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Abstract

The vast majority of convergence rates analysis for stochastic gradient methods in the
literature focus on convergence in expectation, whereas trajectory-wise almost sure con-
vergence is clearly important to ensure that any instantiation of the stochastic algorithms
would converge with probability one. Here we provide a unified almost sure convergence
rates analysis for stochastic gradient descent (SGD), stochastic heavy-ball (SHB), and
stochastic Nesterov’s accelerated gradient (SNAG) methods. We show, for the first time,
that the almost sure convergence rates obtained for these stochastic gradient methods on
strongly convex functions, are arbitrarily close to their optimal convergence rates possi-
ble. For non-convex objective functions, we not only show that a weighted average of
the squared gradient norms converges to zero almost surely, but also the last iterates of
the algorithms. We further provide last-iterate almost sure convergence rates analysis for
stochastic gradient methods on general convex smooth functions, in contrast with most ex-
isting results in the literature that only provide convergence in expectation for a weighted
average of the iterates. The last-iterate almost sure convergence results also enable us to
obtain almost sure avoidance of any strict saddle manifold by stochastic gradient methods
with or without momentum. To the best of our knowledge, this is the first time such results
are obtained for SHB and SNAG methods.

Keywords: stochastic gradient descent; stochastic heavy-ball method; stochastic Nes-
terov’s accelerated gradient; almost sure convergence rate analysis; almost sure saddle
avoidance

1. Introduction

Stochastic gradient methods (Robbins and Monro, 1951) have become the de facto standard
methods for solving large-scale optimization problems in machine learning (Bottou et al.,
2018). For this reason, investigating the fundamental theoretical properties of stochastic
gradient methods is not only of theoretical interest, but also of practical relevance.
Stochastic gradient descent (SGD) (Robbins and Monro, 1951) and stochastic heavy-ball
(SHB) (Polyak, 1964) are among the most popular stochastic gradient methods. SHB adds
a momentum term to the iterations of SGD. This was known to accelerate the convergence
of deterministic gradient descent methods (Polyak, 1964). Nesterov’s accelerated gradient
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(NAG) methods (Nesterov, 1983) have similar but slightly different iterations from that
of the heavy-ball (HB) method. They have been shown to accelerate gradient descent and
achieve optimal convergence rates with appropriately chosen parameters in the deterministic
settings (Nesterov, 2003, Chapter 2.2). In the stochastic settings, while practical gains of
adding a momentum term have been observed (Leen and Orr, 1994; Sutskever et al., 2013),
the convergence rates cannot be further improved due to the proven lower bounds in terms
of oracle complexity (Agarwal et al., 2012). Nonetheless, understanding the convergence
properties of stochastic gradient methods with or without momentum remains a topic of
both theoretical and practical interest.

In this paper, we investigate almost sure convergence properties of stochastic gradi-
ent methods, including SGD, SHB, and stochastic Nesterov’s accelerated gradient (SNAG)
methods, and present a unified analysis of these stochastic gradient methods on smooth
objective functions. In addition to almost sure convergence rates analysis, we also demon-
strate that SGD, SHB, and SNAG almost surely avoid strict saddle manifolds. To the best
of our knowledge, this is the first time such results have been obtained for SHB and SNAG
methods.

1.1 Related work
1.1.1 CONVERGENCE RATES ANALYSIS

The vast majority of the convergence rates analysis results for stochastic gradient methods
in the literature are obtained in terms of the expectation (see, e.g., SGD (Nemirovski et al.,
2009; Moulines and Bach, 2011; Ghadimi and Lan, 2013), SHB (Yang et al., 2016; Orvieto
et al., 2020; Yan et al., 2018; Mai and Johansson, 2020; Zhou et al., 2020), SNAG (Yan et al.,
2018; Assran and Rabbat, 2020; Laborde and Oberman, 2020)). Nonetheless, almost sure
convergence properties are important, because they represent what happen to individual
trajectories of the stochastic iterations, which are instantiations of the stochastic algorithms
actually used in practice.

For this reason, almost sure convergence of stochastic gradient methods is of practical
relevance. In fact, the early analysis of SGD (Robbins and Siegmund, 1971) did provide
almost sure convergence guarantees. More recent work includes Bertsekas and Tsitsiklis
(2000); Bottou (2003); Zhou et al. (2017); Nguyen et al. (2018, 2019); Orabona (2020a);
Mertikopoulos et al. (2020). While deterministic HB and NAG methods are well analyzed
(Ghadimi et al., 2015; Nesterov, 2003; Wilson et al., 2021), almost sure convergence results
for SHB and SNAG are scarce. Gadat et al. (2018) proved almost sure convergence of
SHB to a minimizer for non-convex functions, under a uniformly elliptic condition on the
noise which helps the algorithm to get out of any unstable point. In Sebbouh et al. (2021),
SHB (and SGD) was analyzed for convex (but not strongly convex or non-convex) objective
functions. The authors proved almost sure convergence rates for function values at average
iterates of SGD and last iterates of SHB using the iterate moving-average (IMA) viewpoint.
The established convergence rates are close to optimal (subject to an e-factor) for general
convex functions (Agarwal et al., 2012). Almost sure convergence rates were analyzed for
SGD under locally strongly convex objectives in Pelletier (1998); Godichon-Baggioni (2019).
To the best knowledge of the authors, the results in Sebbouh et al. (2021) are the only ones
that established almost sure convergence rates for SHB on general convex functions. We
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are not aware of any almost sure convergence rates analysis for SHB and SNAG on strongly
convex or non-convex functions. The results of this paper aim to fill this theoretical gap
and provide a streamlined treatment of almost sure convergence rates analysis for stochastic
gradient methods.

1.1.2 ALMOST SURE SADDLE AVOIDANCE

For deterministic gradient descent methods, Lee et al. (2016, 2019) proved that with a
step size smaller that 1/L, where L is the Lipschitz constant of the gradient, gradient
descent always avoids strict saddles unless initialized on a set of measure zero (i.e., the
stable manifold of the saddles). Various extensions of this result were made, with different
assumptions on the gradient oracle, choice of step sizes, and structure of the saddle manifold.
Readers are referred to Du et al. (2017); Vlatakis-Gkaragkounis et al. (2019); Jin et al. (2017);
Lee et al. (2016, 2019); Panageas and Piliouras (2017); Panageas et al. (2019) and references
therein.

For saddle point avoidance by stochastic gradient methods, early work by Pemantle
(1990) and Brandiére and Duflo (1996) in the context of stochastic approximations showed
that standard SGD almost surely avoids hyperbolic saddle points, i.e., points x, such that
Amin (V2 f(24)) < 0 and det(V2f(z4)) # 0. The work by Benaim and Hirsch (1995) proved
almost sure avoidance of hyperbolic linearly unstable cycle by SGD. Later work by Brandiére
(1998); Benaim (1999) extended such results to show that SGD-type algorithms almost
surely avoid more general repelling sets. More recently, using different techniques and under
different assumptions, Ge et al. (2015) showed that SGD avoids strict saddles points sat-
isfying Amin(V2f(24)) < 0 with high probability. More specifically, they showed that with
a constant step size 7, SGD produces iterates close to a local minimizer and hence avoids
saddle points, with probability at least 1 — ¢, after ©(log(1/¢)/n?) iterations. The work of
Daneshmand et al. (2018); Fang et al. (2019) further obtained results on high-probability
avoidance of saddle points and convergence to second-order stationary points, while the more
recent work by Vlaski and Sayed (2022) proved efficient escape from saddle points under
expectation.

The work closest to ours is that of Mertikopoulos et al. (2020), in which the authors
proved that SGD almost surely avoids any strict saddle manifold for a wide spectrum of
vanishing step size choices, following earlier work by Pemantle (1990); Benaim and Hirsch
(1995); Benaim (1999). However, in these works, it is always assumed that the noise on
the stochastic gradient is bounded. Moreover, while making an effort to circumvent the
bounded trajectory assumption in prior work, Mertikopoulos et al. (2020) also assumed that
the objective function is G-Lipschitz, which means the gradient is always bounded. We shall
relax these boundedness assumptions in our analysis.

1.2 Contributions

1.2.1 CONVERGENCE RATES ANALYSIS

We summarize the main contributions of the paper in Table 1 relative to existing results in
the literature. We only list results that provided almost sure convergence rates analysis for
SGD, SHB, and SNAG. We emphasize the following results as the main contributions:
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e For smooth and strongly convex functions, we establish almost sure convergence rates
for SGD, SHB and SNAG that are arbitrarily close to the optimal rates possible
implied by information-theoretical lower bounds on oracle complexity of stochastic
convex optimization (Agarwal et al., 2012).

e For smooth but non-convex functions, we establish almost sure convergence rates of
SHB and SNAG for a weighted average (or the minimum) of the squared gradient
norm. We also show almost sure convergence of the last iterates of SHB and SNAG.

e For smooth and general convex functions, we provide almost sure convergence rates of

the last iterates of SGD, SHB, and SNAG.

In view of existing results Pelletier (1998); Godichon-Baggioni (2019), our analysis for
almost sure convergence rates analysis of SGD on strongly convex functions appears to be
more streamlined and unified for SGD, SHB, and SNAG. For analysis of SHB in the general
convex case, our result is complementary to that in Sebbouh et al. (2021) because we allow
B to be an arbitrarily fixed parameter in (0,1) (cf. the analysis of deterministic HB in
Ghadimi et al. (2015)). This leads to a more unified analysis of SGD, SHB, and SNAG.
For general convex functions, the results in Sebbouh et al. (2021) established almost sure
convergence rate of SGD for the average iterate, whereas Lei et al. (2017) established almost
sure convergence rates of the last iterate for SGD type algorithms in a different context (see
Remark 14). Our analysis (Theorem 12) provides almost sure convergence rates of the last
iterates for SGD, SHB, and SNAG. In addition to the results listed in Table 1, we also
obtained another set of results (Theorem 11) on almost sure convergence of the last iterates
of SHB and SNAG on non-convex functions, which generalize Orabona (2020a) for SGD.

