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Abstract

Training deep networks on large-scale datasets is computationally challenging. This work explores
the problem of “how to accelerate adaptive gradient algorithms in a general manner”, and proposes
an effective Weight-decay-Integrated Nesterov acceleration (Win) to accelerate adaptive algorithms.
Taking AdamW and Adam as examples, per iteration, we construct a dynamical loss that com-
bines the vanilla training loss and a dynamic regularizer inspired by proximal point method, and
respectively minimize the first- and second-order Taylor approximations of dynamical loss to update
variable. This yields our Win acceleration that uses a conservative step and an aggressive step to
update, and linearly combines these two updates for acceleration. Next, we extend Win into Win2
which uses multiple aggressive update steps for faster convergence. Then we apply Win and Win2
to the popular LAMB and SGD optimizers. Our transparent derivation could provide insights for
other accelerated methods and their integration into adaptive algorithms. Besides, we theoretically
justify the faster convergence of Win- and Win2-accelerated AdamW, Adam and LAMB to their
non-accelerated counterparts. Experimental results demonstrates the faster convergence speed and
superior performance of our Win- and Win2-accelerated AdamW, Adam, LAMB and SGD over
their vanilla counterparts on vision classification and language modeling tasks.

Keywords: Accelerated Adaptive Gradient Algorithms, Deep Learning Optimizer, Network
Optimization, Nesterov Acceleration in Deep Learning

1. Introduction

Deep neural networks (DNNGs) are effective in modeling realistic data and have been successfully ap-
plied to many applications, e.g., image classification (He et al., 2016) and speech recognition (Sainath
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et al., 2013). Typically, their training models can be formulated as a nonconvex problem:

it ez Px) = Bonl 6, O] + 5 I3 m
where x € R? is the model parameter, sample ( is drawn from a data distribution D, the loss
f is differentiable, and X is a constant. Although there are various algorithms available, such as
gradient descent (Cauchy et al., 1847) and variance-reduced algorithms (Rie Johnson, 2013), that
can solve problem (1), stochastic gradient descent (SGD) (Robbins and Monro, 1951) leverages the
compositional structure in (1) to efficiently estimate the gradient using minibatch data. As a result,
SGD has emerged as a dominant algorithm for training deep neural networks (DNNs) because of its
improved efficiency and effectiveness. Nevertheless, SGD encounters slow convergence speed on the
sparse data or ill-conditioned problems (Duchi et al., 2011; Kingma and Ba, 2015), as it uniformly
scales the gradient across all parameter coordinates, disregarding the problem-specific properties
associated with each coordinate. To address this issue, recent research has introduced adaptive
methods like Adam (Kingma and Ba, 2015) and AdamW (Loshchilov and Hutter, 2018), which scale
each gradient coordinate based on the current geometry curvature of the loss function F'(x). This
coordinate-wise scaling significantly accelerates optimization convergence, making methods like
Adam and AdamW more popular for DNN training, particularly with transformer models.

Unfortunately, along with the increasing scale of both datasets and models, efficient DNN training
even with SGD or adaptive algorithms has become increasingly challenging. In this work, we are
particularly interested in the problem of “how to accelerate the convergence of adaptive algorithms
in a general manner” because of their widespread popularity in various DNNs. While acceleration
techniques, such as heavy ball acceleration (Polyak, 1964) and Nesterov acceleration (Nesterov,
2003), are commonly employed in SGD, their application to adaptive algorithms remains largely
unexplored. Among the limited studies in this area, NAdam (Dozat, 2016) simplifies Nesterov
acceleration by solely estimating the first moment of the gradient in Adam, disregarding the second-
order moments, which is not exact Nesterov acceleration and may not inherit its full acceleration
potential.
Contributions: In this work, based on a recent Nesterov-type acceleration formulation (Nesterov
et al., 2018) and proximal point method (PPM) (Moreau, 1965), we propose a new Weight-decay-
Integrated Nesterov acceleration (Win! for short) to accelerate adaptive algorithms, and also further
analyze the convergence of Win-accelerated adaptive algorithms to justify their convergence superi-
ority by taking AdamW, Adam and LAMB as examples. We also further extend Win into a more
general version, Win2, for training networks more efficiently. Our main contributions are highlighted
below.

Firstly, we use PPM to rigorously derive our Win acceleration for accelerating adaptive algorithms.
By taking AdamW and Adam as examples, at the k-th iteration, we follow PPM spirit and minimize
a dynamically regularized loss F'(x)+ ﬁ Ix — xp ”%/W where x, is the previous solution, vy, is
the second-order gradient moment, the small constant v is to stabilize in AdamW and Adam, and
%[y, =/ {x, vy ©x) with an element-wise product operation ®. Then to introduce Nesterov-alike
acceleration and also make the problem solvable iteratively, we respectively approximate F'(x) by
its first- and second-order Taylor expansions to update the variable x twice while always fixing the

1
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above dynamic regularization and also an extra regularizer BT ||x]] NoTe=% induced by the weight

1. Code is released at https://github.com/sail-sg/win.
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decay in AdamW. As a result, we arrive at our Win acceleration, a Nesterov-alike acceleration, for
AdamW and Adam that uses a conservative step and an aggressive step to update twice and then
linearly combines these two updates for acceleration. Since Win is simple and efficient, it brings
negligible computational overhead for per iteration cost when plugging it into popular optimizers,
e.g., about 2% extra average training time per iteration on AdamW evaluated on ResNet as shown in
Sec. 5.4. Then we extend this Win acceleration to LAMB (You et al., 2019) and SGD. The above
acceleration derivation is transparent and general which could motivate other accelerations and serve
as examples for introducing other accelerations into adaptive gradient algorithms.

Secondly, we prove the convergence of our Win-accelerated AdamW, Adam, LAMB and SGD.
For Win-accelerated AdamW and Adam, to find an e-approximate first-order stationary point, their

stochastic gradient complexity is O (%) and this matches the lower bound Q(e%) in (Arjevani
et al., 2022, 2020) (up to constant factors) under the same conditions, where c., upper bounds the
¢+ norm of stochastic gradient. Moreover, this complexity improves a factor of O(Cg%) over the

complexity O(%) of Adam-type optimizers in (Zhou et al., 2018; Guo et al., 2021), e.g., Adam,
AdaGrad (Duchi et al., 2011), AdaBound (Luo et al., 2018), since the network parameter dimension
d is often much larger than c2°, especially for over-parameterized networks. Indeed, Win-accelerated
Adam and AdamW also enjoy superior complexity to other Adam variants, e.g., Adabelief (Zhuang

et al., 2020) with compelxity O(%), especially on over-parameterized networks, where c3 is the

maximum £s-norm of stochastic gradient. We also show that Win-accelerated LAMB improves the
2.

complexity of LAMB by a factor of O (Ccll—:) which is often large, especially for over-parameterized

networks. For Win-accelerated SGD, it enjoys the complexity of O(E%) which matches the lower
bound in (Arjevani et al., 2022, 2020).

Thirdly, we develop a more general Win acceleration, Win2 for short, which extends the parameter
update from two steps in Win to multiple steps. To minimize the dynamically regularized loss
F (x)+ﬁ l|x — xp H?/W’ Win2 also approximates the vanilla F'(x) by its Taylor expansions but at
multiple different points. Accordingly, Win2 needs to update the parameter multiple times, and then
linearly combines these multiple updates for acceleration. Since multiple updates yield more stable
linear combination and thus better stabilize the training, Win2 can use more aggressive stepsize
than Win to achieve faster convergence speed as empirically shown in Sec. 5. Besides, we prove
that Win2-accelerated AdamW, Adam and LAMB respectively enjoy superior stochastic gradient
complexity to vanilla AdamW, Adam and LAMB. For Win2-accelerated SGD, its stochastic gradient
complexity also accords with the lower complexity bound in (Arjevani et al., 2022, 2020).

Finally, extensive experimental results on both vision tasks (e.g., classification and segmentation)
and language modeling tasks show that our Win- and Win2-accelerated algorithms, i.e. accelerated
AdamW, Adam, LAMB and SGD, can accelerate the convergence speed and also improve the
performance of their corresponding non-accelerated counterparts by a remarkable margin on both
CNN and transformer architectures. Moreover, Win2 also shows better empirical acceleration effects
and also higher empirical performance than Win. All these results show the strong compatibility,
generalization and superiority of our acceleration techniques.

Comparison with our conference work. This paper is an extension of our previous work (Zhou
et al., 2023) which proposes Win and analyzes the convergence performance of Win-accelerated
AdamW, Adam, and SGD on the stochastic nonconvex problem (1). Compared with its shorter
version, this paper makes the following changes. 1) Our previous work (Zhou et al., 2023) only
analyzes Win-accelerated AdamW, Adam and SGD, while this work further analyzes Win-accelerated
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LAMB and shows its superior complexity to vanilla LAMB. In practice, LAMB is a very popular
optimizer for large minibatch training, and is more complex due to its scaling operation, imposing
more challenges for analysis. 2) It proposes a more general acceleration framework, Win2, which
extends the parameter update from two steps in Win to multiple steps, and achieves faster convergence
speed empirically. 3) This work also proves that Win2-accelerated AdamW, Adam and LAMB reveal
superior complexity to vanilla AdamW, Adam and LAMB, and Win2-accelerated SGD enjoys a
complexity which matches the lower complexity bound. 4) This work conducts comprehensive
experiments on additional tasks, e.g., instance segmentation which includes object detection and
mask segmentation, to evaluates the performance of Win, and also Win2 on image classification,
detection, segmentation and language modeling tasks.

2. Related Work

In the context of deep learning, when considering efficiency and generalization, one often prefers
to employ SGD and adaptive gradient algorithms, e.g., Adam (Kingma and Ba, 2015) , instead
of other algorithms, e.g., variance-reduced algorithms (Rie Johnson, 2013), to solve problem (1).
But, in practice and theory, adaptive gradient algorithms often suffer from inferior generalization
performance than SGD (Zhou et al., 2020a,b). To solve this issue, AdamW (Loshchilov and Hutter,
2018) proposes a decoupled weight decay which introduces an ¢»-like regularization into Adam to
decay the network weight iteratively, and its effectiveness is widely validated on vision transformers,
e.g., ViTs (Touvron et al., 2021), and CNN, e.g., ResNet (He et al., 2016; Touvron et al., 2021; Zhou
et al., 2024). Later, to train DNNs with a large batch, LAMB (You et al., 2019) scales the update in
AdamW to the weight magnitude for getting rid of too large or small update for faster convergence.
But in practice, LAMB suffers unsatisfactory performance on small batch. In this work, we hope to
design a general acceleration approach to accelerate the convergence of these algorithms.

Heavy-ball acceleration (Polyak, 1964) and Nesterov acceleration (Nesterov, 2003) are two
classical acceleration techniques, and their effectiveness in SGD is well testified. Heavy-ball
acceleration moving averages stochastic gradient in SGD for faster convergence, while Nesterov
acceleration runs a step along the moving gradient average and then computes gradient at the new
point to look ahead for correction. Typically, Nesterov acceleration (Nesterov, 2003) converges faster
both empirically and theoretically at least on convex problems, and also has superior generalization
on DNNs (Foret et al., 2021; Kwon et al., 2021). Later, NAdam (Dozat, 2016) integrates Nesterov
acceleration into the first-order gradient moment estimation but ignores the second-order gradient
moments which harms the acceleration effect. Some works (Anil et al., 2022, 2020) also explore
Nesterov acceleration for second-order algorithms, e.g., shampoo (Gupta et al., 2018). Recently,
for full gradient decent algorithm, a new general Nesterov-type acceleration (Nesterov et al., 2018)
directly interpolates two variables to look ahead for correction, and is more flexible than vanilla
Nesterov acceleration (Nesterov, 2003) which interpolates the variable and gradient. See discussion
in Sec. 3.2. Here we use proximal point method to introduce this new acceleration into adaptive
algorithms by a rigorous and transparent derivation, which could provide insights for other accelerated
methods and their integration into adaptive gradient algorithms.

3. Weight-decay-Integrated Nesterov Acceleration

In this section, we first use AdamW and Adam as two examples to elaborate on our Weight-decay-
Integrated Nesterov (Win) acceleration and also derive Win-accelerated AdamW and Adam in
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Sec. 3.1. Then, we extend this acceleration technique to LAMB and SGD in Sec. 3.2. Finally, we
analyze the convergence behvaiors of Win-accelerated AdamW, Adam, LAMB and SGD in Sec. 3.3.

To accelerate full gradient descent algorithm, given a full gradient V F'(xj,) of problem (1) at the
k-th iteration, Nesterov-type acceleration (Nesterov et al., 2018) generally uses a conservative step
7y and an aggressive step 771% to update two sequences X1 and y}, 1 respectively, and then linearly
combines them to update the variable x; 1 of the problem. Similar formulations are also observed
and proved in recent works, e.g., (Allen-Zhu and Orecchia, 2017; Bansal and Gupta, 2019; Ahn and
Sra, 2022). In general, their acceleration formulation can be formally written as

X1 =X — MEVE(XE), Vi1 =Yk — MVFE&XE), yer1 = pixit1 + (1= p) s, @

where p% € [0, 1] is a constant. This acceleration enjoys provably faster convergence rate for the
full gradient descent method on convex problems (Beck and Teboulle, 2009; Nesterov et al., 2018),
and is also empirically validated in many convex and nonconvex cases, e.g., (Wilson et al., 2017;
Nado et al., 2021). Despite its effectiveness, such an acceleration is rarely explored in adaptive
gradient algorithms, particularly in the realm of network training. In deterministic optimization
setting, another widely used optimization stabilization and acceleration approach is the proximal
point method (PPM) (Moreau, 1965; Rockafellar, 1976). At the k-th iteration, PPM optimizes an
£o-regularized loss .
F(x)—l—ﬁHx—xk,lH%

instead of the vanilla loss F'(x). This small change enhances the convexity of the problem, acceler-
ating and also stabilizing the optimization process (Kim et al., 2022; Zhou et al., 2021). To enable
iterative solvability of the ¢5-regularized problem, PPM approximates the loss F'(x) using either its
first- or second-order Taylor expansion, ensuring that each iteration has a closed-form solution (see
below). In this work, we draw inspiration from PPM to induce a Weight-decay-Integrated Nesterov
acceleration (Win) for adaptive gradient algorithms by using AdamW and Adam as examples in
Sec. 3.1, and then extend this acceleration technique to LAMB and SGD in Sec. 3.2.

3.1 Win-Accelerated AdamW and Adam

To begin with, following most adaptive gradient algorithms, e.g., Adam and AdamW, we estimate
the first- and second-order moments my, and vy, of gradient as follows:

1 )
8= Zi:l Vi(yr:G), mg=(1-51)mg1+bigk, vi=(1—PB2)vg—1+ Pagi, (3)

where gy, is the average gradient on a minibatch data of size b, 3 € [0, 1] and 35 € [0, 1]. For the
initialization, we set mg = gg, vg = gg. For brevity, with a small scaler v >0, we define

Sk =V v, u =my/vvi +v. “4)

Then following the spirit of PPM, at the k-th iteration, we minimize a regularized loss F' (X)—I—ﬁ l|x—

X2, where [x[ls, = V/(x,8,©x) with an element-wise product operation . Here we use the
regularizer [|x—xy]|Z, instead of the /5-regularization ||x—x]|3, since 1) this new regularization can
induce adaptive gradient algorithms as shown below in Eqn. (5); and 2) it increases the convexity of
the problem and further considers different sharpness property of each coordinate in sy, to accelerate



ZHoU, XIE, LIN, TOH, AND YAN

Algorithm 1: Win-Accelerated AdamW, Adam, LAMB and SGD

Input: initialization x¢ = yo, stepsize {(n}, n}) 5;01, weight decay parameter {)\k}z;ol,

moment parameter { (01, 32)}, moment parameter 3] in SGD.
Output: (X, y) uniformly seleted from {(xx, yx)}7_o-

1 while £ < T do
b
2| gk =i VIR G)
3 | my=(1-p1)my ;1 + Bigy where 3] = (1 except SGD /* mg =gy */
4 | v =(1—Po)vi_1 + P8} /* vo=g§ */
5 compute parameter update uy:
m v
\/\# ,H H for AdamW and Adam
— XEkl2 m
W = T/ Vel (\/Vk]fi-lj + )\kxk)’ for LAMB
my, for SGD

6 set A}, = A, for AdamW, Adam and SGD, and X} = 0 for LAMB as vanilla LAMB uses
weight decay in Step 5

1 T
7 x = —=— (x — n¥u
8 | Yi+1 = MpTeXes1 + 0ETk (Y — njug) with 7, =

9 end while

1
nE+ng AL E,

the convergence speed. To make the problem solvable iteratively, we approximate the vanilla loss

F(x) in the PPM-inspired regularized loss F'(x) +2n% [|x — x]|2, by its first-order Taylor expansion
k

at the point x, and update the parameter xy,1 as follows:

) 1 Ak
Xpp1 = argming F'(x,) + (my, X—Xk>+f\|X—Xk||§k+7||XH§,€ = (xk—nrug), (5)

277]? 1—|—)\k77]f

where my, is used to approximate the full gradient V F'(xy,). In Eqn. (5), we add a small regularization
)‘—Qk Hx”ik, since 1) it can largely improve the generalization performance in practice (Loshchilov and
Hutter, 2018; Touvron et al., 2021); 2) it allows us to derive Adam (\;, =0) and AdamW (A > 0).
Here )\ can be fixed as a constant or evolves with iteration number k. In practice, an evolving g
often enjoys better performance than a fixed one (Caron et al., 2021; Zhou et al., 2022). When A\, =0,
the updating scheme (5) becomes the exact Adam. If \;, >0, the updating (5) can approximate the
updating rule X1 = (1 — Agnf)x; —ngus of AdamW. This is because as A7} is small in practice,

we can approximate (1 + Apn¥) ™1 =1 — A\en? + O(A2(nF)?) and thus

1
T e %~ k) = [1= e + O (nH)D)] xk — [ — OO(1E)?) + O (nE)*)] g

k
which becomes AdamW by ignoring the very small terms O((n¥)?) or O((n%)3). This is also one

reason that we adopt the regularizer ||x — x||3, in (5) instead of the /5-regularization in PPM, since
we can flexibly derive Adam and AdamW.
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1
F(y) by its second-order approximation F'(yj) + (my,y — y&) + ﬁ”y —yrllg,:

Similarly, we minimize a regularized loss F'(y )+ 5= ||y —Xy1 |3, again, and further approximate

1 1 Ak
_ o F _ e 2 Lo 2 ko2
Yit1=argming F(yy)+(my,y yk>+277ZHy Yk”sk‘*‘%gs”y Xpt1lls, + 5 Iyls, ©)
=0 TeXpt1 + 0ETe(YE — M),
where 7, = ——————, my, is used to approximate VF(y}) as guaranteed by Theorem 1 in

Mg +ny +Neniny,

Sec. 3.3, "7}3 approximates the inverse of the local smoothness parameter of F'(y) around yy. Here
we use a regularizer ||y —x;1]|Z, with the latest update ;1 instead of x;, as an anchor point, since
the latest update x;; could often provide better regularization for the concurrent optimization.

Now we have used PPM to rigorously derive our Win-accelerated AdamW and Adam in Eqns. (3),
(5) and (6). For more clarity, we summarize the algorithmic steps of Win-accelerated AdamW
and Adam in Algorithm 1, omitting the bias-correction term for simplicity. When A, = 0, it is
Win-accelerated Adam; if \; > 0, it corresponds to Win-accelerated AdamW. Generally, AdamW
can greatly improve the generalization performance of Adam by simply adding a weight decay
(i.e. the regularizer ’\7’“ | - |I3,) into Adam as observed in many works, e.g., (Loshchilov and Hutter,
2018; Touvron et al., 2021). Our Win-acceleration is simple and efficient, since our accelerated
AdamW/Adam merely adds one extra simple algorithmic step, i.e. the eighth step in Algorithm 1, on
vanilla AdamW/Adam, and brings negligible extra computational overhead into the vanilla optimizer,
e.g., about 2% extra average training time per iteration on AdamW evaluated on ResNet as shown
in Sec. 5.4. Moreover, regarding the extra hyperparameter, namely, the aggressive step 7y, in
Algorithm 1 over AdamW/Adam, we always set it to be 2 times larger than the conservative step 7;;
for all iterations, i.e. ; =217, which works well in all our experiments.

Now we discuss the relations between Nesterov-type acceleration (2) and our Win acceleration (6).
For comparison, we introduce a virtual sequence y, 11=Yk —njuy in Win, and rewrite (6) as

Xp+1= (1 4+ XNenf) ™ (Xk — DEWE) s Vi1 =Yk — MiWes Yet1 =NpTkXk41 + 0ETkYrrs ()

where uy, is defined in (4). By comparing Nesterov-type acceleration (2) with our Win accelera-
tion (7), one can observe some similarities and also differences as well. For similarity, both methods
use a conservative step 7){ and an aggressive step 7); to update Xy and y}, 1 respectively, and then
linearly combine xj; and y}, 1 to obtain yj 1. Regarding the differences, the first distinction is
that Win incorporates a weight-decay-alike factor W in (7) which slightly decays the variable
xy, like AdamW and also the update uy, while Nesterov acceleration does not. Notably, weight
decay has demonstrated significant benefits for generalization in practical applications, as observed
in various studies, e.g., (Loshchilov and Hutter, 2018; Touvron et al., 2021; Liu et al., 2021). Another
difference is that for almost all acceleration techniques, including Nesterov-type acceleration (2),
the sum of their linear combination factors (e.g., p} and 1 — p¥ in (2)) is always one. In contrast, in

Aenin? S .
% <1 when \j, > 0, which introduces an additional
. . Uk.+77k+>\k77k77k . .
weight decay effect. Since these two differences arise from the presence of weight decay, we refer
to our acceleration technique as “weight-decay-integrated Nesterov acceleration” (Win for brevity).
Besides, the empirical results on ResNet in Sec. 5.4 also show that Win acceleration often brings

more performance improvement than Nesterov-type acceleration (2).

