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1 Introduction

In this article, we study the one-loop renormalization group flow of a class of integrable
non-linear o-models, which in particular includes the integrable model coupling together an
arbitrary number of principal chiral models with Wess-Zumino terms introduced in [1, 2].
Two methods are used, one based on known results relating the renormalization to geomet-
rical data [3-8], the other one using heat-kernel techniques. The models under consideration
are renormalizable in a field theoretical sense, namely the parameters entering the models
flow under the renormalization group. When one takes into account this redefinition of
the parameters, the form of the corresponding o-model action stays the same under the
renormalization group flow and no extra modifications are needed.

The models that we shall consider are integrable, in the sense that their field equations
take the Lax form. This means that there exist matrices Z;(¢, x; 2) and Z(t, z; 2) taking
value in some Lie algebra g and depending on a complex spectral parameter z, which are
such that the field equations can be deduced from the zero curvature equation

8759?1: - 8za%f - [c%ﬁagx] =0.

This ensures that one can construct an infinite set of conserved charges. Moreover, in order
for these charges to Poisson commute, the Poisson bracket of the Lax matrix %, (¢, z; 2)
has to take a particular form introduced by Maillet in [9, 10], which, in the tensor nota-
tion, reads

{Loa(t,2:2), Zus(t, 23 0)} = ([r12(2,0), Lo (t,; 2)] = [raa(w, 2), Loa(t, 25 w)] )0z — o)
+ (ri2(z, w) 4+ ro1(w, 2)) 0,6 (z — 2') .

In all cases studied in this article, the r-matrix r12(z, w), taking value in g®g and satisfying
the classical Yang-Baxter equation, takes a particular form

Ciz2

zZ—Ww

TQ(Z’w) = Qp_l(w) ) (1'1)

where Cg = Y. T, ®T, is the tensor Casimir of the Lie algebra g (with T},’s an orthonormal

basis of gener;tors of g), while ¢(z) is a meromorphic function, known as the twist function.
The pivotal role of the twist function was already stressed in other articles, see [11, 12]. As
shown in [13] the form (1.1) of the r-matrix, and thus the existence of the twist function, is
ensured provided the model under investigation may be interpreted as a realization of an
affine Gaudin model, which is the case for the models that we consider in this article. In the
context of A-deformed theories, with prototype constructions in [14] and [15], the réle of the
twist function has been elucidated in [16, 17]. Moreover, it has been shown recently [18-20]
that the twist function plays a crucial réle in the four-dimensional Chern-Simons approach
to integrable non-linear o-models.

The twist function ¢(z) encodes all the continuous parameters of the models that we
shall consider. Thus, instead of writing an renormalization group flow equation for each of
the parameters, it is tempting to try to write an equation for the twist function itself. Not



only does this turn out to be possible, but moreover, it leads to a particularly compact and
simple form of the renormalization group flow equation, namely

L o(0) = o (o(12), (12)

where 7 is related to the renormalization group scale parameter and cg is the value of the
quadratic Casimir of g in the adjoint representation. The construction of the meromorphic
function f(z), tightly connected with the twist function, will be given in section 3. This
formula will be demonstrated in the case of the coupled principal chiral models with an
arbitrary number of copies introduced in [1] and further studied in [2]. However, we believe
it to be widely applicable. Indeed, we check that it also holds for the cases of the A-deformed
model [14, 21, 22] and of the Yang-Baxter model with a Wess-Zumino term [23-28], which
are deformations of one copy of the principal chiral model. In addition, we will show that
this relation holds for the doubly A-deformed models of [15], which should be seen as a
deformation of two copies of Wess-Zumino-Witten conformal field theories.

The article is organized as follows: in section 2, a general form of the action of the
coupled models is given, which is not yet necessarily integrable. The geometry of the
target manifold, its metric and B-field, is studied and the one loop renormalizability of
this class of models is established using the Ricci tensor. In section 3, the restriction to
the integrable non-linear o-models introduced in [1, 2] is given and their twist function is
defined. Moreover, the geometry of these integrable models is studied. This requires the
introduction of the function f(z) appearing in (1.2). The renormalization of these coupled
integrable models is studied in section 4, where equation (1.2) is obtained. The cases
of the deformed models (A-model, doubly A-model and Yang-Baxter model) is studied in
section 5. In appendices A and B are gathered some facts about the renormalization of
the coupled models, using geometric techniques and heat kernel techniques respectively. In
appendix C we study more closely the case where two copies of the principal chiral model
are coupled: in particular, a family of models is studied, whose relation with the general
framework is non trivial and is investigated in detail. The technical appendices D, E, F
and G give the proofs of some important relations used in the main text.

2 The general coupled o-model on GV

2.1 Action, metric and antisymmetric tensor field

Let G be a compact Lie group and ¢V (x,t),...,¢"N)(z,t) be G-valued fields depending
on two-dimensional space-time coordinates (z,t). We will denote by z* = (¢ + x)/2 the
light-cone coordinates and by d+ = 9; + 9, the corresponding derivatives. We then define

the light-cone Maurer-Cartan currents jg) = ¢W=19, ¢ or in terms of components

J = Tr(T,gD 10,6 2.1)

Here, the T,’s are anti-Hermitian matrices forming a basis of the Lie algebra g of G, nor-
malized as Tr (T, 1) = —0q and obeying [Ty, Ty] = fap© Te, where the structure constants



fap© are real and the index a runs from 1 to dim G. The g-valued currents jgj) satisfy the

Maurer-Cartan equation

013 =05 + [, = 0. (2.2)
We consider the action
N o N ‘
S[gM, ..., gM = =3 py /dtd:c (59 + 37 £ Tz [90], (2.3)
i,j=1 i=1

where the p;;’s and £;’s are constant parameters such that 472£; are integers. The Wess-
Zumino (WZ) term is given by

Twzlg®] = /dg dt dz Tr (g(i)‘lagg(i)[g(i)‘latg(i),g(i)‘laxg(i)]) ‘ (2.4)

The action (2.3) is invariant under the parity transformation

l‘:t — .T:F, Pij = Pji s él — —ﬁi . (25)

The field equation coming from a variation of ¢( reads

N
> (P (039 + [ 39) + s (037 + [19.3Y)) ) + 51047 = 0-40) = 0. (26)
j=1

We define the “metric” and the “B-field” of the model as the following symmetric and

anti-symmetric tensors’

Gij = Pij T Pji and By = Pij — Pji . (2.7)
2 2

We will denote by G the inverse of the metric G;j and will lower and raise indices with

the metric G;; and the inverse metric G, respectively. For future convenience, we also

define the coefficients

=1 =1

2.2 Renormalization and Ricci tensor

Using the standard geometric techniques developed in [3-8], we prove in appendix A that
the o-model (2.3) is one-loop renormalizable. Alternatively, this result can be obtained
using heat kernel techniques, as we prove in appendix B. More precisely, we find that the
corresponding renormalization group flow of the coefficients p;; and #; is given by

a2y, (2.9)

dpij _ pt
i _ Rpt d
dr Y an dr

More precisely, the quantities Gi; and Bjj; are the parts of the metric and the B-field which describe

the interaction between the N different copies of the group G. The complete metric and B-field also contain
parts describing the internal geometry of each copy of G as well as the WZ terms (see appendix A for more
details and in particular (A.9)). By a slight abuse of language, we will also call G;; and B;; metric and
B-field.



where 7 = 8% In 412 and p is the energy scale. In this expression, R;; denotes the torsionfull
Ricci tensor of the model.? This tensor reads

N
R =ca Y w ™ uwt gy, (2.10)
k=1

where c¢ is the value of the quadratic Casimir in the adjoint representation, i.e. fi°fea® =
—cq Ogp, and wt? jk are the torsionfull spin connections

1 | % S
wt gy = §(le — G prj — ZJGZk(;kj +—2pjt,

2
_ 1 . % 51
w k = §(le _ le)pil + ZZle(Sli + gpkz )

(2.11)

These two connections are related by the generalized parity transformation given in (2.5).
We note that the fact that the £;’s are not flowing in equation (2.9) is consistent with the
topological nature of the WZ terms.

3 The integrable models

3.1 Definitions and twist function

Defining parameters and action: the integrable model considered in [1, 2] corresponds
to a particular choice for the coefficients p;; and £; in the action (2.3), expressed in terms
of 3N defining parameters z; and Cl-i. Let us define the functions

N

pr(2) =] :

]
=1

and  p+i(2) = (2 — 21)p+(2) (3.1)

z— Z;

where in particular we note that ¢4 ;(2) is regular at z = z;. The model of [1, 2] then
corresponds to the following choice for the coefficients p;; and £

1
pii = Z(Soii-,i(zi)(p—,i(zi) - <P+,z‘(zi)‘Pl—,i(zi>) ) (3.22)
Loyi(zi)p—i(z) o ., .
i = = : ,if , 2b
R —— if i (3.2b)
1, ,
By = 5(904_71'(2'2')90—,1'(21') + <P+,i(zz')<P_,i(zi)) : (3.2¢)

The expressions in (3.2) are invariant under the transformation
zi—zita, Cii»—>g“ii+a, (3.3)

of the 3N defining parameters (z;, Cf) of the model. Thus, the model effectively depends
only on 3N — 1 free parameters. This redundancy in shifting the parameters z; and Cf

2More precisely, R;rj is the main part of the torsionfull Ricci tensor of the model (see appendix A for
more details and in particular (A.12)). We will still call it Ricci tensor by a slight abuse of language.

%Note that in the notation of [1, 2], we choose £>° = 1, which one can always do without loss of generality
using the freedom of rescaling the spectral parameter z — yz.



can be fixed by setting one of them to a specific value. However, to keep the discussion
as symmetric as possible, we will keep all these parameters free in the rest of this article.
Finally, let us note that the parity transformation (2.5) acts on (2;, () as

Zi — —Xi, C,Li — —Cf . (34)
Using the identity
: N p(2)
Plh(zi) =1+ > =2, (3.5)
=1 G A

one sees that the coefficients r;t in (2.8) take a very simple form in the integrable case

1
= :Ficpi,i(zi)- (3.6)
One can then rewrite (3.2b) as
Ty L
pij = —2 ; for i # 7, (3.7)
2i — 2j
or equivalently as
+ —
Ty Ty .,
2 —zj = —2——, for i # 7. (3.8)
Pij

Twist function: the model defined by the coefficients p;; and £; given in (3.2) is clas-
sically integrable. In particular, it possesses a Lax matrix whose Poisson brackets assume
the form of a Maillet bracket with twist function. The latter is simply defined as

Nz—%z—.*
femie-a)

(z — 2)?

p(2) = —p1(2)p-(2) = (3.9)

i=1

The partial fraction decomposition of the twist function is given by

w(@=§)< b 5 — 28 >—1, (3.10)

=\ (z—2) z— 2z

where the coefficient £, is defined by (3.2c) and ¢; by

1, -
b= —pyi(2)p—i(z) = ZT;_TZ' : (3.11)

Let us note that the inverse of the twist function can be written as

1 Moo 1 Moo 1

= + — — —1. (3.12)
o(2) ; (G 2= ¢ ; ')z =G
Furthermore, we introduce the functions
N

1 1 1 a
fr(2)=) ——x 5t 5, (3.13)

; PG -G 22



where a is an arbitrary constant. In terms of these, one can rewrite the inverse (3.12) of
the twist function and introduce a new function f(z) through

1
¢(2)

The inverse of the twist function possesses a double zero at z;. Moreover, one shows

—f)+ ) and ()= fele) = F-(2). (3.14)

from (3.10) that its second derivative at z; is equal to E%-' We then have
2
fe(z) +f-(z) =0, filz) +fL(z) =0 and  fl(z)+ fl(z) = 5. (3.15)
Thus, we also have
1 / 1 / 1 1 1 1
fe(z) = :tif(zz) , fi(z) = :|:§f (2) and fi(z) = :tif (z) + 7 (3.16)
3.2 Geometry of the model

When the coefficients p;; and £; are given by their integrable expressions (3.2), the geome-
try of the underlying target space GV satisfies various useful properties that we summarize
below. For brevity, we gather the proofs of these results in the appendices D, E and F.