Algorithm strongly convex | LON-CONVeX | general convex |
Pelletier (1998) Sebbouh et al. (2021) | Sebbouh et al. (2021)
SGD Godichon-Baggioni (2019) Lei et al. (2017)
Theorem 6 Theorem 6 Theorem 13
Theorem 8 Theorem 8 Sebbouh et al. (2021)
SHB
Theorem 13
SNAG Theorem 9 Theorem 9 Theorem 13

Table 1: Summary of the main results relative to existing results on almost sure convergence
rates of stochastic gradient methods.

1.2.2 ALMOST SURE SADDLE AVOIDANCE

To the best of the authors’ knowledge, our paper is the first to show that the SHB and
SNAG methods almost surely avoid saddle points. Our work also sharpens the analysis
for SGD by removing the bounded gradient assumption and relaxing the bounded noise
assumption to a local boundedness assumption, which is always satisfied in empirical risk
minimization problems such as in neural network training. The key ingredient required
to achieve our results was the last-iterate almost sure convergence analysis we achieved in
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this paper, which showed that both SHB and SNAG almost surely produce iterates with
gradients converging to zero, even in the non-convex setting under very weak assumptions
(Khaled and Richtarik, 2020) on the stochastic gradient. This almost sure convergence of
the gradient, combined with the same asymptotic non-flatness assumption on the objective
function as in Mertikopoulos et al. (2020), allowed us to circumvent the bounded gradient
and bounded noise assumptions.

A preliminary version of this paper was published in Liu and Yuan (2022). Compared
to the conference paper, we provide full proofs of the results, streamline the proofs, and
significantly expand the theoretical analysis to include results on almost sure saddle avoid-
ance. Since the publication of Liu and Yuan (2022), other researchers have adopted our
almost sure convergence rates, including Liang et al. (2023); Reddy and Vidyasagar (2023).
In Liang et al. (2023), the authors extended the almost sure rates analysis to non-smooth
objective functions. In Reddy and Vidyasagar (2023), the authors investigated almost sure
convergence rate analysis of heavy-ball methods with batch updating and/or approximate
gradients.

1.3 Notation Summary

We provide a summary of symbols and notation used in the paper for the convenience of
readers.

Symbol Description

ft = o0(g¢) The little-o notation, which indicates that f;/g; — 0 as t — oo,
where {f;} and {g;} are positive real-valued sequences indexed by ¢

ft = O(g¢+) The big-O notation, which indicates that there exists some C > 0
such that f; < Cg; for all ¢ sufficiently large

ft =0O(g:) The big-© notation, which indicates that f; = O(g;) and g, = O(f)

R4 The d-dimensional Euclidean space

R The set of real numbers

|| The Euclidean norm

E[] The mathematical expectation (expected value) of a random variable
P The probability measure of a given probability space

E[X |#H]  The conditional expectation of a random variable X
with respect to a sub-o-algebra H
E[X Y] The conditional expectation of a random variable X
with respect to (the o-algebra generated by) the random variable Y

E¢ A shorthand notation for E[- | x;], where x; is a random variable indexed by ¢
Vf The gradient of a multivariate real-valued function f
V2f The Hessian matrix of a multivariate real-valued function f
C(f) The critical set C(f) := {z € R?: Vf(z) =0} of f

S A strict saddle manifold (Section 5)

q" The positive part of a quantity ¢, given by ¢t = max(q,0)

Table 2: Summary of symbols and notation
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2. Problem Formulation and Preliminaries
2.1 Problem statement and assumptions

We are interested in solving the unconstrained minimization problem

min f(x), 1

min f(o) (1
where f: RY — R, using stochastic gradient methods. For example, with a slight abuse of
notation, f may arise from optimizing an expected risk of the form f(z) = E[f(x;&)], where
¢ is a source of randomness indicating a sample (or a set of samples), or an empirical risk of
the form f(z) = L 3% | fi(#;&), where {§}]., are realizations of £ (Bottou et al., 2018).
We make the following assumptions.

Assumption 1 (L-smoothness) The continuously differentiable function f: R — R is
bounded from below by f* := inf cpa f(z) € R and its gradient V f is L-Lipschitz, i.e.,
IV (@) = VEW)| < Ll —yll for all 2,y € RY

A useful consequence of Assumption 1 (see, e.g., Nesterov (2003, Lemma 1.2.3)) is the
following

F() < J@) + (VT @)y —2) + oy =2, Yo,y € B &)

Assumption 2 (Asymptotic non-flatness) The function f: R? — R is not asymptoti-
cally flat in the sense that liminf ), |V f(2)]| > 0.

Assumption 2 is used in Section 5 to show that stochastic gradient descent methods can
almost surely avoid strict saddle manifolds. Intuitively, Assumption 2 means that the gradi-
ent will not vanish (or the objective function will not be flat) near infinity. The assumption
is fairly easy to satisfy, as long as one component of the gradient vector V f(z) does not
approach zero, as ||z| — oo, for every x. For example, it is straightforward to verify that
some popular non-convex optimization benchmark functions! such as the Griewank function

Rastrigin function
d
f(x) =10d + Z [3:22 — 10 cos(2ma;)] ,
i=1

and the Levy function

U

-1
f(z) = sin®(mw1) + ((w; — 1) (1 + 10sin®(mw; + 1)) + (wg — 1) (1 + sin®(27wy)) ,
1

(]

where w; = 1+xiT_1 for i =1,...,d, all satisfy Assumption 2, while having many widespread
local minima.
In some settings, we also assume that f is strongly convex.

1. https://www.sfu.ca/“ssurjano/optimization.html
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Assumption 3 (u-strongly convex) There exists a positive constant p such that
I
F@) 2 f@) +(VI@),y—2)+ 5 ly—all®, ¥o,y R

Assumption 3 with u = 0 will be referred to as general convexity. When f is convex
(strongly or generally), we further assume that f has a minimizer, i.e., z, € R? such that
f* = f(xx). A consequence of f being u-strongly convex is that (see, e.g., Nesterov (2003,
Theorem 2.1.10))

;JVﬂszfmwaﬁ,VxeR# (3)

In contrast, if f is generally convex and L-smooth, we have
1 2 * d
op V@) < f(z) = 7, Vo e R, (4)

which is a special case (by setting y = ) of an equivalent condition for f to be generally
convex and L-smooth (see, e.g., (2.1.7) of Nesterov (2003, Theorem 2.1.5)), stated below:

fy) +{Vfy),z—y) + % IVf(z) = VI < fz), Vo,yeR™ (5)

Since we are interested in solving (1) using stochastic gradient methods, we assume at
each x € R, we have access to an unbiased estimator of the true gradient V f(x), denoted

by Vf(z;€).

Assumption 4 (ABC condition) There exist nonnegative constants A, B, and C such
that
E[|Vf(z:6)|°] < A(f(x) - f*) + B|Vf(@)|* +C, VoeR™ (6)

Remark 1 The above assumption was proposed in Khaled and Richtdrik (2020) as “the
weakest assumption” for analysis of SGD in the non-convex setting. This assumption clearly
includes the uniform bound

E[|Vf(z; )I*] < o

and bounded variance condition
E[|V f(z;€) — Vf(2)|?] < o?

as special cases. The latter is because, by unbiasedness of V f(x;€), bounded variance is
equivalent to

E[|Vf(z:)|°] < IVf(2)]* + o>

Furthermore, in the context of solving stochastic or empirical minimization problems using
SGD, by assuming that each realization or individual loss function is L-smooth and convex
and that the overall objective function f is strongly conver with a unique minimizer ., the
following bound can be derived (Nguyen et al., 2019):

E[||V f(x;€)|%] <AL(f(z) — f*) + o2,
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where 0% = E[V f(24;€)]. If the convezity condition on individual realization or loss function

was dropped, a similar bound can still be shown (Nguyen et al., 2019) with 4L replaced with

AL Both of them are again special cases of the condition in Assumption 4. For these

reasons, we shall use the seemingly most general condition in Assumption 4 throughout this
paper. Note that, if (4) holds 2, the ABC condition (6) can be reduced to

E[|Vf(z:6)]) < (A+2BL)(f(x) — f*) + C. (7)

Nonetheless, we maintain the general form of Assumption 4 and refer readers to Khaled and
Richtdrik (2020) for discussions on the potential benefits of using (6).

2.2 Lemmas on supermartingale convergence rates

Our almost sure convergence rate analysis relies on the following classical supermartingale
convergence theorem (Robbins and Siegmund, 1971).

Proposition 2 Let {X;}, {Yi}, and {Z;} be three sequences of random variables that are
adapted to a filtration {F;}. Let {v} be a sequence of nonnegative real numbers such that
II22, (1 4+ v¢) < oo. Suppose that the following conditions hold:

1. X4, Yy, and Z; are nonnegative for all t > 1.
2. E[}/t+1 |]:t] S (1 —{—’}/t)th - Xt + Zt fOT all t Z 1.
3. Y 121 Zy < 00 holds almost surely.

Then > 72, Xy < 0o almost surely and Y converges almost surely.

The following lemma, as a corollary of Proposition 2, provides concrete estimates of
almost sure convergence rates for sequences of random variables satisfying a supermartingale

property.
Lemma 3 If {Y;} is a sequence of nonnegative random variables satisfying

E[Yii1 | Fi] < (1 — cray)Y; + coaid, (8)

for all t > 1, where {4} is sequence of positive real numbers such that oy = © (tll_g) for
some 6 € (0, %), and ¢1 and cy are positive constants. Then, for any e € (26,1),

1
Y=o <t1—5> , almost surely.

The proof of Lemma 3 can be found in Appendix A. The following lemma, when used
together with Proposition 2, is useful for almost sure convergence rate analysis in a slightly
different setting than Lemma 3.