Eqn. (7), Win uses ) 7, + ni 7, =1—
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3.2 Extension to LAMB and SGD

Here we generalize Win acceleration to LAMB (You et al., 2019) and SGD (Robbins and Monro,
1951). For LAMB, it scales the update u; of AdamW in Eqn. (4) so that uy, is of the same magnitude
as the network weight x;,. That is, it changes the update rule xj11 = (1 — A\gn} )X — nymy/sy in
AdamW to X311 = X§ — Uﬁ%(rk + A\gxi) where ry = my/sg. This modification is to
avoid too large or small update to improved the optimization efficiency. To extend Win acceleration
to LAMB, we inherit this scaling spirit, and scale the update uy, in (4) to the following:

%z |2

— —Hrk n )\kaH2 (I‘k + /\ka). (8)

Uy
Next, we can respectively follow Eqn. (5) and (6) to update the two sequences x; and y. See the
detailed steps of Win-accelerated LAMB in Algorithm 1. Since vanilla LAMB uses weight decay in
scaling operation already (namely computing uy), it does not use extra weight decay in updating
Xk+1 = Xg — 1];. uy. Following this spirit, we also do not use extra weight decay in updating X1
and yx1 as shown in Steps 7 and 8 in Algorithm 1.

For SGD, applying Win acceleration to it is quite straightforward. Specifically, the only algo-
rithmic difference between SGD and AdamW on the /»-regularized problem is that SGD lacks the
second-order moment v in AdamW. So we can leverage the acceleration framework of AdamW
described in Sec. 3.1 to accelerate SGD. By setting s;, = 1 € R? in Eqn. (4), (5) and (6), we can
obtain Win-accelerated SGD:

my, = f1myg_1 + 318k, Xpt1= (XK —mEmy), Yer1=n0TkXp1 + 057k (Ye—nimy), (9)

1+ )‘knl:g
where (] €0, 1] is dampening parameter. Here we slightly modify the moment my, to accord with
the one used in Nesterov-accelerated SGD (e.g., SGD-N in Pytorch) whose updating steps are

my, = Simy_1 + B1(8k + Mexk), X1 = (1 — \eni)xi — njp (&k + Bommy,). (10)

By comparing Win-accelerated SGD and SGD-N in (10), one can find their big differences primar-
ily stemming from their distinct acceleration strategies and approaches to handling weight decay.
Win-accelerated SGD is derived from PPM and a recently proposed acceleration (2), while SGD-N
modifies another previous Nesterov-type acceleration (Nesterov, 2003) (namely, my = 81my_1—
%Zf:1Vf(xk + nimy_1;¢;) and X441 = Xj, + my,) to better train networks. See more mecha-
nisms of previous Nesterov acceleration and (10) in (Sutskever et al., 2013; Bengio et al., 2013).
Sec. 5.4 also empirically compares Win-accelerated SGD and Nesterov-accelerated SGD on image
classification tasks, and shows the superiority of Win-accelerated SGD.

3.3 Convergence Analysis

Here we investigate the convergence performance of Win-accelerated algorithms by taking accelerated
AdamW, Adam, LAMB and SGD as examples, as these algorithms are commonly used in the deep
learning field. Moreover, since we aim to accelerate deep network training which is a highly
nonconvex problem, we focus on analyzing nonconvex problems to align with the practical scenarios.
For analysis, we follow previous optimization works, e.g., (Kingma and Ba, 2015; Reddi et al., 2018;
Duchi et al., 2011; Zhou et al., 2021; Xie et al., 2022), to introduce necessary assumptions.
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Assumption 1 (L-smoothness) We say a function f(x,-) to be L-smooth w.r.t. X, if for VX1, X3 and
V¢ ~ D, we have ||V f(x1,{) — Vf(x2,¢)|y < L||x1 — x2l|5 with a universal constant L.

Assumption 2 (Unbiased and bounded gradient estimation) Assume the gradient estimation gy, =
3 Zle V f(xk; (;) is unbiased, i.e., E[gi] = VF(xy), and its magnitude and variance are bounded,
o < Coo and E[|VF(xy,) — gk||§] < o2 (Vk) with two universal constants c. and o.

Next, we first define a dynamic function Fy(x) at the k-th iteration which is the real loss
minimized by our algorithms. It combines the vanilla loss F'(x) in (1) and a dynamic regulariza-
S A 2
tion =& ||x||
2 Sk

Filx) = F(x) + 2 [xl2, = Bl 6s O + 5 I, (an

where sy, is given in (4). To obtain (11), following PPM spirit and Eqn. (5), one can approximate F'(x)
by its first-order Taylor expansion, and obtain Eqn. (5) to update x;1 = m(xk — npmy/sy).
Since Agny is very small, one can follow the discussion below Eqn. (5) and approximate X1 as
Xpt+1 = (1= i) X, —npmy /s, which becomes the update rule of AdamW. This is the reason
why our analysis on Win-accelerated AdamW involves a dynamic loss Fj(x) in (11). Note, for
Win-accelerated Adam (A, =0), F},(x) degenerates to the vanilla objective loss F'(x).
Convergence Analysis of Win-accelerated AdamW and Adam. With these assumptions, we
analyze the convergence behaviors of our accelerated algorithms on general nonconvex problems,
and summarize our main results in Theorem 1 with its proof given in Appendix D.1. For brevity, we
use the notation - Zl ofai, b} < {a,b} to denote 7 Z _oai < aand 7 ZT b; < b.

p1-25pc2 )
cl- 5 15527,/

Letnzzvn,f (y>1),nt=n 5 <O(VOC'Z’;€2) B2 € (0,1), c= (A +v)"% A\ = /\(1—62%) (k>
0) and \o = 0 with a constant X > 0. Then after T = O(%) iterations with minibatch
size band A = F(xq) — F(x,), the sequence {(xy,,yi)}1_, generated by Win-accelerated AdamW
and Adam in Algorithm 1 satisfies the following four properties.

a) The gradient ¥ Fy,(xy,) of the sequence {xy }1_, can be upper bounded by

Theorem 1 Suppose that Assumptions 1 and 2 hold, x, € argmin, F'(x), and n< O (

S E[ VR + § e + Mo © s3] <2
b) The gradient moment my, can well estimate the full gradient V F(x) and VF (yy):

! =l 2 9 8772,)/2[/2
Tzkzo max {EHmk — VF(xp)|5, El|my, — VF(Yk)Hg}S 1662 & Teg

¢) The sequence {(Xy,yx)} satisfies

1 T-1 ) L A ’7
kaZO{EHXk—XkHHSk,Ellyk—xk” } {47] 5 }

2 5
d) The stochastic gradient complexity to achieve the above three properties is O (%5064) where

stochastic gradient complexity is the total evaluation number of the gradient on a single sample.
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Theorem 1 guarantees the convergence of Win-accelerated AdamW and Adam in Algorithm 1
on nonconvex problems. When A\ >0, Algorithm 1 corresponds to Win-accelerated AdamW, and if
A, =0, it becomes Win-accelerated Adam. For both cases, Theorem 1 holds. Theorem 1 a) shows
that by running at most 7’=0 (%) iterations, the average gradient %Zg:_ol E[ ||V Fy(xx) 12 ]
is upper bounded by €2, guaranteeing the algorithmic convergence. Theorem 1 b) indicates that the
gradient moment my, can well estimate the full gradient V F'(y}) and also V F'(x},) because of their
small distances, guaranteeing the good Taylor approximation used in Eqns. (5) and (6). Moreover, in
Theorem 1 ¢), one can find that although Algorithm 1 uses a conservative step 7); and an aggressive
step nz = yni (Vy > 1) to update, the two sequences X and y;1 can converge to each other,
which could be the key for the good convergence behavior of both Win-accelerated AdamW and
Adam.

Now we discuss the stochastic gradient complexity of Win-accelerated Adam and AdamW.
Theorem 1 d) shows that to find an e- approximate first-order stationary point, both Win-accelerated
Adam and AdamW have the complexity of (’)( % 4L) when ignoring some other constant factors
like other algorithms (Zhuang et al., 2020; Guo et al., 2021; Xie et al., 2022). This complexity
matches the lower bound of Q(e%) in (Arjevani et al., 2022, 2020) (up to constant factors). Our
accelerated Adam and AdamW enjoy superior complexity to Adam-type optimizers, e.g., Adam,
AdaGrad (Duchi et al., 2011), AdaBound (Luo et al., 2018), whose previously best known complexity
under the same assumptions is O(%) (Zhou et al., 2018; Chen et al., 2021; Guo et al.,
2021). By comparison, both accelerated Adam and AdamW improve their Complex1ty by a factor
O(as d 5 ), where the network parameter dimension d is often much larger than 2., especially for over-
parameterlzed neural networks. Moreover, the complexity of Win-accelerated Adam and AdamW is

also lower than O (=, 9 L) of Adabelief (Zhuang et al., 2020) and O(#) of RMSProp (Tijmen
and Geoffrey, 2012 Zhou et al., 2018), especially on over-parameterized networks, since for a d-
dimensional gradient, its ¢3-norm upper bound cs is often much larger than the ¢,,-norm ¢, and can
be v/d times larger in the worse case.

Convergence Analysis of Win-accelerated LAMB. Next we analyze another important optimizer,

LAMB, which is also widely used in vision transformer training. For analysis, we first define
lIxkl2

lmy /v Vietr+Aexpll2 )

bounded, namely, 0 < as < af < oy, where s and o are two universal constants. Based on these

assumptions, we can analyze the convergence behavior of Win-accelerated LAMB and present the

main results in Theorem 2, whose proof can be found in Appendix D.2.

the scaling factor ay, = and follow the analysis of LAMB to assume it to be

Theorem 2 Suppose that Assumptions 1 and 2 hold, x, € argmin, F'(x), 0 < as < ay < oy, and

1.25p .2 0.5.2
N<O(G ki) Letn = (v>1),nf=n, B <O(22755), B2 € (0,1), e = (3 +v)*,
2.5,1.5 .2
A = 0 (k > 0). Then after T = O(%) iterations with minibatch size b and A =

F(x0) — F(x.), the sequence {(xy,yx)}1_, generated by Win-accelerated LAMB in Algorithm 1
satisfies the following four properties.
a) The gradient NV Fy,(xy,) of the sequence {Xk}gzo can be upper bounded by

T s B[ VRGN + o e+ A © 5

10
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b) The gradient moment my, can well estimate the full gradient V F(xy) and VF (yy,):

20y 24 Sasayn?y2L? 2

1 T-1
>,y max {Ellmy — VF(x)[3,Ellmy — VF(y,) 3 }<

Ol V2

¢) The sequence {(x,yx)} satisfies

I T-1 2 2 2 o dasapy?n?
TzkO{Enxk—xkﬂnskaE|Yk—Xk:H2}§{40‘sal77 T2

ac25AG?L )

d) The total stochastic gradient complexity to achieve the above three properties is (9( PR e

From Theorem 2 a), one can observe that on the nonconvex problems, Win-accelerated LAMB
optimizer can also converge, because its average gradient 7 ZZ;OI E[ ||V Fy(x) |12 | can be bounded
by €2 after running at most T’ = O (%) iterations. Similar to Theorem 1 b), Theorem 2
b) also reveals that the first-order moment my, is a good estimation to the full gradient V F(xy)
and V F(yy), validating the Taylor approximation in Eqns. (5) and (6). Moreover, Theorem 1 ¢)
shows small distance between the two points x; and y; which also guarantees the convergence of
Win-accelerated LAMB optimizer.

Now we compare the stochastic gradient complexity of LAMB and Win-accelerated LAMB. To
compute an e-approximate first-order stationary Egint, You et al. (2019) showed the complexity of

vanilla LAMB optimizer is at the order of O (%) (see their Theorem 3). In contrast, as shown in
2.5

Theorem 2 d), Win-accelerated LAMB has the complexity of (9( Ce%) and improves LAMB by a
factor O (%) which is often large, especially for over-parameterized networks where parameter
dimension d is huge. This shows the superiority of Win-accelerated LAMB in terms of the efficiency.
Convergence Analysis of Win-accelerated SGD. Now we discuss the convergence performance of
Win-accelerated SGD in Theorem 3 with its proof given in Appendix D.3.

Theorem 3 Suppose that Assumptions 1 and 2 hold, and x, € argmin, F'(x). Let 17,3;' =y, >
2 2 2

Lng =n < O(glsmr) B <O(5%), B =1-81, A = A1 — Z2)F (k > 0), A =0.

After T = O(Al;';L) iterations with minibatch size b and A = F(x¢) — F(X4), the sequence

{(xk, yr)}I_, generated by Win-accelerated SGD in (9) satisfies the four properties in Theorem 1

withv=ceo=c=1 and s, =1 R

Theorem 3 also guarantees the convergence of Win-accelerated SGD. By using the hyper-parameter
settings in Theorem 3, the sequence {(xy,yx)}7_, generated by Win-accelerated SGD satisfies the
four properties in Theorem 1 with v = ¢, = ¢ = 1 and s = 1. It shows the complexity of O(L‘—‘f)
of the Win-accelerated SGD which also matches the lower bound of Q(e%) in (Arjevani et al., 2022,
2020) (up to constant factors) under Assumptions 1 and 2.

4. Win2: A More General Win Acceleration

In Sec. 3, we have integrated PPM and Nestrov acceleration to develop Win acceleration in which it
respectively uses a conservative step and an aggressive step to update parameters, and then linearly
combines these two updates for acceleration. The effectiveness and simplicity of Win inspires us
to consider the problem of how to extend the parameter update from two updating steps in Win to

11
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multiple updating steps, yielding a more general Win acceleration version called “Win2”. Compared
with the combination of two updates in Win, the multiple updates in Win2 should achieve a more
stable linear combination, and thus should better stabilize the training (see more discussion below
Eqn. (15)). In this way, Win2 can use more aggressive stepsize than Win which can often help to
achieve faster convergence speed as empirically shown in Sec. 5. In the following, to provide a clear
and intuitive example of Win2, we first derive the formulation for three updating steps, and then
extend it to g updating steps (Vg > 4) in Sec. 4.1. We also apply Win2 into LAMB and SGD in
Sec. 4.2, and finally provide convergence analysis of Win2-accelerated optimizers in Sec. 4.3.

4.1 Win2-Accelerated AdamW and Adam

Since Win2 uses a conservative step, an aggressive step and a more aggressive step for parameter
update, it needs three sequences denoted by {(Xx, ¥, zx)} which respectively correspond to the
three steps. Accordingly, we define minibatch gradient g, at the point zj, instead of yj, as used in
Win, the first- and second-order moments m;, and v, as follows:

1
g =7 ijl Vi(zr;G), my=(1—pF)me_1+Bigr, vi=(1—PB2)vi_1+ Bogs. (12)

Then the same as in Eqn. (4), we also define s = /vy + v and uy = my/+/vy + v for brevity.
Next, at the k-th iteration, to update the sequence xx, following (5) in Win, we minimize a regularized
loss F'(x) + ﬁ |x — x|2,. and further approximate the vanilla loss F'(x) by its first-order Taylor
expansion at the point x;, to compute the close-form solution. In this way, we can follow Eqn. (5) in
Win to update xy, as

. 1 Ak
Xppy1= argmin, F(xp) + (mp, x—xp) + = |x —x¢ |12, +7HXH§k = (xrx—mguk), (13)

2n% T+ Aemy

where 7; is small and yields a conservative step in (13). Next, we minimize a regularized loss
F(y)+ ﬁ |y — Xp+1]|2, again, and further approximate F(y) by its second-order approximation

F(yr)+{mg,y — yi) —I—ﬁﬂy — ykl|2, at the point . This gives the following update of yy:

. 1 1 A
Yi+1=argming F(yg)+(my,y — Yk>+WHy —yil2, +WH‘V — Xpalls, + 5|
k k

2
Yils,,

=&00Yxp11 + &0 (yr — miug),

r __ 1 ¢y _ 1 Yy 1
where { = Sk = and 0;, = SYCTEs Yo e

corresponds to an aggressive step for boosting the convergence speed.

. For the stepsize n,g, it is larger than 7y and

Finally, we use a similar technique in updating yj to update zg, but add two addiontal local
ot 1 2 1 2 o
regularization terms WHZ — Xp11l|5, and WHZ — Yk+1ll5,- This is because 1) these two local
regularization terms can enhance the convexity of the problem like PPM method; 2) they can prevent
zj+1 from being too far from x 1 and yj1, since 5, is much larger than 7, e.g., 8n7 in all our
experiments, and could results in a large but undesired update. Accordingly, we can update z; by

12
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Algorithm 2: Win2-Accelerated AdamW, Adam, LAMB and SGD
Input: initialization xo = yo = 2o, step51ze {7, )} 1~ weight decat IV s

weight decay parameter {\}1_, moment parameter {(31, 32)}, moment parameter
1 in SGD.
Output: (X, y,z) uniformly seleted from {(x, yx, zx) } -
1 while £ < T do

2 | g=L3 Vi(zG)
3 my, = (1 — B1)my_1 + B)gr where 8] = 51 except SGD /x my =gy */
4 | vi=(1-PB2)vi_1+ Pogs /x vo=g */
5 compute parameter update uy,:
m
\/Vk% ,H H for AdamW and Adam
— Xk |l2
We = T /Avi b axllz (\/VkJrV + )\ka) for LAMB
my, for SGD

6 set )\§€ = )\, for AdamW, Adam and SGD, and )\, = 0 for LAMB as vanilla LAMB uses

weight decay in Step 5
7 | Xpp1 = ﬁ (xk — nfuy)
8 | Yi+1 = EE0Yxpq1 + €167 (e — njug) with & = %, & ==, 00 = m

1
9 Zgy = fk kaJrl + fk k;yk+1 + fk (Zk - nkuk) with fk z, 52 = Trel et

10 end while

solving the following subproblem:

. 1 1 1
Zj11 = argmin, {F(Zk)+<mk7 z—zp)+ -~z — 2|2 + 5= 12 — Xk llz, + 55112 — Yesall2,
205 2n;; 277k

Ak
+ S22, } = ot + E0fyie + &7 (2 — miw),

15)

where {7 = niz and 07 = my, is used to approximate V F'(zy), and 7} approximates
k

the inverse of the local smoothness parameter of F'(z) around zj.

In this way, by combining Eqns. (12), (13), (14) and (15), we can obtain our Win2-accelerated
AdamW and Adam. Algorithm 2 also summarizes their algorithmic steps in which the bias-correction
term is omitted for simplicity. Similar to Algorithm 1, if A\ = 0, Algorithm 2 represents Win2-
accelerated Adam, while if A\g > 0, it corresponds to Win2-accelerated AdamW. Compared with
vanilla optimziers, e.g., AdamW and Adam, our Win2-acceleration introduces only two extra steps in
them, namely i.e. the eighth and ninth steps in Algorithm 2, and thus is very simple. Moreover, for the
two extra hyper-parameters, the aggressive stepsize 7, and 77, in Algorithm 2 over AdamW/Adam,
we always set 77,‘Z =2ny, and 17 = 8n;; which achieve good performance in all our experiments and thus
do not introduce extra hyper-parameter tuning cost. Compared with Win whose aggressive stepsize
is 77% = 2n;, Win2 uses a more aggressive stepsize 7;, = 81, to pursue faster convergence speed
while ensuring stable training. This is because as shown in Eqn. (15), Win2 combines three updates

Zi+1 = EL0 X1 + §Z§,§yk+1 +&7607 (zk - n,’iuk) in which x;,1 and yj 1 computed by using less

13
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aggressive stepsizes can effectively stabilize the training, even though z; uses a much more aggressive
stepsize. In contrast, Win updates the aggressive step as yi4+1 = HZTka_H + LT (yk - nzuk) in
Eqn. (6), and only uses a single x4 1 to stabilize the training, which limits the aggressive stepsize 17};’.

Following the above three updating steps (xj, ¥ and zy), one can extend it to g-updating steps

denoted by {xk i1 (g > 4). At the (k + 1)-th iteration, after computlng {xk +1}z 1» to update

x,(::l ), we minimize a regularized loss F'(x) + ﬁHxH +30 o (Z) llx — xk HSk, and approximate

F(x) by its second-order estimation F'(x (SH)) + (my, x — XE:H)) +

(s+1) 2
X — X
el 12

s+1
+1 +1 +1 1 Ak
x,(ii_l)—argmln {F(x,(: ))+<mk,x—x,(f )>+Z ||X xk ||sk+ lIx Hsk}

S Y ) 3 0 )

(1) D50 (1) _

where §,(:) = n(li) and 6,(€S+1) — 1 Forx\",, we update it as X1
k

Nt T e® k+1°
n,(cl)uk), which accords with Eqn. (13) when ¢ = 3. In practice, as shown in Sec. 5.4, large g (e.g.,
q > 4) actually does not bring significant improvement but extra memory cost. This is because for

Win2 with three updating steps, it already uses very aggressive stepsizes in practice, e.g., 771(3) = Zn,gl),

77;(93) = 877,(€1) in all our experiments. So for more updating steps, e.g., ¢ > 4, it is hard to use more

(4)

aggressive stepsize 1, = an(l) (a > 8) while enjoying very stable training. So in the following,
we focus more on Win2 with three updating steps unless otherwise specified.

4.2 Extension to LAMB and SGD

Based on Win-accelerated LAMB and SGD, we can extend Win2 acceleration to these two algorithms
easily. For LAMB, we can follow Eqn. (8) in Win to scale the update uy, in (4) so that uy, is at the
same magnitude as the network weight x;. Then we can update xg, y and zj by respectively using
Eqn. (13), (14) and (15). Accordingly, we can obtain Win2-accelerated LAMB. For more clarity,
Algorithm 2 summarizes the detailed algorithmic steps of Win2-accelerated LAMB.

For SGD, its only algorithmic difference with AdamW on the ¢>-regularized problem is that
SGD has no second-order moment vy, while AdamW has. In this way, one can set sy = 1 € R% in
Eqn. (4), (13), (14) and (15) which directly yields the Win2-accelerated SGD. To obtain exact SGD,
one should update the first-order moment my, in SGD as my = Symy_1+ 3] gk, where 3] €[0,1] is a
dampening parameter. By these modifications, one can obtain the desired Win2-accelerated SGD as
shown in Algorithm 2.

