1) can not be approximated by the potential (2.18) soon after inflation, the
tachyonic preheating takes place to reduce the amplitude during the first a few oscillations to be within the
region ¢amp < f7/2 where the potential is well approximated by (2.18).

- 11 -



For the parameters of our interest, the ALP condensate behaves like radiation during
the big bang nucleosynthesis (BBN) epoch, and ¢ is related to the extra effective neutrino
species, ANqg, as

£ T g(Th)s
1=& 44, (Tgpn)

AN, (3.14)
3

where TR is the reheating temperature and Tggy = O(1) MeV. For instance, in order
to satisfy AN.g < 1 during the BBN era, £ must be smaller than about 0.26. As we
shall see shortly, an even tighter constraint on £ is required for explaining the dark matter
abundance by the relic ALP condensate.

3.2 The ALP miracle

Before presenting the numerical results, let us make a rough estimate of the ALP relic
abundance and discuss various constraints on the ALPs. We will see that the ALP mass
and coupling to photons suggested by the axionic unification of inflaton and dark matter
happen to be close to the current experimental and observational constraints. Interestingly,
there are also some anomalies which can be interpreted as a hint for ALPs around the
current bounds. We call this non-trivial coincidence the ALP miracle.

The ALP relic abundance is fixed when the evaporation rate becomes comparable to
and smaller than the Hubble parameter,

H 2 Tais pw- (3.15)

The dissipation rate should not be much larger than the Hubble parameter however, since
otherwise the ALP condensate evaporates almost completely. Then, let us consider a case
where the above equality holds just after inflation and the dissipation stops within a few
Hubble time. Assuming the dissipation rates into SU(2)z and U(1)y gauge bosons are of
the same order, one can rewrite this condition as

¢~ 0.004 20 ST\ (0N gy Y (3.16)
e ) \077s X 107 GeV ) '

where we have used the Friedmann equation H = \/pg + pr/vV3M, and eq. (3.3), and
assumed that the dissipation completes soon after inflation ends. On the other hand, the
bounds on gg, from CAST and HB stars [47, 48] are given by

Gy < 0.66 x 10710 GeV ! (3.17)

or equivalently,
fley 2 3.5 x 107 GeV.

Here the above CAST bound is valid for my < 0.02eV and it is weaker for a heavier ALP
mass. This implies that ¢ is of 0(0.01) for f ~ 107 GeV, ¢, ~ 0.3, ¢y ~ 1 and C” ~ 30,
while marginally satisfying the current bound on g4~ .
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After the dissipation becomes inefficient, the oscillation amplitude ¢amp continues to
decrease inversely proportional to the scale factor due to the cosmic expansion. Therefore,
the energy density of the relic ALP condensate behaves like radiation until the quadratic
term becomes relevant. The ALP condensate behaves like non-relativistic matter afterward.
The oscillation amplitude when the quadratic potential becomes equal to the quartic one
is given by ¢r = mgy/ V2X. The red-shift parameter at the transition is given by

1 1 1
(1B 5 012\3 (10712\3 / my \3
1+zf‘<§z¢,)c> ~ 110 <Q¢h2> < )\ (0.05ev) ’ (3.18)

where 4 is the density parameter of the relic ALP condensate, h is the reduced Hubble

parameter, p. is the current critical energy density, pr >~ m;ﬁ /2\ is the ALP energy density
at the transition.” If the ALP plays the role of dark matter, the matter power spectrum
at small scales is suppressed since the transition takes place at a relatively late time. The
transition of such late-forming dark matter is constrained by the SDSS (Ly-«) data as [63],

142 > 1x10° (9 x10%) (99.7%CL). (3.19)

~

If we adopt the SDSS bound, this implies a lower bound on the ALP mass,
mg 2, 0.01eV. (3.20)

The relic ALP abundance can be estimated as follows. The present ratio of the ALP
energy density to entropy is given by

Pé
s

_Pe
0o s

X@

after dissipation ¢f

(3.21)

where ¢q ~ (46Vy/\)'/* represents the oscillation amplitude when the dissipation is decou-
pled. The last factor represents the fact that ps/s decreases inversely proportional to the
scale factor before the transition. Assuming the instantaneous reheating, we obtain

g:(TR)\ 7 (€ \T (1072\"*  m,
Quh? ~0.07 [ = 3.22
¢ (107.75) <0.01> ( ) > (0.05ev>’ (3.22)

where we have used the approximation £ < 1.