2. It is shown in Khaled and Richtarik (2020, Lemma 1) that (4) holds under the conditions of Assumption
1, even without convexity or a global minimizer.
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Lemma 4 Let {X;} be a sequence of nonnegative real numbers and {o;} be a decreasing
sequence of positive real numbers such that the following holds:

(o @] o0 a

t
E Xy < oo and g =1 = >
t=1 = Dim1

Define wy = 2a , Y1 = X4, and

Zi:l Qs

Yij1 =1 —w)Yy +we Xy, t>1. 9)

Then

1 ) 1
Yi=o0| =—5— and min X;=o| ——<— |- (10)
Dim1 lsist—1 Dim1 i
Remark 5 A concrete convergence rate 0( - ) results from (10) if we choose oy = %
t27°¢ t27e
for some o > 0 and € € (0,3), because then we have Sty = @(t%_a), Ztgtlav =0(1),
=1 "7
and ), Zﬁiﬁa = 00. Note that (10) is an asymptotic statement (see an explanation of the
i=1 "7

little-o notation in Table 2 of Section 1.5), and the summation Zf;% «; 18 mon-empty for
t>2.

Lemma 4 is inspired by part of the analysis in the proof of (Sebbouh et al., 2021, Theorem
8). The proof of Lemma 4 can be found in Appendix B.

3. Almost sure convergence rate analysis for stochastic gradient methods

In this section, we present a unified almost sure convergence rate analysis for SGD, SHB and
SNAG. We primarily focus on two scenarios, namely the strongly convex and non-convex
cases.

3.1 Stochastic gradient descent
The iteration of the SGD method is given by

Ti1 = Ty — G, ¢ 2> 1, (11)

where gy := V f(x4;&) is the stochastic gradient at z; (with randomness &) and a4 is the
step size.

We shall prove that, for smooth and strongly convex objective functions, SGD can achieve
0 (tl%a) almost sure convergence rates for any ¢ € (0,1). To the best knowledge of the
authors, this is the first result showing the o (tl%g) almost sure convergence rate for SGD
under the global strong convexity assumption and relaxed assumption on stochastic gradients
(Khaled and Richtérik, 2020). For smooth and non-convex objective functions, the best

iterates of SGD can achieve o ( - ) almost sure convergence rates for any € € (0, 5). This
t27°

result was already reported in Sebbouh et al. (2021). For locally strongly convex functions,
similar rates were obtained in Pelletier (1998); Godichon-Baggioni (2019). Here we provide a
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somewhat more streamlined proof of both the strongly convex and non-convex cases, enabled
by Lemmas 3 and 4. These rates match the lower bounds in Agarwal et al. (2012) (see also
Nemirovskij and Yudin (1983)) to an e-factor.

Theorem 6 Consider the iterates of SGD (11).

1. If Assumptions 1, 3, and 4 hold and oy = © (751%9) for some 6 € (0, %), then almost

surely
fl@) = f* =0 (;_) Ve (20.1).

2. If Assumptions 1 and 4 hold and {ay} is a decreasing sequence of positive real numbers
satisfying Y oo, a2 < 0o and Y 52, Zﬁiﬁa = 00, then almost surely
=1 "1

1
. N
(Jin IV F@)]” =0 (ZH ai) : (12)
In particular, if we choose oy = 1°‘+ with a > 0 and € € (0, %), then almost surely
tate
in IV/)P =0 (13)
152&1 IVf(za)l” = o )’

Proof 1. We first consider the strongly convex case. By smoothness of f and (2), we have

2
o) < o) - arlV S ar) g + 22F

Taking conditional expectation w.r.t. x;, denoted by E;[-] := E[-|x¢], and using (3) lead to

2
lgell”-

a?
B [f(rin) — £ < Flm) = £~ oIV F @I + oL [A(f () — %)+ BIVf @)+ C

2 9 )
LAat )(f(l't) — f*) - (O‘t - LBgat ) ”Vf(xt)HQ + Lgat

2 2
200 ) — 1)+ 50

n LCo?
2

= (1+
LAo?

<1+ ) () = %) = 2p(e —

= (1 —2pa¢ + (LA/2 + LBp)oi)(f(xe) — f*)

(12
< (1 o) (7(a) — 1) + 252, (14)

provided that (LA/2 + LBu)ay < u. The conclusion follows from Lemma 3.
2. For the non-convex case, by L-smoothness and as in (14), we obtain

OZQ
B [f(rrn) — £ < Flw) = £~ oIV F @I + ot [A(f () — %)+ BIV S @)+ C
2 2 2
<+ E5 ) - 1) (o= 2500 ) 1A+ 21
a2 a2
< (4 2200 () )~ oI9Sl + ES (15)

10
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provided that LBa; < 1. By Proposition 2, 3.5°, oy [|[Vf(x¢)||* < oo almost surely. The
conclusions follow from Lemma 4 and Remark 5. |

Remark 7 We choose o = © (tl%g) for 8 — 0 to approach the optimal almost sure conver-
gence rate achievable under Lemma 5. In fact, any step size choice satisfying the classical
condition by Robbins and Siegmund (1971): Y7, ap = 00 and Y oo, a? < oo will lead to
almost sure convergence under the supermartingale convergence theorem (Proposition 2).
What is new here is the analysis of almost sure convergence rate o (tll,s) for strongly convex
objective functions using Lemma 3. By choosing 86 — 0, we can make ¢ — 0. The conditions
(LA/2 4+ LBp)ay < p and LBay < 1 in the proof can be easily satisfied for all t > 1, if we
scale all ay’s by a constant, or for all t sufficiently large due to the choice of cy. This differ-
ence is insignificant because in the latter case the analysis in the proof holds asymptotically
and the same convergence rate follows.

3.2 Stochastic heavy-ball method
The iteration of the SHB method is given by
Tip1 = @ — g + B(we — 2-1), >, (16)

where g, := V f(z4;&) is the stochastic gradient at x;, oy is the step size, and g € [0,1).
Clearly, if 8 = 0, SHB reduces to SGD. We take x1 = zg.
Define

2y = Tt + Vt, VUt =Tt — Tt—1, t> 1. (17)

B
1-p
The iteration of SHB can be rewritten as
Vi1 = Bur — oG,

Qi (18)
241 = 2t — 1— 591&-

Indeed, the above update rules are easily derived from (16) and (17) as

Vi1 = Tpp1 — Ty = —ougr + B — 2-1) = Bug — auge,
and
Zt41 = Tyl + mvt—i—l
_ B
= x — ongy + Blae — x-1) + m(ﬁ% — tGt)
B B
xe+[1+ 1_ﬂ]ﬁvt [1+ 1_6]0%91:
1
=+ 1_ﬂvt_ 1_50%915
ay

=2z — )

t7 7 —/BQt

To our best knowledge, the following theorem provides the first almost sure convergence
rates for SHB under both strongly convex and non-convex assumptions.

11
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Theorem 8 Consider the iterates of SHB (16).

1. If Assumptions 1, 3, and 4 hold and oz = © (tl%e) for some 0 € (0, %), then almost
surely

flz)—fF=o0 <t11—€> . Vee (26,1).

2. If Assumptions 1 and 4 hold and {ou} is a decreasing sequence of positive real numbers
satisfying > ooq af < 0o and Y oo, Z’ﬁiﬁla = 00, then almost surely
=1

. 1
\Jnin IV f(zi)]* =0 (Zt1> :

i=1 %

In particular, if we choose oy = 1°‘+ with a > 0 and € € (0, %), then almost surely
t27e

min 197" =0 ().

1<i<t—1

Proof We have

[vrs1])® = B2 lvel|* — 2Beu(ge, ve) + o [|gul|-

Taking conditional expectation w.r.t. x;, denoted by E;[-] := E[-|x¢], gives

By Joesa > = 8 orl> = 2800 f(w), ) + oF [A(flwe) = %) + BIV S @)]]” + C]

2
< 8 oull® + 218 [l® + 2 IV S @)l +af [AF () = 1) + BIVA@)|P+ €], (19)

where we used the elementary inequality 2(a,b) < e ||a||* + % 6] with @ = —Buv, b =
oV f(z¢), and an arbitrary e; > 0. By L-smoothness of f and (2), we have

Lo 2
51— gy leell™
2(1-p)

Qi

f(zt41) < f(z) — -5

(Vf(zt); ) +

12
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By Assumption 4, taking conditional expectation w.r.t. x; gives

B f(2t41)
0[2

< (o) = 725V (). V) + g [ A (@) = 1)+ BIV @) +C
= (o) = 725 IVFGOIP = 725V (), VI () = V()

b oot [ = 1)+ BIV S|P +C]
< £ = 125 VG (el 5

La? 2
+ m (A (@) = )+ BV (@)]* +C]
OétLQﬂQ

< (e0) = 125 IVS GNP+ ol + o IV

. Q(f_“m? (A = 1) + BIV S|P + ] (20)

where the second last inequality is by L-smoothness of f and the last inequality is by the
use of the elementary inequality 2ab < ega® + ébQ with a = [Jve]|, b= % IV f(x)]|, and
an arbitrary 9 > 0. By L-smoothness of f again, we have

L 2
Fa) = < £0) = "+ T2V ) ) + s ol
1 2 Lj?
< Fa) = 1+ 5 IV GOI + g bl + g Il 20)

and

IVF ()l = IV f(z0) + YV f (@) = VP < 20V I+ 2V (@) = V)l
262
1-p5)?