4.3 Convergence Analysis

In this subsection, we provide theoretical convergence analysis for Win2-accelerated AdamW, Adam,
LAMB and SGD. Here we also analyze the highly nonconvex network training problems to accord
with the practical setting. For the convergence analysis, we also need to borrow the dynamic function
Fi(x) = F(x) + ’\7’“ ||xH§k =Ec[f(x;¢)] + ’\7’“ ||tzk at the k-th iteration which is defined in (11).
It combines the vanilla loss F(x) in (1) and a dynamic regularization ’\7’“ HXH;c which induces
the decoupled weight decay and often improves the generalization performance in practice. For

14
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Win2-accelerated Adam (A, =0), Fj(x) degenerates to the vanilla loss F'(x). For the reasons why
our analysis on Win2-accelerated AdamW involves a dynamic loss F;(x), please refer to the detailed
discussion in Sec. 3.3. In the following, we will analyze AdamW, Adam, LAMB and SGD in turn.
Convergence Analysis of Win2-accelerated Adam and AdamW. Based on Assumptions 1 and 2
in Sec. 3.3, we are ready to provide the theoretical results of Win2-accelerated Adam and AdamW in
Theorem 4 whose proof can be found in Appendix E.1.

V1A25b62 )
75A5+A{;,5)U2L .

Let nf =, =m0, = 21,7 > 7y > L B < O(987), B2 € (0,1), ¢ = (& +v)°,
A = A1 — *8252 Ve (k> 0) and Ao = 0 with a constant X > 0. Then after T = O(%)
iterations with minibatch size band A = F(xo) — F(x,), the sequence { (X, yx, z)}+_, generated
by Win2-accelerated AdamW and Adam in Algorithin 2 satisfies the following four properties.

a) The gradient ¥ Fy,(xy,) of the sequence {xy }1_, can be upper bounded by

Theorem 4 Suppose that Assumptions 1 and 2 hold, x, € argminy F'(x), andn <O ( oI

S E[ VR + § g + Mok © sl <2

b) The gradient moment my, can well estimate the full gradient V F (x,) and V F (zy,):

1 =T-1 8(v3 +2)n?
>, max {Ellmy — VF(x)[3, Ellmy — VF ()|} 1662+ =10 =22

¢) The sequence {(Xy, Yk, zr)} satisfies
1§71 2 2 2 2,22 2o 8l + 207
7o Bl =112, Ellyi—xul13, Ellzn —xel|3) < S dnPae?, e, ==

2 5.2
d) The total stochastic gradient complexity to achieve the above three properties is O (WLALA)

By inspecting Theorem 4, one can observe that on the nonconvex problem, Win2-accelerated

AdamW and Adam in Algorithm 2 can converge. Specifically, as shown in Theorem 4 a), with at most
2 5 2
T= O(%) iterations, one can bound the average gradient + Y"1 ) E[ |V EFy(xz)[l3] < €.

Theorem 1 b) indicates that the gradient moment my, is very close to the full gradient VF(zy)
and also V F'(xy), and thus is a good estimation to V F'(z;) and VF'(xy) used in Eqn. (13)—(15).
Theorem 1 c) shows that the three sequences xj, yx and z; can converge to each other even
though they use different stepsizes, guaranteeing the good convergence behavior of Win2-accelerated
AdamW and Adam. All these convergence properties are very similar to Win-accelerated AdamW
and Adam.

To find an e-approximate first-order stationary point, Theorem 1 d) shows that stochastic gradient

complexity of Win2-accelerated Adam and AdamW is at the order of (’)(W) which accords
with the lower bound Q( 1) in (Arjevani et al., 2022, 2020) (up to constant factors). By comparing
Theorem 1 and 4, one can observe that Win2-accelerated Adam and AdamW share the same
complexity O(%) with Win-accelerated Adam and AdamW, but achieves faster empirical
convergence speed on deep network training tasks as shown in Sec. 5. Accordingly, like Win-
accelerated Adam and AdamW, Win2-accelerated Adam and AdamW also reveal superior complexity
to previous network optimizers, including Adam-type optimizers (e.g., Adam, AdaGrad, AdaBound),
Adabelief and RMSProp. Please see the detailed comparison in Sec. 3.3.
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Convergence Analysis of Win2-accelerated LAMB. Here we also define the scaling factor o, =
lIxll2

lmy /v vietr+dexg]l2 . . . )

convergence results of Win2-accelerated LAMB. See its proof in Appendix E.3.

for the analysis of Win2-accelerated LAMB. Theorem 5 summarizes the main

Theorem 5 Suppose that Assumptions 1 and 2 hold, x, € argmin, F'(x), 0 < a; < ay < oy, and
V1‘25 2 s 0.5 E2

n<0O <alc1.5(7;45f;;.5)02L> Let 771€ 7, 77k 'Yy”]fv 771? = 'Yz”]fv’}’z >y > 1, B1 < O(Q‘OZTIQ)),
B2 € (0,1), ¢ = (2, + )5, A\, = A(1 — BQT"O)’“ (k > 0) and Ao = 0 with a constant A\ > 0. Then
after T = O(%) iterations with minibatch size b and A = F(x¢) — F(x,), the sequence
{(Xp, Vi 21) } o generated by Win2-accelerated LAMB in Algorithm 2 satisfies the following four
properties.

a) The gradient V Fy,(x,) of the sequence {x, }1_ 0 can be upper bounded by

T-1
fzk . [|VFI¢ Xk)HQ‘f‘iHmk—i—)\kxk@skH }

b) The gradient moment my, can well estimate the full gradient VF(xy) and V F (zy,):

! =t 2 2 200y 9 8a5al(’y3 +f}/3)7’2
Tzk:omax {EHmk — VE(xp)[5, Ellmy —VF(zk)HQ}g e n é,% ;s

¢) The sequence {(Xy, Yk, Zr)} satisfies

171 2 2 2 2(yy + )7

Tzk:U{EHXk—XkJrl 5, Ellye —xkll2: E”Zk_XkHQ} <dasap - 7€ e, yyizzg :

5.2

d) The total stochastic gradient complexity to achieve the above three properties is O (%)
Theorem 5 shows the convergence of Win2-accelerated LAMB optimizer. Specifically, it proves

that the average gradient - Zg 01 E[||VFy(xk) [E | can be bounded by €2, and the moment my is

very close to the full gradlent V F(xy) and V F(z). Furthermore, it also reveals the small distance

between the three sequences X, y and z;. For the stochastic gradient complexity to compute an

e-approximate first-order stationary point, Win2-accelerated LAMB shares the same complexity of
2.5

(’)(CE%;) with Win-accelerated LAMB, but reveals faster empirical convergence speed and better

performance as shown in Sec. 5. In this way, Win2- accelerated LAMB has also lower complexity

than vanilla LAMB optimizer whose complexity is O(de ) and makes an improvement by a

factor of O ( a5 ) which is indeed large for modern over-parameterized networks. All these results
are similar and also consistent with the results in Theorem 2.

Convergence Analysis of Win2-accelerated SGD. Now we discuss the convergence performance
of Win-accelerated SGD in Theorem 6, whose proof is given in Appendix D.3.

Theorem 6 Suppose that Assumptions 1 and 2 hold, and x, € argmin, F(x). Assume n <
I/l'25b€2

0:5
0(01.5(7;.5+,Y;45)02L)- Let 77]? =1, 77]2 :'Vynvnk Y=Yz > Yy > L, g < O( pe b€ ) Ba € (0 1)
c= (2 +v)%5 A\ = A1 - %)k (k > 0) and \o = 0 with a constant A\ > 0. Then af-

ter T = O(%) iterations with minibatch size b and A = F(x¢) — F(x,), the sequence
{(%k» Y, 21) Y1_, generated by Win2-accelerated SGD in Algorithm 2 satisfies the four properties
in Theorem 4 with v=cso=c=1 and s, =1 € R%

From Theorem 6, one can observe that with the same hyper-parameter settings as in Theorem 4,
the sequence {(xx, Yk, Zk)}gzo generated by Win2-accelerated SGD satisfies the four properties in
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Table 1: ImageNet top-1 accuracy (%) of ResNetl18. %, T and { are respectively reported in (Chen
et al., 2021), (Zhuang et al., 2020) and (Liu et al., 2019).

AdaBound 68.1* Radam 67.7*
Yogi 68.2* Padam 70.1%
Nadam 68.8 AdaBelief 70.17
SGD-H 67.3 Yogi 68.2*
SGD-N 70.2* Adam 66.5%
SGD-Win 70.7+0‘5 Adam-Win 69.3+2,8
SGD-Win2 70.840.6 Adam-Win2 699,34
AdamW 67.9* LAMB 68.5
AdamW-Win 71.0431 LAMB-Win 711426
AdamW-Win2 712433 LAMB-Win2 713428

Theorem 4 with v = ¢oo = ¢ = 1 and s;, = 1. In this way, the complexity of Win2-accelerated SGD
2

is C)(—Le‘f1 ), and accords with the lower bound Q(e%) in (Arjevani et al., 2022, 2020) (up to constant

factors) under Assumptions 1 and 2. This also shows the efficiency of Win2-accelerated SGD.

5. Experiments

Here we evaluate our accelerated algorithms on three representative tasks, including vision classifi-
cation tasks, instance segmentation tasks, and natural language modeling tasks. For classification
tasks, we conduct experiments using Convolutional Neural Networks (CNNs) such as ResNet (He
et al., 2016), as well as Vision Transformers (ViTs), including ViT (Dosovitskiy et al., 2021) and
PoolFormer (Yu et al., 2022a,b). Regarding instance segmentation, Mask R-CNN (He et al., 2017)
with Swin transformer (Liu et al., 2021) as backbone is used for evaluation. For language modeling
tasks, we employ LSTM (Hochreiter and Schmidhuber, 1997) and Transformer-XL (Dai et al., 2019)
for evaluation. Moreover, we also compare Win and Nesterov in Sec. 5.4.

For clarity, we call our accelerated algorithm “X-Win” or “X-Win2” , where “X” denotes vanilla
optimizers, e.g., Adam. For Win2, it always uses three updating steps as shown in Algorithm 2,
because of its good trade-off performance and GPU memory cost (see the experiments in Sec. 5.4).
In all experiments, we do not change model architectures and data augmentations, and only re-
place the default optimizer with ours. Moreover, for all experiments, our accelerated algorithms,
e.g., AdamW-Win and AdamW-Win2, always use the default optimizer-inherent hyper-parameters of
the vanilla optimizers, e.g., first- and second-order moment parameters 3; and (32 in AdamW; and
their aggressive steps 17};’ and 77 always satisfies 771% =2ny and n;, =8ny;. These settings well reduce
the parameter-tuning cost of our algorithms. In the experiments, same with other optimizers, we
only slightly tune other widely tuned hyper-parameters around the default ones used in the vanilla
optimizers, e.g., stepsize and warm-up epochs. This is reasonable, as our accelerated algorithms
have two or three stepsizes, while vanilla optimizers often have a single step size which may not be
suitable for ours.

5.1 Results on Vision Classification Tasks

Results on ResNet18. Here we follow the conventional supervised training setting commonly used
in ResNets (He et al., 2016) and evaluate our accelerated algorithms on the ImageNet dataset (Fei-Fei,
2009). We defer the hyper-parameter settings of the four accelerated algorithms in Table 1 into
Appendix A.
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Table 2: ImageNet top-1 accuracy (%) of ResNet50&101 whose official optimizer is LAMB due to
the stronger data augmentation for better performance. * is reported in (Wightman et al., 2021).

ResNet50 ResNet101
Epoch 100 200 300 average 100 200 300 average
SAM 77.3 78.7 79.4 78.5 79.5 81.1 81.6 80.7
SGD-H 75.3 76.9 77.2 76.5 77.7 78.6 78.8 78.4
SGD-N 77.0 78.6 79.3 78.3 79.3 81.0 81.4 80.6
SGD-Win 78.0 79.2 79.7 79.040.7 80.1 81.2 81.6 81.040.4
SGD-Win2 78.1 79.3 79.8 791,08 80.3 81.4 81.8 812406
Adam 76.9 78.4 78.8 78.1 78.4 80.2 80.6 79.7
Adam-Win 77.4 78.8 79.3 78.510.4 79.2 80.6 81.0 803106
Adam-Win2 71.7 79.1 79.4 78.840.6 79.2 80.6 81.3 80.4. 0.7
AdamW 77.0 78.9 79.3 78.4 78.9 79.9 80.4 79.7
AdamW-Win 78.0 79.3 79.9 791107 80.2 81.1 81.3 809412
AdamW-Win2 78.2 79.5 79.9 792108 80.4 81.4 81.7 81.2415
LAMB 77.0 79.2 79.8% 78.7 79.4 81.1 81.3* 80.6
LAMB-Win 78.4 79.7 80.1 7941 0.7 80.6 81.5 81.7 81.3,0.7
LAMB-Win2 78.6 79.7 80.2 79.510.8 80.6 81.6 81.9 814,08

From the results in Table 1, one can observe that our Win- and Win2-accelerated algorithms can
improve the corresponding non-accelerated versions by a remarkable margin. For instance, AdamW-
Win, Adam-Win and LAMB-Win respectively make 3.1%, 2.8% and 2.6% improvement over their
corresponding non-accelerated counterparts, AdamW, Adam and LAMB. Moreover, AdamW-Win2,
Adam-Win2 and LAMB-Win2 make more improvements, and respectively improve the corresponding
vanilla optimizers by 3.3%, 3.4% and 2.8% in accuracy. For SGD optimizer, SGD-Win improves
SGD-H (i.e. SGD + heavy ball) by 3.4%, and also surpasses SGD-N ( Nesterov-accelerated SGD
in Sec. 3.2) by 0.5%, thus validating the superiority of our Win acceleration. SGD-Win2 also
outperforms SGD-H by 3.5% and SGD-N by 0.6%.

Notably, our Win2- and Win-accelerated algorithms, i.e. SGD-Win2, AdamW-Win2 and LAMB-
Win2, beat several other optimizers, e.g., AdaBound, Radam (Liu et al., 2019), Nadam (Dozat, 2016),
Padam (Chen et al., 2021), AdaBelief, in which Nadam uses vanilla Nesterov acceleration in Adam
to estimate its first-order gradient moment. Actually, LAMB-Win2 sets a new SoTA top-1 accuracy
of 71.3% on ResNet18. All these results show the strong compatibility and superiority of our Win-
and Win2-acceleration in adaptive algorithms.

Results on ResNet50 & 101. Here we adopt the training setting in (Wightman et al., 2021) to train
ResNet50 and ResNet101, because this setting uses stronger data augmentation and largely improves
CNNs’ performance. Specifically, this setting uses not only the conventional augmentations in (He
et al., 2016), e.g., random crop and horizontal flipping, but also other advanced augmentations,
e.g., RandAugment (Cubuk et al., 2020); see the augmentation details and our algorithmic hyper-
parameter settings in Appendix A. Here LAMB is the default optimizer because of its higher
performance than other optimizers caused by the stronger augmentations (Wightman et al., 2021).
All optimizers in Table 2 are under this setting.

Table 2 reports the top-1 accuracy of the compared optimizers on ImageNet. By comparison,
one can observe that our accelerated algorithms consistently outperform their corresponding non-
accelerated version. For example, across the three training epoch settings on ResNet50 / ResNet101,
LAMB-Win and LAMB-Win2 always achieve remarkable improvement over the official optimizer
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Table 3: ImageNet top-1 accuracy (%) of ViT and PoolFormer whose default optimizers are both
AdamW. x and ¢ are respectively reported in (Touvron et al., 2021) and (Yu et al., 2022a).

ViT-S ViT-B PoolFormer-S12
Epoch 150 300 average 150 300 average 150 300 average
SGD-N 774 794 78.4 79.6  80.0 79.8 69.7 74.3 72.0
SGD-Win 78.1  80.1 79.1407 | 804 80.8 80.6408 | 71.1 745 72.850.8
SGD-Win2 78.2 80.3 793109 | 80.6 814 81.0412 | 714 747 731411
Adam 773 793 78.3 79.0 79.7 79.4 743 76.3 75.3
Adam-Win 78.6  80.2 794,11 | 80.0 805 8034109 | 756 T7.1 764411
Adam-Win2 79.1  80.6 799116 | 80.6 81.1 809415 | 762  T7.6 769116
AdamW 783  79.8* 79.1 79.5 81.8* 80.7 752 77.1*  76.2
AdamW-Win 79.3  81.0 802411 | 81.0 823 81.7410 | 76.7 T1.6 772410
AdamW-Win2 | 79.5 814 80.5414 | 81.1 826 819412 | 770 783 777415
LAMB 78.0 79.6 78.8 80.3 80.8 80.6 754 774 76.4
LAMB-Win 79.3  80.6 80.0412 | 81.0 81.4 812406 | 76.7 78.0 774,10
LAMB-Win2 794 81.0 80.241.4 | 813 819 81.6410 | 773 784 779415

LAMB for this training recipe. Specifically, LAMB-Win makes 0.7% average improvement over
LAMB on both ResNet50 / ResNet101. For AdamW-Win and Adam-Win, they also respectively
improve their vanilla counterparts by 0.7% and 0.4% on ResNet50, 1.2% and 0.6% on ResNet101.
SGD-Win also makes 2.5% and 0.7% overall improvement over heavy-ball accelerated SGD (SGD-H)
and Nesterov accelerated SGD (SGD-N) on ResNet50, and also has similar advantage on ResNet101.
Besides, Win2-accelerated optimizers show further improvement as demonstrated by the overall
0.8%, 0.8%, 0.6%, and 0.8% improvement of LAMB-Win2, AdamW-Win2, Adam-Win2 and SGD-
Win2 over their corresponding vanilla counterparts on ResNet50. For ResNet101. One can also
observe very similar improvement of Win2-accelerated optimizers.

The above improvements achieved by Win and Win2 are not trivial because of the following two
reasons. 1) Since the performance is already high and may approach the model limit, it is already
very hard to make large improvement. This is testified by the fact that in (Wightman et al., 2021),
using LAMB to train ResNet50 for 600 epochs only gives 80.4% top-1 accuracy. In contrast, our
accelerated LAMB-Win uses 300 epochs (half training cost) to achieve 80.2%. 2) By comparing the
previous optimizers, including SAM, SGD-N, Adam, AdamW and LAMB, one can observe smaller
accuracy gap (< 0.2%) between the best optimizer and the runner-up. For example, on ResNet101,
the SoTA optimizer, i.e. SAM, only makes 0.1% average improvement over the runner-up LAMB.
All these comparisons show the non-travail improvement of our accelerated algorithms over their
corresponding counterparts.

Results on ViTs. We follow the widely used official training setting of ViTs (Touvron et al., 2021;
Yu et al., 2022a). To evaluate the performance of our accelerated algorithms, we select two popular
and representative ViT architures, including ViT (Dosovitskiy et al., 2021) and PoolFormer (Yu et al.,
2022a) whose official optimziers are both AdamW. We refere the reader to the training setting and
our hyper-parameter settings in Appendix A.

We test our accelerated algorithms under different model sizes and different training epochs,
and report the results in Table 3. One can find that since AdamW and LAMB use the decoupled
weight decay, they often enjoy better performance than SGD and Adam, which is also observed
in other works, e.g., (Xiao et al., 2021; Nado et al., 2021). Moreover, under different training
settings, our accelerated algorithms consistently outperform the corresponding non-accelerated
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Figure 1: Visualization of training and test losses on ImageNet. In all figures, training loss is larger
than test one, as training data use random augmentations, e.g., random crop and clip, while test data
only adopt the centralization crop which eases the recognition difficulty and thus has small loss.

20



WIN: WEIGHT-DECAY-INTEGRATED NESTEROV ACCELERATION

counterparts. Specifically, compared with the default AdamW optimizer on both ViT and PoolFormer,
our accelerated AdamW-Win respectively makes about 1.1%, 1.0%, 1.0% average improvement
under the two training epoch settings on ViT-S, ViT-B and PoolFormer-S12. For Adam-Win and
LAMB-Win, one can also observe their remarkable improvements on the three ViT backbones.
Moreover, our accelerated SGD-Win also outperforms the Nesterov-accelerated SGD denoted as
“SGD-N” by non-trivial margins under all settings.

For Win2-accelerated optimizers, they can further improve the vanilla optimizers and also Win-
accelerated optimizers. Specially, compared with vanilla AdamW, AdamW-Win2 also respectively
brings overall 1.4%, 1.2%, 1.5% accuracy improvement on ViT-S, ViT-B and PoolFormer-S12. For
Adam-Win2, it also improves vanilla Adam by 1.6%, 1.5%, 1.6% on the three models. Indeed, from
the results in Table 3, one can also observe very consistent improvement made by LAMB-Win2 and
SGD-Win2 on the ViT and PoolFormer models. All these results are consistent with the observations
on ResNets, and they together demonstrate the advantage of our accelerated optimizers for deep
network training.

Results Analysis. Here we investigate the convergence behaviors of our accelerated algorithms, and
aim to explain their better test performance over their non-accelerated counterparts. In Fig. 1, we
plot the curves of training and test losses along with the training epochs on ResNet18 and ViT-B.
One can find that our accelerated algorithms, including Win- and Win2-accelerated optimizers, show
much faster convergence behaviors than their non-accelerated counterparts, e.g., AdamW. Moreover,
Win?2 also outperforms Win in terms of convergence speed, especially on the training loss. Besides,
SGD-Win and SGD-Win2 also converge faster than Nesterove-accelerated SGD, i.e. SGD-N. So
these faster convergence behaviors could contribute to our accelerated algorithms for their higher
performance over non-accelerated counterparts under the same computational cost.

