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Abstract

YUANY@QUST.HK

Random smoothing data augmentation is a unique form of regularization that can prevent
overfitting by introducing noise to the input data, encouraging the model to learn more
generalized features. Despite its success in various applications, there has been a lack of
systematic study on the regularization ability of random smoothing. In this paper, we
aim to bridge this gap by presenting a framework for random smoothing regularization
that can adaptively and effectively learn a wide range of ground truth functions belong-
ing to the classical Sobolev spaces. Specifically, we investigate two underlying function
spaces: the Sobolev space of low intrinsic dimension, which includes the Sobolev space in
D-dimensional Euclidean space or low-dimensional sub-manifolds as special cases, and the
mixed smooth Sobolev space with a tensor structure. By using random smoothing regular-
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ization as novel convolution-based smoothing kernels, we can attain optimal convergence
rates in these cases using a kernel gradient descent algorithm, either with early stopping or
weight decay. It is noteworthy that our estimator can adapt to the structural assumptions
of the underlying data and avoid the curse of dimensionality. This is achieved through
various choices of injected noise distributions such as Gaussian, Laplace, or general poly-
nomial noises, allowing for broad adaptation to the aforementioned structural assumptions
of the underlying data. The convergence rate depends only on the effective dimension,
which may be significantly smaller than the actual data dimension. We conduct numerical
experiments on simulated data to validate our theoretical results.

Keywords: random smoothing, regularization, kernel gradient descent, early stopping,
weight decay

1. Introduction

Random smoothing data augmentation is a technique used to improve the generalization
and robustness of machine learning models, particularly in the context of deep learning.
This method involves adding random noise, such as Gaussian or Laplace noise, to the input
data during the training process. The idea behind random smoothing is to make the model
more robust to small perturbations in the input data, as the added noise simulates variations
that may occur naturally in real-world data. This augmentation approach has proven to be
an effective regularization technique, contributing to the empirical success of deep learning
models across various applications. For instance, random flip, random crop, and color jitter
can significantly improve the classification accuracy in natural images (Goodfellow et al.,
2016; Shorten and Khoshgoftaar, 2019). Random smoothing has been proven effective for
improving model robustness and generalization (Blum et al., 2020; Rosenfeld et al., 2020;
Mehra et al., 2021; Wang et al., 2020; Gao et al., 2020). For example, random smoothing
with Gaussian noise injection is introduced to address the adversarial vulnerability (Cohen
et al., 2019; Salman et al., 2019), and by encouraging the feature map to be invariant under
data augmentations, self-supervised contrastive learning methods (He et al., 2020; Chen
et al., 2020; Grill et al., 2020; Chen and He, 2021; He et al., 2021) can achieve state-of-the-
art performance for various downstream tasks.

Random smoothing can be viewed as a form of regularization (Grandvalet et al., 1997).
Regularization techniques generally aim to reduce the complexity of a model, making it less
prone to fitting the noise in the training data and, consequently, improving its performance
on unseen data. Random smoothing can be considered an implicit form of regularization,
as it does not directly modify the model’s parameters or loss function, unlike explicit reg-
ularization techniques such as ¢1 or ¢» regularization. Instead, it indirectly influences the
model’s behavior by altering the input data during training. By adding random noise to the
input data, random smoothing forces the model to focus on the underlying structure of the
data rather than memorizing specific instances. This leads to more robust and generalizable
models that can better handle variations in real-world data. As a result, random smoothing
acts as a regularizer, improving the model’s ability to generalize from the training set to
unseen data. Such a regularization perspective at least starts with Grandvalet et al. (1997).
However, in spite of the empirical success of random smoothing in various applications,
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there is a lack of systematic research on the regularization effect of random smoothing in
the literature.

In this paper, we address this gap by examining the classic nonparametric regression prob-
lem from the perspective of random smoothing regularization. In nonparametric regression,
the primary objective is to uncover the functional relationship between input and output
variables. By making appropriate assumptions about the underlying truth function and
selecting the appropriate estimator, we focus on understanding the efficiency of the esti-
mation, specifically, the rate at which the estimation error converges to zero as the sample
size n increases. The optimal convergence rate is typically dictated by the problem’s inher-
ent complexity. The actual achievable convergence rates depend on the specific estimation
methods employed. Among various techniques, we consider kernel methods that have been
extensively investigated in the research literature (Wahba, 1990; Hastie et al., 2001).

In this study, we present a unified framework that can learn a wide range of D-dimensional
ground truth functions belonging to the classical Sobolev spaces (W™/) in an effective and
adaptive manner. The framework incorporates random smoothing as a central component.
Our hypothesis space is a reproducing kernel Hilbert space that is associated with a ker-
nel function of smoothness denoted by mp. Random smoothing regularization leads to a
novel convolution between the kernel function and a probability density function for the in-
jected input noise. This injected noise is governed by either short or long-tail distributions,
namely Gaussian and polynomial (including Laplace) noises, respectively. The resulting
convolution-based random smoothing kernel enables us to adapt to the smoothness of the
target functions more efficiently. Notably, we establish that for any mgo and mj greater
than D/2, optimal convergence rates can be achieved by utilizing random smoothing regu-
larization and appropriate early stopping and/or weight decay techniques.

To be specific, we investigate two possible function spaces that may contain the target
function. In Section 4.2, we analyze the Sobolev space with a low intrinsic dimension,
which is denoted by d. This space covers both D-dimensional Euclidean spaces (when
d = D) and low-dimensional sub-manifolds as specific examples. In Section 4.3, we explore
the mixed smooth Sobolev spaces, which possess a tensor structure. Our principal findings
are summarized below.

e In case of Sobolev space of low intrinsic dimensionality d < D:

When using Gaussian random smoothing, an upper bound of the convergence
rate is achieved at n="//(2ms+d)(logn)P+! | which recovers the results presented in
Hamm and Steinwart (2021a) and is hypothetically optimal up to a logarithmic factor.
However, in contrast to Hamm and Steinwart (2021a), we present a different approach
that allows us to analyze polynomial smoothing;

When using polynomial random smoothing with data size adaptive smoothing
degree, a convergence rate of n~"#/(2ms+d)(log n)2ms+1 is achieved, which is again,
hypothetically optimal up to a logarithmic factor.
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e In case of mixed smooth Sobolev spaces, using polynomial random smoothing of degree

2my (D14 5t

me, a fast convergence rate of n=2ms/ms+1)(Jogpn)?ms+1 2<m0+m€)) is achieved,

which is optimal up to a logarithmic factor.

To the best of our knowledge, such results have not been studied in the literature so far.
They have various implications below.

First of all, these results enhance the convergence rates in the context of kernel ridge re-
gression by incorporating random smoothing data augmentation with two other popular
techniques, early stopping and weight decay. In kernel ridge regression, it is crucial to
balance the smoothness of the kernel function (mg) with that of the ground truth (my).
In practice, it is common for mg to be unequal to m;. In cases of mismatch, regular-
ization becomes essential. Specifically, if mg € [ms/2,00), the optimal convergence rate
n~"s/2mi+D) can be achieved by employing an appropriate ridge penalty strength. This
result can be generalized to low intrinsic dimensionality d < D, where the hypothetically
optimal convergence rate is n="/(2ms+4) (Hamm and Steinwart, 2021a). However, when
the chosen kernel has a smoothness my less than my/2, the optimal adaptation is not well
studied in kernel ridge regression. To the best of our knowledge, only upper bounds are
available in this case, and is not optimal. For example, Wang and Jing (2022) derived the
upper error bound of the form n=270/(4mo+d) for my < m #/2. In comparison, similar con-
vergence rate of the form n~™0/(2mo+d) can be achieved by distributed learning but without
disjoint subset (Guo et al., 2017; Lin et al., 2017). In contrast, our findings demonstrate op-
timal adaptation for arbitrary mg and my > D/2 without such a constraint. This highlights
the broad adaptation ability of random smoothing regularization.

Moreover, the optimal adaptation of polynomial random smoothing has an implication
for neural networks via the (generalized) Laplace random smoothing. It is known that
the training of neural networks, with enough overparametrization, can be characterized by
kernel methods with a special family of kernels called the “neural tangent kernel” (NTK).
Due to the low smoothness of the ReLU activation function, the corresponding NTK also
has a low smoothness that is the same as a Laplace kernel (Chen and Xu, 2020; Geifman

et al., 2020). To the best of our knowledge, the estimation error is at the rate n_TD—I
(Hu et al., 2021). Our results, using the polynomial random smoothing with (generalized)
Laplace distributions, show that the convergence rate can be improved, which sheds light on
understanding non-smooth augmentations such as random crop and mask. Based on this
understanding, numerical experiments with neural networks are conducted on simulated
data to corroborate our theoretical results.

Finally, it is worth mentioning that with random smoothing, the convergence rates men-
tioned above can be obtained by early stopping. However, if one applies weight decay, the
number of iterations can be reduced from polynomial(n) to polynomial(logn). Addition-
ally, our estimator can adapt to the low-dimensional assumptions mentioned earlier, as the
convergence rates depend on D at most logarithmically, alleviating the curse of dimension-
ality. It is also important to note that we do not employ the spectrum of integral operator
technique (Yao et al., 2007; Lin et al., 2016; Lin and Rosasco, 2017), but instead use Fourier
analysis, which provides a universal basis for kernels of different smoothness, and avoids
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imposing conditions on the eigenvalues and eigenfunctions of the kernel function. This is
because there is no clear relationship between the low intrinsic dimension and the eigen-
values of the integral operator. Furthermore, our theoretical analysis can be applied to the
widely used Matérn kernel functions.

The remainder of this paper is structured as follows. In Section 2, we provide a review
of related works. Section 3 introduces the settings considered in this work, which include
early stopping with a random smoothing kernel, as well as the conditions and assumptions
utilized in this work. The main theoretical results are presented in Section 4, and numerical
studies are conducted in Section 5. Conclusions and a discussion are provided in Section 7.
Technical proofs are included in the Appendix.

2. Related Works

Various means of regularization have been proposed for kernel methods to better recover the
underlying function, among which, ridge penalty and early stopping are the most popular.
Kernel ridge regression has been extensively studied in the literature, see Blanchard and
Miicke (2018); Dicker et al. (2017); Guo et al. (2017); Lin et al. (2017); Steinwart et al.
(2009); Tuo et al. (2020); Wu et al. (2006) for example. Early stopping treats the number
of training iterations as a hyperparameter in the optimization process, which has been
extensively studied by the applied mathematics community (Dieuleveut and Bach, 2016;
Yao et al., 2007; Pillaud-Vivien et al., 2018; Raskutti et al., 2014). Various forms of early
stopping also have been studied including boosting (Zhang and Yu, 2005; Bartlett and
Traskin, 2007), conjugate gradient algorithm (Blanchard and Kramer, 2016) and kernel
gradient descent (Biithlmann and Yu, 2002; Caponnetto and Yao, 2010; Yao et al., 2007;
Wei et al., 2017; Lin et al., 2016). Some works (e.g. Lin et al., 2016; Lin and Rosasco,
2017; Pillaud-Vivien et al., 2018) have explored early stopping by employing the integral
operator induced by the kernel, imposing conditions on the eigenvalues and eigenfunctions
of the kernel function. Smoothness or regularity of functions thus implicitly depends on the
measure that defines the spectrum of the integral operator, whereas classical smoothness
like Sobolev spaces is not explicitly handled.

In kernel regression with gradient descent, Raskutti et al. (2014) showed that early stop-
ping and ridge penalty both can achieve the optimal convergence rate if the smoothness is
well-specified. Yet, kernel ridge regression might suffer the “saturation issues” while early
stopping does not (Engl et al., 1996; Yao et al., 2007). In regression problems, it is usually
assumed that the domain of interest has a positive Lebesgue measure, while in practice, the
data generating distribution is supported on some low-dimensional smooth sub-manifold
(Scott and Nowak, 2006; Yang and Dunson, 2016; Ye and Zhou, 2008, 2009; Hamm and
Steinwart, 2021b,a). Kernel methods can circumvent the curse of dimensionality and adapt
to various low-dimensional assumptions of the underlying function. In particular, Hamm
and Steinwart (2021b,a) generalized the manifold assumption by applying the box-counting
dimension of the support of the data distribution, and derived upper bounds on the conver-
gence rate of the prediction error. Another simplifying assumption is tensor product kernels
(Gretton, 2015; Szab6 and Sriperumbudur, 2017), whose product forms allow efficient com-
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putation of Gaussian process regression (Saatci, 2012; Wilson and Nickisch, 2015; Ding and
Zhang, 2022; Chen et al., 2022) and analysis of independent component (Bach and Jordan,
2002; Gretton et al., 2005, 2007). The RKHS induced by a tensor product kernel is simply
tensored RKHS (Paulsen and Raghupathi, 2016, Theorem 5.11). Tensor product kernels we
consider induce the tensored Sobolev spaces (Rieger and Wendland, 2017, Proposition 1).

For complicated high-dimensional data, deep learning models seem to perform extremely
well, which has sparked numerous investigations into their generalization ability. As it
turns out, the training of neural networks has deep connections to kernel methods with
neural tangent kernels (NTK). Under proper initialization, training sufficiently wide DNN
with gradient descent equates to kernel regression using NTK. First introduced by Jacot
et al. (2018), the correspondence has been significantly extended (Du et al., 2018; Li and
Liang, 2018; Arora et al., 2019a; Cao and Gu, 2020; Arora et al., 2019b; Li et al., 2019;
Huang et al., 2020; Kanoh and Sugiyama, 2021; Hu et al., 2022). From the NTK point
of view, ridge penalty and early stopping are also vital in training neural networks. The
former is equivalent to weight decay (Hu et al., 2021), which is applied by default in training
deep learning models for better generalization, so is early stopping (Prechelt, 1998). Zhang
et al. (2021); Hardt et al. (2016) revealed that longer training can harm the generalization
performance of deep models. Li et al. (2020); Bai et al. (2021) utilized early stopping to
improve robustness to label noises.

Besides NTK, various data augmentation techniques in deep learning that are proven ef-
fective in improving model generalization can also provide inspiration for kernel methods.
Grandvalet et al. (1997) studied from a regularization perspective how noise injection can
improve generalization. Data augmentation is particularly important for handling natural
images (Shorten and Khoshgoftaar, 2019), where horizontal flip, random crop, color jitter
can significantly improve the classification accuracy. By applying the above augmenta-
tions, self-supervised contrastive learning methods (He et al., 2020; Chen et al., 2020; Grill
et al., 2020; Chen and He, 2021; He et al., 2021) can achieve state-of-the-art performance
for various downstream tasks. Randomized smoothing (Cohen et al., 2019; Salman et al.,
2019) is a special data augmentation, first proposed to address the adversarial vulnerabil-
ity (Goodfellow et al., 2014; Carlini and Wagner, 2017) of deep learning models. The key
idea is to perturb the input with random noise injection and make predictions by aggregat-
ing the outputs from all augmented inputs. Random smoothing has been proven effective
for improving model robustness and generalization (Rosenfeld et al., 2020; Mehra et al.,
2021; Wang et al., 2020; Gao et al., 2020). Our proposed framework incorporates random
smoothing, together with weight decay and early stopping, to provide a unified solution for
the smoothness mismatch problem in kernel regression. It is worth clarifying the difference
between our method and the “errors in variables” literature (Zhou et al., 2019; Wang et al.,
2022; Cressie and Kornak, 2003; Cervone and Pillai, 2015). Though the formulations seem
similar, i.e., the inputs in both cases are corrupted with noises, the two are fundamentally
different. In our setting, both the input x and added noise € are known (we control the
noises in our estimator) while in the other setting, the input is noisy and only x + € is
observed.
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3. Random Smoothing Kernel Regression

In this section, we introduce the problem of interest, our methodology, and the necessary
conditions used in this work.

3.1 Problem Setting

Suppose we have observed data (x;,y;) for j = 1,...,n, which follows the relationship given
by

yi = [*(z5) + ¢ (1)

Here, x;’s are independent and identically distributed (i.i.d.) following a marginal distribu-
tion Px with support supp(Px) = Q C R”. The function f* € H(f2), where H(Q2) denotes
a function space, and ¢;’s are i.i.d. noise variables with mean zero and finite variance. Our
objective is to recover the function f* based on the noisy observations.

In this work, we consider two cases. In the first case (Section 4.2), the function space
H(Q) is a Sobolev space with smoothness m, denoted by W™ (), and the data is of low
intrinsic dimension. In the second case (Section 4.3), the function space H({2) is a tensor
Sobolev space. Throughout this work, we assume without loss of generality that Px follows
a uniform distribution. Note that our theoretical analysis can be easily extended to the
case where Px is upper and lower bounded by positive constants. Specifically, suppose the
density of Px, denoted by p(x), satisfies 0 < ¢; < p(x) < ¢g < oo, then it can be shown
that CleH%nif(Q) < Hf”%?(x) < CZHf”%nif(Q)’ and our theoretical analysis can be mimicked.
Furthermore, we can extend our results to unbounded regions by applying the truncation
technique to light-tailed densities (e.g., sub-Gaussian densities).

In order to recover the function f*, we use reproducing kernel Hilbert spaces (RKHSs). We
briefly introduce the RKHSs and their relationship with Sobolev spaces in the following, and
refer to Wendland (2004) and Adams and Fournier (2003) for details. Let K : Q@ x Q@ — R
be a symmetric positive definite kernel function. Define the linear space

k=1
and equip this space with the bilinear form

<Z BrK (-, z), ZWK(H ac;)> —
k=1 =

Kk k=lj

3

Brvi K (xg, 7).

m
=1

Then the reproducing kernel Hilbert space Hg (£2) generated by the kernel function K is
defined as the closure of Fi(€2) under the inner product (-, -) g, and the norm of Hx () is

1) = /> Fhrx), where ()3, (o) is induced by (-,-)k. The following theorem

gives another characterization of the reproducing kernel Hilbert space when K is stationary,
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via the Fourier transform. Our notion of the Fourier transform is
Flg)w) = @0 P2 [ gla)e " de,
RD

for a function g € Li(R¥). Note that a kernel function K is said to be stationary if the value
K (x,2) only depends on the difference & —x'. Thus, we can write K (x—a') := K(z,z’). In
this work, we only consider the stationary kernel due to the ease of mathematical treatment.
Our theory can be generalized to the case where the kernel function is non-stationary but
the corresponding RKHS is norm-equivalent to an RKHS generated by a stationary kernel.
The general non-stationary kernel, albeit its flexibility, is out of the scope of this work, and
will be pursued in the future.

Theorem 1 (Theorem 10.12 of Wendland, 2004) Let K be a positive definite kernel
function that is stationary, continuous, and integrable in RP. Define

G :={f € Ly(RP)NnCRP) : F(f)/\/F(K) € Ly(RP)}

with the inner product

FN@F@w)

Dy = 7T_d/2
<f7 >'HKR (2 ) RD F(K)(W)

w.