< 2|V (=) +2 Jloel®- (22)

Combining (19)—(22) yields
Eo |f(ze01) = " + Hvt+1||2} < (L+aad)[f(z) = [+ (B2 + a8 + &2 + e20f) o

_ <1Citﬁ — c3at> ||Vf(2’t)|| + C40ét,

where the constants ¢;—c4 can be straightforwardly determined from (19)—(22). For any

€ (B,1), we can choose e; > 0 and &2 > 0 such that 82 + 3% + e2 < A. For any
c € (O,ﬁ) we can choose a; = @(tl 9) for some 0 € (0,%), sufficiently small (by

changing the constant) such that —B —c3a? > coy for all t > 1. The above inequality
becomes

By [£(ee1) = £ + Jvesal]
< (1+ cod)F () = £+ (4 e20d) forl = co [V +eaal. (23)

13
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We now consider two different cases:
1. If f is p-strongly convex, we can use ||V f(z)||* > 2u(f(z) — f*) to further obtain

B [£en) = £+ o lP] < (U= 200+ e10d)[F(z0) — £+ (A e20?) ] + caed.
By choosing o, = © (tl%g) sufficiently small, the inequality leads to

By [£(z0) = £+ loenl®] < (1= esa) [f () = £+ Joel) + caod,

for some constant c5 > 0. It follows from Lemma 3 that
* 2 1
Flatr) = 7+ lloeall” = o 7=

for any € € (26,1). The conclusion follows from (21) and (4).
2. If f is non-convex, by (22), inequality (23) leads to

B [£(eiar) = 1+ Joesal?] < (U4 coad)[FGae) = £+ el = e IV 5@ + esed,

where ¢g = max(cy, ¢2), provided that «; is chosen sufficiently small. By Proposition 2, we
have 32°°, o [|[Vf(¢)]|* < oo almost surely. The conclusions follow from Lemma 4 and
Remark 5. |

The almost sure convergence rates achieved by SHB are consistent with the best conver-
gence rates possible for strongly convex and non-convex objective functions using stochastic
gradient methods (Agarwal et al., 2012) (see also Nemirovskij and Yudin (1983)) subject to
an e-factor.

3.3 Stochastic Nesterov’s accelerated gradient

The iteration of the SNAG method is given by

Yt+1 = Tt — G,

(24)
i1 = Yep1 + BWer1 —ye), t>1,

where g, := V f(z4;&) is the stochastic gradient at xy, oy is the step size, and 8 € [0,1).
Clearly, if 8 = 0, SNAG also reduces to SGD. We take 1 = y;.
Similar to (17), define

zZt =x¢ + v, v =By — Ye—1), t>1, (25)

B
1-p
where y1 = yo°.

The iteration of SNAG can be rewritten as
Vi1 = By — Baygy,

¢ (26>
2+l = &t — 1— Bgt-

3. This would be consistent with 1 = y1 and the second equation in (24) with ¢ = 0, which is used in (27).

14



ALMOST SURE CONVERGENCE RATES ANALYSIS OF STOCHASTIC GRADIENT METHODS

Indeed, similar to how we obtained (18), the above update rules are easily derived from (24)
and (25) as

Vi1 = B(Y+1 — Yt)
= B(xr — auge) — By
= BWe + Byt — ye—1) — cuge) — By (27)
= Put — Baugt,

and
Zt41 = Ty + mvt—kl

B
=Yer1 + BWer1 — y) + mvtﬂ

:$t_atgt+vt+1+1_l8'l)t+1
=T — g + 1 _th—i-l
1

:$t—at9t+m(5vt—5atgt>

+ b L
=z Vg — «

t 1_/8t 1_6tgt

Qi

=z — .

t 1_6%

Note that (26) is almost identical to (18) except for the extra § in the first equation for
Vt+1-

Theorem 9 Consider the iterates of SNAG (24).

1. If Assumptions 1, 8, and 4 hold and oy = © (tl%e) for some 6 € (0, %), then almost
surely

flae) — 1 =o (;) . vee (26,1).

2. If Assumptions 1 and 4 hold and {ay} is a decreasing sequence of positive real numbers
satisfying > oo, af < 0o and Y oo, Z,ﬁiﬁa = 00, then almost surely
i=1 %

1
1521{1_1 IV f(z)]* = o <Zt_1> :

i=1 %

In particular, if we choose ay = 1°‘+ with o > 0 and e € (0, %), then almost surely
t27Te

. e (1
L 97 =0 ().
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Proof The proof is similar to that for Theorem 8. Instead of (19), we obtain

2
Ey [|vi1]* < 52 (IIth2 +enflol® + % IV f(zo)l® + af [A(f(fvt) — )+ BIVf(z)* + CD :
(28)

The rest of the proof proceeds in the same way (with slightly different constants). We con-
clude the same convergence rates by Lemmas 3 and 4. |

To our best knowledge, the above theorem provides the first result on almost sure con-
vergence rates for SNAG under both strongly convex and non-convex assumptions. It is also
evident from the above proofs that we provide a unified treatment the convergence analysis
for SHB and SNAG.

4. Last-iterate convergence analysis of stochastic gradient methods

In the previous sections, we have established close-to-optimal almost sure convergence
rates for popular stochastic gradient methods. These rates are proved for the last iter-
ate? f(x;) — f*. When strong convexity is absent, convergence (rates) analysis for stochastic
gradient methods in terms of the last iterates seems more challenging, even for general
convex objective functions. We shall address these issues in this section. Such results are
practically relevant, because it is the last iterates of gradient descent methods that are being
used in most practical situations.

4.1 Last-iterate convergence analysis of SHB and SNAG for non-convex
functions

In the non-convex setting, the convergence analysis in the previous sections shows that a
weighted average of the squared gradient norm ||V f (xz)\|2 converges to zero almost surely,
which also implies that the “best” iterate minj<;<; ||V f(z;)||* converges to zero almost surely
(cf. Lemma 4). It is both theoretically intriguing and practically relevant to know whether
the last-iterate gradient V f(x;) converges almost surely. However, it is usually more chal-
lenging to analyze the convergence of the last iterate of SGD. An interesting discussion was
made in Orabona (2020a), where the author simplified the long analysis in earlier work
by Bertsekas and Tsitsiklis (2000) that proved the last-iterate ||V f(z;)||* converges almost
surely to zero for SGD. In this section, we extend this analysis and prove that the last-iterate
gradients of SHB and SNAG both converge to zero almost surely.

We rely on the following lemma from Orabona (2020a), which can be seen as an extension
of Alber et al. (1998, Proposition 2) and Mairal (2013, Lemma A.5). Here we also extend
the result from p > 1 to p > 0. A proof is included in the Appendix for completeness.

Lemma 10 (Orabona (2020a)) Let {b;} and {a;} be two nonnegative sequences and {w;}
be a sequence of vectors. Assume Y oo aybl < 0o and Y 72 ay = 0o, where p > 0. Further-

4. Similar rates can be easily obtained for ||z — z.||* and ||V f(x¢)||* using strong convexity.
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more, assume that there exists some L > 0 such that

t+7—1 t+7—1
|bt+7_bt’§L<Z a;b; + Z QW ), VT > 1,
i=t i=t

where wy s such that Z?il agwy converges. Then by converges to 0.

Theorem 11 Consider the iterates of SHB (16) and SNAG (24), respectively. Let Assump-
tions 1 and 4 hold and the step size {cy} be a sequence of positive real numbers satisfying

oo e}
E Qp = 00, g a? < 0.
t=1 t=1

Then we have V f(x¢) — 0 almost surely, ast — oo, for both the iterates of SHB and SNAG.

Proof We first prove that the last-iterate gradient of SHB converges. By (23) and Propo-
sition 2, we have Y ;7 oy |V f (z)||* < oo almost surely. Furthermore, by L-smoothness of
f, we have

t+7—1

> g
1=t

L
IVF Gl = IVFEONl < IV f(zear) = VG < Lllztgr — 2l = ]

t+7—1

> iVf(z) + ailg - Vf(zz‘))H

1=t
) )

where w; = g; — V f(z;) . To show that ) ,., ayw; converges almost surely, we write

L
1-p

I t+7—1
T ( > VAl +

t+7—1

§ QW

i=t

i=t

arwy = ai(ge — V(@) + a(Vf(2e) = VF(21)).

We make the following claims that are proved in Appendix C.

Claim 1: M; = "_; ai(gi—V f(x;)) is a martingale bounded in £2 and hence converges
almost surely (Williams, 1991, Theorem 12.1)).

Claim 2: Ny = >"'_, a;(Vf(zi) — Vf(2;)) converges almost surely.

By Claims 1 and 2, > ;2 cyw; converges almost surely. Applying Lemma 10 with
be = ||IVf(z)| and p = 2 shows that Vf(z) — 0 almost surely. We conclude that
V f(x¢) converges to 0 almost surely in view of (22) and that v; — 0 almost surely (since
S22 lvell? < oo almost surely).

The proof of convergence for SNAG is similar, following (28). We omitted the details
here. |

Remark 12 Last-iterate convergence analysis in expectation for SHB and SNAG is investi-
gated in Liu et al. (2023) by expressing SHB and SNAG in a unified form with an additional
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parameter that interpolates between SHB and SNAG (termed stochastic unified momentum
(SUM); see also Yan et al. (2018)). We expect that the almost sure convergence analysis
presented in the current paper can be easily applied to analyze SUM to obtain both almost
sure convergence rates and last-iterate convergence. Moreover, our analysis of SHB and
SNAG is unified, in the sense that they are written in nearly identical forms (cf. (26) and
(18)), allowing the proof of one to be easily extended to the other.

4.2 Last-iterate convergence rates of SGD, SHB, SNAG for general convex
functions

We primarily focused on strongly convex and non-convex objective functions in the previous
section. For functions that are generally convex, Sebbouh et al. (2021) proved almost sure
convergence rates of SGD for a weighted average of the iterates. A natural question to
ask is whether one can obtain some last-iterate almost sure convergence rates. Indeed,
the vast majority of convergence analysis for stochastic gradient methods under general
convexity assumption yields results in terms of a weighted average of the iterates. There
is an interesting discussion in Orabona (2020b), where the author derived some last-iterate
convergence rates in the context of non-asymptotic analysis for convergence in expectation
(see also earlier work Zhang (2004); Shamir and Zhang (2013) with more restricted domains
or learning rates). In this section, we provide results on almost sure last-iterate convergence
rates for SGD, SHB, and SNAG. Compared with the results in Sebbouh et al. (2021) for
SHB, we show that even without the iterate moving-average (IMA) parameter choices, the
last iterates of SHB still converge to a minimizer, only assuming smoothness and convexity.
The proof of the following result can be found in Appendix D.

