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1 Introduction

In this article, we study the one-loop renormalization group flow of a class of integrable
non-linear σ-models, which in particular includes the integrable model coupling together an
arbitrary number of principal chiral models with Wess-Zumino terms introduced in [1, 2].
Two methods are used, one based on known results relating the renormalization to geomet-
rical data [3–8], the other one using heat-kernel techniques. The models under consideration
are renormalizable in a field theoretical sense, namely the parameters entering the models
flow under the renormalization group. When one takes into account this redefinition of
the parameters, the form of the corresponding σ-model action stays the same under the
renormalization group flow and no extra modifications are needed.

The models that we shall consider are integrable, in the sense that their field equations
take the Lax form. This means that there exist matrices Lt(t, x; z) and Lx(t, x; z) taking
value in some Lie algebra g and depending on a complex spectral parameter z, which are
such that the field equations can be deduced from the zero curvature equation

∂tLx − ∂xLt − [Lt,Lx] = 0 .

This ensures that one can construct an infinite set of conserved charges. Moreover, in order
for these charges to Poisson commute, the Poisson bracket of the Lax matrix Lx(t, x; z)
has to take a particular form introduced by Maillet in [9, 10], which, in the tensor nota-
tion, reads{

Lx1(t, x; z),Lx2(t, x′;w)
}

=
([
r12(z, w),Lx1(t, x; z)]− [r21(w, z),Lx2(t, x′;w)]

)
δ(x− x′)

+
(
r12(z, w) + r21(w, z)

)
∂xδ(x− x′) .

In all cases studied in this article, the r-matrix r12(z, w), taking value in g⊗g and satisfying
the classical Yang-Baxter equation, takes a particular form

r12(z, w) =
C12
z − w

ϕ−1(w) , (1.1)

where C12 =
∑
a
Ta⊗Ta is the tensor Casimir of the Lie algebra g (with Ta’s an orthonormal

basis of generators of g), while ϕ(z) is a meromorphic function, known as the twist function.
The pivotal rôle of the twist function was already stressed in other articles, see [11, 12]. As
shown in [13] the form (1.1) of the r-matrix, and thus the existence of the twist function, is
ensured provided the model under investigation may be interpreted as a realization of an
affine Gaudin model, which is the case for the models that we consider in this article. In the
context of λ-deformed theories, with prototype constructions in [14] and [15], the rôle of the
twist function has been elucidated in [16, 17]. Moreover, it has been shown recently [18–20]
that the twist function plays a crucial rôle in the four-dimensional Chern-Simons approach
to integrable non-linear σ-models.

The twist function ϕ(z) encodes all the continuous parameters of the models that we
shall consider. Thus, instead of writing an renormalization group flow equation for each of
the parameters, it is tempting to try to write an equation for the twist function itself. Not
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only does this turn out to be possible, but moreover, it leads to a particularly compact and
simple form of the renormalization group flow equation, namely

d
dτ ϕ(z) = −cG

d
dz
(
ϕ(z)f(z)

)
, (1.2)

where τ is related to the renormalization group scale parameter and cG is the value of the
quadratic Casimir of g in the adjoint representation. The construction of the meromorphic
function f(z), tightly connected with the twist function, will be given in section 3. This
formula will be demonstrated in the case of the coupled principal chiral models with an
arbitrary number of copies introduced in [1] and further studied in [2]. However, we believe
it to be widely applicable. Indeed, we check that it also holds for the cases of the λ-deformed
model [14, 21, 22] and of the Yang-Baxter model with a Wess-Zumino term [23–28], which
are deformations of one copy of the principal chiral model. In addition, we will show that
this relation holds for the doubly λ-deformed models of [15], which should be seen as a
deformation of two copies of Wess-Zumino-Witten conformal field theories.

The article is organized as follows: in section 2, a general form of the action of the
coupled models is given, which is not yet necessarily integrable. The geometry of the
target manifold, its metric and B-field, is studied and the one loop renormalizability of
this class of models is established using the Ricci tensor. In section 3, the restriction to
the integrable non-linear σ-models introduced in [1, 2] is given and their twist function is
defined. Moreover, the geometry of these integrable models is studied. This requires the
introduction of the function f(z) appearing in (1.2). The renormalization of these coupled
integrable models is studied in section 4, where equation (1.2) is obtained. The cases
of the deformed models (λ-model, doubly λ-model and Yang-Baxter model) is studied in
section 5. In appendices A and B are gathered some facts about the renormalization of
the coupled models, using geometric techniques and heat kernel techniques respectively. In
appendix C we study more closely the case where two copies of the principal chiral model
are coupled: in particular, a family of models is studied, whose relation with the general
framework is non trivial and is investigated in detail. The technical appendices D, E, F
and G give the proofs of some important relations used in the main text.

2 The general coupled σ-model on GN

2.1 Action, metric and antisymmetric tensor field

Let G be a compact Lie group and g(1)(x, t), . . . , g(N)(x, t) be G-valued fields depending
on two-dimensional space-time coordinates (x, t). We will denote by x± = (t ± x)/2 the
light-cone coordinates and by ∂± = ∂t ± ∂x the corresponding derivatives. We then define
the light-cone Maurer-Cartan currents j(i)

± = g(i)−1∂±g
(i) or in terms of components

j
(i)a
± = −Tr(Tag(i)−1∂±g

(i)) . (2.1)

Here, the Ta’s are anti-Hermitian matrices forming a basis of the Lie algebra g of G, nor-
malized as Tr (TaTb) = −δab and obeying [Ta, Tb] = fab

c Tc, where the structure constants
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fab
c are real and the index a runs from 1 to dim G. The g-valued currents j(i)

± satisfy the
Maurer-Cartan equation

∂+j
(i)
− − ∂−j

(i)
+ +

[
j

(i)
+ , j

(i)
−
]

= 0 . (2.2)

We consider the action

S
[
g(1), . . . , g(N)] = −

N∑
i,j=1

ρij

∫
dt dx Tr(j(i)

+ j
(j)
− ) +

N∑
i=1

ki IWZ
[
g(i)], (2.3)

where the ρij ’s and ki’s are constant parameters such that 4πki are integers. The Wess-
Zumino (WZ) term is given by

IWZ[g(i)] =
∫

dξ dt dx Tr
(
g(i)−1∂ξg

(i)[g(i)−1∂tg
(i), g(i)−1∂xg

(i)]
)
. (2.4)

The action (2.3) is invariant under the parity transformation

x± → x∓ , ρij → ρji , ki → −ki . (2.5)

The field equation coming from a variation of g(i) reads

N∑
j=1

(
ρij
(
∂+j

(j)
− +

[
j

(i)
+ , j

(j)
−
])

+ ρji
(
∂−j

(j)
+ +

[
j

(i)
− , j

(j)
+
]))

+ ki
2
(
∂+j

(i)
− − ∂−j

(i)
+
)

= 0 . (2.6)

We define the “metric” and the “B-field” of the model as the following symmetric and
anti-symmetric tensors1

Gij = ρij + ρji
2 and Bij = ρij − ρji

2 . (2.7)

We will denote by Gij the inverse of the metric Gij and will lower and raise indices with
the metric Gij and the inverse metric Gij , respectively. For future convenience, we also
define the coefficients

r+
i =

N∑
j=1

ρij −
ki
2 and r−i =

N∑
j=1

ρji + ki
2 . (2.8)

2.2 Renormalization and Ricci tensor

Using the standard geometric techniques developed in [3–8], we prove in appendix A that
the σ-model (2.3) is one-loop renormalizable. Alternatively, this result can be obtained
using heat kernel techniques, as we prove in appendix B. More precisely, we find that the
corresponding renormalization group flow of the coefficients ρij and ki is given by

dρij
dτ = R+

ij and dki
dτ = 0 , (2.9)

1More precisely, the quantities Gij and Bij are the parts of the metric and the B-field which describe
the interaction between the N different copies of the group G. The complete metric and B-field also contain
parts describing the internal geometry of each copy of G as well as the WZ terms (see appendix A for more
details and in particular (A.9)). By a slight abuse of language, we will also call Gij and Bij metric and
B-field.
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where τ = 1
8π lnµ2 and µ is the energy scale. In this expression, R+

ij denotes the torsionfull
Ricci tensor of the model.2 This tensor reads

R+
ij = cG

N∑
k,l=1

ω−k liω
+l

kj , (2.10)

where cG is the value of the quadratic Casimir in the adjoint representation, i.e. fdbcfcad =
−cG δab, and ω±ijk are the torsionfull spin connections

ω+l
kj = 1

2(Glk −Glj)ρkj −
kj
4 Glkδkj + δkj

2 ρj
l ,

ω−k li = 1
2(Gkl −Gki)ρil + ki

4 G
klδli + δli

2 ρ
k
i .

(2.11)

These two connections are related by the generalized parity transformation given in (2.5).
We note that the fact that the ki’s are not flowing in equation (2.9) is consistent with the
topological nature of the WZ terms.

3 The integrable models

3.1 Definitions and twist function

Defining parameters and action: the integrable model considered in [1, 2] corresponds
to a particular choice for the coefficients ρij and ki in the action (2.3), expressed in terms
of 3N defining parameters zi and ζ±i . Let us define the functions

ϕ±(z) =
N∏
i=1

z − ζ±i
z − zi

and ϕ±,i(z) = (z − zi)ϕ±(z) , (3.1)

where in particular we note that ϕ±,i(z) is regular at z = zi. The model of [1, 2] then
corresponds to the following choice for the coefficients ρij and ki:3

ρii = 1
4
(
ϕ′+,i(zi)ϕ−,i(zi)− ϕ+,i(zi)ϕ′−,i(zi)

)
, (3.2a)

ρij = 1
2
ϕ+,i(zi)ϕ−,j(zj)

zi − zj
, if i 6= j , (3.2b)

ki = 1
2
(
ϕ′+,i(zi)ϕ−,i(zi) + ϕ+,i(zi)ϕ′−,i(zi)

)
. (3.2c)

The expressions in (3.2) are invariant under the transformation

zi 7→ zi + a , ζ±i 7→ ζ±i + a , (3.3)

of the 3N defining parameters (zi, ζ±i ) of the model. Thus, the model effectively depends
only on 3N − 1 free parameters. This redundancy in shifting the parameters zi and ζ±i

2More precisely, R+
ij is the main part of the torsionfull Ricci tensor of the model (see appendix A for

more details and in particular (A.12)). We will still call it Ricci tensor by a slight abuse of language.
3Note that in the notation of [1, 2], we choose `∞ = 1, which one can always do without loss of generality

using the freedom of rescaling the spectral parameter z 7→ γz.
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can be fixed by setting one of them to a specific value. However, to keep the discussion
as symmetric as possible, we will keep all these parameters free in the rest of this article.
Finally, let us note that the parity transformation (2.5) acts on (zi, ζ±i ) as

zi → −zi , ζ±i → −ζ
∓
i . (3.4)

Using the identity

ϕ′±,i(zi) = 1 +
N∑

j 6=i=1

ϕ±,j(zj)
zi − zj

, (3.5)

one sees that the coefficients r±i in (2.8) take a very simple form in the integrable case

r±i = ∓1
2ϕ±,i(zi) . (3.6)

One can then rewrite (3.2b) as

ρij = −2
r+
i r
−
j

zi − zj
, for i 6= j , (3.7)

or equivalently as

zi − zj = −2
r+
i r
−
j

ρij
, for i 6= j . (3.8)

Twist function: the model defined by the coefficients ρij and ki given in (3.2) is clas-
sically integrable. In particular, it possesses a Lax matrix whose Poisson brackets assume
the form of a Maillet bracket with twist function. The latter is simply defined as

ϕ(z) = −ϕ+(z)ϕ−(z) = −
N∏
i=1

(z − ζ+
i )(z − ζ−i )

(z − zi)2 . (3.9)

The partial fraction decomposition of the twist function is given by

ϕ(z) =
N∑
i=1

(
`i

(z − zi)2 −
2ki
z − zi

)
− 1 , (3.10)

where the coefficient ki is defined by (3.2c) and `i by

`i = −ϕ+,i(zi)ϕ−,i(zi) = 1
4r

+
i r
−
i . (3.11)

Let us note that the inverse of the twist function can be written as

1
ϕ(z) =

N∑
i=1

1
ϕ′(ζ+

i )
1

z − ζ+
i

+
N∑
i=1

1
ϕ′(ζ−i )

1
z − ζ−i

− 1 . (3.12)

Furthermore, we introduce the functions

f±(z) =
N∑
i=1

1
ϕ′(ζ±i )

1
z − ζ±i

− 1
2 ±

a

2 , (3.13)

– 5 –
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where a is an arbitrary constant. In terms of these, one can rewrite the inverse (3.12) of
the twist function and introduce a new function f(z) through

1
ϕ(z) = f+(z) + f−(z) and f(z) = f+(z)− f−(z) . (3.14)

The inverse of the twist function possesses a double zero at zi. Moreover, one shows
from (3.10) that its second derivative at zi is equal to 2

`i
. We then have

f+(zi) + f−(zi) = 0 , f ′+(zi) + f ′−(zi) = 0 and f ′′+(zi) + f ′′−(zi) = 2
`i
. (3.15)

Thus, we also have

f±(zi) = ±1
2f(zi) , f ′±(zi) = ±1

2f
′(zi) and f ′′±(zi) = ±1

2f
′′(zi) + 1

`i
. (3.16)

3.2 Geometry of the model

When the coefficients ρij and ki are given by their integrable expressions (3.2), the geome-
try of the underlying target space GN satisfies various useful properties that we summarize
below. For brevity, we gather the proofs of these results in the appendices D, E and F.