Then G = Hi (RP), and both inner products coincide.

For m > D/2, the (fractional) Sobolev norm for function g on R” is defined by
[9180m ey = | 1F@)@) P01+ o] 3)

and the inner product of a Sobolev space W™ (RP) is defined by

(f; @wmwo) = RD}"(f)(w)f(g)(w)(lJrHW\\%)de-

Remark 2 In this work, we are only interested in Sobolev spaces with m > D /2 because
these spaces contain only continuous functions according to the Sobolev embedding theorem.

Comparing Theorem 1 and (3), it can be seen that if
cr(1+ [lw]l3) ™™ < F(K)(w) < e2(1+ w]3) ™™, Yo € R,

for some two constants c1,c2 > 0, then W™ (RP) coincides with the reproducing kernel
Hilbert space Hx (RP) with equivalent norms (also see Wendland, 2004, Corollary 10.13).
By the extension theorem (DeVore and Sharpley, 1993), Hx (€2) also coincides with W™ (),
and two norms are equivalent.
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3.2 Random Smoothing Kernel Regression with Early Stopping

In this study, we systematically investigate the efficiency of random smoothing data aug-
mentation, which is a widely used technique in deep learning, in improving the estimation
efficiency (i.e., convergence rate) for f* € H(£2) without assuming any relationship between
H() and Hi () and considering a wide context of Q that may have Lebesgue measure
zero. To overcome the lack of smoothness in Hx(€2), we construct N augmentations for
each observed input point x; by adding i.i.d. noise €, with a continuous probability den-
sity function p.. We can generate €, independently for each j, or we can generate g, for
k=1,...,N, and apply them to all z;, j = 1,...,n simultaneously. While the latter is easier
to implement, the former is easier to theoretically justify. Due to its lower computational
complexity, we only consider the latter method in this work.

Remark 3 (Adding non-smooth noise and practical data augmentation techniques)
It should be noted that we do not assume pes to be Gaussian, and can be non-smooth. While
applying Gaussian noise is a common practice, not all data augmentation techniques involve
smooth noise, such as random crop, random mask, and random flip. In this work, we in-
vestigate various types of noise, including non-smooth Laplace noise and smooth Gaussian
noise. Although adding non-smooth noise still cannot capture the effects of complex data
augmentation techniques such as random mask or random crop, we aim to use it as a tool

to gain insights into the success of these more complicated data augmentations.

With augmented data, we proceed to the estimation of the function f*. For any point
x € (2, we obtain the estimator by computing the average of the function values evaluated
at the IV augmented inputs. Specifically, the estimator is constructed as

1 N
fa) = 5 Yohie + e0) (4)

for h € Hx(£2). By properties of the RKHS, f as in (4) is also inside Hx (€2). We consider
the following [ loss function defined as

Lo(f) = o= > (f(@;) —y))*, (5)

or equivalently,

1 &1 Y ’
Ln(h):%Z<N;h(mj+5k)—yj> : (6)

j=1

Remark 4 The loss function L, (h) is slightly different from the loss function used in prac-
tice, t.e.,

1
/ _

J

1
N
177 k=1

n N
(h(x; +ex) — ;) - (7)

©
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However, it can be shown that Ly (h) is close to L}, (h). To see this, note that

n

N N
1 1
l 2
L, (h)— =5 2 IN? kEZI IEZI (xj+er) — h(zj+ep))”. (8)

As we will see later in Section 4, we require that the variance of €, to converge to zero,
which implies that the right-hand side in (8) is close to zero.

In order to minimize (5), we apply the gradient descent method. Since we impose a restric-
tion that the estimator f is in the RKHS Hx (), by the representer theorem, it suffices to
consider the function space

n N
Fo = ZZkaK ZB]—i-EZk)),wjk eR
7j=1k=1

Because the number of parameters in Fy scales as n x N, which can be prohibitively large
if there are too many augmentations, it is often necessary to reduce the flexibility of Fy
in order to minimize the loss function (5). To achieve this, we consider a subspace of Fy,
denoted by

n N
F= ZwJK (xj+er),w; eR,

Jj=1k=1

i.e., all the weights for the different augmented data from the same input x; are the same.
Define an empirical random smoothing kernel function by

K —a;) = < Z Z K (a0 + er, — () + €x,)). (9)

whose expectation leads to the following random smoothing kernel function, which plays an
important role in the convergence analysis.

Definition 5 (Random smoothing kernel function) The kernel function Kg defined
in (9) is the empirical random smoothing kernel function corresponding to the original
kernel K. The expectation of Kg with respect to the noise € is the convoluted kernel
function K * p., where % is a convolution operator defined by

(g1 % g2)(s) = /91 (t)g2(s — t)dt,

for two functions g1 and go. We call the convoluted kernel function K * p. as the random
smoothing kernel function.

10
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Now we can rewrite the loss function L, (f) in (5) (up to a constant multiplier 1/n which
is not influenced by the solution of the optimization problem) as

1
La(w) = 5 ly — Kwl3, (10)

where K = (Kg(z; — @g))jk, w = (wi,...,w,)T, and y = (y1,...,y»)7. Following the
tradition in Raskutti et al. (2014), consider the gradient descent on the transformed vector
0 = vVKuw, where the square root can be taken because K is positive (semi-)definite. Then,
we apply gradient descent on the square loss (10) with the transformed vector 6. Initialize
6y = wy = 0. Taking gradient with respect to @, direct computation shows that the gradient
update is?

00— 6.~ 6 (K6, - VKy) . (1)

where ¢ > 0, t=0,1,2,... is the learning rate (step size). With parameter w; obtained at
the t-th iteration, the corresponding estimator of f*(x) for any point & € Q is defined by

filz) = wik(), (12)

where k(z) = (Kg(x — x1),...,Ks(x —x,))T.

In practice, gradient descent is often paired with weight decay (Krogh and Hertz, 1992) to
prevent overfitting and improve generalization (Hu et al., 2021). Therefore, we also consider
the gradient descent with weight decay, where the parameter @ is updated by

01 = 6 — [y (Ket - \/Ky) — by, (13)

with oy > 0, t = 0,1,2,... being the strength of weight decay. The learning rate 8¢ and
weight decay parameter ¢ can vary with t, but for mathematical convenience, we assume
that the step sizes 8¢ and the weights decay parameter oy are not related to the iteration
number t, i.e., Sy = F and oy =« for all t=0,1,2,....

As mentioned in Raskutti et al. (2014), one advantage of early stopping compared with
kernel ridge regression is lower computational complexity. Specifically, in kernel ridge re-
gression, one needs to solve a family of quadratic programming problem (or a matrix inver-
sion) for a specified set of regularization parameter, each of which typically requires O(n?)
operations (Caponnetto and Yao, 2010). In early-stopping, the regularization path is given
by a sequence of gradient descent update, where each update only involves matrix-vector
multiplication of typical O(n?) operations.

One key difference between the usual early-stopping and our method is that we apply
the random smoothing, which introduces extra computation. If there are N augmented
data for each x;, then in order to compute the empirical random smoothing kernel, one
needs extra O(n?N?) operations. Although the proposed random augmentation introduces

1. Although we employ reparameterization as @ = v Kw, the gradient descent can be applied to w directly
by w1 = wy — By (Kwe — y) — aywy, and these two update rules are equivalent.

11
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extra computation, it provides benefits on the theoretical convergence rates and empirical
performance, as we will see in Sections 4 and 5.

In this work, we are interested in the prediction error

1% = fell 2o () - (14)

In the rest of this paper, the following definitions are used. For two positive sequences ay,
and b,, we write a, < b, if, for some C,C" > 0, C < a,/b, < C’. Similarly, we write
an = by if an, > Ob,, for some constant C > 0, and a,, < b, if a, < C'b,, for some constant

~ — ~

C" > 0. Also, C,(C’,¢j,Cj,j > 0 are generic positive constants, of which value can change
from line to line.

4. Main Results

In this section, we present our main theoretical results. We begin by collecting all the
assumptions that will be used throughout the paper in Section 4.1. Then, in Section 4.2,
we consider the case where ) has a finite intrinsic dimension. Finally, in Section 4.3, we
consider the case where H(£2) is a tensor RKHS.

4.1 Assumptions

In this work, we will use the following assumptions.

Assumption 1 The error €;’s in (1) are i.i.d. sub-Gaussian (van de Geer, 2000), i.e.,
satisfying

CX (Rl — 1)<, j=1,...n,

for some positive constants C' and C'.

Assumption 2 There exists mo > D/2 such that
cr(1+ [lwll3) ™™ < F(K)(w) < ea(1+ [lw]3) ™™, Vw € RP.

for some positive constants ¢1 and co.

Assumption 3 (Tensor kernel function) The kernel function K can be expressed as
K = HJ.Dzl K, where K;’s are one-dimensional kernel functions. There exists mg > 1/2
such that for j=1,...,D,

cr(14w?) ™™ < F(K;)(wy) < el 4 wi) ™™, Vw; € R.

for some positive constants ¢1 and cs.

12
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Remark 6 In this work, we only consider the kernel functions whose Fourier transform has
the same orders for the upper and lower bounds. This is because the corresponding RKHS
is equivalent to some (tensored) Sobolev space, and it is easier to discuss the relationship
between our convergence results with the existing works. It is also possible to analyze the
prediction error when the kernel function has Fourier transform has different orders for the
upper and lower bounds, but this is mathematically involved and is left for future works.

Example 1 A class of kernel functions satisfying Assumption 2 is the isotropic Matérn
kernel functions (Williams and Rasmussen, 2006). With reparameterization, the Matérn
kernel function is given by

_ (2¢y/mo — D/2||z|]5)™0 P/ 75
K(w) - F(m() _ D/2)2mO—D/2—1 Bmo—D/2(2¢ mo — D/2”xH2>7 (15)
with the Fourier transform (Tuo and Wu, 2016)

['(mo)
I'(mo — D/2)
where ¢ > 0, and B, ,_p/2 is the modified Bessel function of the second kind. It can be
seen that (16) is bounded above and below by (1 + ||w||2)~™°, up to a constant multiplier.

F(K)(w) =n"/? (4¢%(mo — D/2))"™ P2 (46" (mo — D/2) + |w|3) =™, (16)

Another example satisfying Assumption 2 is the generalized Wendland kernel function
(Wendland, 2004; Gneiting, 2002; Chernih and Hubbert, 201}; Bevilacqua et al., 2019;
Fasshauer and McCourt, 2015), defined as

1 1 2 2\k—1 1
Beta(2k,u+1) f||¢>m||2 u(u - ||9b33||2)"i (1 - u)'uduv 0< HwH? < @
0, o)z > L,

where ¢,k > 0 and u > (D 4+ 1)/2 + k, and Beta denotes the beta function. Theorem 1 of
Bevilacqua et al. (2019) shows that (17) satisfies Assumption 2 with mg = (D +1)/2 + k.

Kow(x) = (17)

If the kernel function K = H?zl Kj, and each Kj is a one-dimensional Matérn kernel
function or generalized Wendland kernel function, then Assumption § is satisfied.

Assumption 4 (Random smoothing noise) The elements of € are i.i.d. mean zero
sub-Gaussian random variables. o2’s are positive parameters to be specified later in Section

4.

(C1) (Polynomial noise) There exists ms > D /2 such that the characteristic function of e
satisfies

er(1+ oplw[)3) 7 B ) < ea(1+ o lw]|3) 7, Vo € R,

(C2) (Tensor Polynomial noise) There exists me > 1/2 such that the characteristic function
of ey, satisfies

D D
e [J (1 + 02w?) ™™ <E(e™ o) < oo [[ (1 + 02w?) ™™ Yo = (w1, ..., wp) € R,
j=1 j=1

13
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2

(C3) (Gaussian noise) The elements of €} are normally distributed with variance o;,.
Here the constants c¢1 and co do not depend on o, and m.. We call o,, the smoothing scale
in this work.

Example 2 It is easy to construct distributions satisfying (C1) or (C2). For example, the
generalized Laplace distribution with parameter s has a density function (Kozubowski et al.,
2015; Kotz et al., 2001)

21—5

pe(@) = G rapgy (Va2 P2 B (VElel) (18)

where I' is the Gamma function, and Bs_pp is the modified Bessel function of the second
kind. It can be shown that the generalized Laplace distribution has the characteristic function

A 1 -8
IEX(e“"TX) = (1 + QwTw> .

Then e, = 0, X satisfies Assumption 4 (C1).

If each component of ey /oy has a univariate generalized Laplace distribution and all com-
ponents are independent, then Assumption 4 (C2) is satisfied.

Assumption 1 assumes that the observation error is sub-Gaussian, which is a standard as-
sumption in nonparametric literature. See van de Geer (2000) for example. Assumption 2
assumes that the Fourier transform of the kernel function K (- — -) has an algebraic decay.
Under this assumption, Corollary 10.13 of Wendland (2004) shows that the reproducing
kernel Hilbert space Hx (RP) coincides with the Sobolev space W™ (RP), with equivalent
norms. More details on this can be found in Section 3.1. Assumption 3 states that the
kernel function K has a tensor structure, and the Fourier transform of each component
K; has an algebraic decay. Assumptions 2 and 3 will be used in Sections 4.2 and 4.3, re-
spectively. Assumption 4 imposes conditions on the noise £;’s and considers three types of
augmentations: polynomial noise, tensor polynomial noise, and Gaussian noise. The corre-
sponding smoothing techniques are referred to as polynomial smoothing, tensor polynomial
smoothing, and Gaussian smoothing, respectively.

4.2 Low Intrinsic Dimension Space

We first consider €2 with finite intrinsic dimension. The intrinsic dimension provides a
“measure of the complexity” for the region of interest 2. The definition of the intrinsic
dimension depends on the covering number; see Definition 2.1 of van de Geer (2000) for
example.

Definition 7 (Covering number) Consider a subset A C G where G is a normed space.
For a given § > 0, the covering number of A, denoted by Ng (9, A), is defined by the smallest
integer M such that A can be covered by M balls with radius 6 and centers x1,...,xap € G.

14
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Assumption 5 (Low intrinsic dimension) There exist positive constants ¢; and d < D
such that for all 6 € (0,1), we have

A/‘ZODO (55 Q) S 0167d7

where (2 is the RP space equipped with o norm.

For discussion and examples of regions that satisfy Assumption 5, we refer to Hamm and
Steinwart (2021a). In particular, if @ € RP is a bounded region with positive Lebesgue
measure or a bounded D’-dimensional differentiable manifold, then Assumption 5 holds
with d = D and d = D’, respectively.

Besides the low intrinsic dimension, our theoretical results depend on the smoothness of the
underlying function. Because we are considering function space on a finite intrinsic dimen-
sional space, which may have Lebesgue measure zero, the usual definition of (fractional)
Sobolev space via Fourier transform stated in Section 3.1 cannot be directly applied in our
case. Thus, we need to introduce our notion of the smoothness assumption for the functions
on finite intrinsic dimension space. Specifically, we impose the following assumption on the
underlying true function f*.

Assumption 6 There exists a region 2y with positive Lebesgue measure and a Lipschitz
boundary such that Q C Q1. The underlying true function f* is well-defined on €1y with
[T e Wmni(Qq), where my = argsup,,,» pp{m : f* € W™ ()}, and my > D/2.

In Assumption 6, we further assume that the boundary of Q is “sufficiently regular” (see
Leoni, 2017 for the definition of Lipschitz boundary) and €2 can be contained by ;. Thus,
the extension theorem (DeVore and Sharpley, 1993) ensures that there exists an extension
operator from Ly(£1) to Ly(RP) and the smoothness of each function is maintained. With
Assumption 6, we use m to denote the smoothness of f*. By some well-known extension
theorems (see, for example, DeVore and Sharpley, 1993; Evans, 2009, Pages 268-272; Stein,
1970, Theorem 5, Page 181), if D = d, then our notion of smoothness coincides with the
smoothness of functions on the whole space RP. In addition, we require f* € W™ (Qy),
which implies that {m : f* € W™ (1)} is a closed interval [m ¢, 4+00).

Our notion of low-dimensional region and smoothness is based on the description provided
in Section 3 of Hamm and Steinwart (2021a). In Hamm and Steinwart (2021a), a Besov
space B3  is defined with the same low-dimensional support €2, using the s-th modulus
of smoothness. By the embedding relationship H*® C Bj (see Page 44 of Edmunds and
Triebel, 2008), it can be seen that our definition represents a specific instance of this broader
framework.

Now we are ready to present the main theorems in this subsection. Theorems 8 and 9
state the convergence rates when applying polynomial smoothing and Gaussian smoothing,
respectively.
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Theorem 8 (Polynomial smoothing) Suppose Assumptions 1, 2, 4 (C1), 5 and 6 are
satisfied. Let fi(x) be asin (12) and B = n~1Cy with the positive constant C1 < (2supgern Ks(z)) ™t
Suppose the smoothing scale oy < n¥ with v < 0. Suppose one of the following holds:

1. There is no weight decay in the gradient descent, and the iteration number t satisfies

2(mg+me)
t =n 2mf+d O.ng
n
4 2(mg+me)
2. There is weight decay in the gradient descent with a <X n mptd go2meand the

iteration number satisfies t > Cg(#f’;d + 1/2)logn/(log(l — a)) for some positive
constant Cs.

Then by setting m. = 2d~(2D max(mg, ms) + mod) logn — mg and

2(2mo+2me)D—(2mo+2m.—D)d
L= — @ Td) dme D—(moT2(—(og n) Dm—py < 0 D >d,
0, D =d,

we have

2m

1= FI12, ) =Os <n‘mf+d(logn)szﬂ> |

for N > Ny, where N is the number of augmentations, and Ny depends on n (specified in
Equation 43).

Theorem 9 (Gaussian smoothing) Suppose Assumptions 1, 2, 4 (C3), 5, and 6 are sat-
isfied. Let fy(x) be asin (12), B = n~1Cy with the positive constant C1 < (2supgern Ks(x))™L,
1

_2mf+d

and o, XN . Suppose one of the following holds:

1. There is no weight decay in the gradient descent, and the iteration number t satisfies
2m0+2mjc
me+d

t=n

1 2(mg+me)
2. There is weight decay in the gradient descent with o < n 2mptd s and the iteration

number satisfies t > CQ(% +1/2)logn/(log(1—a)) for some positive constant Cs.

Then we have

2'mf

1F* = Fill3,(py) = Op(n” 2777 (log n) P+1), (19)

when N > Ny, where N is the number of augmentations, and Ny depends on n (specified
in Equation 75).
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Remark 10 We require 3 = n=1Cy with the positive constant C; < (2supgepp Kg(x)) ™!

in both Theorems 8 and 9 is because by Gershgorin’s theorem (Varga, 2010), we have for
sufficiently large n,

m(K) +a < ﬁnm%x\Kg(wj,xk)\ +a<l,
j7

where n1(K) is the largest eigenvalues of K, which ensures that the gradient descent algo-
rithm can converge.

