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Abstract

The group lasso penalty is widely used to introduce structured sparsity in statistical learning, char-
acterized by its ability to eliminate predefined groups of parameters automatically. However, when
the groups overlap, solving the group lasso problem can be time-consuming in high-dimensional
settings due to groups’ non-separability. This computational challenge has limited the applicability
of the overlapping group lasso penalty in cutting-edge areas, such as gene pathway selection and
graphical model estimation. This paper introduces a non-overlapping and separable penalty de-
signed to efficiently approximate the overlapping group lasso penalty. The approximation substan-
tially enhances the computational efficiency in optimization, especially for large-scale and high-
dimensional problems. We show that the proposed penalty is the tightest separable relaxation of
the overlapping group lasso norm within the family of ¢,, /¢,, norms. Moreover, the estimators
derived from our proposed norm are statistically equivalent to those derived from the overlapping
group lasso penalty in terms of estimation error, support recovery, and minimax rate under the
squared loss. The effectiveness of our method is demonstrated through extensive simulation exam-
ples and a predictive task of cancer tumors.

Keywords: overlapping group lasso, separable approximation, computational efficiency, statistical
error bound, support recovery, high-dimensional regression

1. Introduction

Grouping patterns of variables are commonly observed in real-world applications. For example, in
regression modeling, explanatory variables might belong to different groups with the expectation
that the variables within the same group are highly correlated. In this context, variable selection
or model regularization should also consider the grouping patterns, and one may prefer to either
include the entire group of variables in the selection or completely exclude the group. Group lasso
(Yuan and Lin, 2006) is one popular method designed for this group selection task via adding ¢; /¢
regularization, and is part of a broader class for group selection (Bach, 2008; Levina et al., 2008;
Meier et al., 2008; Ravikumar et al., 2009; Zhao et al., 2009b; Danaher et al., 2014; Loh, 2014;
Basu et al., 2015; Xiang et al., 2015; Campbell and Allen, 2017; Tank et al., 2017; Yan and Bien,
2017; Austin et al., 2020; Yang and Peng, 2020).
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While the original group lasso penalty (Yuan and Lin, 2006) focuses on regularizing disjoint pa-
rameter groups, overlapping groups appear frequently in many applications such as tumor metastasis
analysis (Jacob et al., 2009; Zhao et al., 2009b; Yuan et al., 2011; Chen et al., 2012) and structured
model selection problems (Mohan et al., 2014; Cheng et al., 2017; Yu and Bien, 2017; Tarzanagh
and Michailidis, 2018). For example, in tumor metastasis analysis, scientists usually aim to select
a small number of tumor-related genes. Biological theory suggests that rather than functioning in
isolation, genes act in groups to perform biological functions. Therefore, the gene selection is more
meaningful when co-functioning groups of genes are selected together (Ma and Kosorok, 2010).
In particular, gene pathways, which represent overlapping groups of genes, render mechanistic in-
sights into the co-functioning patterns. Applying group lasso with these overlapping groups is thus
a natural way to incorporate the prior group information into tumor metastasis analysis. For another
example, graphical models have been widely used to represent conditional dependency structures
among variables. Cheng et al. (2017) developed a mixed graphical model for high-dimensional data
with both continuous and discrete variables. In their model, groups of parameters corresponding to
each edge emerged naturally, with these groups overlapping as edges share common nodes. Select-
ing the graph structures under this class of models requires the elimination of groups of parameters,
which is achieved by the overlapping group lasso penalty.

The optimization involving the group lasso penalty with non-overlapping groups is efficient
(Friedman et al., 2010; Qin et al., 2013; Yang and Zou, 2015). However, the overlapping group
lasso problems present more complex challenges despite their convex nature. This complexity
arises because the non-separability between groups intrinsically increases the problem’s dimen-
sionality compared with the non-overlapping situation (Yan and Bien, 2017). Proposed methods
for such optimization problems include the second-order cone program method, SLasso (Jenatton
etal., 2011a), the ADMM-based methods (Boyd et al., 2011; Deng et al., 2013), and their smoothed
improvement, FoGLasso (Yuan et al., 2011). Nevertheless, these exact solvers involve expensive
calculations when the overlapping becomes severe, which may limit the applicability of the overlap-
ping group lasso penalty in many large-scale applications such as genome-wide association studies
(Yang et al., 2010; Lee and Xing, 2012, 2014) or graphical model fitting problems (Cheng et al.,
2017). For instance, Cheng et al. (2017) showed that although overlapping group lasso is a natural
choice for their problem, it is infeasible even for estimating moderate-size graphs. Instead, they
used a fast lasso approach (Tibshirani, 1996) to solve the graph estimation problem without theo-
retical support. As we introduce later, our proposed solution includes the method of Cheng et al.
(2017) as a special case, but our method is more general and comes with theoretical guarantees.

In this paper, we propose a non-overlapping approximation alternative to the overlapping group
lasso penalty. The approximation is formulated as a weighted non-overlapping group lasso penalty
that respects the original overlapping group patterns, thereby simplifying the optimization signifi-
cantly. The proposed penalty is shown to be the tightest separable relaxation of the original overlap-
ping group lasso penalty within a broad family of penalties. Our analysis reveals that the estimator
derived from our method is statistically equivalent to the original overlapping group lasso estima-
tor in terms of estimator error and support recovery. The practical effectiveness of our proposed
method is demonstrated through simulation examples and its application to a predictive task involv-
ing a breast cancer gene dataset. As a high-level summary, our major contribution to the paper is
the design of a novel approximation penalty to the overlapping group lasso penalty, which enjoys
substantially better computational efficiency in optimization while maintaining equivalent statistical
properties to the original penalty.
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The remainder of this paper is organized as follows: Section 2 introduces the overlapping group
lasso problem and the proposed approximation method. We also establish the optimality of the
proposed penalty from the optimization perspective. Section 3 details the statistical properties of
the penalized estimator derived from the proposed penalty. Comparisons between our estimator and
the original overlapping group lasso estimator are made to demonstrate their statistical equivalence
in terms of estimation errors and variable selection performance. Empirical evaluations using both
simulated and real breast cancer gene expression data are presented in Sections 5 and 6, respectively.
Finally, Section 7 concludes the paper with additional discussions.

2. Methodology

Notation and Preliminaries. Throughout this paper, given a positive integer z, we define [z] =
{1,2,...,2}. Fora vector z € RP, we define |[z], = (Jz1|? + |22|* + ...+ |z,|?)*. Given a
set T, |T'| represents the cardinality. When referring to a matrix A, Ap denotes the sub-matrix
consisting of columns indexed by 7', and A 7 denotes the sub-matrix induced by both rows and
columns indexed by 7. The operator norm is defined as: [|Allq,s = supyj,|, <1 [|[Auls. When Ais
a symmetric matrix, Ymin (A) and ymax(A) denote its smallest and largest eigenvalues, respectively.
Given two sequences {a,} and {b,}, we denote a,, < b, or a, = O(by) if a,, < Cb, for a
sufficiently large n and a universal constant C' > 0. We write a,, < b, or a,, = o(by,) if ay, /b, — 0.
Furthermore, a,, < b, if both a,, < b, and a,, 2 b,, hold. We will introduce other notations within

the text as needed. Table 9 in Appendix A lists all the notations used in the paper.

2.1 Overlapping Group Lasso

In a statistical learning problem, consider parameters represented by a vector 3 € RP, with (;
representing the j-th element of 5. Let G = {Gy,---,G,,} be m predefined groups for the p
parameters, where each group G is a subset of [p] and Ugef,,, G, = [p]. For each group Gy,
df = |G| denotes the group size, with d,, = max,epn) dg . For any set T' C [p], B denotes
the subvector of 3 indexed by 7. Let w = {wy,--- ,wy,,} be the user-defined positive weights

associated with the groups. The group lasso penalty (Yuan and Lin, 2006) is defined as:

$9(B) = D wyBa,ll, (1)

g€[m]

We will omit G in all notations when the group structure is clear.