Inverse metric and B-field: the inverse metric G¥ of the integrable coupled model
can be expressed as (see appendix D)

G =2f'(%) and GY = 2M , ifi#j. (3.17)
i — Zj
Clearly, this expression is independent of the parameter a introduced in (3.14). Note that
the expression for G* can be obtained by taking the limit zj — z; in the expression for GY.
Using equation (3.17), one can derive some useful identities obeyed by the inverse
metric G¥. In particular, one has

Gij _ sz: Gji _ ij

Z5 — Rk Z; — Rk

, (3.18)

for every i,j,k € {1,..., N} with k distinct from ¢ and j.
When the coefficients p;; and #£; take their integrable form (3.2), the B-field defined
in (2.7) satisfies (see appendix D)

i Ei " /
, (3.19)
Bj: (ZZZ—ZJ'(Z]) <Zi—j2j_éj>_;i—(zjj)’ s

where /; is defined as in (3.11) and indices are raised using G%. Let us note that combining
equations (3.17) and (3.19), one obtains the following identity, for 7 and j distinct:
0; G — G R
J= = sz +

Vel 3.20
2 z—zj 2 ( )



Ricci tensor: the Ricci tensor R;; of the integrable model, given by (2.10), also satisfies
a certain number of identities. For instance, one has (see appendix E)

N N
Z R;; = A and Z R;’i =Ar, (3.21)
j=1 j=1
where N
Af =G Zl (4GY B, + 2GI Bl + ;GG . (3.22)
]:

Moreover, for i # j, one has (see appendix F)

R = pi; (Aj +A; — CQGGij> : (3.23)

4 Renormalization of the integrable coupled model

We stated in subsection 2.2 that the general coupled o-model on GV defined by the ac-
tion (2.3) is renormalizable at one-loop — the proof is in appendix A. Moreover, we deter-
mined the corresponding renormalization group (RG) flow (2.9) of the coefficients p;; and
#; appearing in this action.

It is not obvious that the integrable model described in section 3 is one-loop renormal-
izable. Indeed, it corresponds to a particular restriction of (2.3) and the RG flow might
not respect this restriction. More precisely, recall that this model corresponds to a par-
ticular choice (3.2) of the coefficients p;; and £;, in terms of 3N defining parameters z;
and Cl-i, i € {1,...,N}. Hence, it is important to show that this choice is stable under
the RG flow, and thus that renormalization just leads to a flow of the defining parameters
(2i,¢F). Indeed, using the general expression (2.9) of the RG flow of the coefficients p;;
and #£;, combined with various identities obeyed by the metric, B-field and Ricci tensor of
the integrable model (see previous section), we will extract in subsection 4.1 the induced
RG flow on the defining parameters z; and (ii of this model (or equivalently, in a more
compact way, on its twist function ¢(z)). To conclude the proof of the renormalizability
of the model, we will then prove in subsection 4.2 that, conversely, the corresponding flow
of z; and Cii unambiguously leads to the flow (2.9) of the coefficients p;; and ;.

As a complement of this section, we study in more details the models coupling together
two copies of the principal chiral model (PCM) with WZ term in appendix C. In particular,
we investigate the renormalization and the integrability of a certain family of such models
which does not directly fit in the class considered in section 3.

4.1 RG flow of the defining parameters of the model
+

Flow of the coefficients r;-: in this subsection, we compute the RG flow of the defining
parameters z; and (ii of the integrable coupled o-model. For that, we will need various
intermediate steps, starting with the RG flow of the coefficients 7% defined in (2.8). Us-

ing (2.9) for the RG flow of the coefficients p;; and #;, we get

drj” ad + i +
ar :Z;Rij and I :ZRﬁ. (4.1)
j:




Using the identity (3.21) obeyed by the Ricci tensor of the integrable model, we then simply
write the RG-flow of the coefficients rfﬁ as
dri
== AErE, (4.2)
Flow of the poles z;: let us consider i,j € {1,..., N} distinct. Taking the logarithmic
derivative of (3.8) with respect to 7, one gets
1 d(z — %) 1 drf 1 dr; 1 dpsj

= ) 4.
2 — 25 dr r;' dr r; dr pij dr (4.3)

Using (2.9) and (4.2) for the RG flow of the coefficients p;; and 3, as well as (3.23), we get

L dei=2) _cegij_ . F2) = fz)

Z; — Zj dr 2 Z; — Zj

, (4.4)

where the last equality follows from (3.17). One then extracts the RG flow of the parameters
z; as

% = ca [ (%) - (4.5)
Actually, there could be an additional additive term on the right hand side of (4.5), the
same for all values of the index ¢, which generically would be an arbitrary function of the z;’s
and Cl-i’s. This reflects the fact that the model is invariant under a global translation (3.3)
of the parameters. Such a term in the flow of z;’s can always be reabsorbed in the coefficient

a introduced in the definition (3.13) of the functions fi(z).

Flow of the levels £;: recall the definition (3.11) of the levels ¢; of the model. Using
the expression (4.2) of the RG flow of the coefficients i, one finds that

Al _ o =\ — CG iiy _ /
E—(Ai + A, )EZ—?G i =cq f(z) b, (4.6)
where in the second equality we used (3.22) for the coefficients Afﬁ and in the last one we
used (3.17).

Flow of the twist function: recall the expression (3.10) of the twist function ¢(z) of
the model. Its RG flow is given by

d N 2&' dZi 1 d& dzi
— = ——t— | — —2Z;,— , 4.
dTSO(Z) ; {(z —z)3 dr + (2 — 2)? (d’l’ % dr )} (4.7)

where we used the fact that the RG flow (2.9) leaves the WZ levels #; invariant. Using (4.5)
and (4.6) yields

N TORY s 2 .
d <2f(zi)€i i f'(zi)l = 2f( z)é2> _ (4.8)

ECP(Z) - ; (2 —2)3 (2 — 21)?
Let us show that this can be re-expressed in a compact way. We consider the function
©(z)f(2). From the definition (3.14) of f(z), one sees that f(z) has simple poles at the



zeroes Cii of p(z). Thus the function (z)f(z) is regular at the Cii’s. Its poles are then
only situated at the poles z; of ¢(z) (and have multiplicity two). Note finally that ¢(2)f(z)
tends to —a when z goes to infinity. The partial fraction decomposition of ¢(z)f(z) is then
of the form

N . .
@16 =3 (g =) o (19)

i=1 S

for some coefficients v; and §;. The coefficient ~; is found to be

7= lim (= = 2)%0(2)f(2)) = f(z)bi. (4.10)
Similarly, one can compute the coefficient §; using
4 27, /
p(z) = =) =2 +0((z—2)%, f(2)=f(z)+ f'(z)(z = z) + O((z — 2)?) ,
yielding
51‘ = f/(ZZ)& — 2f(zz-))%i . (4.11)
Thus, we have
N
flz)l (2l — 2f (2:)
o) =3 (O, o PO (112)

The RG flow (4.8) of the twist function can then be rewritten as in equation (1.2) given in
the introduction, restated here for the reader’s convenience:

S () = —ca T (2()1(). (113)

This encodes in a remarkably compact and simple way the RG flow of all the parameters
of the model.

Flow of the zeroes C,Li the RG flow of the poles z; was determined in (4.5). The
remaining set of defining parameters of the integrable models are the zeroes Cii of the twist
function, to which we now turn our attention. From the factorized expression (3.9) of ¢(z),

one gets
1 d N 2 dz 1 d¢r 1 d¢
hall — S o L. 4.14
©(2) dTSO(Z) ; (Z—Zi dr  z-¢Hdr  2—-¢ dr (4.14)
We then have that
d¢t 1 d 1 d
i = — — 4.15
= (e = r (G E ) 6

where in the last equality we have used (4.13). The computation of this residue is made
difficult by the fact that f(z) has a pole at Cii. To overcome this difficulty, let us recall
the functions f,(z) and f_(z) introduced in (3.13) and note in particular that f+(z) is



regular at z = Cii. We will now explain how to use this fact to compute the above residue,
focusing for simplicity on the case of Cj . From (3.14) we get that

0(2)f(2) = 0(2) (f+(2) = f-(2)) = 0(2) (f+(2) + f-(2) —2f-(2)) = 1 =2¢(2) f-(2). (4.16)
Thus, we have

res ( 1 dz(ga(z)f(z))) = —2 res (

a=¢H \p(2) =G

¢'(2)
o(2)

Using the fact that f_(z) and f’ () are regular at z = ;" and the fact that the logarithmic
derivative ¢'(2)/¢(2) has a simple pole at z = (; with residue 1, the above expression

)+ (z)> . (4.17)

evaluates to —2 f_(CZ-+ ). A similar computation yields the residue at ¢; in terms of the
function fy(z). In the end, one obtains

1 d _ +
e, (o5 PE)) = 3215, (4.18)

Re-inserting this result in (4.15), we obtain the RG flow of the zeroes ¢

dcE
R () (4.19)

4.2 Consistency of the RG flow

In the previous subsection, we showed that the RG flow (2.9) of the coefficients p;; and 2;
induces a flow on the defining parameters z; and Cii of the model given by (4.5) and (4.19),
which we summarise here for the reader’s convenience:

- +
% = cqg [(zi) = F2cq f+(2) and dd% = F2cq f+(¢F), (4.20)

where the second equality in the first equation comes from the identity (3.16). To achieve
the proof of the renormalizability of the model, we need to show that the flow is consistent,
i.e. that reinserting (4.20) in the expression (3.2) of the coefficients p;; and £; in terms of
the z;’s and (Z-i’s gives back (2.9). For that, we will mostly follow the steps of the previous
subsection in the reverse order. Although we will use some of the identities proved in the
previous subsection, we will not use the various RG flow equations derived there, since our
goal here is to rederive them starting from (4.20).

