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Abstract
Kernel mean embeddings, a widely used technique in machine learning, map probability
distributions to elements of a reproducing kernel Hilbert space (RKHS). For supervised
learning problems, where input-output pairs are observed, the conditional distribution of
outputs given the inputs is a key object. The input dependent conditional distribution of
an output can be encoded with an RKHS valued function, the conditional kernel mean
map. In this paper we present a new recursive algorithm to estimate the conditional kernel
mean map in a Hilbert space valued L2 space, that is in a Bochner space. We prove the
weak and strong L2 consistency of our recursive estimator under mild conditions. The idea
is to generalize Stone’s theorem for Hilbert space valued regression in a locally compact
Polish space. We present new insights about conditional kernel mean embeddings and give
strong asymptotic bounds regarding the convergence of the proposed recursive method.
Finally, the results are demonstrated on three application domains: for inputs coming from
Euclidean spaces, Riemannian manifolds and locally compact subsets of function spaces.

Keywords: conditional kernel mean embeddings, recursive estimation, reproducing kernel
Hilbert spaces, strong consistency, nonparametric inference, Riemannian manifolds

1. Introduction

In statistical learning we need to work with probability distributions defined on a wide
variety of objects, which may not even come from a linear space. Kernel mean embeddings
(KMEs) offer a neat representation for dealing with distributions by mapping them into a
reproducing kernel Hilbert space (RKHS). These embeddings were defined in (Berlinet and
Thomas-Agnan, 2004) and (Smola et al., 2007). In machine learning often the conditional
distribution of an output w.r.t. some input plays a key role. In these problems the concept
of conditional kernel mean embeddings (CKME) is more adequate. The notion of CKME
was first recognized in (Song et al., 2009), then a refined definition was given in (Song
et al., 2013). Its rigorous measure theoretic background was presented in (Klebanov et al.,
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2020) and in (Park and Muandet, 2020) as an input dependent random element in an
RKHS. These concepts strongly rely on the notions of Bochner integral and conditional
expectation in Banach spaces of which theory is presented in (Pisier, 2016; Hytönen et al.,
2016) and Appendix A. Under some stringent assumptions Song et al. (2009) estimate the
conditional kernel mean map with an empirical variant of the regularized inverse cross-
covariance operator. It is shown in (Grünewälder et al., 2012) that this estimate can also
be deduced from a regularized risk minimization scheme in a vector-valued RKHS based on
(Micchelli and Pontil, 2005). In (Park and Muandet, 2020) a consistency theorem is proved
when the conditional kernel mean map is included in a vector-valued RKHS.

Related works In this paper we follow the general distribution-free framework presented
in (Györfi et al., 2002). It is recognized that estimating the conditional kernel mean map is
a particular vector-valued regression problem. Vector-valued regression was already studied
in (Ramsay and Silverman, 2005; Bosq and Delecroix, 1985; Dabo-Niang and Rhomari,
2009; Forzani et al., 2012; Brogat-Motte et al., 2022). Nevertheless, it is still challenging to
provide sufficient conditions for strong L2 (mean square) consistency that can be applied in
practice. We also build on the theory of stochastic approximation (Kushner and Yin, 2003;
Ljung et al., 2012). Our core algorithm uses a stochastic update in each iteration. The
presented method was motivated by the celebrated stochastic gradient descent algorithm,
see for example (Bertsekas and Tsitsiklis, 1996, Proposition 4.2). The update term of our
recursive algorithm is a modified gradient of an empirical surrogate loss function.

Contributions Our main contribution is a weakly and strongly consistent recursive algo-
rithm for estimating the conditional kernel mean map under general structural assumptions.
We present and prove a generalized version of Stone’s theorem (Stone, 1977), motivated by
the recursive form in (Györfi et al., 2002, Theorem 25.1). Our generalization is twofold.
We deal with general locally compact Polish input spaces and allow the output space to be
Hilbertian. Our main assumption is that the measure of metric balls goes to zero slowly
w.r.t. the radius. In (Forzani et al., 2012) a similar consistency result is proved, however
the authors of that paper do not deal with functional outputs and also require the so-called
Besicovitch condition to hold on the regression function. In (Dabo-Niang and Rhomari,
2009) sufficient conditions for L2 consistency are given for vector-valued regression, how-
ever, in this paper a differentiation condition is required for the regression function and also
the rate of the small ball probabilities is bounded from below when the radius goes to zero.

First, in Section 2 we present a recursive scheme for (unconditional) kernel mean embed-
dings. A stochastic approximation based theorem (Ljung et al., 2012) is used to prove its
strong consistency. Then, in Section 3 we introduce a recursive estimator for the conditional
kernel mean map. Our algorithm is formulated in a flexible offline manner in such a way
that the online algorithm is also covered. We prove the weak L2 consistency for the gen-
eral local averaging scheme in locally compact Polish spaces under very mild assumptions.
We apply this consistency result to prove the strong consistency of local averaging kernel
estimates with a (measurable) nonnegative, bounded and symmetric smoother sequence.
This scheme requires a smoother sequence with appropriate shrinking properties w.r.t. the
unknown marginal measure. We satisfy these requirements by a general mother smoother
function induced sequence parameterized by two shrinkage rates. In the final theorem only
a structural condition on the probability of small balls remains. Finally, in Section 4 we
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apply our results for three arch-typical cases. We deduce universal consistency for Euclidean
spaces, Riemannian manifolds and locally compact subsets of Hilbert spaces.

Applications Here, we highlight some potential application domains of the ideas. Based
on the theory of KMEs and CKMEs, a rich variety of applications were introduced. Kernel
mean embeddings can be efficiently used, for example, in graphical models (Song et al.,
2013), Bayesian inference (Fukumizu et al., 2013), dynamical systems (Song et al., 2009),
reinforcement learning (Grünewälder et al., 2012), causal inference (Schölkopf et al., 2015)
and hypothesis testing for independence (Gretton et al., 2008; Gretton and Györfi, 2008;
Gretton et al., 2012), conditional independence (Fukumizu et al., 2007; Zhang et al., 2011),
and binary classification (Csáji and Tamás, 2019) and (Tamás and Csáji, 2022).

Recursive algorithms are crucial to handle data streams or fixed, but very large datasets,
cf. divide-and-conquer. Iterative methods play a key role in, e.g., reinforcement learning,
system identification, signal processing and adaptive control. Therefore, developing recur-
sive estimators for conditional kernel mean embeddings is beneficial for many domains.

2. Kernel Mean Embeddings of Distributions

Kernel methods offer an elegant approach to deal with abstract sample spaces. One
only needs to specify a similarity measure on the space via the kernel function to provide a
geometrical structure for the learning problem. In fact, every symmetric, positive definite
function, a.k.a. kernel, defines a reproducing kernel Hilbert space. The user-chosen kernel
function also determines a natural projection from the sample space into the RKHS. The
projected values of sample points are called feature vectors, or features. This projection
map can be easily extended to (probability) measures defining kernel mean embeddings. In
this section we present the notion of KMEs in a statistical learning framework.

2.1 Statistical Framework

Let (Ω,A,P) be a probability space, where Ω is the sample space, A is the σ-algebra
of events, and P is the probability measure. We consider a random pair (X,Y ) from a
measurable product space X × Y with some product σ-algebra X ⊗ Y. Let us consider
a metric on X and let us denote its induced Borel σ-algebra as X . We denote the joint
distribution of (X,Y ) by Q (or QX,Y ) and the corresponding marginal distributions by QX

and QY . In practice, distribution Q is usually unknown, however we assume that:

A1 An independent identically distributed (i.i.d.) sample {(Xi, Yi)}ni=1 is given.

In the next section we present the definition of kernel mean embeddings of probability
distributions into an RKHS associated with kernel ` : Y × Y → R. With a somewhat
imprecise terminology, we also talk about the kernel mean embedding of a random variable
into an RKHS, by which we mean taking the KME of its distribution. Explanatory variable
X will only be used for the conditional variant of KME to generate the conditioning σ-
algebra, consequently, for the unconditional KME, we will only use one variable, Y .

In the subsequent section we focus on conditional kernel mean embeddings. The condi-
tional kernel mean embedding of Y with respect to X into a given RKHS is the conditional
expectation of the random feature defined by the kernel and variable Y with respect to the
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σ-algebra generated by X, i.e., a conditional kernel mean embedding is a random feature
vector in an RKHS measurable to some explanatory variable. The main object for CKME
is the conditional kernel mean map which maps the explanatory points into RKHS G. This
function maps (almost) every input point to the kernel mean embedding of the conditional
distribution given that input. For a linear kernel one can recover the regression function as
a particular conditional kernel mean map. When X and Y are independent, the conditional
kernel map is a constant function mapping every input into the unconditional KME of Y .

2.2 Reproducing Kernel Hilbert Spaces

Let ` be a (real-valued, symmetric, positive definite) kernel on Y × Y, where Y is a
nonempty set, i.e., for all n ∈ N .= {1, 2, . . . }, y1, . . . , yn ∈ Y and a1, . . . , an ∈ R, we have

n∑
i=1

n∑
j=1

aiaj `(yi, yj) ≥ 0, (1)

or equivalently kernel matrix L ∈ Rn×n, where Li,j
.= `(yi, yj) for i, j ∈ [n] .= {1, . . . , n}, is

required to be positive semidefinite. A Hilbert space of functions, G = {g : Y→ R}, is called
a reproducing kernel Hilbert space if every point evaluating (linear) functional, δy : G → R
defined by δy(g) = g(y) for y ∈ Y, is bounded (or equivalently continuous). In (Aronszajn,
1950) it is proved that for every (symmetric and positive definite) kernel ` there uniquely
(up to isometry) exists an RKHS G, such that `(·, y) ∈ G and

〈 g, `(·, y)〉G = g(y) (2)

holds for all g ∈ G and y ∈ Y. In particular, 〈`(·, y1), `(·, y2)〉G = `(y1, y2) is true. In the
reverse direction, by the Riesz representation theorem (Lax, 2002, Theorem 4), for every
RKHS G there uniquely exists a (symmetric and positive definite) kernel ` : Y × Y → R
such that (2) holds for all g ∈ G and y ∈ Y. Function ` is called the reproducing kernel of
space G. For further details, see (Schölkopf and Smola, 2002; Berlinet and Thomas-Agnan,
2004; Shawe-Taylor and Cristianini, 2004; Steinwart and Christmann, 2008).

2.3 Kernel Mean Embeddings of Marginal Distributions

In this paper we will assume that space G is separable. One can observe that if Y is
a separable topological space and kernel ` is continuous, then the separability of G follows
immediately, see (Steinwart and Christmann, 2008, Lemma 4.33). Specifically, we assume

B1 Kernel ` is measurable, E
[√
`(Y, Y )

]
<∞, and RKHS G is separable.