To sum up, the successful inflation and explaining dark matter by a single ALP led us
to a particular parameter region, my, = 0(0.01)eV and A ~ 10712 for f ~ 107 GeV (see
eq. (2.19)). These ALP mass and decay constant are the reference values for our scenario.
Introducing the ALP coupling to photons, we have shown that the reheating occurs mainly
through dissipation effect. To be explicit, the fraction of the ALP energy density can be
reduced to & = O(0.01) for the reference values. Interestingly the relic ALP abundance
turns out to be close to the observed dark matter abundance for the same parameters. We
have also seen that the suggested ALP mass and coupling to photons marginally satisfy the

"Precisely speaking, the ALP condensate has the gradient energy due to the tachyonic preheating and the
scalar resonance. This could slightly delay the transition but does not significantly change our discussion.
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CAST and HB star bounds as well as the small-scale structure constraint, and therefore
the suggested parameters can be probed by the future experiments and observations. We
call such coincidences the ALP miracle.

To confirm the ALP miracle, we have numerically solved the Boltzmann equa-
tions (3.10) for the viable parameters consistent with the CMB observation, varying un-
known numerical coefficients by a factor of O(1). To be concrete, we first collect about
100 sets of (k,#) in the viable region consistent with the CMB observation at 2 o level for
each value of f. The ranges of x and 6 are taken to be —0.04 < (k — 1) (f/Mpl)_2 < 0.25
and 0 < 6 (f/Z\Jpl)_3 < 0.08, and we vary f in the range of 106 GeV < f < 5 x 107 GeV
with an interval of 5 x 10° GeV. For each point we randomly generate 50 sets of (cz, cy)
in the range of 0 < ¢y < 5 and |cy| < 5. Thus, each point is characterized by five param-
eters (f,mg, Vo, c2,cy). For a given set of the input parameters, we numerically solve the
Boltzmann equation (3.10) and estimate the relic ALP abundance Q,h? from eq. (3.22) by
setting the prefactors C' = C' = C” equal to 10 and 30.

We show those points satisfying 0.08 < Q¢h2 < 0.16 in figure 4, where we divide the
parameter sets into three groups according to the ratio, § = |c,/cy|. The groups A, B and
C represent those points with 0.3 < 4, 0.1 < § < 0.3 and 0.05 < § < 0.1, respectively.
The gray points with § < 0.05 require certain choices of the matter contents and charge
assignment but do not necessarily imply fine-tuning of the parameters. For instance, § = 0
is realized for co = 1 and ¢y = —1/2.% The gray (light gray) region is excluded by the
constraints from CAST (HB stars). One can see that there are viable parameters satisfying
the current bounds (mostly groups B and C), and that a significant fraction of them can
be probed by the future solar axion helioscope experiments.

In figure 5 we show the redshift parameter at the transition, z¢, as a function of the
ALP mass, mg, for those points in the groups B and C satisfying the CAST and HB star
bounds. Since z; is independent of the ALP-photon coupling, the distribution is identical
for the groups B and C. One finds that the suppression at small scales is consistent with
the SDSS (Ly-a) data for mg 2 0.01(0.05) eV.

Interestingly, there are some anomalies which can be interpreted as a hint for the ALPs
in the ALP miracle region. In a study of the ratio of the number of stars in the HB to
the number of red giant branch in globular clusters, the authors of refs. [48, 64] found a
preference for the existence of an ALP with gg,, = (0.29 £ 0.18) x 10720 GeV 1. Also, it
was shown in ref. [65] that the suppression of the small-scale structure in the late-forming
dark matter scenario could lead to a better agreement with the observed number of the
dwarf galaxies and relax the missing satellite problem [66, 67] if

2 = 1.5 x 10° (3.23)

or slightly smaller. This is consistent with the ALP miracle region (see eq. (3.18) and
figure 5).

8In this case, the ALP should be heavier than ~ 1eV so that the effective mass can be larger than twice
of the weak boson mass to decay into SM particles instantaneously. Since it does not couple to photons at
low energy, it can not be probed in IAXO or photon-photon collider, while it still can be tested in the light
of the CMB and BAO observation since the ALP becomes hot dark matter as in section 5.
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Figure 4. Scatter plot of the viable parameters consistent with the CMB observation and the
dark matter abundance for C' = 10 (left panel) and C' = 30 (right panel). The colors of the points
correspond to the ratio of the ALP couplings to photons and hypercharge gauge bosons (see the
text). The constraints, as well as the projected sensitivity reaches, are same as in figure 3.
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Figure 5. Scatter plot of z; of the viable region for inflation and dark matter for C' = 10 (left
panel) and C' = 30 (right panel). The light gray region (region below the dotted line) is excluded
by the SDSS (Ly—a) data.