Flow of the twist function ¢(z) and levels £; and £;: let us thus start by proving
that the flow (4.20) induces the flow (4.8) on ¢(z). Using the expression (3.9) of p(z) as a
product, the flow of its logarithm can be written as

1 d‘P(z)_Z(QdZi 1 dgr 1 d¢; 1_>

dr z—z  dr z—(j‘idr z—=(;

(4.21)

N _
oy < I A A (< W (s )) |

A

~10 -



To prove that this induces (4.8), we thus have to show that the last line coincides with

g d ¢'(2)
p(z) dz ¢(2)

This function has poles at the points z; and Cii, which one can show are simple. Using the

(p(2)f(2)) = —cq f(z) = caf'(2). (4.22)

fact that, at z = z;, f(2) and f’(z) are regular and ¢'(2)/¢(z) has residue —2, one sees
that the residue of this function at z = z; is 2¢¢ f(2;). Moreover, we showed in (4.18) that
its residue at z = Cii is equal to +2cq f+ (Qi) Finally, observing that it converges to 0
when z goes to infinity, we conclude that the partial fraction decomposition of the above
function indeed coincides with the last line in (4.21). Thus, the flow (4.20) of z; and -
induces the flow (4.8) of p(z).

The flow of ¢(z) is related to the ones of the levels £; and ¢; by equation (4.7). Using
this, one then easily rederives the flows of these levels and thus proves that the flow (4.20)

of z; and Cii implies
dél _ dfz o / i CG i
dr =0 and di'r = Cq f (ZZ)K’L = ? G". (423)

In particular, this shows the consistency of the RG flow of the level £;, as we recover the

second equation in (2.9).

+,
i .
coefficients p;;, we turn our attention to the coefficients rii, as the former are expressed in
terms of the latter through (3.7). We will show that their flow coincides with that in (4.2).

From the expression (3.11) of £; in terms of r;*, we have

Flow of the coefficients r in order to check the consistency of the RG flow for the

1 drt 1 dr; 1dl;  co
JR— 2 - == GZZ 4.24
Tz‘+ dr + r; dr £; dr 2 ’ ( )

where we have used (4.23) in the second equality. On the other hand, from (3.6) and the
definition (3.1) of the function ¢ ;(2), one finds the explicit expression of r* in terms of
the parameters z; and C;E to be

1 j=1

+_ 1

= F3 0y (4.25)
H (zi — zj)
j#i=1
The logarithmic flow of rzi is thus given by
Larf &1 dam-¢) &1 dm - z)

X d = Z £ - Z : (4'26)

ri- dr zi =G dr

= e BT dr

Forming the difference of these logarithmic flows and using (4.20) for the flow of the z;’s
and Cii’s, we obtain that

1drf 1 dr; o (f—(zi) — (&) fe(=) —f+(Cj_)>
L L= —2c .

ridr o r7dr 2 — Cj_ zi =G

(4.27)
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We prove in appendix G that this can be rewritten as

ld-_
T - dr

o . o
=7 (4G”Bj+2G”sz+féjG”G”). (4.28)

N

1
=
T

Combining this with (4.24), we finally obtain that

ldT’,-i_CG i o ij j i i i i\ _ A+
= E =G i§2(4G B’ +2G B + £;,GG )_AZ-, (4.29)

J=1

where in the second equality, we used the expression (3.22) for AF. This coincides with (4.2)
found in the previous subsection for the flow of rii.

Flow of the coefficients p;;: let us finally compute the flow of the coefficients p;;. We
start with the case ¢ # j, for which p;; is given in (3.7). The logarithmic flow of p;; reads

L dey
pij dr

o1 dry 1 i — 2
L B d(zi = 25) (4.30)
T r; dr 2 — 2j dr

1
=
T

Reinserting in this (4.20) and (4.29), we get

1 dpy; - fE) = (=) - GY
L AP ph A 3 At L AT — e 4.31
where in the second equality we used (3.17) for G¥. Comparing the above with (3.23), we
simply get that
dpij +
dr = Ry
Thus, the flow of p;; (i # j) induced by the flow (4.20) for z; and ¢ is consistent with the
RG flow (2.9).
Finally, we consider the flow of p;; by re-expressing it in terms of the p;;’s for j # 1,
using the definition (2.8) of 7"

for i # j. (4.32)

éA
pi=rl = D Pt (4.33)

Using (4.23), (4.29) and (4.32), we then compute the flow of p;; as

dpi;
dp = Afrf— Z R}, (4.34)
T J#i=1

The identity (3.21) satisfied by the Ricci tensor then allows us to conclude that

dpii
e _ Rt
dr w’

(4.35)

which achieves the proof of the consistency of the RG flow.

- 12 —



5 RG flows of non-coupled deformed integrable c-models

We proved in section 4 that the RG flow of the integrable o-model coupling N copies of
the PCM with WZ terms can be written in a very compact way (4.8) in terms of the
twist function ¢(z) of the model, which encodes all of its parameters. It is well known
that the model with one copy admits integrable deformations, called the A-model [14] and
the Yang-Baxter (YB) model [23, 25], which are also characterised by a twist function
©(z). Similarly, there exist integrable extensions of the A-model with two copies, called
the doubly A-model [15]. Moreover, the one-loop RG-flow of these deformed models has
already been computed in the literature [15, 22, 26-28]. In this section, we revisit these
RG-flows and show that they can be rewritten in terms of the twist function of the models
in the exact same way (4.8) as in the undeformed coupled model.

Let us first discuss some common aspects of these deformed models. One of their
main characteristics is that their twist function ¢(z) possesses two simple poles zy in the
complex plane, as well as two simple zeroes (4. In the literature, these zeroes are often fixed
to be +1 and —1, using the freedom of dilation and translation of the spectral parameter
z +— az+b. For the integrable coupled model studied in this article, this freedom of dilating
the spectral parameter has been used in a different way, namely to fix the constant term
in the twist function to —1 (see the footnote 3 and equations (3.9) and (3.10)). In this
section, we will adapt the existing results in the literature to impose the same condition
on the twist function of the A-model, the doubly A-model and the YB model, which will
then take a form analogous to (3.10), namely

(=) ¢) 2, 26
o(z) = (=) P 1, (5.1)
with
e _ () = 6) 5:2)

2(z4 — 22)
As in the case of the undeformed coupled model studied in the rest of this article we define,
similarly to (3.14), the function

SN N SRR N SR
I R (P
1 ((C+—Z+)(C+—Z—) (C——Z+)(C——Z—)) ta,

G -C =G ¢

with a a constant which we do not fix yet. Our goal in this section is then to prove
that the RG-flow of the A-model, the doubly A-model and the YB model can be recast in
terms of the above functions ¢(z) and f(z) as (1.2), which we recall here for the reader’s

f(2)
(5.3)

convenience:

L o(0) = o (o)1) 54)

This is quite remarkable since the above equation was initially proven for the class of
models (2.3). The product ¢(z)f(2) has poles at the points z; and z_, with corresponding
residues —2%44 f(z4), and converges to —a when z tends to infinity. This fixes the partial
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fraction decomposition of ¢(z) f(z) and thus of the right-hand side of equation (5.4). Using
this and inserting (5.1) into (5.4), one finds that

24, dzy 26 da 2 Ay 2 dA-

(z—24)2dr (z—2_)2dr  z—2z2y dr z—2z_ dr
_ 2cg %y flz4)  2cc - f(z-)
G-z (-2
Thus it is clear that the RG-flow of the deformed models can be recast as (5.4) if and
only if
dz 4 dzy (14+a)(y+(1—a)l- —22z¢
— d _— = .
I 0 an . — ¢ f(ze) =ca A

The first of these conditions states that the £4’s should be invariants of the RG-flow.
Indeed, we will see that they are related to the levels of the WZ terms. The second condition

(5.5)

(5.6)

is the equivalent in the present case of (4.5) found in the case of the coupled model.
In the rest of this section we will prove that, indeed, the RG-flow of the A-model, the
doubly A\-model and the YB model satisfies the conditions (5.6).

5.1 The A-model

Definition and twist function: the action of the A-model is [14]

_ 1 _
Slg) = Swaweelg) = # [ dtda Tr (94997 g0 ). (57)
A —Ad,
where the adjoint action Ad, is defined by its action Ad,(X) = gXg~?, reading in com-
ponents (Ady),, = —Tr (T,gTpg~'), A and # are free parameters (in addition, 47% is an
integer) and Swzw #[g] is the Wess-Zumino-Witten (WZW) action

%
Swzw (9] = -5 /dt dz Tr(g_l&rgg_l(?,g) + # Iwz|g], (5.8)

with Iwz[g] the WZ term defined in (2.4). The A-model is integrable [14], in fact in
the Hamiltonian sense, as it admits a Lax connection whose spatial component satisfies
a Maillet bracket [21], from which one reads the twist function ¢(z) of the model [16].

Rescaling the spectral parameter so that the constant term in the twist function becomes

—1, one obtains®

24 24 A—1)2
o(z) = + -1, with 24 = :Féu )

_ 5.9
Z—2zy Z—zZ_ A (59)

Comparing to (5.1), one sees that for the \-model, £1 = ££. Moreover, one checks that
the zeroes of the twist function are

1
Cr =2 <)\ - )x) . (5.10)
“In particular, we read the twist function from equations (3.20), (3.26) and (3.27) of [16] as
A
p(z) =29¢c(vz), k—An, v= m
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From the definition (5.3) of the function f(z), one checks that in the present case it reads

A—1 4% z

TG GGE—) T 511

f(2)

RG-flow: the RG-flow of the \-model was determined in [22]. In terms of the parameters
A and 2, it reads

dA ca N dz

= S — =0. 5.12

dr £ (1+N)27 dr (5.12)
In particular, one sees that the levels £4 = +4 are invariant under the RG-flow, so that
the first condition in (5.6) is satisfied. To check the second condition, let us now compute

the flow of the poles z1. From their expression in (5.9), we simply get

dﬁ:_i A-1

_ . 1
ar “GNI1 (5.13)

Using the expression (5.11) of the function f(z), one checks that this is equal to cq f(2+)
if and only if we choose the constant term a in f(z) to be zero, thus ending the proof
that the RG-flow of the A-model can be recast as in (5.4). Note that, in the case of the
integrable coupled o-model studied in the previous sections, the constant term a in f(z)
is unfixed and reflects the freedom of translation of the spectral parameter (see discussion
after (4.5)). In the formulation of the A-model considered here, this freedom is in fact fixed
by requiring that the zeroes (1 are opposite one to another and that forces a = 0.

5.2 The doubly A-model

Definition and twist function: let us now consider the A-deformation of the direct
product of two current algebras at levels £, and #5. This is described by [15]

@] = SWzw %, [gM] + SWZW £ [9?]