Remark 11 In Theorems § and 9, the large number of augmentations Ny is necessary in
our theoretical analysis, while in practice, the number of augmentations is usually small. A
smaller, but more practical Ny will be pursued in the future.

Remark 12 In this work, we focus exclusively on the performance of the estimator f; at the
final iteration, with a pre-specified iteration number t. While many other studies, such as
Yao et al. (2007); Raskutti et al. (2014), use a learning rate that is a function of t (typically
in the form ¢ for some ¢ € R), our decay rate cy and learning rate By are independent of t
and are chosen to meet the required order as t approaches t. Adapting oy and B¢ to t could
indeed accelerate the training process. However, it is noteworthy that in the case of weight
decay, convergence can be achieved in only O(logn) iterations, indicating that our current
training procedure is also efficient.

If the region 2 has a positive Lebesgue measure, then it has been shown that the optimal
convergence rate is n~"/(2ms+D) (Stone, 1982). By random smoothing, the gradient de-
scent with early stopping can achieve the optimal convergence rate in this case, up to a
logarithm term. Furthermore, it can adapt to the low intrinsic dimension case, where ()
can have Lebesgue measure zero. In Hamm and Steinwart (2021a), it is strongly hypoth-
esized that the convergence rate n~™f/(2ms+d) ig optimal. Although our definition of the
smoothness is different, we have the same hypothesis and leave its exploration as a future
work.

It is worth noting that our approach differs from that in Hamm and Steinwart (2021a), and
therefore, we can investigate the effects of polynomial smoothing, which may have its own
interest. Such non-smooth noise can shed light on non-smooth augmentations commonly
used in practice. Furthermore, we obtain an identical result as in Hamm and Steinwart
(2021a) if we use Gaussian smoothing. Comparing the convergence rates in Theorems 8
and 9, we find that the convergence rate by polynomial smoothing is slightly worse than
that of Gaussian smoothing, since my > D/2 (Assumption 6). In comparison, Eberts and
Steinwart (2013) achieved convergence rate of the similar form n~=27s/@ms+d)+¢ by applying
kernel ridge regression with Gaussian kernel functions, where £ can be any value strictly
larger than zero. Clearly, this rate is slower than those in Hamm and Steinwart (2021a)
and ours. Under additional assumptions such as a compact Riemannian manifold input
space and the underlying function having Lipschitz continuity m; € (0,1], Ye and Zhou

2008) derived convergence rates of the form (log?(n)/n)""* /(8my +4d). Instead of kernel
( g g
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ridge regression, Yang and Dunson (2016) focused on Bayesian regression with Gaussian
process and proved the convergence rate n~2"s/(2ms+4d) (1og n)4*+1. However, their theorem is
limited by a compact low dimensional differentiable manifold input space, and the condition
my < 2. As a comparison, we do not require such restrictive assumptions.

From a different perspective of early stopping, we consider both cases with and without
weight decay, while existing studies only consider the case without weight decay. With
weight decay, one can achieve the same convergence rate but with a much smaller iteration
number. Specifically, the iteration number should be polynomial in n without weight decay,
which can be reduced to polynomial in logn if one applies weight decay. This also justifies
the use of weight decay in practice. Besides, the random smoothing kernel enables us to
establish connections with data augmentation and we further explain the effectiveness of
using augmentation, which may lead to a new interpretation of using augmentations in deep
learning.

Our approach to studying early stopping is distinct from previous studies in the literature
(see, e.g., Dieuleveut and Bach, 2016; Yao et al., 2007; Pillaud-Vivien et al., 2018; Raskutti
et al., 2014), which typically use integral operator techniques and impose assumptions on
the eigenvalues of the kernel function (which always exists by Mercer’s theorem). However,
such assumptions cannot be easily applied to the low intrinsic dimension case, as it is
unclear how eigenvalues behave in this regime. Additionally, previous studies often impose
a “source condition” that requires the kernel function to have finite smoothness, which is
not satisfied when using Gaussian smoothing to construct the random smoothing kernel.
Therefore, even for the special case where the intrinsic dimension is equal to the ambient
dimension, Theorems 8 and 9 improve upon previous results in the early stopping literature.

As a special case, it can be shown that trainning a sufficiently overparametrized shallow
neural network can be described by a specific kernel called as “neural tangent kernel”
(NTK) (Jacot et al., 2018). Chen and Xu (2020) further showed that the NTK induced
by the ReLU activation function and Laplace Kernel have the same RKHS. Hence, if we
directly choose my = d/2 + 1/2, we can see that our convergence results can be applied to
the overparametrized shallow neural networks.

4.3 Tensor Reproducing Kernel Hilbert Space

In this section, we consider a low-dimensional structure for the function class, specifically a
tensor reproducing kernel Hilbert space. Let K = HjDzl K; be kernel functions that satisfy
Assumption 3, while 2 can have a low intrinsic dimensional structure, as discussed in Section
4.2, or have a positive Lebesgue measure in RP.

Our theoretical results in this section are based on mixed smooth Sobolev spaces, denoted
by MW™(RP), where m > 1/2. For a function f defined on R”, the mixed smooth Sobolev
norm is defined as

1/2

D
£l mwym oy = /RD FO@P IO+ i)™ dw |, (20)
j=1
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and the mixed smooth Sobolev spaces on 2 can be defined via restriction similar to the
Sobolev spaces. In fact, the mixed smooth Sobolev space is a tensor product of one-
dimensional Sobolev spaces, and it can be shown that MW™ (RP) is equivalent to the
tensor reproducing kernel Hilbert space generated by kernel function K = Hle K satisfy-
ing Assumption 3. Because of such a tensor structure, it is often considered as a reasonable
model reducing the complexity in high-dimensional spaces (Kiihn et al., 2015; Dung, 2021).
For instance, the mixed smooth Sobolev spaces are utilized in high-dimensional approxima-
tion and numerical methods of PDE (Bungartz and Griebel, 1999), data mining (Garcke
et al., 2001), and deep neural networks (Ding, 2021).

If the underlying function belongs to some mixed smooth Sobolev space, then it can be
shown that by applying appropriate augmentations, we can achieve a fast convergence
rate, which nearly coincides with the minimax rate in the one-dimensional case, up to a
logarithmic term. Similar to Assumption 6, we assume that f* can be extended to some
“regular space” with positive Lebesgue measure, as follows.

Assumption 7 There exists a region €1y with positive Lebesgue measure and a Lipschitz
boundary such that Q C 1, and the underlying true function f* is well-defined on 1 and
fre MWwWmi(€y).

The following theorem states the convergence rate when applying tensor polynomial smooth-
ing in the tensor RKHS case.

Theorem 13 (Tensor polynomial smoothing) Suppose Assumptions 1, 5, 4 (C2), 5,
and 7 are satisfied. Let f(x) be as in (12) and B = n~'Cy with the positive constant
Cy < (2supgern Ks(x))™'. Let me +mg > my, and the smoothing scale oy, < 1.

Then the following statements are true with N > Ny, where N is the number of augmen-
tations, and Ny depends on n (specified in Equation 83). Suppose one of the following
holds:

1. There is no weight decay in the gradient descent, and the iteration number t satisfies

2(mg-+me) 2(D—1)(mg-+me) 1

t=n >t (logn) Zmpt

1 2(mg+me) 2(D—1)(mg+me)+1
2. There is weight decay in the gradient descent with o < n e (logn) ampt

and the iteration number satisfies t > CQ(% + 1/2)logn/(log(l — )) for some

positive constant Cs.
Then we have

_ 2y 2 (Do 1
2 m m mo+me
Hft o f*||L2(Px) =Op (n 2mp+l (logn)2 f+1( 2(mo+ ))) . (21)

Based on Theorem 13, tensor polynomial smoothing leads to a convergence rate of tensor
2mf

_ me _
RKHS, which is OP(TI Zmyp+1 (log n) 2mf+1(D 1+

)
2tmotme) 7y This convergence rate is almost
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2m
the same as the optimal convergence rate in the one-dimensional case Op(n 2"*1), differing
only by a logarithmic term.

Moreover, compared to Theorem 8, Theorem 13 has less stringent requirements for tensor
polynomial smoothing when Assumption 7 holds. Specifically, Theorem 13 allows for m,
to be a constant as long as m. + mg > my, whereas Theorem 8 requires m. to be compa-
rable to logn. Additionally, while the smoothing scale o,, in Theorem 8 demands careful
selection, Theorem 13 permits a constant smoothing scale o,. These differences suggest
that the tensor RKHS has a simpler structure than the Sobolev RKHS even in a low in-
trinsic dimension space. The convergence rate in Theorem 13 does not depend on the low
intrinsic dimension of 2, and is almost dimension-free. Moreover, because the power of the
logarithmic term in (21) decreases as m. increases, the convergence rate in Theorem 13 de-
creases as me increases, encouraging the use of a smoother tensor polynomial smoothing for
faster convergence. This aligns with the results in Theorem 8 and Theorem 9, as Gaussian
smoothing may yield faster convergence rates than polynomial smoothing. Few studies have
explored tensor RKHSs with early stopping, and our findings can provide valuable insights
into this area.

Remark 14 For any W™ (RP) with my > D/2, an m* > 1/2 can be found for which
the embedding relations hold true: W™ (RP) < MW™ (RP) and MW™ (RP) — C(RP).
Therefore, W™ (RP) offers a feasible choice as a target space for containing the underlying
function, presenting an alternative to the more conventionally used Sobolev spaces.

Remark 15 Convolutional Neural Networks (CNNs) can be described using NTKs in the
form of tensor products, as shown in Geifman et al. (2022). In their study, Geifman et al.
(2022) proved that the NTKs for CNNs are tensor products of kernels whose eigenvalues
exhibit polynomial decay. Consequently, by setting mg = (+2v—3, where ( is the number of
channels in a CNN and v depends on the input dimension, we can see that our convergence
results can also be applied to CNNs.

5. Numerical Studies

In this section, we enhance our theoretical findings by experimentally validating the ef-
fectiveness of the random smoothing kernel with data augmentation and early stopping
on synthetic data sets. We focus on five data spaces with dimensions D = 1 (d = 1),
D=2 (d=1,2)and D =3 (d = 1,2), as illustrated in Figure 1 and Figure 2, where x;
samples are uniformly drawn.

In our experiments, the underlying function f* is obtained by drawing random sample paths
from the Gaussian process with the Matérn covariance function. This covariance function is
widely used in Gaussian process modeling. We adopt the Matérn covariance function with
the following form:

) (22)

K, (x) = 22 (@

|2
L'(v) p

Ju(

]2
p
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D=1,d=1 D=2,d=1 D=2, d=2

Figure 1: Simulated data spaces in the forms of: line (D = 1,d = 1), ring (D = 2,d = 1)
and disk (D = 2,d = 2).

D=3, d=1 D=3, d=2

Figure 2: Simulated data spaces in the forms of: ring (D = 3,d = 1) and sphere (D =
3,d=2).

where o, ¢, v > 0, I' is the Gamma function, and B, is the modified Bessel function of the
second kind. In order to make f* smoother, we set the smoothness parameter v = 5.0 for
Matérn kernel (22). The error €;’s are i.i.d. Gaussian with mean zero and variance 0.01.

We utilize two-hidden-layer neural networks with ReLU activation (Nair and Hinton, 2010)
as our predictor. Each hidden layer of the neural network comprises 100 nodes, and all
weights are initialized using Kaiming Initialization (He et al., 2015). For random smoothing,
we experiment with both non-smooth Laplace noise and smooth Gaussian noise. To be
precise, each element of €}, is randomly sampled from either N'(0,02) or Laplace(0,b). For
more experiment details and additional results, we refer to Appendix N.

Figure 3 presents a visualization of the underlying truth (blue curve), training data (blue
dots), and neural network predictions (orange dots) when the training size is 50. The
underlying truth is smooth since we use a smooth kernel. However, the neural network
predictions without random smoothing are not smooth due to the low smoothness of the
ReLU activation function and tend to overfit the noise. Upon applying random smoothing,
the neural network predictions become smoother and approach the underlying truth.
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No smoothing Gaussian Laplacian
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Figure 3: Visualization of the underlying truth (blue curve), training data (blue dots),
and neural network predictions (orange dots) when training size is 50, where
the first and second rows represent cases with weight decay and early stopping,
respectively. It is obvious to see that the optimization without random smoothing
will be more vulnerable to noise.
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Figure 4: Underlying truth (blue curve), training data (blue dots), and neural network
predictions (orange dots) when training size is 100.
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Figure 5: Underlying truth (blue curve), training data (blue dots), and neural network
predictions (orange dots) when training size is 200.

Figure 4 and Figure 5 further show the underlying truth (blue curve), training data (blue
dots), and neural network predictions (orange dots) when the training size is 100 and 200,
respectively. Although increasing the training size improves smoothness in cases like size
200 with weight decay, the fitted curve still experiences a perturbation from overfitted noise
compared to examples where random smoothing is applied.

Table 1 presents a summary of the test lo loss under different settings. Both Gaussian
smoothing and polynomial smoothing (random smoothing with Laplacian noise) improve
the Iy loss in all settings, demonstrating the effectiveness of random smoothing. Figure 6
further investigates how the I loss changes concerning the smoothing scale o,, when D = 1.
The plot shows a U-shaped curve, indicating that an optimal smoothing can minimize the [y
loss, while either smaller or larger values will result in a larger I loss. It is worth noting that
when the training size is small, such as size 50, the U-shape curve in Figure 6 may be less
distinct due to noise introduced by early stopping based on a small validation set. Another
observation from Figure 6 is that the optimal smoothing scales exhibit a decreasing trend as
the sample size increases, as indicated by Theorem 8 and Theorem 9. Additionally, Figures
7-8 and Figures 9-10 depict the U-shaped curves of I3 loss changes concerning smoothing
scale when D = 2 (d = 1,2) and D = 3 (d = 1,2), respectively. While it is possible that
some red points may not be accurately placed due to a small validation set, the optimal
smoothing scales exhibit a decreasing trend with respect to training size, which is consistent
with the trend observed in D =1 as depicted in Figure 6.
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Dim Type

With weight decay

Early stopping

Training size

Training size

50

100

200

50

100

200

D=1,d=1

1.6765¢e-03

9.3367e-04

8.2806e-04

1.3468e-03

7.5579e-04

0.8775e-04

1.7466e-03
1.9381e-03

9.8343e-04
1.3045e-03

9.1924e-04
1.1135e-03

2.0638e-03
2.2168e-03

9.2128e-04
1.2985e-03

6.5118e-04
8.4292e-04

D=2,d=1

4.1084e-03

1.9663e-03

4.7216e-03
7.8836e-03

2.1707e-03
3.4316e-03

1.8606e-03
1.7646e-03
2.6008e-03

2.9608e-03

1.3643e-03

9.5987e-04

3.0796e-03
5.1484e-03

1.5640e-03
2.6596e-03

1.0766e-03
1.6057e-03

D=2,d=2

6.4676e-03

6.4208e-03

9.2474e-03

2.9491e-03
3.1423e-03
4.5782e-03

2.2136e-03
2.1842e-03
2.5810e-03

6.7205e-03

3.5027¢-03

1.7132e-03

8.2725e-03
1.2628e-02

3.9418e-03
6.2301e-03

1.7674e-03
3.1396e-03

D=3,d=1

4.0382¢-03

1.9133e-03

1.3327¢-03

1.7104e-02

6.8696e-03

3.7194e-03

4.8212e-03
7.4013e-03

2.1033e-03
3.4172e-03

1.9527e-03
1.9693e-03

1.7297e-02
2.3458e-02

7.0159e-03
8.8306e-03

3.7916e-03
5.1156e-03

D=3,d=2

ZoQzZEQZEQZEQZ 0

1.6599e-02

1.6498e-02

2.0987e-02

6.9336e-03
7.2578e-03
8.1158e-03

4.4334e-03
3.9938e-03
4.5752e-03

1.4852e-02
1.5167e-02
2.0178e-02

7.1306e-03
6.6471e-03
8.4932e-03

3.7147e-03

3.8615e-03
4.9460e-03

Table 1: Test ls loss of SGD with early stopping. “G”, “L”, and “N” correspond to random
smoothing with Gaussian noise, random smoothing with Laplacian noise, and no

random smoothing. The smallest losses are underlined.
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Figure 6: Loss changes according to smoothing scale with training size increase from 50 to
200 in the data space of D = 1, d = 1. The red points represent the optimal
smoothing scales selected based on the validation set.
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Figure 7: Loss changes according to smoothing scale with training size increase from 50 to
200 in the data space of D = 2, d = 1. The red points represent the optimal
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Figure 8: Loss changes according to smoothing scale with training size increase from 50 to
200 in the data space of D = 2, d = 2. The red points represent the optimal
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Figure 9: Loss changes according to smoothing scale with training size increase from 50 to
200 in the data space of D = 3, d = 1. The red points represent the optimal
smoothing scales selected based on the validation set.
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Figure 10: Loss changes according to smoothing scale with training size increase from 50
to 200 in the data space of D = 3, d = 2. The red points represent the optimal

smoothing scales selected based on the validation set.
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Figure 11: Visualization of the underlying truth (blue curve), training data (blue dots), and
neural network predictions (orange dots) when the loss function L is applied.
Different rows represent different training sizes.

5.1 Comparison under Different Loss Functions

To illustrate that random smoothing can achieve a similar improvement in the performance
of the loss function L] in (7), which is slightly different from the one we analyze (L,
in Equation 6), we conducted additional experiments focusing on early stopping with a
dimension of D = 1(d = 1). As the performance of L/, is unstable, we set the number of
augmented samples N = 5000 and the region for the smoothing scale is from 0 to 0.003.
The remaining experimental setup is the same as in L.

Figure 11 presents a visualization of the fitted curve with different training sizes. We take
the average of the estimator instead of utilizing the prediction directly. The performance
is similar to that of L, (in Figure 3-5), where optimization without random smoothing is
more vulnerable to noise, although an increased training size can improve smoothness.