Inverse metric and B-field: the inverse metric Gij of the integrable coupled model
can be expressed as (see appendix D)

Gii = 2f ′(zi) and Gij = 2f(zi)− f(zj)
zi − zj

, if i 6= j . (3.17)

Clearly, this expression is independent of the parameter a introduced in (3.14). Note that
the expression for Gii can be obtained by taking the limit zj → zi in the expression for Gij .

Using equation (3.17), one can derive some useful identities obeyed by the inverse
metric Gij . In particular, one has

Gij −Gik

zj − zk
= Gji −Gjk

zi − zk
, (3.18)

for every i, j, k ∈ {1, . . . , N} with k distinct from i and j.
When the coefficients ρij and ki take their integrable form (3.2), the B-field defined

in (2.7) satisfies (see appendix D)

Bi
i = `i

2 f
′′(zi)− kif ′(zi) ,

Bi
j = f(zi)− f(zj)

zi − zj

(
`j

zi − zj
− kj

)
− `jf

′(zj)
zi − zj

, if i 6= j ,
(3.19)

where `i is defined as in (3.11) and indices are raised using Gij . Let us note that combining
equations (3.17) and (3.19), one obtains the following identity, for i and j distinct:

`j
2
Gij −Gjj

zi − zj
= Bi

j + kj
2 Gij . (3.20)
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Ricci tensor: the Ricci tensor R+
ij of the integrable model, given by (2.10), also satisfies

a certain number of identities. For instance, one has (see appendix E)
N∑
j=1

R+
ij = Λ+

i r
+
i and

N∑
j=1

R+
ji = Λ−i r

−
i , (3.21)

where

Λ±i = cG
4 Gii ± cG

8

N∑
j=1

(
4GijBj

j + 2GjjBi
j + kjGijGjj

)
. (3.22)

Moreover, for i 6= j, one has (see appendix F)

R+
ij = ρij

(
Λ+
i + Λ−j −

cG
2 Gij

)
. (3.23)

4 Renormalization of the integrable coupled model

We stated in subsection 2.2 that the general coupled σ-model on GN defined by the ac-
tion (2.3) is renormalizable at one-loop — the proof is in appendix A. Moreover, we deter-
mined the corresponding renormalization group (RG) flow (2.9) of the coefficients ρij and
ki appearing in this action.

It is not obvious that the integrable model described in section 3 is one-loop renormal-
izable. Indeed, it corresponds to a particular restriction of (2.3) and the RG flow might
not respect this restriction. More precisely, recall that this model corresponds to a par-
ticular choice (3.2) of the coefficients ρij and ki, in terms of 3N defining parameters zi
and ζ±i , i ∈ {1, . . . , N}. Hence, it is important to show that this choice is stable under
the RG flow, and thus that renormalization just leads to a flow of the defining parameters
(zi, ζ±i ). Indeed, using the general expression (2.9) of the RG flow of the coefficients ρij
and ki, combined with various identities obeyed by the metric, B-field and Ricci tensor of
the integrable model (see previous section), we will extract in subsection 4.1 the induced
RG flow on the defining parameters zi and ζ±i of this model (or equivalently, in a more
compact way, on its twist function ϕ(z)). To conclude the proof of the renormalizability
of the model, we will then prove in subsection 4.2 that, conversely, the corresponding flow
of zi and ζ±i unambiguously leads to the flow (2.9) of the coefficients ρij and ki.

As a complement of this section, we study in more details the models coupling together
two copies of the principal chiral model (PCM) with WZ term in appendix C. In particular,
we investigate the renormalization and the integrability of a certain family of such models
which does not directly fit in the class considered in section 3.

4.1 RG flow of the defining parameters of the model

Flow of the coefficients r±i : in this subsection, we compute the RG flow of the defining
parameters zi and ζ±i of the integrable coupled σ-model. For that, we will need various
intermediate steps, starting with the RG flow of the coefficients r±i defined in (2.8). Us-
ing (2.9) for the RG flow of the coefficients ρij and ki, we get

dr+
i

dτ =
N∑
j=1

R+
ij and dr−i

dτ =
N∑
j=1

R+
ji . (4.1)

– 7 –
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Using the identity (3.21) obeyed by the Ricci tensor of the integrable model, we then simply
write the RG-flow of the coefficients r±i as

dr±i
dτ = Λ±i r

±
i . (4.2)

Flow of the poles zi: let us consider i, j ∈ {1, . . . , N} distinct. Taking the logarithmic
derivative of (3.8) with respect to τ , one gets

1
zi − zj

d(zi − zj)
dτ = 1

r+
i

dr+
i

dτ + 1
r−i

dr−i
dτ −

1
ρij

dρij
dτ . (4.3)

Using (2.9) and (4.2) for the RG flow of the coefficients ρij and r±i , as well as (3.23), we get

1
zi − zj

d(zi − zj)
dτ = cG

2 Gij = cG
f(zi)− f(zj)

zi − zj
, (4.4)

where the last equality follows from (3.17). One then extracts the RG flow of the parameters
zi as

dzi
dτ = cG f(zi) . (4.5)

Actually, there could be an additional additive term on the right hand side of (4.5), the
same for all values of the index i, which generically would be an arbitrary function of the zi’s
and ζ±i ’s. This reflects the fact that the model is invariant under a global translation (3.3)
of the parameters. Such a term in the flow of zi’s can always be reabsorbed in the coefficient
a introduced in the definition (3.13) of the functions f±(z).

Flow of the levels `i: recall the definition (3.11) of the levels `i of the model. Using
the expression (4.2) of the RG flow of the coefficients r±i , one finds that

d`i
dτ = (Λ+

i + Λ−i )`i = cG
2 Gii `i = cG f

′(zi) `i , (4.6)

where in the second equality we used (3.22) for the coefficients Λ±i and in the last one we
used (3.17).

Flow of the twist function: recall the expression (3.10) of the twist function ϕ(z) of
the model. Its RG flow is given by

d
dτ ϕ(z) =

N∑
i=1

[ 2`i
(z − zi)3

dzi
dτ + 1

(z − zi)2

(d`i
dτ − 2ki

dzi
dτ

)]
, (4.7)

where we used the fact that the RG flow (2.9) leaves the WZ levels ki invariant. Using (4.5)
and (4.6) yields

d
dτ ϕ(z) = cG

N∑
i=1

( 2f(zi)`i
(z − zi)3 + f ′(zi)`i − 2f(zi)ki

(z − zi)2

)
. (4.8)

Let us show that this can be re-expressed in a compact way. We consider the function
ϕ(z)f(z). From the definition (3.14) of f(z), one sees that f(z) has simple poles at the

– 8 –
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zeroes ζ±i of ϕ(z). Thus the function ϕ(z)f(z) is regular at the ζ±i ’s. Its poles are then
only situated at the poles zi of ϕ(z) (and have multiplicity two). Note finally that ϕ(z)f(z)
tends to −a when z goes to infinity. The partial fraction decomposition of ϕ(z)f(z) is then
of the form

ϕ(z)f(z) =
N∑
i=1

(
γi

(z − zi)2 + δi
z − zi

)
− a , (4.9)

for some coefficients γi and δi. The coefficient γi is found to be

γi = lim
z→zi

(
(z − zi)2ϕ(z)f(z)

)
= f(zi)`i . (4.10)

Similarly, one can compute the coefficient δi using

ϕ(z) = `i
(z−zi)2 −

2ki
z−zi

+O
(
(z − zi)0) , f(z) = f(zi) + f ′(zi)(z − zi) +O

(
(z − zi)2) ,

yielding
δi = f ′(zi)`i − 2f(zi)ki . (4.11)

Thus, we have

ϕ(z)f(z) =
N∑
i=1

(
f(zi)`i

(z − zi)2 + f ′(zi)`i − 2f(zi)ki
z − zi

)
− a . (4.12)

The RG flow (4.8) of the twist function can then be rewritten as in equation (1.2) given in
the introduction, restated here for the reader’s convenience:

d
dτ ϕ(z) = −cG

d
dz
(
ϕ(z)f(z)

)
. (4.13)

This encodes in a remarkably compact and simple way the RG flow of all the parameters
of the model.

Flow of the zeroes ζ±i : the RG flow of the poles zi was determined in (4.5). The
remaining set of defining parameters of the integrable models are the zeroes ζ±i of the twist
function, to which we now turn our attention. From the factorized expression (3.9) of ϕ(z),
one gets

1
ϕ(z)

d
dτ ϕ(z) =

N∑
i=1

(
2

z − zi
dzi
dτ −

1
z − ζ+

i

dζ+
i

dτ −
1

z − ζ−i
dζ−i
dτ

)
. (4.14)

We then have that

dζ±i
dτ = − res

z=ζ±i

( 1
ϕ(z)

d
dτ ϕ(z)

)
= cG res

z=ζ±i

( 1
ϕ(z)

d
dz (ϕ(z)f(z))

)
, (4.15)

where in the last equality we have used (4.13). The computation of this residue is made
difficult by the fact that f(z) has a pole at ζ±i . To overcome this difficulty, let us recall
the functions f+(z) and f−(z) introduced in (3.13) and note in particular that f∓(z) is
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regular at z = ζ±i . We will now explain how to use this fact to compute the above residue,
focusing for simplicity on the case of ζ+

i . From (3.14) we get that

ϕ(z)f(z) = ϕ(z)
(
f+(z)−f−(z)

)
= ϕ(z)

(
f+(z)+f−(z)−2f−(z)

)
= 1−2ϕ(z)f−(z). (4.16)

Thus, we have

res
z=ζ+

i

( 1
ϕ(z)

d
dz (ϕ(z)f(z))

)
= −2 res

z=ζ+
i

(
ϕ′(z)
ϕ(z) f−(z) + f ′−(z)

)
. (4.17)

Using the fact that f−(z) and f ′−(z) are regular at z = ζ+
i and the fact that the logarithmic

derivative ϕ′(z)/ϕ(z) has a simple pole at z = ζ+
i with residue 1, the above expression

evaluates to −2 f−(ζ+
i ). A similar computation yields the residue at ζ−i in terms of the

function f+(z). In the end, one obtains

res
z=ζ±i

( 1
ϕ(z)

d
dz (ϕ(z)f(z))

)
= ∓2 f∓(ζ±i ) . (4.18)

Re-inserting this result in (4.15), we obtain the RG flow of the zeroes ζ±i

dζ±i
dτ = ∓2cG f∓(ζ±i ) . (4.19)

4.2 Consistency of the RG flow

In the previous subsection, we showed that the RG flow (2.9) of the coefficients ρij and ki
induces a flow on the defining parameters zi and ζ±i of the model given by (4.5) and (4.19),
which we summarise here for the reader’s convenience:

dzi
dτ = cG f(zi) = ∓2cG f∓(zi) and dζ±i

dτ = ∓2cG f∓(ζ±i ) , (4.20)

where the second equality in the first equation comes from the identity (3.16). To achieve
the proof of the renormalizability of the model, we need to show that the flow is consistent,
i.e. that reinserting (4.20) in the expression (3.2) of the coefficients ρij and ki in terms of
the zi’s and ζ±i ’s gives back (2.9). For that, we will mostly follow the steps of the previous
subsection in the reverse order. Although we will use some of the identities proved in the
previous subsection, we will not use the various RG flow equations derived there, since our
goal here is to rederive them starting from (4.20).

Flow of the twist function ϕ(z) and levels ki and `i: let us thus start by proving
that the flow (4.20) induces the flow (4.8) on ϕ(z). Using the expression (3.9) of ϕ(z) as a
product, the flow of its logarithm can be written as

1
ϕ(z)

d
dτ ϕ(z) =

N∑
i=1

(
2dzi

dτ
1

z − zi
− dζ+

i

dτ
1

z − ζ+
i

− dζ−
i

dτ
1

z − ζ−
i

)

= 2cG

N∑
i=1

(
f(zi)
z − zi

+ f−(ζ+
i )

z − ζ+
i

− f+(ζ−
i )

z − ζ−
i

)
.