AiAot M Ad L No AodgAoi ) L
—/dtder (R1+ R2+) ' ,211 Vg TR ,21 ' -
él)\o A12)\2 é2A12)\2Adg(1)>\1 L2f

(5.14)

Sxnlg™, g

and
1 —1\! %1

Az = (1= DAd L MAd L), Ao = e (5.15)
where Rip = 0,90 ¢@1 L, = ¢D=19_¢0 with ¢ € G, i = 1,2 and for later use
we also introduce %A = \/£1/%5. This model is integrable since its equations of motion
can be recast as the zero curvature equations of two independent Lax connections [15].
Moreover, the spatial components of these Lax connections satisfy two commuting copies
of the Maillet bracket, from which one reads the twist functions ¢1(2z) and @2(z) of the

model [17]. Rescaling the spectral parameters so that the constant term in the twist
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functions becomes —1, we obtain®

AN, 28N 24\ 24N
- 0+ 0 1, p2(2) = — o + 0 _1,
z2— 214 Z-—21- Z— 24 2T 22— (5.16)

s =24 (27 - M- A7) e = A (25 = A= A1)

p1(2) =

Comparing to (5.1), one sees that the levels of the model are
B = AN, A1 =Ky, Aoy =K, Ao = A\ . (5.17)

Moreover, one checks that the zeroes of the twist functions are

G+ =% (;1 - )\1) s G =R (; - )\2) : (5.18)

2

From the definition (5.3) of the function f(z) we find

2/ [ Mo(1=X3"A)%2 Aot = MoAp)?
O - ol = A M) A I =hM)Ty -
1—Af z— Q4+ z— (1 (5.19)
() 2% [ A31(1 = Aohp)? Lol — A5 )2 N '
z) = — a9 .
? 1-M3\ 2 Z— o ?

RG-flow: the RG-flow of the doubly A-model was determined in [15]. In terms of the
parameters Ao and 21 2, it reads:

ﬁ_ _CG)\%(/\l—)\o)()\l—)\al) %—0
dr A(1— A\2)2 ; o 0
—1 (5.20)
@:_CGA%(A2_)\O>()\2—AO ) %:O
dr £(1— A2)2 , ar .

Let us compare the above RG flows with the two conditions in (5.6). The first condition
is readily satisfied, i.e.

dZ1+ 0 dZo+
dr 7’ dr
as the levels are given by (5.17). To compare with the second one, we first consider the

=0, (5.21)

RG flows on the poles z14+ and zo4:

dzis ca(M1 — M) (A1 — A h) dzot ca(Ma — Xo)(A2 — Ag )
=+ =+ . 5.22
dr A2 —1 ’ dr A -1 (5:22)
Using (5.19), we find that the second condition in (5.6) is also satisfied, i.e.
lei . dZQi o
1 = cafilaz), 4, = cafa(zeg), (5.23)

°In particular, we read the twist functions from equation (2.29) of [17] as

~ A
(p1(2), 92(2)) = (27103 (M2), 29285 (122)) , M2 = s g, k12— A12.
(1 — /\1,2)
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if we choose the a;’s in (5.19) to be

o — X! o — At

Y = _20"% 5.24
MoA T T T (5.24)

ayp =

ending the proof that the RG-flow of the doubly A-model (5.14) can be recast as (5.4) or
equivalently (5.6).

5.3 The Yang-Baxter model

Definition: the Yang-Baxter model was originally defined in [23] and was later general-
ized to include a WZ term in [25]. Its action (including a WZ term) takes the form

K(1+ AR, _
SyB+wzlg] = —(n/dtdw Tr( 18+972R29 to_ g) + £ Iwzlg], (5.25)

where R : g+ g is the standard Drinfel’d-Jimbo R-matrix® on g, R, = Ad;lRAdg and K,
£, n and A are constant parameters. The model is integrable if A is related to the other
parameters by

ﬁZ
A= 77\/1 - AT (5.26)

Using the fact that R® = — R, one rewrites the operator in the action (5.25) as a polynomial
in Ry, yielding

1
Sypwzlg] = 5 /dt dz Tr (g*léug (a+ B Ry+ ng)gfla_g) + % Lwzlg),  (5:27)

with
=K(1+7%), pB=KA and v = Kn?, (5.28)

following the notations of [28]. This relation can be inverted as

K=a-n7, 17:,/0éiry and A:aéfy' (5.29)

In particular, the integrability condition (5.26) can be rewritten as

B2 = g(a2 —ay — £?). (5.30)

Twist function: the YB model admits a Lax representation, as proved in [24] for the
case without WZ term and in [25] for the case with a WZ term. The corresponding Lax
matrix satisfies a Maillet bracket with twist function (see [11] and [25] for the case with and
without WZ terms). In the notations introduced in the previous paragraph, and imposing
that its constant term is equal to —1, this twist function is given by

K? — 22 (a—7)2 — 22

) = T R T AT (5.31)

SNote that the Yang-Baxter model with WZ term was recently generalized to a larger class of R-matrices
n [29]. It would be interesting to check that the present analysis also holds for this more general model.
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In the notation (5.1), we then read for the poles z4, zeroes (+ and levels £4

%
2e=ALif,  Ce=*(a-7) and  Ai=T :Fig : (5.32)
where ) ) ) ) )
A2 32 (a— # —a?(a—

26 ~ Viay(ala =) - £%)
where in the second equality we have eliminated § using the integrability condition (5.30).
The function f(z) defined in (5.3) reads in the present case
_ 2Ra(a—7) — 2(£% + a?)
 al—(a—7)?)

RG-flow: the RG-flow of the YB model was determined in [26, 27] for the case without
WZ term and in [28] for the case with WZ term. In terms of the free parameters «, v and

f(z)

(5.34)

% used in the previous paragraphs, this RG-flow is given by

2 dz

da ca B2 —
dr

B dy ¢ Y

— L - — = T (2a~v—3a%+ A2 d
dr 2 (a—7)2’ dr 204((177)2( ay—3a"+A%)  an

0. (5.35)

Using the integrability condition (5.30) relating § to «, v and #£, one gets the RG-flow

of f3:
B _ 8

ar ~ GaZ v
Let us note that the WZ level £ is an invariant of the RG-flow. Using (5.33), one checks
that the coefficient p is also RG invariant:

(5.36)

dp _

0. 5.37
dr ( )

Thus, the levels £1 = (£ Fip)/2 are invariant, so that the first condition in equation (5.6)
is satisfied.

The flow of the poles zx = £ £ i is obtained simply from the one for 8 in (5.36).
Using the integrability condition (5.30) and the expression (5.34) of f(z), one checks that
this flow coincides with cg f(2z+) if one chooses the parameter a to be

2
a—7v
Thus the RG-flow of the YB model with WZ term can be recast in the form (5.4).

(5.38)

a =

6 Conclusion

The main original goal of this work was to study the renormalizability of a class of integrable
o-models constructed in [1, 2]. This class describes coupled principal chiral models with
Wess-Zumino terms, whose action is given by (2.3), (3.1) and (3.2). To achieve this goal
we employed geometrical techniques or equivalently heat kernel methods and we proved
that they are renormalizable at one-loop order. The derived renormalization group flows
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take the neat form (1.2), in terms of two functions ¢(z) and f(z): @(z) is the so called
twist function, which plays a key réle in the integrability of the models, and f(z) is tightly
connected with the twist function. Analyzing (1.2) results in the system of renormalization
group flow equations (4.20) for the 3N defining parameters z; and Cf appearing in the
expressions (3.1) and (3.2).

A somewhat unexpected important byproduct of our analysis is that, as it turns
out, (1.2) is also applicable to other classes of integrable o-models, whose r-matrix takes
the form (1.1) characterized by a twist function ¢(z). The latter form describes the A-
deformed model, the doubly A-deformed model and the Yang-Baxter model with a Wess-
Zumino term. The output of our analysis is that (1.2) is in agreement with the one-loop
renormalization group flows of these models, which have already been computed in the
literature. Hence, we expect that given an integrable o-model whose r-matrix takes the
form (1.1), and such that all continuous parameters are encoded in the twist function, it is
renormalizable at one-loop and its renormalization group flow can be read through (1.2).

A natural playground to test this conjecture consists of integrable coupled deformed
o-models. In the case of A-deformations, such integrable coupled models have been in-
troduced in [15, 30-32], their one-loop renormalization group flows have been investigated
in [15, 31-33] and their twist functions computed in [17]. The most general combination of
integrable A- and Yang-Baxter deformations of the coupled o-model studied in this article
has been constructed in [34]. Although the twist function of these models is known, their
renormalizability has not been studied yet in the literature. It would be interesting to
complete the study of the one-loop renormalization group flow of this class of integrable
deformed coupled o-models and check whether it can be rewritten in terms of their twist
function as in equation (1.2). Also recently, a nice diagrammatic representation of a general
class of integrable A-deformations coupled to isotropic principal chiral models and Yang-
Baxter o-models on group and symmetric cosets was constructed in [35]. However, the
Hamiltonian integrability in terms of a twist function has not yet been demonstrated for
this class of models.

It would also be interesting to extend our analysis to the Yang-Baxter and A-deformed
o-models on SU(2)/U(1) or more generally on any symmetric coset space, which were
constructed in [11] and [14, 36], accordingly. The one-loop renormalization group flows of
the aforementioned models have been computed in [37]7 and [39, 40], respectively. These
models are integrable in the Hamiltonian sense [11, 16] and although their r-matrix does
not take the form (1.1), see [11, 16], there is a formulation in terms of a twist function (in

"The connection of the Yang-Baxter deformation of SU(2)/U(1) [11] with the sausage model [37] was
noted in [38]. Quite explicitly the fields, parameters and the renormalization group scale in equations (3.3),
(3.4) and (3.5) of [37]

(X,Y;a,b;t) : eV TN 2, a—>4t(1—172)7 b—>4t(1+772), t— —1,

the action matches equation (4.2) of [11] and the renormalization group flows read

d(t
=2tn(1+7%), é:) =0,

<
dr
see also equations (6.13), (6.14) in [27], when ¢ = 0.
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the language of affine Gaudin models, these correspond to so-called dihedral models [13]).
It would be interesting to investigate what equation replaces (1.2) for these models, if
any. In addition, it would be also interesting to extend our analysis for the two-parameter
integrable deformation of the coset CFT SU(2); x SU(2)x/U(1) [30], explicitly constructed
in [41], whose one-loop renormalization group flows were computed in [42]. Finally, it would
also be interesting to study the renormalization of the integrable coset models recently
constructed in [43].

In the same lines it would be also worth studying the integrable A-deformed non-
diagonal coset spaces Gy, X G, /G, +k, [44], whose one-loop renormalization group flows
were derived in the same work. These models are also integrable in the Hamiltonian
sense [17] and their r-matrix takes the form (1.1). This deformation is expected to be
related with the integrable bi-Yang-Baxter model [45], whose Hamiltonian integrability was
demonstrated in [46]. In particular, these two models share the same [-functions [27, 44]
and also twist functions [17, 46] after an analytic continuation (see equation (3.55) in [17]).
Such a relation is expected since the A\- and Yang-Baxter deformations are related via
Poisson-Lie T-duality followed by an appropriate analytic continuation [12, 27, 47-49].