In this case, by the theorem of Pettis (Hytönen et al., 2016, Theorem 1.1.20), `(·, Y ) : Ω→ G
is also measurable. Then, the kernel mean embedding of µY exists if and only if B1 holds
(Hytönen et al., 2016, Proposition 1.2.2). Thus, one can embed QY into RKHS G by

µY

.= E
[
`(·, Y )

]
, (3)

where the expectation is a Bochner integral. It is known (Smola et al., 2007) that if B1
holds, then by the Riesz representation theorem µY ∈ G and for all g ∈ G, we have

〈µY , g〉G = E
[
g(Y )

]
, (4)
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i.e., µY is the representer of the expectation functional on G w.r.t. QY .
Given an i.i.d. sample {Yi}ni=1, having distribution QY , we can estimate the kernel mean

embedding of QY with the empirical average (a.k.a. sample mean), that is

µ̂n
.= 1
n

n∑
i=1

`(·, Yi). (5)

By the strong law of large numbers, µ̂n → µY almost surely (Taylor, 1978). We refer to
(Tolstikhin et al., 2017, Proposition A.1.) to quantify the convergence rate of this estimate:

Theorem 1 Let {Yi}ni=1 be an i.i.d. sample from distribution QY on a separable topological
space Y. Assume that `(·, y) is continuous and there exists C` > 0 such that `(y, y) ≤ C`
for all y ∈ Y. Then, for all δ ∈ (0, 1) with probability at least 1− δ, we have

‖µY − µ̂n‖G ≤

√
C`
n

+

√
2C` log

(1
δ

)
n

. (6)

It is also proved that this rate is minimax for a broad class of distributions. Note that only
the measurability of `(·, y) is used in the proof of Tolstikhin et al. (2017).

2.4 Recursive Estimation of Kernel Mean Embeddings

As in the scalar case, these empirical estimates can be computed recursively by

µ̂1
.= `(·, Y1), and

µ̂n
.= n− 1

n
µ̂n−1 + 1

n
`(·, Yn) = µ̂n−1 + 1

n

(
`(·, Yn)− µ̂n−1

)
,

(7)

for 2 ≤ n ∈ N. More generally, one can use some possibly random stepsize (or learning
rate) sequence (an)n∈N, taking values in (0, 1), and apply the refined recursion defined by

µ̂1
.= `(·, Y1), and

µ̂n
.= µ̂n−1 − an

(
µ̂n−1 − `(·, Yn)

)
,

(8)

for n ≥ 2. We prove the strong consistency of (µ̂n)n∈N by applying Theorem 1.9 of Ljung
et al. (2012), which is restated (for convenience) as Theorem 24 in Appendix D.

Theorem 2 Let Y1, Y2, . . . be an i.i.d. sequence, C` > 0 be a constant such that `(y, y) ≤ C`,
for all y ∈ Y, and assume B1. Let (µ̂n)n∈N be the estimate sequence defined in (8). If an ≥ 0,∑
n a

2
n <∞ and

∑
n an =∞ (a.s.), then µ̂n → µY , as n→∞, almost surely.

Proof It is sufficient to check the conditions of Theorem 24 for Λ(g) .= g−µY , µ .= µY , µn
.=

µ̂n and Wn
.= `(·, Yn)−µY . The conditions on sequence (an)n∈N are assumed, hence we only

need to verify (i), (ii) and (iii) of Theorem 24. Condition (i) holds with c .= max
(
‖µY ‖G , 1

)
.

Condition (ii) is again straigthforward, because 〈Λ(g), g−µY 〉G = ‖g − µY ‖2G . For condition
(iii) let Hn

.= 0 and Vn
.= Wn. Using the independence of {Yi}ni=1 yields

E
[
Vn | µ̂1, V1, . . . , µ̂n−1, Vn−1

]
= E

[
`(·, Yn)− µY |Y1, . . . , Yn−1

]
= E

[
`(·, Yn)

]
− µY = 0,

(9)
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hence (Vn)n∈N is a martingale difference sequence. Finally√
E
[
‖Vn‖2G

]
≤
√
E
[
‖`(·, Yn)‖2G

]
+
√
E
[
‖µY ‖2G

]
=
√
E
[
`(Yn, Yn)

]
+ ‖µY ‖G ≤

√
C` + ‖µY ‖G ,

(10)

thus
∑
n a

2
nE
[
‖Vn‖2G

]
<∞. Consequently, Theorem 2 follows from Theorem 24.

3. Conditional Kernel Mean Embeddings

If the kernel mean embedding of QY exists, then for a given σ-algebra one can take the
conditional expectation of `(·, Y ). The conditional kernel mean embedding of Y given X in
RKHS G is an X measurable random element of G defined by

µY |X
.= E

[
`(·, Y ) |X

]
. (11)

For more details on conditional expectations in Banach spaces, see (Pisier, 2016) and Ap-
pendix A. It is known that the conditional expectation is well-defined if E[ `(·, Y ) ] exists,
thus we assume that E[

√
`(Y, Y ) ] <∞ as above. By (Kallenberg, 2002, Lemma 1.13) there

exists a measurable map µ∗ : X → G such that µY |X = µ∗(X) (a.s.). One can use the
pointwise form of µ∗ defined QX-a.s. by µ∗(x) = E[ `(·, Y ) |X = x ]. This function plays a
key role, and we call it the conditional kernel mean map. By equation (94) we have that

〈µY |X , g〉G = 〈µ∗(X), g〉G = 〈E
[
`(·, Y ) |X

]
, g〉G = E

[
〈`(·, Y ), g〉G |X

]
= E

[
g(Y ) |X

]
(12)

holds for all g ∈ G. In addition, by the law of total expectation we have E[µY |X ] = µY .

Recovering the regression function Let us consider the special case when X .= Rd,
Y .= R and `(y1, y2) = y1 · y2. Then, the RKHS generated by ` can be simply identified
with R by mapping `(y, a) .= y · a to a and the conditional kernel mean map takes the form
of (µ∗(X))(y) = E[Y · y |X ] = y E[Y |X ]. Therefore, by linearity, µ∗ is equivalent to the
regression function, i.e., µ∗(X) is the linear function determined by E[Y |X ].

Recovering a family of real-valued regression For a function g ∈ G, the regression
of g(Y ) given X is a real-valued regression problem for which the results of Györfi et al.
(2002) can be applied. One of the main advantages of dealing with CMKEs is to produce
solutions for every g ∈ G simultaneously. Moreover, the information about the conditional
distribution of the outputs, given an input, can be used for various types of inference.

3.1 Universal Consistency

The main challenge addressed by the paper is to construct an estimate sequence (µn)n∈N
for µ∗ with strong stochastic guarantees. Since the probability distribution of the given
sample is unknown, in general our estimate will not be equal to µ∗ in finite steps. In order
to measure the loss of an estimate sequence, one may choose from several error criteria. In
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this paper we use the vector valued L2 risk with respect to QX . The main reason leading
to this choice of L2 criterion is that conditional expectation can be defined as a projection
in an L2 space. We strengthen our assumption to ensure that the examined functions are
included in the appropriate Bochner spaces. Appendix A contains an overview on Bochner
spaces and Bochner integrals, where our notations are precisely defined.

A2 Kernel ` is measurable, E
[
`(Y, Y )

]
<∞, and RKHS G is separable.

Lemma 3 If A2 holds, then µ∗ ∈ L2(X, QX ;G).

Proof We can see that from A2 it follows immediately that `(·, Y ) ∈ L2(Ω,P;G) because∫
Ω
‖`(·, Y )‖2G dP = E

[
`(Y, Y )

]
<∞. (13)

Moreover by (93), (Hytönen et al., 2016, Prop. 2.6.31.), we have that∫
X
‖µ∗(x)‖2G dQX(x) = E

[
‖µ∗(X)‖2G

]
= E

[
‖E[`(·, Y ) |X]‖2G

]
≤ E

[
E[‖`(·, Y )‖2G |X]

]
= E[`(Y, Y )] <∞,

(14)

hence µ∗ ∈ L2(X, QX ;G).

For scalar-valued regression, if E[Y 2] < ∞ holds, then we have that the conditional
expectation is an orthogonal projection to L2(Ω, σ(X),P|σ(X)), where σ(X) is the σ-algebra
generated by X and P|σ(X) is the restriction of P into σ(X). Similarly:

Lemma 4 Under A2, µ∗(X) is an orthogonal projection of `(·, Y ) to L2(Ω, σ(X),P|σ(X);G).

Proof For any µ ∈ L2(X, QX ;G) it holds (Park and Muandet, 2020, Theorem 4.2) that

E(µ) .= E
[
‖`(·, Y )− µ(X)‖2G

]
= E

[
‖`(·, Y )− µ∗(X) + µ∗(X)− µ(X)‖2G

]
= E

[
‖`(·, Y )− µ∗(X)‖2G

]
+ E

[
‖µ∗(X)− µ(X)‖2G

]
+ 2E

[
E
[
〈`(·, Y )− µ∗(X), µ∗(X)− µ(X)〉G |X

]]
= E

[
‖`(·, Y )− µ∗(X)‖2G

]
+ E

[
‖µ∗(X)− µ(X)‖2G

]
+ 2E

[
〈E[`(·, Y ) |X]− µ∗(X), µ∗(X)− µ(X)〉G

]
= E

[
‖`(·, Y )− µ∗(X)‖2G

]
+ E

[
‖µ∗(X)− µ(X)‖2G

]
.

(15)

Thus, µ∗ minimizes E in L2(X, QX ;G).

Note that E
[
‖`(·, Y )− µ∗(X)‖2G

]
is independent of µ, therefore it is reasonable to apply

E
[
‖µ∗(X)− µ(X)‖2G

]
as an error criterion. This argument motivates the following notions

of L2(X, QX ;G) consistency. Recall that QX is the marginal distribution of Q w.r.t. X.

Definition 5 Let (µn)n∈N be a (random) estimate sequence for µ∗. The (random) L2 error
(or more precisely L2(X, QX ;G) error) of µn is defined by∫

X
‖µ∗(x)− µn(x)‖2G dQX(x). (16)
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We say that (µn)n∈N is weakly consistent for the distribution of (X,Y ), if as n→∞,

E
[ ∫

X
‖µ∗(x)− µn(x)‖2G dQX(x)

]
−→ 0. (17)

We say that (µn)n∈N is strongly consistent for the distribution of (X,Y ), if as n→∞,∫
X
‖µ∗(x)− µn(x)‖2G dQX(x) a.s.−−→ 0. (18)

One can see that strong consistency does not necessarily imply weak consistency, indeed
neither of these two consistency notions imply the other. Nevertheless, knowing that an
estimator is weakly consistent will be of great help to also prove its strong consistency.

Note that it can happen that an estimate sequence is consistent for some distributions of
(X,Y ) and inconsistent for other distributions of (X,Y ). We say that (µn)n∈N is universally
weakly (strongly) consistent if it is weakly (strongly) consistent for all possible distributions
of (X,Y ). It is a somewhat surprising fact that there exist such estimates for Rd → R type
regression functions, see (Stone, 1977), for example, local averaging adaptive methods such
as k-Nearest Neighbors (kNN), several kernel-based methods and various partitioning rules
were proved to be universally consistent, see the book of Györfi et al. (2002).