In statistical estimation problems that involve group selection, the group lasso norm is combined
with a convex empirical loss function L,,, and the estimator is determined by solving the following
M-estimation problem:

minimizegere { L (8) + And(B) }- )

When the groups are disjoint, the group lasso penalty selects and eliminates variables by groups.
When the groups overlap, the above estimation enforces an “all-out” pattern by simultaneously set-
ting all variables within certain groups to zero, thus the zero-out variables are form a union of a
subset of the groups (Jenatton et al., 2011a). Such a pattern is desirable in various applications,
such as graphical models, multi-task learning, and gene analysis (Jacob et al., 2009; Zhao et al.,
2009b; Mohan et al., 2014; Cheng et al., 2017; Tarzanagh and Michailidis, 2018). Another gen-
eralization of the group lasso for overlapping groups is the latent overlapping group lasso (Jacob
et al., 2009; Mairal and Yu, 2013), which follows an “all-in” pattern by maintaining the nonzero
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patterns as a union of groups. As noted by Yan and Bien (2017), the decision to adopt an “all-in”
or “all-out” strategy depends on the problem and the corresponding scientific interpretation. The
comparison between these two strategies is not our objective. However, both methods suffer from
computational difficulties. Our emphasis in this paper is on introducing an approximation method
for the overlapping group lasso penalty (1), leaving the computational improvements of the latent
overlapping group lasso for future work.

Problem (2) is a non-smooth convex optimization problem (Jenatton et al., 2011a; Chen et al.,
2012), and the proximal gradient method (Beck and Teboulle, 2009; Nesterov, 2013) is one of the
most general yet efficient strategies to solve it. Intuitively, proximal gradient descent iteratively
minimizes the objective by applying the proximal operator of A\, ¢(/3) at each step. The proximal
operator associated with the group lasso penalty in (1) is:

1
prox,, () = axgmin {1 B + Mg (5)} ()
BERP

whose dual problem has been shown by Jenatton et al. (2011b) to be:

1 m

minimize (7”“— Zggug), st [|l€902 < Auwg, and €9 =0 if j ¢ Gy (@)
{€9€RP} gem) N2 =1

The proximal operator (3) and its dual can be computed using a block coordinate descent (BCD)

algorithm (Jenatton et al., 2011b). We list the procedure in Algorithm 1 for readers’ information.

The convergence of this algorithm is guaranteed by Bertsekas (1997, Proposition 2.7.1).

Algorithm 1 BCD algorithm for the proximal operator of the overlapping group lasso
Input: G, {wg}" ) > 0,u, A, > 0.
Output: 5*.
Initialization: {{7}", = 0 € R”.
1: while stopping criterion not reached do
2: forallg e {1,--- ,m} do

3: Calculate 9 = 1 — Zh;ég &".
iftj¢G
. i g = g
4: if |[79]]2 < Anwg then § = 7’? ifj € Gy
0 ifj ¢ Gy
5: else §g = A g
¥ Wers oo
ol 17 €Gy
6: end if
7 end for
8: end while

Although additional techniques that employ smoothing techniques have been developed to im-
prove optimization (Yuan et al., 2011; Chen et al., 2012), (3) and (4) still offer crucial insights into
the computational bottlenecks caused by overlapping groups. Notably, the duality between (3) and
(4) reveals that the intrinsic dimension of the overlapping group lasso problem is equivalent to that
ofa)’ gelml d4-dimensional separable problem. When the groups contain a nontrivial proportion
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of overlapping variables, computing the overlapping group lasso problems becomes substantially
more difficult, eventually prohibitive in large-scale problems. This issue significantly limits the
applicability of the overlapping group lasso penalty. Next, we introduce our non-overlapping ap-
proximation to rectify this challenge.

2.2 The Non-overlapping Approximation of the Overlapping Group Lasso

The fundamental challenge in solving overlapping group lasso problems stems from the non-separability
of the penalty. Thus, to enhance computational efficiency, our approach hinges on introducing sep-
arable operators. As a starting point, we will illustrate this concept with a toy example of an in-
terlocking group structure. In this structure, the groups are arranged sequentially, each overlapping
with its adjacent neighbors (Figure 1a). For simplicity, we consider a scenario where the weight for

all groups is uniformly set to w, = 1.

(a) Interlocking group structure.

‘.‘. ...... >

(b) Partitioned group structure.

Figure 1: Illustration of proposed group partition in an interlocking group structure. Red regions
are the overlapping variables in the original group structure.

We now partition the original overlapping groups in Figure 1b into smaller groups as in Fig-
ure 1b. This partition treats intersections as individual groups. We define these new groups as
¢ ={%, --,%,}, where, for this specific instance, 7z = 2m — 1. Taking G; as an example, it
comprises G; = &1 U &». By the triangle inequality, we have:

1B ll2 < 1B |2 + || Bz [|2-

Extending this principle to each group, the norm of the overlapping group lasso based on G can be
bounded by a reweighted non-overlapping group norm based on &:

> 1Ba,ll2 < > wyllBe,ll2, (5)
g€[m]

g €[]

where u+, equals 1 for odd ¢ and 2 for even g. Consequently, controlling the sum on the right-
hand side of (5) effectively controls the overlapping group lasso norm on the left-hand side. The
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key advantage of this approach is the separability of the right-hand side norm, which substantially
enhances the efficiency of optimization.

While the previous example focuses on interlocking group structures, the underlying idea is
applicable to any general overlapping pattern, as we introduce in the following two steps.

Step 1: Overlapping-induced partition construction. The predefined group structure G can
be represented by a m x p binary matrix G, where G,; = 1 if and only if the j-th variable is
a member of the g-th group, and G4; = 0 otherwise. Our method starts from constructing a
new non-overlapping group structure & from G, detailed in Algorithm 2. To distinguish clearly
between the original group structure G and the derived non-overlapping structure &, standard letters,
such as {g,d, m,w, G}, are used to denote quantities related to the original group structure, while
calligraphic letters, like {g, «, 772, «, &}, are used to represent quantities about €. For instance,
7 denotes the number of groups in &, and g € [72] serves as the index for groups within .

Algorithm 2 Algorithm to construct the overlapping-induced partition &
Input: Binary matrix G.
Output: New group structure &.

1: Initialize the column index setas C' = {1, ..., p}.

2: Initialize k = 1.

3: while C'is not empty do

4: Choose the first column index j in C, and set I to be the set of all column indices in G

identical to G j: I = {j' € C,G jy = G ;}.

5: Set &, = I, and remove I from C: C' + C'\ I.
6: k=k+1.

7: end while

8:

Return & «+ {%1,%,, -+, %, }.

Step 2: Overlapping-based group weights calculation. Note that each group within & is a
subset of at least one of the original groups in G. Conversely, each group in G can be reconstructed
as the union of several groups in &. Consequently, we define two mappings:

F(g)={9:9€[m],%, C Gy} and Fllg)={g:gc< (], G, C Gg}.

Given the positive weights w of G, we set the weights « of & as:

wy = Z wy, ¢ € [m]. (6)

9EF ()

With the new partition & and the new weights ¢+ from the previous two steps, we define the
following norm as the proposed alternative to the original overlapping group lasso norm:

VOB) =) wy||Bs, |, (7
g=1

In general, by the triangle inequality, the proposed norm is always an upper bound of the original
group lasso norm:

07(8) = >_wy ||Ba |l < D_ wy ||, |1, = ©7(8). ®
g=1 g=1
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Our proposed penalty is essentially a weighted non-overlapping group lasso on &. For illustration,
Figure 2 shows the unit ball of these two norms based on G7 = {31, 82} and G = {51, 2, B3} in
a three dimensional problem. All singular points of the $“-ball (where exactly zero happens in (2))
are also singular points of the 17 -ball.

Readers may observe that the inequality in (8) could apply to other separable norms. For in-
stance, consider partitioning all p variables into individual groups and using a weighted lasso norm
as another upper bound for ¢, represented by:

p
(X w) sl ©
J=1 {glB;€Gq4}

This approach to employing a weighted lasso norm was previously explored by Cheng et al. (2017).
We will now explain what makes our proposed norm in (7) special.