5.2 Results on Instance Segmentation

Here we evaluate our Win- and Win2-accelerated algorithms on the instance segmentation task which
consists of 1) bounding box detection to detect the whole object and also 2) mask segmentation to
segment the object in the bounding box. In this sense, instance segmentation indeed includes object
detection and also segmentation tasks. For evaluation, we employ the widely used large-scale COCO
dataset (Lin et al., 2014) for evaluation and adopt Mask R-CNN (He et al., 2017) framework with the
Swin transformer (Liu et al., 2021) as the backbone. For fairness, we adopt the setting in MMdection
to test all the optimizers and train the models for 12 epochs. The official optimizer is AdamW whose
results are quoted from MMdection (Chen et al., 2019).

Table 4 reports the box Average Precision (AP®) and mask AP (AP™) to respectively evaluate the
performance of the bounding box detection sub-task and mask segmentation sub-task in the instance
segmentation task. By comparison, one can observe that both Win- and Win2-accelerated optimizers
can improve vanilla optimizers. Specially, on the official AdamW optimizer, AdamW-Win surpasses
it by 0.2 average AP’ and 0.1 average AP™, and AdamW-Win2 also makes 0.3 average AP’ and 0.2
average AP™. For SGD-N, SGD-Win improves it by 0.8 average AP’ and 0.5 average AP™, and
SGD-Win2 brings 1.1% AP® and 0.7% AP™ improvement on average. One can also observe very
consistent improvement made by Win and Win2 on both Adam and LAMB.
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Table 4: Instance segmentation box/mask-AP (1) of Swin-based Mask-RCNN (He et al., 2017) on
COCO (Lin et al., 2014) dataset, where AdamW is the official optimizer. * is from (Chen et al.,
2019).

Object Bounding Box Detection Object Mask Segmentation

AP®  APY,  APY,  average AP™  APZ,  AP7.  average
SGD-N 41.4 63.9 44.6 50.0 38.1 60.8 40.9 46.6
SGD-Win 42.1 64.2 46.0 50.810.8 38.7 61.2 41.5 471405
SGD-Win2 423 64.6 46.4 51141 38.8 61.5 41.7 473407
Adam 42.4 64.6 46.2 51.1 39.1 61.6 42.0 47.5
Adam-Win 429 65.2 47.0 51.7106 394 61.9 423 47.940.4
Adam-Win2 43.0 65.3 47.1 51.840.7 394 62.2 42.4 48.040.5
AdamW 427 65.2% 46.8* 515 39.3*  62.2% 42.2% 479
AdamW-Win 42.8 65.4 46.8 51.740.2 39.5 62.2 422 48.040.1
AdamW-Win2 43.0 65.5 47.1 51.8403 39.5 62.5 42.4 48.140.2
LAMB 42.5 64.9 46.3 51.2 39.1 61.7 41.9 47.5
LAMB-Win 42.7 65.0 46.7 51.5103 39.3 61.8 42.4 478403
LAMB-Win2 42.8 65.1 46.7 515403 394 62.2 42.4 48.0405

Table 5: Test perplexity (|) of LSTM on Penn Treebank. * is reported by AdaBelief (Zhuang et al.,

2020).

AdaBound 63.6* Radam 70.0*
Yogi 67.5* AdaBelief 61.2*
fromage 68.0* MSVAG 65.3*
SGD-H 67.4 Padam 63.2*
SGD-N 63.8* Adam 64.3*
SGD-Win 61.6+2.2 Adam-Win 62.7+1.6
SGD-Win2 61.0428 Adam-Win2 61.8:25
AdamW 67.0* LAMB 66.8
AdamW-Win 66.540.5 LAMB-Win 66.24 0.6
AdamW-Win2 644116 LAMB-Win2 64.1,17

5.3 Results on Natural Language Modeling Tasks

Results on LSTM. We follow AdaBelief to test our accelerated algorithms via training three-layered
LSTM (Hochreiter and Schmidhuber, 1997) on the Penn TreeBank dataset (Marcinkiewicz, 1994)
for 200 epochs. See optimization and training details in Appendix A. From Table 5, one can
observe that our Win-accelerated optimizers consistently surpass the corresponding non-accelerated
counterparts, and actually bring 1.2 overall average perplexity improvement over the four non-
accelerated counterparts. Win2-accelerated algorithms further improves Win, and respectively makes
2.8,2.5, 1.6 and 1.7 on the four corresponding vanilla optimizers.

Results on Transformer-XL. We adopt a widely used language sequence model, i.e. Transformer-
XL (Dai et al., 2019), to further evaluate the performance of our accelerated algorithms. Since 1)

Table 6: Test PPL (1) of Transformer-XL-base on WikiText-103 where Adam is the official optimizer.
* is reported in the official implementation.

Training Steps
Transformer-XL | sor ook 200k average
Adam 285 255 247 26.7
Adam-Win 267 250 240 25215
Adam-Win2 264 249 238 250417
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Table 7: ImageNet top-1 accuracy (%) on ResNet18 (left) and ResNet50 (right).

SGD-H 67.3 Adam 66.5 SGD-H 75.3 Adam 76.9

SGD-N 70.249.9 ||Adam-N 68.812.3 SGD-N 77.041.7 ||Adam-N 77.040.1
SGD-Win  |70.743.4 ||Adam-Win 693425 SGD-Win  |78.042.7 ||Adam-Win |77.440.5
SGD-Win2  |70.83.5 ||Adam-Win2 |69.9,3 4 SGD-Win2  |78.142.8 ||Adam-Win2 |77.7408
AdamW 67.9 LAMB 68.5 AdamW 77.0 LAMB 77.0

AdamW-N  [69.3 ;4 ||[LAMB-N  [69.7,1. AdamW-N (784404 |[LAMB-N |77.5,05
AdamW-Win [71.0431 [|[LAMB-Win |71.14256 AdamW-Win |78.041 0 ||[LAMB-Win |78.4414
AdamW-Win2 71.2+3,3 LAMB-Win2 71-3—&-2‘8 AdamW-Win2 78.2+1,2 LAMB-Win2 78.6+1,6

Adam is the most popular and used optimizer in NLP models, including Transformer-XL, and 2)
our limited resource cannot well tune the hyper-parameters of other optimizers in Sec. 5.1, we take
Adam as an example to show the superiority of our accelerated algorithms. Follow the official setting
of Transformer-XL-base, we use Adam-Win and Adam-Win2 with the default hyper-parameters of
Adam on the WikiText-103 dataset. See more details in Appendix A.

Table 6 shows that under different training steps, our accelerated Adam-Win and Adam-Win2
always achieve lower test PPL than the official Adam optimizer. Specifically, Adam-Win and Adam-
Win2 respectively improve 1.5 and 1.7 average test PPL over the official Adam optimizer on the
three test cases. All these results are consistent with observations on vision tasks, and they together
demonstrate the advantages of our accelerated algorithms.

5.4 Ablation Study

Comparison with Nesterov acceleration. Here we empirically compare Nesterov acceleration
with our Win and Win2. Regarding Nesterov acceleration, NAdam (Dozat, 2016) introduces it
into Adam for acceleration. So we follow Nadam to implement Nesterov-accelerated AdamW and
LAMB. For Nesterov-accelerated SGD, we use the one implemented in PyTorch. For brevity, we
call Nesterov-accelerated optimizer “X-N”, where “X” denotes the vanilla optimizer, e.g., SGD and
Adam. Note, Adam-N denotes the vanilla NAdam. Then we use the same settings in Sec 5.1 to train
ResNet18 for 90 epochs and ResNet50 for 100 epochs, and evaluate them on the ImageNet dataset.

Table 7 reports the classification results. One can observe that for SGD, Adam, AdamW and
LAMB, Win- and Win2-accelerated optimizers still achieve higher classification accuracy than the
corresponding Nesterov accelerated counterparts on both ResNet18 and ResNet50. This shows the
superiority of our Win and Win2 acceleration on the deep network training tasks.

Robustness Analysis. Compared with the vanilla optimizer, Win-accelerated algorithm only in-
troduces the only extra hyper-parameter 77,‘71, and Win2-accelerated optimizer adds two extra hyper-
parameter 7y and 77. Now we investigate the robustness of Win- and Win2-accelerated algorithms to
these hyper-parameters. For convenience, in all experiments, Win-accelerated algorithms always
set 1)y =115, where ; = 2. Here we first investigate the effects of ~; to Win-accelerated algo-
rithms on ResNet50 by taking AdamW-Win and LAMB-Win as examples because of their superior
performance. We train both AdamW-Win and LAMB-Win for 100 epochs. Table 8 shows the
stable performance of AdamW-Win and LAMB-Win when tuning ~y; in a relatively large range, thus
validating their robustness to the hyper-parameter ;.

Then we investigate Win2-accelerated optimizers which always uses 772, =mn;, and g =~eny in
all experiments. For convenience, we fix v; = 2 and then investigate the effects of hyper-parameter
72 to the performance. From Table 8, one can observe that even though v, varies in a relatively
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Table 8: Effects of y; and 75 to top-1 accuracy (%) of Win- and Win2-accelerated AdamW and
LAMB on ResNet50.
" 15 2 3 4 6 8

AdamW-Win | 77.9 78.0 78.0 77.9 78.1 78.0
LAMB-Win | 783 784 784 784 785 783

Y2 4 6 8 10 12
AdamW-Win2 78.1 78.2 782 782 78.1
LAMB-Win2 78.6 78.7 78.6 785 784

Table 9: Effects of the updating step number g to top-1 accuracy (%), GPU peak memory cost (M)
and also running time (minute) per epochs of Win2-accelerated AdamW and LAMB on ResNet18.
Note, ¢ = 1 corresponds to the vanilla optimizer, and ¢ = 2 denotes the Win-accelerated optimizer.

I AdamW-Win2 \ LAMB-Win2

q 1 2 3 4 5 6 1 2 3 4 5 6
Accuracy (%) 679 710 712 713 713 710|685 71.1 713 714 712 7TI.1
Peak Memory (M) || 7880 7978 8094 8288 8478 8588|7882 7980 8080 8252 8564 8808

Running Time
per Epoch (minute) 6.64 678 6.87 7.02 720 742|6.82 690 7.07 723 734 758

large range, AdamW-Win2 and LAMB-Win2 are always stable, and reveals strong robustness to
hyper-parameter ~yo.

Analysis on Multiple Updates in Win2. In Sec. 4.1, we already develop a more general Win
acceleration, Win2 for short, which extends the parameter update from two steps in Win to g updating
steps for brevity (¢ > 3). Here we investigate the effects of the updating step number ¢ in Win2
to 1) final performance (after training) and 2) GPU memory and running time (minute) per epochs
(during training). We use both AdamW-Win and LAMB-Win to train ResNet18 for 90 epochs with
minibatch size 512 on two A100 GPUs. For ¢ = 1, the optimizer denotes the vanilla AdamW or
LAMB optimizer and its stepsize is 77,(:). When ¢ = 2, it corresponds to Win-accelerated AdamW

or LAMB which uses the aggressive stepsize 17,(62) = 217,(:). For Win2 with three updating steps

(g = 3), we set n,(f) = 27),(91), 77,(;)’) = 817,(;). When ¢ = 4, 5 and 6, we use n,(f) = 27),9, 77,(;)’) = 47719)’

771(44) = 877](:), 77](5)) = 10771(91)’ and 77,(;5) = 1277,(:) for brevity.

Table 9 reports the empirical results for which we have several important observations. Firstly,
in most cases, large ¢ (e.g., ¢ > 4) actually does not bring significant improvement in terms of
classification accuracy, but indeed results in more extra memory cost during training. This is because
for Win2 with three updating steps (¢ = 3), it already uses very aggressive stepsizes in practice,
e.g., 77](62) = 2n,(€1), 771(3) = 877,(;) in all our experiments. In this way, even though the updating
step number ¢ becomes larger, e.g., ¢ > 4, it is already hard to use more aggressive stepsize
77;(;1) = an,(:) (a > 8) while enjoying very stable training. This is the key reason why we often use

Win2 with three updating steps (¢ = 3) in our experiments.

Secondly, from Table 9, one can find that Win (i.e. ¢ = 1) and Win2 (i.e. ¢ = 2) actually do not
bring much extra memory cost and also computational ahead. For example, compared with vanilla
AdamW, AdamW-Win brings extra 1.2% memory cost and also extra 2% computational ahead for
each epoch. Similarly, AdamW-Win2 also only brings extra 2.7% memory cost and extra 3.4%
computational ahead. One can also observe similar comparison results between accelerated LAMB
and vanilla LAMB. Since Win and Win2 respectively introduce one and two simple and efficient
algorithmic steps on vanilla optimizers, e.g., the eighth step in Algorithm 1, they bring negligible
extra computational overhead into the vanilla optimizers. Regarding the memory cost, in network
training, one needs to store all temperate variables (e.g., activation states) and feature maps for
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back-propagation which often use much more GPU memory than the model parameters introduced
by Win and Win2. This explains why Win and Win2 only bring very small extra memory cost.

6. Conclusion

In this work, we adopt the proximal point method to derive a weight-decay-integrated Nesterov
acceleration for AdamW and Adam, and extend it to LAMB and SGD. Moreover, we prove the
convergence of our accelerated algorithms, i.e. accelerated AdamW, Adam and SGD, and observe
the superiority of the accelerated Adam-type algorithm over the vanilla ones in terms of stochastic
gradient complexity. Finally, experimental results validate the advantages of our accelerated algo-
rithms. We hope that Win could become a default acceleration option for all popular optimizers in
the deep learning community to improve the training efficiency.
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This appendix is structured as follows. Appendix A provides more experimental details, such as
hyper-parameter settings of the four accelerated algorithms and the official data augmentations. In
Appendix B, we define some necessary notations for our analysis. Then Appendix C provides some
auxiliary lemmas throughout this document. Next, Appendix D presents the proof of the convergence
results in Sec. 1, i.e., the proof of Theorems 1 in Appendix D.1, Theorems 2 in Appendix D.2, and
Theorems 3 in Appendix D.3. Similarly, Appendix E presents the proof of the convergence results in
Sec. 4, i.e., the proof of Theorems 4 in Appendix E.1, Theorems 5 in Appendix E.2, and Theorems 6
in Appendix E.3. Finally, Appendix F provides the proofs of some auxiliary lemmas in Appendix C.

Appendix A. More Experimental Details

Due to space limitation, we defer the experimental details, such as hyper-parameter settings of the
four accelerated algorithms, and their official augmentations in (He et al., 2016) and (Wightman
et al., 2021), to this section.

For Win-accelerated algorithms, including AdamW-Win, LAMB-Win, Adam-Win, and SGD-

Win, always share the default optimizer-inherent hyper-parameters of the vanilla optimizers and its
aggressive step 77,% is always 2 larger than its conservative step 7;, for all iterations, i.e. 77,‘2 = 2n;.
For Win2-accelerated AdamW, Adam, SGD and LAMB, we also always set 7711; = 2n7 and 7}, = 8ng.
For all Win- and Win2-accelerated optimizers, their first- and second-order moment parameters (31
and (35 are set to the default values 57 = 0.9 and 8y = 0.999 used in AdamW, LAMB and Adam.
For LAMB-Win and LAMB-Win2, their other key parameters, such as “grad averaging” and “trust
clip”, also adopt the default ones in vanilla LAMB. For SGD-Win and SGD-Win2, they use the
default momentum parameter 0.9 and set dampening parameter as 0.0 used in vanilla SGD.
Settings on ResNetl8. Here we follow the conventional supervised training setting used in
ResNets (He et al., 2016) and evaluate our accelerated algorithms on ImageNet (Fei-Fei, 2009). For
data augmentation in (He et al., 2016), it uses random crop and horizontal flipping with probability
0.5. For warm-up epochs, for all four accelerated algorithms, we set it as 5.0. For base learning
rate, we respectively setitas 3 x 1073, 5 x 1073, 3 x 1073, and 1.2 for AdamW-Win, LAMB-Win,
Adam-Win and SGD-Win. Moreover, we follow the default setting and use cosine learning rate decay.
For weight decay, we respectively set it as 5 x 1072, 5 x 1072, 1075, and 10~ for AdamW-Win,
LAMB-Win, Adam-Win and SGD-Win. On ResNet18, all algorithms are trained for 90 epochs with
minibatch size 512 by following the conventional setting. Win2-accelerated optimizer uses the same
setting as Win on ResNet18.
Settings on ResNet50&101. For these two networks, we use “A2 training recipe” in (Wightman
et al., 2021) to train them, since this training setting uses stronger data augmentation and largely
improves CNNs’ performance. Specifically, the data augmentation in (Wightman et al., 2021) uses
random crop, horizontal flipping with probability, Mixup with parameter 0.1 (Zhang et al., 2018),
CutMix with parameter 1.0 and probability 0.5 (Yun et al., 2019), and RandAugment (Cubuk et al.,
2020) with M = 7, N = 2 and MSTD = 0.5. Moreover, it often use binary cross-entropy (BCE)
loss for training.

For both ResNet50 and ResNet101, we release the hyper-parameter settings of Win and Win2-
accelerated optimizers at our Github page '. You can find all the training hyper-parameters, e.g., base
learning rate, learning rate decay, weight decay and warm-up epoch number, from the training
commands, and also the training logs.

1. Github project: https://github.com/sail-sg/win.

26


https://github.com/sail-sg/win

WIN: WEIGHT-DECAY-INTEGRATED NESTEROV ACCELERATION

Settings on ViT and PoolFormer. We follow the widely used official training setting of ViTs (Tou-
vron et al., 2021; Yu et al., 2022a). For this setting, data augmentation includes random crop,
horizontal flipping with probability, Mixup with parameter 0.8 (Zhang et al., 2018), CutMix with
parameter 1.0 and probability 0.5 (Yun et al., 2019), RandAugment (Cubuk et al., 2020) with
M =9, N = 2and MSTD = 0.5, and Random Erasing with parameter p = 0.25. For training loss,
we use cross entropy loss.

For ViT-S, ViT-B and PoolFormer, we release the hyper-parameter settings of Win and Win2-
accelerated optimizers at our Github page!. You can find all the training hyper-parameters, e.g., base
learning rate, learning rate decay, weight decay and warm-up epoch number, from the training
commands, and also the training logs.

Settings on LSTM. On LSTM, for base learning rate, we respectively set it as 1 X 1073, 1 x 1072,
1 x 1072, and 15.0 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. For weight decay, we
setitas 2 x 1072, 5 x 1072, 1.8 x 107% and 2 x 10~° for AdamW-Win, LAMB-Win, Adam-Win,
and SGD-Win. As for Win2, we, respectively, set the base learning rates as 2 x 1073, 2 x 1073,
5x 1072 and 15.0 for AdamW-Win2, LAMB-Win2, Adam-Win2, and SGD-Win2. The weight decay
is4x1072,4 x1072,2.0 x 1075 and 2 x 107° for AdamW-Win2, LAMB-Win2, Adam-Win2, and
SGD-Win2. Moreover, we follow the default setting and divide the learning rate by 10 at epoch 100
and 145. We do not utilize the warmup strategy in this experiment. Following the default setting, we
set minibatch size as 20.

Settings on Transformer-XL. On Transformer-XL, for the base learning rates, we set them as
4 % 10~* and 8 x 10~* for Adam-Win and Adam-Win2, respectively. Moreover, we follow the
default setting and use cosine learning rate decay. For both Adam-Win and Adam-Win2, we set
weight decay as 106 for and set warm-up steps as 2000. Following the default setting, we set the
minibatch size as 60 x 4.

Appendix B. Notations
Here we first give some important notations used in this document. For brevity, we let

Sk =\ Vg + V.

Since we have | my||,, < coo and v < ||v; + || < ¢% + v in Lemma 7 (see Appendix C), for
brevity, let

1= v%0 < lspll o < e = (A + 1)

For Win- and Win2-accelerated AdamW and Adam, we define

e M+ NeXpOsp Ny W
L+ Aeng Sk L4+ \enp sk

Wi 1= my + ApXg O sg, Xpp1 — Xgp = —

For Win- and Win2-accelerated LAMB, we define

wi =apmy + (1 + og) \pXp © s,
n]a; apmp + (1 + ak))\kxk © Sk B 77]? Wi

IRERY Sk R T

Xk+1 — Xk =

lIxxll2
[l //ViFr+Aexgll2

where aj =
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Next, we introduce an virtual sequence {y; } into the algorithm. In this way, we can rewrite the
update steps in Algorithm 1 in the manuscript as its equivalent form (16):

8k = § >ovey VI (¥r5 G);
my, = (1 - B1)my_1 + Bigs;
Vi = (1 = B2)vi_1 + [og3;

_ 1 (16)
Xpt+1 = T (xk — 77/:5111@)
o y
Yi+1 = Zk —ynkuk
- &% & oYY v Y
(Yet1 = grigyin Yt T grrerin, Skl = T b1 T Mo Yt
_ o2 e 1 ey 1 sy 1 z _ 1 Yy _
where mg = gy, vo = g5, = -z, =L ¢V =_—L 5z =__1 YV _
0= 80 V0 = 80 &k = g & T ap O T gmgeas O T gegegow Tk

1 z 1 _ my : 3
—————, T{ — =——+——=. Moreover, u; — —* in Win-accelerated AdamW and Adam
nE+nl+xenEnl’ Tk T nAniHAening » Uk Sk ’

= —xellz (2 + A\px) in Win-accelerated LAMB.

g /fspAAexgll2 \ s }
For Win2, we have the updating rule as follows:

g =+ 301 Vi(zk: G);

my = (1 — B1)my_1 + Bigk;

Vi = (1 = B2)vi_1 + [og3; )

Xkt1 = m (xk — mpug) = gkaci_ik)\kaJrl - gﬁﬁuk;

/ _ Y
Yit1 = Yk — MUk

e g (D)
RL = el eming 2 k1T il emEng BT T G el TRl T grg AT AL
/ _ Y
Zjy1 = Zk — MUk
1 % 1
— i / M k
Zpi1 = z
A + T L T Ykl e e s e v
k k kM k k
_ 3 / &k 39
= Z = v = X
R D Vi T e w v o B S Ve
where & = % & = 77% and & = % u, = ’;‘—k’“ in Win2-accelerated AdamW and Adam,
k
_ lIxkl2 my, in Wi
u, = Tt /set Aexellz ( ” + >\ka) in Win2-accelerated LAMB.
For analysis, we further define
)\k 2 )\k 2
Fi(x) = F(x) + 2 Il = Bel 6 O) + 22 ], (18)

where A\, = A(1 — p)¥ in which p = % In the following, we mainly use these notations to finish
our proofs.