Recently Hanneke et al. (2020) proved that there exists a universally strongly consistent
classifier (OptiNet) for any separable metric space and Györfi and Weiss (2021) constructed
a universally consistent classification rule called Proto-NN for multiclass classification in
metric spaces whenever the space admits a universally consistent estimator. For Banach
space valued regression in semi-metric spaces Dabo-Niang and Rhomari (2009) constructed
estimates with asymptotic bounds under some differentiation condition on the conditional
expectation function and Forzani et al. (2012) proved consistency under the Besicovitch
condition. Nevertheless, it is still an open question whether there exist universally consistent
estimates under more general conditions (e.g., for Hilbert space valued regression).

3.2 Generalization of Stone’s Theorem

In this section, we present a generalization of Stone’s theorem (Stone, 1977) for condi-
tional kernel mean map estimates for locally compact Polish1 input spaces. This theorem
will serve as our main theoretical tool to prove consistency results for our new recursive
kernel algorithm. We consider local averaging methods of the general form

µn(x) .=
n∑
i=1

Wn,i(x) `(·, Yi), (19)

for the conditional kernel mean map, E[ `(·, Y ) |X = x ], in a locally compact Polish space
(X, d). A Polish space gives a convenient setup for probability theory and locally compact-
ness is required because of Lemma 26. We use the fact that the set of compactly supported
continuous functions is dense in L2(X, QX) for every probability measure QX when X is

1. A Polish space is a separable, completely metrizable topological space; as the specific choice of the metric
is unimportant for the problems studied in this paper, we fix an arbitrary metric d which is compatible
with the topology of our space, and treat a Polish space as a (complete and separable) metric space.
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locally compact, see Theorem 21. We deal with data-dependent probability weight func-
tions Wn,i(x) for n ∈ N and i ∈ [n], i.e., we assume that for all n ∈ N, weight Wn,i(x) is
nonnegative for all i ∈ [n] and

∑n
i=1Wn,i(x) = 1 for all x ∈ X. These are somewhat stronger

conditions compare to the original theorem of Stone, however, in practice they are usually
satisfied and simplify the proof. For several well-known methods (e.g, kNN, partitioning
rules, Nadaraya–Watson estimates) these assumptions hold immediately.

Theorem 6 Let (X, d) be a locally compact Polish space and let X be the Borel σ-algebra
on X. Assume A1 and A2. Let µ∗(x) .= E

[
`(·, Y ) |X = x

]
and

µn(x) .=
n∑
i=1

Wn,i(x) `(·, Yi). (20)

Assume that:

(i) For all n ∈ N, i ∈ [n] and x ∈ X, we have

0 ≤ Wn,i(x) ≤ 1, and
n∑
i=1

Wn,i(x) = 1. (21)

(ii) There exists c > 0 such that for all f : X→ R+ with E[f(X)] <∞, where R+ denotes
the nonnegative real numbers, we have

E
[ n∑
i=1

Wn,i(X)f(Xi)
]
≤ cE[f(X)]. (22)

(iii) For all δ > 0, we have

lim
n→∞

E
[ n∑
i=1

Wn,i(X) I
(
d(Xi, X) > δ

)]
= 0. (23)

(iv) The following convergence holds for the weight functions:

lim
n→∞

E
[ n∑
i=1

W 2
n,i(X)

]
= 0. (24)

Then, the estimate sequence (µn) is weakly consistent, that is

lim
n→∞

E
∫
X
‖µn(x)− µ∗(x)‖2G dQX(x) = 0. (25)

Condition (i) ensures that {Wn,i}ni=1 are probability weights for all n ∈ N. Assumption (ii)
intuitively says that the L1 norm of the local averaging estimate is at most some positive
constant times the L1 norm of the estimated function whenever there is no noise on the
observations, i.e., when Yi = f(Xi). Condition (iii) guarantees that asymptotically only
those inputs affect the estimate in a point x which are close to x. Condition (iv) ensures
that the individual weights vanish as the sample size goes to infinity.

9
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Proof The proof is based on the proof of Stone (1977) presented in (Györfi et al., 2002).
By first using (a+ b)2 ≤ 2a2 + 2b2, we have

E
[
‖µn(X)− µ∗(X)‖2G

]
(26)

≤ 2E
[ ∥∥∥∥∥

n∑
i=1

Wn,i(X)
(
`(·, Yi)− µ∗(Xi)

)∥∥∥∥∥
2

G

]
+ 2E

[ ∥∥∥∥∥
n∑
i=1

Wn,i(X)
(
µ∗(Xi)− µ∗(X)

)∥∥∥∥∥
2

G

]
.

Then, the application of Lemma 7 and Lemma 8 completes the proof.

Lemma 7 Under the conditions of Theorem 6, we have that, as n→∞,

E
[ ∥∥∥∥∥

n∑
i=1

Wn,i(X)
(
µ∗(Xi)− µ∗(X)

)∥∥∥∥∥
2

G

]
→ 0. (27)

Proof Let us use the following notation

Jn
.= E

[ ∥∥∥∥∥
n∑
i=1

Wn,i(X)
(
µ∗(Xi)− µ∗(X)

)∥∥∥∥∥
2

G

]
. (28)

By Theorem 21 there exists a function µ̃∗ which is bounded and continuous and

E
[
‖µ∗(X)− µ̃∗(X)‖2G

]
< ε. (29)

Recall that by the theorem of Heine and Cantor, see Theorem 27 in Appendix D, a contin-
uous function with compact support is always uniformly continuous. Using the convexity of
f(x) = ‖x‖G and also the elementary fact that (a+ b+ c)2 ≤ 3a2 + 3b2 + 3c2 yield

Jn = E
[ ∥∥∥∥∥

n∑
i=1

Wn,i(X)
(
µ∗(Xi)− µ∗(X)

)∥∥∥∥∥
2

G

]

≤ E
[( n∑

i=1
Wn,i(X) ‖µ∗(Xi)− µ∗(X)‖G

)2]

≤ E
[

n∑
i=1

Wn,i(X) ‖µ∗(Xi)− µ∗(X)‖2G

]

≤ 3E
[

n∑
i=1

Wn,i(X) ‖µ∗(Xi)− µ̃∗(Xi)‖2G

]

+ 3E
[

n∑
i=1

Wn,i(X) ‖µ̃∗(Xi)− µ̃∗(X)‖2G

]

+ 3E
[

n∑
i=1

Wn,i(X) ‖µ̃∗(X)− µ∗(X)‖2G

]
.= 3 J (1)

n + 3 J (2)
n + 3 J (3)

n .

(30)

10
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We bound these three terms separately. For any δ > 0 one can see that

J (2)
n = E

[
n∑
i=1

Wn,i(X) ‖µ̃∗(Xi)− µ̃∗(X)‖2G I
(
d(Xi, X) > δ

)]

+ E
[

n∑
i=1

Wn,i(X) ‖µ̃∗(Xi)− µ̃∗(X)‖2G I
(
d(Xi, X) ≤ δ

)]

≤ E
[

n∑
i=1

Wn,i(X)2
(
‖µ̃∗(Xi)‖2G + ‖µ̃∗(X)‖2G

)
I
(
d(Xi, X) > δ

)]

+ E
[

n∑
i=1

Wn,i(X) ‖µ̃∗(Xi)− µ̃∗(X)‖2G I
(
d(Xi, X) ≤ δ

)]

≤ 4 sup
u∈X
‖µ̃(u)‖2G E

[ n∑
i=1

Wn,i(X) · I
(
d(Xi, X) > δ

)]
+ sup
u,v∈X : d(u,v)≤δ

‖µ̃∗(u)− µ̃∗(v)‖2G .

(31)

holds. We know that function µ̃∗ is uniformly continuous, hence for any ε > 0 one can
choose δ > 0 such that

sup
u,v∈X : d(u,v)≤δ

‖µ̃∗(u)− µ̃∗(v)‖2G <
ε

2 , (32)

hence the second term is less than ε/2. In addition, by condition (iii), for a given δ if n is
large enough, then the first term is also less than ε/2. In conclusion J

(2)
n converges to 0.

For the third term we have that

|J (3)
n | = E

[ n∑
i=1

Wn,i(X) ‖µ̃∗(X)− µ∗(X)‖2G
]

= E
[
‖µ̃∗(X)− µ∗(X)‖2G

]
< ε.

(33)

For J (1)
n the application of condition (ii) to function f(x) .= ‖µ∗(x)− µ̃∗(x)‖2G yields

J (1)
n = E

[
n∑
i=1

Wn,i(X) ‖µ∗(Xi)− µ̃∗(Xi)‖2G

]

≤ cE
[
‖µ∗(X)− µ̃∗(X)‖2G

]
= c ε.

(34)

Therefore, we can conclude that Jn tends to 0, as n→∞.

Lemma 8 Under the conditions of Theorem 6, we have that

E
[ ∥∥∥∥∥

n∑
i=1

Wn,i(X)
(
`(·, Yi)− µ∗(Xi)

)∥∥∥∥∥
2

G

]
→ 0. (35)

11
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Proof For simplicity let

In
.= E

[ ∥∥∥∥∥
n∑
i=1

Wn,i(X)
(
`(·, Yi)− µ∗(Xi)

)∥∥∥∥∥
2

G

]

= E
[ n∑
i=1

n∑
j=1

Wn,i(X)Wn,j(X) 〈`(·, Yi)− µ∗(Xi), `(·, Yj)− µ∗(Xj)〉G
]
.

(36)

For i 6= j we have that

E
[
Wn,i(X)Wn,j(X)〈`(·, Yi)− µ∗(Xi), `(·, Yj)− µ∗(Xj)〉G

]
= E

[
E
[
Wn,i(X)Wn,j(X) 〈`(·, Yi)− µ∗(Xi), `(·, Yj)− µ∗(Xj)〉G |X,X1, . . . Xn, Yi

]]
= E

[
Wn,i(X)Wn,j(X)

〈
`(·, Yi)− µ∗(Xi),E

[
`(·, Yj) |X,X1, . . . Xn, Yi

]
− µ∗(Xj)

〉
G

]
= E

[
Wn,i(X)Wn,j(X)

〈
`(·, Yi)− µ∗(Xi),E

[
`(·, Yj) |Xj

]
− µ∗(Xj)

〉
G

]
= 0.

(37)

Furthermore, by E[`(Y, Y )] <∞ we have

E
[
σ2(X)

]
<∞ (38)

for σ2(X) .= E
[
‖`(·, Y )− µ∗(X)‖2G |X

]
. By (37) we have

In = E
[ n∑
i=1

W 2
n,i(X) ‖`(·, Yi)− µ∗(Xi)‖2G

]

= E
[
E
[ n∑
i=1

W 2
n,i(X) ‖`(·, Yi)− µ∗(Xi)‖2G

∣∣∣X,X1, . . . , Xn

]]

= E
[ n∑
i=1

W 2
n,i(X)E

[
‖`(·, Yi)− µ∗(Xi)‖2G

∣∣∣X,X1, . . . , Xn

]]

= E
[ n∑
i=1

W 2
n,i(X)E

[
‖`(·, Yi)− µ∗(Xi)‖2G

∣∣∣Xi

]]

= E
[ n∑
i=1

W 2
n,i(X)σ2(Xi)

]
.