Figure 2: Illustration of two norms in R?: The outer region depicts the unit ball of the overlapping
group lasso norm defined by {3 : ¢ () < 1}; The inner region represents the unit ball
of our proposed separable norm {3 : ¥¥(3) < 1}.

Intuitively, as illustrated by our construction process for & (Figure 2), our method introduces
additional singular points in the norm only when necessary to achieve separability. Unlike the lasso
upper bound, this approach avoids adding redundancy. As such, our approximation is expected to
maintain a certain level of tightness. We now formally substantiate this intuition. Given any group
structure G and weights w, following Cai et al. (2022), we define the ¢4, /¢,, norm of § for any

0<q1,q2 < 00as: .

18t e = (D wollBe, l13) ™ (10)

g€[m]

This general class of norms potentially includes most commonly used penalties, such as the
weighted lasso penalty. The subsequent theorem demonstrates that the proposed ¥ (3) is the
tightest separable relaxation of the original overlapping group lasso norm among all separable
4, /€q, nOIms.




QI AND LI

Theorem 1. Let G represent the set of all possible partitions of [p]. Given the original groups G
and group weights w, there does not exist 0 < q1,q2 < 00,G € G, w € (0, 00)P such that:

{&wnqm@mmm<wﬂm forall 5 € RY an

1Bgé,aplara2 < P (B) for some 3 € RP

3. Statistical Properties

Incorporating the proposed norm “ into an M-estimation procedure leads to the following opti-
mization problem:

minimizegegr { Ln(8) + )\nd}g}, (12)

which is different but related to (2). In this section, we explore the statistical properties of the
regularized estimator based on 1) and the estimator based on ¢“, demonstrating that 1/ could
serve as an effective alternative to <. Following previous group lasso studies (Huang and Zhang,
2010; Lounici et al., 2011; Chen et al., 2012; Negahban et al., 2012; Dedieu, 2019), our analysis
will focus on high-dimensional linear models. Specifically, the linear model is defined as:

Y = XB* +e, (13)

where Y € R™*! is the response vector, X € R"*? is the covariate matrix, and € € R™1 is a
random noise vector. The overlapping group lasso estimator under the linear regression model is
defined by a solution of (2) under the squared loss:

N 1
B¢ eargmin { |V = XBI3 + Ad“(8)}. (14)
BERP n

Correspondingly, we define the regularized estimator by our approximation norm as:

R 1
3% € arg min {2—HY — XB|3+ M7 (8)}- (15)
BERP n

The solution uniqueness of (14) and (15) has been studied by Jenatton et al. (2011a), and we in-
clude their results in Appendix B for completeness. However, our study only requires the estimator
to be one solution to the problem, as in Jenatton et al. (2011a); Negahban et al. (2012); Wainwright
(2019). Therefore, we will not specifically focus on the uniqueness in our discussion.

As aremark, our objective is not to present (15) as an approximate optimization problem of (14).
Instead, we aim to establish the statistical equivalence of the two classes of estimators defined by
(14) and (15) in terms of their statistical properties under sparse regression models when appropriate
values of \,, are chosen (which may differ for each estimator). Our theoretical analysis focuses on
three aspects. In Section 3.1, we establish that under reasonable assumptions, the {5 estimation
error bound for (15) is no larger than that for (14). In Section 3.2, we present the minimax error
rate for the overlapping sparse group regression problem, showing that both (14) and (15) achieve
minimax optimality under specific requirements of the group structures. Lastly, in Section 3.3,
we demonstrate that both estimators consistently recover the support of the sparse 5* with high
probability under similar sample size requirements.
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3.1 Estimation Error Bounds

We start by introducing additional quantities. Define the overlapping degree h]G as the number of

groups in G that contain 3;, with h$,. = max h;. Given a group index set I C [m], we use G to

denote the union | J,.; G4. Given G and I, following Wainwright (2019), we define two parameter
spaces:

gel

M(I) = {5 eRP| B;=0forall j € (GI)C}u
ML(I) _ {5 € RP | B; = 0forall j EGI},

and we further use 3)(y) to denote the projection of 3 onto M ([).

GivenasetT' C [p], we define a set of groups Gr = {g € [m] | Gy N T # 0}. Note that (G, )¢
is referred to as the hull of 7" in Jenatton et al. (2011a). Let supp(3) = {j € [p] | 5; # 0} denote the
support set. We define the group support set S(3) = Gyupp()> and the augmented group support

SG(B) ={g € [m] | Gg N Gg(p) # 0}. Furthermore, we define s = [supp(f)|, s, = |S(5)|, and

54 = |S(B)|. We omit the subscript G in notations when G is clearly given in context. Now, we
introduce additional assumptions under the regression model (13).

Assumption 1 (Sub-Gaussian noise for the response variable). The coordinates of € are i.i.d. zero-
mean sub-Gaussian with parameter o. Specifically, there exists o > 0 such that E[exp(te)] <
exp(a?t?/2) forall t € R.

Our theoretical studies also hold for a fixed design of X, with trivial modifications. We prefer to
introduce the random design here to make the statements more concise and interpretable, especially
for the comparison in Section 3.3.

Assumption 2 (Normal random design for covariates). The rows of the data matrix X are i.i.d.
Sfrom N(0,0), where 1/c1 < Ymin(©) < Ymax(©) < c1 for some constant ¢; > 0.

Assumption 3 (Dimension of the group structure). The predefined group structure G satisfies
dmax < con for some constant co > 0. In addition, we assume log m < n.

The following theorem establishes the {5 estimation error bounds for the two estimators.
R ax = max;eq, hj. Let 0 € (0,1) be a scalar that might depend on n. Under Assumptions 1, 2
and 3, for BG and B? defined in (14) and (15), we have the following results:

Theorem 2. Given G and its induced € according to Algorithm 2, define h? . = minjeq, h; and

1. Suppose that 5* satisfies the following group sparsity condition:

min (w2h?. )

o n €[m] g'"min
59(87) 5 5 T (16)
0g M + dmax magc(wghmax)
geSs
When A\, = oin (C;j; ho ) \/ dmn"" + loim + 0 for some constant ¢ > 0, we have
gG[’m] g "min
( Z wg) 'hglgx d )
A 2 S max ogm
HBG—ﬁ* Sot < g 08 +5>. (17)
2 min (wghmin) n n
g€[m]

with probability at least 1 — e=3™ for constant c¢5 > 0.
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2. Suppose that B* satisfies the group sparsity condition:

m[in}(w;)
_ n gE|m
*) < . ) 18
ACHRS log 72 + @ max max(w;) (18)
g€S
When \,, = mlcrlla o~ \/ “/I;‘La" + lognm + 0 for some constant ¢ > 0, we have
g€[m]
wy
- 2 F-1 Amax 1
min (wg) n n
€[]

with probability at least 1 — e~*™ for constant ¢4 > 0.

The error bound in (17) subsumes the non-overlapping group lasso error bound as a particular
instance. When the groups in G are disjoint, the reduced form of (17) matches the bounds studied
in Huang and Zhang (2010); Lounici et al. (2011); Negahban et al. (2012); Wainwright (2019). The
main difference in the context of overlapping groups is the necessity to account for the overlapping
degree and the extension of sparsity requirements to augmented groups. The conditions specified in
(16) and (18) relate to the cardinality of the augmented group support set (the number of non-zero
groups in non-overlapping group structure). Although the conditions in (16) and (18) may initially
appear distinct, they generally converge to a similar requirement in many typical cases, which can
lead to an informative comparison between the two bounds in (17) and (19). The following results
can characterize this.

Assumption 4. Assume the predefined group structure G and its induced group structure & satisfy
max{dmax, M} = max{@max, 772 }.