Lastly let us mention a case in which the ALP is coupled to gluons. Since the dissipa-
tion rate is independent of the gauge couplings (cf. eq. (3.9)), the dissipation effect induced
by the ALP-gluon coupling does not differ significantly from the weak bosons. However,
the supernova constraint on the gluon coupling is much tighter [68],

f>4x10%GeV, (3.24)
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where we assume a coupling to gluons of the form

AP Ao
So f Gam G (3.25)

where G, and G are the field strength of gluons and its dual, respectively. For f
satisfying eq. (3.24), the dissipation process would be too inefficient to realize { < 1.
Hence, we do not consider this case further.

4 Reheating through couplings to fermions

In this section we consider an interaction of the ALP with a SM fermion 1 to see how the
preferred parameter region is modified. The Lagrangian is given by

['int = Cwywijﬁs (dJLHaR) + h.c. (4.1)

where ¢y, is a constant of order unity, and H, v, and 1 denote the Higgs field, a left-
handed fermion, and a right-handed anti-fermion, respectively. Here the Higgs field and
the left-handed fermion form a doublet under SU(2)y, but the gauge and flavor indices
are omitted for a concise notation. This interaction is obtained if the Yukawa coupling v
is interpreted as a spurion field charged under a U(1) symmetry which is spontaneously
broken at a scale f. The corresponding pseudo Nambu-Goldstone boson is identified with
the ALP ¢. In this case, ¢, corresponds to the charge of y,, under the U(1) symmetry.

When the Higgs field develops a nonzero expectation value, v = (H?), the fermion
Y acquires a mass, m, = yyv. At a scale below my,, the fermion can be integrated out,
leaving a coupling of the ALP with gauge fields through chiral anomaly. Specifically, the
coupling to photons is given by

nccwqia
Gy f

(4.2)

where n. is equal to 3(1) for a quark (a lepton) and g, denotes the charge of the fermion.
Similarly, if ¢ is a quark, the ALP-gluon coupling is induced.

In this section we neglect the evaporation through such couplings to gauge fields in-
duced by the SM fermion loop, because the dissipation effect is suppressed at T' < my,
for the parameters of our interest. Instead, the reheating of the ALP condensate mainly
proceeds through the matter coupling (4.1). The subsequent cosmological evolution after
reheating is basically same as in the previous section.

After inflation, the ALP condensate first decays into the matter fields. It decays into
two fermions, ¢ — 1 + 1, with a rate given by

2
n CoyTN
Fdec,z[; ~ 877(1:' < dlf 711) Meft. (4.3)

The produced fermions quickly form thermal plasma. When the thermal mass exceeds the

effective mass of the ALP condensate, eT' 2 meg, the perturbative decay stops due to the
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thermal effect. Afterward, the dissipation process such as ¢ + 1) — ¥ + v (or g) becomes
significant, and its rate is given by [56]

2
Coypy TN (0%
Lo = Ao ( v ; 1”) (#) T, (4.4)

where Ap is a numerical constant. In the following we set Ag = 0.5, and «;, = « for leptons

and ay = a4 for quarks. When the temperature becomes higher than Tgw, the Higgs
boson is thermalized and the dissipation process such as ¢ + Higgs — 1 + 1 takes place.
The dissipation rate of the process involving the Higgs field in the initial or final state is
given by [69]

WY \ s
Laispm > ne o 2 17, (4.5)

which is valid for T' > Trw.

For successful reheating, the dissipation rate should be greater than or comparable to

the Hubble parameter even when most of the inflaton energy already turns into radiation.
Assuming that the temperature is higher than the electroweak scale, the condition reads
7r2g* T2

90 M,

where we have approximated that the Universe is radiation dominated in the second equal-

Fdis,wH Z H ~ (46)

ity. In fact, the inequality should be approximately saturated in order for the relic ALP
condensate to explain dark matter, since otherwise the relic ALP abundance would be too
small. Then, using Vo ~ 48\ f4/n?, one obtains