Theorem 13 Consider the iterates of SGD (11), SHB (16), and SNAG (24), respectively.
Let Assumptions 1 and 4 hold and Assumption 3 hold with u = 0. Suppose that we choose

the step size oy = © ( 21+ ) for any e € (0, %) Then we have x; — x4 for some x, such
t37e
that f(xz«) = f* almost surely and f(x) — f* = O( . )
t37°

Remark 14 While this appears to the first result on last-iterate almost sure convergence
rates for SHB and SNAG, the rate O (

convergence in expectation (Agarwal et al., 2012). Note that most convergence rates for
SGD on general convez function are derived for a weighted average of the iterates. An inter-

esting observation was made in Orabona (2020b) and the author derived a non-asymptotic

last-iterate convergence rate of O (M) in expectation. It is unclear at this point whether

VT

the idea in Orabona (2020b) can be extended to yield a close-to-optimal asymptotic almost
sure convergence rate. It would be interesting to investigate whether the law of the iterated
logarithm for martingales (Stout, 1970; de la Pena et al., 2004; Balsubramani, 2014) can

help determine the sharpest convergence rates in this setting. It is interesting to note that

a similar almost sure convergence rate of O( . ) was derived in Lei et al. (2017) us-
3*5

I ) 1s not close to the lower bound obtained for
t37¢

ing totally different techniques for online gradient descent algorithms in reproducing kernel
Hilbert spaces (RKHSs) without reqularization. Their proof technique, based on convergence
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rates analysis with high probability and the Borel-Cantelli lemma, is different from ours. It
remains an intriguing question whether sharper rates can be obtained.

5. Almost Sure Avoidance of Strict Saddle Manifold

In this section, we analyze almost sure avoidance of saddle manifold by stochastic gradient
methods. We further make the following local boundedness assumption on the stochastic
gradient.

Assumption 5 (Local boundedness) For each compact set K € R", there exists a con-
stant C' such that |V f(x;&)|| < C for all x € K almost surely.

Remark 15 The local boundedness assumption is clearly weaker than the assumption of
almost surely bounded noise (Mertikopoulos et al., 2020), i.e., there ezists a constant C' such
that

IVf(z;8) = V()| <C

for all x € R™ almost surely. Indeed, since V f(x) is assumed to be (Lipschitz) continu-
ous and hence locally bounded, bounded noise and local boundedness of ¥V f(x) implies local
boundedness of V f(x;&). Assumption 5 is readily satisfied for stochastic gradient computed
using a sample drawn from a finite number of samples where each sample gives a gradi-
ent function V f(x;€) that is locally bounded. For instance, let f(z) = =37 | fi(z), and
suppose that each ¥V f(x;€) corresponds to uniformly randomly choosing © € {1,...,n} and
computing V f(x;€) = V fi(z). If each V fi(x) is locally bounded, then Assumption 5 holds.

Finally, we need one more assumption on the stochastic gradient.

Assumption 6 The error between the true gradient and any stochastic gradient is uniformly
exciting in the sense that there exists some constant b > 0 such that

E[(V f(z;€) = Vf(z),0)"] > b,

where (1) = max(-,0) denotes the positive part of a quantity, for all x € R and all unit
vector v € R™.

The same assumption was made in prior work (Pemantle, 1990; Benalm and Hirsch,
1996; Benaim, 1999; Mertikopoulos et al., 2020). This assumption is naturally satisfied by
noisy gradient dynamics (e.g., as in Ge et al. (2015); see also remarks after Assumption 5
in Mertikopoulos et al. (2020)).

Define the critical set as

C(f):{xeRd: Vf(x):o}. (29)

Definition 16 (Mertikopoulos et al. (2020)) A strict saddle manifold S of f is a smooth
connected component of C(f) satisfying

1. Bveryx, € S is a strict saddle point (Lee et al., 2016, 2019) of f, i.e., Amin(V2f(4)) <
0.

19



LIU AND YUAN

2. For all x, € S, all negative eigenvalues of V?f(x,) are uniformly bounded from above
by a negative constant and all positive eigenvalues of V2 f(x4) are uniformly bounded
from below by a positive constant.

The above definition is from Mertikopoulos et al. (2020). As stated in Mertikopoulos
et al. (2020), the requirement that all positive eigenvalues of V2 f(x,) are uniformly bounded
from below by a positive number is added for convenience of proof, while the requirement
that all negative eigenvalues of V2f(z,) are uniformly bounded from above by a negative
number is a more stringent requirement for the technical proof (see proof of (Mertikopoulos
et al., 2020, Lemma C.3) and the prerequisite of (Benaim, 1999, Proposition 9.5) on (Benaim,
1999, p.48, (iii))). Our proof of Theorem 17 below relies on conclusions of (Benaim, 1999,
Proposition 9.5).

The main result of this section is stated below.

Theorem 17 Let S be any strict saddle manifold of f, where f is three times continuously
differentiable and satisfies Assumptions 1, 2, 4, 5, 6. Let the step size {a,} be decreasing
and satisfy o, = © (n—lp), where % <p<1. Then P(x, — S as n — o0) = 0 for both SHB
(16) and SNAG (24).

We provide a brief outline for the proof. The detailed proof can be found in Appendix
E.

1. In Section E.1, we summarize preliminary results on the convergence of the sequences
generated by SHB and SNAG (Liu and Yuan, 2022). Combined with Benaim (1996),
we show that the limit set of these sequences enjoy the same properties of the limit
sets of trajectories of the corresponding gradient flow.

2. In Section E.2; we state previous results by Benaim and Hirsch (1995); Benaim (1999)
on the construction of a Lyapunov function around the saddle manifold. This result
will be used later in the proof.

3. The main proof is presented in Section E.3, where the probabilistic estimates by Pe-
mantle (1990, 1992) are combined with the Lyapunov analysis due to Benaim and
Hirsch (1995); Benaim (1999) to show both SHB and SNAG almost surely avoid strict
saddle manifolds, without the bounded gradient and noise assumptions, compared with
results on SGD by Mertikopoulos et al. (2020).

Remark 18 We briefly highlight the main challenge in establishing Theorem 17. The pri-
mary technical challenge is to demonstrate that the last iterates of SGD, SHB, and SNAG
converge under relaxed assumptions, a proof presented in Theorem 11 and summarized as
Lemma 21. The key ingredients for this proof include the supermartingale convergence the-
orem, inequality estimates we established for bounding the iterates of SHB and SNAG, and
the technical lemma due to Orabona (2020a). Lemma 21 further ensures that the iterates of
SHB and SNAG will satisfy the technical assumptions necessary for applying previous results
by Benaim (1996), which characterize the limit sets of stochastic approximations.
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6. Conclusions

In this paper, we have provided a streamlined analysis of almost sure convergence rates
for stochastic gradient methods, including SGD, SHB, and SNAG. The rates obtained for
strongly convex functions are arbitrarily close to their corresponding optimal rates. For non-
convex functions, the rates obtained for the best iterates are close to the optimal convergence
rates in expectation for general convex functions (Agarwal et al., 2012). For general convex
functions, we identified a gap between the last-iterate almost sure convergence rates obtained
and the possible optimal rates. Whether it is possible and how to close this gap can be an
interesting topic for future work.

Furthermore, our study provides evidence for the effectiveness of various stochastic gra-
dient descent methods, including SGD, SHB, and SNAG, in avoiding strict saddle points.
Our analysis expands upon previous work on SGD by removing the requirement for bounded
gradients and noise in the objective function, and instead relying on a more practical local
boundedness assumption on the noisy gradient. The results of our study demonstrate that
even with non-bounded gradients and noise, these methods can still converge to local mini-
mizers. This research contributes to the understanding of the behavior of gradient descent
methods in non-convex optimization and has potential implications for their use in solving
a wide range of machine learning and optimization problems.
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Appendix A. Proof of Lemma 3

Proof By the choice of oy = @(H%G), where 6 € (0, 3), there exists some 7 > 0 such that
croy > t%g for all ¢ > 1. We shall make use of the elementary inequality

t+DI <t 1-e)tc, t>0, £€(0,1), (30)

which can be proved, for instance, as follows. Let g(x) = 2'~¢ for # > 0. Then ¢'(z) =
(1 —e)z™¢ is decreasing on (0,00). By the mean value theorem,

(t+ D)=t =g <g(t) = (1),

where £ € (t,t+ 1), which implies inequality (30). For the convenience of the readers, recall
(8) as
E[Yi+1 | F) < (1 = crow)Ys + eaaf,

Multiplying both sides with (¢ + 1)~ and applying inequality (30) and cjay > g lead to
t+ 1) 5(1 — )Y et + 1) ea?
o+ (1 —e)t ] (1 — tl—e) Y + co(t +1)175a2

E[(t+ 1) Yy | F <

<

(
[

1—¢ 7 _ _
= (1 + ; > <1 — m) tl EYt + CQ(t+ 1)1 60{?
1—¢ n nl—e)| -
N [1+ F -0 T 0 HY+ oot + 1) Faf,
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where the last two equations are straightforward algebraic rearrangements. Clearly, as

t — oo, the term % is dominated by WL_Q Hence, there exists some T > 1 sufficiently
large such that, for all ¢ > T, 1= — T — ngff) < 5iiks — jks = — e 1t follows that

E[(t + 1) Y | Fi) < t17°Y; — Y+ et + 1) %0l t>T.