Proposition 3. Suppose that max . |F~1(g)| is bounded by a constant. Under Assumption 4, the

following inequality holds:

ge

G

S (5 u?)- hi
F-1(s a{max 1 S dmax 1

ginin ((1)02) ‘ ( w Oim +6> s Iilein (w2hs ) ‘ ( m—— Oim +6> '

gelm * 7 gefm] ~ 7 M

This implies that the error bound for the estimator BG in (17) also serves as an upper bound for the
error associated with the estimator 5% .

The quantity |F~(g)| is the number of groups in & that has intersect with G,. Proposition 3
requires that every G, such that G, N supp(8*) # 0 is partitioned into bounded number of non-
overlapping groups. On the other hand, Assumption 4 requires that the maximum of two quantities
— the maximum group size and the number of groups in the given group structure G — should
have the same order as those in the induced structure &. The above requirement always holds for
interlocking groups with similar groups and overlap sizes (see Figure 1). More importantly, we
can always assess the assumption directly on data by calculating the group sizes and numbers for
both G and €. In Section 4.3, we evaluate five group structures from real-world gene pathways
and examine the ratio of the maximum of two quantities from each G and &. Assumption 4 looks
reasonable in all of these real-world grouping structures. See details in Table 1.
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3.2 Lower Bound of Estimation Error

Proposition 3 provides a comparison of the upper bounds on the estimation errors for the two esti-
mators. While the comparison offers intuitive insights, it does not rigorously establish the statistical
equivalence without the tightness of the error bounds. To strengthen our findings, we now inves-
tigate the minimax estimation error rate in linear regression models characterized by overlapping
group sparsity. Our focus will be on the following class of group-wise sparse vectors:

Q(G,Sg) = {ﬂ : Z H{”BGgHﬁéo} < Sg}. (20)
GyeG

Following the assumptions in Cai et al. (2022), we focus on the special case of equal-size groups.

Assumption 5 (Equal-size groups). The m predefined groups of G come with equal group size d,
with m < p and d < log(p).

Theorem 4 (Lower bound of estimation error). Under Assumptions 1,2 and 5, we have

0 (s4(d +log(2)))

inf sup BB - B3 2
B BEQG,sq) n

2D

Combining Theorem 2 and Theorem 4, we can see that both estimators attain the minimax error
rate and are statistically equivalent, as demonstrated by the following corollary:

Corollary 1. Under Assumptions 1-4, if thX = 1, both ﬁG and B? attain the minimax estimation
rate specified in (21).

3.3 Support Recovery Consistency

We now analyze the support recovery consistency of BG and 39. We begin by introducing more
quantities for our analysis. For any 5 € RP, we define the mapping rG(B ) : RP — RP as follows:

g 2 oo if 4 € supp(B),
Tc(ﬁ)j = 9EGypp(8),GgNiFD 1Begnsupp(s)ll2

0, if j & supp(p3).

(22)

The quantity (/) is closely related to subgradients of the penalty and is used for determining
optimality conditions. In the lasso case, 7 (/3) is the sign vector, which is exactly the lasso penalty.
When focusing on 3*, we write S = supp(5*), v = r“(5*), and 8};;,, = min {|57[; 85 # 0}.
Our analysis essentially follows the strategy in Jenatton et al. (2011a). The major difference
is that we study the problem with a more tailored setup for the random design rather than the
fixed design as in Jenatton et al. (2011a). Using random designs, as discussed before, is helpful
to compare the two estimators BG and 3%. We now introduce additional assumptions for studying
the pattern consistency, which can be seen as the population-level counterpart of the assumptions in

Jenatton et al. (2011a).

Assumption 1’ (Gaussian noise for the response variable). Under model (13), the coordinates of €
are i.i.d from N(0,02).
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Assumption 6 (Irrepresentable condition). For any 8 € RP, define:

$5(Bse) = D wyllBsena,l2,

g€[m]\Gs

and its dual norm:

(¢§)*[u] =  sup BSTC'U/.
#§(Bse)<1

Assume that there exists T € (0,2/3], such that

_ 3
(¢5)"[Os5O5drs] < 1- -

(23)

Assumption 1’ is widely used to study support recovery consistency of linear regression. For
example, in addition to Jenatton et al. (2011a), it is also used in Zhao and Yu (2006); Wainwright
(2009, 2019). Assumption 6 is the population-level version of the irrepresentable condition as

discussed in Zhao and Yu (2006) and Wainwright (2019).

Theorem 5. Suppose that Assumption 1’°, Assumption 2 and Assumption 6 hold. Under model (13),
assume the support of 5* is compatible with the overlapping group lasso penalty, such that the zero
positions are given by an exact union of groups in G. Mathematically, that means:

p\{ U &}=s (24)
GgNS=0
1. If
log(p — [S]) = [S],
1 : i Brinadse
AlS|? < mm{ min_ min } (25)
51 As "As Y wy/|GyN S|
g€Gs
a?log(p — |S]) maneS{(ﬂ;)Q}IOg(p —[S])

n 2 max { aéc)\% , aéc)\% }7 (26)
where ag = mingyegg 15—;’, age = Mingegge 15—5, and As = himax(Gs) maxgegg wyllullr.
Then for the overlapping group lasso estimator BG, we have:

-G n nag 7> Ymin(Oss)
P(supp(ﬁ ) # S) <8exp ( - —) + exp ( — 82
2 4 HI'SHQ “Ymax (@SCSC\S) 27)
nX2r2al, nc(s,G)
+eXp<_ 14452 )+2‘S|6Xp<_ 207 )
with
. B Brindse
c(S,G) < mln{ mul min }
( ) As " As > wy /|Gy N S|

g€Gs

12
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2. Furthermore, if maXgeGg F~Y(g) < 1 for the proposed estimator B?, then the following

property holds:
~ 2.2 (O
P(supp(3%) #S) <sexp (- g) texp(——o5] min(Oss)
4 HrS HQ “max (@SCSC\S) (28)
nAL T ag. nc*(S, %)
+exp(— W) +2‘S|exp<— T)7
with . .
¢(S,€) = min { ﬁnin, min?S° }
S As Y wg/|g,NS|
g€%s

The conditions involved in the above theorem can be seen as the population-level counterparts
of those used in Jenatton et al. (2011a) for the overlapping group lasso estimator under the fixed
design. As an illustration of the conditions, in the lasso context, (25) and (26) reduce to the typical
scaling of n ~ logp and \, ~ o(logp/n)'/?. Together with the requirements on the sample
size |S|log(p—|S|) and on /3 ; , they match the requirements in Wainwright (2009) for the support
recovery by the lasso regression. For non-overlapping group lasso estimators, our assumptions align
with the conditions outlined in Wainwright (2019, Corollary 9.27) under the random design.

Theorem 5 shows that both estimators consistently identify the support of the group sparse
regression coefficients. Compared to the previous study of the overlapping group lasso estimator
of Jenatton et al. (2011a), we switch to the random design of X, because such a setting renders
a common basis for the comparison of the two estimators directly. Specifically, comparing (27)
and (28), as well as the common conditions, we can see that the two estimators give comparable
performance in support recovery with respect to the sampling complexity.

4. Comparison of Computational Complexity

In the previous section, we have shown that the proposed penalty induces a class of estimators statis-
tically equivalent to the original overlapping group lasso estimator. In this section, we demonstrate
the advantage of our proposed estimator in computational complexity. Specifically, solving (15)
admits a lower complexity compared with solving (13).

As previously mentioned, the most common strategy for solving the overlapping group lasso
problem is proximal-based methods (Jenatton et al., 2011b; Yuan et al., 2011; Chen et al., 2012).
These algorithms involve an outer loop implementing gradient-based steps and an inner loop exe-
cuting the proximal operator (3), as studied in detail by Chen et al. (2012); Yan and Bien (2017). Ac-
cording to Chen et al. (2012), the per-iteration time complexity for the proximal step is O (> ge[m] dg)
and the proximal gradient method outer loops render a convergence rate of O(1/¢) in scenarios with
overlapping groups, where ¢ denotes the desired accuracy.