2 2 —12\ %
01\2 /1 i
Gory ~ 3 x 10712Gey—t (B0 (201 0 : (4.7)
¢ ) \ Yy A

for successful reheating and explanation of dark matter. Comparing (4.7) with the current

bound on ggy. in (3.17), one finds that the couplings with light fermions with y, < 1073
do not lead to successful reheating. In a case of the coupling to leptons, only the coupling
with 7 leads to successful reheating. In a case of the coupling to quarks, the required
decay constant becomes larger because of the larger dissipation rate. However, as we
shall see in the next section, there is an upper bound on the ALP mass as well as on the
decay constant (see eq. (5.3)), because thermally produced ALPs contribute to a hot dark
matter component. In the case of a top quark, it is difficult to satisfy the hot dark matter
constraint unless a very small ¢, of 0(0.01) is assumed.” In the case of a bottom quark,
the constraints, (3.24) and from the optical telescopes can be only marginally satisfied. In
the following we therefore focus on the coupling with 7.1°

If the ALP is not the main component of dark matter, one may consider a simple case in which the
ALP couples to all the fermions with ¢, = O(0.1) and f = O(10%) GeV. From eq. (4.7) one finds that the
ALP condensate completely evaporates due to the ALP-top interaction, leaving only negligible amount of
the ALP condensate. The coupling to electrons in this case is consistent with the excessive cooling of the
white dwarf and the red giant stars [70].

107f there is a flavor violating interaction with u-lepton as %@T 1Oy, .1, the flavor violating decay of
77 — u~ + ALP takes place with a rate that may be tested by the Belle II experiment depending on the
value of c. (cf. [71].)
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Now let us estimate the abundance of the remnant ALP condensate in the case of
1 = 7 by solving the Boltzmann equations egs. (3.10) with

LCaec,p + Laisp (T < Trw)
Cior = . (48)
Lais,zy (T > Tew)

When the perturbative decay of ¢ — 7 + 7 4+ Higgs is kinematically allowed, this decay
rate is also taken into account.

To identify the viable parameters, we first take about 100 points in the viable inflaton
parameters in the range of —0.04 < (k—1) (f/My)™> < 0.1 and 0 < 6 (f/My;) > < 0.08 for
a given decay constant f (cf. figure 1). We vary the decay constant from f =5 x 106 GeV
to 2 x 108 GeV by an interval of 5 x 10° GeV. For each point in the viable region, we
randomly generated 20 values of ¢, in the range of 0 < ¢; < 5. Then we estimate the relic
ALP abundance, Q¢h2, by solving egs. (3.10) for each set of parameters, (cr, f,mg, Vp). In
figure 6 we show those points satisfying 0.08 < Q¢h2 < 0.16. The range of ¢; is found to
be between 0.4 and 1.7. The slope of the scattered points can be understood by noting

that ggyy o 1/c; and f o< ¢2 from (4.2) and (4.7), leading to mg ~ \ﬁgf o ¢t ox 9;747. In

contrast to the previous case, most of the viable parameters extend beyond the reach of the
future solar axion search experiments. The decay of the ALP dark matter with mg 2 3eV
may contribute to the diffuse cosmic infrared background spectrum [72, 73]. The region
may also be tested in the photon-photon collider.

5 Thermalized ALPs as hot dark matter

One of the robust predictions of our scenario is the existence of thermalized components of
the ALPs. While most of the energy of the ALP condensate evaporates into thermal plasma,
the ALPs are also thermally produced in the plasma. The produced ALPs decouples at
T = Ty Z Trw, if one considers couplings to the weak gauge bosons or tau lepton [69].
Then the abundance of thermalized ALPs is expressed as

4/3
106.75)) (5.1)

ANqg ~ 0.027
off (g*,vis(Td

in terms of the effective number of extra neutrino. Here g. vis(T') is the effective degrees

of freedom of the SM plasma. The typical prediction ANeg ~ 0.03 can be tested by the
future observations of CMB and BAO [74-76].

After the electron-positron annihilation, the temperature of the thermalized ALPs is

given by )

106.75 \'/?

Ty ~0.33 <g*v15(Td)> o (5.2)

where T, is the photon temperature, where we have used the entropy conservation of the
SM plasma. Since the typical ALP mass is of @(0.01-1) eV, the thermalized ALPs become
non-relativistic around the recombination, and they contribute to hot dark matter. The
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Figure 6. Scatter plot of the viable parameters consistent with the CMB observation and the dark
matter abundance, if the reheating proceeds mainly through the ALP coupling with 7 leptons. The
red (green) points represent that ¢, is greater (smaller) than 1.