Ui
2t1_9
With V; = t17°Y;, Xy = 515t Y, Zy = eo(t + 1) 507 = O (77229), and 7 = 0, the
conditions of Proposition 2 are met for all ¢t >T with Y, in place of Y;. By Proposition 2, we
have t'~¢Y; converges and Zfi 7 Xt < oo almost surely. We must have t1=¢Y, — 0 almost

surely, since ) ° 7 5y = oo and Y20 Xy = 3 0, Qtli_gtl_sYt < oo almost surely. Oth-
erwise, a contradiction would arise by the limit comparison test for convergence of infinite
series. The conclusion follows. |

Appendix B. Proof of Lemma 4

Proof Note that w; = 2 and Y2 = Yj. Since oy is monotonically decreasing, w; € [0, 1]
for t > 2. It follows that, for each ¢ > 2, Y; is a weighted average of all numbers in
{X1, -+, X¢—1}. Furthermore, by (9) we have

t t—1
Vi Y i =YY o — Yy + 20Xy, t>1 (31)
=1 =1

Let Yt =Y Zf;i «;. Then conditions of Proposition 2 are met with Yt in place of Y;, Y}

in place of X;, and 204 X; in place of Z;. It follows from Proposition 2 that Y; 1 25:1 «; con-

verges® and Y 7%, vV} < oo. Since Y 0, Zﬁiﬁa =00, > ;0 oYy < 00, and limy 00 ¥y
= Sisie

limtﬁooYth;} «; exists, we must this limit equal 0 by the limit comparison test for

series. Hence Y; = o (ﬁ) The other part of the conclusion follows by noting
=1 "1

minj<j<¢—1 X; < Y:, because Y; is a weighted average of {X1, -+, X¢—1}. [ ]

Appendix C. Proof of Lemma 10 and Claims in the Proof of Theorem 11

Proof of Lemma 10: Since Y 72, oy = coand Y ;o aubl < 00, we must have lim infy_,o by =
0. For the sake of deriving a contradiction, suppose that lim sup,_, . b; > 0 or lim sup;_,, by =
00. Then there exists some € > 0 such that we have a subsequence {by, } satisfying b,, < 5
for all £ > 1 and another subsequence {by,, } satisfying b,,, > ¢ for all k > 1.

Given ¢ > 0, define a constant C. = max (¢'77, (¢/2)!"7). Since both ¢, oyb} and

> oy apwy converge, the partial sums of these series are Cauchy sequences. There exists

5. While no random sequences are involved here, Proposition 2 is still applicable with almost sure conver-
gence replaced by convergence. A direct proof is possible using the monotone convergence theorem for
real numbers.
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some N > 0 sufficiently large such that, for all ¢ > N and 7 > 0, we have
t+7 t+1

€
Z; b < fren Z; it
1= 1=

We consider the case 0 < p < 1 and p > 1 separately.

1) Assume 0 < p < 1. Pick some ng, > N such that by, < 5. Then pick the first m; > ny
such that bmz; > €, which implies that, for all 7 with ny <1 <mg, b; < e. By the assumption
of the Lemma and (32), we have

(32)

<=
4L°

mlgfl mfcfl

1=n =N

mp—1 mp;—1
=1L Z Oéibfbil_p + Z Wy

1=ng =N

m,;—l mfc_l

pP1-p - € £y ¢

<L lzn: azbfs + zzn: oW; <L(4LCECE+4L)—2,

=Nk =ng

which contradicts that b,, < 5 and bm;; > €.
2) Similarly, for p > 1, pick some mj; > N such that b,, > e¢. Then pick the first
nj, > my such that b”;; < 5. We have, for all i with my, <i <ng, b; > 5. Tt follows that

nfc_l

n;—1
<L Z a;b; + Z o;w;

=mp =my

’I’L,*C—l ’I’Lfc—l H

=L Z aibfbil_p-i- Z a; Wy

i:mk i:mk
n;—1 n;—1

<[ Y able/2t 7+ || Y <L(ﬁc€+ S

i=my 1=my

which contradicts that b,,, > ¢ and b"x; <s.

Proof of Claim 1: It is straightforward to verify by definition that it is a martingale.
It is well known (see, e.g., (Williams, 1991, Theorem 12.1)) that M; is bounded in £2 if and
only if

oo
> E[||M; — Myq]’] < oo
t=1

The latter is verified by

D ElIMe — M| = Y o (B llgel® — BNV (22)[I*)
t=1 t=1

< ai [A(E[f(:vt)] )+ B-DE|Vi@)*+C|, (33)
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where we used Assumption 4. Following the same argument as in the proof of Theorem 8,
except that we take expectation on all the inequalities involved, we can show that E[f(z;)] —
f* converges as t — oo and 3.0, a; B ||V f(2)]|* < oc. Since 352, aF < oo, we have a; — 0
as t — 0. By comparing the series on the right-hand side of (33) with convergent series
S af and Y00, oy E ||V f(x4)]|%, we conclude that Y20° E[|[M; — M;_1 )] < oco.

Proof of Claim 2: By L-smoothness of f, we have

t t I t
D eV a) = V)<Y ol ||z — 2| = 1—55 > aillvil (34)
=1 =1 1=1
Lﬁ : 2 : 2
= -5 D oa D vl (35)
=1 =1

It follows that N; converges almost surely, provided that 372, [|v;]|* < oo almost surely. To
show the latter, recall (23) as

E¢ | f(z01) — f* + o ?| < @+ e6ad)[f (z) — £* + ol P] = (1= N) [Joe])?
— cay |V (z) |1 + esef, (36)

where ¢g = max(cy, c2). Proposition 2 implies that 32°°, ||| < oo almost surely.

Appendix D. Proof of Theorem 13

Lemma 19 Suppose that Y; is a sequence of nonnegative random variables that are adapted
to a filtration {F;}. Let {a;} be a sequence chosen as oy = @( . ) (for t > 1), where

1
t3te
e€(0,3). If

E[Yie1 | Fi) < (14 c102)Y; + eaa?, (37)

for some constants c1,co > 0 and Z?il oYy < 0o almost surely, then Yy = O ( 11_E> almost

t3

surely.

Proof Suppose that

B <2 w1,
t5te t3+e



LIU AND YUAN

with some positive constants 77 and 7. Multiplying both sides of (37) by (1 + 75)%_‘€ leads
to

Ey[(1+ )37 Y1 | F) < (14 8)575(1+ c10d)Ys + ca(1 + 1)3 %0

1
= [té_a " (3 - 5) t_g_a] (1+c1ad)Y; + e (1 +1)3 %0}

1
=(1+ claf)t%_an + <3 - 5) t_%_s(l + 102+ (1 + t)%_soz?
oy (1+1)5°°

tl+3e téfg

1
< (1+ o)t~V + (eand + 1) (3 - > 3y, +

Cq

< (14 c10D)t5Y; + sV + ——
— tl+3e’

where we can take ¢z = (c1n3+1) (3 —¢) /m and c¢q = can3V/2. Recall that >3, oy V; < oo.
Applying Proposition 2 with t%_sY}/ in place of V3, Xy = 0, and Z; = c3a4Y; + ;17%52, we have

Yoiey Zy < oo and t37°Y; converges almost surely. The conclusion follows. u

With this lemma, we are ready to present the proof of Theorem 13.

Proof 1) We show the proof for SGD first. By smoothness of f and (2), we have

042
Fle) < Fla) - oV (), g0 + ot ol

Taking conditional expectation w.r.t. z;, denoted by E;[-] := E[-|z], leads to

a2
B [f(ween) = 7)< Fla) — 1 — a0 [V AP + ot [A(7 (@)~ %) + BV T @)]* +

2
LAo? i LBa? LCa?
<+ E5 ) - 1) - (o= 2500 ) 1A 4 2
LAo? o1 LCao?
< (14 =50 () — 1) - e IV f) P+ =57 (3)
provided that LBay < 1.
Let z, be a minimizer, i.e., f(zs) = f*. We have
o1 — 2al? = [lze — zal|® = 200 (g0, 21 — 22) + F |9l
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Take conditional expectation w.r.t. z; from both side. By convexity and L-smoothness of
f, we obtain

Ee |21 — 2] < lloe = @ll” = 200(9 f (1), @ — 2.)

+ o [A(f(z) = ) + BIVS ()| +C]

1

a0 (f(a0 - 5 + 5 1970

+ o [A(f(z) = ) + BIVf ()| +C]

< ot — .

~llor = .l = (20 = Aad)(f(ar) ~ ) = ( pou = Bad ) IV @)
+aZC
< e = 2ul® = cu(f (@) = f7) + 0} C, (39)

where the second inequality follows from (5) with y = x; and = x,, provided that Aa; <1,
in addition to LBao; < 1.

By (38) and Proposition 2, 3°%°, a, |V f()||* < oo almost surely and f(z;) converges
almost surely. By (39) and Proposition 2, Y ;7 a¢(f(x¢) — f*) < oo almost surely and
|z¢41 — @4|| converges almost surely. Since » ;2 oy = oo, the almost sure limit of f(x)
must be f*. By almost sure convergence of ||xy11 — z4||, {z:} almost surely has a convergent
subsequence. The limit of this subsequence, denoted by z(w) must satisfy f(z(w)) = f*.
Hence z(w) is also a minimizer. Since the choice of minimizer in (39) is arbitrary, we must
have x; converges almost surely to some random variable. It follows that V f(x;) exists
almost surely and the limit must be 0 (either by using the fact that the limit of z; is a
minimizer almost surely or that 325° ay |V f(z)]|* < oo almost surely and 352, a; = c0).