(4.21)
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To prove that this induces (4.8), we thus have to show that the last line coincides with

− cG
ϕ(z)

d
dz (ϕ(z)f(z)) = −cG

ϕ′(z)
ϕ(z) f(z)− cGf ′(z) . (4.22)

This function has poles at the points zi and ζ±i , which one can show are simple. Using the
fact that, at z = zi, f(z) and f ′(z) are regular and ϕ′(z)/ϕ(z) has residue −2, one sees
that the residue of this function at z = zi is 2cGf(zi). Moreover, we showed in (4.18) that
its residue at z = ζ±i is equal to ±2cGf∓(ζ±i ). Finally, observing that it converges to 0
when z goes to infinity, we conclude that the partial fraction decomposition of the above
function indeed coincides with the last line in (4.21). Thus, the flow (4.20) of zi and ζ±i
induces the flow (4.8) of ϕ(z).

The flow of ϕ(z) is related to the ones of the levels ki and `i by equation (4.7). Using
this, one then easily rederives the flows of these levels and thus proves that the flow (4.20)
of zi and ζ±i implies

dki
dτ = 0 and d`i

dτ = cG f
′(zi)`i = cG

2 Gii. (4.23)

In particular, this shows the consistency of the RG flow of the level ki, as we recover the
second equation in (2.9).

Flow of the coefficients r±i : in order to check the consistency of the RG flow for the
coefficients ρij , we turn our attention to the coefficients r±i , as the former are expressed in
terms of the latter through (3.7). We will show that their flow coincides with that in (4.2).
From the expression (3.11) of `i in terms of r±i , we have

1
r+
i

dr+
i

dτ + 1
r−i

dr−i
dτ = 1

`i

d`i
dτ = cG

2 Gii , (4.24)

where we have used (4.23) in the second equality. On the other hand, from (3.6) and the
definition (3.1) of the function ϕ±,i(z), one finds the explicit expression of r±i in terms of
the parameters zj and ζ±j to be

r±i = ∓1
2

N∏
j=1

(
zi − ζ±j

)
N∏

j 6=i=1
(zi − zj)

. (4.25)

The logarithmic flow of r±i is thus given by

1
r±i

dr±i
dτ =

N∑
j=1

1
zi − ζ±j

d(zi − ζ±j )
dτ −

N∑
j 6=i=1

1
zi − zj

d(zi − zj)
dτ . (4.26)

Forming the difference of these logarithmic flows and using (4.20) for the flow of the zi’s
and ζ±i ’s, we obtain that

1
r+
i

dr+
i

dτ −
1
r−i

dr−i
dτ = −2cG

N∑
j=1

(
f−(zi)− f−(ζ+

j )
zi − ζ+

j

+
f+(zi)− f+(ζ−j )

zi − ζ−j

)
. (4.27)
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We prove in appendix G that this can be rewritten as

1
r+
i

dr+
i

dτ −
1
r−i

dr−i
dτ = cG

4

N∑
j=1

(
4GijBj

j + 2GjjBi
j + kjGijGjj

)
. (4.28)

Combining this with (4.24), we finally obtain that

1
r±i

dr±i
dτ = cG

4 Gii ± cG
8

N∑
j=1

(
4GijBj

j + 2GjjBi
j + kjGijGjj

)
= Λ±i , (4.29)

where in the second equality, we used the expression (3.22) for Λ±i . This coincides with (4.2)
found in the previous subsection for the flow of r±i .

Flow of the coefficients ρij: let us finally compute the flow of the coefficients ρij . We
start with the case i 6= j, for which ρij is given in (3.7). The logarithmic flow of ρij reads

1
ρij

dρij
dτ = 1

r+
i

dr+
i

dτ + 1
r−j

dr−j
dτ −

1
zi − zj

d(zi − zj)
dτ . (4.30)

Reinserting in this (4.20) and (4.29), we get

1
ρij

dρij
dτ = Λ+

i + Λ−j − cG
f(zi)− f(zj)

zi − zj
= Λ+

i + Λ−j − cG
Gij

2 , (4.31)

where in the second equality we used (3.17) for Gij . Comparing the above with (3.23), we
simply get that

dρij
dτ = R+

ij , for i 6= j. (4.32)

Thus, the flow of ρij (i 6= j) induced by the flow (4.20) for zi and ζ±i is consistent with the
RG flow (2.9).

Finally, we consider the flow of ρii by re-expressing it in terms of the ρij ’s for j 6= i,
using the definition (2.8) of r+

i :

ρii = r+
i −

N∑
j 6=i=1

ρij + ki
2 . (4.33)

Using (4.23), (4.29) and (4.32), we then compute the flow of ρii as

dρii
dτ = Λ+

i r
+
i −

N∑
j 6=i=1

R+
ij . (4.34)

The identity (3.21) satisfied by the Ricci tensor then allows us to conclude that

dρii
dτ = R+

ii , (4.35)

which achieves the proof of the consistency of the RG flow.
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5 RG flows of non-coupled deformed integrable σ-models

We proved in section 4 that the RG flow of the integrable σ-model coupling N copies of
the PCM with WZ terms can be written in a very compact way (4.8) in terms of the
twist function ϕ(z) of the model, which encodes all of its parameters. It is well known
that the model with one copy admits integrable deformations, called the λ-model [14] and
the Yang-Baxter (YB) model [23, 25], which are also characterised by a twist function
ϕ(z). Similarly, there exist integrable extensions of the λ-model with two copies, called
the doubly λ-model [15]. Moreover, the one-loop RG-flow of these deformed models has
already been computed in the literature [15, 22, 26–28]. In this section, we revisit these
RG-flows and show that they can be rewritten in terms of the twist function of the models
in the exact same way (4.8) as in the undeformed coupled model.

Let us first discuss some common aspects of these deformed models. One of their
main characteristics is that their twist function ϕ(z) possesses two simple poles z± in the
complex plane, as well as two simple zeroes ζ±. In the literature, these zeroes are often fixed
to be +1 and −1, using the freedom of dilation and translation of the spectral parameter
z 7→ az+b. For the integrable coupled model studied in this article, this freedom of dilating
the spectral parameter has been used in a different way, namely to fix the constant term
in the twist function to −1 (see the footnote 3 and equations (3.9) and (3.10)). In this
section, we will adapt the existing results in the literature to impose the same condition
on the twist function of the λ-model, the doubly λ-model and the YB model, which will
then take a form analogous to (3.10), namely

ϕ(z) = − (z − ζ+)(z − ζ−)
(z − z+)(z − z−) = − 2k+

z − z+
− 2k−
z − z−

− 1, (5.1)

with
k± = ±(z± − ζ+)(z± − ζ−)

2(z+ − z−) . (5.2)

As in the case of the undeformed coupled model studied in the rest of this article we define,
similarly to (3.14), the function

f(z) = 1
ϕ′(ζ+)

1
z − ζ+

− 1
ϕ′(ζ−)

1
z − ζ−

+ a

= − 1
ζ+ − ζ−

((ζ+ − z+)(ζ+ − z−)
z − ζ+

+ (ζ− − z+)(ζ− − z−)
z − ζ−

)
+ a ,

(5.3)

with a a constant which we do not fix yet. Our goal in this section is then to prove
that the RG-flow of the λ-model, the doubly λ-model and the YB model can be recast in
terms of the above functions ϕ(z) and f(z) as (1.2), which we recall here for the reader’s
convenience:

d
dτ ϕ(z) = −cG

d
dz
(
ϕ(z)f(z)

)
. (5.4)

This is quite remarkable since the above equation was initially proven for the class of
models (2.3). The product ϕ(z)f(z) has poles at the points z+ and z−, with corresponding
residues −2k± f(z±), and converges to −a when z tends to infinity. This fixes the partial
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fraction decomposition of ϕ(z)f(z) and thus of the right-hand side of equation (5.4). Using
this and inserting (5.1) into (5.4), one finds that

− 2k+
(z − z+)2

dz+
dτ −

2k−
(z − z−)2

dz−
dτ −

2
z − z+

dk+
dτ −

2
z − z−

dk−
dτ

= −2cGk+ f(z+)
(z − z+)2 − 2cGk− f(z−)

(z − z−)2 .

(5.5)

Thus it is clear that the RG-flow of the deformed models can be recast as (5.4) if and
only if

dk±
dτ = 0 and dz±

dτ = cG f(z±) = cG
(1 + a)ζ+ + (1− a)ζ− − 2z∓

ζ+ − ζ−
. (5.6)

The first of these conditions states that the k±’s should be invariants of the RG-flow.
Indeed, we will see that they are related to the levels of the WZ terms. The second condition
is the equivalent in the present case of (4.5) found in the case of the coupled model.

In the rest of this section we will prove that, indeed, the RG-flow of the λ-model, the
doubly λ-model and the YB model satisfies the conditions (5.6).

5.1 The λ-model

Definition and twist function: the action of the λ-model is [14]

Sλ[g] = SWZW,k[g]− k
∫

dt dx Tr
(
∂+gg

−1 1
λ−1 −Ad−1

g

g−1∂−g

)
, (5.7)

where the adjoint action Adg is defined by its action Adg(X) = gXg−1, reading in com-
ponents (Adg)ab = −Tr

(
TagTbg

−1), λ and k are free parameters (in addition, 4πk is an
integer) and SWZW,k[g] is the Wess-Zumino-Witten (WZW) action

SWZW,k[g] = −k
2

∫
dt dx Tr

(
g−1∂+gg

−1∂−g
)

+ k IWZ
[
g
]
, (5.8)

with IWZ
[
g
]
the WZ term defined in (2.4). The λ-model is integrable [14], in fact in

the Hamiltonian sense, as it admits a Lax connection whose spatial component satisfies
a Maillet bracket [21], from which one reads the twist function ϕ(z) of the model [16].
Rescaling the spectral parameter so that the constant term in the twist function becomes
−1, one obtains4

ϕ(z) = − 2k
z − z+

+ 2k
z − z−

− 1 , with z± = ∓k(λ− 1)2

λ
. (5.9)

Comparing to (5.1), one sees that for the λ-model, k± = ±k. Moreover, one checks that
the zeroes of the twist function are

ζ± = ±k
( 1
λ
− λ

)
. (5.10)

4In particular, we read the twist function from equations (3.20), (3.26) and (3.27) of [16] as

ϕ(z) = 2γφε(γz) , k → kπ , γ = λ

k(1− λ2) .
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From the definition (5.3) of the function f(z), one checks that in the present case it reads

f(z) = λ− 1
λ+ 1

4k z
(z − ζ+)(z − ζ−) + a . (5.11)

RG-flow: the RG-flow of the λ-model was determined in [22]. In terms of the parameters
λ and k, it reads

dλ
dτ = −cG

k
λ2

(1 + λ)2 ,
dk
dτ = 0. (5.12)

In particular, one sees that the levels k± = ±k are invariant under the RG-flow, so that
the first condition in (5.6) is satisfied. To check the second condition, let us now compute
the flow of the poles z±. From their expression in (5.9), we simply get

dz±
dτ = ±cG

λ− 1
λ+ 1 . (5.13)

Using the expression (5.11) of the function f(z), one checks that this is equal to cGf(z±)
if and only if we choose the constant term a in f(z) to be zero, thus ending the proof
that the RG-flow of the λ-model can be recast as in (5.4). Note that, in the case of the
integrable coupled σ-model studied in the previous sections, the constant term a in f(z)
is unfixed and reflects the freedom of translation of the spectral parameter (see discussion
after (4.5)). In the formulation of the λ-model considered here, this freedom is in fact fixed
by requiring that the zeroes ζ± are opposite one to another and that forces a = 0.

5.2 The doubly λ-model

Definition and twist function: let us now consider the λ-deformation of the direct
product of two current algebras at levels k1 and k2. This is described by [15]

Sλ1,λ2 [g(1), g(2)] =SWZW,k1 [g(1)] + SWZW,k2 [g(2)]

−
∫

dt dxTr
[ (
R1+ R2+

)( k1Λ21λ1Ad−1
g(2)λ2 k2λ0Λ21λ1

k1λ
−1
0 Λ12λ2 k2Λ12λ2Ad−1

g(1)λ1

)(
L1−
L2−

)]
(5.14)

and

Λ12 =
(
1− λ2Ad−1

g(1)λ1Ad−1
g(2)

)−1
, λ0 =

√
k1
k2

, (5.15)

where Ri+ = ∂+g
(i) g(i)−1, Li− = g(i)−1∂−g

(i), with g(i) ∈ G, i = 1, 2 and for later use
we also introduce k =

√
k1k2. This model is integrable since its equations of motion

can be recast as the zero curvature equations of two independent Lax connections [15].
Moreover, the spatial components of these Lax connections satisfy two commuting copies
of the Maillet bracket, from which one reads the twist functions ϕ1(z) and ϕ2(z) of the
model [17]. Rescaling the spectral parameters so that the constant term in the twist
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functions becomes −1, we obtain5

ϕ1(z) = − 2kλ−1
0

z − z1+
+ 2kλ0
z − z1−

− 1 , ϕ2(z) = − 2kλ0
z − z2+

+ 2kλ−1
0

z − z2−
− 1 ,

z1± = ±k
(
2λ∓1

0 − λ1 − λ−1
1

)
, z2± = ±k

(
2λ±1

0 − λ2 − λ−1
2

)
.