In contrast, the proposed penalty converts the optimization of the overlapping group lasso prob-
lem to a non-overlapping group lasso problem. For any available proximal gradient algorithm, as the
groups are disjoint, the proximal operator in (3) can be computed in closed form with the complex-
ity of O(p) for each iteration (Yuan and Lin, 2006), which gives a substantial reduction compared
with the overlapping group lasso, especially when the groups in the original structure heavily over-
lap. Moreover, in non-overlapping scenarios, the outer loop enjoys an improved convergence rate
of O(1/+/¢€) (Liu et al., 2009a; Mairal et al., 2010). Therefore, solving (15) by proximal gradient
methods enjoys better efficiency in both per-iteration complexity and number of iterations.
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Furthermore, even more efficient strategies (Friedman et al., 2010; Qin et al., 2013; Yang and
Zou, 2015) exists for solving the non-overlapping group lasso problem compared to proximal gra-
dient methods. These methods offer further improvements in computational complexity. However,
as far as we know, these improvement options are unavailable for solving the overlapping group
lasso problem. Hence, the proposed method can enjoy the benefits of these more efficient strategies,
further amplifying its computational advantage.

5. Simulation

In this section, we assess the performance of the proposed estimator to demonstrate our claimed
properties. At a high level, we use simulation experiments to show that the proposed estimator
based on (7) delivers similar statistical performance to the overlapping group lasso estimator while
offering significantly better computational efficiency. Our estimator achieves this primarily because
of the tightest separable relaxation property in Theorem 1, which can be attributed to two designs of
the norm (7): the induced partition & and the corresponding overlapping-based weights «. There-
fore, in our simulation experiments, we will also evaluate the effects of these two designs by com-
paring the proposed estimator with other benchmark estimators. In Sections 5.1-5.3, we evaluate
the performance of the proposed estimator and compare it with the weighted lasso estimator with
overlapping-based weights, as discussed in (9), under various configurations. This sequence of ex-
periments will highlight the importance of our proposed partition &. In Section 5.4, we compare the
proposed estimator with two other group lasso estimators that use the same & but with overlapping-
ignorant weights, under the same set of configurations. The results will demonstrate the importance
of using the proposed overlapping-based weights z.

Two MATLAB-based solvers are employed for the overlapping group lasso problems. The first
solver, FoGLasso (Yuan et al., 2011), is from the SLEP package (Liu et al., 2009b). It can handle
general overlapping group structures. The second solver, from the SPAM package (Mairal et al.,
2014), is designed to solve the overlapping group lasso problem when the groups can be represented
by tree structures, as formally defined in Section 5.2. Therefore, the SPAM solver is used only for
the experiment in Section 5.2. The SLEP solver is more general, but using the two solvers can
provide a more thorough evaluation across multiple implementations. For a fair comparison, the
SLEP and SPAM package solvers were also applied to solve lasso and non-overlapping group lasso
estimators in our benchmark set to ensure that the timing comparison implementation is consistent.

As an important note, SLEP is widely acknowledged as one of the most efficient solvers for over-
lapping group lasso problems (Yuan et al., 2011; Chen et al., 2012). However, for non-overlapping
group lasso problems, alternative solvers, such as Yang and Zou (2015), may offer much better
computational efficiency. For example, Yang and Zou (2015) reported that their solver is about 10—
30 times faster than the SLEP package when solving non-overlapping group lasso problems. This
enhanced efficiency is possible because of the separability in non-overlapping groups, a feature not
available for overlapping problems. For a fair comparison to avoid implementation bias, we use
SLEP to solve our proposed estimator. Therefore, the computational advantage demonstrate here
will be conservative. In practice, with the better solvers used, our method would enjoy an even more
substantial computational advantage over the original overlapping group lasso than what is reported
in the experiments.

Evaluation criterion. For each configuration, we generate 50 independent replicates and report
the average results. The performance assessment is conducted in three aspects:

14
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e Regularization path computing time. We start by determining the regularization path
through a line search to identify two pivotal values: Apax and Apin. The search for Apax
starts at 10% and decreases by multiplying by 0.9 at each iteration, stopping when at least one
variable is selected. Conversely, the search for Ay, starts at 10~% and increases by multiply-
ing by 1.1 each time, until a value is found that does not retain all variables. We then select
50 values in log scale within the range [Amin, Amax|, compute the entire regularization path,
and record the computation time as a performance metric. This evaluation of computing time
mimics the most practical situation where the whole regularization path is solved for tuning
purposes.

e Relative ¢/, estimation error: From the entire regularization path, we select the smallest
relative estimation error, defined as ||5 — 8*||2/||3*]|2, as the estimation error for the method.
This serves as the measure of the ideally tuned performance.

e Support discrepancy: From the entire regularization path, we select the smallest support dis-
crepancy, defined as |{i € [p] : |sign(5;)| # |sign(8;)|}|/p. Such a (normalized) Hamming
distance is commonly used as a performance metric for support recovery (Grave et al., 2011;
Jenatton et al., 2011a) to quantify the accuracy of pattern selection.

5.1 Interlocking Group Structure

In the first set of experiments, we evaluate the performances under interlocking group structure
(Figure 1a). This group structure exhibits a relatively low degree of overlap and is frequently used
for evaluating overlapping group lasso methods (Yuan et al., 2011; Chen et al., 2012). Specifically,
we set m interlocked groups with d variables in each group and 0.2d variables in each intersection.
For example, G; = {1,---,10},Go = {8,9,--- ,17},--- ,G1p = {33,34,--- ,42} when m = 5
and d = 10. We will vary m and d to evaluate their impacts on the performance.

Following the strategy of Yan and Bien (2017), we generate the data matrix X from a Gaussian
distribution N (0, ©), where O is determined to match the correlations within the specified group
structure. Initially, we construct a matrix O as follows:

1, ifi = j,
5. — 0, if 5; and 3; belong to different groups in G,
v 0.6, if 3; and 3; are in the same group in ¥,

0.36, if 3; and 3; are in the same group in G but different groups in &,

and then O is derived as the projection of © onto the set of symmetric positive definite matrices
with a minimum eigenvalue of 0.1. Such strong within-group correlation patterns have also been
used in Zhao et al. (2009a); Yang and Zou (2015).

We generate * by initially sampling its p coordinates from N (10, 16), then randomly flipping
signs of the covariates and randomly setting 90% of the groups to zero. This setup is consistent with
the settings in Bach (2008); Friedman et al. (2010); Huang and Zhang (2010). The response variable
Y is generated according to Y = X 3* + ¢, where ¢ ~ N (0, 0?), and we set the signal-to-noise ratio
to 3 following Yang and Zou (2015). The group weight in the overlapping group lasso problem is
wy = \/@, as is usually used in practice. For all methods, we employ the absolute difference in
function values between iterations as the stopping criterion, with a tolerance set at 1075,
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Figure 3: Regularization path computing time, /o estimation error, and support discrepancy under
different configurations of interlocking groups. (a) Varying n with fixed m = 400 and
d = 40 (p = 12808); (b) Varying m with fixed n = 4000 and d = 40 ; (c) Varying d with
fixed n = 4000 and m = 400.

Figure 3 presents the average computation times, estimation errors, and support discrepancy
along with 95% confidence intervals (CIs). The results highlight the significant computational ad-
vantage of the proposed method over the original overlapping group lasso. Specifically, our method
is 5-20 times faster than the original overlapping group lasso.

Even though the overlap within the interlocking group structure is not severe, solving the
overlapping group lasso problem carries a more substantial computational burden due to the non-
separable structure within its penalty term. Computational time escalates with larger sample sizes,
an increased number of variables, and larger group sizes, emphasizing the substantial computational
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disadvantage of the overlapping group lasso as the problem scales up. In contrast, our proposed
method consistently achieves accuracy similar to the overlapping group lasso estimator in both
the estimation error and support discrepancy. This consistency in performance, observed across a
spectrum of configurations, serves as an empirical confirmation of the validity of our theoretical
findings.

On the other hand, the weighted lasso approximation is slightly faster than our method, which
is expected from the optimization perspective. However, the weighted lasso approximation ex-
hibits much higher errors compared to both the overlapping group lasso estimator and our estimator
across all configurations. This reveals that the weighted gives a poor approximation to the overlap-
ping group lasso. This shortcoming arises because the weighted lasso fails to leverage the group
information, unlike the induced groups € used in our estimator.