We now derive a concrete convergence rate for f(z;) — f*. Let Y; = f(zy) — f*. By

(38) (and dropping the term — oy IV £(@)]|?), (37) of Lemma 19 holds with ¢; = £ and

2
Ccy = % The conclusion follows from that of Lemma 19.

2) We now prove the case for SHB. Recall (23) as

Ee |f(ze41) = f* + o] < (1 coad)[f (z) = 5+ o] = (1= A) [Joe)?
—car [V f(z)|* + eaa?, (40)

where ¢g = max(cy, ¢g) defined in (23). Proposition 2 implies that Y75° [Jve]|? < 0o, f(z) —
f* converges, and Y%« ||V f(2:)]|* < oo, almost surely.
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Similar to (39), by convexity of f and iterates of SHB in (18), we obtain

2
B [lees = mell?] < lloe = 2ull® = T35V @), 20— )
+a [A(f(w) = 1) + BV f(a)|* + C]
— =l = 2T St = ) + 1 (V) = Fon) 1 - )
+af [A(f(w) = ) + BV f(a)|* +C]|
2 1 2L
< o=l =127 (f(Zt) —f ||Vf<zt>||2) + G
o |z — .l +of |A(f(2) = ) + BV f(a)|* +C|
< (0 o = 2l = (725 = crad)(F ()~ 1)
~(grrgyon— o) IVSGOIP + o ol + e (a1)

where c7, cg, and cg are some positive constants. The first inequality above follows from
convexity of f, L-Lipschitzness of Vf, and the elementary inequality 2(a,b) < ||a||* + [|b]°.
The third inequality follows from (21) and (22). By (41), choosing oy sufficiently small leads
to

at

Ee Izt — 2] < (14 0d) ll2¢ — 2. =

(f(zt) = f* + loell) + o luel* + o C,
(42)

™

where {25 + ¢g < c10. Since 3%, lv]|> < oo almost surely, Proposition 2 implies that

pOyady 25 (f(ze) = "+ [ve]|?) < oo and ||z; — 2. |* converges almost surely. By a similar
argument as in the proof for SGD, we have z; converges to a minimizer almost surely. To
obtain a concrete convergence rate, let ; = f(z) — f* + |lug]|*>. By the choice of oy and
Lemma 19, we have

1
Yi=f(ze) — f*+ Hth2 =0 ( - 6) , almost surely.
t3~
From (21) and the fact that

IV f(z0)lI” < 2L(f(2e) — f7),

which is from (4), we obtain

1
flzy) —fF=0 < - E> , almost surely.
t3~
3) The case for SNAG is very similar in view of (28) and omitted. |
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Appendix E. Proof of Theorem 17

This section is dedicated to the proof of Theorem 17.

E.1 Preliminary convergence results and property of limit sets

Consider the continuous-time gradient flow for the objective function f:
&= —-Vf(z). (43)

Let {®;} denote the flow associated with (43), i.e., ®; maps any initial condition = to the
value of the solution to (43) at time ¢, ®;(z).

The following lemma is purely deterministic, but can be used to show limit points of the
sequences produced by SHB (16) and SNAG (24) basically enjoy the same properties as the
omega limit sets of the trajectories of the gradient flow (43).

Lemma 20 (Benaim (1996)) Let {z,}, {u,}, and {b,} be sequences in RY such that
Znt1 = 2n + o (=V f(2n) + un + by),

where {o,} is a positive decreasing sequence satisfying Y .o | oy = 00 and limy, e 0y, = 0.
Assume:

1. {zn} is bounded;
2. limy, o0 by, = 0; and
3. for each T > 0,

lim sup
00 (ke 0<7p—7n <T'}

=n

where 7, = Y «;. Then the limit set of {z,} is a nonempty, compact, connected set
which is invariant under the flow {®¢} of (43). Furthermore, the limit set belongs to
the chain recurrent set of (435).

We state another lemma that asserts convergence properties of the sequences produced
by SHB (18) and SNAG (26). While its proof is already included in the proof of Theorem

11 in Appendix C, we state the conclusions separately for clarity.

Lemma 21 Suppose that Assumptions 1 and 4 hold. Furthermore, {a,} satisfies

oo oo
E Qy, = 00, E o2 < oo.
n=1 n=1

Then the following results hold:
1. Vf(xn) =0, Vf(z,) = 0, and v, — 0, as n — oo, almost surely;

2. 3% ai(Vf(2n)—gn) is a martingale bounded in L? and hence converges almost surely.
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Based on these two lemmas, we can prove the following result.

Proposition 22 Suppose that Assumptions 1, 2, and 4 and {a,} is a positive decreasing
sequence that satisfies

[o¢] o0
d ap =00, » al<oo

Then the sequence {z,} obtained from SHB (16) and SNAG (24) almost surely satisfies the
assumptions of Lemma 20. Hence its limit set satisfies the conclusion of Lemma 20 almost
surely.

Proof For SHB, write

1 = 2t 7o (<Y () + (V@) = 90) + (V) = V@)

Let u, = Vf(zn) — gn and b, = Vf(2,) — Vf(zy). Then Lemma 21 implies that b, — 0 as
n — oo and Y, a;u; converges. It follows that

k-1
E QiU

=n

lim sup =0.

n—0o0 an-i—l

Boundedness of {z,} follows from the fact that Vf(z,) — 0 as n — oo (Lemma 21) and
Assumption 2.

Hence the assumptions of Lemma 20 are met and its conclusion follows. The proof for
SNAG (24) is almost identical and therefore omitted. |

Remark 23 Since z, = ©, — %vn and vy, — 0, the limit sets of {xn} and {z,} coincide

and hence both enjoy the property stated in the conclusion of Lemma 20.

E.2 Lyapunov analysis around strict saddle manifold

The saddle avoidance analysis relies on the construction of a Lyapunov function around the
saddle manifold due to (Benaim, 1999, Proposition 9.5).

In this section, we assume that f is three times continuously differentiable®. Since S is
a strict saddle manifold, the center manifold theorem (Robinson, 2012; Shub, 1987) implies
that there exists a submanifold M of R? namely the center stable manifold of S, that is
locally invariant under the flow {®;} in the sense that there exists a neighborhood U of S
and a positive time ¢y such that ®,(U4 N M) C M for all |t| < ty. Furthermore, for each
z. €S, we have R4 = T, M@ E; , where E} is the unstable subspace of R" for (43) at ..
Due to the assumption on the strict saddle manifold, the dimension of EJ is at least one

6. This stringent requirement is to ensure that the vector field of the gradient flow (43) is twice continuously
differentiable, which in turn ensures that V' defined in Proposition 24 is twice continuously differentiable
((Benaim, 1999, Proposition 9.5); cf. (Benaim and Hirsch, 1995, beginning of Section 3 and proof of
Proposition 3.1) for more clarity on the smoothness requirement of the vector field.)

34



ALMOST SURE CONVERGENCE RATES ANALYSIS OF STOCHASTIC GRADIENT METHODS

and the dimension of M is at most d — 1. Relying on center manifold theory and geometric
arguments, one can construct a Lyapunov function V' based on the following function

p(y) = 1I(y) — yll,

which maps from a neighborhood Uy of S to R>(, where II(y) projects y on M along the
unstable directions of (43). The following result was proved in Benalm (1999) (see also
Mertikopoulos et al. (2020) for more specific discussions to strict saddle manifold as defined
by Definition 16).

Proposition 24 (Benaim (1999)) There exists a compact neighborhood Us of S and pos-
itive constants T and ¢ such that the function V : Us — R given by

where {®;} is the flow generated by (43), satisfies the following properties:

1. 'V is twice continuously differentiable on Us\ M. For all xz € UsNM, V admits a right
derivative DV (x) : R?* — R¢ which is Lipschitz, convex, and positively homogeneous.

2. For all x € Us,
DV (z)[-V f(z)] = ¢V (z).

3. There exists a positive constant C such that, for all x € Us,
DV (z)[v] = =Clv], (44)
for all v € R?.

4. There exists a constant v > 0 and a neighborhood V of the origin of R® such that for
all x € Us and v € V, we have

V(z+wv) = V(x) + DV (x)[v] — % ol (45)

5. There exists a constant m > 0 such that for all x € Us \ M,
IVV (2)|| = m,
and for all x € Us N M and v € RY,

DV (z)[v] > m||v— DII(x)v| .

For more details on this construction and proof of the above proposition?, readers are
referred to (Benaim, 1999, Proposition 9.5) (see also (Mertikopoulos et al., 2020, Appendix
C)). For more background information on the topic, we refer the readers to Benaim and
Hirsch (1995); Benaim (1999); Lee (2012); Shub (1987); Robinson (2012).

7. Proposition 24(3) was not explicitly stated in Benaim (1999), but can be easily derived from (35) and
(36) in the proof of (Benaim, 1999, Proposition 9.5).
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E.3 Almost sure saddle avoidance analysis

In this section, we analyze almost sure avoidance of any strict saddle manifold. The following
lemma due to (Pemantle, 1992, Lemma 5.5) plays an important role in the probabilistic
argument of the proof.

Lemma 25 (Pemantle (1992)) Let {S,} be a nonnegative stochastic process defined as
Sn =51+ > 1o Z;, where {Z,} is adapted to a filtration {F,}. Suppose that {ow,} satisfies
o, = 0 (%), where % < p < 1. Suppose there exist positive constants by, by, and bg such

that the following hold almost surely for all n sufficiently large:
1 || Znga |l < brom;
2. l{Sn>bgan} E[ZnJrl ’ Fn] > 0,

3. E[S2,, — S| Fu] > bsa?.

n

Then P(lim,,—,~ S, = 0) = 0.

The lemma was proved in (Pemantle, 1992, Lemma 5.5) for p = 1, but the proof for
% < p <1 is the same. The same result was proved and used in (Pemantle, 1990, Theorem
1), but not explicitly stated as a standalone lemma. See (Benaim, 1999, Lemma 9.6) for a
more general form of this result, with a proof using the same technique as Pemantle (1992).

We need another technical lemma that states when the sequence {x,} is uniformly
bounded, then by Assumption 5, we can obtain a uniform rate of convergence by v,, to zero,
at least for {ay,} chosen as in Lemma 25.