(5.16)

Comparing to (5.1), one sees that the levels of the model are

k1+ = kλ−1
0 , k1− = −kλ0 , k2+ = kλ0 , k2− = −kλ−1

0 . (5.17)

Moreover, one checks that the zeroes of the twist functions are

ζ1± = ±k
( 1
λ1
− λ1

)
, ζ2± = ±k

( 1
λ2
− λ2

)
. (5.18)

From the definition (5.3) of the function f(z) we find

f1(z) = − 2k
1− λ2

1

(
λ0(1− λ−1

0 λ1)2

z − ζ1+
+ λ−1

0 (1− λ0λ1)2

z − ζ1−

)
+ a1 ,

f2(z) = − 2k
1− λ2

2

(
λ−1

0 (1− λ0λ2)2

z − ζ2+
+ λ0(1− λ−1

0 λ2)2

z − ζ2−

)
+ a2 .

(5.19)

RG-flow: the RG-flow of the doubly λ-model was determined in [15]. In terms of the
parameters λ1,2 and k1,2, it reads:

dλ1
dτ = −cGλ

2
1(λ1 − λ0)(λ1 − λ−1

0 )
k(1− λ2

1)2 ,
dk1
dτ = 0 ,

dλ2
dτ = −cGλ

2
2(λ2 − λ0)(λ2 − λ−1

0 )
k(1− λ2

2)2 ,
dk2
dτ = 0 .

(5.20)

Let us compare the above RG flows with the two conditions in (5.6). The first condition
is readily satisfied, i.e.

dk1±
dτ = 0 , dk2±

dτ = 0 , (5.21)

as the levels are given by (5.17). To compare with the second one, we first consider the
RG flows on the poles z1± and z2±:

dz1±
dτ = ±cG(λ1 − λ0)(λ1 − λ−1

0 )
λ2

1 − 1
,

dz2±
dτ = ±cG(λ2 − λ0)(λ2 − λ−1

0 )
λ2

2 − 1
. (5.22)

Using (5.19), we find that the second condition in (5.6) is also satisfied, i.e.

dz1±
dτ = cGf1(z1±) , dz2±

dτ = cGf2(z2±) , (5.23)

5In particular, we read the twist functions from equation (2.29) of [17] as

(ϕ1(z), ϕ2(z)) = (2γ1ϕλ(γ1z), 2γ2ϕ̂λ(γ2z)) , γ1,2 = λ1,2

k(1− λ2
1,2) , k1,2 → k1,2 .
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if we choose the ai’s in (5.19) to be

a1 = λ0 − λ−1
0

λ1 − λ−1
1

, a2 = −λ0 − λ−1
0

λ2 − λ−1
2

, (5.24)

ending the proof that the RG-flow of the doubly λ-model (5.14) can be recast as (5.4) or
equivalently (5.6).

5.3 The Yang-Baxter model

Definition: the Yang-Baxter model was originally defined in [23] and was later general-
ized to include a WZ term in [25]. Its action (including a WZ term) takes the form

SYB+WZ[g] = −K(1 + η2)
2

∫
dt dx Tr

(
g−1∂+g

1−ARg
1− η2R2

g

g−1∂−g

)
+ k IWZ

[
g
]
, (5.25)

where R : g 7→ g is the standard Drinfel’d-Jimbo R-matrix6 on g, Rg = Ad−1
g RAdg and K,

k, η and A are constant parameters. The model is integrable if A is related to the other
parameters by

A = η

√
1− k2

K2(1 + η2) . (5.26)

Using the fact that R3 = −R, one rewrites the operator in the action (5.25) as a polynomial
in Rg, yielding

SYB+WZ[g] = −1
2

∫
dt dx Tr

(
g−1∂+g (α+ β Rg + γ R2

g)g−1∂−g
)

+ k IWZ
[
g
]
, (5.27)

with
α = K(1 + η2), β = KA and γ = Kη2 , (5.28)

following the notations of [28]. This relation can be inverted as

K = α− γ, η =
√

γ

α− γ
and A = β

α− γ
. (5.29)

In particular, the integrability condition (5.26) can be rewritten as

β2 = γ

α

(
α2 − αγ − k2) . (5.30)

Twist function: the YB model admits a Lax representation, as proved in [24] for the
case without WZ term and in [25] for the case with a WZ term. The corresponding Lax
matrix satisfies a Maillet bracket with twist function (see [11] and [25] for the case with and
without WZ terms). In the notations introduced in the previous paragraph, and imposing
that its constant term is equal to −1, this twist function is given by

ϕ(z) = K2 − z2

(z − k)2 +K2A2 = (α− γ)2 − z2

(z − k)2 + β2 . (5.31)

6Note that the Yang-Baxter model with WZ term was recently generalized to a larger class of R-matrices
in [29]. It would be interesting to check that the present analysis also holds for this more general model.
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In the notation (5.1), we then read for the poles z±, zeroes ζ± and levels k±

z± = k± iβ, ζ± = ±(α− γ) and k± = k
2 ∓ i

p

2 , (5.32)

where
p = k2 − β2 − (α− γ)2

2β = k2(α+ γ)− α2(α− γ)√
4αγ(α(α− γ)− k2)

, (5.33)

where in the second equality we have eliminated β using the integrability condition (5.30).
The function f(z) defined in (5.3) reads in the present case

f(z) = 2kα(α− γ)− z(k2 + α2)
α
(
z2 − (α− γ)2) + a . (5.34)

RG-flow: the RG-flow of the YB model was determined in [26, 27] for the case without
WZ term and in [28] for the case with WZ term. In terms of the free parameters α, γ and
k used in the previous paragraphs, this RG-flow is given by

dα
dτ = −cG2

k2 − α2

(α− γ)2 ,
dγ
dτ = −cG2

γ

α(α− γ)2 (2αγ−3α2 +k2) and dk
dτ = 0 . (5.35)

Using the integrability condition (5.30) relating β to α, γ and k, one gets the RG-flow
of β:

dβ
dτ = cG

β

α− γ
. (5.36)

Let us note that the WZ level k is an invariant of the RG-flow. Using (5.33), one checks
that the coefficient p is also RG invariant:

dp
dτ = 0 . (5.37)

Thus, the levels k± = (k∓ ip)/2 are invariant, so that the first condition in equation (5.6)
is satisfied.

The flow of the poles z± = k ± iβ is obtained simply from the one for β in (5.36).
Using the integrability condition (5.30) and the expression (5.34) of f(z), one checks that
this flow coincides with cG f(z±) if one chooses the parameter a to be

a = k
α− γ

. (5.38)

Thus the RG-flow of the YB model with WZ term can be recast in the form (5.4).

6 Conclusion

The main original goal of this work was to study the renormalizability of a class of integrable
σ-models constructed in [1, 2]. This class describes coupled principal chiral models with
Wess-Zumino terms, whose action is given by (2.3), (3.1) and (3.2). To achieve this goal
we employed geometrical techniques or equivalently heat kernel methods and we proved
that they are renormalizable at one-loop order. The derived renormalization group flows
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take the neat form (1.2), in terms of two functions ϕ(z) and f(z): ϕ(z) is the so called
twist function, which plays a key rôle in the integrability of the models, and f(z) is tightly
connected with the twist function. Analyzing (1.2) results in the system of renormalization
group flow equations (4.20) for the 3N defining parameters zi and ζ±i appearing in the
expressions (3.1) and (3.2).

A somewhat unexpected important byproduct of our analysis is that, as it turns
out, (1.2) is also applicable to other classes of integrable σ-models, whose r-matrix takes
the form (1.1) characterized by a twist function ϕ(z). The latter form describes the λ-
deformed model, the doubly λ-deformed model and the Yang-Baxter model with a Wess-
Zumino term. The output of our analysis is that (1.2) is in agreement with the one-loop
renormalization group flows of these models, which have already been computed in the
literature. Hence, we expect that given an integrable σ-model whose r-matrix takes the
form (1.1), and such that all continuous parameters are encoded in the twist function, it is
renormalizable at one-loop and its renormalization group flow can be read through (1.2).

A natural playground to test this conjecture consists of integrable coupled deformed
σ-models. In the case of λ-deformations, such integrable coupled models have been in-
troduced in [15, 30–32], their one-loop renormalization group flows have been investigated
in [15, 31–33] and their twist functions computed in [17]. The most general combination of
integrable λ- and Yang-Baxter deformations of the coupled σ-model studied in this article
has been constructed in [34]. Although the twist function of these models is known, their
renormalizability has not been studied yet in the literature. It would be interesting to
complete the study of the one-loop renormalization group flow of this class of integrable
deformed coupled σ-models and check whether it can be rewritten in terms of their twist
function as in equation (1.2). Also recently, a nice diagrammatic representation of a general
class of integrable λ-deformations coupled to isotropic principal chiral models and Yang-
Baxter σ-models on group and symmetric cosets was constructed in [35]. However, the
Hamiltonian integrability in terms of a twist function has not yet been demonstrated for
this class of models.

It would also be interesting to extend our analysis to the Yang-Baxter and λ-deformed
σ-models on SU(2)/U(1) or more generally on any symmetric coset space, which were
constructed in [11] and [14, 36], accordingly. The one-loop renormalization group flows of
the aforementioned models have been computed in [37]7 and [39, 40], respectively. These
models are integrable in the Hamiltonian sense [11, 16] and although their r-matrix does
not take the form (1.1), see [11, 16], there is a formulation in terms of a twist function (in

7The connection of the Yang-Baxter deformation of SU(2)/U(1) [11] with the sausage model [37] was
noted in [38]. Quite explicitly the fields, parameters and the renormalization group scale in equations (3.3),
(3.4) and (3.5) of [37]

(X,Y ; a, b; t) : eY+iX → z , a→ 4t(1− η2) , b→ 4t(1 + η2) , t→ −τ ,

the action matches equation (4.2) of [11] and the renormalization group flows read

dη
dτ = 2tη(1 + η2) , d(tη)

dτ = 0 ,

see also equations (6.13), (6.14) in [27], when ζ = 0.
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the language of affine Gaudin models, these correspond to so-called dihedral models [13]).
It would be interesting to investigate what equation replaces (1.2) for these models, if
any. In addition, it would be also interesting to extend our analysis for the two-parameter
integrable deformation of the coset CFT SU(2)k×SU(2)k/U(1) [30], explicitly constructed
in [41], whose one-loop renormalization group flows were computed in [42]. Finally, it would
also be interesting to study the renormalization of the integrable coset models recently
constructed in [43].

In the same lines it would be also worth studying the integrable λ-deformed non-
diagonal coset spaces Gk1 ×Gk2/Gk1+k2 [44], whose one-loop renormalization group flows
were derived in the same work. These models are also integrable in the Hamiltonian
sense [17] and their r-matrix takes the form (1.1). This deformation is expected to be
related with the integrable bi-Yang-Baxter model [45], whose Hamiltonian integrability was
demonstrated in [46]. In particular, these two models share the same β-functions [27, 44]
and also twist functions [17, 46] after an analytic continuation (see equation (3.55) in [17]).
Such a relation is expected since the λ- and Yang-Baxter deformations are related via
Poisson-Lie T-duality followed by an appropriate analytic continuation [12, 27, 47–49].

Finally, another possible extension is to study the renormalizability of the bi-Yang-
Baxter model with a Wess-Zumino term for a general semi-simple Lie group G [50], which
coincides with Lukyanov’s four-parameter integrable deformation for the SU(2) case [51].
The one-loop renormalization group flow of this model has been worked out in [52] for a
general semi-simple Lie group G and matches with [51] in the SU(2) case. Its Hamiltonian
integrability was proven in [53] using its interpretation as a E-model, but the derived r-
matrix cannot be written in terms of a twist function. We expect that this can be achieved
using the G×G/Gdiag coset formulation of the model or the dressing coset one as in [50]
and [52], respectively (the notion of dressing cosets was introduced in [54] and is also related
to the coset construction of [55] based on Poisson-Lie T-dual models).

Beyond studying the various aforementioned examples of integrable σ-models and
checking that their renormalization group flow can be recast in terms of their twist function,
it would be interesting to understand whether such a statement can be derived in a model-
independent way for a general integrable field theory with twist function, or equivalently
a general realization of affine Gaudin model [13]. It is also worth noticing that the twist
function plays an important rôle [19, 20] in the approach to integrable σ-models through
four dimensional Chern-Simons theory recently proposed in [18]. It would therefore be nat-
ural to investigate whether these renormalization properties have a natural interpretation
in this formalism.