In summary, our proposed estimator achieves comparable statistical performance to the orig-
inal overlapping group lasso estimator while significantly enhancing computational efficiency. In
contrast, despite its computational efficiency, the weighted lasso yields notably poor estimations,
rendering it a noncompetitive alternative for approximating the original problems.

5.2 Nested Tree Structure of Overlapping Groups

In the second set of experiments, we evaluate the performance of the estimators under a configura-
tion of the tree-group structures introduced in Jenatton et al. (2011b), described below.

Definition 1. A set of groups G = {G1, -+ , Gy} is said to be tree-structured in [p] if Uye(m)Gg =
[p] and if forall g,q" € [m]. G4 N Gy # 0 implies either Gy C Gy or Gy C Gy.

In particular, we consider the nested tree structure, a special case of tree-structured groups where
all groups are nested. This configuration is interesting as it represents an extreme setting of over-
lapping groups — the overlapping degree is maximized in a certain sense, and we hope to evaluate
the methods under this extreme scenario. The nested tree structure was also used in (Kim and Xing,
2012; Nowakowski et al., 2023). In this experiment, we use the SPAM solver, specifically designed
for tree group structures, to provide a thorough evaluation across different implementations.

We consider the following nested group configuration: 800 groups G = {Gy,...,Gso} are
established, where G, C Gy41 and |Gy| = g x 4, for g = 1,---,800, with a total of p = 3200
variables. The sample size varies from 600 to 2400. The data matrix X is generated from N (0, ©),
where O is generated by first constructing the matrix O as:

1,  ifi=j

©;; = { 0.6, if 5; and §; belong to the same group in &,
0.36, if 3; and §3; are in the same group in G but in different groups in &,

and then projecting O onto the set of symmetric positive definite matrices with minimum eigenvalue
0.1. The generative process for 5* and y remains nearly identical as before, where the only differ-
ence is that the first 90% of the groups are set to zero following the hierarchical structure. The group
weights are set to wy = 1/d, as suggested in Nowakowski et al. (2023). For a fair comparison of
the two solvers, in this experiment, we adopt the stopping criterion provided in the SPAM package
(Mairal et al., 2014) with a convergence tolerance 10~°.
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Figure 4: Regularization path computing time, /o estimation error, and support discrepancy across
various sample sizes under the nested tree group structure.

Figure 4 shows the performance of the three methods using both solvers. SLEP is generally
faster than SPAM, but the two solvers give consistent conclusions about the estimators. As studied
by Jenatton et al. (2011b), solving the overlapping group lasso problem becomes highly efficient
under such a nested group structure because, under a tree structure, a single iteration over all groups
is adequate to obtain the exact solution of the proximal operator. Our timing results support this
statement. Compared with the previous setting, the timing advantage of our method is reduced.
However, our method is still at least twice as fast as the overlapping group lasso. In terms of es-
timation error and support discrepancy, our proposed estimator consistently delivers similar results
compared to the overlapping group lasso estimator. The comparison with the weighted lasso re-
mains similar to the previous experiment; while the lasso estimator computes quickly, it continues
to offer a very poor approximation.

In summary, solving overlapping group lasso problems exhibits efficiency when applied to tree
structures. However, even in such cases, our proposed estimator maintains reasonable computational
advantage and similar statistical estimation performance compared to the original overlapping group
lasso estimator.

5.3 Group Structures Based on Real-world Gene Pathways

The previous two sets of experiments are based on human-designed group structures. To better re-
flect realistic situations, in this set of experiments, we use five gene pathway sets from the Molecular
Signatures Database (Subramanian et al., 2005) as group structures, summarized in Table 1. Each
gene pathway represents a collection of genes united by common biological characteristics. These
pathways have been widely considered in studies of cancer and biological mechanisms (Menashe
et al., 2010; Yuan et al., 2011; Livshits et al., 2015; Chen et al., 2020).

In particular, this data set can be used to assess the empirical applicability of Assumption 4 in our
theory. The last column of Table 1 shows the ratio between max{7z, @max} and max{m, dpax}.
All values are within the range of [2,6], indicating that the two terms can be treated as terms in the
same order.
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Pathway databases d/sd(d) h/sd(h) D mrizi?:r;,dd:lig/
BioCarta (Kong et al., 2006) 15.4/8.71 3.25/5.56 | 1129 2.35
PID (Schaefer et al., 2008) 38.51/19.59 | 3.28/5.09 | 2297 5.95
KEGG (Kanehisa et al., 2015) | 58.48/47.36 | 2.58/3.39 | 4207 3.61
WIKI (Slenter et al., 2017) 38.17/44.10 | 4.35/7.70 | 6242 4.94
Reactome (Gillespie et al., 2021) | 45.31/54.10 | 8.78/ 13.26 | 8331 2.35

Table 1: Summary information for the gene pathways: The mean and standard deviation of both
the group size (d/sd(d)), the overlapping degree (h/sd(h)), the number of genes (p), and
the ratio required in Assumption 4.

We use the gene expression data from Van De Vijver et al. (2002) as the covariate matrix X,
which can be accessed through the R package breastCancerNKI (Schroeder et al., 2021). This
design matrix has 295 observations and 24481 genes. We perform gene filtering for each gene
pathway set to exclude genes not defined within any pathways, a data processing step commonly
used in similar studies (Jacob et al., 2009; Chen et al., 2012; Lee and Xing, 2014). The data-
generating procedure for 5* and y remains almost the same as before, except that we use a much
sparser model because of the smaller sample size of the data. Specifically, we randomly sample
0.05m active groups and set the coefficients in other groups to zero. The weights in overlapping
group lasso are set to \/aTg .

Group
Structure
BioCarts 67.18[ 62.28, 72.08] 6.22[ 599, 6.45] 16.03[ 15.17, 16.89]
KEGG 287.27 [ 267.18, 307.36]| 28.77[ 26.42, 31.12] 48.32 [ 45.12, 51.52]
PID 44599 [ 420.56, 471.421| 10.27[ 9.74, 10.80] 31.25[ 29.43, 33.07]
] [
] [

Overlapping group lasso Weighted lasso The proposed approximation

WIKI |1279.22[1214.34, 1344.10]| 63.56 [ 57.36, 69.76]| 132.79[121.82, 143.76]
Reactome | 3739.97 [3569.27, 3910.67] | 116.34 [106.32, 126.36]| 194.61 [181.31, 207.91]

Table 2: Comparison of the average computing time (in seconds) and the corresponding 95% con-
fidence intervals for each pathway group structure.

Group Structure | Overlapping group lasso Lasso Proposed approximation

BioCarts

0.22 [0.20, 0.24]

0.28 [0.24, 0.32]

0.25 [0.22, 0.28]

KEGG 0.52[0.47, 0.57] 0.80 [0.76, 0.84] 0.54 [0.51, 0.57]
PID 0.23[0.21, 0.25] 0.50 [0.44, 0.56] 0.25 [0.23, 0.28]
WIKI 0.5510.49, 0.61] 0.65 [0.58, 0.72] 0.55[0.49, 0.61]
Reactome 0.66 [0.63, 0.69] 0.85[0.83, 0.87] 0.65 [0.62, 0.68]

intervals for each group structure.
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Group Structure

Overlapping group lasso

Lasso

Proposed approximation

BioCarts
KEGG
PID
WIKI
Reactome

0.041 [0.039, 0.043]
0.023 [0.021, 0.025]
0.033[0.031, 0.035]
0.013[0.012, 0.014]
0.012[0.011, 0.013]

0.043 [0.040, 0.046]
0.026 [0.024, 0.028]
0.033[0.031, 0.035]
0.013[0.011, 0.015]
0.020 [0.019, 0.021]

0.041 [0.039, 0.043]
0.023 [0.021, 0.025]
0.033[0.031, 0.035]
0.013[0.012, 0.014]
0.012 [0.010, 0.014]

Table 4: Comparison of the support discrepancy and the corresponding 95% confidence intervals
for each group structure.