Lemma 26 Let {z,} and {v,} be obtained from SHB (18) or SNAG (26) with {c,} satis-

fying o, = @(#), where % < p < 1. Suppose that there exists some constant By > 0 such

that ||z, || < Bo for all n > 1. Then |jv,|| = O().

npP

Proof For SHB, we have
[vns1ll® = B2 [[vall® = 2800 (gn, vn) + 7 [|gall” -
For SNAG, we have
[vns1ll? = B2 l[val® = 287 (gn, va) + 8707 ||gall -

In either case, using the clementary inequality that 2(a, b) < ¢ ||a|? +1 16]|?, we can find two
constants € > 0 and Cy > 0, where C only depends on 5 and € > 0 can be made arbitrarily
small, such that

lons1 ] < (8% +€) loall® + Coa, llgnll* -

We can choose € such that 82 4+ & < 1. Let A = 82 4+ . By Assumption 5, there exists
another constant C7 such that

Jonsal < Alloal® + Cr2.
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First, observe that the above implies

”Un+1H2 - anuz < Clai‘

Summing both sides from 1 to m shows |[vy,41]|* < [Jvr]|> + C1 327, a2, which shows that

{llvalI?} is uniformly bounded, provided the uniform bound on {|z,]|}.
To show a specific rate estimate for {||v,||}, we claim that for n sufficiently large, ||v, | =
O (%), i.e., there exists some constant Cy such that [[v,[|* < % Since a2 = O (%),

w7 7
there exist positive constants A; and Bj such that
é < a2 &
n? = " T p2p’

for all n. Fix any p € (A, 1). Choose Cy such that Cy > %. By induction, suppose

lon|? < n%, holds for some n such that % > 1 (which also holds for all subsequent n).

We have

ACy  C1By
o] < A ”UnHQ +Chaj, < n2p n2p

. CQ B 02 )\02 + ClBl

C(n+ 12 (n41)2  p2 n2p

< CQ . ,uC'Q — )\CQ — ClBl

~ (n+1)% n?p

Co
P —
~ (n+1)%’
by the choice of ;. Hence the estimate holds for all n sufficiently large. |

With these preliminary results, we are ready to prove Theorem 17.
Proof of Theorem 17

Let Us be the neighborhood defined in Proposition 24. Consider the sequences {z,} and
{zn} generated from SHB or SNAG. For each n > 1, let F,, be the o-algebra generated by
{z1,...,2,}. Without loss of generality, assume z; = x; € Us (the proof for zy € Us for
any N is identical). For any k > 1, define the stopping time

TE =inf{n>1: 2, Us or ||z,| >k},

which is the first exit time of {z,} from Us or {x,} from the k-radius ball. Define two
sequences of random variables {Z,} and {S,} as follows®:

Znt1 = (V(zng1) — V(Z”))l{nng} + anl{n>Tg}’ n>1, (46)

and i
S1=V(a), Sn:S1+ZZi; n > 2. (47)

i=2

8. Note that we should have a superscript k on {Z,} and {S,} as they depend on k, but we omit it to
simplify the notation.
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It follows that {Z,} is adapted to {F,}. Clearly, if T% = oo, then S, = V/(2,) for all n > 1
by telescoping.

We verify that {Z,,} and {S,} defined above satisfy the conditions of Lemma 25.

Condition 1: It is clearly satisfied if n > T g Ifn < Téf , since V is locally Lipschitz
and the stochastic gradient is locally bounded (Assumption 5), we have ||Z,,11]] < bia, for
some by > 0.

Condition 2: If n > Tk, we have Zn+1 = ap and

1{n>T§}E[Z’7H—1 | ‘Fn} > 1{n>T§}an > 0. (48)

If n < Tk, we have 2, € Us and, by Proposition 24,

(e7% a%
Zn+1 = V(Zn—i—l) - V(Zn) > DV(ZH)[_l — ﬁgn] - 2(1’7_ 5)2 HgnH2
[67% Qp Oé%
> LDV () [V S (] + 75 DV () [V (20) = g0] - ﬁ lgn1?
> PV () DV () [V () — gu] = Cr, (49)

where C1 > 0 is a constant that can be derived from the bound k for {z,} and Assumption
4. Taking the conditional expectation w.r.t. F, gives

B[ Znsr | Fal 2 725V (o) + 75 BIDV @)V o) = gn | Fol = Cro. (50)

Now we can use convexity of the right derivative of V' (Proposition 24) and the conditional
Jensen’s inequality to obtain

E[DV (20)[V f(2n) = gnl | Fn] > DV (2,)[V f(2n) — E[gn | Ful]
> DV (2,)[Vf(2n) — V f(2n)]
> —

Ca [|vnll,

where Co > 0 is a constant that can be derived from Proposition 24, the Lipschitz continuity
of Vf, and (17). Putting this back to (50) and using Lemma 26, we obtain

anc anCy ||vn|| 9 QupC 2
> _ G2 el > _
E[Zps1 | Fn] > . ﬁV(zn) - Cia;, > . 5V(zn) Csaz, (51)
for some C3 > 0. In other words, we have shown
1 E[Zps1 | Fal > 1 € Y (2n) — Csa (52)
{nergy B 1l = Hasrgh (Tg 7 Vo) T )

Clearly, if we choose by = M, then S, = V(z,) > baay, implies E[Z,, 1 | F,] > 0.
Condition 2 is verified.
Condition 3: We have

E[S?z—i-l - 5721 | fn] = E[ZZ_H + 2SnZnJrl | fn]
=E[Z2,1 | Ful + 280 E[Zni1 | Fol.
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If S,, > baay,, condition 2 implies that E[Z,+1 | F,,] > 0 and hence the right-hand side of
the above equation is non-negative. If S, < byayy,, it follows from (48) and (52) that

QSnE[Zn+1 | fn] > —2b2€3a2.
Hence, to verify condition 3, it suffices to show that there exists a constant b4 > 0 such that
E[Z341 | Ful 2 baci,

for all n sufficiently large. If n > T. g, this obviously holds. For n < T g, we investigate
E[Z} , | F). In view of Jensen’s inequality

ElZp1 | Fol 2 EIZF 0 | Fal?,

we only need to show E[Z,, | | F,] = Q(a,). Consider two cases: (i) z, € M; (ii) 2z, & M.
If z, & M, the right derivative in (49) becomes the gradient and from it we obtain

Zn+1 = %(VV(Z'”), (Vf(zn) - Vf(l'n)) + (Vf(.%’n) - gn)> - 0104%
o, Cy oy
> =5 el 725V V (), V() — g} = Cred
> 175 (VY (an), V) = ga) = sl (53)

where C1, C5, and Cs are as defined above in the proof for condition 2. Taking conditional
expectation on the positive part, we obtain

E[Z 1 | Fal 2 725 E[VV (20), VF(@a) = ga)t | Ful = Csal
an 9
> _
o, mb 9
=1_ ,B - C?)ana (54)

where we used Assumption 6 on the unit vector —VV(z,)/||[VV (z,)| and then Proposition
24. Hence we do have E[Z,' , | ;] = Q(ay,) in this case.

If z,, € M, since the dimension of M is at most d — 1, we can choose a unit vector u,
such that (u,,y) =0 for all y € T,,, M. Since DII(z,) takes values in T, M (Benaim, 1999,
p. 51), we have (uy,, DII(z,)v) = 0 for any v € R%. In view of (49) and by Proposition 24,
we estimate

DV (z0)[V f(zn) = gn] 2 m [(Vf(2n) = gn) — DI(20)[V £ (20) = gnll|
> (un, (Vf(zn) = gn) = DI(zn) [V f(2n) = gul)
= (un, Vf(zn) = gn), (55)

where the first inequality is by Proposition 24, the second one is Cauchy-Schwartz, and the
equality is by the choice of u,, above. Continuing from (55), we obtain

<una vf(zn) - gn> = <un7 Vf(Zn) - vf(xn» + <un7 vf($n) - gn>

> 2 ol + G, V1) — ), (56
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where we used Lipschitz continuity of V f. Putting (55) and (56) in (49) and using Lemma
26 and Assumption 6, we obtain

B2 | Fal 2 {75 El{un, VS (en) = gn)" | o] = Cao, > 775~ Caal,
for sufficiently large n, where b > 0 is from Assumption 6, and Cy can be derived from
Lemma 26. Hence we have E[Z,, | | F,,] = Q(a) in the second case as well.

Since conditions 1-3 of Lemma 25 are verified, we conclude by Lemma 25 that P(S,, —
0 as n — 0o) = 0. Recall the slight abuse of notation (see footnote on page 37), we have
in fact proved P(S*¥ — 0 asn — oo) = 0 for each & > 1. We now complete the proof of
P(xz, — S as n — 00) = 0 (conclusion of Theorem 17) in a few steps.

1) Let £ denote the event on which the conclusion of Lemma 21 holds. Then P(y) = 1.
Let By, denote the event {sup,, ||zn| < k} N Qy. By Assumption 2, almost every {z,} will
be ultimately bounded, because V f(x,) — 0 as n — oo and liminf| ;| [V f(2)| > 0. It
follows that UYZ | By, = Q.

2) We prove that P(T% = co) = 0 for any k. Suppose that there exists some k such that
IP’(T‘IS’C = 00) > 0. For almost every path in {Tk = oo}, by Proposition 22, the limit set of
{zn}, denoted by L({z,}) forms an invariant subset of Us under the flow {®;}. Pick any
limit point z € L({z,}) C Us, we have ®,(z) € L({z,}) C Us for all £ > 0. By Proposition
24(2), V(®4(2)) > eV (2) for all t > 0, where ¢ > 0. By compactness of Us, continuity of
V', and the fact that V' is nonnegative, we must have V' (z) = 0. Recall that, when Tk = 0,
by a telescoping sum, S¥ = V(z,) for all n > 1. It follows that S¥ = V(z,) — 0. Since
P(S¥ — 0asn — oo) = 0 for each k, we must have P(T5 = oo) = 0. It follows that
P(TE < o0) =1 for all k.

3) On each By, since we have T4 < oo almost surely, it follows that {z,} eventually
exits Us (in fact infinitely often by repeating the argument in this proof) almost surely. As
a result, z, A S as n — oo on By, for each k almost surely, and hence entirely on €2g. Since
T = Zn — %vn and v, — 0 almost surely (Lemma 21), we have z,, A S as n — oo on Q.
The proof is complete by noticing P(£2g) = 1. [
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