Further possible extensions of our work include studying the higher-loops renormal-
izability of the integrable coupled σ-model considered in this article. This question was
recently addressed for certain non-coupled integrable deformed σ-models in [41, 56, 57],
showing that their two-loops renormalizability [58–61] generically requires adding quan-
tum corrections to the underlying geometry of the target space. It would be interesting to
see whether such quantum corrections are also needed in the case of the integrable coupled
σ-model considered here and how these corrections would affect the structure of the geom-
etry of the model put forward in this article (as for instance the various identities obeyed
by its metric, B-field and Ricci tensor presented in subsection 3.2).
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The results of this article bring new evidences of the deep relation between integrable
properties of σ-models and their renormalization group flow. A connection between these
two aspects was also recently put forward in [62] for integrable σ-models on group manifolds
and symmetric spaces and their Yang-Baxter and λ-deformations, relating the renormaliza-
tion group flow of these models to the existence of a Lax connection for the theory obtained
by promoting their parameters to local coupling (depending on the two-dimensional space-
time coordinates). It would be interesting to investigate whether a similar relation holds
for the integrable coupled σ-model whose renormalization group flow we determine in the
present article.
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A Geometry and RG-flows

A.1 Generalities

General σ-model: consider a general σ-model with local coordinates yM , metric GMN

and B-field BMN . We write its action as

S =
∫

dt dx (GAB +BAB) eAMeBN ∂+y
M∂−y

N , (A.1)

where we have introduced the vielbeins eAM as well as the metric GAB and B-field BAB
expressed in the tangent space, such that GMN = eAMeBNGAB and BMN = eAMeBNBAB.
The tangent space is spanned by the vectors eA = eAM ∂

∂yM
, with eAM the inverse vielbeins,

with the dual one forms given by eA = eAM dyM .

One-loop RG flows: it is a standard result [3–8] that the one-loop RG-flow of the metric
GMN and B-field BMN is given by

d
dτ
(
GMN +BMN

)
= R+

MN , (A.2)
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where R+
MN is the torsionfull Ricci tensor and τ = 1

8π lnµ2. Equivalently, we may
rewrite (A.2) in the tangent frame eA = eAMdyM as

d
dτ
(
GAB +BAB

)
= R+

AB , (A.3)

assuming that the eAM ’s are independent of the parameters of the model and hence of the
RG scale τ . The tensor R+

AB can be conveniently written as

R+
BD = ∂AΩ+

BD
A − ∂BΩ+

AD
A + Ω+

AE
AΩ+

BD
E − Ω+

ED
AΩ−AB

E , (A.4)

where ∂A = eAM ∂
∂yM

and Ω±ABC are the torsionfull spin-connections

Ω±AB
C = ΩAB

C ∓ 1
2HAB

C . (A.5)

Here ΩAB
C is the standard Levi-Civita connection of the metric and HABC ’s are the

components of the (totally antisymmetric) field strength of the B-field.8 The most efficient
way to evaluate the Ω±ABC ’s is to cast the field equations of the σ-model in their generic
form, namely

∂+(eAM∂−yM ) + Ω+
BC

AeBM eCN ∂+y
M∂−y

N = 0 , (A.6)

or the parity related one

∂−(eAM∂+y
M ) + Ω−BC

AeBM eCN ∂−yM∂+y
N = 0 . (A.7)

In what follows we shall apply the above set-up for the σ-model (2.3) on GN .

A.2 Coupled σ-models on GN and RG flows

Metric and B-field: let us now focus on the σ-model (2.3) on GN . The group elements
g(i) in each copy of the group G depend on local coordinates yµi, labelled by pairs of
indices M = (µi), where µ = 1, . . . , dimG and i = 1, . . . , N with dimG and N denoting
the dimension of the group G and the number of copies, respectively. The tangent indices
are pairs A = (ai), where a = 1, . . . , dimG labels an anti-Hermitian basis {Ta} of the Lie
algebra g, orthonormalized as Tr(TaTb) = −δab. We can then read the vielbein basis eaiµj
in terms of the left invariant Maurer-Cartan currents (2.1):

j
(i)a
± = eaiµj ∂±yµj , eaiµj = −Tr

(
Ta g

(i)−1∂g
(i)

∂yµi

)
. (A.8)

Using the above basis, we can identify the metric and the B-field of the model (2.3) as

Gai bj = δabGij and Bai bj = δabBij + ki δijWab i, (A.9)

with Gij and Bij defined as in (2.7) and where Wab i = −Wba i encodes the contribution of
the WZ term IWZ

[
g(i)], defined in (2.4), to the B-field. By a slight abuse of language, we

will also call Gij and Bij the metric and B-field of the model.
8Our conventions for the torsionfull covariant derivative, the torsionfull Riemann and Ricci tensors are

as follows

∇±AV
B = ∂AV

B + Ω±AC
BV C , [∇±A,∇

±
B ]V C = R±AB

C

DV
D + (Ω∓AB

D − Ω±AB
D)∇±DV

C , R±BD = R±AB
A

D .
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RG flows for the coupled σ-model on GN : our task now is to compute the torsionfull
Ricci tensor for the background (A.9). Employing the Maurer-Cartan equations (2.2)
and the expression (A.8) of the currents j(i)

± , one rewrites the field equations (2.6) in the
forms (A.6) and (A.7), with the torsionfull spin-connections Ω±ABC given by the factorized
expression

Ω±ai bj
ck = fab

c ω±kij . (A.10)

In the above, fabc are the structure constants of the Lie algebra g and ω±kij are defined as
in (2.11). In particular, the Ω±ABC ’s do not depend on the fields but only on the parameters
of the model. Thus, the first two terms in (A.4) vanish. Moreover, the group G is such that
the trace in the adjoint representation fab

b vanishes, so that only the last term in (A.4)
survives. The torsionfull Ricci tensor then reads

R+
BD = −Ω+

ED
AΩ−AB

E . (A.11)

Taking into account (A.10) and the fact that fdbcfcad = −cG δab, this leads to

R+
ai bj = −fdbcfcadω+l

kjω
−k

li = δabR
+
ij , (A.12)

where R+
ij , by a slight abuse of language, will also be called the Ricci tensor and is given

by (2.10), repeated here for the reader’s convenience:

R+
ij = cG

N∑
k,l=1

ω−k liω
+l

kj , (A.13)

with ω±kij the torsionfull spin connections (2.11).
Let us finally determine the RG flow of the model. The vielbeins eaiµj introduced

in (A.8) are independent of the parameters of the models, so that (A.3) indeed applies.
The metric Gai bj and the B-field Bai bj in the tangent space indices are given by (A.9), while
the torsionfull Ricci tensor R+

ai bj is given by (A.12), containing only terms proportional
to δab. Putting altogether into (A.3), we find that the RG flows of ki and ρij are given
by (2.9) and (2.10). Note that the WZ levels ki are not renormalized, therefore retaining
their topological nature at one-loop order.

B Heat-kernel techniques

The scope of this appendix is to derive the one-loop RG flows of the σ-model (2.3) using
heat kernel methods. This will provide an independent check of our result. We will use a
slightly different notation for the coupling constants of the model which we establish next.
Let us consider N coupled PCMs with WZ terms, whose action reads

S = − 1
8π

N∑
i,j=1

∫
dt dxEij Tr(j(i)

+ j
(j)
− ) +

N∑
i=1

ki

∫
L(i)
WZ , (B.1)

where the left-invariant Maurer-Cartan currents were defined in (2.1) and

L(i)
WZ = 1

12πTr
(
g(i)−1dg(i)

)3

= 1
4πTr

(
g(i)−1∂ξg

(i)[g(i)−1∂tg
(i), g(i)−1∂xg

(i)]
)
dξ ∧ dt ∧ dx .

(B.2)
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Matching with (2.3) yields
ρij = Eij

8π , ki = ki
4π . (B.3)

We are interested in computing the RG flows of (B.1) using the heat kernel technique.
To compute the β-functions, we need to specify a classical background and compute the
quantum fluctuations around it. The discussion of this section goes along the lines of [40,
42], see also [63] for a generalization to generic deformation matrices.

Let us consider the equations of motion for the action (B.1). Varying with respect to
the group element g(i), one finds

N∑
j=1

{
aij∂−j

(j)
+ + bij∂+j

(j)
− + Eij [j(i)

+ , j
(j)
− ]− Eji[j(j)

+ , j
(i)
− ]
}

= 0 , (B.4)

where
aij = Eji −Kij , bij = Eij +Kij , Kij = kiδij (B.5)

and which is equivalent to (2.6) with the help of (B.3). In addition, we also have the
Bianchi identity (2.2), restated here for the reader’s convenience

∂+j
(i)
− − ∂−j

(i)
+ + [j(i)

+ , j
(i)
− ] = 0 . (B.6)

We next assume a classical solution j(i)
± of (B.4) and (B.6) for which the Lagrangian density,

when evaluated at that point, is given by (B.1). To carry out the forthcoming calculations,
for the case at hand it suffices to use, just as in [40] and [42], a solution such that the
currents j(i)

± are independent of the space-time point and also commuting. Varying the
equations of motion (B.4) and the Bianchi identity (B.6) around this solution, namely
j

(i)
± + δj

(i)
± , we obtain the following system of first order differential equations

N∑
j=1

dimG∑
b=1

 δabaij∂− + Pij|ab δabbij∂+ +Qij|ab

−δabδij∂− +Rij|ab δabδij∂+ + Sij|ab

 δj(j)b
+

δj
(j)b
−

 = 0 , (B.7)

where

Pij|ab =
N∑
m=1

Eim(j̃(m)
− )ab δij − (j̃(i)

− )abEji , Qij|ab =
N∑
m=1

Emi(j̃(m)
+ )abδij − (j̃(i)

+ )abEij ,

Rij|ab = (j̃(j)
− )abδij , Sij|ab = −(j̃(j)

+ )abδij ,
(
j̃

(i)
±

)
ab

= fab
c j

(i)c
± .

(B.8)
To work out the one-loop effective action, we Wick rotate to Euclidean and we integrate
the fluctuations δj(i)

± ’s in the Gaussian path integral, resulting to

Seff
Eucl = S +

∫
dt dx

∫ µ d2p

(2π)2 ln detD−1/2 , d2p = dp1dp2 = p dp dφ , (B.9)

where S is the action (B.1), µ is the energy scale cutoff and the matrix D is given by

D =
(

δabaijp− + Pij|ab δabbijp+ +Qij|ab
−δabδijp− +Rij|ab δabδijp+ + Sij|ab

)
, (B.10)
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with p± = p1 ± ip2 = pe±iφ. To compute the β-function we need to find the logarithmic
dependence in µ in (B.9). This can be done by rewriting the determinant as

ln detD = ln detC + Tr
(
C−1F

)
− 1

2Tr
(
C−1F

)2
+ . . . , (B.11)

keeping only terms which may diverge when µ tends to infinity in (B.9), where

C =
(
δabaijp− δabbijp+
−δabδijp− δabδijp+

)
, F =

(
Pij|ab Qij|ab
Rij|ab Sij|ab

)
. (B.12)

Next, we evaluate the inverse of C which takes the form

C−1 = 1
2

 G̃
ij δab
p−

−
(
G̃−1b

)
ij

δab
p−

G̃ij δabp+

(
G̃−1a

)
ij

δab
p+

 , (B.13)

where G̃ij = 1
2 (Eij + Eji) and G̃ij = G̃−1

ij .9

The first term in the right-hand side of (B.11) is field independent, so we can drop
it. Moreover, it is easy to check that the second term does not contribute in (B.9) upon
integration with respect to φ. Turning our attention to the third term, we present here the
part with non-vanishing logarithmic contribution in (B.9):

Tr
(
C−1F

)2
= cG

2p+p−

N∑
i,j,m,n=1

Mim
n (E;K)Mjn

m
(
ET ;−K

)
Tr(j(i)

+ j
(j)
− ) +O

(
1
p2

+
,

1
p2
−

)
,

(B.14)
where the omitted non-Lorentz invariant terms vanish after integrating with respect to φ.
In the above, the trace on the left hand side is taken with respect to all indices, whereas
in the right-hand side it is taken with respect to the Lie algebra indices only, and we
have defined

Mim
n(E;K) = Ein

(
G̃mn − G̃im

)
+
(
G̃−1(E +K)

)
mi
δni . (B.15)

Finally, we have used facdfbdc = −cG δab. Putting altogether into (B.9), one finds

Seff
Eucl = S +

∫
dt dx

∫ µ d2p

(2π)2
cG

8p+p−

N∑
i,j,m,n=1

Mim
n (E;K)Mjn

m
(
ET ;−K

)
Tr(j(i)

+ j
(j)
− ) ,

= − 1
8π

∫
dt dx

N∑
i,j=1

Eij Tr(j(i)
+ j

(j)
− ) +

N∑
i=1

ki

∫
L(i)
WZ

+lnµ2

8π
cG
4

∫
dt dx

N∑
i,j,m,n=1

Mim
n (E;K)Mjn

m
(
ET ;−K

)
Tr(j(i)

+ j
(j)
− ) . (B.16)

The one-loop β-function is derived by demanding that the effective action is independent
of the cutoff scale µ, yielding

dEij
d lnµ2 = cG

4

N∑
m,n=1

Mim
n (E;K)Mjn

m
(
ET ;−K

)
, (B.17)

9Using (B.3), G̃ij is related to Gij in (2.7) as G̃ij = 8πGij .
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where the Mim
n(E;K)’s were defined in (B.15). In the above we have assumed that the

elements of the matrix E are much larger than the ones of the matrix K, such that the
one-loop contribution in (B.16) is the dominant one. This is illustrated below in the specific
example of N -decoupled PCMs, see eq. (B.20). The levels ki do not run with the energy
scale — retaining their topological nature at one-loop, since there is no corresponding
counter term in the effective action (B.16).