Finally, another possible extension is to study the renormalizability of the bi-Yang-
Baxter model with a Wess-Zumino term for a general semi-simple Lie group G [50], which
coincides with Lukyanov’s four-parameter integrable deformation for the SU(2) case [51].
The one-loop renormalization group flow of this model has been worked out in [52] for a
general semi-simple Lie group G and matches with [51] in the SU(2) case. Its Hamiltonian
integrability was proven in [53] using its interpretation as a £€-model, but the derived r-
matrix cannot be written in terms of a twist function. We expect that this can be achieved
using the G x G /Ggiag coset formulation of the model or the dressing coset one as in [50]
and [52], respectively (the notion of dressing cosets was introduced in [54] and is also related
to the coset construction of [55] based on Poisson-Lie T-dual models).

Beyond studying the various aforementioned examples of integrable o-models and
checking that their renormalization group flow can be recast in terms of their twist function,
it would be interesting to understand whether such a statement can be derived in a model-
independent way for a general integrable field theory with twist function, or equivalently
a general realization of affine Gaudin model [13]. It is also worth noticing that the twist
function plays an important role [19, 20] in the approach to integrable o-models through
four dimensional Chern-Simons theory recently proposed in [18]. It would therefore be nat-
ural to investigate whether these renormalization properties have a natural interpretation
in this formalism.

Further possible extensions of our work include studying the higher-loops renormal-
izability of the integrable coupled o-model considered in this article. This question was
recently addressed for certain non-coupled integrable deformed o-models in [41, 56, 57],
showing that their two-loops renormalizability [58-61] generically requires adding quan-
tum corrections to the underlying geometry of the target space. It would be interesting to
see whether such quantum corrections are also needed in the case of the integrable coupled
o-model considered here and how these corrections would affect the structure of the geom-
etry of the model put forward in this article (as for instance the various identities obeyed
by its metric, B-field and Ricci tensor presented in subsection 3.2).
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The results of this article bring new evidences of the deep relation between integrable
properties of o-models and their renormalization group flow. A connection between these
two aspects was also recently put forward in [62] for integrable o-models on group manifolds
and symmetric spaces and their Yang-Baxter and A-deformations, relating the renormaliza-
tion group flow of these models to the existence of a Lax connection for the theory obtained
by promoting their parameters to local coupling (depending on the two-dimensional space-
time coordinates). It would be interesting to investigate whether a similar relation holds
for the integrable coupled o-model whose renormalization group flow we determine in the
present article.
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A Geometry and RG-flows

A.1 Generalities

General o-model: consider a general o-model with local coordinates y™, metric Gyrn
and B-field By;y. We write its action as

S = / dt dz (Gap + Bag) e veBy 0yMo_yN | (A1)

A as well as the metric Gap and B-field Bap

A A

where we have introduced the vielbeins e

mePNBag.
The tangent space is spanned by the vectors e4 = e4™ ﬁ%, with e4™ the inverse vielbeins,

expressed in the tangent space, such that Gy = e wePnGapand Byny =e

with the dual one forms given by e = e, dy™.

One-loop RG flows: it is a standard result [3-8] that the one-loop RG-flow of the metric
Gy and B-field By is given by

d
E(GMN“"BMN) ZR}&N, (A.2)
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where RJDN is the torsionfull Ricci tensor and 7 = 8%11{1 1?.  Equivalently, we may

rewrite (A.2) in the tangent frame e? = e?y;dyM as

d
E(GAB + Bag) = Rz, (A.3)

assuming that the e?);’s are independent of the parameters of the model and hence of the
RG scale 7. The tensor Rj p can be conveniently written as

Rfp = 04955 — 0500 p " + Q0% 0" — 05, 0057 (A4)
where 94 = es™M ayLM and Qf BC are the torsionfull spin-connections
1
Vip” = Qs F iHABC- (A.5)

Here Q45 is the standard Levi-Civita connection of the metric and Hapc’s are the
components of the (totally antisymmetric) field strength of the B-field.® The most efficient
way to evaluate the Qi BC’S is to cast the field equations of the g-model in their generic
form, namely

A (e po_y™M) + APy ey op Moy =0, (A.6)
or the parity related one

(e 0 y™) + QpteP e o_yMoyN = 0. (A7)
In what follows we shall apply the above set-up for the o-model (2.3) on G¥.

A.2 Coupled o-models on G and RG flows

Metric and B-field: let us now focus on the o-model (2.3) on G¥. The group elements
g™ in each copy of the group G depend on local coordinates y*¢, labelled by pairs of
indices M = (pi), where p = 1,...,dimG and i = 1,..., N with dim G and N denoting
the dimension of the group G and the number of copies, respectively. The tangent indices
are pairs A = (ai), where a = 1,...,dim G labels an anti-Hermitian basis {7} } of the Lie
algebra g, orthonormalized as Tr(7,7,) = —d4,. We can then read the vielbein basis e 1
in terms of the left invariant Maurer-Cartan currents (2.1):

(i ai j ai 199"
ji)a = %, Dyytd | e, = —Tr(Ta g®-1 o ) (A.8)
Using the above basis, we can identify the metric and the B-field of the model (2.3) as
Gaivj = Oab Gij and Baivj = 0ap Bij + %i 6ij Wapi, (A.9)

with G;; and B;; defined as in (2.7) and where Wep,; = —W),; encodes the contribution of
the WZ term Iywyz[g(®], defined in (2.4), to the B-field. By a slight abuse of language, we
will also call G;; and B;; the metric and B-field of the model.

80ur conventions for the torsionfull covariant derivative, the torsionfull Riemann and Ricci tensors are
as follows

VZ:VB = aAVB + QiCBVC ) [Vi vg]vc = RZ:BCDVD + (QXBD - QiBD)Vivcv RﬁD = Ri:lBAD :
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RG flows for the coupled o-model on GY: our task now is to compute the torsionfull
Ricci tensor for the background (A.9). Employing the Maurer-Cartan equations (2.2)
and the expression (A.8) of the currents jjé , one rewrites the field equations (2.6) in the
forms (A.6) and (A.7), with the torsionfull spin-connections Q%5 given by the factorized
expression

O = St ™ (A.10)
In the above, f€ are the structure constants of the Lie algebra g and wikij are defined as
n (2.11). In particular, the Qi BC’S do not depend on the fields but only on the parameters
of the model. Thus, the first two terms in (A.4) vanish. Moreover, the group G is such that
the trace in the adjoint representation fu” vanishes, so that only the last term in (A.4)
survives. The torsionfull Ricci tensor then reads

An— E
RED = _QED Qup- (A.11)
Taking into account (A.10) and the fact that fdbcfcad = —cg Oqp, this leads to
azbj _fdbcfca k 5 bR’L] 5 (A12)

where R, by a slight abuse of language, will also be called the Ricci tensor and is given

17
by (2.10), repeated here for the reader’s convenience:

N
R;; =cqg Z w™k it kj s (A.13)
k=1
with w**;; the torsionfull spin connections (2.11).

Let us finally determine the RG flow of the model. The vielbeins e®,; introduced
in (A.8) are independent of the parameters of the models, so that (A.3) indeed applies.
The metric Gg;p; and the B-field Bg;; in the tangent space indices are given by (A.9), while
the torsionfull Ricci tensor R;; pj 18 given by (A.12), containing only terms proportional
to dqp. Putting altogether into (A.3), we find that the RG flows of #; and p;; are given
by (2.9) and (2.10). Note that the WZ levels #; are not renormalized, therefore retaining

their topological nature at one-loop order.

B Heat-kernel techniques

The scope of this appendix is to derive the one-loop RG flows of the o-model (2.3) using
heat kernel methods. This will provide an independent check of our result. We will use a
slightly different notation for the coupling constants of the model which we establish next.
Let us consider N coupled PCMs with WZ terms, whose action reads

:_7Z/dtd:vEUTY] j]) +Zk /EWZ, (B.1)

i,j=1

where the left-invariant Maurer-Cartan currents were defined in (2.1) and
' 1 . N3
o _ Tr (¢ —1d3¢®
WZ _— (9 9 )

= —WTr (g(i)_lagg(i) [gD718,9W, g1, g0 ]) dEAdt Ade.
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Matching with (2.3) yields

Bi=—.
8’ " 4r
We are interested in computing the RG flows of (B.1) using the heat kernel technique.

To compute the S-functions, we need to specify a classical background and compute the
quantum fluctuations around it. The discussion of this section goes along the lines of [40,
42], see also [63] for a generalization to generic deformation matrices.

Let us consider the equations of motion for the action (B.1). Varying with respect to
the group element ¢(9, one finds

>~ {aio-g + 0030 + B, 50 - Eili) 1) =0, (B.4)
j=1
where
aij = Eji — Kij,  bij = Eij + Kij,  Kij = kg (B.5)

and which is equivalent to (2.6) with the help of (B.3). In addition, we also have the
Bianchi identity (2.2), restated here for the reader’s convenience

0:3Y =0 + [, 191 =0. (B.6)

We next assume a classical solution j(ii) of (B.4) and (B.6) for which the Lagrangian density,
when evaluated at that point, is given by (B.1). To carry out the forthcoming calculations,
for the case at hand it suffices to use, just as in [40] and [42], a solution such that the
currents jg) are independent of the space-time point and also commuting. Varying the
equations of motion (B.4) and the Bianchi identity (B.6) around this solution, namely

j(ii) + 4 jg), we obtain the following system of first order differential equations

AR ( 0ap@ijO— + Pijlab  dapbijOy + Qz’j|ab) (5jf)b) o

j=1 b=1 _5ab5ij8— + Rz‘j\ab 5ab(;ija-i- + Sij|ab

| (B.7)
5]'(3)17

where

N ' N ) »
Pijlav= ) Ein(7"™)ab 0ij — (j(f))abEji, Qijlab =Y Emi(jsr ))ab% - (jgr))abEijv
m=1 m=1
Rijiap = (5(_]))(11)52‘]‘ s Sijlab = _(3$))ab5ij , (ﬁ))ab = fap© j(il)c-
(B.8)
To work out the one-loop effective action, we Wick rotate to Euclidean and we integrate

the fluctuations o j(ii)’s in the Gaussian path integral, resulting to

noq?
St =S+ /dtdx / (273)?2 Indet D~Y2,  d%p = dpidps = pdpde, (B.9)

where S is the action (B.1), u is the energy scale cutoff and the matrix D is given by

p_ [ a@iP—+ Pijlab Sarbispt + Qijlab , (B.10)
—0ab0ijP— + Rijlab dadijpt + Sijlab
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with p+ = p1 £ ips = pe®™™®. To compute the B-function we need to find the logarithmic
dependence in g in (B.9). This can be done by rewriting the determinant as