(39)

If σ2 is bounded, then In tends to zero almost surely by condition (iv). Otherwise let σ̃2 ≤ L
be such that

E
[
|σ̃2(X)− σ2(X)|

]
< ε, (40)

see (Györfi et al., 2002, Theorem A.1). Then

In ≤ E
[ n∑
i=1

W 2
n,i(X)σ̃2(Xi)

]
+ E

[ n∑
i=1

W 2
n,i(X)

∣∣σ2(Xi)− σ̃2(Xi)
∣∣]

≤ LE
[ n∑
i=1

W 2
n,i(X)

]
+ E

[ n∑
i=1

Wn,i(X)
∣∣σ2(Xi)− σ̃2(Xi)

∣∣], (41)

12
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where the first term tends to zero by condition (iv) and for the second term we have

E
[ n∑
i=1

Wn,i(X)
∣∣σ2(Xi)− σ̃2(Xi)

∣∣] ≤ cE [ ∣∣σ2(X)− σ̃2(X)
∣∣ ] ≤ c ε (42)

by condition (ii). In conclusion, In converges to 0.

3.3 Recursive Estimation of Conditional Kernel Mean Embeddings

Let (X, d) be a locally compact Polish space, as before. In this section, we apply local
averaging smoothers or “kernels” on the input space (Györfi et al., 2002). These “kernels”
are not necessarily positive definite, therefore, to avoid misunderstanding, we call them
smoothers. Nevertheless, many positive definite functions are included in the definition.

Definition 9 (smoother) A function k : X×X→ R is called a smoother, if it is measur-
able, non-negative, symmetric, and bounded.

Now, we introduce a recursive local averaging estimator. Let (kn)n∈N be a smoother
sequence and (an)n∈N be a stepsize (learning rate or gain) sequence of positive numbers.

Let us consider the following recursive algorithm:
µ1(x) .= `(·, Y1), and

µn+1(x) .=
(
1− an+1kn+1(x,Xn+1)

)
µn(x) + an+1kn+1(x,Xn+1)`(·, Yn+1),

(43)

for n ≥ 1. By induction, one can see that µn is of the form defined in (19). It is clear
that one only needs to store µn, because in each iteration, when a new observation pair is
available, one can immediately update µn by the recursion defined in (43).

In practice, we often need to evaluate µ∗(x) on a function g ∈ G, i.e., the conditional
expectation E[ g(Y ) |X = x ] is sought. Then, our recursion simplifies to

〈µ1(x), g〉G = 〈`(·, Y1), g〉G = g(Y1),

〈µn+1(x), g〉G = 〈
(
1− an+1kn+1(x,Xn+1)

)
µn(x) + an+1kn+1(x,Xn+1)`(·, Yn+1), g〉G

=
(
1− an+1kn+1(x,Xn+1)

)
〈µn(x), g〉G + an+1kn+1(x,Xn+1)g(Yn+1),

(44)

which can be computed in linear time with constant memory. The real-valued consistency
of this method can be established, e.g., by (Györfi et al., 2002, Theorem 25.1), however, we
usually do not know in advance which function g ∈ G is of our interest, hence estimating
the CMKE is very useful. Moreover, knowing the whole conditional distribution could also
be used for various inference tasks, e.g., hypothesis testing or building prediction regions.

Theorem 10 presents sufficient conditions for the weak and strong consistency of our
recursive scheme. It is a generalization of Theorem 25.1 of Györfi et al. (2002). There
are two novelties w.r.t. the result in (Györfi et al., 2002). We prove consistency for Hilbert
space valued regression and we cover locally compact Polish input spaces. The smoother
functions are controlled on an intuitive and flexible manner. They do not need to admit a
particular form or be monotonous. Intuitively the smoother functions should shrink around
the observed input points as n goes to infinity. The rate of this decrease is controlled by
stepsizes (hn) and (rn). The proposed conditions are w.r.t. a general majorant function H.

13
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Theorem 10 Let (X, d) be a locally compact Polish space. Assume that A1, A2 and the
following conditions are satisfied.

(i) There exist sequences (hn)n∈N and (rn)n∈N of positive numbers tending to 0 and a
non-negative, nonincreasing function H on [0,∞) with 1/rn ·H(s/hn)→ 0 (n→∞)
for all s ∈ (0,∞).

(ii) For all n ∈ N it holds that

kn(x, z) ≤ 1
rn
H
(
d(x, z)/hn

)
. (45)

(iii) The supremum of additive weights is bounded by 1, i.e.,

sup
x,z∈X,n∈N

ankn(x, z) ≤ 1. (46)

(iv) Measure QX does not diminish w.r.t. the smoother functions, that is

lim inf
n→∞

∫
X
kn(x, t) dQX(t) > 0 for QX-almost all x. (47)

(v) The positive learning rates satisfy
∞∑
n=1

an = ∞, and
∞∑
n=1

a2
n

r2
n

< ∞. (48)

Then, the estimate sequence (µn)n∈N defined by (43) is weakly and strongly consistent.

Conditions (i) and (ii) ensure that kn(x, z) vanishes for x 6= z as n → ∞. The weight
functions are probability weights because of assumption (iii). Condition (iv) is the strongest
technical assumption in a general metric measure space, however, in several cases it is easy
to verify. Condition (v) can be usually guaranteed by the choice of stepsizes.

Proof For the weak consistency, we apply Theorem 6, hence our main task is to verify its
assumptions. Observe that with W1,1(x) = 1 and

Wn,i(x) =
n∏

l=i+1

(
1− alkl(x,Xl)

)
aiki(x,Xi), (49)

for n ≥ 2 and i ∈ [n] we have µn(x) =
∑n
i=1Wn,i(x)`(·, Yi). By induction, it is easy to see

that the weights are probability weights. We start the procedure with a constant 1 function,
then an update clearly does not change the sum of the weights for any input point x ∈ X.

Condition (22) is verified in the proof of Györfi et al. (2002, Theorem 25.1). Note
that (22) only regards the weight functions, which are identical for real-valued regression.
Condition (24) again follows from the scalar-valued case.

In order to prove that condition (23) holds, we follow the proof in (Györfi et al., 2002,
Theorem 25.1) with necessary modifications. By using independence of {Xi}ni=1 and the
inequality (1− x) ≤ e−x, we have for all i ≤ n that

14
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E
[
Wn,i(x)

]
=

n∏
l=i+1

E
[
(1− alkl(x,Xl))

]
E
[
aiki(x,Xi)

]
≤ aiH(0)

ri
e
−
∑n

l=i+1 alE
[
kl(x,Xl)

]
n→∞−−−→ 0,

(50)

because
∑n
l=i+1 alE

[
kl(x,Xl)

] n→∞−−−→ ∞ by condition (iv) and
∑∞
n=1 an = ∞. Let us fix

δ > 0. By the dominated convergence theorem, it is sufficient to prove that for almost all
x it holds that

E
[ n∑
i=1

Wn,i(x)I
(
d(x,Xi) > δ

)]
→ 0. (51)

Let pn(x) .= E[kn(x,X)]. By condition (iv) we have that

p(x) .= 1
2 lim inf

n→∞
pn(x) > 0 (52)

holds QX-almost everywhere implying that for QX-almost all x there exists n0(x) such that,
for n > n0(x) we have pn(x) ≥ p(x). Because of (50), for such x ∈ X it is sufficient to prove

E
[ n∑
i=n0(x)

Wn,i(x)I
(
d(x,Xi) > δ

)] n→∞−−−→ 0. (53)

By independence one can observe that

E
[
Wn,i(x)I

(
d(x,Xi) > δ

)]
= E

[ n∏
l=i+1

(1− alkl(x,Xl))aiki(x,Xi)I
(
d(x,Xi) > δ

)]

= E
[ n∏
l=i+1

(1− alkl(x,Xl))
]
E
[
aiki(x,Xi)I

(
d(x,Xi) > δ

)]
=

E
[
Wn,i(x)

]
E
[
aiki(x,Xi)

]E[aiki(x,Xi)I
(
d(x,Xi) > δ

)]
,

(54)

therefore, we have

E
[ n∑
i=n0(x)

Wn,i(x)I
(
d(x,Xi) > δ

)]

=
n∑

i=n0(x)
E
[
Wn,i(x)

]E[aiki(x,Xi)I
(
d(x,Xi) > δ

)]
E
[
aiki(x,Xi)

]
≤

n∑
i=n0(x)

E
[
Wn,i(x)

]H(δ/hi)
ri p(x) .

(55)

Since
∑n
i=n0(x) E

[
Wn,i(x)

]
≤ 1, E

[
Wn,i(x)

]
→ 0 and 1/rn H(δ/hn) → 0 as n → ∞ the

application of Lemma 29 yields
n∑

i=n0(x)
E
[
Wn,i(x)

] H(δ/hi)
ri p(x) → 0. (56)
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Consequently, the weak consistency of (µn) follows from Theorem 6.
The strong consistency of (µn)n∈N can be proved based on the almost supermartingale

convergence theorem of Robbins and Siegmund (1971), see Theorem 30. The technical de-
tails of the proof are presented in Appendix C.

We presented our recursive algorithm in a general setup. It remains to construct
smoother sequences and stepsizes that satisfy the proposed conditions. In the theorem
that follows we generate the smoothers with the help of an R → R type mother kernel
K. In the next section we present several corollaries of this theorem to design consistent
algorithms for many important machine learning applications.

Theorem 11 Let (X, d) be a locally compact Polish space and K : R→ R be a measurable,
nonnegative and bounded function. Assume A1 and A2. Let (hn)n∈N and (rn)n∈N be positive
sequences with zero limit. Let us define the following smoothers

kn(x, z) .= 1
rn
K

(
d(x, z)
hn

)
, (57)

for n ∈ N. Let (µn)n∈N be defined as in (43). Assume that:

(i) There are positive constants R and b such that K(t) ≥ b I(t ∈ B(0, R)) for all t ∈ R,
where B(0, R) denotes the open ball with center 0 and radius R.

(ii) There is a measurable, nonnegative and nonincreasing function H on [0,∞) such that
1/rnH(s/hn)→ 0 as n→∞ and K(s) ≤ H(s) for all s ∈ (0,∞).

(iii) The nonnegative learning rates satisfy
∞∑
n=1

an = ∞, and
∞∑
n=1

a2
n

r2
n

< ∞. (58)

(iv) The weights of the update term is bounded by 1, i.e.,

sup
t∈R

K(t) sup
n∈N

an
rn
≤ 1. (59)

(v) The probability of small balls is bounded from below by

lim inf
n→∞

QX(B(x,Rhn))
rn

> 0 QX - a.s. (60)

Then, (µn)n∈N is weakly and strongly consistent.

Proof It is sufficient to verify the conditions of Theorem 10. We assumed that

1/rn H(s/hn)→ 0, (61)

for all s ∈ (0,∞). From (57) and condition (ii) it follows that

rnkn(x, z) = K(d(x, z)/hn) ≤ H(d(x, z)/hn). (62)
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Condition (iv) implies that

sup
x,z∈X,n∈N

ankn(x, z) = sup
x,z∈X,n∈N

an
rn
K

(
d(x, z)
hn

)
≤ sup

t∈R
K(t) sup

n∈N

an
rn
≤ 1 (63)

holds. Finally by condition (i) we have∫
X
kn(x, t) dQX(t) =

∫
X

1
rn
K

(
d(x, t)
hn

)
dQX(t)

≥
∫
X

b

rn
I
(
d(x, t)
hn

∈ B(0, R)
)

dQX(t)

=
∫
X

b

rn
I
(
t ∈ B(x,Rhn)

)
dQX(t) = bQX(B(x,Rhn))

rn
.