Properties:

1. It can be readily seen that the β-function (B.17) retains its form under the parity
transformation (2.5), (B.3):

Eij → Eji , ki → −ki . (B.18)

2. The derived β-function (B.17), (B.15) is equivalent with the analogue
one (2.9), (2.10), (2.11). Indeed using (B.3) one finds

ω−k li = 1
2Mik

l (E;K) , ω+l
kj = 1

2Mjl
k
(
ET ;−K

)
(B.19)

and with the help of the latter and τ = 1
8π lnµ2 we can readily show the equivalence

of (B.17) with (2.9).

3. For N -decoupled PCMs Eij = κ2
i δij , the RG flow equations (B.17) truncate to

dκ2
i

d lnµ2 = cG
4

(
1− k2

i

κ4
i

)
, (B.20)

corresponding to RG flows of N -decoupled non-critical WZW models. Note that the
range of validity of the one-loop result enforces κ2

i � ki. At the IR critical points
ki = ±κ2

i we retrieve N -copies of the WZW model of level ±ki respectively.

C Two coupled models

The scope of this appendix is two study the case with two coupled models, that is

Eij =
(
E11 E12
E21 E22

)
, (C.1)

using the notations of appendix B.

C.1 Integrability

As we shall show this model is integrable provided that B = 0, where

B = (E21 + E22 − k2) (E11 + E21 + k1)E12 + (E11 + E12 − k1) (E12 + E22 + k2)E21 .

(C.2)
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Defining the quantities10

r̃+
i =

2∑
j=1

Eij − ki , r̃−i =
2∑
j=1

Eji + ki , (C.3)

we can rewrite (C.2) as
B = r̃+

2 r̃
−
1 E12 + r̃+

1 r̃
−
2 E21 . (C.4)

We then define the parameter

ψ = r̃+
1 r̃
−
2

E12
(C.5)

and the Lax connection

L±(z) = ±2
r̃±1 (z − ψ)j(1)

± + r̃±2 (z + ψ)j(2)
±

z2 ∓ 2(r̃±1 + r̃±2 )z ± 2ψ(r̃±1 − r̃
±
2 )− ψ2 , z ∈ C . (C.6)

Using (B.4), (B.5) and (B.6) we can eliminate all the derivatives ∂±j(i)
∓ in the Lax curvature

∂+L−(z)− ∂−L+(z)− [L+(z),L−(z)] , (C.7)

expressing it in terms of commutators [j(i)
+ , j

(j)
− ] only. It turns out that it is proportional to

B and as a consequence the connection L±(z) has zero curvature, provided that B = 0, thus
ensuring integrability. This class of integrable models contains as a subclass the integrable
model of [1] for N = 2 copies, as B is vanishing for the parameterization (3.1), (3.2).

C.2 Renormalizability

Let us now study the stability of the integrable sector B = 0 under the one-loop RG
flows in (B.17). Employing (C.2) and (B.17) one can show that the constraint B = 0 is
preserved under the one-loop RG flows. However, the general system of RG flows is rather
complicated even within the integrable sector B = 0. Nevertheless, one can still consider
a consistent truncation with E21 = 0, which also enforces that E22 = k2. Then, one may
easily check using the action (B.1) and the Polyakov-Wiegmann identity [64] that for the
following values

(E11, E12) = (k1, 0), (−k1, 0), (−k1, 2k1), (−k1,−2k2), (k1 + 2k2,−2k2) , (C.8)

plus the ones obtained by exchanging 1 and 2 in the above pairs we obtain, respectively, the
actions corresponding to the exact direct product of WZW conformal field theories (CFTs)

Gk1 ×Gk2 , G−k1 ×Gk2 , G−k1 ×Gk1+k2 , Gk2 ×G−k1−k2 , Gk1+k2 ×Gk2 . (C.9)

When both levels are positive these are unitary, otherwise non-unitary. In the parametric
space the unitary and the non-unitary CFTs, are not continuously connected as the kinetic
term degenerates in between. Unitary CFTs will be shown to be fixed points of the RG
flow equations.

10Using (B.3), the r̃±i ’s are related to the r±i ’s in (2.8) as r̃±i = 8πr±i .
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An isolated family. Let us now focus on the RG flow between the unitary CFTs, Gk1×
Gk2 and Gk1+k2 × Gk2 . Among the two fixed points, the first one is a stable IR fixed
point whereas the second one is a UV fixed point, which appears to be an unstable one,
for generic flows around this point. To analyze the nature of this fixed point we consider
a consistent truncation with (E21, E22) = (0, k2). This truncation drastically simplify the
system of RG flows

dE11
d lnµ2 = −cG(E11 + k1)(4k2

2(k1 − E11) + E2
12(4k2 + E12))

(E2
12 − 4k2E11)2 ,

dE12
d lnµ2 = cGE12(E12 + 2k2)(2k2(k1 + E11) + E12(2E11 + E12))

(E2
12 − 4k2E11)2 .

(C.10)

Then, we further restrict to the one-parameter family11

E11 = k1 + 2(k2 − ν) , E12 = 2(ν − k2) , E21 = 0 , E22 = k2 , ν ∈ [0, k2] , (C.11)

leading to
dν

d lnµ2 = −cG ν
2(ν − k2)(ν − k1 − k2)

2(k2(k1 + k2)− ν2)2 6 0 . (C.12)

The one-parameter family of (C.11), describes an integrable interpolation between exact
CFTs: at ν = 0 we have the UV CFT Gk1+k2 ×Gk2 and at ν = k2 the IR CFT Gk1 ×Gk2 .
The above flow satisfies the c-theorem [65]

cUV = 2(k1 + k2)dimG
2(k1 + k2) + cG

+ 2k2dimG
2k2 + cG

> cIR = 2k1dimG
2k1 + cG

+ 2k2dimG
2k2 + cG

. (C.13)

To understand the above RG flow, we need to rewrite the action (B.1) around these points
- reading the operator which drives the theory away from the CFT point.

Around the UV fixed point: around the UV fixed point, the action can be rewrit-
ten as12

S = SWZW,k1+k2(g(1)) + SWZW,k2(g)− ν

4π

∫
dt dxTr

(
ĵ

(1)
+ j−

)
, (C.14)

11This one-parameter family can be obtained as a singular limit of the integrable models of (3.2), i.e. the
z1,2 are colliding. This can be shown by considering a slight modification of the one-parameter family (C.11)

E11 = k1 + 2(k2 − ν) + χ , E12 = 2(ν − k2) , E21 = 0 , E22 = k2 ,

for infinitesimal values of χ. The above modification is still integrable as B=0 and takes the form of (3.2),
provided that

ζ+
1 = z2 , ζ+

2 = z2 + 2k2χ

k2 − ν
, ζ−1 = z2 + 2ν2χ

(k1 + k2)(k2 − ν) ,

ζ−2 = z2 − 4(k1 + k2)− 2χk2(k1 + k2)− 2(k1 + k2)ν + ν2

(k1 + k2)(k2 − ν) , z1 = z2 + 2νχ
k2 − x

,

where we have kept only the linear term around χ = 0.
12The renormalization of the class of models in (C.14) was performed in [66] and [15] using CFT and

gravitational techniques, respectively. Moreover, for the special case k1 = 0, where the two WZW models
have equal levels, the integrability of (C.14) was studied in [67] and also follows from the fact that it is
a particular limit case of the doubly deformed models of [15]. Moreover, from the latter work, it is also
integrable in the unequal levels case as well.
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where we have introduced g(2)g(1)−1 = g, ĵ+ = ∂+gg
−1 are the light-cone right-invariant

Maurer-Cartan currents and j− = g−1∂−g are the left-invariant ones. The σ-model
of (C.14) as well as its β-function (C.12), can be mapped to the ones for the single λ-
deformed Gk1+k2 × Gk2 [15] under the following identification of the group elements, pa-
rameters and world-sheet coordinates

(g1, g2)→ (g(1), g(2)g(1)−1) , (t, x)→ (2τ, 2σ) ,

(k1, k2)→ (k1 + k2, k2) , λ0 →
√
k1 + k2
k2

, ν →
√

(k1 + k2)k2 λ .

(C.15)
The operator driving the perturbation is marginally relevant and as a consequence the β
function (C.12) has no linear term once we expand it around ν = 0

dν
d lnµ2 = − cGν

2

2k2(k1 + k2) +O(ν3) . (C.16)

Let us now analyze the field equations of (C.14). These are found using (B.4), (B.5)
and (B.6) for the one-parameter family (C.11) and they read

∂+
(
(k1 + k2 − ν)j(1)

− + νj
(2)
−

)
= 0 , (C.17)

k2(k1 + k2 − ν)∂+j
(1)
− + ν(k2 − ν)(∂−j(1)

+ − [j(1)
+ , j

(2)
− ]) = 0 . (C.18)

We can further simplify (C.18), using (C.17), then (B.6) to replace the ∂+j
(2)
− term and

finally the identity
(
Ad−1

g(2) ∂−Adg(2)

)
ab

= −fabc j
(2)c
− , yielding

∂−
(
Adg(2)

(
(ν − k2)j(1)

+ + k2j
(2)
+

))
= 0 . (C.19)

Thus, the equations of motion take the form of chiral conserved currents

∂+
(
(k1 + k2 − ν)j(1)

− + νj
(2)
−

)
= 0 , ∂−

(
Adg(2)

(
(ν − k2)j(1)

+ + k2j
(2)
+

))
= 0 , (C.20)

and the latter equations are in agreement with eq. (2.19) of [15], using the map (C.15).
Applying the results of [15], we know that there exists a Lax pair for (C.14), see

eqs. (2.8) and (3.11) of that work, that is given by

L̂±(w) = 2w
w ∓ 1A± , ∂+L̂− − ∂−L̂+ = [L̂+, L̂−] , w ∈ C ,

A+ = ν(k1 + k2 − ν)
k2(k1 + k2)− ν2Adg(1)j

(1)
+ ,

A− = ν(k2 − ν)
k2(k1 + k2)− ν2Adg(1)(j(1)

− − j
(2)
− ) .

(C.21)

Finally, a comment is in order concerning the relation of the Lax connection (C.21) with
the one in (C.6). Employing (C.11) into (C.6) we find

L+ = 0 , L− = 4
(k1 + k2 − ν)j(1)

− + νj
(2)
−

4(k1 + k2) + z
. (C.22)
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As L+ vanishes, the zero curvature equation, namely ∂+L− − ∂−L+ = [L+,L−], is
equivalent with the first equation in (C.20). Hence, the Lax connection is a degenerate one.
This problem can be solved by considering the model as a limit of a slightly more general
but still integrable model, as in footnote 11, whose Lax pair we denote as L̃±. In that
parameterization, taking the limit χ → 0 leads to the degenerate Lax connection (C.22).
To avoid this problem, we also rescale the spectral parameter z → χz. Putting altogether
into (C.6) and taking the limit χ→ 0, we find

L̃+(z) = 2(k2 − ν)
z(k2 − ν) + ν − 2k2

j
(1)
+ ,

L̃−(z) =
(k1 + k2 − ν)((ν − k2)z − ν)j(1)

− + ν((ν − k2)z + ν)j(2)
−

z(k1 + k2)(k2 − ν) + ν(k1 + k2 − 2ν) .