Table 2 summarizes the test Iy loss with different settings. Both L, and L), in different
training sizes can be improved with random smoothing. However, the test loss of L is
slightly higher compared to L,,. Figure 12 further demonstrates the varying losses according
to the smoothing scale with different loss functions. Although a U-shaped curve can be
obtained by L/, the optimal smoothing scale is inconsistent with that of L,,, which decreases
as the training size increases.
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L, L,
Type Training size Training size
50 100 200 50 100 200
G 2.0824e-03 | 1.1469e-03 | 7.7571e-04 1.3468e-03 | 7.5579e-04 | 5.8775e-04
L 2.3245e-03 1.1320e-03 | _7.0490e-04 | 2.0638e-03 | 9.2128e-04 | 6.5118e-04
N 3.5092e-03 | 1.4109e-03 | 7.9209e-04 | 2.2168e-03 | 1.2985e-03 | 8.4292e-04
Table 2: Test Iy loss of SGD with early stopping. We focus on the comparison between dif-
ferent loss functions L], and L,, with dimension D = 1(d = 1). “G”, “L”, and “N”
correspond to random smoothing with Gaussian noise, random smoothing with
Laplacian noise, and no random smoothing. The smallest losses are underlined.
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Figure 12: Comparison of different loss changes according to smoothing scale with training

size increase from 50 to 200 in the data space of D = 1, d = 1. The red points
represent the optimal smoothing scales selected based on the validation set.
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With weight decay Early stopping
Data set | Type Training size Training size
25 50 100 200 400 25 50 100 200 400

G 93.33 | 94.67 - - - 92.11 | 94.56 - - -

Iris L 94.67 | 97.33 - - - 91.16 | 94.01 - - -

N 82.67 | 90.67 - - - 88.16 | 93.88 - - -
G 89.50 | 88.77 | 91.18 | 91.86 | 92.44 | 87.80 | 88.74 | 90.17 | 90.78 | 91.81
Rice L 89.19 | 88.08 | 90.87 | 91.23 | 92.49 | 88.99 | 88.57 | 89.57 | 90.73 | 91.33
N 88.19 | 87.98 | 90.18 | 90.29 | 92.23 | 88.38 | 88.15 | 89.04 | 89.94 | 90.49
G 73.83 | 82.94 | 86.87 | 90.04 | 91.32 | 75.64 | 82.93 | 86.51 | 88.17 | 89.86
Dry Bean L 74.96 | 81.97 | 88.14 | 90.35 | 91.69 | 75.76 | 82.48 | 86.43 | _88.76 | _90.00
N 73.32 | 80.38 | 86.04 | 88.94 | 91.31 | 74.18 | 81.12 | 86.35 | 88.23 | 89.76
G 76.67 | 82.00 | 85.78 | 86.67 | 85.78 | 79.27 | 81.93 | 81.25 | 83.63 | 86.17
Raisin L 80.00 | 83.56 | 85.56 | 86.22 | 85.56 | 78.71 | 81.79 | 81.50 | 83.99 | 85.80
N 77.33 | 83.33 | 84.67 | 85.56 | 85.33 | 79.84 | 81.38 | 81.56 | 82.68 | 84.38

Table 3: Test accuracy of different real world data set. “G”, “L”, and “N” correspond to
random smoothing with Gaussian noise, random smoothing with Laplacian noise,
and no random smoothing. The highest accuracies are underlined.

6. Experiments on Real-world Data set

To demonstrate the practical application of our theoretical findings, we conducted classifi-
cation tasks on four real-world data sets: Iris (Fisher, 1988), Rice (Cammeo and Osmancik)
(mis, 2019), Dry Bean (mis, 2020), and Raisin (Cinar et al., 2023).

Following the experiments in Section 5, We use a two-hidden-layer neural network with
N = 1000 augmented samples and replace the ls loss with Cross Entropy loss. To isolate
the influence of random smoothing, we apply a constant weight decay strength for each
data set. For early stopping without weight decay, we evaluate the validation set every 200
steps and select the highest accuracy. We conduct grid searches to determine the optimal
smoothing scale for each data set and repeat the experiment 5 times to report the average
accuracy on the test set.

Table 3 presents the test classification accuracy of four real-world data sets with varying
training sizes. Due to the sample size limitation, we only consider 25 and 50 training data
for Iris. Almost all settings show a significant improvement in test accuracy after applying
the random smoothing method, especially for smaller data sets like Iris.

7. Conclusions and Discussion

This work studies random smoothing kernel and random smoothing regularization, which
have a natural relationship with data augmentations. We consider two cases: when the
region () has a low intrinsic dimension, or when the kernel function can be presented as
a product of one-dimensional kernel functions. In both cases, we show that by applying
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random smoothing, with appropriate early stopping and/or weight decay techniques, the
resulting estimator can achieve fast convergence rates, regardless of the kernel function used
in the construction of the random smoothing kernel estimator.

There are several directions that could be pursued in future research. First, while we
consider noise injection to construct augmentations and use non-smooth noise to interpret
practical non-smooth augmentation techniques, such as random crop, random mask, and
random flip, this interpretation may not be perfect. For example, the behavior of adding
noise may differ from that of random crop. Furthermore, these practical techniques may also
introduce some prior knowledge on the geometry of the low intrinsic dimension. A sharper
characterization of practical augmentation techniques is needed and will be pursued in
future work.

Second, while we consider gradient descent, we believe that our results can be generalized
to the stochastic gradient descent method. However, the discussion of the latter is beyond
the scope of the current work.

Third, we mainly consider regression in this work, where the square loss is a natural choice.
An interesting extension is to study whether the results remain true when considering
classification, which requires the study of other loss functions, such as cross-entropy loss
and hinge loss.
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Appendix A. Analysis of Gradient Update and Error Decomposition

Let X = (@1, ..., ®y), @ > 0 if there is weight decay, and o = 0 if there is no weight decay.
By the gradient update rule, we have

F(X) =Kw, = VK6,
=VK#6, — VK (KGt - \/Ky> — aVK6,
=((1 - a)I - BK) f(X) + SKy,

which implies

fia(X) = Blal + BK) 'Ky = (1 — a)I — BK)(fi(X) — B(ed + BK) " 'Ky)
=...=—((1-a)I-pK)"B(al + K) 'Ky, (23)
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where we recall fo(X) = 0. If there is weight decay (i.e., @ > 0), then it can be seen that

firi(X) = K(a/BT+K) "y = —((1 — )l - BK)* B(al + 5K) 'Ky, (24)
If there is no weight decay (i.e., & = 0), then by rearrangement of (23), we obtain
feri(X) = (I - (I-BK)") y. (25)
The estimator after ¢-th iteration can be obtained by
filx) =wik(z) = k(z) "K' f(X). (26)

Note that the kernel matrix K is generated by the empirical kernel Kg defined in (9). By
taking the expectation with respect to e, and €y,, we define the expected smoothing kernel
Kg as

Kg(z, ') = /]RD - K(z+€— (' + €))pe(€)p:(€')ded€ . (27)

Since Ky is close to the empirical version of the smoothing kernel Kg, we can consider the
gradient flow with respect to the kernel function Kg. The error analysis between Kg and
Kg is provided in Appendix B.

Let g¢ be the function obtained at t-th iteration by the gradient update rule with respect
to the kernel function Kg. Analogous to (24) and (25), we have

g(X) = K(a/fI+ K) 'y — (1 - a)I - BK)'B(al + SK) 'Ky, (28)
if there is weight decay, and
a(X) = (I- (1-5K)") v, (29)

if there is no weight decay, where K = (Kg(xj — x1)) % Similarly, the predictor of f*(z)
using the kernel function K can be obtained by

gi(w) = k(z) 'K 'g(X). (30)
Thus, the empirical error || fi((X) — f*(X)]||2 can be decomposed by
1£(X) = f*(X)ll2 < [1/e(X) = ge(X) 2 + l9(X) = F*(X) 2. (31)

Appendix B. Error of Data Augmentation

We first consider bounding the difference between the empirical smoothing kernel function

N N
1
Kg(x —2') = WZZK(m+€j—(m’+ek)),
k=1 j=1

and the expected smoothing kernel function
Ks(z —2') =Eeo (K(z+e— (2 +€))) = / K(x +e— (2’ +¢€))p:(e)p-(¢')dede’.
RD JRD

Specifically, we have the following lemma.
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Lemma 16 If Assumption 2 or 3, and Assumption 4 are satisfied , then

N N
1 log N
sup Eee (K(z+e—(2' +€))) - N2 D) K@+e;—(a+en)|=0r ( Oj%“v ) .
x,x’ € k=1 j=1

Based on Lemma 16, we can obtain an upper bound of [|fi — gil|r_ () as follows. Recall
that K = (Ks(z; — k) -1, K = (Ks(zj— )7 =1 Let 71 (K) and 7, (K) be the largest

and smallest eigenvalues of K, respectively. Let nn(f{) be the smallest eigenvalue of K.

Lemma 17 Suppose Assumption 2 or 3, and Assumption 4 are satisfied. Furthermore,
assume that

1 - log N

5n(K) 2 ny /20
and the learning rate 8 satisfies pm (K) + a < 1, where a = 0 if there is no weight decay,
and o > 0 if there is weight decay. Then we have

(32)

M (K)?

n2\/logN/N>

sup || fe — gill o) = Op (
1
where the probability is with respect to the augmentation €.

Since K and 7, (K) are determined by the data (xj,95), j = 1,...,n, the left-hand side of
(32) is not depending on N. Therefore, the condition (32) can be fulfilled if we add sufficient
augmentations. In the next lemma, we provide a more explicit lower bound of nn(f() in
(32) in terms of x;’s.

Lemma 18 Let gx be the separation distance defined as
S min s — |
== T; — xp2-
ax 251%1 J kll2
The minimum eigenvalue of K, denoted by nn(f{), is lower bounded as follows.

1. if Assumption 2 and Assumption 4 (C1) are satisfied, then
M (K) > C1 (1 +4M?) " (1 + 402 M%) MP;
2. if Assumption 3 and Assumption 4 (C2) are satisfied, then
1 (K) > Co(1 4 4M?) "™ (1 4 402 M%) ™" M P,
3. if Assumption 2 and Assumption 4 (C3) are satisfied, then
1 (K) > Cy(1 4 4M?) "0 87M" pg P

Q(ﬁ?(gﬂ) =L

1
=~ 2 )P¥, and T(-) denotes

where C;’s are constants only depending on D, M =
the Gamma function.

The proofs of the above three lemmas are put in Appendix H.
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Appendix C. A Comparison Theorem

In this section, we provide a byproduct, which is a generic comparison theorem between the
early-stopping without weight decay and the kernel ridge regression estimator. Let K; be
a positive definite kernel function. The kernel ridge regression is defined by

5= argmin [If — yll2 + Al @ (33)
feH K, (Q)

where y = (y1,...,yn) 7, y;’s are as in (1), and A > 0 is a regularization parameter. The
main theorem in this subsection is as follows.

Theorem 19 Let (8t)~1 = n\. Suppose €;’s are i.1.d. random noise with mean zero and
finite variance o2. Let §i(x) = wik(x), which is similar to fi(x) in (12) but with K,

instead of Kg and with update rule (11). Then there exists a constant C > 0 such that
Elge — f*I% < CEllg - f*II7, (34)
and
EH@H?—LM(Q) < QEHQH%KI(Q)v (35)

where the expectation is taken with respect to the noises €;, j = 1,...,n.

Theorem 19 states that the mean squared prediction error of the early-stopping without
weight decay is smaller than (at most the same as) that of the kernel ridge regression
estimator, up to a multiplicative constant. This explains why the upper bounds on the
early-stopping without weight decay and the kernel ridge regression estimator derived in
Raskutti et al. (2014) are identical, in a more explicit way. Note that the conditions of
Theorem 19 are quite mild. We do not assume any relationship between f* and Hg, (£2),
and do not require any particular structure of the RKHS H g, (2). Furthermore, we do not
impose any conditions on A, and we only require that €;’s are i.i.d. with finite variance (not
necessarily sub-Gaussian and can be even heavy-tailed).

It is worth noting that the complexity (i.e., the RKHS norm) of the early-stopping without
weight decay is also bounded by the complexity of the kernel ridge regression estimator, up
to a constant multiplier. Since the difference between the empirical norm || - ||,, and the Lo
norm depends on the complexity of the estimator, it can be expected that (34) still holds
if we replace the empirical norm by the Lo norm.

Appendix D. Proof of Theorem 8

In this section, we show the proof of the following theorem. Note that the second statement
in Theorem 20 is Theorem 8.
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Theorem 20 (Polynomial smoothing) Suppose Assumptions 1, 2, 4 (C1), and 5 are
satisfied. Suppose there exists 1 with positive Lebesgue measure and a Lipschitz boundary
such that Q C Q1 and f* € W™ (Q1). Let fi(x) be as in (12) and B = n~'Cy with the
positive constant C; < 27 supyepp Kg(x). Suppose the smoothing scale o, < n” with
v < 0. Suppose one of the following holds:

1. There is no weight decay in the gradient descent, and the iteration number t satisfies

2(mg+me)
t=n 2mstd O.st
- n
_1_2(m0+m5)
2. There is weight decay in the gradient descent with o < n mptd go2me - and the

mf

iteration number satisfies t > CQ(meer + 1/2)logn/(log(1l — «)) for some positive
constants Csy.

Then the following statements are true with N > No, where N is the number of augmenta-
tions, and No depends on n and the iteration number t.

1. For any a > 0, there exists an m. such that when

~ @m; ) {Am.D—mot2(—d 1@m +dam—Dya) L > &

2(2mo+2me)D—(2mo+2me—D)d
v =
{ 0, D=d,

we have
9 LT S
1o = 11 ) =0 (n iy )

2. Set me = 2d~1 (2D max(mg, m¢) + mod) logn —mg. Then by choosing

(2m+d)(dme D—(2mo+2(1—(log n) ~1)me—D)d) <0, D>d,

. 2(2mo+2me)D—(2mo+2me—D)d
v =
{ 0, D—d,

we have

2m

1o — £, ) =0 (nmf“ (log n>2mf+1) .

We first present several lemmas used in this proof. The proof of these lemmas can be found
in Appendix I.

Lemma 21 Suppose the conditions of Theorem § are fulfilled. Let f}; be the solution to the
optimization problem

. * 2 2
o 1 =0l + Mol oy (36)
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Then if mg < my, we have

mf
17 = FallZ o) + Anllfo IIH ) < Crmax <()\n(me + 1)m80721m5)m0+m57/\n> - (37

and if mg > my, we have

mp ™
177 = FilB sy + Ml B <czmax((An<ms+1>m602m6>mo+ma,xn°). (38)

Here the constants C1 and Co are independent with me.

Lemma 22 Suppose the conditions of Theorem § are fulfilled. Let f be as in Lemma 21.
Suppose there exists T > 0 (depending on n) such that

17 = fal ) + Anllfﬁlliks(m <T.
Let fn be the solution to the optimization problem

2 2
- )\TL ~ ) 39
mn Q) ly — gl + HQHHKS(Q) (39)

g
where y = (y1,...,yn)" . Suppose

mD 1
a,:d/2m2m—D+2 logp
: : _ _4D _
converges to zero as n goes to infinity, where p = 5-=, and m = mg + m.. Then we have

=2
M, = max <(T+ n’l/2Tl/2)1/2,)\;ﬁ <U;d/2nf1/2m2$DD ST+ 77,71/2T1/2)%77) .

U—d/Qn—1/2m2$?D+%A;§, (U;d/2n—1/zm2mDD SO R (T + n_l/QTl/Q)l‘%)I/Q,

n

(U;d/zn-mmg:%%)QL)(A,—;W;&W),

w\»—-
»M":!
N———
N
| [po
<

My, = max <()\;1(T Y22y, ()\glogdﬂn_lﬁm?:ffr%(T —1/21/2)5-

2tp

1/2, 5 D+2)\ ()\ oo /Qn’l/zm%+%()\;1T)g(T+n’1/2T1/2)1*§)1/27

U;d/Qn

ATV2 (g 42" 2 Tt e ) T (A;LlT)m'im> :
Then we have
1£* = falln = Op(My), anHH = Op(Ma).

Furthermore, if fn be the solution to the optimization problem

i 12+ M\ ), 40
fgg;?(mllf flln+ ||f||HKS(Q) (40)

then
1f* = falln = Op((T +n~2TY/2)1/2), ”anHf(S(Q) = Op((\H(T +n~ 271 /2))2),
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Lemma 23 (Lemma F.5 of Wang, 2021) Assume for class G, sup,eg ||9/|1.. (o) <

c <

2
1, and the bracket entropy Hp(6n, G, || - |1,(Px)) < %, and nd2 — oo, where 0 < 6, < 1.

Then we have

2
P( inf % < Cg) < Csexp(—Cgnd? /c?),
lgllz Py )=>20n,9€G HgHLQ(PX)

and

2
P( sup % > C4> < Crexp(—Cgnd? /c?),
191l 2y (o) >20n,9€6 19017, (P)

for some constants C3,Cy >0 and C;’s (i =5,6,7,8) are only depending on 2.

Lemma 24 (Interpolation inequality for Polynomial RKHS) Let g € W™(RP).

When r = % and D > 1, we have

(mo+me

19110 x) < Collglls oy I9lm ao),

N[

where the positive constant Cy = (fRD(l + HwH%)_%dw) < 00.

D.1 Without Weight Decay

By the triangle inequality, it can be seen that
1 fe = fl Lacrx) SIfe = gellarx) + 1196 = £ Lo (Px)s
where ¢, is as in (29).

By Lemma 17, the first term || f; — g¢[/z,(py) in (41) can be bounded by

n%/logN/N)

Ift = 9tll Lo (px) < Crollft — gtll L) = Op <

%(K)Q
as long as
1 - log N
- >
g (K) =my =
Choose
4 2
Ny = —% -
1 (K)

Then it holds that when N > Ny,

Ife = gtllo(rx) = Op (n_l/2) .
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It remains to consider [|g: — f*||z,(py) in (41). In order to do so, we consider the empirical
version of [|g: — f*||1,(pyx), and let

* 1 *
Jo =g = £lla = ~llge(X) = F*(X)ll3. (45)
Let (8t)~! = n),. Consider the kernel ridge regression

g= argmin |If =yl + A\l fll5, - (46)
feH g ()

By the representer theorem, g(z) = k(z)T(K + n\,I)" 1y for all & € Q, where k(z) =
(Ks(x — 1), ..., Ks(x — ©,))T. Then it can be seen that

§(X) = £5(X) = nAp (K +nX,D) 7 (X)) + K(K 4+ n\,I) e = g1 + qo.
Recall that (see Equation 29)
9:(X) = (I- (1-8K)') y
which implies

gu(X) = [*(X) = (1= BR)' f*(X) + (I~ (I BK)') . (47)

By the Cauchy-Schwarz inequality, (45), and (47), it can be seen that

nJy <2(f*(X)T(I - BK)? f*(X) + 2T (I — (I — BK)!)%e
=2nJs1 + 2nJss, (48)

and

n)lg = 12 <222 (FX(XNT (K + nAD) 72 4(X) + 2€7 (K + n)\,I) K2 (K + n),I) e
=2||q1||3 + 2[|qzl3- (49)

Similar to (90), it can be seen that
2n.Jo1 < Cuillqu3, (50)

for some positive constants C11, and similar to (94), the term 2n.Jss can be further bounded
by

t
2nJ22—2Z 1—(1—Bn;)")%(v]e) <2Z 4(5tn;)” (vTe)?