1 2
IndetD = Indet C + Tr (C7'F) — STr (c7'F) +..., (B.11)
keeping only terms which may diverge when p tends to infinity in (B.9), where
o [ Oavaiip— Savbijp+ 7 — ( Dijlab Qijlab | (B.12)
—0ab0ijP— OabdijD+ Rijiap Sijlab

Next, we evaluate the inverse of C' which takes the form

ijdar (-1 dab

_1 1 G P— (G b)ij P—
C - 5 5 5 5 (B]_3)

(Yij Oab -1 dab

G P+ (G a) ij P+

where él'j = % (Eij + Eji) and éij = éi—jl'9

The first term in the right-hand side of (B.11) is field independent, so we can drop
it. Moreover, it is easy to check that the second term does not contribute in (B.9) upon
integration with respect to ¢. Turning our attention to the third term, we present here the

part with non-vanishing logarithmic contribution in (B.9):

N

2 1
Tr (C7'F) = N M (B K) Mj,™ (E";—K) (i{5Y) + 0 ( 2) :

2P+P— =1 PPl
(B.14)
where the omitted non-Lorentz invariant terms vanish after integrating with respect to ¢.
In the above, the trace on the left hand side is taken with respect to all indices, whereas
in the right-hand side it is taken with respect to the Lie algebra indices only, and we

have defined

Min(B; K) = By (G™ = G™) + (G™HE + K)) i (B.15)

me

Finally, we have used f,.?f,q¢ = —cg d4p. Putting altogether into (B.9), one finds

g2 N A
Sha =5+ fatar [T GE 0 ST M (B ) My (BT ) ()

2m)% 8pp- ijmn—l
:——/dtdm ZE”Tr]Jr] —i—Zk /[,
i,7=1
1 o
+n“ CG/dtd Z M (B; K) My (BT —K) Te(55Y) . (B.16)
%,7,m,n=1

The one-loop S-function is derived by demanding that the effective action is independent
of the cutoff scale u, yielding

dEZ'j . Ccq N n . m T
dlan *Z ;: Mim, (EvK)MJn (E 7_K>7 (B.17)

9Using (B.3), éi]' is related to Gy; in (2.7) as éi]' = 8nGij.
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where the M;,,,”(F; K)’s were defined in (B.15). In the above we have assumed that the
elements of the matrix F are much larger than the ones of the matrix K, such that the
one-loop contribution in (B.16) is the dominant one. This is illustrated below in the specific
example of N-decoupled PCMs, see eq. (B.20). The levels k; do not run with the energy
scale — retaining their topological nature at one-loop, since there is no corresponding
counter term in the effective action (B.16).

Properties:

1. It can be readily seen that the S-function (B.17) retains its form under the parity
transformation (2.5), (B.3):

2. The derived p-function (B.17), (B.15) is equivalent with the analogue
one (2.9), (2.10), (2.11). Indeed using (B.3) one finds

_ 1 1
w k i — iMzkl (E; K) N wH kj — iMﬂk (ET; —K) (Blg)

and with the help of the latter and 7 = % In 12 we can readily show the equivalence
of (B.17) with (2.9).

3. For N-decoupled PCMs E;; = k24;j, the RG flow equations (B.17) truncate to

dr? ca k?
dln 2 = (1 - ,{Af) ; (B.20)

(3

corresponding to RG flows of N-decoupled non-critical WZW models. Note that the
range of validity of the one-loop result enforces x? > k;. At the IR critical points
ki = +k? we retrieve N-copies of the WZW model of level £k; respectively.

C Two coupled models

The scope of this appendix is two study the case with two coupled models, that is

E1 Ers
E: = C.1
“ <E21 E22> ’ (€1

using the notations of appendix B.

C.1 Integrability

As we shall show this model is integrable provided that B = 0, where

B = (FEa + E2 — k2) (E11 + Eo1 + k1) E12 + (E11 + Era — k1) (B2 + Eaog + k2) Eo .
(C.2)
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Defining the quantities'®

2 2
F;':ZEZ‘]‘—]%? fi_:ZEjz“f‘ki, (C.3)
j=1 j=1
we can rewrite (C.2) as
B =7y i Eig + 775 B . (C.4)
We then define the parameter
_ Ty (C5)
Ey '
and the Lax connection
sty s() sk +(2)
g:l:(z) _ 1 (Z 1/})]:|: + T2 (Z + Q,Z))ji »eC. (CG)

C TR (i i)z £ 20 — ) — 2

Using (B.4), (B.5) and (B.6) we can eliminate all the derivatives aij:(;') in the Lax curvature

0L (2) = D24 (2) — [Le(2), 2 (2)], ()

expressing it in terms of commutators | '(f), j(_j ) | only. It turns out that it is proportional to

B and as a consequence the connection %4 (z) has zero curvature, provided that B = 0, thus
ensuring integrability. This class of integrable models contains as a subclass the integrable
model of [1] for N = 2 copies, as B is vanishing for the parameterization (3.1), (3.2).

C.2 Renormalizability

Let us now study the stability of the integrable sector B = 0 under the one-loop RG
flows in (B.17). Employing (C.2) and (B.17) one can show that the constraint B = 0 is
preserved under the one-loop RG flows. However, the general system of RG flows is rather
complicated even within the integrable sector B = 0. Nevertheless, one can still consider
a consistent truncation with Fo; = 0, which also enforces that Fss = ks. Then, one may
easily check using the action (B.1) and the Polyakov-Wiegmann identity [64] that for the
following values

(Evi, Ei2) = (k1,0), (—k1,0), (=k1,2k1), (—k1, —2k2), (k1 + 2k2, —2k2) , (C.8)

plus the ones obtained by exchanging 1 and 2 in the above pairs we obtain, respectively, the
actions corresponding to the exact direct product of WZW conformal field theories (CFTs)

le X Gk2 R G,kl X Gk2 s G,kl X Gk1+k2 s Gk2 X G,]ﬂ,]@ R Gk1+k2 X GkQ . (Cg)

When both levels are positive these are unitary, otherwise non-unitary. In the parametric
space the unitary and the non-unitary CFTs, are not continuously connected as the kinetic
term degenerates in between. Unitary CFTs will be shown to be fixed points of the RG
flow equations.

10Using (B.3), the 7’s are related to the ri’s in (2.8) as 7 = 8xr.
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An isolated family. Let us now focus on the RG flow between the unitary CFTs, Gy, x
Gr, and Gy 4k, X G,. Among the two fixed points, the first one is a stable IR fixed
point whereas the second one is a UV fixed point, which appears to be an unstable one,
for generic flows around this point. To analyze the nature of this fixed point we consider
a consistent truncation with (E2;1, Fo2) = (0, k2). This truncation drastically simplify the
system of RG flows

dEnn _ ce(Bn+ k1)(4k3(ky — E11) + E%5(4ks + E12))

dlnp? (E2, — 4ko F11)? ’ (C.10)
dEq9 B CgElg(Em + 2k2)(2k2(/€1 + E11) + E12(2E11 + Elg)) '
dlng? (E?y — 4ko By )? '

Then, we further restrict to the one-parameter family'!
Fi1 =k + 2(k2 — I/), Fi9 = 2(V — k‘g) , Fo1 =0, FEyp= ]{32, vV E [0, k‘g] , (C.ll)

leading to
dv . cq V2(I/ — kg)(l/ — kl — kz)
dln;ﬂ - 2(k’2(l€1 + k'Q) — l/2>2
The one-parameter family of (C.11), describes an integrable interpolation between exact
CFTs: at v = 0 we have the UV CFT Gy, 11, X G, and at v = ko the IR CFT Gy, x Gy,.

The above flow satisfies the c-theorem [65]

<0. (C.12)

_ 2(k1 + ko)dimG | 2kodimG S 2k1dimG = 2kodimG
N 2(k1 + ko) + e 2k + co R = 2k1 +ca  2ks +tca

cuv (C.13)
To understand the above RG flow, we need to rewrite the action (B.1) around these points
- reading the operator which drives the theory away from the CF'T point.

Around the UV fixed point: around the UV fixed point, the action can be rewrit-

ten as!?

v ~ E
S = SWZW k1 +ko (g(l)) + SWZW ks (9) — = /dt dx Tr (js_l)j,> , (C.14)

1This one-parameter family can be obtained as a singular limit of the integrable models of (3.2), i.e. the
z1,2 are colliding. This can be shown by considering a slight modification of the one-parameter family (C.11)

Ein=ki+2ke—v)+x, Ei2=2v—k2), E2=0, Ex=ks,

for infinitesimal values of x. The above modification is still integrable as B=0 and takes the form of (3.2),
provided that

2k _ 202
+_ + 2X - — X
Cl =22, C2 Z2+k}2—1/’ Cl 22+(k1+k‘2)(l€2—u)7
- k‘g(kl + k}z) — 2(k1 =+ kQ)l/ + IJ2 - 21/X
Co = 22 —4(k1 + k2) — 2x s £ Foa) (ks — ) ) 21—22+k27$,

where we have kept only the linear term around x = 0.

2The renormalization of the class of models in (C.14) was performed in [66] and [15] using CFT and
gravitational techniques, respectively. Moreover, for the special case k1 = 0, where the two WZW models
have equal levels, the integrability of (C.14) was studied in [67] and also follows from the fact that it is
a particular limit case of the doubly deformed models of [15]. Moreover, from the latter work, it is also
integrable in the unequal levels case as well.
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I are the light-cone right-invariant

where we have introduced ¢ g¢gM—1 = ¢, j’+ = 0199~
Maurer-Cartan currents and j_ = ¢ '0_g are the left-invariant ones. The o-model
of (C.14) as well as its S-function (C.12), can be mapped to the ones for the single -
deformed Gy, +k, X Gk, [15] under the following identification of the group elements, pa-

rameters and world-sheet coordinates

(glng) — (9(1)79(2)9(1)_1)’ (t7x) — (27-7 20)7
ki +k
(kl, kg) — (kl + ko, kg) R Ao — ! ks 2 , (k)l + k?g)kg A.