(C.23)

We will prove that (C.21) and (C.23) are connected with a gauge transformation, namely

L̂ g(1)

± (w) = Ad−1
g(1) L̂±(w)− j(1)

± . (C.24)

Employing (C.21) into the latter equation, we find:

L̂ g(1)

+ (w) = 2w
w − 1

ν(k1 + k2 − ν)
k2(k1 + k2)− ν2 j

(1)
+ − j(1)

+ ,

L̂ g(1)

− (w) = 2w
w + 1

ν(k2 − ν)
k2(k1 + k2)− ν2 (j(1)

− − j
(2)
− )− j(1)

− ,

(C.25)

and upon identifying L̂ g(1)

± (w) in the above expression with L̃±(z) in (C.23) we find that
the spectral parameters z and w are related by

w = ((k2 − ν)z − ν)(k2(k1 + k2)− ν2)
(k2 − ν)2((k2 − ν)z + 3ν) + k1(k2

2z + ν(2ν − 3k2)(z − 1))
. (C.26)

Around the IR fixed point: finally, around the IR fixed point the action can be
rewritten as

S = SWZW,k1(g(1)) + SWZW,k2(g(2)) + k2 − ν
4π

∫
dt dxTr

(
ĵ

(1)
+ Adg(1)

(
j

(1)
− − j

(2)
−

) )
. (C.27)

In this case, the operator which drives the perturbation has conformal dimension 2 + ∆Ad,
where ∆Ad is the conformal dimension of Adg(1) , namely

∆Ad = cG
2k1 + cG

= cG
2k1

+O

( 1
k2

1

)
. (C.28)

The latter is in agreement with the expansion of (C.12) around ν = k2

dν
d lnµ2 = − cG

2k1
(k2 − ν) +O((k2 − ν)2) . (C.29)
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D Inverse metric and B-field of the integrable coupled model

In this appendix, we prove the identities (3.17) and (3.19), for the metric and the B-field
of the integrable coupled model as defined through equations (2.7) and (3.2). For that,
we start by defining the quantities Gij and Bi

j by their expressions in equations (3.17)
and (3.19) and will prove that Gij is the inverse of the metric and that Bi

j is equal to the
B-field with one index raised by Gij .

Using the identities (3.16) obeyed by the functions f±(z), one can rewrite Gij as

Gii = ±4f ′±(zi) and Gij = ±4f±(zi)− f±(zj)
zi − zj

, if i 6= j . (D.1)

It was proven in [68] that the metric and the B-field are related to residues of well-chosen
functions. More precisely, one has

ρij −
ki
2 δij = res

w=zj

(
res
z=zi

1
2
ϕ+(z)ϕ−(w)

z − w

)
,

ρji + ki
2 δij = − res

w=zj

(
res
z=zi

1
2
ϕ−(z)ϕ+(w)

z − w

)
.

On the other hand, the expression of Gij in (D.1) coincides with the evaluation of the
function

±4f±(z)− f±(w)
z − w

at z = zi and w = zj . To consider contractions of the coefficients Gij and Bij with
coefficients Gij , it is thus natural to consider the functions

χ±(z, w, t) = 2f±(z)− f±(w)
z − w

ϕ±(w)ϕ∓(t)
w − t

(D.2)

and study their evaluation in z and residues in w, t at the points zi. Let us then define

χ±ij(w) = res
t=zj

χ±(zi, w, t) , (D.3)

for i, j ∈ {1, . . . , N}. From the definition (3.1) of the functions ϕ±(z) and ϕ±,i(z), one has

ϕ±(z) = ϕ±,i(zi)
z − zi

+ ϕ′±,i(zi) +O(z − zi) . (D.4)

Thus, we get
χ±ij(w) = 2f±(zi)− f±(w)

zi − w
ϕ±(w)ϕ∓,j(zj)

w − zj
. (D.5)

We will now study the residues of χ±ij(w) at w = zk. It will be useful to distinguish
different cases.

Residue for k different from j. Using the expansion (D.4) and the fact that the

function f±(zi)− f±(w)
zi − w

is regular at w = zk, with value ±1
4G

ik, we get

res
w=zk

χ±ij(w) = ±G
ik

2
ϕ±,k(zk)ϕ∓,j(zj)

zk − zj
, if k 6= j. (D.6)

Then from (3.2b) we obtain that

res
w=zk

χ+
ij(w) = Gikρkj and res

w=zk
χ−ij(w) = Gikρjk , if k 6= j . (D.7)
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Residue for k = j but i 6= j. First, let us note that
f±(zi)− f±(w)

zi − w
= f±(zi)− f±(zj)

zi − zj
+ f±(zi)− f±(zj)

(zi − zj)2 (w − zj)

−
f ′±(zj)
zi − zj

(w − zj) +O
(
(w − zj)2) . (D.8)

Using (D.1), this becomes

f±(zi)− f∓(w)
zi − w

= ±1
4G

ij ± 1
4
Gij −Gjj

zi − zj
(w − zj) +O

(
(w − zj)2). (D.9)

Reinserting this expansion and the one (D.4) in equation (D.5), we get

χ±ij(w) = ± 1
2

(
Gij + Gij −Gjj

zi − zj
(w − zj) +O

(
(w − zj)2))

×
(
ϕ±,j(zj)
w − zj

+ ϕ′±,j(zj) +O
(
w − zj

))ϕ∓,j(zj)
w − zj

.

The residue of χ±ij(w) at w = zj is thus

res
w=zj

χ±ij(w) = ±G
ij

2 ϕ′±,j(zj)ϕ∓,j(zj)±
1
2
Gij −Gjj

zi − zj
ϕ±,j(zj)ϕ∓,j(zj) , if i 6= j .

From equations (3.2) and (3.11), we have

± 1
2ϕ
′
±,j(zj)ϕ∓,j(zj) = ρjj ±

kj
2 and ϕ±,j(zj)ϕ∓,j(zj) = −`j , (D.10)

hence
res
w=zj

χ±ij(w) = Gij
(
ρjj ±

kj
2

)
∓ `j

2
Gij −Gjj

zi − zj
, if i 6= j . (D.11)

Residue for i = j = k. We will need the expansion (D.4), as well as
f±(zi)− f±(w)

zi − w
= f ′±(zi) + 1

2f
′′
±(zi)(w − zi) +O

(
(w − zi)2).

Starting from equation (D.5), we then get

χ±ii (w) = 2
(
f ′±(zi) + 1

2f
′′
±(zi)(w − zi) +O

(
(w − zi)2))

×
(
ϕ±,i(zi)
w − zi

+ ϕ′±,i(zi) +O
(
w − zi

))ϕ∓,i(zi)
w − zi

.

We then extract the residue of this expression at w = zi as

res
w=zi

χ±ii (w) = 2f ′±(zi)ϕ′±,i(zi)ϕ∓,i(zi) + f ′′±(zi)ϕ±,i(zi)ϕ∓,i(zi) . (D.12)

Using the identities (3.16), we have

res
w=zi

χ±ii (w) = ±G
ii

2 ϕ′±,i(zi)ϕ∓,i(zi) +
( 1
`i
± 1

2f
′′(zi)

)
ϕ±,i(zi)ϕ∓,i(zi) . (D.13)

From (D.10), we finally get

res
w=zi

χ±ii (w) = Gii
(
ρii ±

ki
2

)
− 1∓ `i

2 f
′′(zi) . (D.14)

– 32 –



J
H
E
P
0
2
(
2
0
2
1
)
0
6
5

Proof of the identities. With Gij and Bi
j defined as in (3.17) and (3.19), the

residues (D.7), (D.11) and (D.14) of χ±ij(w) can be rewritten as

res
w=zk

χ+
ij(w) = Gikρkj − δjkBi

j − δijδik ,

res
w=zk

χ−ij(w) = Gikρjk + δjkB
i
j − δijδik .

(D.15)

We will obtain the desired identities from the property that the sum of all residues of
χ±ij(w) vanishes. For that, we first need to determine whether χ±ij(w) possesses poles at
other points than the zk’s. It is clear from (D.5) that, in the complex plane, χ±ij(w) can
have poles at zi, zj and the poles of ϕ±(w) and f±(w). The function ϕ±(w) has poles only
at the zk’s and thus cannot contribute to poles outside of this set. The function f±(w) has
simple poles at the points ζ±i : however, these are also simple zeroes of the function ϕ±(w)
in factor. Thus, in the complex plane, χ±ij(w) can have residues only at the points zk. Let
us finally study whether it has a residue at infinity. For that, we note that

ϕ±

(1
u

)
= 1 +O(u) and f±(zi)− f±

(1
u

)
= O(1) . (D.16)

Thus, using the expression (D.5) of χ±ij(w), we get

χ±ij

(1
u

)
= O(u2) , (D.17)

hence proving that 1
u2χ

±
ij

(
1
u

)
is regular at u = 0, which shows that χ±ij has no residue at

infinity. The vanishings of the sums of residues of χ+
ij and χ

−
ij then give respectively

N∑
k=1

Gikρkj = δij +Bi
j and

N∑
k=1

Gikρjk = δij −Bi
j . (D.18)

Adding and subtracting the above with the help of (2.7), we find
N∑
k=1

GikGkj = δij and Bi
j =

N∑
k=1

GikBkj . (D.19)

This ends the proof that Gij in (3.17) is indeed the inverse of the metric Gij and that Bi
j

in (3.19) coincides with the B-field with one index raised by Gij .

E Proof of the identity (3.21)

In this appendix, we prove the identity (3.21) with the definitions (3.22), for the torsionfull
Ricci tensor of the integrable coupled σ-model.

E.1 Summing the Ricci tensor on one index

Let us consider the torsionfull spin connections ω−k li and ω+l
kj , given in Equation (2.11).

Summing over the indices i or j in these connections, we get
N∑
i=1

ω−k li = Gkl

2

N∑
i=1

(
ρli + ki

2 δli
)
− 1

2ρ
k
l + 1

2ρ
k
l = 1

2G
klr−l , (E.1)

N∑
j=1

ω+l
kj = Glk

2

N∑
j=1

(
ρkj −

kj
2 δkj

)
− 1

2ρk
l + 1

2ρk
l = 1

2G
klr+

k , (E.2)

– 33 –



J
H
E
P
0
2
(
2
0
2
1
)
0
6
5

where we used the definition (2.8) of the coefficients r±i . This allows us to compute the
sum of the Ricci tensor (2.10) on one of its index, namely:

N∑
i=1

R+
ij =

N∑
l=1

Ω− lj r
−
l and

N∑
j=1

R+
ij =

N∑
k=1

Ω+ k
i r

+
k , (E.3)

with

Ω− lj = cG
2

N∑
k=1

Gklω+l
kj and Ω+ k

i = cG
2

N∑
l=1

Gklω−k li. (E.4)

Let us focus now on the second sum in (E.4). From the definition (2.11) of ω−k li, one gets

Ω+ k
i = cG

4 Gik
N∑
l=1

Gkl(ρli − ρil) + cG
4

N∑
k=1

(Gkl)2ρil + cG
8 (Gik)2ki . (E.5)

Recalling that ρli = 2Gli − ρil from (2.7), we then get that

Ω+ k
i = cG

2 Giiδki + cG
4

N∑
l 6=i=1

Gkl(Gkl − 2Gik)ρil −
cG
4 (Gik)2

(
ρii −

ki
2

)
. (E.6)

Also, from the expression (2.8) of r+
i , we have that

ρii −
ki
2 = r+

i −
N∑

l 6=i=1
ρil , (E.7)

hence

Ω+ k
i = cG

2 Giiδki + cG
4

N∑
l 6=i=1

(Gik −Glk)2ρil −
cG
4 (Gik)2r+

i . (E.8)

So far, the computation holds for any choice of coefficients ρij and ki in the action (2.3).
Let us now consider the integrable model defined by the choice (3.2) of these coefficients. In
this case, for l 6= i, ρil can be expressed in terms of r+

i and r−l using equation (3.7), yielding

Ω+ k
i = cG

2 Giiδki −
cG
4

2
N∑

l 6=i=1

(Gik −Glk)2r−l
zi − zl

+ (Gik)2

 r+
i . (E.9)

Thus, for k 6= i, we see that Ω+ k
i is proportional to r+

i . From equation (E.3), we then get

N∑
j=1

R+
ij = Λ+

i r
+
i , (E.10)

with

Λ+
i = Ω+ i

i −
cG
4

N∑
k 6=i=1

2
N∑

l 6=i=1

(Gik −Glk)2r−l
zi − zl

+ (Gik)2

 r+
k , (E.11)

or again, using (E.9) to express Ω+ i
i and relabelling the indices

Λ+
i = cG

2 Gii − cG
4

N∑
j=1

2
N∑

k 6=i=1

(Gij −Gkj)2r−k
zi − zk

+ (Gij)2

 r+
j . (E.12)
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A similar reasoning works to find Λ−i , defined by

N∑
j=1

R+
ji = Λ−i r

−
i , (E.13)

yielding

Λ−i = cG
2 Gii + cG

4

N∑
j=1

2
N∑

k 6=i=1

(Gij −Gkj)2r+
k

zi − zk
− (Gij)2

 r−j . (E.14)

E.2 Re-expressing Λ±i
Using the identities (3.7) and (3.18), one can re-express the coefficient Λ+

i given
by (E.12), as

Λ+
i = cG

2 Gii + cG
4

N∑
j=1

(
N∑

k 6=i=1
(Gij −Gkj)(Gij −Gik)ρjk − (Gij)2r+

j

)

− cG
2

N∑
j 6=i=1

(Gij −Gjj)2

zi − zj
r+
j r
−
j .