(64)

Taking the lim inf on both sides and applying condition (v) yield (47). The conditions on
the stepsize sequence are assumed. Therefore, by applying Theorem 10, we can conclude
that the estimate sequence, (µn)n∈N, is weakly and strongly consistent.

4. Demonstrative Applications

In this section we demonstrate the applicability of Theorem 11 through some character-
istic model classes important for statistical learning. We consider three general setups. The
main difference of these applications lies in the input spaces. We show that the requirement
on the probability of small balls is satisfied in these cases and provide constructions for the
learning rates, (an), (rn) and (hn), such that they satisfy the conditions of Theorem 11.

First, Euclidean input spaces are considered, for which we prove the weak and strong
universal consistency of the recursive estimator of the conditional kernel mean map. The
main novelty of this corollary compared to the results of Györfi et al. (2002, Chapter 25) is
that our method is applicable for special Hilbert space valued regression problems.

Second, we study abstract Riemannian manifolds as input spaces for which an embed-
ding into an “ambient” Euclidean space may not be explicitly given. One of the motivations
of this example comes from manifold learning (Tenenbaum et al., 2000; Lin and Zha, 2008),
which is an actively studied area in machine learning, whose theoretical study is full of chal-
lenges. The presented recursive framework can offer a new technical tool for this direction.

Finally, we investigate the case of functional inputs (Ferraty and Vieu, 2006). This ex-
ample is motivated by signal processing problems and methods for continuous-time systems
in time-series analysis. We consider a wavelet-like approach leading to an input space that
is a locally compact subset of L2(R) induced by translations of a suitable mother function.

4.1 Euclidean Spaces

When X is an Euclidean space, the weak and strong universal consistency of the recursive
estimator of the conditional kernel mean map is a consequence of Theorem 11.

Corollary 12 Let X = Rp be a p-dimensional Euclidean space, with the Euclidean metric,
and K : R → R be a measurable, nonnegative and bounded function. Let the stepsizes be
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defined as an
.= 1/n, and let rn

.= 1/n(1−ε)/2, where ε ∈ (0, 1), and hn
.= p
√
rn and kn be as in

(57) for n ∈ N. Let (µn)n∈N be defined as in (43). Assume A1, A2 and conditions (i) and
(ii) from Theorem 11, then (µn)n∈N is weakly and strongly universally consistent.

Proof We can assume (w.l.o.g.) that K is bounded by 1. A Euclidean space is a locally
compact Polish space, therefore, we can apply Theorem 11. Conditions (i) and (ii) are
assumed. Our choice of stepsizes clearly satisfies (58) and (59). For (60) we use (Devroye,
1981, Lemma 2.2) which proves that for every probability measure QX on Rp there exists a
nonnegative function g satisfying g(x) <∞ QX-almost surely, such that

hpn
QX(B(x,Rhn)) → g(x) QX − a.s. (65)

for all R > 0. Therefore

lim inf
n→∞

QX(B(x,Rhn))
rn

= 1
g(x) > 0 QX − a.s. (66)

and then the statement of corollary is proved by applying Theorem 11.

Remark 13 Mother kernel K can be chosen based on prior knowledge on the problem. In
the table that follows we list some of the possible candidates.

Name Formula

Box kernel I(|x| < B), with B > 0

Gaussian kernel exp
(
− x2

σ

)
, with σ > 0

Laplace kernel exp
(
− |x|σ

)
, with σ > 0

Epanechnikov kernel 3/4(1− x2) I(|x| < 1)

One can easily verify that all of these functions are measurable, nonnegative and bounded
by 1. They also satisfy conditions (i) and (ii) from Theorem 11 with H = K|[0,∞).

4.2 Riemannian Manifolds

In our recursive scheme the power of hn w.r.t. rn is (at least) p for a p-dimensional
Euclidean space. Manifolds can often be embedded in a high-dimensional Euclidean space,
however, they are locally isomorphic to a lower dimensional one. This local isometry allows
us to use the lower manifold dimension as the power of hn w.r.t. rn. Moreover, we also
cover abstract p-dimensional manifolds, hence an ambient Euclidean space is not required.

Corollary 14 Let X be a p-dimensional connected, geodesically complete Riemannian man-
ifold, with geodesical distance % and K : R→ R be a measurable, nonnegative and bounded
function. Let an

.= 1/n, rn
.= 1/n(1−ε)/2, where ε ∈ (0, 1), and hn = p

√
rn and kn be as in (57)

for n ∈ N. Let (µn)n∈N be defined as in (43). Assume A1, A2 and conditions (i) and (ii)
from Theorem 11, then (µn)n∈N is weakly and strongly universally consistent.
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Proof Assume (w.l.o.g.) that K is bounded by 1. Every topological manifold is locally
compact (Lee, 2013, Proposition 1.12). Connected Riemannian manifolds are metrizable,
henceforth paracompact2 (Stone, 1948). A connected paracompact metric space is second
countable, thus it is separable and admits a countable atlas. Moreover, by the Hopf-Rinow
theorem a geodesically complete Riemannian manifold is complete as a metric space.

Consider a countable smooth atlas A on X. We are going to prove the assumption about
small ball probabilities for every chart in the atlas almost surely, hence the claim for the
whole space will follow almost surely. Consider a chart (U, f) in A.

If QX(U) = 0, then the condition is satisfied automatically, otherwise consider the
probability measure QX/QX(U) on U . We push measure QX/QX(U) to Rp, i.e., consider
the probability measure µ on Rp, defined by µ(A) .= QX ◦ f−1[f(U) ∩ A]/QX(U) for every
Borel set A in Rp. We have already seen that

lim inf
n→∞

µ(B2(s,R hn))
hpn

> 0 µ− almost everywhere, (67)

that is there exists a measurable set Ω1 ⊆ Rp such that µ(Ω1) = 1 and for all s ∈ Ω1 one has
(67). Notice that one can assume that Ω1 ⊆ f(U) (otherwise we can take the intersection).

Let q ∈ Ω1. We know that f−1 is a smooth diffeomorphism, therefore there exists
C > 0 such that

∥∥Df−1(s)
∥∥ ≤ C for s ∈ B2(q, 1/C hn), where D is the differential operator

and ‖·‖ denotes the operator norm. In the next step, we prove that B%(f−1(q), hn) ⊇
f−1[B2(q, 1/C hn) ∩ f(U)] for hn small enough. Let s ∈ B2(q, 1/C hn) ∩ f(U). Then, there
are x = f−1(q) and x̄

.= f−1(s). By Lemma 32, we have

%(x, x̄) = %(f−1(q), f−1(s)) ≤ C ‖q − s‖2 ≤ hn. (68)

It follows that

QX(B%(f−1(q), hn)) ≥ QX ◦ f−1(B2(q, 1/C hn) ∩ f(U)) = µ(B2(q, 1/C hn))QX(U). (69)

Let Ω0 = f−1[Ω1] ⊆ X, for which QX(Ω0)/QX(U) = 1. Moreover, for x ∈ Ω0 we have that

lim inf
n→∞

QX(B%(x, hn))
hdn

≥ lim inf
n→∞

QX(U)µ(B2(f(x), 1/C hn))
hdn

> 0. (70)

holds for every x ∈ Ω0. Hence (70) holds QX/QX(U)-almost surely and QX-almost every-
where. The rest of the proof is similar to that of the Euclidean case.

4.3 Locally Compact Subset of a Hilbert Space

Now, we consider functional inputs, which can be useful, e.g., in signal processing. The
analyzed function set is motivated by wavelets. Our model class can be seen as how a signal
is encoded in a computer by storing a finite number of coefficients for some basis functions
at given knots, where the locations of these knots are flexible and part of the representation.

2. A topological space is paracompact, if every open cover has an open refinement that is locally finite.
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Let us consider the Hilbert space L2(R). Let ψ be a function in a Sobolev space W 1,2(R)
(Berlinet and Thomas-Agnan, 2004), and τx be the translation operator on L2(R) defined
pointwise by τxf(t) .= f(t− x). For given (constant) hyper-parameters m ∈ N,M > 0, let

M .=
{
f : R→ R

∣∣∣ f =
m∑
i=1

λi τxiψ for some λ1, . . . , λm, x1, . . . , xm ∈ [−M,M ]
}
. (71)

Consider the canonical (measurable) mapping φ from [−M,M ]2m to M given by

φ :
[
λ
x

]
7→

m∑
i=1

λi τxiψ, (72)

where λ = [λ1, . . . , λm]T and x = [x1, . . . , xm]T. Clearly, φ is surjective, however, it is not
injective. We are going to consider probability measures of the form QX

.= PX ◦ φ−1 for
some PX on [−M,M ]2m, i.e., we assume that QX is the pushforward of some measure on
the bounded (locally compact) Polish space [−M,M ]2m with the Euclidean metric.

Corollary 15 Let ψ ∈ W 1,2(R), X =M with the L2 metric, K : R→ R be a measurable,
nonnegative and bounded function. Let an

.= 1/n, rn
.= 1/n(1−ε)/2, for an ε ∈ (0, 1), and

hn = 2m
√
rn and kn be as in (57) for n ∈ N. Let (µn)n∈N be defined as in (43). Assume

(i)-(ii) from Theorem 11, then (µn)n∈N is weakly and strongly consistent for measures of
the form QX

.= PX ◦ φ−1 for any distribution PX on [−M,M ]2m, where φ is given by (72).

Proof We need to prove that M is locally compact and Polish. First, we show that M
is complete with the L2 metric. It is known that L2 is complete. Hence, for any Cauchy
sequence (fn)n∈N in M we have a limit function f ∈ L2(R). We show that f is also in M.
Let fn =

∑m
i=1 λn,i τxn,iψ. We know that [−M,M ] is a compact set hence for i = 1 there is

a subsequence (nk)k∈N of N such that λnk,1 → λ1. One can iteratively find subsequences of
the resulting subsequences such that for all i = 1, . . . ,m the convergences of λsk,i → λi and
xsk,i → xi hold true for a subsequence (sk)k∈N of N. Because of ψ ∈ W 1,2(R) function ψ

is (Lebesque) almost everywhere continuous. Hence, fsk
→ f̂ holds almost everywhere for

f̂
.=
∑n
i=1 λiτxiψ. It is known, see (Rudin, 1987, Theorem 3.12), that this is sufficient for

f = f̂ almost everywhere. A similar argument can be used to show that M is sequentially
compact. Then, sinceM is a metric space, it is also compact; not just locally, but globally.