Uj
o (1+ Btn;)?
=8¢’ (K + (6t) ') 'K*(K + (5t) I)~e = 8[lqall3, (51)
where 1 > ... > n, > 0 and v;, j = 1,...,n be the eigenvalues and correspondlng
eigenvectors of K, respectively. In the last 1nequahty of (51), we note (8t)~! = n\,.
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Plugging (50) and (51) into (48), we obtain

2C12
n

Jo <

(a3 + llg2ll3) . (52)

for some positive constants Cio. The term ||q1]|3 and ||gz2]|3 can be directly bounded by
Lemma 22. To see this, let fo(x) =0 for all € Q. Then it can be checked that

1 -
ﬁ”‘h”g = fn — fl7,
and
1 2 ; 2
~[lg2llz =Il.fo,n — follz,
n
where fn is as in (40), and fo,n is the solution to the optimization problem

. 2 2
min e—9|5n + llgllz . .
e | | | H?—LKS(Q)
Let 09 € (0,1) such that 4m.D — (2mg + 2(1 — dg)m. — D)d > 0. Take

_ 2(mgtme) _ 2(2mg+2me)D—(2mg+2me —D)d
Ay =1 2my+d U;2mg’o_n =n (me+d)(4m€D—(2m0+2(1—50)m5—D)d)7n—1(ﬁt)—1 — )\mﬁ ~ n_l.

Therefore, if m. = O((logn)®) for some constant C, and

mf
)\n < C’13()\n(m5 + 1)mEO'T2Lm€)m0+ms

_ 2(mg+me) 4me (2mg+2me)D—2me (2mg+2me —D)d _ 2my mem ¢
on 2mf+d n(2mf+d)(4mgD—(2m0+2(1—50)m5—D)d) SC]An 2mf+d (m5+1)m

=mZdod > me(2myD + (mg — mys)(1 — 8)d)
meD + mod

Mg >
€ Sod )

for some positive constants C13 and C14, when mg < my, or
mf 9 my
)\n 0 < CIS(An(me + 1)mgo_nm5) motme

_ 2(mg+me) 4me (2mg+2me)D—2me (2mg+2me —D)d __2myg memg
on 2mf+d n(27nf+d)(4m€D7(2m0+2(1750)m57D)d) S Clﬁn 27nf+d (m5+1)m0+m5

<:m§50d > 2momeD
2mgD + mod

—=MmMe >
€ dod )

for some positive constants C15 and Chg, when mg > my, we have

_2my mem ¢ _2mp
T < Cyyn 2t (mg + 1)7”0‘””5 < Cygn 2t (ma + 1)mf,
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for some positive constants C17, where T is as in Lemma 22. Suppose D > 1, long but
tedious calculation shows that

+o/
Ml < Clg(m5+m0)mf+2n 2mf+d ’

for some positive constants C1g, where M; is as in Lemma 22, and

5 — ((4mg + 4me)D — (2mg + 2me — D)d)med < d 5,
(2mys + d)(2me + 2mo — D)(4m.D — (2mo + 2(1 — do)me — D)d) ~ ~ 2(2my +d)

where the inequality is because of (53) (if mg < my) or (54) (if mg > my). Therefore, by
taking 6o = d~1(2ms + d)a and m. = (6od) ™ (2D max(mg, ms) + mod) + 1, we have

1 ~ m s ta
el =l 11 = 0p (w755,

1 A L
el =l o = ol = O (w7, (55)

Then by (52) and (55), we obtain

2m

J2=0p< ~mya ) (56)

which corresponds to the first statement of Theorem 8.

-1

Taking 9 = (logn)™", we obtain that

m mf

]\41 < Clsn 2mf+d 2<2mf+d) (m _|_m0)mf+2 < 019n 2my+d (me +m0)mf+2

for some positive constants C19, where we require m. > d~ (2D max(my, my) 4+ mod) log n.
Thus, we can directly take m. = 2d~1 (2D max(mg, m¢) + mod) logn — mg such that

1 ~ _2my
Mlarl =1~ 11 = O (w7 togmpnst),

2m

1 . __2my
gzl =l o~ Fll = Op (70 (o)1), (57)

Thus, by (52) and (57), we have

2m

Jo = Op (H_meM(IOg n)meH) ; (58)

which corresponds to the second statement of Theorem 8.

It remains to bound ||g; — f*||1,(py)- Note that

lge = £l zacr) < 96 = Fillagr) + 1fn = F¥lliatreo) < Ige = Frllages + T2,
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and
* * * * * —1/21/2 1/2
g = Filln <llge = £*lln + 1155 = £l < llge = ¥l + O { (T +n~/212)
__my
<O (n I (log n)me“> ,

where the second inequality is because of (135). Therefore, it suffices to bound the difference
between [|g; — fl|L,(px) and [|g: — flln- By (95) and Lemma 22, we have

I3,

9t @) < 2" Nty < Cooo ™™ 1314, _(@) = O (o)™ +1), (59)

for some positive constants Cyg, where

2(mo + me —my)
2my +d
2(2mgo + 2mz)D — (2mo + 2m. — D)d
(2my + d)(4m.D — (2mo + 2(1 — d9)me — D)d)

vy = +2(m5 —mo)z/,

(60)

and v = —

Consider function class G = {h : h = (g; — £)/(Ca1n**/?>(log n)"™ T1/2)}, where the constant
C21 is taken such that [[h1]|x;, (@) < 1 for all by € G. Then lemma 24 leads to

||h’1HLoo(Q) < C22Hh1||L2(2P§;:O+"LE> ”h HNW((;;ma)’

for some positive constants Coo and all hy € G, which implies

1= Smg e
c1 = sup [[hlr (o) < CulRy ;
h1€G

where Ri = supy, g Ml Ly(Px) < SUPh e 1P1llLo (@) < SUPh eg thHN 2@ < 1, because

of the reproducing property. Let m = mg + m.. Taking ¢ = C22R1 2 < 1, and 6, =
2mD m—
Coz(0;9ntc?mam-0) 57 for some positive constants Coz in Lemma 23, it can be checked

that

Coandlc™ > H (6, Ba, ) |- I )

for some positive constants Cyy, which implies the conditions of Lemma 23 are fulfilled.
Applying Lemma 23 to the case ||g: — f;H%z(Px) > §2n¥1; together with (58), we have

Ri = Op (max{n 1 log n >mf+1/2,5n})- (61)

__ "™ /2
If o, >n 2mstd v/ (log n)mf+1/2, we have Ry < (Cy56, for some positive constants Cos,
which implies

2mD 2m—D
R < Czﬁ(a,;dnflch?m—D) im |
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for some positive constants Csg. Therefore, we have
gt — fallLacpx) < Corn*/2Ry < Coyrn™ (logn) P72,

where

(mo +me —my) 2m — D my
2 2my +d + (me —mo)v (dv+1) < 2my +d

4dm

~ g g —1/2 +1/2 ~ g lra /2 +1/2 s
If 6, <m *ms (logn)™f /2 then Ry = Op(n *™f (logm)™fT4/2), which im-
__mF
plies ||gi— fill Lo (px) = Or(n > (log n)™s+1/2), Here we note that the proof is still valid if
we replace g; with g. Therefore, in both cases we have ||g:—fy[| L, (px) = Op(n 2™+ (logn)™s+1/2),
which, together with (51) and (44), finishes the proof. |

D.2 With Weight Decay
If @ > 0, we decompose the error by
1fe = o) S = gellLaire) + 16C)T (/BT + K) 'y = |y

+118k()T((1 = a)T = BK) (oI + BK) "'y 1,(py)
=L+ 1+ Is3. (62)

As in (44), there exists an Ny (depending on n) such that when N > Np,

I = Op (n_1/2) : (63)

The second term is the error ||f, — f*|| La(Px), Where fn is as in (40). Lemma 22 gives us
that

m

1o = S In = Op(n *777%).

Following a similar approach in Appendix D.1, it can be further shown that

I, = Op(n 217, (64)

—1— 2(mg+me)
2mf+d

where we let a < n o,2m and B and o, are as in Theorem 8.
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It remains to bound I3 in (62). By Cauchy-Schwarz inequality,

18K (1 = ) = BK)" (oI + BK) 'y |l 1, ()

(1o (((@/sm &) k) Y or (0 a1 - ) ) "
La2(Px)
S S S N C (R aky™))"
<R 2 g 0]l
—O0p <n”2(;573) o2me (1 — a)t> . (65)

Thus, there exists ty > 0 such that as long as t > tg, Io dominates I3. Combining (63),
(64), and (65), we finish the proof. [ |

Appendix E. Proof of Theorem 9

We first present some lemmas, whose proofs can be found in Appendix J.

Lemma 25 Let k,(x — ') be a Gaussian kernel defined by

ol — ) = exp <_“‘”—w”5> , (66)

402
and Hqy(RP) be the RKHS generated by ko (x — x'). Then we have
”hlqun/ﬁ(RD) < CIUEDQ”MHHRS(RD)a
and
”hQHHi(S(]RD) < C2Uﬁm°7D/2Hh2||Hﬁan(RD)a

for hy € Hf(s (RP) and hy € H. /3., (RP), where the positive constants Cy and Co does not
depend on oy,.

Lemma 26 Let f}; be the solution to the optimization problem

H;i?(ﬂ 17 = 911, pe) + AanH%RS(Q)- (67)
Then
1 = F2llE ) < Camax(hnoy, 2™, 00™),
and

_ _ 2
||f;; H?HRS(Q) < CSAn 1 maX()\ngn 2m0’ O_nmf)7

for some positive constants C'.
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Lemma 27 Let f be the solution to the optimization problem

- )\n _
rr;l:(m 17" = glLap) + Anllgllie, (@)

Suppose there exists T > 0 (depending on n) such that
* *12 *112
1" =l + )‘TLan”’Hf(S(Q) <T
Let fn be the solution to the optimization problem

2 2
in — + A N .
geH () ly —glln an”HKS(Q)

Let p = (logn)~!,

M =max ((T + 7171/2T1/2)1/27 a;d/%%p*(l)ﬂ)/zn*lﬂ)\;%,

2

pD

2<4 ) I (D42, 1/2(T+n1/2T1/2)§Z> o

1/2
( —d/2 pr (D+1)/2 —1/2()\ T)g(T _1/2T1/2)1—§> / 7
(U;d/Q—pfp—(D+1)/2n—1/2)2ip()\EIT)Qf_p>’

24p

M, =max ((/\nl(T+n1/2T1/2))1/2 o VA D)2,/

2

()\T_ng';d/z_pr—(D-i-l)/zn—l/Q(T + n_1/2T1/2)§—Z> a—p 7
1/2
(A’;l"’;dm_pfp_(m”/ 2y (AT E (T + n—1/2T1/2)1—3> ,

A

n

—1/2<a;d/2‘pfp—<D+l>/2n-l/2>ﬁp(A;1T>z-‘¢p>.

Then we have
1£* = falln = Op(My), anHH = Op(M3).

Furthermore, if fn be the solution to the optimization problem

. * 2 )\n ~
in 157 = 1134 Ml o o

then

1" = Falln = Op((T +n~'/2T2)1/2), falleg @) = Op((AH(T + n VTR,
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Lemma 28 (Interpolation inequality for Gaussian RKHS) Let g € H,(RP). For
any 1 > r >0, we have

_D D(r=1) _
90l 1oeo) < Car™ T 0™ T gl 913, oy,

where Cy is a constant not related to r,o and g.

E.1 Without Weight Decay

We first decompose the error as

[ fe = flrarx) St = 9tll o) + 19t — F Lo (x)s (71)
where ¢, is as in (29).
By Lemma 17, the first term || f; — g¢[/1,(py) in (71) can be bounded by

n2\/logN/N>

_ <Cs|f — =0 <
1fi = il ar) < Csllfe = gillecior) P( i (K)?

for some positive constants Cs, as long as

1 ~ log N
~n, > 2
Sin(K) > /5 (72)
Choose
4 2
No= —r . (73)
1 (K)?
Then it holds that when N > Np,
1 = 9tll acr) = OF (71/2). (74)

It remains to consider ||g; — f*||,(px). We consider the empirical version of ||g; — f*|| 1, (px)s
and let

* 1 *
Jo = llgr = 15 = ~llg(X) = £ X)|l3. (75)
Let (8t)~! = n\,. Consider the kernel ridge regression

g = argmin Hf—’yH%‘f‘)‘anHg-Lks(Q)'

EHRS

By the representer theorem, §(z) = k() (K 4+ nA,I) 1y for all € Q. Then it can be
seen that

(X)) — 4 (X) = nA (K + 20D L (X) + K(K + nAI) e = g1 + qo,
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Following the arguments in Appendix D.1, the term J can be bounded by

2
T2 < = (2Cs|l a3 + 8lla2) (76)

for some positive constants Cg, and

1 -

~lallz =l = £II7
and

1 2 ; 2

ngth = fon — foll

where fo(x) =0 for all € Q, fy is as in (70), and fO,n is the solution to the optimization
problem

2 2
i lle = glln +Aallglize, (o)
S
2m07d _ 2m0+2'mf
mf+4 (which implies A, <n 27 , Lemma 26 implies

By setting gt < n ), Op =<1

2m

that T < n ?"r*9 which, together with Lemma 27, implies

1 _ . __2my
el =l - 171 = Os (w7 togmP+1).

2m

1 A L
Sl =lfon ~ fol = 0p (0”7 o)1), ()
y (77) and (76), we obtain
__2my
Jy = Op (n it (log n)D“) . (78)

Next, we consider bounding ||g;— f*|| 1, (py)- Similar to the proof in Appendix D.1, it suffices
to consider bounding the difference between |lg: — f;|l1,(px) and [lg: — filln. Lemma 25
implies that

2mg+D
<112 —Djj =2 m D+1
190, s < CronP Nl ) = OP< 554 (Jogn) +>’ (79)
for some positive constants C7.
mqo+D/2

Consider function class G = {h : h = (g; — £¥)/(2Csn 2P (logn)P*T1/2)} | where the
constant Cg is taken such that [|h1]|y La@ < 1 for all hy € G. Taking r = (logn)~! in
Lemma 28, together with the extension theorem leads to

D(r—1)
P2l Lo () < Cor™ Ton ? ”thL2 Px)”thTHan/\/i(Q)’
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for some positive constants Cy and all h; € G. Therefore, we have

D(r—1)

) _
c1:= sup [[hlp o) < Cor™ 1o, * R,
h1€G

where R1 = supy,eg (M| 2,(Px) < SUPh eg 1Ml Lo (@) < SuPhieg [[hlln, @ <1, because
D(r 1)

of the reproducing property. Taking ¢ = Cor~ 10, *? Rl " and 8, = Cyo(cdr—P-1 _2)r+2

for some positive constants C7g in Lemma 23, it can be checked that

Cunéne? > H(0n: By, m@)s |- o)

for some positive constants C11. By repeating the proof in Appendix D.1, we obtain that

2'mf

19t — Fllace) = O ( “TD (log n>D+1)

which, together with (71) and (74), implies

2m

”ft o f*||L2(Px) — OIP’ ( 2mf+D (].Ogn)D+1> .
This finishes the proof. |

E.2 With Weight Decay
The results can be obtained by merely repeating the proof in Appendix D.2, where the only

difference is that the corresponding convergence rate for I (in Equation 62 of Appendix
D.2) is obtained via the proof in Appendix E.1. Thus we omit it here.

Appendix F. Proof of Theorem 13

We first present several lemmas used in this proof.

Lemma 29 Suppose the conditions of Theorem 13 are fulfilled and f* € MW™/(Q1). Let
X be the solution to the optimization problem

I = 9llZape) + Al

KS(

Then

my
17 = Fall o) + )‘n”f;H%-LRS(Q) S (opmelymotee
1{0,1}D:|1>1
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Lemma 30 Suppose the conditions of Theorem 15 are fulfilled. Let f} be as in Lemma 29.
Suppose there exists T > 0 (depending on n) such that

17 = Fall o m) + /\n||f;H§{RS(Q) <T.

Let fn be the solution to the optimization problem

Hy—fnlliJrAannII%RS(m- (80)

Letp= —1 =142

mo+me’ 7=

2

My =max <)\ i (aﬁdmrfl/z(T—i-n*1/2T1/2)%*§|1Og(T+7171/2T1/2)‘q>m7
(T+n_1/2T1/2)1/2 U—d/Q 1/2)\_7]10g —d/2 _1/2>\_, ‘q
1/2
(U;d/2n*1/2()\;1T)12)(T+n 1/2T1/2 \log T+n" 1/2T1/2)\ ) ’

)

(7120 12) 255 (V1 T) 25 | log (0, /2n™112) 255 (1,1 7) 8w |15

N—

2

M2_max<</\ Yo, P VA(T + n_l/QTl/Q)%—ﬁ\log(T+n—1/2T1/2)|q>m’

()\gl(T + n—l/QTl/Z))l/Q, U;d/Qn_l/QAT:QIJ‘ log(a_’;d/gn—l/Q)\r_L%)‘q’

i 1/2
(Ao P RO R (T + 07 2T 2) 5 [ og(T 4+ n/2T2))| ) g

2q
217 >

A2 (o7 )5 () T [1og (o /20 Y/2) 755 (A1) 7 )

Then we have
1£* = falln = Op(My), IIanHRS(Q) = Op(M3).
Furthermore, if fn is the solution to the optimization problem
17" = Fallz + Al Fnllaeg o (81)
then

1 = Falln = Op((T + 0 2TY)Y2), | fallaey, 0y = Op((0G (T + 0= 2TH2))12),

Lemma 31 (Interpolation inequality for tensored RKHS) Let g € MW™(RP).

For any 1 >r >m™1/2, we have
9l Py < Crllglly, frm) 19l gy,

where Cy is a constant that only depends on r.
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F.1 Without Weight Decay

The result can be obtained by merely repeating the proof in Appendix D.1. We let A, =<

__2(mgtme) 2(D—-1)(mg+me)+1
n "t (logn) ampt , op < 1, then by Lemma 29 and Lemma 30, the term J

n (58) becomes

__2mf mif(p,1++)
J’2 — O]P (n 2mf+1 (log n) 2'm,f+1 2(mg+me) ) . (82)

Similar to the proof in Appendix D.1, we can choose

4 2
No=—=r. (83)
n (K)
and obtain that when N > Ny,
1 = gellza = Op (n772). (84)

To bound the difference between the empirical norm |lg; — f*||ln and [|g: — f*|[z,(Py)- By
(95) and Lemma 30, we have

l9¢ll, ) < UEQmOHQtH%{RS(Q) < ClyanOHQH%RS(Q) = Op (n"(logn)”),  (85)
for some positive constants C;7, where

on <1,
2(mo + me —my)

V= )
2my +1

1 my
—2(my — mo — 1),
= (my = mo —me) + 2my + 1 <2(m0 + m.) )

Consider function class G = {h : h = (g; — f*)/(Cn**/?(log n)"2/?}, where the constant C' is

takfn ;uch that ||k, ) <1 for all by € G. Select r = %i?_{;ls > %moﬁl-ms’ then Lemma
31 leads to
1— 2mf+1 2mf+1
m me m me)
hallznioy < Callball 28 [ | 2757

for some positive constants C7 and all h; € G, which implies

2mf+1
" 2(mgtme)

1
c1:= sup [|h1lp () < Colty ;
h1€gG

where Ry = supp, g [|MllL,(Px) < SuPh,eg thHLoo(Q) < SUpp,eg thHNa(Q) < 1, because
1

11
of the reproducing property. Taking ¢ = C2R,; dmotme) 1 and we also let 4§, =
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mo+me D—1+ 1 . X
C3(n~1c?)2tmoFmaF1 (logm) 2 4tmo+me) | for some positive constants Co and C3 in Lemma

23, it can be checked that
0471(57216_2 > H((S’ B’HU(Q)7 H ’ ||LOO(Q))a

for some positive constants Cy, which implies the conditions of Lemma 23 are fulfilled.
Applying Lemma 23 to the case ||g; — f*H%Q(Px) > 62n¥1(logn)¥2, together with (82), cal-
culations similar to the proof in section D.1 shows

T T T (D14 g
gt — [ |lLo(px) = Op <n it (logn) ™+t 2(mg+me) >

This finishes the proof. |

F.2 With Weight Decay

The results can be obtained by merely repeating the proof in Appendix D.2, where the only
difference is that the corresponding convergence rate for Is (in Equation 62 of Appendix
D.2) is obtained via the proof in Appendix F.1. Thus we omit it here.