Appendix C. Auxiliary Lemmas
Before giving our analysis, we first provide some important lemmas for both Win and Win2.
Lemma 7 For Win- and Win2-accelerated Adam, AdamW and LAMB, their {(my, si)} satisfies

"
<1+Z,
+2

1

Sk
Hmk”oo < Coos ||VZ + VHOO < Cgo + v, 5 <

Sk+1

o0
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2 . . .
where i = &%, and cs oo > 0 can lower bound the values in uy, i.€. ¢s oo = min; /vy ; > 0in
which vy, ; denotes the i-th entry in uy. Note, in the following proof, we directly use cs o = 0 to
consider the worse case.

See its proof in Appendix F.1.

C.1 Auxiliary Lemmas for Win

Before giving our analysis, we provide some important lemmas for Win.

Lemma 8 Suppose the sequence {x;,y).,yr} are updated by Eqn. (16). Then {xy,y},yr} for
Win-accelerated Adam, AdamW and LAMB satisfies

E [llmy, — VE()l’] <0 = BE [[mg1 = VF(yy-1)]P
1— 272 252
LA g [y, ] + 2
B b
See its proof in Appendix F.2.

Lemma 9 Assume p% 1= 777',371 p%, p{ = 1 and p} = 0. Then we have

T—1
1 2
$(y) =Y ph(rd_ )21+ Ap—am)? [[will
k=0 e ; P (=01 ) (1+ Xin)? ’
a27_ T—1
< 52 [Iwal?].
n(l—n7)* &
T-1 k—1 1 1 T—1
ly) =Y 1ol Iwill*| < [EAHE
L B e gl (U= ) (L + Am)2 (1 —nr)? &=
T-1 1 1 T-1
OB Iwill?| < [wil?]
— ZO proa (L=l ) (L4 Am)? 7 nr(l—nr)? =
(19)
where a < ﬁ, T = n+ny Moreover, if pi. . 1 = n7j;_1p% p1 = 1 and pg = 0, we also have
T-1 k—1 1 1 T—1
=> i Iwill*| < —=——= " [Iwil?]. 0)
kgo ’ [; pip (L =7 )(1+ Aim)? e 777z(1 —n72)? o

where T, = ﬁ

See its proof in Appendix F.3

Lemma 10 Suppose the sequence {xy,y,,yi} are updated by Egn. (16). By setting nf = n*,
np=nY, & =& = ni”” & =¢v = niy then {Xy,,y}, yi} for Win-accelerated Adam, AdamW and
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LAMB satisfies
b 1 wi ||I?

i1 = xp1al® <ol ym(n? —n)? —

Bk ZPH (1 =07l ) (1 + Aim)?

i -l < 200
* (L4 Agm)?
b 1 W;
+ 20} ()2 (1 =) () (1 + M) ’
i g 12,041(1 =0 (L+ Ain)?
_ _ — 0 _ 1 _ 1 _ 1

where g, = rf_ypl o = Land gf = 0; 7l = ke o = gd o e = L,
&y = n%’ Here, wi, := my + A\pXp © sp in Win-accelerated AdamW and Adam, and wj =
agmy, + (1 + ag) \pXg © sgin Win-accelerated LAMB, where o, = B

[lmy//ViFv+Aexgll2

See its proof in Appendix F.4.

Lemma 11 Suppose the sequence {xy,y},yr} are updated by Eqn. (16). By setting nf = n°,

W=l = = L6 =& = LBy = B and foi = Ba then {xi, ¥} yi} for
Win2-accelerated Adam, AdamW and LAMB satisfies

E [l ~ VFxu)|?| <2(1 - BE [[lme-r ~ VF (i)
. 2T, (1 - 51)°L*  2p242

2L11Y
b1 b * 2k7
where
/. 2(77y)2 Wi—1 2
LR+ Aem1m)? || se—1
. 1 w; ||?
+ 200 (11°)* (0¥ — m)*(7¢_1)* (1 + Me—1n)? -
e o Zzpﬂ(l—n D+ Ain)?
i 1 w; ||?
8 = pin(n? — n)? :
SO lZpH(l—n D)1+ Ain)?
in which pyy = n"1_1pp. p{ = Land py = 0; 7 = 7Iz+77y'&>\k77177y’ 0 = §I+£1y+>\k’ ¢ = 77%’
&Y = n% Here, wi, := my, + A\pXp © s in Win-accelerated AdamW and Adam, and wy, =
agpmy, + (1 + ag) \pXp © sgin Win-accelerated LAMB, where o, = e 2

lmg //VieFr+Xexell2

see its proof in Appendix E.8.

C.2 Auxiliary Lemmas for Win2

Then we provide some important lemmas for Win2.
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Lemma 12 Suppose the sequence {Xy,y}, Yk, Z}., 21 } are updated by Eqn. (17). Then {Xj, Y}, Y 2}, Zk }
for Win2-accelerated Adam, AdamW and LAMB satisfies

 aN272
+(1 B1)*L

o
B1 b

E [|lmy — VF(20)|] < (1= BOE [ my-s = VF(ze0)] E [l — 2] +

See its proof in Appendix F.6.

Lemma 13 Suppose the sequence {Xj,y}., Y, 2., i } are updated by Eqn. (17). By setting i, = 1",

== & = 6= L e = V= e = &0 o= L then {xp, ¥} yi. 7} 21} for
Win2-accelerated Adam, AdamW and LAMB satisfies

B
[\

/ 2 Yy Yy \2 1 i
Vi1 — (L4 en”)xpp1||” < = =
[¥hir = L+ Xen”)xea||” <piy (0 = n") T A= ) | s
-1

I
> O

1 w;
s — xkl|> <7 pin(n¥ —n) —
Rk — i (L=l ) (14 Xim)? || si

[\

k
/ 2 2 1 W;
HZk+l - (1 + )\kUZ)Xk—i—lH sz+l(nz - 77$) Z p;+1(1 — nz,]_‘z 1)(1 + Az77$)2 :z ’
—o Pi i—

where pZH = 77:67'1?,1PZ’ p} = land pf = 0; Piv1 = M Th_1Pp P = Land p5 = 0; T,g =

1 z _ 1 Yy 1 z 1 R
T Tk = e O = wFemay % = mrereaa Here Wi o= my +
AeXp © s in Win2-accelerated AdamW and Adam, and wy, := apmy, + (1 + ax) \gXg © s in
Win2-accelerated LAMB, where oy, = [E34 1P Moreover,

lmg //VieFr+Xexell2

2

1 W;
— < 2(€78 - 2IEE -
41— Xpera [ (€°67)*piyr (" — " Pz+1(1 — 77 ) (1 + Arp®)?
k 1 w12
(5767 —7")?> :
+2( ) ( k ) pk+1(77 n* Z p+1 1—nor )(1‘5‘)\1’77&:)2
. 2
A%
Y L. (), ./
(672 (M + &)
b 1 w; |2
367+ €Y + \)2(0 ")) -
( k:) ( k) Pk+1 & P+1 1_77 )(1+)\i77a:)2
2
1 Wi

k
+3(E) DG (0! =)D 5

=

7 Pl (L =7 ) (1 + Aap®)?
See its proof in Appendix F.7.

Lemma 14 Suppose the sequence {Xj,y}., Y, 2., Zi, } are updated by Eqn. (17). By setting ni. = 1",
W= = == b = = L 6 = € = L By = P and o = B then
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{xXk, ¥, Yk 23, 21, } for Win2-accelerated Adam, AdamW and LAMB satisfies

E [l = VF(o0)l1?] <201 = By [l = VF(z1)|P]
2007 . (1 — Bix)?L? N 2ﬁiko—

2LIT5
Brr b + 2.k
where Wy := my + A\pXp © sy in Win-accelerated AdamW and Adam, wy, = apmy + (1 +
) \kXg © sgin Win-accelerated LAMB with oy, = Hmk/\/‘y:‘ﬁﬂi‘)\kxk“? and
S (30 Wi ||
LE )2 (Mot + €2)2 || s
k—1 1 W 2
+3(67 + €Y + M) (05-0) i (o — ™) -
" g Z pz+1(1 - 77 )(1 + )\17790)2 S;

i=

k—1 2
1 W,
éy 62_ 2 Yooy T2 v ,
+ 3¢ O} 0)* (h-0) Pk =) gpﬂl(l_na@nyl)(lminr)Z
k—1 1 w, |2
T2, :=2(£%67 —n")?> :
& =2(870% D2 k(77 = - pl+1(1—779”73 (1 + An*)2
2k 1 1 w I
eni(67_,5 - :
HAV GV A =V D e A e | s

1=

wherepk+1 =n" Tk 1pk, p} = land pf = 0; Piv1 = N Ti_1Pi P1 = L and p5 = 0; Tk =

_ Yy o_ _ .
W’TE—W’%_W 5Z_W Here, wy 1= my, +
AeXp © sg in Win2-accelerated AdamW and Adam, and wy, := agmy, + (1 + ) \gXg © sgin
Win2-accelerated LAMB, where oy, = [ ll2

[l //ViFv+Aexgll2

See its proof in Appendix E.8.

Appendix D. Proofs of Main Results in Sec. 3
Here we provide proofs of the main results in Sec. 3, including Theorem 1, 2 and 3.
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D.1 Proof of Theorem 1
Proof Recall our definition Fy(yx) = F(z) + )‘—2’“ ||z||§k =E¢[f(z; Q)] + % Hszk , in the (18). By

using the smoothness of f(6; (), we can obtain

Fy1(Xk11)

L Ak
<F (k) + (VF (%) X1 = X6) + 5 31 =l + 555 3l

@ L A
SF () + (VF (1), X1 =30 + 5 Ik = 3ell” + 5375 I,

SE(xe) + 5 k]2, + (VE(Xk) + MeXpe © S, Xpp1 — Xi) + 5 [Xkt1 = xg||” + < k1 = |2,

® z Ln®)?  |wy]? M2 ||wie ||
U Wk Mk k kMg, k
<F(xy) — — % (vF A W\, ) Wk ARUR) | Wk
> k(Xk) 1+ Akﬂ;if < (ch) + ApXEp © Sk, Sk >+ 2(1 +)\k77]f)2 Sk 2(1 + Akn]:s)Z Sk o
where @ holds since Lemma 7 proves S:i -I| €[l —p,1+p] (vp€[0,1]) in which i = %;
oo

@ holds because A\, = %J’Ml and

2 2 2
[xk41lls, = lI%klls, + 1Xpt1 = Xkllg, + 2(%k41 — Xk, Xi)s,. -

® holds, since we have 1) wy, := my, + \x, © s and ug, = ’:—: = %}:"CQS‘“ in Win-accelerated

. 1 1 —\ O]
AdamW and Adam; 2) X1 = 1o (X6 — 75W) = e <xk _ nggw) ~xp —

Sk
% "SV—: In this way, we can obtain
Fk+1(xk+1)
2 2
1 M 1 U
=Fj(x;) + = — % (VF(xp) + M\pXp, O S, — W - = — W
k() 2 (1+)\k77}f;)5k( (k) + X, © 8 — Wi 2 [\ (U + s
1 i L(n})? wy, ||” Mi(mE)? wy, ||?
4| (VF(x%) + MiXp O 83)|| + =il | =5 k=2
2 ||\ T sV OR) Tk Ose)l o Te | )? || s
@ X X
M 2 M 2
<F] —F  _||IVF — —— = ||VF]
- 77]:5 |: o CQLni . 62)\]677]% :|Hwk||2
202(1—|—)\kn,f) C%(l +)\k77/f) cl(l—i—)\knz)
SN WA S— ) T e C— — 7Y — S—
201(1 + )\kmf) 202(1 + Ak??;f) 402(1 -+ )‘knlf)
(21
@ holds, because
N My + AgXp O sy My Wk
= >\ —_ = — = — _—
Wi = my + ApXg © S, Xg+1 — Xk e - T A se

c1 =120 < lsplly, < 2= (& + ).
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2 T T
: x ci (14 i) co Ly Co LN} 1
® holds, since we set 77;; < 2ea(LFArer) such that Z AT + S = 2

From Lemma 11, by setting )} =7, nj = n¥ = vin and 8 ;, = 1, we have

2117, (1 — B1)?L?

E [Jmy — VF(e0)|*] <2(1= 80 [Jmi-y = VEye)|?] +

2 2 2
+ S 2L
where
1 e 2O St [P )P R+ A
LR (4 Meam)? || skt g ot i
k—1 1 w; 2
— plp (L =nmly)(1+ Ain)? ’
k—1 2

W

H2k =7y _opn(n’ —n QZ

i=

)

< i (1=l )(1+ Aim)?

(23)
Here p} ., = n7_1p}» p{ = 1 and p§ = 0. By considering ¢z > [|s[|oo > c1, We have
2(n)? 2
I, <1y, := -
LE =0k 62 (1 4 MAm1n)? Wil
200 (") (0 = m)* (7 ) (L + Aem)® &= 1 3
* 2 T e il
1 i—0 Pir1(L =07y a7l
0 <y kPR n)* & 1 w2
—= L 3 )
Bl ot = pl o (L= 7 ) (1+ Ain)?
(24)
Therefore, by plugging the results in Eqn. (22) into the upper bound of Fj1(Xy41), we have
Fley1(Xk41)
Ui 2 n 2
<F, —— X |VF -
_ 5o _
n(1-5) o [Ilmk V(v 1)||2} . Y (1= B1)°L 2o nLILY,
c1(1+ Agn) - - afr(l+Am)  a@+Amb (1l + An)
@
Ui 2 n 2
<F, ——F X  |VF -
<Fp(xk) 2ea(1 £ ) IV Ey (x| Tea(l ) [[will
+ =g [Hmk 1— VF(y 1)”2} + (= B)°L nBio’ nLI
c1 - - cabi(l+Xen)  a(l+Xemb  er(l+ Ngn)’
(25)
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where @ uses the fact that 0 < A, < A. Then, by plugging |yx — yx_1||° < 1Y, < TIY

’ Lk in
Lemma 10 into Lemma 8, we have

1-B)2L2MY, 4242
B [y - VFI?] <01 B0 [Jmes - VF( )] + L0 E T Gt

B1 b
(26)
Then we add Eqn. (25) and a:x (26) as follows:
Frsa(x411) + E [Jmy, — VF(y) ]
U 2 Ui 2
<F - ||VF _——
<Fk(xk) 2ol £ ) IV Ey (%)l Jea(l + M) [wil|
(27)
#=0) (2+a) B [l - VR0l
i, (1= B)°L2  yB30° AL, o0 =BPLT,  aghe?
c1B1(1+ M) ca(T+Xen)b (1 + Agn) B b

Then by setting o = 77(01%5’?1) and Giy1(Xg+1) = Fro1 (Xp41) + %E |my — VF(xk)HQ] =

Eelf(2 O)) + 2 l2ll3, + “5E [[my, — V()] we can obtain

Gl (Xk+1)
n 2 Ui 2
<Gi(xp) — ——L—|VF, S —
77H21/7k(1 — B1)?L? nBa? nLﬂé’,k n n(1— ﬁl)gLQH%k n n(1 — B1)p1o?
c1B1(1+ Aen) ct(T+Xem)b  er(14 Aen) 153 c1b
27277y
0 7 5 U o n(1—p)* L7,
<Gpr(xp) — ——— |VFi(x - |lw||” + d
ULHg,k npio?

+ )
61(1 + )\k’n) c1b

where @ uses the fact that 0 < Ax < A. Then summing the above inequality fromk =0tok =71 —1
and using 0 < A < A give
1= 1
7 S [IVF) I + 5 ol
k=0
< 2¢c2(1 + An)

[G(x0) — G(x7)] + 2c2810%(1 + An) n 202820

B 77T Cle Clb
2 1— 2L21—|—)\ T_l_ 2 LT_l—
+ 220 QT( g M+ CQT > T,
01/81 =0 cl prt
<202(1 + An)A N 2¢oB310%(1 + An) N 2¢5(1 — B1)2L2(1 + A1) Tz—:lny N 9oL Tz_fﬂy
B nT c1b ¢ B2T Lk 2,k
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where

G(Xo) — G(XT)
n(l—p1)
c151

E |[mg1 — VF(xr1)|]

—Fuxo) + L PVE [y — VRG] - Prixr) - E [llmr—s — V()

c15
n(l— 1)
=F(x0) + Jol[xollsg = Fer) = [xrlly, — =5

SF(X()) — F(XT) S A

where A = F(xq) — F(x*) x_1 and m_; are two virtual points which satisfy m_; = VF(x_;).
Now we try to bound 31, IT{ ;. and St 113 ;.. Firstly, we have

T—1 T—1
ST = [2“” Iwii]?
o (1 + Ak—17m)

k=0
k—
| 2Pk =0 de)? 1 fwil?
o i=0 Pl (=07l ) (14 Aim)? '
T-1 T-1
D 2(n¥)? 2(n)* (¥ —n)?
<3 [P+ 2R S a0 v
1 k=0 ! k=0 (28)
k—1
1
1y Yy )\ 2 || 74H2
P (L= nml ) (1 + Aim)
T-—1 —
22(n¥)? 2a*(¥)* (Y —n)*1
= c? “’Wk_l” } + cAn(1 — nr)? Z [HWkH }
T =0 S k=0
T-1 T-1
242 © 8y°n?
<=0 14 a¥( )2/7] [IIW;C_1||2} < — {llwk—lﬂ }7
1 k=0 1 k=0

where @ holds since 0 < A, < A; @ holds, since in Lemma 9, we prove Y7 o pi(rd_)?(1 +

2 [«k—1 1 27 T 1 1.
Neewn)® (S5 st e 1917 < e Shso [Iwell?], where @ < 25 @
holds by setting n¥ = ~vn; @ holds since 1 + a?(y — 1)?/v < a?y < 4~ where we set u € (0,0.5)
which is consistant the practical setting ;o = 1078,

Similarly, we can bound

— ﬁ/ — T 1pk77(77y 2 — 1 H H
k= w;
k=0 k=0 & i=0 pgﬂ (L =) (L4 Am)? T
T-1 T-1 T-1
© (Y —n)° Py —1)? 7’ (y = 1)? 2
<5 mp Z w1 5 (Wl 5 [[wll
ci(1— (1 +7)? = ct =
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. . T-1_y Y k—1 1 2
where @ holds since in Lemma 9, W€E prove T 1% |: . W; ] <
p Zkfo k—1FEk szo Pl (=7 ) (A+Xin)? H ZH =

m f:_ol [||wk||2] . Therefore, we have

1 T—1
Y E [Hm(xk)u + 2wl }
k=0

T-1
2e0(1 + XA 2cp10%(1+ M) 2c9n*L(y — 1)?

nT c1b AT

k=0

16¢ 1— B1)2L2(1 + \n) w—
+ 27 n ( 1) 7] |:|Wk—1||2:|

15%1
2 1—!—)\ A 2 /3 02 l—i-)\ 1
62( 77) it ( 77 [Hwkﬂ

nT c1b 4T prd

k=0

,_.

®
<

where @ holds since we choose proper n and 3; such that

162731 (1 — B1)2L2(1 + A\n) < 1 2con*L(y — 1)? < 1
c33? -8’ 3 -8

(30)
Now we select 17 and 31 such that (30) holds:

cr

5/31 1.5
< min ’
= (sﬁcg-wm — BOL(1+ A% AGTLO (5 — 1))

So we arrive at

T-1

1 2c 14+ IA  2¢ 14+ An)o? @
EjE[HVFk(xwu +wa H] 2Lt A | 20bd+Ano” 2 o3
=0 77T Clb

4ea(1+HAn)A c1be? : ;
where we set T' > e and 51 < T (Lramo? This result directly bounds

= 2T1

o T—
TZHSk@(Xk—XkH 2_%2 1+)\ QHkar/\XkQSkH <*ZHW I < n?é.
k=0 k=0 k=0
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Moreover, from Lemma 10, we have
2

r-1 k—1
1 , ) 1 w;
= Vi — (1 + Ae—1n?)xy AG)
r lczo H H Z e Z-z; Pl (1 =7y )(1+ Aim)?
T—
@ 1 1Hy
T 3,k
k=0
2 2 A
= k= Xk T -
72 Iy =l < 11 vy —n) ;Zp+11_n SaoaE s
T—
@ 1 IHQ
T 2,k?
k=0
T-1 T-1
1 9 @1 2(nY)
T == 2 - 14+ A
7 2 s =il —Tko[u+Ak)—%pHA R = )R+ A
S [
= pl (1 =71+ Aim)?
@ 1 T-1 y
< T Hl,k
k=0

where p} ; = n7_,p}, p{ = 1 and p§ = 0. @ holds by using Lemma 10; @ holds by using the
definition in Eqn. (23); ® holds by deﬁning:

1 2

Y :=p’(
34 TP z; i (L =7 )1+ Ain)?

Wi

Now remammg task is to upper bound 7 Sz > Hg o T LS 01 15, and - Z;}F:_ol IT{ .. Here we
first bound A T Z;}F:(} H3 ;. by using almost the same proof in Eqn. (29):

;_-

2 T-1 2 T—

wil?] <2 11wl
kz cmT —n7)°T kzzo ? = )
T-1
Sy = 1)? 2 4y’
=" a2r W || 2
1 e 1
S T-1 y [k—1 1 112

where @ holds since in Lemma 9 we have prove >, —; p¥ [Zi:o A= A [lwil ] <
Wliim)? Z;()l [HwkHz} ; @ holds by using 7 Zk;o E|wy||? < 4¢? in Eqn. (31).