We also need to prove that for all f ∈M

lim inf
n→∞

QX(B(f,R hn))
h2m
n

> 0 QX-a.s. (73)

We show that for f̃ .=
∑m
i=1 λ̃iτx̃iψ from∥∥∥∥∥

[
λ
x

]
−
[
λ̃
x̃

] ∥∥∥∥∥
2

< h (74)

it follows that ‖f − f̃‖2 < C h. Recall that on finite dimensional vector spaces all norms
are equivalent, thus one can use ‖·‖∞ instead of ‖·‖2, i.e., there exists c > 0 such that∥∥∥∥∥

[
λ
x

]
−
[
λ̃
x̃

] ∥∥∥∥∥
∞

≤ c

∥∥∥∥∥
[
λ
x

]
−
[
λ̃
x̃

] ∥∥∥∥∥
2

(75)
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holds. In conclusion, if (74) holds, then∥∥∥∥∥
[
λ
x

]
−
[
λ̃
x̃

] ∥∥∥∥∥
∞

≤ c h. (76)

We use the notion of moduli of continuity to prove that
∥∥∥f − f̃∥∥∥

2
< C h. Recall that

ω
(2)
ψ (h) .= sup

|x|≤h

∫
|ψ(t+ x)− ψ(t)|2 dt. (77)

It is known (Evans, 2010, Section 5.8,Theorem 3) that for ψ ∈W 1,2(R) there is a constant
Mψ with

ω
(2)
ψ (h) ≤Mψh

2. (78)

Using the triangle inequality and (78) one can gain

∥∥∥f − f̃∥∥∥
2

=
∥∥∥∥∥
m∑
i=1

λiτxiψ −
m∑
i=1

λ̃iτx̃iψ

∥∥∥∥∥
2

≤
∥∥∥∥∥
m∑
i=1

λiτxiψ −
m∑
i=1

λ̃iτxiψ +
m∑
i=1

λ̃iτxiψ −
m∑
i=1

λ̃iτx̃iψ

∥∥∥∥∥
2

≤
∥∥∥∥∥
m∑
i=1

λiτxiψ −
m∑
i=1

λ̃iτxiψ

∥∥∥∥∥
2

+
∥∥∥∥∥
m∑
i=1

λ̃iτxiψ −
m∑
i=1

λ̃iτx̃iψ

∥∥∥∥∥
2

≤
m∑
i=1
|λi − λ̃i| ‖τxiψ‖2 +

m∑
i=1
|λ̃i| ‖τxiψ − τx̃iψ‖2

≤ h cm ‖ψ‖2 +M
m∑
i=1

(∫
R
|ψ(t− xi)− ψ(t− x̃i)|2 dt

)1/2

≤ h cm ‖ψ‖2 +M
m∑
i=1

(∫
R
|ψ(s)− ψ(s+ (xi − x̃i))|2 dt

)1/2

≤ h cm ‖ψ‖2 +M
m∑
i=1

√
ω

(2)
ψ (c h)

≤ h cm
(
‖ψ‖2 +M

√
Mψ

)
,

(79)

hence our claim is satisfied with C = mc
(
‖ψ‖2 +M

√
Mψ

)
.

We showed that B(f, C hn))) ⊇ φ(B([λT, xT]T, hn)), therefore

QX(B(f,R hn))) ≥ PX ◦ φ−1[φ(B([xT, λT]T, R/C hn))
]

≥ PX(B([λT, xT]T, R/C hn)).
(80)

By (Devroye, 1981, Lemma 2.2) we conclude that

lim inf
n→∞

PX(B([λT, xT]T, R/C hn))
h2m
n

= 1
g([λT, xT]T) > 0 PX − a.s. (81)
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and
lim inf
n→∞

QX(B(f,R hn))
h2m
n

> 0 QX − a.s. (82)

By Theorem 11 the corollary follows.

5. Discussion

In this paper, we have introduced a new recursive estimator for the conditional kernel
mean map, which is a key object to represent conditional distributions in Hilbert spaces. We
have proved the weak and strong L2 consistency of the introduced scheme in the Bochner
sense, under general structural conditions. We have considered a locally compact Polish
input space and assumed only the knowledge of a kernel on the (measurable) output space.
Our recursive algorithm uses a smoother sequence on the metric input space and three
learning sequences, each of these having a particular role in the iterative settings. Learning
rate (an) adjusts the weights of the current estimate term and the update term in each
step. Sequences (hn) and (rn) are used to adaptively shrink the smoother functions w.r.t.
the intrinsic measuretic structure of the metric space. Our main assumption concerns the
probabilities of small balls, i.e., we assume that the measure of small balls with radius
hn are comparable to rn when n goes to infinity. We have generalized a result of Györfi
et al. (2002, Theorem 25.1) for locally compact Polish input spaces and Hilbert space
valued regressions. We have considered three important application domains of our recursive
estimation scheme. Our consistency results are universal in case of Euclidean input spaces
and complete Riemannian manifolds, because the small ball probability assumption can be
satisfied by (hn) and (rn) for all probability distributions. A Hilbert space valued input set
(containing functions) was also considered to illustrate the generality of the framework.

Acknowledgements
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Appendix A.

The Bochner Integral

Bochner integral is an extended integral notion for Banach space valued functions. Let
(G, ‖·‖G) be a Banach space with the Borel σ-field of G and (Ω,A,P) be a measure space with
a finite measure P. Similarly to the Lebesgue integral, the Bochner integral is introduced
first for simple Ω→ G type functions of the form f(ω) =

∑n
j=1 I(ω ∈ Aj) gj , where Aj ∈ A
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and gj ∈ G for all j ∈ [n], by ∫
Ω
f dP .=

n∑
j=1

P(Aj) gj . (83)

Then, the integral is extended to the abstract completion of these simple functions with
respect to the norm defined by the following Lebesgue integral

‖f‖L1(P;G)
.=
∫

Ω
‖f‖G dP. (84)

Definition 16 A function f : Ω → G is called strongly measurable (Bochner-measurable)
if there exists a sequence (fn)n∈N of simple functions converging to f almost everywhere.

By the Pettis theorem (Hytönen et al., 2016, Theorem 1.1.20), this is equivalent to requiring
the weak measurability of f and that f(Ω) ⊆ G is separable.

Definition 17 Let 1 ≤ p <∞. Then, the vector valued Lp(Ω,A,P;G)-space is defined as

Lp(Ω,A,P;G)= L(P;G) .=
{
f : Ω→ G

∣∣ f is strongly measurable and
∫
‖f‖pG dP <∞

}
. (85)

A semi-norm on Lp(Ω,A,P;G) is defined by

‖f‖Lp(P;G)
.=
( ∫
‖f‖pG dP

) 1
p
, for f ∈ Lp(Ω,A,P;G). (86)

Taking equivalence classes on Lp(Ω,A,P;G) w.r.t. semi-norm ‖·‖Lp
yields the vector valued

Lp space (Bochner space) denoted by Lp(Ω,A,P;G), or simply by Lp(Ω,P;G).

Proposition 18 Space (Lp(Ω,A,P;G), ‖·‖Lp(P;G)) is a Banach space for 1 ≤ p <∞.

Several of the well-known theorems about Lebesgue integrals can be extended to Bochner
integrals, see (Dinculeanu, 2000; Hytönen et al., 2016; Pisier, 2016).

Proposition 19 (Bochner’s inequality) For all f ∈ L1(Ω,A,P;G), we have∥∥∥∥ ∫ f dP
∥∥∥∥
G
≤
∫
‖f‖G dP. (87)

Moreover, f is Bochner integrable if and only if the right hand side is finite, however, recall
that f is required to be strongly measurable to be included in L1(Ω,A,P;G). Furthermore,
observe that

∫
‖f‖G dP = ‖f‖L1(P;G), hence the Bochner integral is a continuous operator

from L1(Ω,A,P;G) to Banach space G. By definition, the Bochner integral is also linear.

Proposition 20 Let E and F be Banach spaces and T : E → F be a bounded linear
operator. Then, for all f ∈ L1(P;E), we have that T ◦ f ∈ L1(P;F ) and

T
( ∫

f dP
)

=
∫
T (f) dP. (88)

In particular, for a bounded linear functional x∗ : G → R, we have〈 ∫
Ω
f(ω) dP(ω), x∗

〉
=
∫

Ω
〈f(ω), x∗〉dP(ω), (89)

where 〈g, x∗〉 .= x∗(g).
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Now, let (G, 〈·, ·〉G) be a Hilbert space. By Proposition 20 for all g ∈ G, we have〈 ∫
Ω
f(ω) dP(ω), g

〉
G

=
∫

Ω
〈µ(ω), g〉G dP(ω). (90)

Moreover, it can be proved that L2(Ω,A,P;G) is also a Hilbert space with the following
inner product

〈µ1, µ2〉L2(Ω,P;G)
.=
∫
〈µ1(ω), µ2(ω)〉G dP(ω). (91)

Conditional Expectation in Banach Spaces

Let P be a probability measure and B a sub-σ-algebra of A. The conditional expectation
with respect to B is defined for any f ∈ L1(Ω,A,P;G) as the P-a.s. unique element E

[
f | B

] .=
ν ∈ L1(Ω,B,P;G) satisfying∫

B
ν dP =

∫
B
f dP, for all B ∈ B. (92)

It can be shown that the conditional expectation is a (well-defined) bounded operator
from L1(Ω,A,P;G) to L1(Ω,B,P;G) (Hytönen et al., 2016, Theorem 2.6.23), (Pisier, 2016,
Proposition 1.4). The nonexpanding property also holds in the Lp(P;G) sense for all 1 ≤
p <∞, see (Hytönen et al., 2016, Corollary 2.6.30), that is for all f ∈ Lp(P;G) we have∥∥E[ f | B ] ∥∥pG ≤ E

[
‖f‖pG | B

]
, (93)

and by Bochner’s inequality
∥∥E[f | B]∥∥

Lp(Ω;G) ≤ ‖f‖Lp(Ω;G). Furthermore, by (Hytönen
et al., 2016, Prop. 2.6.31.) we can take out the B-measurable term from the conditional
expectation. In particular, if G is a Hilbert space, then for all g ∈ G and f ∈ L2(Ω,A,P;G)
we (a.s.), have that

〈E
[
µ | B

]
, g 〉G = E

[
〈µ, g〉G | B

]
. (94)

Appendix B.

In the proof of the generalized Stone’s theorem a continuous approximation of the con-
ditional kernel mean map is needed. The existence of such approximation is ensured by the
following theorem.