(C.15)
The operator driving the perturbation is marginally relevant and as a consequence the [
function (C.12) has no linear term once we expand it around v = 0

dv car?
dlIn M2 N 2k2<k1 + kg)

+0(3). (C.16)

Let us now analyze the field equations of (C.14). These are found using (B.4), (B.5)
and (B.6) for the one-parameter family (C.11) and they read

Oy (k1 + ks = )i + i) =0, (C.17)
ka(ky + k2 — )0, 30 + vk = 0)(0-5 — 11,5 = 0. (C.18)

We can further simplify (C.18), using (C.17), then (B.6) to replace the 0, j(_Q) term and
finally the identity (Adg—(;) 8_Adg(2>)ab = — £ 5?°, vielding
o (Adg(g) (( — k)i + kﬂ@))) —0. (C.19)
Thus, the equations of motion take the form of chiral conserved currents
Oy ((kn + ks = )i + ) =0, 0 (Adye ((v = k)t + k2i)) =0, (C.20)

and the latter equations are in agreement with eq. (2.19) of [15], using the map (C.15).
Applying the results of [15], we know that there exists a Lax pair for (C.14), see
egs. (2.8) and (3.11) of that work, that is given by

2w

Zi(w) = FAi, 0L —0_ %, =%, L], weC,
 v(kr ke — ) (1)
A+ = kj (k}l n kz) Ad j+ y (C21)
v(ks —v) (1) (2
A = 5Ad _ .
Falhr & ) = G (G2 =327)

Finally, a comment is in order concerning the relation of the Lax connection (C.21) with
the one in (C.6). Employing (C.11) into (C.6) we find

(k1 + ko —v)j ()+I/j(_)
A(k1 + ko) + 2

L=0, £ =4 (C.22)
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As %, vanishes, the zero curvature equation, namely 0,2 — 0_%, = [£;, L], is
equivalent with the first equation in (C.20). Hence, the Lax connection is a degenerate one.
This problem can be solved by considering the model as a limit of a slightly more general
but still integrable model, as in footnote 11, whose Lax pair we denote as jzt In that
parameterization, taking the limit x — 0 leads to the degenerate Lax connection (C.22).
To avoid this problem, we also rescale the spectral parameter z — yz. Putting altogether
into (C.6) and taking the limit x — 0, we find

7 2(k2 —v) (1)
.,E/ﬂJr(Z)_ Z(kQ—V)+V—2k2 I+ (C 23)
(2) :

(s~ bt = 0 = ka)e = )i 4w — k)2 4 0)
B a Z(k‘l + ]{72)(]{32 — V) + l/(kl + kg — 21/)

We will prove that (C.21) and (C.23) are connected with a gauge transformation, namely

= gD 1 & .
9 (w) = Adgd) Ly (w) — ]E_Ll) . (C.24)

Employing (C.21) into the latter equation, we find:

S g 2w vkt ke —v) e

Z+ (w) N w—lkg(k1+k2)—y2‘7+ T+

Seh, 2w v(ke —v) (1) .2y (1)
< (w)_w—i—lkg(k‘l—FkQ)—VQ(]i J- ) J=

(C.25)

and upon identifying .é;gm (w) in the above expression with %4 (z) in (C.23) we find that
the spectral parameters z and w are related by

(kg = v)z = v)(ka(k1 + ko) — 1*)

(ke —v)2((ka — V)2 + 3v) + k1 (k32 + v(2v — 3ka) (2 — 1)) (C.26)

w =

Around the IR fixed point: finally, around the IR fixed point the action can be
rewritten as

ko — v
47

S = Swazw i (90) + Swaw ks (97) + / dtdz Tr (7 Adyo) (7 - 52) ). (C.27)

In this case, the operator which drives the perturbation has conformal dimension 2 + Aag,
where Apgq is the conformal dimension of Ad a), namely

cq cq 1
Apg=—"—"—=—"T4+0|=5| . C.28
A e T 2k (k:%) (C.28)

The latter is in agreement with the expansion of (C.12) around v = ko

dv

dnp? _chfl(k? —v)+O((ky = v)*). (C.29)
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D Inverse metric and B-field of the integrable coupled model

In this appendix, we prove the identities (3.17) and (3.19), for the metric and the B-field
of the integrable coupled model as defined through equations (2.7) and (3.2). For that,
we start by defining the quantities G% and Bij by their expressions in equations (3.17)
and (3.19) and will prove that G*/ is the inverse of the metric and that B*; is equal to the
B-field with one index raised by G".
Using the identities (3.16) obeyed by the functions fi(z), one can rewrite G¥ as
G = afi(z) amd @ = eadEE) TG e s (D.1)

Zi—Z]

It was proven in [68] that the metric and the B-field are related to residues of well-chosen
functions. More precisely, one has

7 1 _
é&U = TIes <I‘es SO'i_(z)(‘p(U})> ,

Pij 2 w=z; \2=2; 2 zZ—w

Ei 1 o (2)p4(w)
0 =g, (1 3 ST
On the other hand, the expression of G¥ in (D.1) coincides with the evaluation of the
J2(2) = fr(w)

zZ—w
at z = z; and w = zj. To consider contractions of the coefficients G;; and B;; with

function
+4

coefficients G, it is thus natural to consider the functions

o f£(2) = fa(w) 91 (w)p=(?) (D.2)

+
( Z—w w—t

XT(z,w,t) =

and study their evaluation in z and residues in w, t at the points z;. Let us then define

X (w) = res X (=i w,t), (D.3)
for i,j € {1,..., N}. From the definition (3.1) of the functions ¢4 (z) and ¢+ ;(2), one has
pe(a) = ZE L () + 0 -2, 0.4)

Thus, we get
X?E(w) _ 2fi(z;)i : ii(w) SOi(Z)f:FZJJ(ZJ) i (D.5)

We will now study the residues of Xiij(w) at w = z. It will be useful to distinguish
different cases.

Residue for k different from j. Using the expansion (D.4) and the fact that the

function f (i) = fe(w) is regular at w = z, with value :I:iG’k, we get
Zy — W
G™ o4 k(2k)07,5(2)
+ R 2= N A I N A : ;
Jes xG5(w) = £ —z if k#j. (D.6)
Then from (3.2b) we obtain that
Jes Xij(w) = G*pr;  and Tes xi(w) = G* ik, if k#37. (D.7)
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Residue for k = j but ¢ # j. First, let us note that
fe(zi) = fe(w) _ fe(z) — fi(z)) n fx(zi) — fe(29)

2i —w Zi — 2; (zi — 2)? (w=2)
fi(z
— ziﬁ Jz) (w—2z) +O((w — zj)Q) .
i T %)
Using (D.1), this becomes
fi(zi)_f¥( ) ij 1GY -GV _ .2
p— =+- G j:4 P (w—z;) + O((w — 2;)?).

Reinserting this expansion and the one (D.4) in equation (D.5), we get

G4 — GII

o w2+ 0w 5))
2 — 2

el ¢7.4(2)
X<W;;+%A@+OW—%0wi;'

1/ ..
+ _ i
Xij(w)— :|:2<G]+

The residue of X?; (w) at w = #z; is thus

G 1GY — @I
res Xi; (w) = iT‘PIi,j(Zj)(p:FJ(Zj) + §sz¢i,j(zj)¢¢,j(zj)y
From equations (3.2) and (3.11), we have
1 %
+ o (o) =5 and g (z)exi(z) = =4,

hence

. S (99
@>¢@G‘; i i

res Xl]( w) = GY (IOJ] 9

)
Ww=2zj 2 Zi—Zj

Residue for ¢ = j = k. We will need the expansion (D.4), as well as
fa(zi) — fa(w
L6 Z 0 _ gy 4 Lt — 20 + 0w - 20%).

Zi —Ww
Starting from equation (D.5), we then get
/ 1 1
) =2( L) + 5w — ) +O(w = 5)) )
% (Qozl:,i(zzl) + SD (zz) + O( )) P, ’L(Zl) )

w — z; w — 2

We then extract the residue of this expression at w = z; as
es i (w) = 2f4 (20) @l j(z0)pa(2i) + fL(zi)ow(z) pxilz) .

Using the identities (3.16), we have

G" 11
1o k() = £ (el + (1 £ 5 ) wrilai)onal).
From (D.10), we finally get
res k() = G (pux 50 ) =17 517(3),
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(D.11)

(D.12)
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Proof of the identities. With G and B’; defined as in (3.17) and (3.19), the
residues (D.7), (D.11) and (D.14) of Xfcj(w) can be rewritten as
res X;;(w) = G*py; — kB — 050k

W=z},

B " ; (D.15)

es X (W) = G pjx + 05 By — 0i0i -
We will obtain the desired identities from the property that the sum of all residues of
Xf? (w) vanishes. For that, we first need to determine whether Xf‘; (w) possesses poles at
other points than the z;’s. It is clear from (D.5) that, in the complex plane, Xl?tj(w) can
have poles at z;, z; and the poles of ¢4 (w) and f+(w). The function ¢4 (w) has poles only
at the z;’s and thus cannot contribute to poles outside of this set. The function fi(w) has
simple poles at the points Cii: however, these are also simple zeroes of the function ¢4 (w)
in factor. Thus, in the complex plane, Xf;»(w) can have residues only at the points z;. Let
us finally study whether it has a residue at infinity. For that, we note that

1 1
ot (u) =1+0(u) and fa(zi) — fx (u) =0(1). (D.16)
Thus, using the expression (D.5) of X;S (w), we get
1
& (5) o, (D17)

hence proving that 7712 X;S (%) is regular at u = 0, which shows that X?; has no residue at

infinity. The vanishings of the sums of residues of X;; and Xij then give respectively

N N
Z Gikpkj = 51’]’ + Bij and Z Gikpjk = 5@']’ - Bij . (D.18)
k=1 k=1

Adding and subtracting the above with the help of (2.7), we find

N N
Y G*Gyy=6; and By =) G*By. (D.19)
k=1 k=1

This ends the proof that G in (3.17) is indeed the inverse of the metric G;; and that B';
in (3.19) coincides with the B-field with one index raised by G%.

E Proof of the identity (3.21)

In this appendix, we prove the identity (3.21) with the definitions (3.22), for the torsionfull
Ricci tensor of the integrable coupled o-model.

E.1 Summing the Ricci tensor on one index

k

Let us consider the torsionfull spin connections w=* j; and wt kj» given in Equation (2.11).