Table 2 displays the computing time, Table 3 displays the estimation error results, and Table 4
displays the support discrepancy results for the five pathway group structures. The high-level mes-
sage remains consistent: Both our proposed group lasso approximation and the lasso approximation
could substantially reduce the computing time. Across all settings, the proposed method reduces
the computation time by 4 - 20 times and is more than 10 times faster in all settings with higher
dimensions. Meanwhile, the proposed estimator delivers statistical performance similar to that of
the original overlapping group lasso estimator. In contrast, the lasso approximation fails to leverage
the group information effectively and yields inferior estimation results.

5.4 Comparison of the Proposed Weights against Other Weighting Choices

In addition to the partitioned groups, the overlapping-based weight defined in (6) for each parti-
tioned group ¢ is another crucial component to ensure the tightness of (7). We will demonstrate
this aspect by experiments here to compare the proposed weights (6) with two other commonly
used choices of weights that do not consider the original overlapping pattern: uniform weights and
group size-dependent weights (Yuan and Lin, 2006), on the same induced groups &. Specifically,
uniform weighting is the setting when all groups share the same weight while the size-dependent
weighting uses the weight \/@ if wy = \/@ (interlocking and gene pathway groups) and is 1/d,,
if wy, = 1/d, (nested groups). The comparative analysis is performed under all group structures in
the previous simulations, maintaining consistent simulation settings.

Figure 5a and Figure 5b illustrate the weighting effects comparison in the settings of Figure 3
and Figure 4, respectively. Under the interlocking group structure (Figure 5a), three weighting
schemes deliver similar performance in terms of estimation errors. Still, the size-dependent weight-
ing leads to a larger support discrepancy. This interlocking group structure is not very distinctive for
the three weights themes because the overlapping degree is nearly uniform. The nested group struc-
tures (Figure 5b) highlight the importance of the proposed weights more effectively. Our method
significantly outperforms the other two weighting schemes and aligns well with the original over-
lapping group lasso estimator. The comparison of weighting designs on the gene pathway group
structure is shown in Tables 5—6. The proposed estimator gives a close approximation to the orig-
inal overlapping group lasso, but the other two weighting designs lead to significantly different
performances in several settings.

In summary, the experiments demonstrate that the weights designed in our penalty also serve
as an indispensable part of a successful approximation to the overlapping group lasso estimation,
which is another aspect of the tightest separable relaxation property in Theorem 1.
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Figure 5: Regularization /o estimation error and support discrepancy using different choices of
weights. Figure 5a is an extension to Figure 3 under interlocking group structure, and
Figure 5b is an extension to Figure 4 under nested tree structure.

6. Application Example: Pathway Analysis of Breast Cancer Data

In this section, we demonstrate the proposed method thorough a predictive tasks on the breast cancer
tumor data, as previously used in Section 5.3. Unlike the previous simulation studies, here we use
the complete data set with tumor labels for each observation. Specifically, each observation is
labeled according to the status of the breast cancer tumors, with 79 classified as metastatic and 216
as non-metastatic. These labels serve as the response variable for our analysis.

Gene pathways have been widely considered to identify key gene groups in cancer studies. In
particular, Yuan et al. (2011); Chen et al. (2012); Lee and Xing (2014) used overlapping group
lasso techniques to exclude less significant biological pathways in cancer prediction. As a detailed
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Stclz(c)?lfre Proposed weight Uniform weight dep(ilrl(()iilrjltsggc:ight
BioCarts 0.25[0.22, 0.28] 0.28 [0.26, 0.30]* 0.35[0.30, 0.40]*
KEGG 0.54 [0.51, 0.57] 0.80[0.77, 0.83]* 0.58 [0.51, 0.65]*
PID 0.25[0.23, 0.27] 0.24 [0.21, 0.27] 0.39 [0.36, 0.42]*
WIKI 0.55 [0.49, 0.61] 0.83 [0.80, 0.86]* 0.74 [0.67, 0.81]*
Reactome 0.65 [0.62, 0.68] 0.58 [0.55, 0.617]* 0.69 [0.63, 0.75]

Table 5: Comparative analysis of average estimation errors and the corresponding 95% confidence
intervals for three weighting designs. The * indicates that the error is statistically different

from that of overlapping group lasso by a paired t-test.

Group . . . Group size-
Structure Proposed weight Uniform weight dependent weight
BioCarts 0.041 [0.039, 0.043] 0.045 [0.042, 0.048]* 0.042 [0.039, 0.045]

KEGG 0.023 [0.021, 0.025] 0.059 [0.055, 0.063]* 0.024 [0.022, 0.026]

PID 0.033 [0.031, 0.035]
WIKI 0.013 [0.012, 0.014]
Reactome 0.012 [0.010, 0.014]

0.030 [0.027, 0.033]*
0.013 [0.012, 0.014]
0.022 [0.021, 0.023]*

0.025[0.023, 0.027]*

[
[
0.037 [0.035, 0.039]*
[
0.010[0.008, 0.012]*

Table 6: Comparative analysis of average support discrepancy and the corresponding 95% confi-
dence intervals for three weighting designs. The * indicates that the value is statistically
different from that of overlapping group lasso by a paired t-test.

example, Chen et al. (2012) leveraged the overlapping group lasso penalty to pinpoint biologically
meaningful gene groups. Their analysis identified several groups of genes associated with essential
biological functions, such as protease activity, protease inhibitors, and nicotine and nicotinamide
metabolism, which turned out to be important breast cancer markers (Ma and Kosorok, 2010). This
evidence highlights the potential of using the overlapping group lasso penalty in cancer analysis.
On the other hand, another way to incorporate gene pathway information in such analysis is to
retain genes by entire pathways. Jacob et al. (2009) used the latent overlapping group lasso penalty
to achieve this while Mairal and Yu (2013) introduced an ¢, variant further. The success of all
these previous studies reveals the potential of the gene pathway information in cancer prediction.
They also show that the proper way to use the pathways (e.g., either eliminating-by-group, as in
overlapping group lasso, or including-by-group, as in latent overlapping group lasso) highly depends
on the dataset and genes.

In our analysis, we use regularized logistic regression to build a classifier with several penalties:
the overlapping group lasso penalty (OGL), our proposed group lasso approximation penalty (Pro-
posed approximation), the standard lasso penalty (Tibshirani, 1996), the latent overlapping group
lasso penalty (LOG) (Jacob et al., 2009), and the ¢, latent overlapping group lasso penalty (Mairal
and Yu, 2013). As mentioned in previous sections, our focus is not on justifying the overlapping
group lasso should be used. Instead, our primary objective is to demonstrate that when an over-
lapping group lasso penalty is used, our method provides a good approximation to the over-
lapping group lasso (with a much faster computation) across various pathway sets (Table 1),
regardless whether or not the overlapping group lasso penalty is the best option for the problem.
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Two additional aspects can also be evaluated as by-products from our analysis. First, as the
lasso penalty does not consider the pathway information, comparing the performance of the group-
based penalty and the lasso penalty in this problem would verify whether a specific gene pathway
set contains predictive grouping information for breast cancer tumor type. Second, by assessing
the predictive performances among the overlapping group lasso classifier and the latent overlap-
ping group lasso classifiers, we can verify whether a specific gene pathway set is more suitable for
eliminating-by-group or including-by-group strategies for prediction.

Databals\/elethod OGL Lasso Proposed approximation
BioCarts 732 26 75

KEGG 2468 102 225

PID 1231 41 107

WIKI 5172 170 395
Reactome 11356 321 1136

Table 7: Computing time (in seconds) under different pathway databases.

Method Proposed
Database OGL Lasso approfimation LOG LOG o
BioCarts 0.7103 0.6989 0.7242 0.6888 0.6995
KEGG 0.7021 0.6862 0.7081 0.7390 0.7333
PID 0.7475 0.7004 0.7301 0.6881 0.6891
WIKI 0.6862 0.7282 0.6893 0.7149 0.7207
Reactome 0.6921 0.7301 0.7053 0.7463 0.7438

Table 8: Predictive AUC results of the three methods under different pathway databases.