Theorem 21 Let X be a locally compact Hausdorff space equipped with a Radon measure 3

QX and let G be a separable Hilbert space. The space of compactly supported continuous
functions, Cc(X;G), is dense in L2(X, QX ;G), that is for all µ ∈ L2(X, QX ;G) and ε > 0,
there exists a µ̃ ∈ Cc(X;G) such that∫

X
‖µ(x)− µ̃(x)‖2G dQX(x) < ε. (95)

A similar result is proved for Rd in (Hytönen et al., 2016, Lemma 1.2.31). They mention in
a remark that their lemma can be generalized for locally compact spaces, but the complete

3. A Radon measure is a regular Borel measure.
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proof of their claim were not found by us in the literature. Nevertheless, the presented
argument has a similar flavor as the ones for scalar valued Lp spaces.
Proof First, we prove that we can approximate µ with simple functions in L2(X, QX ;G).
Let µ ∈ L2(X, QX ;G) and ε > 0. There exists a sequence of simple functions (µn)n∈N such
that µn → µ a.s., i.e., µn(x) .=

∑kn
i=1 gi I(x ∈ Ai) where gi ∈ G and Ai is measurable with

QX(Ai) <∞ for all i ∈ [kn]. Let Bn
.= {x ∈ X : ‖µn(x)‖G ≤ 2 ‖µ(x)‖G} and

hn(x) .= I(x ∈ Bn)µn(x). (96)

One can see that the (Bn)n∈N sequence consists of measurable sets and hn → µ almost
everywhere. We show that hn → µ in L2(X, QX ;G). Because of

‖hn‖2L2(X;G) =
∫
Bn

‖µn(x)‖2G dQX(x) ≤ 22
∫
X
‖µ(x)‖2G dQX(x), (97)

we have hn ∈ L2(X, QX ;G) for n ∈ N. In addition, almost everywhere we have

‖µ(x)− hn(x)‖2G ≤ (3 ‖µ(x)‖G)2, (98)

therefore, by the dominated convergence theorem

lim
n→∞

‖µ− hn‖2L2(X,QX ;G) = lim
n→∞

∫
X
‖µ(x)− hn(x)‖2G dQX(x)

=
∫
X

lim
n→∞

‖µ(x)− hn(x)‖2G dQX(x) = 0.
(99)

In conclusion, for any ε > 0 there exists a simple function h ∈ L2(X, QX ;G) such that
‖µ− h‖L2(X,QX ;G) < ε. Therefore, it is sufficient to approximate h with a continuous func-
tion on a compact support. Let h ∈ L2(X, QX ;G) be

h(x) =
N∑
i=1

gi I(x ∈ Ai), (100)

where gi ∈ G and QX(Ai) <∞ for i ∈ [N ]. The main idea is to approximate the indicator
functions, {gi · I(x ∈ Ai)}ni=1, separately. Let us fix i = 1 and ε > 0. Since QX is Radon
and A1 is measurable there exists a compact set K ⊆ X such that K ⊆ A1 and

QX(A1 \K) < ε2

2N2 ‖g1‖2G
, (101)

and there exists an open set U such that A1 ⊆ U with

QX(U \A1) < ε2

2N2 ‖g1‖2G
. (102)

The application of Lemma 25 yields that there exists an open set E such that Ē is compact
and K ⊆ E ⊆ Ē ⊆ U . Because of Lemma 26 there is a continuous function f1 such
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that f1|K = 1 and f1|X\E = 0, from which it follows that f1 has a compact support. For
h1(x) .= g1 · I(x ∈ A1) and h̃1(x) .= g1 · f1(x) we have∫

X

∥∥∥h1(x)− h̃1(x)
∥∥∥2

G
dQX(x) =

∫
X
‖g1 I(x ∈ A1)− g1 f1(x)‖2G dQX(x)

= ‖g1‖2G
∫
X

(
I(x ∈ A1)− f1(x)

)2 dQX(x) ≤ ‖g1‖2G
∫
E\K

1 dQX(x)

= ‖g1‖2G QX(E \K) ≤ ‖g1‖2G QX(U \K) < ε2

N2 .

(103)

Similarly, one can construct h̃i which is close to hi in L2(X, QX ;G) for all i ∈ [N ]. Let
µ̃
.=
∑N
i=1 h̃i. Obviously, µ̃ is continuous and has a compact support. Furthermore, by the

triangle inequality we have√∫
X
‖h(x)− µ̃(x)‖2G dQX(x) =

√√√√∫
X

∥∥∥ N∑
i=1

gi
(
I(x ∈ Ai)− fi(x)

)∥∥∥2

G
dQX(x)

≤
N∑
i=1

√∫
X

∥∥gi(I(x ∈ Ai)− fi(x)
)∥∥2
G dQX(x) ≤

N∑
i=1

√
ε2

N2 = ε,

(104)

which finishes the proof of the theorem.

Lemma 22 Let {(Xi,Xi)}3i=1 be measurable spaces, let Xi, for i ∈ {1, 2, 3}, be Xi-valued
independent random elements on a probability space (Ω,A,P) with push-forward measure
Qi. Let f : X1 × X2 × X3 → R and g : X1 × X2 → R be measurable functions such that
f(X1, X2, X3) and g(X1, X2) are in L1(Ω,P). If for Q1-almost all x ∈ X1 it holds that

E
[
f(x1, X2, X3) |X2

]
≤ g(x1, X2), (105)

then almost surely

E
[ ∫

X1
f(x1, X2, X3) dQ1(x1)

∣∣∣X2

]
≤
∫
X1
g(x1, X2) dQ1(x1). (106)

Proof Integrating out both sides in (105) w.r.t. Q1 yields∫
X1

E
[
f(x1, X2, X3) |X2

]
dQ1(x1) ≤

∫
X1
g(x1, X2) dQ1(x1) = E[g(X1, X2)]. (107)

In addition, the left hand side is

E
[ ∫

X
f(x1, X2, X3) dQ1(x1)

∣∣X2
]

=
∫
X3

∫
X1
f(x1, X2, x3) dQ1(x1) dQ3(x3)

=
∫
X1

∫
X3
f(x1, X2, x3) dQ3(x3) dQ1(x1) =

∫
X1

E
[
f(x1, X2, X3) |X2

]
dQ1(x1),

(108)

because of Fubini’s theorem.
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Appendix C

The details of the proof for strong consistency in Theorem 10 are presented in this section.

Proof By the weak consistency of (µn)n∈N, Fubini’s theorem and (93) we have∫
‖E[µn(x)]− µ∗(x) ‖2G dQX(x) ≤ E

∫
‖µn(x)− µ∗(x) ‖2G dQX(x)→ 0. (109)

Because of (a+ b)2 ≤ 2a2 + 2b2, we have

E
∫
‖µn(x)− E[µn(x)]‖2G dQX(x)

≤ 2
(
E
∫
‖µn(x)− µ∗(x)‖2G dQX(x) +

∫
‖µ∗(x)− E[µn(x)]‖2G dQX(x)

)
→ 0.

(110)

Since ∫
‖µn(x)− µ∗(x)‖2G dQX(x)

≤ 2
( ∫
‖µn(x)− E[µn(x)]‖2G dQX(x) +

∫
‖µ∗(x)− E[µn(x)]‖2G dQX(x)

) (111)

holds, for the strong consistency of (µn) it is sufficient to prove that∫
‖µn(x)− E[µn(x)]‖2G dQX(x)→ 0 (112)

almost surely. By (110) the integral admits a finite limit which must agree with the weak
limit (which is zero). Let us consider the following expansion:

µn+1(x)− E[µn+1(x)] = µn(x)− E[µn(x)]

− an+1
(
µn(x)kn+1(x,Xn+1)− E

[
µn(x)kn+1(x,Xn+1)

])
+ an+1

(
`(·, Yn+1)kn+1(x,Xn+1)− E

[
`(·, Yn+1)kn+1(x,Xn+1)

])
.

(113)

Let Fn
.= σ(X1, Y1, . . . , Xn, Yn) for n ∈ N. Taking the conditional expectation of the norm

square of (113) w.r.t. Fn yields

E
[
‖µn+1(x)− E[µn+1(x)]‖2G | Fn

]
= ‖µn(x)− E[µn(x)]‖2G

+ a2
n+1E

[ ∥∥µn(x)kn+1(x,Xn+1)− E
[
µn(x)kn+1(x,Xn+1)

]∥∥2
G | Fn

]
+ a2

n+1E
[ ∥∥`(·, Yn+1)kn+1(x,Xn+1)− E

[
`(·, Yn+1)kn+1(x,Xn+1)

]∥∥2
G | Fn

]
− 2an+1E

[〈
µn(x)− E[µn(x)], µn(x)kn+1(x,Xn+1)− E[µn(x)kn+1(x,Xn+1)]

〉
G
∣∣Fn]

+ 2an+1E
[〈
µn(x)− E[µn(x)], `(·, Yn+1)kn+1(x,Xn+1)− E[`(·, Yn+1)kn+1(x,Xn+1)]

〉
G
∣∣Fn]

− 2a2
n+1E

[〈
µn(x)kn+1(x,Xn+1)− E[µn(x)kn+1(x,Xn+1)],

`(·, Yn+1)kn+1(x,Xn+1)− E[`(·, Yn+1)kn+1(x,Xn+1)]
〉
G
∣∣Fn]
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= I1 + I2 + I3 + I4 + I5 + I6, (114)

where Ii are defined respectively for i ∈ {1, . . . , 6}. We bound these terms separately
using the measurability condition, the independence of the sample and condition (ii). Our
main tool to prove almost sure convergence uses almost supermartingales, Theorem 30 from
(Robbins and Siegmund, 1971). Therefore, our main task in this section is to bound each
Ii for i ∈ {1, . . . , 6} by (1 + αn)

(
‖µn(x)− E[µn(x)]‖2G

)
+ βn where αn and βn are small

enough, i.e., ∑
n∈N

E[αn] <∞ and
∑
n∈N

E[βn] <∞ (115)

holds. Clearly, I1 is bounded by itself. For the second term we have

I2
.= a2

n+1E
[ ∥∥µn(x)kn+1(x,Xn+1)− E

[
µn(x)kn+1(x,Xn+1)

]∥∥2
G | Fn

]
= a2

n+1

(
E
[
‖µn(x)kn+1(x,Xn+1)‖2G | Fn

]
+ ‖E[µn(x)]E[kn+1(x,Xn+1)]‖2G

− 2〈µn(x)E[kn+1(x,Xn+1)],E[µn(x)]E[kn+1(x,Xn+1)]〉G
)

= a2
n+1

(
‖µn(x)‖2G

(
E[k2

n+1(x,Xn+1)]−
(
E[kn+1(x,Xn+1)]

)2)
+ ‖µn(x)‖2G

(
E[kn+1(x,Xn+1)]

)2 − 2〈µn(x),E[µn(x)]〉G
(
E[kn+1(x,Xn+1)]

)2
+ ‖E[µn(x)]‖2G

(
E[kn+1(x,Xn+1)]

)2)
= a2

n+1

(
‖µn(x)‖2G

(
E[k2

n+1(x,Xn+1)]−
(
E[kn+1(x,Xn+1)]

)2)
+ ‖µn(x)− E[µn(x)]‖2G

(
E[kn+1(x,Xn+1)]

)2)
≤
H2(0)a2

n+1
r2
n+1

(
‖µn(x)‖2G + ‖µn(x)− E[µn(x)]‖2G

)

(116)

because recall that rn+1k(x,Xn+1) ≤ H(0). We also used that (Xn+1, Yn+1) is independent
of Fn and µn(x) is measurable w.r.t. Fn. The third term can be bounded as follows

I3
.= a2

n+1E
[ ∥∥`(·, Yn+1)kn+1(x,Xn+1)− E

[
`(·, Yn+1)kn+1(x,Xn+1)

]∥∥2
G | Fn

]
= a2

n+1

(
E
[
‖`(·, Yn+1)kn+1(x,Xn+1)‖2G

]
+
∥∥E[`(·, Yn+1)kn+1(x,Xn+1)

]∥∥2
G

− 2E
[
〈`(·, Yn+1)kn+1(x,Xn+1),E

[
`(·, Yn+1)kn+1(x,Xn+1)

]
〉G
])

= a2
n+1

(
E
[
`(Yn+1, Yn+1)k2

n+1(x,Xn+1)
]
−
∥∥E[`(·, Yn+1)kn+1(x,Xn+1)

]∥∥2
G

)
≤
H2(0)a2

n+1
r2
n+1

E[`(Y, Y )].