Appendix G. Proof of Theorem 19

Similar to (29), we have
3t(X) = (I—(I-pK1)"),
thus
Ge(X) = f(X) = —(I = BK1)'f*(X) + (I - (I- BK1)') e, (86)
where K1 = (K1(zj — i) jk, and f*(X) = (f*(x1), ..., f*(z,))T. Taking expectation with
respect to €, the mean squared prediction error of §; with respect to the empirical norm is
given by
~ * 1 * * 2
Bl — 12 == (7 (X)T (A= AKX *(X) + ot (T— (1 - 5K)1)°)
1 1
=—Ji1 + —Jia. (87)
n n
By the representer theorem, the solution to (33) is given by
§(@) =k (z)" (K1 +nAL) "y, (88)

where kq(-) = (K1(- —@1),..., K1(- —x,))T. Thus, the mean squared prediction error with
respect to the empirical norm of § can be computed by

Elg— f*II5
= (A0 (X0) (K 4 nAT) 27 (X) + o2t (K -+ nAD) KKy + ) ™))

=Jo1 + Joo. (89)
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Letm > ... >n, >0andvj, j = 1,...,n be the eigenvalues and corresponding eigenvectors
of K1, respectively. By the basic inequalities 1 —u < exp(—u) < 2e(1 +u)~2 for any u > 0,
the term Jp; can be bounded by
n n
T =Y (1= Bn)* (o] f*(X))* < (1 - Bny)'(v] (X))’
j=1

J=1

. n —2
S el 00 <20 «ﬁiﬁ))

j=1 j=1
=2¢(6t) 2 (f*(X)T (K1 + (8)7'D) 72 f4(X)
=2€J21, (90)

(v] £7(X))?

where the last equality is because we choose n\ = (8t)~!

Next, we consider Ji2. Let r be the smallest integer such that Stn, < 1. Then for j =
1,...,7 — 1, we have

26tn;
1—(1-pn)t<1< 91
(1= pn)t <1< gt (o1)
and for j =r,...,n, we have
2Btn;
1—(1- < 2
(1= pny)' < Bty < o (92)
where the first inequality is by Bernoulli’s inequality. Combining (91) and (92), we have
208tn;
1—(1-pBn) < ——2, 93
for all j =1,...,n. By (93), the second term Jj5 in (87) can be bounded by
6“7]
Jip =02y (1-(1-p o?
12 ]E:l 77] Z 1+ 57577]
—402tr (K1 4 nAD) T K3 (K + nAD) ™) = 4, (94)

where in the second equality, we use nA = (8t)~! again. By (87), (89) (90) and (94), and
2e > 4, we have

Ellge = f*II% < 2¢Elg - £7II7,
which finishes the proof of (34).

Next, we consider the RKHS norm of §; and show that (35) holds. Direct computation
shows that

" (1= (1= Bn:)t)?2
j=1 J
) Z + 5“7 (vjy)* =4y" (K1 + (3) D7 KKy + (57D 'y

=wmmmmy (95)
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where the inequality is by (93), and the last equality is because nA = (3t)~!. This finishes
the proof of (35). [ |

Appendix H. Proof of Lemmas in Appendix B
H.1 Proof of Lemma 16

From Assumption 2 or Assumption 3, for any x,x’ € 2, the Fourier inversion theorem
yields

N N
1
Eee (K(x+e— (2’ +€'))) - WZZK(w—I—EJ — (2’ + &)
k=1 j=1
. T ]_ N N T / !
_ /RD Ee,e’( iw' (x+e—x'—e ))J,—_-(K)(w) i ﬁ Z Ze (zt+er— fs,)f(K)(w)dw
k=1 j=1

N
T 1 N T
S/RD Ee(ezw s) _Nzezw €k

<
RD

According to Assumption 4, £ is sub-Gaussian. From Csorgé (1985), we can have the

F(K)(w)dw. (96)

. . .. o g . ey T
following error estimate for the empirical characteristic function % ij:l e " €k almost

surely. Specifically, for any A > 0, we have

| N 1 & / 1
lim sup sup |E eiwhe) _ — ew'er| <24 \/2min A1) +44/14+(A+ 2)D.
Novoo | 108NV jup<va SR Y . A3
(97)

k=1
By (97), (96) can be further bounded by

N
2 E leE - W™ €
L[l = 530
k=1
9 /
lwll<NA
v
lwllo>NA

:op< /” e 1°ZgVN F(K)(w)dw + 2 /” s ]-'(K)(w)dw).

F(K)(w)dw

F(K)(w)dw

A 1 &
E. (eszs) -5 Z einek
k=1

A 1 M
E. (eszs) o N Zeszsk
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If Assumption 2 is satisfied, then we can set A = (2mg — d)~! and obtain

log N
/ 98 L F(K)(w)dw + 2 / F(K)(w)dw
wlosna VN lollo>N4
log N
<af [ ERQwlp) w2 [ el )
lwlo<na Vo N lwllo>N4

log N

~ N )

for some positive constants C7, where the last inequality is because my > D /2. Similarly,
if Assumption 3 is satisfied, then we set A = (2mg — 1)~} and get

log N
/"-’2<NA N7 E)(@)dw + 2/ F(K)(w)dw

[[wll2>N4

D
[log N
g%( Og ||1+w 7mdw+2/‘ ||1+w Wﬂw)
wllo<NA [wll2>NA4

Jj=1
D
log N _
N LY —I-/ | |(1+w2-) "0 dw
N max; |w;|>NA4/vVD !

J=1

log N
~Y N )
for some positive constants Co.
This finishes the proof. |

H.2 Proof of Lemma 17

For any x € 2, by (26) and (30), we have
fi(x) = k(z)" (/BT + K)ty — Bk(z)T (1 — a)I — BK)' (oI + BK) 'y
g(@) = k(=) (/BT + K) 'y - Bk(z)" (1 — )T — BK)* (oI + BK) "
Applying the triangle inequality yields
Ife — gl o)
<|[k()"(a/BL+K) "'y — k() (a/ AL+ K) 'yl (@)
+ k()" (1 = )T = BK) (/BT + K) 'y — k()" (1 — )T = K)'(a/ BT+ K) 'yl .0

<[I(k(-) — k()" (a/ BT+ K) gyl (98)
+ k()" ((a/BT+ K) ! (a/ﬁHK) Nyl (99)

+ (k) — k() (1 = ) - BK) (/BT + K) "'yl 10 (100)
+ k()T ((1 = )T = BK)' ((a/BT+ K) ™' = (o/BI+ K) ) yll1 () (101)
+ k()T (1 = )T = BK)' = (1 — )T = BK)) (o/ BT+ K) 'yl 10 (102)
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For (98), we have

k() = k() (/B + K) Myl 0

<m(a/B+ K) "yl (;23 k() - R(wwz)

n
< (K) 7 Y y2
j=1

:nn(K)_l Z 3/]2 Op

=0Op <77n(K)1n

(103)

=0Op <77n(K)1n

where the fourth line is by Lemma 16, the sixth line is because maxj—i__,|f*(z;)| <
1% lbyms (,) and €;’s are sub-Gaussian variables, and the last line is because

M (K) = (K + (K — K)) > n,(K) — nmax |Ks(xj, @) — Ks(xj, xy)|

~ log N
> (K) —
21 (K) =1/ —

1 (K). (104)

>

N | =

By Gershgorin’s theorem (Varga, 2010), we have

~ ~ log N
IK—-K]|2 < nnﬁx|Kg(a:j,mk) — Kg(xj,z)| = Op (n ]gV ) . (105)
Therefore, it can be checked that

I(a/ BT+ K) ™ — (a/BI+K) 2 = || (a/BT+ K)o/ + K) (K ~ K2
L max; |Ks(xj, ) — Ks(xj, z)| _ Op(n«/logN/N)

B M (K (K) M (K)n (K)

—0s (”VlogN/N> (106)

Un(K)2
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where second line is because of Gershgorin’s theorem (Varga, 2010), the third line is from
Lemma 16, and the last line is from (104). Therefore, plugging (106) into (99) gives us

()" ((o/ BT+ K) ™! = (o/ BT+ K) )yl o)
< sup (@) 21y Izl e/ BT+ K) " — (a/ BT+ K) 7|2

Sn(SHP max K(xj, )> (f max |f*(2;)| + V3 Z|€J|2> (\/W>

(BEQ] 1,..., n.o )\ 1= n(K)Q

—m(”ww > (107)

N nn(K)z
For (100), because 0 < 1 —a — 1 (K) < 1, we have

1(k(-) = k()" (1 = a)I = BK) (a/B1 + K) 'yl ()
< (K) "y <sup k() - R<m>|2)

=0P<nn<K>1n g N ) op(nn<f<>1n og N ) (108)

where the last line is from (103) and (104).

Similarly, for (101), we have

()" (1 = )X = BK)((a/ BT+ K) ™' = (o/ BT+ K) )yl (0
< sup e(@)llzlly ll2/l(/ BT+ K) ™" — (/ BT+ K) |2

_OP<“2\/W>. (109)

B Un(K)2
For (102), we have

Jk()7 (1 = a)I = BK)* — (1 — )L — BK)) (a/BL+ K) 'yl 1_ (o)
< sup (@)l (o/ AL+ K) " ally (1 — )T ~ BR)* — (1 — )T — BK)']

< (1= @) = R = (1 - )L - FK) (110)

nn(K
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The term ||((1 — a)I — BK)! — ((1 — &)I — BK)!||2 can be further bounded by

I((1 = )T = BK)" — (1 — )T~ BK)']l2

<||FK — FK], t : (1 = )T = BRY (1 — )T — FK) "~

"~ 2
<o () (t; (=) = B (E) —m (K —K)P|(1 ) - ﬁm(K)tlj)
cor(257) (5 <F ) ta-o-swi ™

1—a—Bn(K ,/IOgN (111)

where the second line is because of the basic identity a' — b' = (a — b)(zt L a?bt=177), the
third line is because of (105), and the fifth line is by the second 1nequahty in (104).

Since a, 8, and 7,(K) are not depending on N, we can let Ny satisfy n\/lojgv% < (a+
Bnn(K))/2 such that for all N > Ny + 3

1_a_/877n(K)+n

Let to = 2/(a + Bnu(K)), and h(t) = t(1 — (a + Bn,(K))/2)!. Basic calculation shows
that if t > ¢, A(t) is a decreasing function. Thus, h(t) < h(tp). By the basic inequality
(1 —2)* <e~!, we obtain that if t > tg, (111) can be further bounded by

log N
N

t

t
log N
1*04*57711(K)+ g |

N

log N log N
gto gto

B llogN llogN
o+ Bnn nﬁnn

o n\/logN/N, (112)

=K
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for some positive constants C7, where we use ng is a constant. If t < ty, then

t
log N log N
t 1—a—p8n,(K
N B (K) + ~ '
log N v/log N/N
<8 toﬁclwy (113)
N 1 (K)
logN

since 1 —a — np,(K) +n < 1. Therefore, as long as N > Ny + 3, by plugging (111),
(112), and (113) in (110), we have

t—1 ' ‘
KO (/814 K)ylqoll 3 (1= )T = BR) (1= )T = BK)"

j=0
2\/log N/N
—Op (W) (114)
n (K)
Putting together (103), (107), (108), (109), and (114), we obtain the final result. [ |

H.3 Proof of Lemma 18

If Assumption 2 is satisfied, the Fourier inversion theorem implies that for any = € RP, it
holds that

Kg(z) :/ K(z + ¢ — €')p:(e)p:(¢')dede’

RD ]RD
—(27)~D/2 e—i(:c—f—s—s’)Tw w)dw / ’
e [ ] FE) (@)dwp.(e)p. (') dede
—(2m) /2 / e (1) () e (w) 2w,

RD

where . is the characteristic function of p.. Thus, by the Fourier theorem,

F(Ks)(w) = F(K)(w)|pe(w).

Therefore, for any a € R", we have

TKa—ZZajKS i — T Qg

7j=1 k=1
oy [ 3 e e P ) )P
RD J,k=1
2
inwk

(1+ [lwll3) ™ pe(w)de. (115)

ch/
]RD
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where (' is a constant only depending on D. Similarly, if Assumption 3 and Assumption 4
(C2) are satisfied, the Fourier inversion theorem implies that for any = € RP,

D

Rs(e,a') =(2m) 0/ [ cteee TLR(R)wploe ) o,
RD .
7j=1
Thus, for any {a;}" ; C R, we have
~ n ~
a’Ka = Z apKg(xy, x;5)a;
k,j=1
2D
iwT 21— 2, 2|—me
ZCQ/RD Zake“" Tk H\1+wj| "O[1 + opwi| T dw
k=1 j=1

2

202/ S are ™ (14 [|w]3) P (1 + 02 lwl][) P dw, (116)

L P

where the positive constant Cs is only depending on D.

We then apply Theorem 12.3 of Wendland (2004) on (115) and (116), respectively, and the
final results can be straightforwardly derived. |

Appendix I. Proof of Lemmas in Appendix D

In this section, we present the proof of lemmas in Appendix D.

I.1 Proof of Lemma 21

Let f;: be the solution to the optimization problem

. * 2 2
geHIE;I(lRD) 1f* = QHLQ(RD) + )‘nHQHHRS(RD)- (117)

Since f; is the solution to (36), we have

17 = frl im0 + )‘an;”’QHRS(Q) <N = Falliaee + )‘TLHJE;H%[RS(Q)' (118)
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Let fi = f* — f;{ Then f; is well-defined in R” and the Fourier inversion theorem implies

that
2
111y = ( / dPX>

g(/R ([]e=" e >>\2dPx)1/2dw>2
<o ([ IFmeias)

<01 [ IFER @) o
—Culfulpacem), (119)

/ @7 (F( 1) () dw
RD

for some positive constants C7, where the first inequality is by Minkowski’s integral in-
equality, the second inequality is by the finiteness of Px, the third inequality is by Jensen’s
inequality, and the last equality is because of Parseval’s identity.

Combining (118) and (119), we have
1F* = fallZacpe) + Anllfﬂ\?{ks q) SCLllF* = Ll @y + Al Fal5 L (ED)
<max(Ci, 1) (15 = 2l oy + An!!fi\\%i(s(gn)) .
(120)
It remains to bound

The Fourier inversion theorem implies that

~ - ~ * 2
17 = Filaoy Ml o = [, 1)) = D@ + 00 T2

: y PGP
F w)—F w)|? nflidw
< [, @) = FE @+ h e

< /RD F(F) @) = F(ga) (@) + Cotnl F(Gn) (@) [P (1 + [lw]|3)™ (1 + o7 |w][3) ™ dew

:/ Codn(1 + [lw3)™ (1 + o7 |wl|3)™
R

F(f* 2d
o T+ Codn(1+ [wlBo(t + o2l ” @I

S/Q Cotn(1+ [|w[[3)™ (1 + op llwl3)™ | F(f*) (w)[*dw

[ Ol 1B (0 ol @)+ [ F ()
Q2

=L+ I+ I3, (121)
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for some positive constants Co, where gy, minimizes

/RD F(F) (@) = F(Gn) (@) + CoAn| F(G3) (@) P (1 + [[w]3)™ (1 + o7 w]3) ™ dw,

M = {w : Codn(1 + |lw[3)™ (1 + on]lw[3)™ < Lopllwl < mi'}, Q2 = {w : Corn(1+
lwl3)™ (1 + o7|lwl3)™ < Lopllwld > mo'}, and Q3 = {w : Codn(1 + [Jwll3)™ (1 +
o2||wl3)™s > 1}. In (121), the first inequality is because f;* is the solution to the optimiza-

tion problem (117), and the second inequality is by Assumption 4 (C1).

Since o2 ||wl3 < m-! for w € Qy, the first term I; in (121) can be bounded by
1< [ Codal1+ [l (14 mz )™ | F(f) o) P
1
<Cae [ a1+ ol IF () )P
If mg < my, then we directly have
I SCze)\n/ (1 + [lw]l3)™F (f*) (w) *dw.

2

If mg > my, then for w € €y, we have
Codn(L+ [w]3)™ < Coha(1 + [wlB)™ (1 + o2 [w]3)™ < 1,

which implies
2 2 oL s 2
Cadn(1 + [[w]l2)™ < (Codn(1 + Jlw][2)™) ™0 = C3An™ (1 + [Jwll3)™,

for some positive constants Cs, therefore, by (122), we have

myf
I <CreA / (14 [w]2)™ | F(f*) (w)|2dew.

Q1

for some positive constants Cy, The second term I in (121) can be bounded by

2\mgo 2 2\m, i * 2
I < A (CoAn (1 + [w]2)™ (1 + o [lwl[3)™e) moFme | F(f*) (w) ] dw
2

f
< [ (Comalt + Il (me + 1™ 0] 7) T (1) o) P
2

me _2meg 2\mg 2\me mmffm * 2
< A (Con(me + 1)o7 (1 + [Jwl[3)™ (1 + [lwl[3)™e) moFme | F(f*)(w)[*dw
2

my . N
<(CoAn(me + 1)Meame ) moTme / (L + [lwl3)™ |F(f*) (w)]duw,

Qo

where the first inequality is because on s,

Cotn(1+ [|w[|3)™ (1 + o7 lwl3)™ <1,
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implies
my
Codn (1 + [[w]|3)™ (1 + anl[w[|3)™ < (Corn(1+ [w]I3)™ (1 + o [|w][5) ™) moFm=
provided mg + m. > my.

The third term I3 in (121) can be bounded by
my
B [ (G4 l)™ (1 -+ o2 ™) 707 |F() ) P
3

<(CoAn(me + 1)m€03m5)m$fm8/ (1 + [lwl3)™ |F(f*) (w)|*dw, (126)

Q3

where the first inequality is because on (3,
1 <Cohn(1+ [w]3)™(1 + 02 w]l)™,
implies
_mf
1< (Codn(1+ [lwl[3)™ (1 + o2 |jw][3)™) moFme .