From the bound in Eqn. (24) and the following bound on % Zg:_ol I, and % Z;}F:_ol 1:[2, we have

T-1 T-1 T-1
1 1 _ 2a2~3n? 32n%~3e
F S 1 3 M < S ] £ 2

k=0 k=0 1 k=0 1

T-1 T-1 T—1
1 I (= 1)? 2] @ diPy%e
SO M, < 3T < E Iwil?] <

2k = S kIl S

T kZ::O T k=0 ciT kzzo cf
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where @ holds, since 1) % 3"}~ E|/wg||? < 4¢2. Therefore, we have

1 I= An2a3e2 1T*1 An2n2e2
7 2 Bl = (e < S5 73 Byl <
k=0 (33)

= Z E [[yre1 — yil® <

Besides, we have

-1 T-1
1 1 r
7 O B[l = VEG)IP] <0 DB [lmg + A, © s~ TF(x) = Mxie © ]
=0 k=0
9 T=1
ST E Hmk—l-)\kkuSk”Q—i- ”VF(Xk)—i-)\kxk@SkHﬂ
k=0
I
=7 SB[l + A © s + IV F(x0) ]
k=0
@
<2 [62 + % X 462} < 8€.

where in @ we use wi = my + ApXp © sg. In this way, we have

T—1 T-1
1 2
T2 E (Il = VF(yi)?] <7 > E (Il = VE (i) [* + [V (xe) = VF (ye)]|
) 2T-1 2,272.2 )
2L 8 L7e
2 2 2 nr
<16+ == > E [ka — vl ] <166+ =5 —
k=0
For all hyper-parameters, we put their constrains together:
611)62 Clb€2
< A" _ __0
= 4eo(1+ An)o? <0202 ’
where ¢; = 19 < [|sg]|o0 < (cgo + 1/)0'5 = c9.
For 7, it should satisfy
1 < min A°h o ci(1+ )
- 8v/2¢95415(1 — By)L(1 + )05 4c§P L0 (y — 1) 2¢2(L + Acy)
Considering \np << 1 B 2.V A , i 1s a constant, and ¢; = 105 << 1, then we have

P I+(A-p)An T T = 1-p

7 <O | min C%.Bﬁl C%.S i =0 76%51)62
> 0(2).571.511’ 08'5’YL0'5 " oo c%'5'yl'502L

where v is often much smaller than one, and (31 is very small. For 7', we have

dea(1+ M)A 0 A e A 0 2541502 LA 254502 LA
ne2 - e 202 - 25l 125ped

T >
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Now we compute the stochastic gradient complexity. For T iterations, the complexity is

2.5, 1.5 2
c52y Po“LA
1254

O (Th) =0 (

The proof is completed. |

D.2 Proof of Theorem 2
Proof Recall our definition Fy(yx) = F(z) + )‘—2’“ ||z||§k =E¢[f(z; Q)] + % HzHgk , in the (18). By

using the smoothness of f(6; (), we can obtain

Fk+1(xk+1)

L Ak
<E(xp) +(VF(xp), X1 — X)) + 2 %1 — x)l* + 2“ ||ch+1H§k+1

Ak+1

@ L 2 2
SE(G) + (VE(Xk), Xprr = Xp) + 5 [P — xk[|” + 20— ) %41l

<F(xx) + 5 ”XkHSk +(VF(xk) + \eXp © Sg, Xpep1 — Xg) + 3 k1 — il + 5 k1 — Xl|2

2 Ak (nE)?

® x L(n® 2
Mk Wi (77k;) Wik Wi
<Fu(xp) — —& (VF(xp) + Mixp @ sy o2 ) 4 —— )W TR AR Yk
<Flo(ock) 1+>\k77;‘f< (i) - A © Sk> 2(1 4+ Men)? || s 201+ M\emi)? || sk
2 2 2
@ agny my L(n})? Wy Ak (15 W
S Futo) = o (W, ) 4 POy SR
+ )‘knk Sk 2(1 + )‘knk) Sk 2(1 + /\knk> Sk ls),
2 2 2
|| [awng LIl [owng M
<F ) e (VP (xy) — - malava |
<Fi(xk) + 2 | Sk ( (k) = mmy,) 2 Sk (k) 2 akSkwk
L) || wi ||”
+ - N7 -
2 Sk
kM 2 oM 2 A agcoLng 2
<F VF — — VF — 1-—
<Fi(xx) + 20, IVF(xx) — my| 20y IV Fy(x) | Depn 2 [[wel
® amy 9 QM 2 Mg 2
<F e 17 F(xy,) — LI — ,
<Fux) + S [VF ) — = S V(02 - 2
(35)
where @ holds since Lemma 7 proves S:i Il €[l —p,1+p] (Vpe€(0,1]) in which i = %;
(e.)
@ holds because A\, = ’}’“_*J and
ki all2, = I¢kllZ, + I1xks1 = Xull3, + 200041 — Xk Xk)sy -
@ holds, since we have 1) wy, ::A arpmy + (1 4+ ag) \pXp © s and vy, = %(?—: +
)\k:Xk;) = ak(%:‘F)\kxk) = Wk%kxk@s’“ in Win-accelerated LAMB; 2) X1 = m (xx — nfug) =
1 —ApX5O® Uy
TAE (Xk — Sk) = Xk~ 1+/\ini e

40
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@ holds, because we set A = 0 which yields Ay = 0 and w; = apmy.
® holds, since we set 7y < 3L such that eln :.
1

From Lemma 11, by settmg ng=mn,n, =nY and B1,x = B1, we have

2117 (1 — B1)2L?

E [lhny — VF() 2] <201 = B0 [Jlmy 1 - VF(vs1) 7] +

51 (36)
2670
+ b 2k7
where
y v 2(77y)2 2, 2o, )* (1Y — Tk 1) )? — 2
I, <TI0, === [lwpa | + 7 [will”,
S 01 =0 Pl+1 777' )
2 k—1
T pn(nY —n) 1 2
I, <1 = 2 gy il
1 i—o Pi+1 NTi—1
37

in which p} ; = n7_,p}, p{ = 1 and p§ = 0. Therefore, by plugging the results in Eqn. (36) into
the upper bound of Fj1(Xj11), we have

Fiov1(Xk41)
<F _ 2 1 2 ozm(lfﬁl)E _VF 2
<Fi(%) I = o e+ 22 [y~ VEe) ] g,
aIl{ (1 - p1)?L? n amnpio n amLILy
c151 c1b c1
Then, from Lemma 8, we have
E [y — ()|
1— /8 2L2 6202
<= B1)E [Jnecs - VP F] + SR [l -yl + 25 )

(1—@VLﬁﬁk+5%2
b1 b

< 2
(1= BE [Jmir — VF(yi)?] +

where we use the results in Lemma 10 that ||y — y_1]|* < I, <TI{,.
Then we add Eqn. (38) and a:x (39) as follows:

Fo1(xi1) + oE [|lmy. = VE(y0)||

<Fp(xp) —

)l = g Tl + (= 80 (27 + ) & [ = V()P

amﬁll/,k(l — b1)*L? anBio? alnLﬁg,k a(l - 51)2L2H?1J,k apfo
+ + + +
ClBl c1b C1 61 b

(40)
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. 1- 1— 2
Then by setting o = %ﬁlﬁl) and Ggi1(Xg41) = Fk+1(xk+1)+%ﬁlﬁl)ﬂﬂ |my — VF(xg)|] ] =

Ec[f(z; Q)] + % Hzﬂzk + %ﬁzﬁl)ﬂi |lmy, — VF(xz)||?|, we can obtain

sz+1 (Xk+1)

<Gr(xx) —

2 n 2
DI = 3wl

Y, (1 — py)%L? 252 LITY (1 — By)3L211Y _ 2

anlly 1 ampBio aunblly o oun 1 1k oan(l—p1)Bio
+ + + + . +
c151 c1b c1 c187 c1b

(R — o2 o CIC T AVLI | ol | ambio?
k 40(162 k 015% C1 Clb '

=Gr(xk) —

Then summing the above inequality from k = 0to &k =T — 1 and using 0 < A\ < A give

=
B |IVRGOIE + 5o Il
k 0
9 T— T—1

202 20&[025102 204102 1 — ,31 2@[62[/ —
< G -G Y
“agnT (G (x0) (er)] + asc1b + 0456151 kzo ase T g 2,k

9 9 T— T—1

200A  2qqcofio 20qca(1 — 51 20410 L =y
< + ; Z I3,

asnT agc1b asc1 BT P asclT —

where

G(xo) — G(x7)

—Fyxo) + g [y~ PG ) ] - Frer)
c1p
an(l —
_ ME [HmT—l _ VF(XT—l)HQ}
c151
am(l —

—Flx0) + o [l = Flor) =z el — 28 ZPVE [y — VFGr)]

SF(X()) — F(XT) § A

where A = F(x0) — F(X4); x_1 and m_; are two virtual points which satisfy m_; = VF(x_;).

Next, we can follow Eqn. (28) and (29) to bound

2 T— 2 2

= n"(y—1)
S -] iy, < T [Iwil?]
k=0
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where 1Y = ~n. Therefore, we have

T 1

7 B VAP + 5o il
k 0
2 )2L2 T-1 2 2 T—1
200 2qqcofho 160ycoy3n?(1 — B1)2L 9 2aqcon”L(y — 1) 9
= + , > [IwialP] + ; [wil?]
asnT asc1b ascl ir Pt ageyT Pt
T—1
®2c0A  2ay¢98310° 1 [ 2]
<
“anT + agc1b + dasonT k:zo wil
where @ holds since we choose proper 77 and 3; such that
16ac2v®n?(1 — B1)%L? < 1 ’ 20qcon? Ly — 1)? < 1 @n
asclﬁl 8y asci’ ~ 8o
Now we select 17 and 31 such that (41) holds:
5 el
n S min 0.5 181 ’ 0.5 é5
8v/20yc§ 415 (1 — Br) L doyc§ P L0 (y — 1)
So we arrive at
=
1 2c0A 2 2
) {nm(xw b fwel?] <222 2P 2 e (42)
k: ‘ dosoy asnT agc1b
where we set T > ;lc—ffg and 8; < Zcifclb;?' Since wy = apmy + (1 + ap)\pX; © si and
u, = ak( + )\kxk) = %}:"“QS’“ we have
X _#(X_ wu)_1< _rwk_)"kaQSk)_X_me
k41 1+ A k— MUk 1+ A k= Mk Sk [ W
This result directly bounds
= n? T-1
T D sk © (ke — xp10)|” = Z Iwil|* < dasan’e®
k=0 k=0
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Moreover, from Lemma 10, we have

1 o1 =1 k-1 1 w12
/ Yy 2 i
= Vi — (L+ Xe—an?)xp||” <4 -
D I DY D W e N (Y
T—-1
@1 Hy
=7 3,k
k=0
T—-1 T-—1 k—1 2
1 , 01 1 w;
=) vk = xill® <= D7 pin(n? —n)® —
Tzz: T & hTE Z.Zpﬂ(l—n D (1 +Ain)?
T—-1
@1 Hy
=7 2,k
k=0
T—-1
1 2 @1 2(ny)2
- <N | AT o - 1+ A
TZnka il _TM[(H L PP~ PP+ )
Pl (L=l ) (1 + Ain)?
® 1 T-1 Y
ST 07
k=0

where pj , = n7_,p}, p{ = 1 and pj = 0; @ holds by using Lemma 10; @ holds by using the
definition in Eqn. (37); ® holds by defining:

k—1
1
I, = —n)?
s =’ =) Zm (1= (1 + Aim)?

2
W

1=

Now remalmng task is to upper bound 7 S 1Y BT LS o 1Y xand & Zg;ol IT .. Here we
first bound T Z;{:(} H37 ;. by using almost the same proof in Eqn. (32):

_ T-1 2 T-1 2,32
n-y @ dasoqny’e
Z Er S [iwil?] < TEOEIE S fjw?] £ e
k 01777 =0 ci(1+9) =0 “
(43)
where @ holds since in Lemma 9 we have prove >/~ p¥ [Zfz_ol pr(l—Wil) (ESwnE HW@||2] <

(- 7,7)2 > i {HwkH } @ holds by using + >/~ EHWkH2 < 4as0q€? in Eqn. (42).
From the bound in Eqn. (37) and the following bound on = Z k=0 Hk and 4 T Zg 01 HZ;’ we have

T—1 T—1 T—1
1 1l ay 897 2] © 320500731
Yy Yy
=D TE=D P P ch > E [lwil] < =5
k=0 k=0 k=0
T—1 T—1 T-1
1 1 _ )2 4o al’y €
T Hg,k < T Hg,k ZE [HW l } .
k=0 k=0
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where @ holds, since 1) % 3"}~ E|lwy||? < 4asaqe®. Therefore, we have

LS B s — (1 A P < e : ZEHy Cxf < i‘laso‘m i
T £ k EN7 )Xk = C% ) k k )
32a,qm> 3 €?
= ZE y1 = yell? <=——5——.
C1
Besides, we have
= ;=1
— Z E Mmk — VF(Xk)H } ST E Hmk + )\kxk ® Sk — VF(Xk) — )\kxk ® Sk”Q]
k 0 k=0
9 T=1
<7 YTl + dexi @il + nyF(xk)+Akxk@sk\ﬂ
k=0
o T-1
=2 Bl + A © i + IV Fi(320) ]
k=0
T-1 2
2 10
22N ‘ Ll +1vE 02| £ 2 [e +40‘l 2] < e,
T Qg
k=0
where in @ and @, we use wy = apmy + (1 + ap) \eXp © s = apmy, with Ay = 0 and
_ llx |l :
as < oy = Hmk/\/vki’/i)\kkaQ < oy. In this way, we have
= g T-1
7Y E|lme— VEy)?] <2 D E [Hmk = VEx)I + IVF(x) = VF(y) ]
k=0 k=0
T—1
20041 L? 20041 Sasayy? L2ne?
<——é+ ZE[||Xk—YkH } €+ ="

For all hyper-parameters, we put their constrains together:

B < agc1be _ 0 augC1be?
L= 4oyea(1 + Mn)o? oycao? )

where ¢; = 105 < [|sgl|oo < (2 + )" = ca.
For n, it should satisfy

3 e 2
7 < min ! , L , i
N 8v/20;)5y15(1 — B1) L 4yc®LOS(y — 1) 265

14+An
> THI-p)An

p <0 (min (91 a4 __ a
- 3PS )Py LO57 o L

Considering A\n << 1
we have

51

=a = 1dueto A =0, pis aconstant, and ¢; = 195 << 1, then

o (i C%5b62 0%5 i _o 2'5b62
alc%.5,yl.5o.2L’ alcg.5,yLO.5’ CQL alcl 5,71 S552],
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where v is often much smaller than one, and (31 is very small. For 7', we have

T>402A _ 0 A alc%'5'yl'5a2L _ 0 alc§'5’yl'5a2LA _ 0 alc%'5’yl'502LA
~agne? Org€2 c3obe? s Obet os1-25het

Now we compute the stochastic gradient complexity. For 7' iterations, the complexity is

a2y 1962 LA
o125l

O (Tbh) =0 <

The proof is completed.

D.3 Proofs of Theorem 3

Proof Recall our definition Fj,(0) = F(0) + 2 ||0]l5 = Ec[f(8;¢)] + 2k (0|5 in the (18). By
setting 3] = 1 — (1, then we have ||my||,, < ¢ by using Lemma 7 (see Appendix C). Also we
define

s U
W = mg + AXg, Xk+1_xk:_1+];\nx(mk+>‘xk):_1+];\7733Wk'
L k

Note in the following, we set all A, = \. By using the smoothness of f(6; (), we can obtain
Flot1(Xg+1)

L A
<F(xk) +(VF(Xk), X1 — X) + 5 %1 — xk | + 5 [Pk

@ )\ 2 L 2 )\ 2
<F(xx) + 3 %k |" + (VEF(xx) + AXp, Xpy1 — Xg) + 3 |xpt+1 — xkl|” + 3 [Xk41 — Xz ]|

7755 L(W}f)2 2 )\(77195)2 2
—F _ F _ k) BN/ 7
k(xk’) 1+ )‘77]95 <v (Xk) + )\Xkawk> + 2(1 + )\7720)2 HwkH + 2(1 + /\77]:5)2 ”Wk‘H
2 2
:F(X)—i—1 L(VF(X)-F)\X — Wg) L Y/ (VE(xp) + Axy)
2 ) TR 2 g
2
1 M L(ng)? 2 A(n)? 2
2 |\ @+ ) ‘ (1 + A2 [wi| 2(1+ Anp)2 v
® M 2 M 2
<F —r F — - F)
<Fp(xk) + 20+ ) [VE(xy) — my| 20+ ) |V Ey(xz)]|
Uit [1 Lo A1l ] w2
T 901 L yZ) - z\ T k
2(1+ Anp) (T+Anp)  (1+Ang) vl
® M 2 M 2 U 2
< __ Ik _ _ Tk _ Tk
<Fp(xx) + 20+ ) [VE(xy) — my| ey |V Ey(xz)]| Y Wl

where @ holds because

2 2 2
[xks1lls, = l1xklls, + [1%kt1 = Xklls, + 2(Xk+1 — Xks Xk )sy.-
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@ holds, because

U U
Wi 1= my, + AXg, Xp+1 — X = —1 +l;\77x (mk + )\Xk) = —1 +’;\an]¢
L k
2 x z 4
: o CHADE) ca L oM< 1
@ holds, since we set 7y < 5“7y such that Zaonn T atonn S 7

Then in the following, we can directly follow the proof of Theorem 1. This is because the only
difference between accelerated SGD and AdamW is that SGD has no the second-order moment vy,
while AdamW has. By let s, = 1 in accelerated AdamW and setting 3] = 1 — (31 in accelerated
SGD, then they share the exact the same updating rules. So after setting 3] = 1 — /31 in accelerated
SGD, to follow the proofs of Theorem 1, we only need to verify whether the auxiliary lemmas and the
proof process of Theorem 1 hold for s, = 1. This is the true case. Please check our auxiliary lemmas,
including Lemma 7 ~ 11, and the proof process of Theorem 1. Consider s = 1 in accelerated SGD,
we have ¢1 := 1 < [[sg|loo < 2 := 1.

In this way, by setting 0! =0,y > 1,9 =n < (’)(615&%) b1 < (’)(Sj—z), By =1-74,

A=A, Ao =0, after T'= O(Alfe L ) iterations with minibatch size b and A = F(xq) — F(x,), the

sequence { (X, yx)}7_, generated by accelerated SGD satisfies the following four properties.
a) The gradient V F},(xj) of the sequence {xy }7_, can be upper bounded by

1 71 s 1 21 o
=3 B[ IVEG 3 + 7 e+ el | <€
b) The gradient moment my, can well estimate the full gradient V F(xy) and VF (y):
LTt 2 2 2 2,272 2
=3,y max {Ellmy — VFG) |3, Elmy — VF(y)l3 < 1662 + 8p*y2 L2
¢) The sequence {(xy,yx)} satisfies

I Tt 2 2 29 42 22
Tzk:O{EHXk_Xk+1”skaEHYk_Xkuz}§{477 e, 4y e’}

2.5 2
d) The stochastic gradient complexity to achieve the above three properties is O (%OEA%L), where

stochastic gradient complexity is the total evaluation number of the gradient on a single sample.
The proof is completed. |

Appendix E. Proofs of Main Results in Sec. 4

Here we provide proofs of the main results in Sec. 4, including Theorem 4, 5 and 6.

E.1 Proof of Theorem 4

Proof Recall our definition Fy(yx) = F(z) + ’\—2’“ ||z||§lC =E¢[f(z; Q)] + )‘7]“ Hz||zk , in the (18). By
using the smoothness of f(6;(), we can extactly follow Eqn. (21) in Appendix D.1 for proving
Theorem 1 to obtain

i
2¢0(1 + )\kn,f)

P
2c1(1+ )\kni)
B Mk

deo(1 + )\kn,f)

Fiov1(Xpg1) <Fr(xg) + IVE(x) — my|* — IV F (i) |1
(44)

2
[well”,
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ca Ly + Co gy 1
2A4+Aeng) T oa(l+dgng) — 2°

From Lemma 14, by setting { = n, n; = n¥, nj, = n* and 81 ; = 51, we have

1
where we set 7 < A+ ’“”k)) such that

2co (L+>\kc

2115 , (1 — B1)°L?

E [flmy, — VF(x)[?] <201 —mE Iy = VF(z )] +

i 45)
23 +2LH2k,
where
s 3(¢7)? Wi ||
PETEP Mo + €92 || s
k—1 1 w12
£+ €Y 4+ Nem1)2(0F —1")? :
+3( k)2 (0i_1)* Pk (" — 1) ;pz+1(1_n A | s
1 Wi 2

k—1
4 )2
3(¢Y)* (67 1) (05_1)%p v —n") ;pﬂ 1=l (1 + nn®)?2

2

k-1
I3 5, ==2(&76; 1) (0" —n")* Y

1=

k—1
2(6M) OF 107’k — ™) —

1=

1
< i (L= n"r7 ) (L+ Ain®)?

Wi

1 2

« iy (L= ) (1 + Aimp®)?