CMB lensing and cosmic shear, combined with current CMB and BAO observations, set
an upper bound on the mass of the ALP hot dark matter as

0.03 )3/4

me < mgf’f{lﬁ‘%\/[ ~7.7eV (ANﬁr
€

(5.3)

where we have derived the upper bound on the ALP mass mgoﬁ‘%‘h by translating the

bound on the gravitino mass of ref. [77]. Notice that this bound as well as the prediction
of ANgg ~ 0.03 is independent of whether the remnant ALP condensate becomes the
dominant dark matter.

6 Discussion and conclusions

So far we have studied the case in which the ALP is coupled to the SM fields. If the ALP
is coupled to extra vector-like matters, the evaporation of the ALP condensate may mainly
proceed through the coupling. For successful reheating, the extra matter must be relatively
light and it can be searched for at collider experiments. The mass of the extra matter must
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be lower than the reheating temperature,

1/2
10775\ * [ Mgt
Tr < 80 TeV : 6.1
e (9*(TR)> <8eV ’ O

in order to be thermally populated. If the other couplings are neglected, the ALP conden-
sate must decay into the extra matter fields, and so, the mass of the extra matter must be
lower than half the maximum effective ALP mass,

bound \ 1/2 1/4
Mg HDM A
et ~ 1TeV ( SV ) <7><1012> : (62)

where we have taken p = Vj in eq. (3.3) to evaluate the maximum value.!! Also the extra
matter fields should have sizable couplings to the SM fields so that the SM particles are
thermalized and the frequent scattering with thermal plasma leads the dissipation rate
like eq. (4.4).
To be concrete, let us suppose that the ALP is coupled to a pair of charged vector-like
leptons, a right-handed lepton Eg and its partner Eg, as
5L = w?meERER the., (6.3)
where cg is the coupling constant, and mpg is the mass of the vector-like lepton. The
mass of the additional leptons is constrained by the LEP as mg 2 100 GeV [78]. Thus, for
successful reheating, it implies m2§™ 2 200 GeV, or equivalently, mg > 0(0.1) eV. We have

numerically solved the Boltzmann equations with a dissipation rate given by eq. (4.4), and
found that there is a reasonably large parameter region within 100 GeV < mg < O(1) TeV
and cp = O(1) satisying all the constraints discussed so far. The extra lepton EFr may have
a small mixing with a SM lepton. In this case it decays into the SM lepton plus a photon.
If the extra lepton is sufficiently long-lived, it can be searched for at the high-luminosity
LHC (cf. refs. [79-81]). Also it can be searched for in the future lepton colliders such as
CEPC, ILC, FCC-ee, and CLIC [82-86].

In this paper, we have revisited the ALP miracle scenario [10], where the ALP plays
the role of both inflaton and dark matter in our Universe. First we have extended the
previous analysis by scanning the whole inflaton parameter space and delineated the viable
parameter region consistent with the CMB observations. Next we solved the Boltzmann
equations by incorporating the uncertainties in the dissipation process as well as the model-
dependent couplings to the weak gauge bosons. As a result we have found the viable (“ALP
miracle”) region as 0.01eV < my < 1eV and gy, = O(10711) GeV™L. Interestingly, the
ALP miracle region is consistent with the recently reported cooling anomaly hinted by the
ratio of the HB stars to the red giants in globular clusters [48, 64]. Furthermore, the relic
ALP condensate starts to behave like dark matter at a late time, which could ameliorate
the missing satellite problem [65].

HThe precise value of the largest effective ALP mass after inflation depends on the tachyonic preheating
as well as the inflaton parameters, and the right-hand side of (6.2) contains an uncertainty of O(1).
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Finally we have discussed the reheating through the ALP coupling to SM fermions,
and we have found that the ALP with coupling to 7 can lead to successful reheating, while
satisfying various constraints. To account for the dark matter, the ALP mass should be
mg = O(0.1-1) eV and correspondingly, the (chiral anomaly-induced) coupling to photons
iS ggyy = O(1071) GeV L.

In both scenarios, once most of the ALP condensate evaporates into plasma, the ALPs
are thermalized during the reheating process and they behave as dark radiation in the early
Universe, which contributes to the deviation of the effective neutrino number A Neg ~ 0.03.
Around the recombination thermalized ALPs become hot dark matter, suppressing the
small-scale structure. This may be tested by the future CMB and BAO observations.
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