Note that all constants Cj, j = 1,...,4 are not depending on m,.. Furthermore, we have

myf m

C57 777 < (max(Cy, 1) 7057 < max(C, 1), (127)

since mo +m. > my. By (127), plugging (123) (if mg < my) or (124) (if mg > my), (125),
and (126) into (121), together with (120), finishes the proof. |

1.2 Proof of Lemma 22

For x € ), the Fourier inversion theorem implies

Ks(x) :/ K(x +e—€)p:(e)p:(e')dede’
RD JRD
—my 0 [ ][ e ) () dwp. e)pe)dede’
RD JRD JRD
(o) P12 [ iR (1) w) o) P,
RD
where . is the characteristic function of p.. Thus, by the Fourier theorem,

F(Ks(@))(w) = F(K)(w)|pe(w) . (128)

Let W, be a positive definite function satisfying
2

—(mo+me) 2 —(mo+me)
1 H H2 < (\Ij ) < 1 H H2
C + w .; C + w Vw & R
! mo me 2 o )= mo me 2 ’ ’
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and N,(Q) be the RKHS generated by ¥,, where the constants ¢; and ¢z are not depending
on me. Therefore, for any f € H;_(€2), we have that

F(f)(w)?
1B = [, Frpma &

o2 mo+me
<o [, (1 Wg) )P

mo + me

<Cu [ @+ Tl 1+ 0%l (1)) P
F() ()2

SCQ/RD FE) ()l pe@)P

o [ FD@E,

-, F(Rs)w)

for some positive constants C and C5, provided o < 1, where the last inequality is because

of Assumptions 2 and 4 (C1). Thus, we have if 0 < 1,

IFlnvo @) = Call fllag @ (129)

for some positive constants Cs.

In order to prove Lemma 22, we need the following lemmas. Although we can directly apply
Corollary A.8 of Hamm and Steinwart (2021a) and the entropy number of Sobolev spaces
to obtain an upper bound on H (8, By, (), || - [ 1. ()), which is

_ D
H(8, By, || lLoo(e)) < Com 46 matme, (130)

where C' is a constant depending on m.. However, the dependency between C' and m. is
not clear as far as we know, and thus cannot meet our needs when m,. is dependent on
the sample size n. Therefore, we develop Lemma 39, providing a new upper bound on

H (6, By, (0,112): I * | (j0,17)); Where the dependency between the upper bound and m.
is clearly descrlbed Based on Lemma 39, we provide Lemma 32, where the constant is
independent with m..

Lemma 33 is a Bernstein-type inequality for a single g. See, for example, Massart (2007).

Lemma 32 Suppose the conditions of Lemma 22 are fulfilled. Let By, (q) be a unit ball in
N5(Q). Then for all § > 0, we have

2

H(6, Byt (@), | ILoeioy) SCo™(2m — D) 5opman™06~ 700 log(1 4+ 571),

where the constant C is independent with mg, and m = m¢ + my.

Lemma 33 Suppose X; ~ Unif(Q) fori =1,....,n. Let g be a fixed function. We have
for allt >0,

, ) nt?
P ([l = oo | 2 1) < 200 ~gp—; )
2 X
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Lemma 34 Suppose conditions of Theorem 9 are fulfilled. Then for some constant Cy > 0
only related to Assumption 1 and for 6 > 0 with

1
V78 > 205 max ( /O Hw By, | - 1 )2l 1) ,

mD 1
we have for p = W, m = mo+me, and \/nd > Co~¥2man-5T73

2
P( sup (9. f”; > 5) < C3p~texp <—n5 > :

P A2
9B, @) |glln C

where the constants C', Co and C3 are independent with m..

Proof of Lemma 34. The proof can be obtained by applying the peeling-off argument in
Lemma 8.4 of van de Geer (2000). Let m = mg + m.. Note that

é
[ H Bt o)
—d/2 __ D  _mD_ 0 __D
<Co~%%(2m — D) 2mDm2mD/ u 2mn-D/log(1l 4+ u~1)du
0

§ _ 22
<Co~¥*(2m — D)_ﬁm% / w”ZmD \/2m D <1 + 1) " du
0 u

2D

—d/2 b wmp 1 (% _ _2p_
SC]_O- (2m_D) 2m—D 2m—D " 2 u 2m—Ddu
0

-1
=Cyo?(2m — D)—m%pm%% 1— _2D Pl s
2m — D

__Dp . D \!
Sclafd/Q(me +2D) me'*'?‘Dm?mi—DD—’—% <1 — - 1> 61_273?D

D_ 1 2D
:C2U_d/2m2::717+§ 517 2m-D

for some positive constants C' and C7, and C5, where the first inequality is by Lemma
32, the second inequality is by the basic inequality log(1 + 1/u) < a(1 + 1/u)Y/® for any
u,a > 0, and the fourth inequality holds as long as m. > m + D. Here the constant Cs is
independent of m.

Let p = % and \/nd > 4CCoo42m 2$?D+%, where C' is only depending on Assumption
1. The proof then follows the proof of Lemma 8.4 of van de Geer (2000), while the last step
becomes

<g,€> = n(SQ s 1 7152
P( iy F20) <D Gew Tiecgt ) =G Ter )

1—
9B, [|g]ln =

for some positive constants C3 and Cy, where we use a similar approach in the proof of
Lemma 36. ]
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Proof of Lemma 22. Since f is the solution to the optimization problem (39), it can be seen
that

1o = w2+ Al FulBey ) < 155 = w2+ Ml A2 Ry (131)
where f is as in Lemma 21. By rearrangement, (131) implies
1F* = falls + C5>\n||fnlliks(g) <" = falla + Cex\n!\fﬁlliks(g) +2(€, fu — fr)n  (132)

for some positive constants C5 and Cg. Take

mD 1
p = 4CCoyn~ Y26 W2 mam-—nD" 2

and let p = %A;[_) 5, Where m = mg + m.. Applying Lemma 34, with probability at least

2mD
Cep~Lexp (—C7a_dm2m—D+1> )

for some positive constants C7, which converges to zero by our assumption, we have

p
_r D
2 2

~ % _ _ mD 1 - * 1 r *
2(e, fu = frn < Csn™ 2o~ 2mm="2 || fy — flIn (I fallne, o) + 1 lnc, @)

for some positive constants Cg, which, together with (132), implies

* £ 2 £ 2
1" = Fulln + AnllFnllyeg o)

<IF* = £l Al B o)

[SiS]

_ _ _mD_ 1 4 wyl=Z . 2 X P
+ Cgn o™ Pman=p 2| f — frlln 2 (Il @ + 1l @) (133)
By assumption of Lemma 22, we have
17 = FallZacpg) + /\TLan*Hg-tRS(Q) <T, (134)

which implies Hf;H%{RS(Q) = O\ M.
Now we consider bounding the difference between || f* — fx |, and || f* — fx | £, (px)- Since f;
does not depend on x;’s and €, we can directly apply Lemma 33 to || f* — f»||, and obtain
that

17 = Fal2 = 15 = £l | = Oe ™) IF* = Fllzaes,
which, together with (134), yields

I = £2ll2 = Op (T 4+ 21"2). (135)
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Plugging (135) into (133), together with (134), gives us

* o2 F 2
Hf _fn||n+/\n||anHRS(Q)

=0Op <T—|—n_1/2T1/2)
1-2 4 X p
(Il @) + 1 il @)? )

+ 0 (0720~ Pm R | il (136)

where we also use ||f[|z;, () < CSHfH’].[I.(S(Q) for all f € H (Q2) (see (129)). Then (136)

implies either

1% = Falls + Mall fulle oy = O (T +071212) (137)
or
157 = Fal 4 Ml o
_ _ _mD_, 1 - « 1—-2 ~ . »
=Op (n V2e=dRman=5%2 | fr — filln > (1 fnlla, @) + ||anN0n(Q))g> : (138)

In order to solve (138), we consider two cases.

Case 1: ||fn”HKS(Q) > ||f;:HHRS(Q). In this case, we have

*_ F2 F 2 _ —dj2, —1/2, 2P +1, 2 «1-8 7 2
||f _fn||n+)‘n||fn||Hks(Q)_OP <Gn /n /m2m7D Qan—ann 2||fn||;|2{ks(ﬂ)>

_ —df2, —1/2  Z2Pot e s l=5 2 08
=05 (o Pz = £ H 1A o)
_ _ _mD 1 A 1-P . P
+ Op (Und/2n 1/2m2m—D+2 ”f* - fn”n : an”;?.lk (Q)) ) (139)
S

where the second equality (with Op notation) is because of the triangle inequality and the
basic inequality (a + b)? < a? + b? for g € (0,1).
It can be seen that (139) further implies

* £ 112 £ o2 —d/2 —1/2 —mD_,1 . . epyl—=2 4~ B
177 = Salla + Al nlla () = O (an (3o | £~ frlln QIInt;iRS(QO,
(140)

or

72 2 _ —dj2, —1/2, s2Ps4 Ll e 218208
H.f ann_'_/\annHHRS(Q)*OP (Un n m?2m=b 2”f fn”n anHHRS(Q) .
(141)

Plugging (135) into (140), we have

2 P _ _ _mD_ 1 _ Lp, B
||f* — fn”ZL + )\anan_[RS(Q) = O]P (O'nd/Qn 1/2m2m—D+2(T + n 1/2T1/2)2 4 an||72_[l_{s(g)> N
(142)

64



RANDOM SMOOTHING REGULARIZATION IN KERNEL GRADIENT DESCENT LEARNING

Solving (142) yields

. - m 2
1 = Fula =08 (3T (o2 o (1 4 )1 E) ),

2

I £nllae. @) =Op ((Aglggd/szxDD+én—1/2(T 4 n—1/2T1/2)%—%> > . (143)
S

Solving (141) yields

mD

1£* = Falle =0 (42~ 270201

m _2+p
T ( o 2 A ) . (144)

Case 2: an”HKS ||anH . In this case, (138) implies that
« 72 £ l2 _ —d/2, —1/2, 5ok _ e ih
1" = Falln + Anllfallyeg @) = O <Un W2 fo e NS H%K (Q)>
—d/a — mD 1 1B P
S e o TR A e VN

_ _ mD 1 % A 1P « b
+ Op (Und/Qn 1/2m2m—D+2Hf _ann 2||fn”}2-[ks(g)>’ (145)

where the second equality is because of the triangle inequality and the basic inequality
(a+b)? <a?+b? for g € (0,1) again.

By (145), we have either
* £ i _ _ _mD_ 1 1-2
157 = Fll Al alf oy = Or (V22 b1 = F IS, ).

(146)

or

* R £ — 1-2
N o (e e AR A A

(147)
Combining (146) and (135), we have
17" = JI12 =Op (o720~ Pmmiot2 OB (T 4+ =127 2) 178 )
1£1e. (@) =0 (Aglggd/zn—l/zm%%()\n T)5(T +n~1/271/%)! %) , (148)
Combining (147) and (135), we have
15 = Falln =0 (0= 2m a0 3)25 (3,1 T) 765 )
an||9{ks(g) =0Op ()\;1/2(U;d/2n*1/2m277nn7—D+§)ﬂ()\ng)%%H’)> : (149)
By (137), (144), (143), (148), and (149), we finish the proof. [ |
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1.3 Proof of Lemma 24
For any function g € W™(RP) where m = mg + m,, the Fourier inversion theorem implies
sl =| [, =" F @] < [ 1w

= /RD IF(9) (@) (F ko) (@))/? |F (g) ()" (F (ko) (@) Pdos

2—r

N3

2(1—r)

< ([, Fo@IF Fuwyaw) " (

2—r

2(1—7) = 2 r
g(/ @)@ |1+ o) !hdw) 915, o,
RD

< ( L, \f(g)(w)Pdw) N ( /| ax ku%rm’“dwf gl o)

1
= </RD(1 + HwH%)mrdw> HQHL2 RD) HQHTHO(RD), (150)

where the second and fourth inequalities are by Holder’s inequality, and the third equality
is by Parseval’s identity. Taking r = n (150), we have

[, @) (Fko)w) )
RD

D
2(mo+me)

1
lg(x)| < (/RD(I + Hng)mrdw) H9HL2 RD) HgH;{U(RD)

_D : _r r
= ([, 0+ 1)) ol o ol oo

—C4H9HL2 RD) 191135, &p)»

for some positive constants Cy. This finishes the proof. |
Appendix J. Proof of Lemmas in Appendix E

J.1 Proof of Lemma 25

By Theorem 10.46 of Wendland (2004), there exists a nature extension of f € Hg () on
RP | such that the RKHS norm is preserved. Thus, we can focus on the RKHS H R (RD).

By (128), we have that for any f € Hi, (RD),

2
B0 = [ S 2

For normal distribution, the characteristic function satisfies p.(w) = e~ 2o Iwl3 | Tet g1(u) =
o2u — mglog(1 + u). Taking the derivative, we obtain
mo

1+u

g1(u) = op —

)
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which is smaller than zero when u € [0, 7% — 1), and larger than zero when u € (78 —1,00).
Therefore,

m
g1(u) >q <020 — 1) =mg — a,% — mg log mg + 2mglog oy,

n

>mg — 1 — mg log mg + 2mg log oy, Vu € [0, 00),
which implies
(1+ u)_moeaiu > eClasz,
where C; = mg — 1 — mglogmg. By taking u = ||w||%, Assumption 3 implies
FE)@)lps(@)[* > ex(1+ Jw]3)moe 2010 > Cyofmoesonllwli, (151

for some positive constants Cy. As for an upper bound of F(K)(w)|p.(w)|?, direct compu-
tation shows that

FE) (@) e (w)[* < ea(1 + [Jw]3) e w11 < epemaollh, (152)

By (66), the Fourier transform of k,(-) is
Flky)(w) = (20)Pe Il (153)
Let H,(RP) be the RKHS generated by k,(x — «'). From (151), (152), and (153), it can

be seen that
[F(f)(w)]?
||h1|\3r¢RS(RD) :/ F(K)(w)|pe(w)]? e

20y [ IF( @Rl

20405Hh1||7-10n/ﬁ(RD)a

and

[P
R

305/ \F(f)(w) o —2mo 307 [wl13 4,
RD

—2mo—D 2
SC@O‘n mo HhQH'H\/g(m(RD)’

for some positive constants C5, Cs, h1 € H (RP) and hy € H Vo (RP), where Cy and Cp
does not depend on o,,. |
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J.2 Proof of Lemma 26

y (119), the Fourier inversion theorem, and Parseval’s identity, it can be shown that

1F* = fallZacre) + /\an;Hg-[RS(Q)

<, <||f* IR ooy + Ml ) )

=C _]: Y ()2 de
(], (@I + hpr )
) s W)
e (/ PR + dog B )
< ( [, 1@ = FGI@IP + Carnl 55 )Py e ”dw)
( Co, o, szorijgg il | | dw)
RD 1+ Colyon e30nw’ W
<cy ( [ emesmtetel m gy pas + [ 1FGe ><w>\2dw)

=C5 (1 + I2),

for some positive constants C;, Cy and C3, where g minimizes
/ IF(F) (W) — F(g)(w)]? + Carn| F(g)(w) 2o 2moe3one® gy,
RD

Q) = {w : Codo;2m0e30n@ @ < 1} which is the same as Q) = {w : [|lw||2 < 270 1Ogg’ﬁlog(@’\")},

302
provided that Co\,0,2™0 < 1, and the third inequality is because of (151).

Let g(u) = 302u — mylog(1 + u). Taking the derivative, we obtain
g'(u) =307 — 7

1+u’

my

which is smaller than zero when u € [0, £ —1), and larger than zero when u € (325 —1,00).

Since ¢(0) = 0 and

2myg log oy, — log(Ca\y,)
g 302
<2mg log 0y, — log(Ca\,) — mylog ((2mglog o, — log(CaA,))/3) 4+ 2mylog oy,
<(2mg + 2my)log o, — log(CaAy),

2 1 n -1 )\n
= 2mylog oy, — log(Ca),) — mylog (1 n mg log o 0g(Co ))

2
302

where the last inequality is because Co\, 0, 2™ = o(1), which implies log ((2mg log o, — log(C2\,))/3) >
0 as n becomes large.

2mg log oy, —log(Ca\y,)
302

g(u) < max(0, log(o (2m0+2mf)(02)\n)71))7

Therefore, for u € [0,

|, we have
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which implies
A7l < max(1, 0" (Cod) (L + w13,

for w € Q. Thus, the term I; can be bounded by

I <max(A\,0,2™, Cylan™) / (1+ w|*)™|F(f*)(w)*dw. (154)

971
The term I» can be bounded by

2my

I < 305,
(2mg log oy, — log(Ca\y,))

i /Qlc“ )™ F () () P

<3Cu™ [ (U wlF () ) P, (155)
ag

for some positive constants Cyy, where the first inequality is because on Qf', we have ||w]||? >
2mg log o —log(CaAy)
302

, which implies for sufficiently large n,

(2mg log oy, — log(CaAy,))™f

2my ’
n

(1 + flwl3)™ >

and the last inequality is because Co\,0,,2™0 = o(1). Combining (154) and (155) leads to
B+ Iy <Csmax(00 2,0 [ (1 o)™ () )P
RD

_ 2
<Cgmax(A,0, 2m°7 Unmf) 1/~ H12/vmf (Q)’

for some positive constants Cs and Cg, which finishes the proof. |

J.3 Proof of Lemma 27

We first present a lemma used in this proof, which states the entropy numbers of RKHSs
generated by the Gaussian kernels. Lemma 35 is an intermediate step of the proof of
Theorem A.2 of Hamm and Steinwart (2021a). Lemma 36 is a direct result of the proof of
Lemma 8.4 of van de Geer (2000) and Lemma 35.

Lemma 35 Let 402 < 1. Then for all 0 < p < 2, there exists a constant C; > 0 only
depending on D such that for all § > 0, we have

H(5, By |+ o) < Cro~%p P16,

Lemma 36 Suppose conditions of Theorem 9 are fulfilled. Then for some constant Cy > 0
only related to the Assumption 1 and for § > 0 with

1
Vi > 2 ([ Hu By o)1)
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we have for all 0 < p < 2

2
P sup {9, €>T; >0 | < Coptexp _no” .
1_5 02

9<BHo @) |lglln

Proof of Lemma 36. In order to characterize the role of p in Lemma 36, we note that in the
last step of the proof of Lemma 8.4 of van de Geer (2000), we use

Z Cs exp < > Z Cs exp ( (SC sp/2>
s=1
npd>
né> sp né> exp <_32p02>
= Z Caexp < ez T )) = Caexp <_ 16022> p?