(117)

The fourth term is less than 0 because

I4 = −2an+1E
[〈
µn(x)− E[µn(x)], µn(x)kn+1(x,Xn+1)− E[µn(x)kn+1(x,Xn+1)]

〉
G
∣∣Fn]
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= −2an+1
〈
µn(x)− E[µn(x)], µn(x)E[kn+1(x,Xn+1)]− E[µn(x)]E[kn+1(x,Xn+1)]

〉
G

= −2an+1 ‖µn(x)− E[µn(x)]‖2G E[kn+1(x,Xn+1)] ≤ 0. (118)

It is easy to see that I5 = 0, because of independence we have

E
[〈
µn(x)− E[µn(x)], `(·, Yn+1)kn+1(x,Xn+1)− E[`(·, Yn+1)kn+1(x,Xn+1)]

〉
G
∣∣Fn]

=
〈
µn(x)− E[µn(x)],E[`(·, Yn+1)kn+1(x,Xn+1)]− E[`(·, Yn+1)kn+1(x,Xn+1)]

〉
G .

(119)

For the last term we use the Cauchy-Schwartz inequality and 2ab ≤ a2 + b2 to show that

I6 = −2a2
n+1E

[〈
µn(x)kn+1(x,Xn+1)− E[µn(x)kn+1(x,Xn+1)],

`(·, Yn+1)kn+1(x,Xn+1)− E[`(·, Yn+1)kn+1(x,Xn+1)]
〉
G
∣∣Fn]

= −2a2
n+1

(
E
[〈
µn(x)kn+1(x,Xn+1), `(·, Yn+1)kn+1(x,Xn+1)

〉
G
∣∣Fn]

− 〈E[µn(x)kn+1(x,Xn+1)],E[`(·, Yn+1)kn+1(x,Xn+1) | Fn]
〉
G

− 〈E[µn(x)kn+1(x,Xn+1) | Fn],E[`(·, Yn+1)kn+1(x,Xn+1)]
〉
G

+ 〈E[µn(x)kn+1(x,Xn+1)],E[`(·, Yn+1)kn+1(x,Xn+1) | Fn]
〉
G

)
= −2a2

n+1E
[
k2
n+1(x,Xn+1)

〈
µn(x), `(·, Yn+1)

〉
G
∣∣Fn]

+ 2a2
n+1E[kn+1(x,Xn+1)]〈µn(x),E[`(·, Yn+1)kn+1(x,Xn+1)]

〉
G

≤ 2a2
n+1E[k2

n+1(x,Xn+1) ‖µn(x)‖G
√
`(Yn+1, Yn+1) | Fn]

+ 2a2
n+1E[kn+1(x,Xn+1)] ‖µn(x)‖G ‖E[`(·, Yn+1)kn+1(x,Xn+1)]‖G

≤ 2a2
n+1 ‖µn(x)‖G E

[
H2(0)
r2
n+1

√
`(Yn+1, Yn+1) | Fn

]
+ 2a2

n+1 ‖µn(x)‖G
H2(0)
r2
n+1

E[‖`(·, Yn+1)‖G ]

= 4
H2(0)a2

n+1
r2
n+1

‖µn(x)‖G E
[√

`(Y, Y )
]
≤ 2

H2(0)a2
n+1

r2
n+1

(
‖µn(x)‖2G + E[`(Y, Y )]

)
.

(120)

By summarizing these upper bounds we have almost surely that

E
[
‖µn+1(x)− E[µn+1(x)]‖2G | Fn

]
(121)

≤
(

1 +
H2(0)a2

n+1
r2
n+1

)
‖µn(x)− E[µn(x)]‖2G +

3H2(0)a2
n+1

r2
n+1

(
‖µn(x)‖2G + E[`(Y, Y )]

)
for all x ∈ X. By Lemma 22 one can integrate w.r.t. QX to prove that

E
[ ∫
‖µn+1(x)− E[µn+1(x)]‖2G dQX(x) | Fn

]
≤
(

1 +
H2(0)a2

n+1
r2
n+1

)∫
‖µn(x)− E[µn(x)]‖2G dQX(x)

+
3H2(0)a2

n+1
r2
n+1

( ∫
‖µn(x)‖2G dQX(x) + E[`(Y, Y )]

)
.

(122)
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Observe that E[`(Y, Y )] <∞ and E
[ ∫
‖µn(x)‖2G dQX(x)

]
is convergent, hence also bounded.

Consequently, from
∞∑
n=1

H2(0)a2
n+1

r2
n+1

<∞

it follows that
∫
‖µn+1(x)− E[µn+1(x)]‖2G dQX(x) converges almost surely by Theorem 30.

The almost surely constant limit value is zero because of our previous argument.

Appendix D

In this appendix, for convenience, we state the main theorems that are crucial for our
proofs. An important result is the generalized SLLN for Hilbert space valued random
elements. The following theorem is from the book of Taylor (1978, Theorem 3.2.4).

Theorem 23 If (Xn)n∈N is a sequence of independent random elements in a separable
Hilbert space such that ∞∑

n=1

var (Xn)
n2 <∞, (123)

where var (Xn) .= E
[
‖Xn − EXn‖2

]
, then

∥∥∥∥∥ 1
n

n∑
i=1

(Xi − EXi)
∥∥∥∥∥ a.s.−−→ 0. (124)

We referred to (Ljung et al., 2012, Theorem 1.9) to prove the consistency of our recursive
(unconditional) kernel mean embedding estimate of a marginal distribution.

Theorem 24 Let G be a real separable Hilbert space endowed with the Borel σ-algebra and
Λ : G → G be measurable and µ ∈ G (usually but not necessarily Λ(µ) = 0). Let further µn,
Wn, Hn, Vn be G-valued random elements for n ∈ N with µ0 = 0,

µn+1
.= µn − an(Λ(µn)−Wn) and Wn = Hn + Vn, (125)

where an ≥ 0,
∑
n a

2
n <∞ and

∑
n an =∞. Assume that

(i) There exists c > 0 such that for all g ∈ G we have ‖Λ(g)‖G ≤ c(1 + ‖g‖G).

(ii) For all K ∈ [1,∞) we have inf{〈Λ(g), g − µ〉G | g ∈ G with 1
K ≤ ‖g − µ‖G ≤ K} > 0.

(iii) For all n ∈ N random elements Hn and Vn are square integrable with∑
n

an E ‖Hn‖G <∞,
∑
n

a2
n E[‖Hn‖2G ] <∞,

E
[
Vn |µ1, H1, V1, . . . ,Hn−1, Vn−1

]
= 0, and

∑
n

a2
n E[‖Vn‖2G ] <∞.

(126)

Then, µn → µ (n→∞) almost surely.
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We applied the following forms of the fundamental topological results from (Nagy, 2001,
Lemma 5.1) and (Nagy, 2001, Theorem 5.1) to prove Theorem 21.

Lemma 25 Let (X, T ) be a locally compact Hausdorff space. Let K be a compact subset of
X, and let U be an open set, with K ⊆ U . Then, there exists an open set E such that Ē is
compact and K ⊆ E ⊆ sE ⊆ U .

Lemma 26 (Urysohn) Let (X, T ) be a locally compact Hausdorff space. Let K and F be
disjoint subsets of X, where K is compact and F is closed. Then, there exists a continuous
function f : X→ [0, 1] such that f |K = 1 and f |F = 0.

We also used the following well-known facts from real analysis, see (Dudley, 2002, Corollary
2.4.6), (Rudin, 1976, Theorem 4.15) and (Ruder, 1966, Theorem 2)

Theorem 27 (Heine-Cantor) A continuous function from a compact metric space to any
metric space is uniformly continuous.

Theorem 28 (Weierstrass) If f is a continuous mapping of a compact metric space X
into R, then f is bounded.

Lemma 29 (Toeplitz) Let (an,i)n,i∈N be a doubly indexed array of real numbers such that

sup
n∈N

∞∑
i=1
|an,i| <∞, and lim

n→∞
an,i = 0, (127)

for any i ∈ N. If xn → x as n→∞, then limn→∞
∑∞
i=1 an,ixi = 0.

We applied a simplified version of the theorem of Robbins and Siegmund (1971, Theorem
1) to prove the strong consistency of our recursive algorithm.

Theorem 30 (almost supermartingale convergence) Let F1 ⊆ F2 ⊆ · · · ⊆ F be a
filtration, i.e., a nondecreasing sequence of σ-algebras. For every n ∈ N let Vn, αn and βn
be non-negative Fn measurable random variables such that

E[Vn+1 | Fn ] ≤ (1 + αn)Vn + βn (128)

holds almost surely. If
∑∞
n=1 E[αn] < ∞ and

∑∞
n=1 E[βn] < ∞ hold almost surely, then

(Vn)n∈N converges almost surely to a finite limit.

The proof of Corollary 14 used the following theorem (Lee, 2006, Theorem 6.13).

Theorem 31 (Hopf-Rinow) A connected Riemannian manifold is geodesically complete
if and only if it is complete as a metric space.

We used the Lipschitzness of smooth maps with bounded derivatives between Riemannian
manifolds w.r.t. the geodesical distance. A published version of the following proof was not
found by us, however, the argument is straightforward.
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Lemma 32 Let (M, g) and (N,h) be Riemannian manifolds and f a smooth M → N map.
If there exists C > 0 such that ‖Df(x)‖ ≤ C, for all x ∈M , where ‖·‖ denotes the operator
norm, then for all x, y ∈M one has

dN (f(x), f(y)) ≤ C dM (x, y), (129)

where dM and dN are the geodesical distances.

Proof Let x, y ∈ M . For all ε > 0 there exists a smooth curve γ : [0, 1] → M such that
γ(0) = x and γ(1) = y and ∫ 1

0

∥∥γ′(t)∥∥g ≤ dM (x, y) + ε. (130)

Observe that f ◦ γ is a smooth curve from f(x) to f(y) in N , hence

dN (f(x), f(y)) ≤
∫ 1

0

∥∥(f ◦ γ)′(t)
∥∥
h dt =

∫ 1

0

∥∥Df(γ(t))(γ′(t))
∥∥
h dt

≤
∫ 1

0
‖Df(γ(t))‖

∥∥γ′(t)∥∥g dt ≤ C (dM (x, y) + ε)
(131)

holds. It is true for all ε > 0 thus dN (f(x), f(y)) ≤ C · dM (x, y) also holds.
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Luc Brogat-Motte, Alessandro Rudi, Céline Brouard, Juho Rousu, and Florence d’Alché
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