Summing over the indices 7 or j in these connections, we get

N kil N
G Ri 1 1 1
—k i k k Kl —
dw li:Z<Pli+5li)_Pl+pl:G T (E.1)
= 2 p 2 2 2 2
N lk N
G R 1 1 1
ZWH kj = oY Z (ij - 2j5kj> - ipkl + §Pkl = QGMTZ, (E.2)
j=1 j=1
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where we used the definition (2.8) of the coefficients rz?t. This allows us to compute the
sum of the Ricci tensor (2.10) on one of its index, namely:

N N N N
SrRE=Y 07 and Y R;=Y otk (E.3)
i=1 =1 j=1 k=1

with

cG al Kl +1 k_ CG al kl, —k
Q_jl = 7 Z G (.d+ kj and Q—: = 7 ZG w . (E4)
k=1 =1

Let us focus now on the second sum in (E.4). From the definition (2.11) of w™" ;;, one gets

N N

C . C C 3

= ZG Gy G o — pa) + ZG > (GM)pir + gG(G”“)zféi- (E.5)
=1 k=1

Recalling that p;; = 2Gj; — py from (2.7), we then get that
CG i ca , c . Ri
@t = et LS GHGH — 26 - LG (- ). (E0)
2 1 1 2

Also, from the expression (2.8) of r;", we have that

£ al
Pii — 71 =1 = > pu, (E7)
I#i=1
hence N
k= Cgiigh + 9N (G~ G2y — (G2 (E.8)
2 4 l#i=1 4

So far, the computation holds for any choice of coefficients p;; and #; in the action (2.3).
Let us now consider the integrable model defined by the choice (3.2) of these coefficients. In
this case, for [ # i, p;; can be expressed in terms of rj and r;” using equation (3.7), yielding

N ik _ lky2,—
’ Gk — G2y .
Otk _ G gk _ G 4 > ( ; iky2 | -
' 2 o 4\ a2 %A e (9

Thus, for k # i, we see that th is proportional to rj . From equation (E.3), we then get

N
> R =Afrf, (E.10)
j=1
with
N N ik 1k\2,.—
+ _ ot+i_ G (G = G™)™ry ik\2 |+
A _Qi_sz; (22 p—— + (G | rf, (E.11)
#i=1 l#i=1
or again, using (E.9) to express Qt’ and relabelling the indices
N N ij kj\2,.—
g Gii — Gki)2y g
A =Egi ~ G (g ( k Y2 | E.12
=5 G 4; %21 P N oM L (E.12)
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A similar reasoning works to find A;", defined by

N
Y RL=Ar], (E.13)
j=1
yielding
N N 7 k
- _ %G i | CG (GY = GM)*r ij
A; =G+ ;(2k;1 p— — (G| ;. (E.14)

E.2 Re-expressing Aii

Using the identities (3.7) and (3.18), onme can re-express the coefficient A} given
by (E.12), as

N N
A =Fet < > (G”—ij)(G”—G"’“)pjk—(Gij)Qrﬁ
=1 \ ktie1
g - (GT-GEP L
2 Zi— Zj it

j#i=1

Combining this with (2.8) and (3.11), one obtains

N /N
+ _ 6G it | G ik ik g ovik i ok ijQQ
A =G +4Z:<];(G Gt = GG = GIGTM) pji + (GY)*
N (E.15)
e (G — @i7)2 .
8 T2 AT .
One re-expresses the last term of this equation using the identity (3.20) as
N N
GU_GJJ) 1 y g PR TPy
= Z o — ;= ZZ(GJ_G”) (Bj+2G]). (E.16)

8 iz j=1

Combining all these together, one obtains a rather simple expression for AZTF. A similar
computation works for A;", as well. In the end, one obtains (3.22), restated here for the
reader’s convenience:

1N

i
AF =ca (4 3
j=1

(4G”Bjj +2GH B, + Giﬂ'Gﬂféj) ) . (E.17)
F  Proof of the identity (3.23)

In this appendix, we prove the identity (3.23) obeyed by the torsionfull Ricci tensor. Using
the definition (2.7), one can rewrite the spin connections (2.11) as

Wty = 0707 + }(le - G*) (Pu - féi&'l) - (pik - ?Gik) :

2 2
, Y S P (F.1)
wtl gy =dbo) + = (G““ G') (pkj + zjékj) - (plj + 2%;‘”) :
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Starting from the expression (2.10) of the Ricci tensor R;; and re-inserting the above

k

expression for w=* ;; and w™ kj, one finds that for i # j

G + GV — 2GY
2

—1p+ _ .
CG Rl] - ng

N
+ Z [ le Gk (le Glj) + (Gij . Glj)le + (Gij o Gik)Gk;l _|_GkiGlj]
k=1

1
4

é.
(Pzz > (ij + 2]5kj> :

Recalling the definition (2.8) of the quantities rki, we get
é A U
Pii — = = Z pag  and ijJr?] =7 = Y i (F.2)
I#i=1 k#j=1

and thus re-express R;; as

_ G+ GIT — 2@ iy o X
'R = P il Y (GT =Gy,
2 1 1,2
P lj 1 ki k I
r; g , .
e Z (G —GY)? )P+ Z (GY +G" =G = G") pupr; - (F.3)
i=1 k#j=1
14i—1

So far, we did not use the expression (3.7) of the coefficients p;; which ensures the integra-
bility of the model. From this expression, one gets that for [ # ¢ and k # j,

+,.— +,.—
P == g ¢ PET T
Zi — 21 Zk — Zj

(F.4)

Using this identity, we see that all the terms except the ﬁrst one in (F.3) are proportional

to r"r>. Using the fact that the latter is equal to — 5(zi — zj)pij, we are then able to
i g J J

factorize p;; on the right-hand side of (F.3). After certam algebraic manipulations, we
obtain that

Ry QU4+ GI - 2GY

CG Pij - 2
2 — 2 Gij 2 N A B N
S (2)+ > (GF=GNXypyrif + Y (G7 =G Xy
k=1 I£i=1
+% Z (Xt — Xja) (X e — Xz‘,kj)’r]jrf ,
k#j=1
1#i=1

where for any ¢, j, k with j # k, we introduced

Xijh=——, (F.5)
J
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satisfying the property X; jr = Xj ;. In terms of these quantities, the identity (3.18) can
be rewritten as

for any k distinct from ¢ and j. Similarly, the identity (3.20) gives that
Moreover, one finds various other identities involving X j, such as

X, k _ qliy — X. ki
XXy = (@ G; — Z.Jvkl(G C) kgl kELit]. (F8)
t J

We will also need the equations
G7=2> Xy, GV=-2> Xyury, if i#j, (F.9)
k=1 k=1

the first of which may be proved by considering the holomorphic functions

qfij@):_%fzj <f+<22:§j<2i>_f+<zi:£;<zj->>¢+(z), it

The right-hand side of the first equation in (F.9) is the sum of the residues of the function
W;; at the points z;,7 = 1,2,... N, in the complex plane. The left-hand side is the opposite

of the residue of the function W;; at infinity. Thus the first equation in (F.9) simply
expresses the fact that the sum of residues vanishes. A similar proof holds for the second
equation. Combining all these identities and after a rather long computation, one finds

RY G4 @i —2G0 1
vJ il il l I 1l J
= + 3G - GPYABY + G Ay + 2GH(BY — BY)Y . (F.10
e 1 l§:1{ ) ) (B}~ B))} . (F.10)

Using the expression (3.22) of AF, we then get
+ cq
= A+ A7 - FGY, F.11
pz] 2 ( )

which ends the proof of the identity (3.23).

G Proof of the identity (4.28)

In this appendix, we prove the identity (4.28) or equivalently, in terms of (4.27), the relation

_ + N N
_2z< ?(C )+f+(2) ?(C ) iz(4Giijj+2ijBij+éjGijij)'
(Y j=1

(G.1)
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G.1 Rewriting the left-hand side
In order to study the left-hand side of (G.1) we introduce the function

() = PG = ) () 211,

z— Z; z — Z;

\I/Z(Z) =

(G.2)

The only factor in this definition which is singular at z = C]i is fi(z) — fe(z). More
precisely, we have that (see equation (3.13))

1

res] (fe(z) = fe(z)) = IR (G.3)

One then computes the residue of ¥;(z) at z = Cji to be
1 f5(2) = f=(=) [, _ p(2)
o ) = e (TR (P - )| L @
Using the fact that Cji is a zero of p(z), we then get
+y _ .
res_ Ui(2) = fﬂF(Cji) fq:(zz). (G.5)
z= C Cj — &

Thus, one can rewrite the left-hand side of equation (G.1) as

+ 2 — N
_22< Q(C )+f+(2_?:(4 >:_22<res U,(z) + res \I’i(Z)) :

z z=(;
(G.6)

J
A quick study of the behaviour around z = oo of each term in equation (G.2) shows that

U; (2) = O(1/24). (G.7)

Thus, ¥;(z) has no residue at infinity. It is then clear that ¥;(z) has poles only at the
points z; and C;E. Using the fact that the sum of its residues vanishes, we then get that

N ) — £ (¢t 5 N
_221<f<2_£+<<]>+f+<12 ég( >_2§;Zre§jw. (G.8)

In the next subsections, we will compute the residues of W;(z) at the points z;, to appro-
priately re-express the right-hand side of (G.8).

G.2 Residue at z;

In this subsection, we compute the residue of ¥;(z) in (G.2) at z = z;. From the partial
fraction decomposition (3.10) of ¢(z), we get that

(= 2)¢/(:) = ple) =~y + 2o+ O((z - 2)). (G.9)

z— Z;
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Moreover, we have

Jr(2) — f+(2)

zZ— Z;

= i) + 5 A0z — )+ O((z — ).

Inserting the above into the definition (G.2) of ¥;(z) we find, after some algebra,

3G fL(z) fL (=) N 8%if (zi) fL(2i) — 3Ci f4 (2i) f2(2i) — 34 f (2:) fL(24)

U,(z) = (z — )2 2(z — z)
+0((z—2)"),
hence
res Wi(z) = A f(20) L (21) — S5t P (a) 2 ei) — S5 L) L (20)

Using the identities (3.16), we then get that

2 2

2=z
Using the expressions (3.17) and (3.19) of G and BY, we finally obtain
_ B iipi | Bi ()2
res. U,(z) = ZG B + 3 (G ) .
Let us note that this can be rewritten as

2

1 .. . 1 .. . o
res Uy(z) = 5GBS+ GV By + ZGUGY, for =i,

zZ=2z;

G.3 Residues at z; for j # 1

(G.10)

tes Wi(2) = 217G () — A f () = 51 () — A ) ) +

(G.11)

(G.12)

(G.13)

In this subsection, we compute the residue of ¥;(z) at z = z; for j different than i. Let

us study the behavior of the different terms forming W;(z) around z = z;. For instance,

we have

1 1 1 1

=— — Z— 2i) —
z— 2 Zi — 2 (zi—zj)z( i) (

% = %)

Moreover, using the identities (3.16), one obtains

Fule) = file) = £ 5 () = Fa) + S = 2) 4 5 (P £ 4

+0((2 = %)).

From the partial fraction decomposition (3.10) of ¢(z), one gets

R C R +<Z 4 +%j>( !

i — 2 z — zj)?

2%,

* ((Zz szj)Q a Zi_Zj> z—lzj +0((z —%)").
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Combining all these results, one computes the residue of W;(z) at z = z;, yielding that

:1< 6 24 )(f(zz')—f(Zj))z
4

(ZZ' — Zj)2 2 — Zj Zi — Zj

res U,;(2)

Z2=Zzj

4 (Zz — Zj)2 Zi — Zj

4 ((f(zn —fZ)? 2(f(z) — fz)F (%)

2\ (z—%)? (21 — 2)?

1( Z +%j><(f(zz-)—f(zy'))2 2(f(zi)—f(2j))f’(2j)>

+ =
ZZ'—Zj

N F'(z)* = (f (=) = f(Zj))f”(Zj)>_

Zi—Zj

From the expressions (3.17) and (3.19) for G¥ and Bij and after a few manipulations, one
re-expresses the above residue as
%

1 . 1 o
res Wi(z) = ;GYBY + [GYBY + TIGUGY for j#i. (G.14)

Z=Zzj

Re-inserting the expressions (G.13) and (G.14) of the residues of ¥;(2) at z = z; and z = z;
(j # 1) in (G.8), we obtain the desired identity (G.1), as announced.
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