1—exp (—3205)
<3202 o né> < 8Cs o nd?
xp | — —exp | ———5
=mps2 TP\ T16c2) = p TP\ 1602)°

where the second and the third inequalities are by e* > 1 + u for all v € R, and the last
inequality is by né? > 4C3.

Then if Cy > 1,
8Cs nd> - 16C3 . nd?
—exp | — Xp | ———5 | -
p P\T1602) = p TP\ 1602

8Cy o _ nd? <16(3’2 o _ né?
p P\T160Z) = p P\T160 )

The rest of the proof is similar to the proof of Lemma 8.4 of van de Geer (2000). [ ]

and if 0 < Cy < 1,

Proof of Lemma 27. Since f is the solution to the optimization problem (69), we have that
17 =9I+ Ml F B < 15— 12+ Ml il (156)
where f is as in Lemma 26. By rearrangement, (156) implies
15 = Fall + Ml By < 1 = B2+ Al f5 ey + 206 F =

Theorem 10.46 of Wendland (2004) states that every RKHS defined on 2 possesses a natural
extension to R” with equivalent norms. Applying this natural extension to H f(S(Q), we
obtain that

1f = Jalla + CsAall oy < I = Sl + Codall Fi ey, oy + 2 f = fidn (157)

for some positive constants C3 and Cy. By assumption, we have

1f = o) + Al IIH y < T
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Then Lemma 26 implies || f; = O\, !T). Taking p = (logn)~! € (0,2) and §, =

2

HH}‘(S (RP)
C’5agd/2p_(D+1)/2n_1/2 (where Cjs is a constant only depending on D), we have /nd, =
Cson d/ 2p_(D +1)/2 Applying Lemma 36, we obtain that with probability at least

Cs(logn) exp(—Cy ' C20, 2dp=2P2),

for some positive constants Cg, we have

[MiS]

)5 Gy /2= (D+1)/2),=1/2,

~ % r w 1= ¢ *
2(e, f — fn>n < Cqrllf - ann (Hf”"Han/\/g(Q) + Hf”HHcrn/\/i(Q)

(158)
for some positive constants C7. Plugging (158) into (157) yields
I1f = flI2+ )\anH%[RS(Q)
<17 = £+ Ml o)
— — _ A wnl—% 2 % P
+ Cgoy, Pp= (PHIRR =12 f— AN, a + 1l ) (159)

for some positive constants Cg. Now we consider bounding the difference between || f — f¥||,,
and || f — fllz.(px)- Since f,; does not depend on x; and €, we can directly apply Lemma
33 to || f — f}||» and obtain that

1 = 212 =1 = 2| = Op ™ )F = Fillzaes,
which, together with Lemma 26, yields
1f = il = O (T + 07127112 (160)
Plugging (160) into (159), together with Lemma 26, gives us
15 =PI+ Mall e
<Op (T n n_1/2T1/2>

_ _pD ~ P
+ Cgon 27T pm(DED/2 =172 f g7

P
2

(HJEHHRS(Q) il @)? (161)

where we also use a;D/QHf;HH}_{S(Q) > C’8||f,’;||HUn/\/§(Q). Then (161) implies either

1 = FI% 4+ Al FBe oy = O (T + nﬂ/m/a) ’ (162)

or
12 £112
1F = Sl A+ Anll F 13 (@)

D ~ _
<40, P pmDFN/2 =12 F gt

[NIiS]

I flleg o + Wil @)%, (163)
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In order to solve (163), we consider two cases.

Case 1: Hf”HRS(Q) > Hf;;”’}_[f(s(g). In this case, we have

D
/2=

_ _ PR B S
1f = FlI7 + 2 HfHH q) < 8Cson p PR TR f e A o

<8Cxoy Y* T DRV p b zuqu

D
" 8CSU;d/2*pr*(D+1)/2nfl/2Hf _ f”n £ Hf”;-[k (164)

&)
where the second equality is because of the basic inequality (a+ 0)? < a?+ b? for ¢ € (0,1).
It can be seen that (164) further implies

I = FI% 4+ 2l 32y 0y < 8Csom 4217

or

p PR T @y (165)

—d/2—2P2

_ _ al=2, 22
1 = FI+ Al fIe oy < 8Cson™ ™ Fp™ @RS — flln 1l () (166)

Solving (166) yields

1f = Flln <8Cson /2 p=(D+1/2,-1/2\~%

2+p

5 —dj2—B2 g 22
HfH’HI.(S(Q) <8Csop / Ty —(D+1)/2,, 1/2>\ T (167)

Plugging (160) into (165), we have

A~ ~ —d 2_@ _ _ _ 1_p, ~, 2B
||f—f||,21+/\n|!fH3{f(S(Q) < 8Cson 7T p(DHV/2 =12 127123 Z||f||;‘ @
(168)
Solving (168) yields
_2
Hf f”n <>\ 4 2(a—p) <8C8O'nd/2pr(D+1)/2n1/2(T+n1/2T1/2);i) 47177
2
N _d/2_pD p\ 4—p
”fHHR () < (808)\nlgnd/2 1 p(D+1)/2n1/2(T+n1/2T1/2)%4> p' (169)
S
Case 2: ||f||HRS(Q) < ||f,;:||HKS(Q). In this case, (163) implies that
—d/2—22 _ - enyl=2. 2
IIf— an-i-)\ HfHH <8080n “p (D+1)/2y, 1/2Hf_ann 2anHqZ{kS(Q)
—d 2,7 - . % 1-2 « p
<8Ckon " 1p <D“>/2n VAIE =l N o)
—dj2—e2 _ p
+8Cs0n PR o TR g @ (170)
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where the second equality is because of the basic inequality (a4 b)? < a?4 b2 for g € (0,1).

By (170), we have either

d/2—pL _ 1—2
15 = FI 4 Al f By oy <Coma ™ g @02 R o (1TD)

or
d/Q—— _
I1f = FI2+ A IIfHH ) <Cio0on (DHD/2, =172 £ — FIa=2 | £ HH o (172)

for some positive constants Cy and C1p. Combining (171) and Lemma 26, we have
I/ = FI% =0e (a;d/z‘pfp-w“)/?n-l/?uﬂ)5<T + n-1/2T1/2>1-‘5) :
113 (o =Oe (A L O T (7 n_1/2T1/2)1_5> . a7
Combining (172) and Lemma 26, we have
1 — filn =Op (J;d/2—pfp—(p+1)/2n_1/2)2;()\T_LlT)sz)
HfH?{RS(Q) =Op <,\n1/z(gnd/z‘fp(DH)/znl/z)zio()\an)ﬁp) . (174)

By (162), (167), (169), (173), and (174), we finish the proof. [ |

J.4 Proof of Lemma 28

For any function g € H,(R?), the Fourier inversion theorem implies
sl =| [ e o F @] < [ 1@
= /RD F(9) (@)™ (F (ko) (w))"/? | F(9) (@) (Flko)(w)) "/ ?dw

N3

[ @@ Py =) ([ 170w Fw) )

2(1—-r) _r a_szHQ 2 .
Fg) @) 55 e 71w ) T gl )

RD HQHHU(RDy

for some positive constants C7, where the second and fourth inequalities are by Holder’s
inequality, and the third equality is by Parseval’s identity. This finishes the proof. |
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Appendix K. Proof of Lemmas in Appendix F

K.1 Proof of Lemma 29

By following the similar approach in Appendix 1.1, we have

157 = £l + Ml oy <mn(Ca, 1) (17 = 2By + My o )

(175)
Therefore, it remains to bound
£ = Fil o) + Mall Fole ey
Similar to Appendix 1.1, we can use the Fourier inversion theorem to get
‘ e F(f) ()
—f + Ml f :/ F(f)w) — FF) (W) 4+ Ay —= dw
1 = FallZ, oy £ 113 L(®P) RDI (f)(w) = F(fu)(w) (@)@
Con T (1 + w? 1+ o2w?
S Sl I S
RD 1+02)\nHj:1(1 + w; 2)ymo(1 + 02w j) e
<> IF+17, (176)

U>1

for some positive constants Cy, where I = (I1,...,Ip) € {0,1},

Q- {wj: 02 <1} if 1, =0,
b {wj: 02 Z 1}, otherwise,

0 = 4] Yo+ Cana [0 700+ ™ <1,
7=1

07 = <20, ] (w : CaAn H (14 w)™ (1 + o2w?)™ > 1},
7=1

D
IF = Cod |JJO+ @)™ @+ opw))™ | |F () (w)Pdw,
h j=1

7= [ 1R,
&

and the sum over all {|I| > 1} is because on any €~ and le, there must be at least one j*
and one j** such that o2w;= < 1 and o2w;=+ > 1, respectively.
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Define p = <1. On any Q;°, we have

mo +m5
D
Codn [J(1 4 w)™ (1 + opwy)™

j=1

D 1
< | Csy H AP (1+ w]z)mo(l + Jiw]z)me
j=1
D P
=C4 H AP (14 w]z)mop(l + Ugw]z)mfp

j—l

1-1; P ;i
<Cy H ( (1+w; mop) ’ ()\,? (1+ w?)mop(agw?)mfp) "

for some positive constants Cg and Cy.
From the fact that mop = my < my and calculations similar to (125), we have

m0+m
% 2\mop % 2\m _
Aw (14 w3)™P < A7 (1 + wy)™! when [; = 0,
» 1
and AP (1+ w?)mop(agw]?)msp < (AP o2me)P(1 + w]z)mf when [; = 1.

As a result, on ©;, we have
D B 1 Pl
Cadn H (1+w)™(1+ otw?)™ < C H( ,4?) (Aﬁaims) (1 +wj)™
Jj=1 Jj=1

= Cy\E g 2meplll H(1 + W)™, (177)
j=1

where |l| = szzl lj.

>
On Qf, we have

P
1< | Gy H + W)™ (1 + opw)™e
I P
< | Csxn [T+ wd)me (0w
j=1
D
<CeMyon P T (1 +wy)™, (178)
j=1
for some positive constants Cs and Cg.
Plugging (177) and (178) into (176) finishes the proof. [ |
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K.2 Proof of Lemma 30

Let Uy(]l - |]2) = H]Dﬂ ¥y (| - |) be tensor product of positive definite functions with

c1(1+ 02w [?)~(motme) < F(ihy) < ea(1 + 02|w;|?) Mo+ me) vy e RP Wi =1,...,d

for some positive constants ¢; and co, and N;(Q2) be the RKHS generated by ¥,. We
will use the following lemmas. Lemma 37 can be derived by Corollary A.8 of Hamm and
Steinwart (2021a) and (6.6) of Dung et al. (2018). Lemma 38 is a direct result of the proof
of Lemma 8.4 of van de Geer (2000) and Lemma 37.

Lemma 37 Let 402 < 1. Suppose the conditions of Lemma 30 are fulfilled. Let By, ) be
a unit ball in Ny(Q2). Then there exists a constant C1 > 0 only depending on D and ) such
that for all 6 > 0, we have

H6,Ba, oy, | (@) < Cro~96 m00m= |log 6| P~ g ey

Lemma 38 Suppose conditions of Theorem 18 are fulfilled. Then for any T large enough

we have
T2
P sup = \/ﬁ<g7€>nD 1 5 2 T S 02 exp <_> .
9€B, o |glln P|log ||g||n|P—1+p)/ o
where p = m’ Cy and C3 are some constant independent of T and n.

Proof of Lemma 38. From Lemma 37, we can derive that for any § <1,

—1+p

6 D
/0 H(u, By, ) | |poo)?du < 0746 7P| log | 2

Then, by Corollary 8.3 of van de Geer (2000), we can derive that

P ( sup \F‘ (g,€ | >0 —dgl P| log(s} ) < exp (_C4U;2d572p“0g5|D71+p> .
9EBy, ()

We then can follow the peeling-off argument in Lemma 8.4 of van de Geer (2000) to show

P sup = \/ﬁ<g7 6>n 2 T
9By, gl P | log gl |(P—1+r)/2

< Z]P’ ( sup Vg, €)n > T23(1p)sD21+p>
1

9€By, ()sllglln <275+t

s=

oo
S Z exp (—C4T2o;2d24ps| log 2|D_1+p)

< Zexp C’4T2

2
—CQ exp ( g?’)
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for some positive constants Cj. |

Proof of Lemma 30. We can follow the proof of Lemma 22 to derive the following inequality
using Lemmas 37 and 38:

15 = Fall2 + Al falBe (@)
< = S22+ Ml o

_ _ 2 «1-% 2 w«n P=lyp N P
+Op(n™ )0, 2| fo = Filln 2 1og |l fn = Frllnl 2 5 U fallng, @) + 15 Nmn @)%
(179)

1
mo+me

where p = . Notice that (179) is similar to (133) in the proof of Lemma 22 except

for the extra poly-log term |log || f — f:{HM%JF%- However, the extra poly-log term will
not change the case-by-case analysis in our proof because it is always dominated by those
polynomial terms in (179). Therefore, we can follow the same logic in the proof of Lemma
22 to get the final results.

K.3 Proof of Lemma 31

For any function g € MW™(RP), the Fourier inversion theorem implies

lg(z)] =

/RD eia:Tw]:(g)(W)dw‘ < /RD F(g) ()] dw

- /R F (@) @)™ (F ko) (@) |F(g) (@) (Flho) ()~ duw

2

< (/RD Flg)(w)] 2 (f(ka)(w))zirdw)er (/RD IF(9)(w)]? (;(k0)<w>)1dw>

2—r
2

.
2—r

D
2(1—r —m r
<| [, F@e s [Taved ™| o ol
j=1

e (D ?
([, iF@@ra) (1 [a+dr ] ok,
j=1

:Cr|’g||1Lg€RD)||9||;-LJ(RD)’

where the second and fourth inequalities are by Holder’s inequality, and the third equality
is by Parseval’s identity. The positive constant C, < oo for any r > m~!/2. This finishes
the proof. |
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Appendix L. Proof of Lemma 32

Lemma 39 Let the RKHS H,, induced by the kernel function K, be equipped with norm

satisfying
2
I, <o [, (1+10)

where C' is some constant independent of m. Then for any m > D/2, there exists a constant
C’ independent of m such that for all § > 0, we have

‘ 2

fw)

2mD

2D 2D
H(3, By, 0,17y | * l2oe o17)) < C'(2m — D)™ 2n=Dm2n=0§~ 2= log(1 +677).

Remark 40 If we treat m as a constant, the upper bound in Lemma 39 is larger than that
n (130). However, in the proofs of Lemmas 32 and 22, it turns out that the upper bound
in Lemma 39 is sufficient.

Proof of Lemma 32. The proof follows Corollary A.8 of Hamm and Steinwart (2021a).
Specifically, Corollary A.8 of Hamm and Steinwart (2021a) states that for any § > 0 annd
o > 0, it holds that

H (0, By, ) || * [ Loo(@)) <Nip (0, Q) H (6, By, (j0,117)s | * |20 (92))

which, by Assumption 5 and Lemma 39, leads to

2mD

H(3, By |- i) <Co4(2m — D) "3 5mam 56~ 35 log(1 +57),

where the constant C' is independent with m., and m = m, + my. [ ]

Appendix M. Proof of Lemma 39

For any f € H,([0,1]7), we have the following representation of f by Fourier series

f=> feve

¢eND

where ¢ is the Fourier basis associated to ¢ and f¢ is the projection of f on 1¢. Then
transference from La(RP) to Ly ([0, 1]P) by Fourier multiplier (see theorem 3.4 in I, Coifman
and Weiss (1977)) shows that the RKHS norm of f embedded on [0,1]” can be written as

2
17, < 3 (s 1y gz

¢eNp

We first define a projection Py as follows:

Puf= > fee
¢e[m]P
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Then for the embedding operator Z : H([0, 1]°) — Lo ([0, 1]?), we have

IZI3 = sup sup | f ()|
FeBy,. . 0,10y z€[0,1]P
<2 sup sup [Paf(x)]?+2  sup sup | f(x) — P f(a)[*.
€8s, (0,1)0) 2E[0,1]P F€Bs 4 0,1)0) 2€[0,1]P

(180)
For the first term of (180), it is obvious that

2 g0 o swp [Puf(@)f < 2Tl < 2K (@, @),
fEBHm([O,l]D) x€[0,1]P

For the second term of (180), we have

IZ - Pullz2= sup sup |f(x) — Prf(z)|
fEBHm([()J]D) x€[0,1]P

< swp > Il

T8y (10.17) ¢eND—[M)P

2

CeENP—[M]P

where the last line is from Holder inequality and Vf € By, (0,112)s 11, (o177) < 1.

Notice that for m > D/2, we have

S arle >y (HE%J@)%

¢eEND —[M)P G =>M+1 (p=>M+1

SRR AN (4 pe
S/M /M(l+ m) a%
————

D terms

:/mﬂ”/%/wa+ﬁ)M&Mﬂnmmmo

2T 21
g/ / / H— y"mrP=1drde
<C m" M~ 2m+D
- 2m 2m — D
Therefore, we can conclude that [|Z — Py|l2 < C 2m1— Hm™ M —2m+D for some C independent

of m. Given any § > 0, we can select integer M = [((2m — D)m_mé)_MQ—D} so that

IZ = Pall2 <6,
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where [r] denotes the ceiling round up of ». Then we can apply Lemma 1 in Kiithn (2011)
to get

H(3, By, 0.17): | * | Loc f0.1y7)) Srank(Pas)log(1 +571)
<MPlog(1+571)
<C'((2m — D)m_mé)_%sz’ log(1+0671)

2m

v _ _ 2? 7D _ 2? 1
=C"(2m — D) 2n-Dm?2m-D§ 2m-D log(1l + 40 ),

for some C’ independent of m. |

Appendix N. Appendix for Detailed Experiments

In this section, we present more details of numerical experiments conducted in Section 5.

Note that in the experiments, our goal is specified by minimizing the ls loss in the form of
(5). We train the neural network using stochastic gradient descent (SGD) with momentum
(0.9), small batch size (10), and learning rate § = 0.01. We choose a constant weight
decay strength (107%) to focus on the influence of random smoothing in cases with weight
decay. We set the number of augmented samples N = 1000 and conduct a grid search for
the smoothing scale from 0 to 0.6. The simulated data are divided into the training set,
validation set, and test set. The validation set is sampled as half the size of the training
set, while the size of the test set is fixed at 500. The test results are selected based on the
validation set unless otherwise specified and we repeat each experiment 15 times and report
the average loss on the test set.

Considering stochastic gradient descent with weight decay, we adopt a candidate list of
weight decay strength {1073, 107%,107°}. To make a fair comparison, we choose a consistent
number of iterations instead of epochs for different training sizes, i.e., given a batch size,
the number of epochs gets smaller when the training size becomes larger. Specifically, the
number of iterations in cases with weight decay is 10,000. For early stopping without weight
decay, we evaluate the validation error every 200 gradient descent steps during training and
select the model with the smallest validation error. The maximal step for SGD with early
stopping is 100,000. We repeat each experiment 15 times and report the average loss on
the test set.
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