Wi

where p) ;= "7} _pp, p{ = 1 and pj = 0 Piin = N°TE_1p%- P = 1and p§ = 0; 7 =
1 77 = 1 6?/ 5z _ 1
T T = e O = wre 0 = ereea
By considering ¢z > [|sg||co > ¢1 and setting nf = n, 0} = n¥ = vyn, ni = n° = 7.1 and
B1k = P1, we have

T2 3'73 772

z  <TJI — Wi 2+CZZ—I2(I)+ny—x2\I/,
i <Hie = oa o) T W1l 305 (17 — 7)) @ + capl(n? — ") Wy,
5k <3 = cspi(n® — 0")*®p + copi(n? — n")* V.

k—1
Dy

1 2

Z‘Opi+1

=Z 5 . 5 Wi
o (L + i)

i= Op’b-‘rl]‘_nT

2
. : 3 v 3
in which = 51— 4 =
s 2c§ ( SRS (R YY) oy B C%(;Jr(lJr)\kfl??)'Yy)Q(1+(1+)\k7177)7y+7y/72)2’

C5 = (a1 and ¢6 =

(11X 1m)7) 2 (A1) vy g /72)?
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Therefore, by plugging the results in Eqn. (45) into the upper bound of Fj1(Xj+1), we have

Fk+1(xk+1)
n 2 n 2
<Fp(xp) — — 1 _|\VF o
<Fj(xp) 2ea(l+ M) IV E (k)| Tea(l + ) Wl
1— 117, (1 — B1)%L? 252 LIIZ
50 g [y — V(i) 2] 4 T DLy R
c1(1+ Agn) c1P1(1+ Agn) ci(L+Aemb  er(1+ M)
SRx0) = IV E(xp) 2 — T w
- 2¢2(1 4+ Agn) 4eo(1+ Agn)
1— nil; (1 — B1)*L? 2,72 nLIT;
+ ME |:Hmk71 _ VF(kal)Hz} + Lk( ) 77/610 2,k :
1 c1B1(1 + Axn) ci(L+Mem)b  e1(1+ Agn)

(46)

where @ uses the fact that 0 < A\ < \. Then, by plugging ||zx — zk_1||2 < Ui, < I:Iik in
Lemma 11 into Lemma 12, we have

1 — B1)2L2T1% 252
B [ — VP <1 - AE [l - VE( )] + L0 e B

b1 b
47)
Then we add Eqn. (46) and a:x (47) as follows:
Pt (%41) + o [[my, = VF(y) ]
n 2 Ui 2
<F] - ||VF _
(48)
#0024 a) B [lmes - VFe)1]
Uﬁik(l — 51)2L2 775%02 17L1:[§71,c N a(l — 51)2L21:[ik . a5%02
Clﬂl(l + /\kn) 01(1 + )\kn)b 61(1 + )\kn) b1 b

Then by setting o = n(i%gfl) and G1(Xkt1) = Flep1 (Xp41) + %E [|my, — VF(Xk:)HQ] =

Eclf(z: Q)] + % 122, + "02E | lmy — VF(x¢)]|?], we can obtain

c1P1
st (K1) < Grlx) = 5 [ VFj ()2 = o Wi
- 2co(1 4 A\gm) dea(1+ Agn)
nit; (1 — p1)?L? nBio? nLlI5 . n(1— p1)° L2 n n(1— B1)Bio?
c181(1 + \gm) ct(L4+Xem)b  er(14 Xnm) a1 8? c1b
@ 1 — B1)2L%TT?
n 2 n 2 n( 1 1,k
<Gr(xr) — ———— ||VFi(x e — + :

nLl5 . npio?
(14 Agn) c1b

)
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where @ uses the fact that 0 < A < A. Then summing the above inequality fromk =0tok =T —1
and using 0 < A < A give
T—1

1
73 [IVFI g Il
202( + An) 2c0810%(1+ ) 228302
<Z2A2 T A _
<220 fGy) — o)+ 22AT TN 20
T-1
202(1 — Bl 2L2 1+ )\17 — 202L
z H
+ a BT kzo Lk clT Z
T—1
2co(1 + M)A 2c810%(1 4+ An)  2co(1 — B1)2L2(1 + )\n) . . 2¢oL _
< -
- nT + c1b + a1 3T Z M+ aT Z o
k=0 k=0
where
G(x0) — G(x7)
1-— 1—
— o) + MV E [y — Ve ) ] - Prer) - "V 8 [mg, - VPG P]
c1p c1b

n(l— 1)

=F(x0) + Ao [[x0lls, — F'(x1) — Ar |Ix7ls, — e

E [llmg—1 = VF (1))
<F(x¢) — F(xr) <A

where A = F'(xq) — F(x*) x_1 and m_; are two virtual points which satisfy m_; = VF(x_;).
Now we try to bound 37, I} , and ST 115,

- 3zn? 2 5
z <7, = z B Z(n? — )20 Y Y T 2\11
1,k M1k —c%(l _i_)\kim)g HWk 1” +C3Pk(77 n ) k +C4Pk(77 n) Wy,

50 <35, = cspi(n” = n") 2@k + copl (¥ — ") Uy

k—1 1 ) , 2
o ; Pipa(l = no i) (1+ Ain®)? w1l e = @z; P?ﬂ (1— ﬁfo/—l)(l + A\in®)? -l
(49)
. . 3 N 9 ,
in which c3 = 2(;7{ <1 - 7y+7z+(1+ik71n)7y72> , C4 = C%(§+(1+’\’“—177)Vy)2(1+(1+>\k_1n)7y+7y/%)2’

Cy = ((1+)\k_177)'yz+1+,yz/,yy)2 , and cg =

. (L4 Ae—1m)79) 2L+ (X e 1) vy +y /72)?
Firstly, we have

T—-1 T-1 372772
i) =Y |53 Wk * + cspi(n* — 1%)*@s + capll(n? — ”I)Q\I’k]
k=0 o ; [C%(l + Ap—1n)? ; ’

@ 3y2n? (1417.)? 14+7)%] « 5
< |5t — ") — el — ) — [ [Wi—1]] ]
A1+ Ap_1n)? Yz Yy kz
T-1
@ 3772 2
< C% 1+/7y +7z Z [‘Wk—IH i|
k=0

(30
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where @ holds since 0 < A\ < A; @ holds, since in Lemma 9, we prove

T—1 k—1 1
2
PE®r =) Pk [[wi|
Z ’ g ' ; pia (L =n"r7 ) (L + Xp=)2 7
T—-1 T—1
< 1 fwell?] = EE2 5 2
= (1 —nr)? B
z )" 120 z 0 (51)
T—1 T—-1 k—1 1
Y _ Y 2
eV =) _p [[wi|
il i ; Pl (L =n=rl )1+ Xipm)2 7
T—1 T—1
1 wil?] = 259 S~ Ty
nry(T—nmy)? e L]y o
Y Y/ k=0 v k=0
where 7, = nﬁny and 7, = ﬁ @ holds since c3 < %, cy < %, (v — 1%y +1)2 < v, and

(72 = 1)%(72 + 1)? < 72
Similarly, we can bound

T-1 T-1
50 =D [espi(n” = n")*®x + coppi(n” — ")y
k=0 k=0
@ (1+72)2 Y T 2(1_'_721)2 — 2
< [esln® = n") P o — ) | S [Iwea ] 52)
Yz Ty k=0
T—1
@ 27’/
< = [+ Y [Iwi P
‘1 k=0
where @ holds by using above results giving by Lemma 9. @ holds since ¢5 < C%, cg < C%,
1 1
(7 = 1)*(9y +1)% < 7y and (7, — 1)%(7; + 1)
Therefore, we have
T-1
1 2co(1 4+ M)A 2¢2B810%(1 4 )
= ZE IV Fi (i) 1 + 5 || RlIP| < +
’I7T Clb
k 0
T—1
6r°ca(1 — B1)*L7(1 + >\77) [ 2}
+ F7T 1493+ kzo w1 |
T— T-1
4n’coL
PAOL S o8] 3 (Il
al k=0 k=0
©2c5(1+ ADA  2ea810%(1 + A 1 =
< CQ( 7)) + C2ﬂ10- ( 77) 4+ — |:HwkH2:|
nT c1b 4T —
where @ holds since we choose proper 7 and 51 such that
6n%co(1 — B1)2L%(1 + M) 1 dncal ¢ 5 g 1
g [+l <3 - ytiEl<g 3
1P1 1
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Now we select 17 and 31 such that (53) holds:

1.5 1.5
e B 1

nﬁmin(

So we arrive at

1 T-1

where we set 1" > 462(17)&
1 T-1
T D lIsk © Gk — xp1))|

k=0

which directly yields

08'5(1 — BI)L

1
1S E[IVAG)IP + Il <
k=0

9 T—
_77
T; 1+)\ 2Hmk—i—/\xk@skﬂ

y

2¢21(1 + An)o?
Clb

(175 +92)"° G103 (3 +72)

2co(1+ An)A
02( n) +

o)
< 52
nT -

;4

c1be?

and 1 < 4dea(14An)o2”

This result directly bounds

2 T-1

Z lwi* < n*e.

T-1

1
T D lIxk = xkpa |12, < 7€
k=0

Moreover, from Lemma 13, we have

T-1

2

=3 Ik~ (o de” < TZ_IP%W—”)QIS 7 ; 5 || =
k 0 k::O i=0 pz’+1(1 =7 )L+ Am)? || si
® 1
=" =% Y PV,
k=0
T-1 T-1 k-1 2
1 @1 1 W;
T i = l” ST Tapkn(? =) Y — 1 1+ )2 :
k=0 k=0 — p+1( =01 ) (1+ N\in)
® 1 «
- ZTk 12k Yk
k=0
T-1 T-1 k 9
1 21 2 1 Wi
T Zr1 — (L+ )% ||” <5 ) P (n® —1")
= i H T ’ ; pip (L= 7 ) (1 + Aanp®)?
. T-1
=0 =n)* = > P,

where @ holds by using Lemma 13; @ holds by using the definitions of ¥y, and @ in Eqn. (49).

Then in Eqn. (51), we have prove

14 17,)?
> st <EEIL Y

(1+7,)? —
SN [Iw

4(1 +7.)%€?
) < e
V=

(55)

”2] < A+ )%
< "
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Besides, in Lemma 9, we also prove

1
— 1! pl¥y < [ Wy, 2} < =
T,;) R O e Ll I s w2 my

So we have

L= L T o
TZH)’% (1 + Ag—1n” Xk“ <4772 o€, TZH}’k_xknz < dnye’,
k=0 k=0

1
fZHZZH (1+ Aen” Xk+1H <4772 2.
k=0

Then by using similar method, we can upper bound

1 T-1 , 1 T-1 ® 277 T-1 77262
72 Nz = x| <7 DM, < S5 3] Y [nw ] < =5 [+
k=0 k= “ k=0 Cl
T-1 T-1
1 5 1 ® 3n?
= 2 7 — 2 s;ZnikscThwm] [||Wk_1||}
k=0 k=0 1 k=0
12n2€?
<= [T+ +12
1

where @ uses Eqn. (52), and @ uses Eqn. (50)
On the other hand, we have

T—-1 T—-1
1 -
fZE [Hmk—VF(Xk)H } ST E Hmk—i-)\kxk(Dsk —VF(Xk) —)\kxk(DskHQ]
k=0 k=0
o T-1
<7 DD [l + dexi @ sl + yyvp(xk)ﬂkxk@skﬂ
k=0
o T-1
=2 SB[l + A © i + IV F(3x0) 7]
k=0

) 3
<2 [62 + 1 X 462:| < 8¢2.

where in © we use wi = my, + A\px; © sg. In this way, we have

1 T-1
4 . 2
7 E [l — VF(2)]]
9 T-1
<7 3 E [my — VEG) P + [V F (i) = VF ()]
k=0
2% 8772 2 o . (aL+320) 4
< _— - < =T o
166 + kZOE[HXk Zk”] 16€% + 2 [ + 7] 200 €
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For all hyper-parameters, we put their constrains together:
be? be?
61 < C10€ -0 C1 62 ’
4eo(1+ An)o? co0

where ¢; = 199 < [|sp]loc < (2 + 1/)0'5 = ¢o.
For 7, it should satisfy

1 < min ( ci’B ¢ (1 + M) )
AS 05° 05°
&95(1 — B1)L (1 N ’Yg + ’Yg’) 5105 (75 + 'yﬁ) 2¢o(L 4 A\gcr)

14+An — g <
P TRy 4= 1 B

1.561 % 5 C% 2'5b€2
<O | mi =0
U G515+ L)L GF (715 +ALH) L5 ¢y A3 (315 +15)0L

where v is often much smaller than one, and /3; is very small. For 7', we have

do(L+AA (A (y” +7:7)0°L
ne €2 C%SbEQ

_o (20" T LAN (00" +7:%)0 LA
25t 125pcd :

Now we compute the stochastic gradient complexity. For 7' iterations, the complexity is

7+ 7%‘5)02LA>

Considering \n << 1 , v is a constant, and ¢; = "% << 1, then we have

T>

1.25.4

O (Th) =0 (Cgﬁ(

The proof is completed.

E.2 Proof of Theorem 5

Proof Recall our definition Fy(yx) = F(z) + 3 |22, = Ec[f(z; )] + % [|z]|2_, in the (18). By
using the smoothness of f(6;(), we can extactly follow Eqn. (35) in Appendlx D.2 for proving
Theorem 2 to obtain

i

2
[well”,
e

Qq asny
Firt () SFL(00) + b [VF () — 2 = 2 9B o) 2

such that % < 1

where we set 7y < 2a -

1
z

From Lemma 14, by setting 0 = 7, )}, = ny, n; = n® and 1 = (1, we have

E ||mg — VF(xp)|*| <2(1 - B1)E ||my_1 — VF(zg—1)|?

oI% . (1 — 2L2 9 2 (56)
4 2l 5 P 520 + 2L,
1
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where
. 3 wit ||”
LR E)2(Mpm1 +€9)2 || spn
k—1 1 w12
3(6% 4+ &Y + Mo_1)2(6F — )2 =
(f g k 1) ( k— 1) pk 77 77 ng_l 1_77 T )(1_’_)\17790)2 S;
k—1 1 w; |I?
é-y 5,2_ 2py T]y o 7]:1: 2 2 ,
AV G P Y S

1 2

Pz+1(1 — %17 ) (1 + Ain®)?

W

k—1
sz 1=2(£705— 1) Pe(m” —n%) QZ

=

k—1
+ 2061 (05100 p (Y — "))

=

1 2

« i (1= (1 + Ain™)?

y o y oYy y _ — 0 Y —
where pp | = 0" _1pp. py = Land py = 05 ppy = 07 1pg. p1 = land p§ = 0; 77 =
S T = e O = e O = eEe
Nt AnY+AnnY Tk T ntnF+Aentn® EPHEV AL EPHEVHER AL

By considering ¢z > ||si||cc > c1 and setting 0 = 7, nif =nY =yn ni =1n° = 7.nand
B1,x = B1, we have

3,72 2
ir<If, = 20+ MNen)? [wi—1]l* + c3pi(n® — n")2®y, + capl(n? — ") Ty,

56 <55, = cspi(n” — n") 2@k + copll (0¥ — ") V.
k—1

1 2 1 2
Op = lwi—1]l®, Ur = [wi_1]|
ZZ; pia (L= m*7i ) (L + Ain®)? Z; i (L= n7l ) (L + Ain®)?
(57)
: - 3 Yy 2 3
in which c; = a (1 - vy+vz+(1+xk_m>mz> PG = AR PO (N 0y /72

5 = and cg = .
5 7 (O vzt 1+72 /)2 6 = GO M1 2O 1)y Ty /72) 2

Therefore, by plugging the results in Eqn. (56) into the upper bound of Fj1(Xj11), we have

@
Fk+1(Xk+1) SFk(Xk) 577 ”VFk(Xk)H 4 4
jCo
am(l — amIl? (1 — B1)?L?
+ ME (Il 1 = VF (2 )| + =~ (58)
Cc1 c1b1
252 qnLIIZ
L ambio” 2
Clb C1

Then, by plugging ||z, — z_1||* < I1?, <IIf, in Lemma 11 into Lemma 12, we have

(1—p)°L%M0 N pio’

E [ ~ VA@I] <(1 - BE [lmes - V@] + ‘

(39

55



ZHoU, XIE, LIN, TOH, AND YAN

Then we add Eqn. (58) and a:x (59) as follows:
P (xp11) + o [ [y, — VF (y) |

«
<Fy(oax) = G 1V Fk(ao)|*

2
T il

amlls (1= B1)L2 (60)
c1b1

o
+(1-B1) (le’ + a> E [ljmy 1 = VF(yx)|?] +
ampfio? oLy, o(l—B)’L°T,  afio”
+ — + SR
c1b c1 51 b
Then by setting o = am(1—51) and G11(Xg11) = Fry1(x )+ME |my, — VF(x )HQ _
e + +1 E+1{(Xk+1 cip k k

Ec[f(z: Q)] + % 122, + “™22E [|my, — VF ()|, we can obtain

+

c1/1
Gr+1(Xk+1)
<Gr(xk) = 52 [V ER (i) P = —— [[wi|]
- 2¢9 doyeo
N agnIlf (1 — B1)*L? N ampio? N aynLIL5 N am(1l — 51)3L2Hik n an(1 — pB1)Bro?
c151 c1b c1 183 c1b
_ 27127172 12 2
asn 2 n o oun(l—=B)*LI05 aynLlIs,  aunpBio
<G — 2L ||VF - : : .
<Gr(x) 20 IV Ey (1) || Tt [wi” + e et
Then summing the above inequality from k = 0to k =T — 1 give
=
— M E||VF 2 2
1y VAN + 5wl
T-1 T-1
2¢o 20qc2102  20qca(1 — Br)? L2 _ 20 coL _
< G(x0) — G(x7)] + + II7 . + 113
O[snT [ ( 0) ( T)] QSC]_bT ascl/B%T kzo 1,k QSC]_T kzo Q,k
2 272 T-1 T-1
< 200  2qqcofo 20qca(1 — B1)°L e 20qjco L i
“agnT ascrb asc1 32T prt LT i T prt 2k
where
G(x0) — G(x1)
1-— 1-—
—Fxo) + M Vg [y — VFGe )] = Frer) - M VR [y — VF o) P
c1p1 c15
—F A F A =8 F 2
=F(x0) + Ao [%ollg, — @ﬂ—TWMW—gaE* |lm7p_1 — VE(xr—_1)|

<F(x¢) — F(xr) < A

where A = F'(xg) — F'(x,); x—1 and m_; are two virtual points which satisfy m_; = VF(x_1).

Now we can directly use Eqn. (50) and (52) to upper bound Zf;ol f[f ;. and Z{;Ol flg i
T-1 3172 T-1 T-1 27]2 T-1
S 2 A 2
e < 25 1495+ Y [Iweal?] W < 5 [ +93 D [Iweal?]
k=0 1 k=0 k=0 1 k=0

(61)
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Therefore, we have

1Tl

FyE @ka(xk)u F o ] <

200 20ycafr0?
asnT agc1 bT

T-1 T-1 T—

H

6ayn?ca(l — B1)? L2 o1 4agn?coL 9
+ 1+73+73 [Wk—l } — A I [Wk_1 ]
QSC?ﬁ%T Yy z kzo ” H QsC ?T kzo Yy z ];) || ”
T-1
D 2co A 204102 1
<224 + 11wkl
asnT asc1b dosoqT

>
Il

0

where @ holds since we choose proper 77 and 31 such that

Gan’es(1 — B1)*L? dognPesl 5 4 1
! 3 < 62
sl L+ < g wd DTl < g ()
Now we select 17 and 31 such that (62) holds:
5 1.5
7 < min ( 1”5 5 a 0.5>
a102 (1 — ﬂl) (1 + fyg + ,@) ey 7,05 (,YS + ’)’2)
So we arrive at
1 (S 1 2c0A 2al02l310'2 @
— Y E||VFE 2 < 2 6
T kz—o [H Kol dasoy vl “asnT agcrh T € (63)

where we set T" > 462A and 31 < Z‘ojcclzbez This result directly bounds

1 T= 9 T—
kzusk@xk—xkﬂ 1P =237l + Axp @ s> <

k=0 k=0

T—

;_.
[
—

|wi||? < dasam?e.

which directly yields

1
T Z 1%k — Xk+1||sk < dagap’e.
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Moreover, from Lemma 13, we have

T-1 —1 2
1 , 2 1 )
Yie — (L+ Ap—1n?)xg py(n? —n)
Tkzzo H H Z ;pfﬂ (1 —n7 1)1+ \in)?
® 1 =
=Y —=n)’ 5= Pl
csT
17 k=0
1 " 1
N vk —xl® < i 1pin(nY —n)?
TZ TZ S ey (U= ) (1 + Aim)?
. T-1
=Y — 77)2 2 Z Tr 1Pk Yk,
17 k=0
- T-1 &
1 ’ @ 9 1 w;
- VA 1 + )\k?] Xeet|l < p 77 —n e
7 2 ks - Al S5 vk = e Sy
® 1 =
=" =n)’5= Y Pl
ol —
k=0

where @ holds by using Lemma 13; @ holds by using the definitions of ¥y, and @ in Eqn. (57).
Then in Eqn. (51) in Appendix E.1 for proving Theorem 4, we have prove

112

T—1 T—1
pzq)k < (1 +’7z)2 [Hwk‘|2:| < 4055041(1 + 'Yz)2€2
=0 Yz =0 Yz 64)
T-1 9 T—1 2 9
pz\Ijk < (1 + 'Yy) {HwkHZ} < 4(15&[(1 +’Yy) €
k=0 R Ty
Besides, in Lemma 9, we also prove
1= vy 1 — 9 dagaye? Aasay(1 4 yy)2€?
- Tk71pk\1’k < B} HWkH < 2 = 2
T &~ n(L—n/(n+n)°T = n(1—n/(n+nY)) my
So we have
T—1 T 1
1 © dogaqnPye ® dogoqny]
T Hy (1 4+ Ap—1n”) XkH2 ¥, vk —xx)* < 8721/,
k=0 k:O il
1, 2 @ dosan’yle’
T sz+1 ( + )\kn XkJrlH T
k=0 1
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Then by using similar method, we can upper bound
S8asayn’e?
< S [7’3 /yg)]

1 T-1 1 T-1 ® 277 T-1
2z = xenl® < Y05, < S [+ Y [Iweal?] < =5
r k=0 r k=0 al k=0 “
T-1 T-1 T-1
1 1 ® 3n?
2 e =l < YT < S 198 493 Y [Iwea P
T k=0 al k=0

120,042 €?
S I LR
1
where @ uses Eqn. (52), and @ uses Eqn. (50)

On the other hand, we have

= =1
7 2B llmi = VEGe)IP]| <72 D E |lmy + A @ s = V() = i © s
k=0 k=0
o T-1
<7 DB [l 4 A © sl + IVF (k) + A © sy ]
k=0
o T-1
=7 SB[l + A © sl + IV Fi () 7]
k=0
T—-1 B 2
2 1 10
gf E Hwk + ”VFk(Xk)||2 2 |:€2 + 4al62:| < ﬂGQ.
T prrd o s Ol

where in @ and @, we use wy = apmy + (1 + ax) \eXxp © s = apmy, with Ay = 0 and

¢ |l2 < qy. In this way, we have

< =
Xs = Ok = Tmy /e tvtanxala

1 T—-1
= [l — V()]
k=0
9 T—1
<7 YO E[llmy = VE(o)|” + IVF(xi) = V()]
k=0
5  2L7 = 100 5  8Basoyn?e® - 5 4
<A(dasq + 1)e +T§0E[ka—zk\ | < oe+ =g b+

For all hyper-parameters, we put their constrains together

augC1be> asc1be?
b1 < 5 =0 5 |
dego Co0

where ¢; = /9% < [sg oo < (& + V)0'5 = co.
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For 7, it should satisfy

n <O (min ( 1By e’ G ))
— 0.5? 0.5
a3 (1 = B1)L (1 +73 +743)"" aqcdBLO5 (43 +43)"" 2002
_0 [ min C%SbEQ C% 5 C%
alc%ﬁ(%}.s +~15)02L alcg.s(%}ﬁ + LB LOS ey L

_0 C%5b€2
alc%"r’(%}"r’ +715)02L

For T', we have

S ZYSYAN _ 0 c2A alc%ﬁ(’)’;ﬁ +71°)0?L
o €2 c35be?