Combining this with (2.8) and (3.11), one obtains

Λ+
i = cG

2 Gii + cG
4

N∑
j=1

(
N∑
k=1

(GikGjk −GijGik −GijGjk)ρjk + (Gij)2kj
2

)

− cG
8

N∑
j 6=i=1

(Gij −Gjj)2

zi − zj
`j .

(E.15)

One re-expresses the last term of this equation using the identity (3.20) as

1
8

N∑
j 6=i=1

(Gij −Gjj)2

zi − zj
`j = 1

4

N∑
j=1

(Gij −Gjj)
(
Bi
j + kj

2 Gij
)
. (E.16)

Combining all these together, one obtains a rather simple expression for Λ+
i . A similar

computation works for Λ−i , as well. In the end, one obtains (3.22), restated here for the
reader’s convenience:

Λ±i = cG

(
Gii

4 ±
1
8

N∑
j=1

(
4GijBj

j + 2GjjBi
j +GijGjjkj

))
. (E.17)

F Proof of the identity (3.23)

In this appendix, we prove the identity (3.23) obeyed by the torsionfull Ricci tensor. Using
the definition (2.7), one can rewrite the spin connections (2.11) as

ω−k li = δki δ
k
l + 1

2(Gkl −Gki)
(
ρil −

ki
2 δil

)
− δil

2

(
ρi
k − ki

2 G
ik
)
,

ω+l
kj = δljδ

l
k + 1

2(Glk −Glj)
(
ρkj + kj

2 δkj

)
− δkj

2

(
ρlj + kj

2 Glj
)
.

(F.1)

– 35 –



J
H
E
P
0
2
(
2
0
2
1
)
0
6
5

Starting from the expression (2.10) of the Ricci tensor R+
ij and re-inserting the above

expression for ω−k li and ω+l
kj , one finds that for i 6= j

c−1
G R+

ij = Gii +Gjj − 2Gij

2 ρij

+1
4

N∑
k,l=1

[
(Gkl −Gki)(Glk −Glj) + (Gij −Glj)Gkl + (Gij −Gik)Gkl +GkiGlj

]
×
(
ρil −

ki
2 δil

)(
ρkj + kj

2 δkj

)
.

Recalling the definition (2.8) of the quantities r±k , we get

ρii −
ki
2 = r+

i −
N∑

l 6=i=1
ρil and ρjj + kj

2 = r−j −
N∑

k 6=j=1
ρkj (F.2)

and thus re-express R+
ij as

c−1
G R+

ij = Gii +Gjj − 2Gij

2 ρij + (Gij)2

4 r+
i r
−
j −

r+
i

4

N∑
k 6=j=1

(Gij −Gik)2ρkj

−
r−j
4

N∑
l 6=i=1

(Gij −Glj)2ρil + 1
4

N∑
k 6=j=1
l 6=i=1

(Gij +Gkl −Gik −Gjl)2ρilρkj . (F.3)

So far, we did not use the expression (3.7) of the coefficients ρij which ensures the integra-
bility of the model. From this expression, one gets that for l 6= i and k 6= j,

ρil = −2r+
i r
−
l

zi − zl
and ρkj = −

2r+
k r
−
j

zk − zj
. (F.4)

Using this identity, we see that all the terms except the first one in (F.3) are proportional
to r+

i r
−
j . Using the fact that the latter is equal to −1

2(zi − zj)ρij , we are then able to
factorize ρij on the right-hand side of (F.3). After certain algebraic manipulations, we
obtain that

R+
ij

cG ρij
= Gii +Gjj − 2Gij

2

−zi − zj4

[
(Gij)2

2 +
N∑

k 6=j=1
(Gik −Gij)Xi,kj r

+
k +

N∑
l 6=i=1

(Gij −Glj)Xj,il r
−
l

]

+zi − zj
2

N∑
k 6=j=1
l 6=i=1

(Xk,il −Xj,il)(Xl,kj −Xi,kj)r+
k r
−
l ,

where for any i, j, k with j 6= k, we introduced

Xi,jk = Gij −Gik

zj − zk
, (F.5)
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satisfying the property Xi,jk = Xi,kj . In terms of these quantities, the identity (3.18) can
be rewritten as

Xi,jk = Xj,ik , (F.6)

for any k distinct from i and j. Similarly, the identity (3.20) gives that

`iXi,ij = 2Bj
i + kiGij . (F.7)

Moreover, one finds various other identities involving Xi,jk, such as

Xk,ilXl,kj = Xi,kl(Glk −Glj)−Xj,kl(Glk −Gli)
zi − zj

, if k 6= j, l 6= i, k 6= l, i 6= j . (F.8)

We will also need the equations

Gij = 2
N∑
k=1

Xk,ij r
+
k , Gij = −2

N∑
k=1

Xk,ij r
−
k , if i 6= j , (F.9)

the first of which may be proved by considering the holomorphic functions

Ψij(z) = − 4
zi − zj

(
f+(z)− f+(zi)

z − zi
− f+(z)− f+(zj)

z − zj

)
ϕ+(z) , i 6= j .

The right-hand side of the first equation in (F.9) is the sum of the residues of the function
Ψij at the points zi, i = 1, 2, . . . N , in the complex plane. The left-hand side is the opposite
of the residue of the function Ψij at infinity. Thus the first equation in (F.9) simply
expresses the fact that the sum of residues vanishes. A similar proof holds for the second
equation. Combining all these identities and after a rather long computation, one finds

R+
ij

cG ρij
= Gii +Gjj − 2Gij

4 + 1
8

N∑
l=1

{
(Gil −Gjl)(4Bl

l +Gllkl) + 2Gll(Bi
l −B

j
l)
}
. (F.10)

Using the expression (3.22) of Λ±i , we then get

R+
ij

ρij
= Λ+

i + Λ−j −
cG
2 Gij , (F.11)

which ends the proof of the identity (3.23).

G Proof of the identity (4.28)

In this appendix, we prove the identity (4.28) or equivalently, in terms of (4.27), the relation

− 2
N∑
j=1

(
f−(zi)− f−(ζ+

j )
zi − ζ+

j

+
f+(zi)− f+(ζ−j )

zi − ζ−j

)
= 1

4

N∑
j=1

(
4GijBj

j + 2GjjBi
j + kjGijGjj

)
.

(G.1)
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G.1 Rewriting the left-hand side

In order to study the left-hand side of (G.1) we introduce the function

Ψi(z) =
(
f+(z)− f+(zi)

)(
f−(z)− f−(zi)

)
z − zi

(
ϕ′(z)− ϕ(z)

z − zi

)
. (G.2)

The only factor in this definition which is singular at z = ζ±j is f±(z) − f±(zi). More
precisely, we have that (see equation (3.13))

res
z=ζ±j

(
f±(z)− f±(zi)

)
= 1
ϕ′(ζ±j )

. (G.3)

One then computes the residue of Ψi(z) at z = ζ±j to be

res
z=ζ±j

Ψi(z) = 1
ϕ′(ζ±j )

(
f∓(z)− f∓(zi)

z − zi

(
ϕ′(z)− ϕ(z)

z − zi

))∣∣∣∣
z=ζ±j

. (G.4)

Using the fact that ζ±j is a zero of ϕ(z), we then get

res
z=ζ±j

Ψi(z) =
f∓(ζ±j )− f∓(zi)

ζ±j − zi
. (G.5)

Thus, one can rewrite the left-hand side of equation (G.1) as

− 2
N∑
j=1

(
f−(zi)− f−(ζ+

j )
zi − ζ+

j

+
f+(zi)− f+(ζ−j )

zi − ζ−j

)
= −2

N∑
j=1

 res
z=ζ+

j

Ψi(z) + res
z=ζ−j

Ψi(z)

 .

(G.6)
A quick study of the behaviour around z =∞ of each term in equation (G.2) shows that

Ψi (z) = O(1/z4) . (G.7)

Thus, Ψi(z) has no residue at infinity. It is then clear that Ψi(z) has poles only at the
points zj and ζ±j . Using the fact that the sum of its residues vanishes, we then get that

− 2
N∑
j=1

(
f−(zi)− f−(ζ+

j )
zi − ζ+

j

+
f+(zi)− f+(ζ−j )

zi − ζ−j

)
= 2

N∑
j=1

res
z=zj

Ψi(z) . (G.8)

In the next subsections, we will compute the residues of Ψi(z) at the points zj , to appro-
priately re-express the right-hand side of (G.8).

G.2 Residue at zi

In this subsection, we compute the residue of Ψi(z) in (G.2) at z = zi. From the partial
fraction decomposition (3.10) of ϕ(z), we get that

(z − zi)ϕ′(z)− ϕ(z) = − 3`i
(z − zi)2 + 4ki

z − zi
+O

(
(z − zi)0) . (G.9)
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Moreover, we have

f±(z)− f±(zi)
z − zi

= f ′±(zi) + 1
2f
′′
±(zi)(z − zi) +O

(
(z − zi)2) .

Inserting the above into the definition (G.2) of Ψi(z) we find, after some algebra,

Ψi(z) = −
3`if ′+(zi)f ′−(zi)

(z − zi)2 +
8kif ′+(zi)f ′−(zi)− 3`if ′+(zi)f ′′−(zi)− 3`if ′′+(zi)f ′−(zi)

2(z − zi)
+O

(
(z − zi)0) ,

hence

res
z=zi

Ψi(z) = 4kif ′+(zi)f ′−(zi)−
3`i
2 f ′+(zi)f ′′−(zi)−

3`i
2 f ′′+(zi)f ′−(zi) . (G.10)

Using the identities (3.16), we then get that

res
z=zi

Ψi(z) = 3`i
4 f ′(zi)f ′′(zi)− ki f ′(zi)2 = 3

2f
′(zi)

(
`i
2 f
′′(zi)− ki f ′(zi)

)
+ ki

2 f
′(zi)2.

(G.11)
Using the expressions (3.17) and (3.19) of Gii and Bi

i, we finally obtain

res
z=zi

Ψi(z) = 3
4G

iiBi
i + ki

8
(
Gii
)2
. (G.12)

Let us note that this can be rewritten as

res
z=zi

Ψi(z) = 1
2G

ijBj
j + 1

4G
jjBi

j + kj
8 GijGjj , for j = i. (G.13)

G.3 Residues at zj for j 6= i

In this subsection, we compute the residue of Ψi(z) at z = zj for j different than i. Let
us study the behavior of the different terms forming Ψi(z) around z = zj . For instance,
we have

1
z − zi

= − 1
zi − zj

− 1
(zi − zj)2 (z − zj)−

1
(zi − zj)3 (z − zj)2 +O

(
(z − zj)3) .

Moreover, using the identities (3.16), one obtains

f±(z)− f±(zi) = ± 1
2
(
f(zj)− f(zi) + f ′(zj)(z − zj) + 1

2

(
f ′′(zj)±

2
`i

)
(z − zj)2

+O
(
(z − zj)3)).

From the partial fraction decomposition (3.10) of ϕ(z), one gets

ϕ′(z)− ϕ(z)
z − zj

= − 2`j
(z − zj)3 +

(
`j

zi − zj
+ 2kj

)
1

(z − zj)2

+
(

`j
(zi − zj)2 −

2kj
zi − zj

)
1

z − zj
+O

(
(z − zj)0).
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Combining all these results, one computes the residue of Ψi(z) at z = zj , yielding that

res
z=zj

Ψi(z) = 1
4

(
`j

(zi − zj)2 −
2kj
zi − zj

)
(f(zi)− f(zj))2

zi − zj

+ 1
4

(
`j

zi − zj
+ 2kj

)(
(f(zi)− f(zj))2

(zi − zj)2 − 2(f(zi)− f(zj))f ′(zj)
zi − zj

)

− `j
2

(
(f(zi)− f(zj))2

(zi − zj)3 − 2(f(zi)− f(zj))f ′(zj)
(zi − zj)2

+
f ′(zj)2 −

(
f(zi)− f(zj)

)
f ′′(zj)

zi − zj

)
.

From the expressions (3.17) and (3.19) for Gij and Bi
j and after a few manipulations, one

re-expresses the above residue as

res
z=zj

Ψi(z) = 1
2G

ijBj
j + 1

4G
jjBi

j + kj
8 GijGjj , for j 6= i . (G.14)

Re-inserting the expressions (G.13) and (G.14) of the residues of Ψi(z) at z = zi and z = zj
(j 6= i) in (G.8), we obtain the desired identity (G.1), as announced.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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