T

~agne?

o <azcg‘5(’yy1'5 +,YZ1.5)02LA) o (alc§'5(fy;'5+fy;'5)02LA)

asc3-Obet asv1-25het
Now we compute the stochastic gradient complexity. For 7' iterations, the complexity is

s (yy° + 7§'5)02LA>

a1 25¢l

O (Th) =0 (

The proof is completed.

E.3 Proofs of Theorem 6

Proof Recall our definition Fj,(0;) = F(0) + 2 [|0]5 = Ec¢[£(8;¢)] + 2k (0] in the (18). By
setting 3] = 1 — (1, then we have ||my||,, < cx by using Lemma 7 (see Appendix C). Also we
define

xZ xZ

n n
Wi = my + AXp, Xpr1 — Xpp = 7 +];\77x (myg + A\xg) = 7 +’;\nxwk.
k k

Note in the following, we set all A\, = A. Following the proof of Eqn. (44) in the proofs of Theorem 5
in Appendix E.3, we can obtain

Mk 2 Mk 2
Fop1(Xpq1) <Fr(xp) + er (Lt ) ‘f/\k"?x) IVF(xg) — mg|” — Sea (Lt ) f)\k"?x) |V F(xx) ||
k k
AT
dea(1+ Aemi)
A (1+en¥) coLni c2 Ak My 1
where we set 170 < 5 3 5y such that c%(1+/\:n:) 61(1+>\kl’j7,€) <3.

Then in the following, we can directly follow the proof of Theorem 5. This is because the only
difference between accelerated SGD and AdamW is that SGD has no the second-order moment vy,
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while AdamW has. By let s, = 1 in accelerated AdamW and setting 3] = 1 — 31 in accelerated
SGD, then they share the exact the same updating rules. So after setting 3] = 1 — /31 in accelerated
SGD, to follow the proofs of Theorem 5, we only need to verify whether the auxiliary lemmas and
the proof process of Theorem 5 hold for s, = 1. This is the true case. Please check our auxiliary
lemmas, including Lemma 7, Lemma 12 ~ 14, and the proof process of Theorem 5. Consider s, = 1
in accelerated SGD, we have ¢; := 1 < ||sg||oc < ¢ := 1. The proof is completed. |

Appendix F. Proofs of Auxiliary Lemmas
F.1 Proof of Lemma 7

Proof To begin with, we assume that V¢ < k, it holds
[my]| o, < oo, Vi + v < oo+ v

Then we consider the case where ¢ = k + 1 as follows

(M1l = (1= Br)mg + Bigelloo < (1= 51) [melly + 51 |8kl < oo
IVittlloo = [|(1 = B2) Vi + Bagi]| . < (1= B2) [[Villoo + B2 ]8R] < -

Vi — gk)
Vitl TV

Then we derive the second results as follows:

VitV Vk Vi — V41
Vit1l TV Vk+1 +v

o
Therefore, we have

1—752020 < J1- 6202 ,/V’“+V 5202 <1+7’f2Cgo .
2(c o0 + V) Vil +V s TV 2(cz o tv)

We complete the proof. |

F.2 Proof of Lemma 8

Proof To begin with, for Win, we have

b
Z (yr:Gi);  mp=(1—B)m 1+ fige;  vi = (1= Ba)vi_1 + Sog}.

@H—‘
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Based on these updating rules, we have
E[lmy — VF(ye)]?]

=E [[[(1 = 1) (my—1 = VE(yr-1)) + (1= B)VE(yi-1) = VE(ye) + rgil’]

=E [H(l — B)(my—1 = VF(yg-1)) + (1 = B)(VF(yk-1) — VF(yx)) + Bi(gr — VF(Yk))Hﬂ
2(1 = B1)°E |1 = VF(y-1)IP] + (1 = B0%E [ VF(yi1) = VF(yi) ]

BE [llg = VE)IP] +2(1 = B1)PE(myy = VE(yim1), VEi-1) = VE(0)

%1 - 601+ dlE [y = VPl + (1= ) (145 ) E[IVF ) - VFGI
520”
L
a2
20 BE [ - VFG0lE] + C PR (19 - VRG] + 2

 a\272 2 9
<= B1)E [Janecs — V(i) IF] + SR [y -yl + A2
1

where @ holds since E(my_1 — VF(yr-1),8: — VF(yx)) = 0and E(VF(yx—1) — VF(yx), gk —
VF(yy)) = 0; @ holds by E [Hgk - VF(yk)HQ] < %2 and @ holds by setting a = % The proof
is completed. |

F.3 Proof of Lemma 9

Proof To begin with, we prove

T-1 1 T
o)=Y TSl W[ZP 2(14 A 177)]

=0 Pk+1(1 - nTk_1)(

._.

i=k
® g2 T ! 2 @ a27'
S D Db L Zpl )t S s Z [E2EE
) =0 Pt
where @ holds, since 1) for 7 > k we have IK\;\‘;" < 11:\’;\;717’7 = 1+(11+)\Af)_/\1: - < 1+(11+—)\;7)M7 -
_ ntnY+Aian¥n _
a<7y and2)1 o TS vt _1+?7y+>\ 1nyn—1+
. _ T-1 y _ 1 T-1 y T—-1 y
Ai—1 —OandkT—k n+ny,®holds since Y5 pl (1Y )2 = 7 Dih ploaTd, < ik Piy1 <
Y T— T
7 Prp1(1—7 i ) pk+1 . _
T dor S g DY USINg Py =07

Similarly, we can bound

T-1 1
2

o Iwill
R ;pﬂ (L =nrl) L+ Nm)2 T
T-1 T-1 T-1

1 @ 1
= v A= ——— > [Iwell’

= P (L= 7)) (1 + Aen)? z% ] n(l —nr)? =
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Tk T—ky

where @ holds, since 1) 32/ ' p¥7? | =1 ZT ! fﬂ < 71]Pk+1(1 L o < n(plkt;ﬂ, and 2)
177717 - n:;]ii:\ln;ys =14 m <1 —|— = 1=— whose minimum is at A\;_; = 0 and
T = Then, we can bound
77+ny
T-1 k—1 1 - 1 T-1
Y 2 Y
p [wil® Iwil® > o]
il ZZ; (= )+ a2 ™ Z « P (L= nm_) (1 + Aem)? =
T-1
) 1 5
< > [IwelP]
= — 2
nr(l—nr)? =

PV (1—nT =k T~k
where @ holds since 1) p%H = ’I’]Tk 1pk < nTpk and pY = 1and 2) Zl w Pl < ’“(17}7—7;) <

1 T-1 y 1 py 11 1
L [Zz:k p’L] < p]IiJrl 1-nt1 < nt 1—nt < nr(l—nT1)" u

P
1-n

F.4 Proof of Lemma 10

Proof For Win-accelerated AdamW and Adam, we have u; = % and wi 1= my + \pXg © Sg.

For Win-accelerated LAMB, we have u, = %( + )\ka) wy = apmy + (1 +

|12 Then, we have

lmy/v/Vit+rv+Aexill2

) \eXg © s where o, =

1+ /\kny
/ Yy Yy k x
Yier1 — L+ Aemp)Xer1 = ye — 0, — T (Xk — Mg
o — (L oy Ok )
1+ \eny
Y y T Y Iy _ k T
M 1T 1Xk + Me—1Tp_1¥k — MUk 1+ At (xXr — Npug)
L+ Ny k(g —np)
=iy (v — (U4 ey )xe) (77;3 S 177?5 L e +kAkn,fk X},
14+ A — X A
@ knk 1 Wi EXE © Sg k(i —n v
:771?—171‘371 (y (1 +>‘k77k 1 Xk (U}Z 1 —i-)\k??k 177%) Sk + 1 —i—)\k??: k
:771?—171‘371 (y;c - (1 +)‘k77k 1 Xk (7713!: 1+)\k77k 177155 g
77
+

L+ Xemi 4
Ny — Ly TRAVIE TR
+< KM T+ Ao, kML + 1 Akﬁk X

where @ holds since w;, := my, + \pX;, © s and u;, = 1;171@ = %’ﬁxk@% in Win-accelerated

AdamW and Adam; wy, := o ,my, + (1 + ak))\kxk ® sk and u, = %( + )\kxk)

ay, (r:—k’“ + )\kxk) = %}:"@S’“ in Win-accelerated LAMB. Next, we can further obtain

® nY —n" Wi
Vi = (L N & etaary (v — (L dn) = {5200 (69)
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where @ holds since we set all 7 = n® and 1)} = 1) which gives 7 = 7 = m Therefore,
by defining p}, , = n7;_p}, p{ = 1 and p§ = 0, then we have
y;c+1 — (T + ¥ )Xkt _y;c — (14 Aen?)xy I nY—n* wg Wk () > 1)
Phs1 P pk+1 L+ Apn® sk
For k& = 0, we have
1+ Ao
(1 4 r)x) =va — g — — N
(1 + Aon”)x1 =yo — nYuo T4 hor® (x0 — n"uo)
e yWO—/\Oso@Xo_l—F)\oT}y o IW()—)\()S()@XO
=yo — 1 - T hgy? (07 5
Y — w
—yo — nY —n* wo
1 + Aon?® s
In this way, one can obtain
k
Yipr — (L4 Men?)Xpqa voxg M Wo L Y =" w
=Yo — X0 — =
Phin L+ Xon™ so & piyg L+ Ain" s
N i Wi

= P?+1 1+ A% s;

where @ hold since yy = x¢ and p{ = 1. Then we can upper bound

2

2 k
y§€+1 — (1 + )\kny)xk_H _ Z p%-l-l(l — nxTiy—l) 77y _ 7790 &
pZJrl i=0 p?iJJrl pZJrl(l - aniyfl)(l + /\17735) Si
Z pk+1 -0 1) (0¥ —n")? w; ||”
B Pii (P )2 (L == )21+ Ain®)?
=) 1 w; ||?
P12 P (=07l ) (1 + Ain®)?
i Bl ko1 1y 1 > ,
where @ holds since 1) >, ; — = > i o(z5— — =5) = —v—, and 2) Jensen’ inequality.
¢ Pit1 v Pit1 Pi Pr+1
Therefore, we have
k 1 W; 2

Vi = U+ Me)xie || < ol s (0 =0 —

=

« i (1= (1 + Aip”)?
Moreover, we can also bound

HYkJrl - Xk+1”2 = Hﬁyﬂkaﬂ + ﬂng}’ng - Xk+1H2 = 77907;3 HY;ngl - (1 + )\kﬂy)kaHQ

2
Wi

<ol (= ") Z !
kFPk+1 prd pi/—‘rl 1 _nxTZy_l)(1+)\inx)2

k

1
=¢v8¥pY, (Y —n")?
kPl ;PH 1_77x7'z‘y—1)(1+)‘i77x)2

2
W
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Y, xr n” Y - r_ 1 ¢y __ 1 Yy 1
where 71" = T = = £Y0;, in which £ = e &Y = L and or, = Erevon
On the other hand, we have
/ @ / /
1¥k+1 = Yl = |7 7%kt + 07V es1 — ¥il| = (|77 %01 + 0770 Y 51 — Yies1 — 0P u|

Wi — A\pXp © g

_ Y x, Y/ /
=T X1 + 0T Y1 — Y1 — 1Y

Sk

= YT Xk1 + 0TV 1 — Vi1 — ny%: + 1Y AXp,
nY  wg
14 Agn® s
nY  wg
1+ Nerp® si
ny
1+ A\gn®

l®

(Y7 + Y Ae) s — (L= 0°7))Yhyr —

lle

7Y (14 Men®) (1 + Mn¥)Xpp1 — Yior) —

Wi

< (14 Xen®) | (1 + Xen”) i1 — Vi || +

: / _ Yo o o; H — 1 —

where @ we plug iny; .| = yi nkuk, in @ we plug in X1 = e (x —n"ug) =
1 T WE—AEXEOSE Y

T (xk e, ) = X3 — 1+>\;m Sk as shown in Eqn. (65); and ® we have 1 Tk +

YAk =07 (1 +nY k) (1 + 0 A) and (1 — 7)) = n¥7/ (1 + n*Ax). Then we can upper bound

k1 — il
z 2 2(nY 2 ?
<2(nY) ()2 (1 + Men™)? | (1 4+ Men?) a1 — Vi | (1+()\k)nx)z o
2(%)? ﬂ ?
(14 )\knw)Q
b 1 w; |I?
+ 2" 2 ()2 (1 4+ Men®) 2ol (Y — )2 -
(") Vhiia ) T (e
27 ﬂ ?
(§¥)2(&" + Ak)?
b 1 w; |I?
2000)%(6% + Me)?pf 1y (0 = n")? :
+2(30)( )07 ;p+1(1_n B (FSwoE
where 77} (1 + Akn®) = W(l/n + A)? = 87(£° + Ag) in which £ = 77%’ &Y = niy
and (5 514-'57?!4-/\ The proof is completed. |
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F.5 Proof of Lemma 11

Proof From Lemma 8, we have

E [l — VF () 2]

1 - B4)?L? BLio’
<(1 BB [Imics ~ V()] + E O E g g, gy 7] 4 P
Bk b
® V(1 — By 4)2L%  fB?,0°
<(1 = pBik)E [Hmk—l - VF(Yk—1)||2] + il ) ;’k) + 1,2:

where in @, we use the results in Lemma 10 that

vk — yi1l? <II{ ,
with

2
y . 2(77y)2 WE—1

LR (1 + An)?

-1

k—1
1 W;
+ 207 (n¥)2 (Y — m)* (7, + Me1m)?
K = () Zzpﬂ(l—n DA+ xm)? | s
_ 2 B ’
(£9)2(&% + M\)?

i 1 W, 2
2(80)2(6" + Me)?pl (Y — n")? -
+2(30)%( )P (" ;wmw Sa e | s

Then we have
E [ ljmy — VF(x0)]]
<2 [|my — VF(y))|*] + 2B [|VF(yi) — VF(x0)]|]
<2E || my — VF(yi)I’| + 2LE [lyx — xl)’
® 211Y, (1 — B1x)?L?  2B%,0
<2(1 - p1x)E [Hmk—l — VF(Yk—l)HQ} B Bix + 1{,)14 + 2L11§ o
where in @, we use the results in Lemma 10 that
ant 1 W; 2
yi — xi||° <IY, =17_ pin(nY —n)? -
H ” 2,k * k—1Fk ( ZZ:p+1(1_77 )(1‘|‘)\i77)2
k—1 1 W 2
AU :
k=100 ZP+11_777' 1)(1+)\i77x)2 Si

1=

The proof is completed.
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F.6 Proof of Lemma 12

Proof To begin with, for Win, we have

=3 Y Vf(zk; ) mp=(1-B)mg_y + Bigr; Vi = (1— Ba)vi_1 + Bagi-
i=1

So we can directly follow the proof of Win in Appendix F.2 to get the desired resutls. The proof is
completed. |

F.7 Proof of Lemma 13

Proof For Win2-accelerated AdamW and Adam, we have u; = ﬂ and wy, := my + \pXp © Sg.
: _ lIxk —
For Win2-accelerated LAMB, we have u;, = m( . + X ), Wi o= agmy, + (1 +

_ Il ll2
ak)/\kxk ® sy, where o, = Vs e

Since y, 1 =Yk — nyuy, for both Win and Win2, we can follow the proof of Lemma 10 in
Appendix F.4 to prove

k 2

1 Ww;

/ 2 7
y (1 + Xen?)xpq1|]” <pl (0¥ —n%) ;

H k+1 — H k+1 ; p:;/—l—l 1 _ ,'7:1:7-?_1)(1 + )\an)Q S;
2k; ! 1 w; 2

2
lye — x| <7¢_1pin(nY —n)

— i (L =7l )1+ Aim)?

vz ¥ U U1 U Y 1
where pp =11 _1ppp1 = 1o pg =0, 7, = PR e

Then, since z;H = zj, — npuy which has the same updating rule of y§€+1 =Yy — nzuk, we can
also follow the proof of Lemma 10 in Appendix F.4 to prove

k 2

1

21 — (L4 M) xient||” <pigr (77 — %) i,
H k+1 H k+1 Zz; ,0?_,_1(1 _ nxTiz_l)(l + Ainx)Q s
where pf = 0"T_;pf. pi = L pf = 0and 7} = e
On the other hand, we have
Zi4+1 — Xk+1
& & 94
+ Yi+1 + X1 — Xkt1
T +fsk+§k+xk e & +5k+§k+xk - 5;5+§%5+5,§+Ak - -
+ Vi1 + =Xk 1
TE RGN 8 G+ +E+M\G+E+N T g+
Si — Xk+1
§k + &+ &+ >\

T (z’ —( &)%)
GG+ &)

g 2 (l ( Ak) )
- — (1455 ) xps1 ) -
G+ & A G T A TR e )
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Yy _ 1 z 1 r _ 1 ¢y _ 1
Since 9; = g 07 = s & = e & = and & = e we have

Ik — bt [P <2600 2k — (U M) i | + 200 G760 [Whs — (1 M) x|
k 2
1

<2EE07) i (77 = )2y — :
kOk) Pr+1 iz; pi (=077 (14 Ain®)?

Wi

2

+ A O a0 =) Qipﬂ 17 71 (ES T
Similarly, we have
Zi =Zj 1 + MUk 2 Zj1 + 1T Al Ask:k D8k _ Zi 1 — e MeXk + 771??
2 Zi1 — Mk (Xk+1 + 1"‘77;177:15‘:> + Uﬁ?: =Zp 1 — M MXk1 + 15 +n)’\§k77;f VSL:

o Ak f;f Wi
TR T T G ) e
(3

where @ holds since wy, := my, + A\px; @ sg and ug = r:—: = %}:"@S’“ in Win-accelerated

AdamW and Adam; wy, := agmy, + (1 4+ o) \pXp © s and uy, = % (mk + )\kxk)

ay, (r:—k" + )\kxk) = w in Win-accelerated LAMB; @ holds since

k

ny  apmy + (1 + ap) \eXg © sy, U
X1 — X = — z T T s
L+ A\emig Sk L+ Aeng sk
Next, we can further obtain
Zp4+1 — Zg
&k 38 94

+ +
TG+ E+ M Zita €+ el +&+ M0

Ak & Wy
_ / _ Ik Sk TR
(Z’““ & G ) w )

il (2
G\ &)
3 3 (y’ B ( )X ) N S Wk
Ta g e e e U &) ) TG+ &) sy
A
— (& + fz + Mg )or <Z;c+1 - < T > Xk+1> + (52)2525}2 (yﬁm — (1 + 55) Xk+1)
k k

&% ™
GO+ ) sy

&r +£k—|—§k+)\
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So we can bound ||z;4+1 — 2| as follows:

/
Zg+1 — ( ¢ > Xk+1
k

2
Wi

|Zkt1 — 2]
<3(EF + & + M)2(67)?
(&)?
(E5)2( M\ + &5)?
(&)
(Ak + ’fk)

2

+ 3(¢1)*1(00)%(67)°

A
Vi1 — <1 + 5) Xk41
3

+3

2
Wk

L
k

1
_|_3€:v_|_§y+)\k2522pz 7]2_77332 - E
(6 + 6L+ WP 07 =Y ey
1
« i (L =7y (1 + Ain™)?

2
W

2
W,

k
+3(EN (T () (0! =)D

1=

The proof is completed. |

F.8 Proof of Lemma 14

Proof From Lemma 12, we have

E | ljmy — VF(z)]]
(1 - Bip)’L? 2], Pixc”
Ty Bl el - 2
0,1 6u)*L | Bhao®

B,k b

<(1 = BB [llmis = VF (@) ] +

®
<(1 = BLp)E Imy-1 = VF(ze-1)]] +
where in @, we use the results in Lemma 13 that

|z — zpp—1||* <IT5

with
z -=3 (é-lf*l)Q Wik—1 2
Lk (gli 1)2()% 1+§]3€E 1)2 Sk—1
k—1 1 W 2
B(&E 1 + &+ M) (551 Pk (" — ") —

1=

1 2

« i (1=l ) (1 + Aip”)?

Wi

k—1
3(5}%—1)% k— 1) - 1) 77 —n" 22

=
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Then we have
E [y, — VF () 2]
<2E [ my — VF(z) || + 2B IV F(24) = VF (x|
<E || my — VF(z)|*] +2LE |12 — x]P’]
2L (1= fua)’L” | 267,0°

@
<2(1 = i) [y — VF(zi 1)) + i A LI,
where in @, we use the results in Lemma 13 that
k—1 1 w12
2 z z z 2 z( =z z\2 i
Z — X SH ::25_(5_ PN —mn -
” H 2.k ( k—1"k 1) k( ) p pf+1(1 _nxTiz_l)(l +)\Z7]x)2 S;
k—1 1 w12
+ 2080 ) 67107 ) el — n")? —
k—1 E—19%—1) Pk ;pi’ﬂ(l—nﬁny_l)(lJrkmm)? s;
The proof is completed. n
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