We adopt the evaluation procedure of Lee and Xing (2014), where we randomly split the data
set into 200 training observations and 95 test observations. All methods are tuned by 5-fold cross-
validation on the training data. We calculate the area under the receiver operating characteristic
(AUC) curve, a commonly used metric for classifying accuracy (Hanley and McNeil, 1982), on
the test data. The total time for the entire cross-validation process is recorded as the computation
time. The experiment is repeated 100 times independently. Table 7 and Table 8 show the average
computing time and AUC, respectively. The results can be summarized as follows:

o First and foremost, the proposed estimator acts as an effective and computationally efficient
approximation for the overlapping group lasso estimator. The results evidently support this
claim. The proposed estimator delivers predictive performance that is (the most) similar to
the overlapping group lasso estimator across various pathway datasets while significantly
reducing the computing time by roughly ten times.

e Second, the lasso classifier performs best only on the WIKI pathway set, suggesting that the
pathways in the WIKI database might not be sufficiently informative for cancer prediction.

e Third, the superiority of either the overlapping group lasso regularizations or the latent over-
lapping group lasso regularizations depends on the specific group information. Among the
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four pathway sets with useful group information, the overlapping group lasso delivers supe-
rior predictive performance for the Biocarts and PID databases, while the latent overlapping
group lasso classifiers provide better predictions on the KEGG and Reactome databases.

As a remark, while our evaluation is based on prediction accuracy, it is not the only criterion to
determine if a method is proper for the dataset. For example, Mairal and Yu (2013) found that nei-
ther the overlapping group lasso model nor the latent overlapping group lasso model outperformed
simple ridge regularization in prediction. The value of structured penalties also lies in their ability
to identify potentially more interpretable genes, depending on the biological interpretations.

7. Discussion

We have introduced a separable penalty as an approximation to the group lasso penalty when groups
overlap. The penalty is designed by partitioning the original overlapping groups into disjoint sub-
groups and reweighing the new groups according to the original overlapping pattern. The penalty is
the tightest separable relaxation of the overlapping group lasso among all ¢,, /¢,, norms. We have
also shown that for linear problems, the proposed estimator is statistically equivalent to the orig-
inal overlapping group lasso estimator but enjoys significantly faster computation for large-scale
problems.

Several interesting directions could be considered for future research. The overlapping group
lasso penalty presents a variable selection by eliminating variables by entire groups. A counter-
part selection procedure can include variables by entire groups, which is achieved by the latent
overlapping group lasso (Jacob et al., 2009). This penalty also suffers from a non-separability com-
putational bottleneck. It would be valuable to investigate whether a similar approximation strategy
could be designed to boost the computational performance in this scenario. More generally, the
introduced concept of “tightest separable relaxation” might be a promising direction for optimiz-
ing non-separable functions. Studying the more general form and corresponding properties of this
concept may generate fundamental insights about optimization.
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Appendix A. Notation Summary

h9

max

hg

min

max

Definitions:

¢(B)
¢*(B)

F( ) C [m]
Y(g) C [r]

HB{G’,w}”QhCI’z

supp(3)
S(B)

S(B)
M(S)
M*(S)
Q(G, sq)

Ja(B)

GJa(B)
Gug ()

index set {1, ..., z}

index set of ¢g*" group

collection of non-zero groups, | J 9ES(8) Gy
Uyes7) G

the j*" element of 3

sub-vector of 3 indexed by G|

projection of 8 onto M (S)

sub-matrix consisting of the columns indexed by T

a diagonal matrix, diag(5-,- - , ﬁ)

group structure matrix, Gg; = 1iff 8; € G4

group size, dg = 31,1 Ggj

maximum group $ize, dmax = MaXge(m] dy

overlap degree, h; = > gelm] Gy

maximum overlap degree in Gy, h{,,, = maxjeq, h;
minimum overlap degree in G4, minjeg, h;
maximum overlap degree, hpax = max;c ] hj
overlap degree of &, hyjj ez, )

parameter in the sub-Gaussian distribution

number of non-zero groups | S|

number of groups in the argument group support set | S|
parameter controls convexity

group lasso norm,
g€[m]

dual norm of ¢(3), mfmx} zT H HpB)a, ||2

overlapping groups which include the variables in &,
non-overlapping groups that were partitioned from G,

lgy,q; mOTM, ¢ 37 W ( > |Bj|q2)
g€[m] jeGy

support set, {j € {1,--- ,p}|B; # 0}

group support set, {g € {1,--- ,m}|G4 Nsupp(B) # @}

{g=A{L -+ . m}|Gy NGy # B}

{BeRr|B; =0forall j € (Gs)“}

{8 eRP|B; =0forall j € Gs}

{B: Z L{i8a, %0} <

\{UG gNsupp(B)= V)G }
{g € m]| Gy Ja(B) # 0}
{g €lm]|GynJa(B)® # 0}

Table 9: Mathematical notations in the paper.
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Appendix B. Uniqueness of the Overlapping Group Lasso Problem

The group lasso penalization problems (14) and (15) are generally convex, but may not be strictly
convex. The uniqueness of these problems has been studied by Jenatton et al. (2011a). Here we
introduce their results for completeness. Note that our theoretical properties in Section 3 do not rely
on such uniqueness.

Lemma 6. (see Jenatton et al., 2011a, Proposition 1) If the gram matrix @ = X ' X /n is invertible,
or if there exists g € [m| such that Gy = [p|, then the optimization problem specified in (14), with
An > 0, is guaranteed to have a unique solution. The same property holds for problem (15) with G
replaced by &.

Appendix C. Additional Theoretical Results

To begin with, we introduce our proposed upper bound for the dual norm of the overlapping group
lasso penalty.

Proposition 1. Recall that gbG(,B) is the overlapping group lasso penalty defined in (1). Let ¢* be
the dual norm of qﬁG(ﬂ). Then the sharp upper bound for ¢* is:

1
e |(HB)a,|

2 )

where H is a diagonal matrix with diagonals (%, cee }Tp)

Assumption 7. Under model (13), we assume
1. (Sub-Gaussian noises) The coordinates of € are i.i.d zero mean sub-Gaussian random vari-
able denote with parameter o, which means that there exist ¢ > 0 such that
o2t?

2

(&

Ele™)] < , forall t € R.

2. (Group normalization condition) \/ Ymax (X, gg Xa,/n) < cfor some constant c.

3. (Restricted strong convexity condition) For some r > (),

X (3-8 : :
”(ﬁnﬁ)“z > k|8 -85, forait Be {B16((B =B y) <36((B =B )ue)

Remark: The assumption requires an upper bound for the quadratic form associated with each
group. This type of assumption is commonly used for developing the upper estimation error bound
for non-overlapping group lasso (Huang and Zhang, 2010; Lounici et al., 2011; Negahban et al.,
2012; Dedieu, 2019; Wainwright, 2019). Additionally, the restricted curvature conditions have been
well discussed by Wainwright (2019). The curvature x in Assumption 7 is a parameter measuring
the convexity. Generally speaking, the restricted curvature conditions state the loss function is
locally strongly convex in a neighborhood of ground truth and thus guarantees that a small distance
between the estimate and the true parameter implies the closeness in the loss function. However,
such a strong convexity condition cannot hold in the high-dimensional setting. So, we focus on
a restrictive set of estimates. Restricted curvature conditions are milder than the group-based RIP
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conditions used in (Huang and Zhang, 2010; Dedieu, 2019), which require that all submatrices up
to a certain size are close to isometries (Wainwright, 2019). Based on Assumption 7, Theorem 7
gives £ norm estimation upper error bound for overlapping group lasso.

Theorem 7. Define hfmn = min hj, dpax = maxdy, and dyax = max 4. Suppose that
jeGy g€[m] g2€lm]

Assumption 7 holds. Then for any § € [0,1],

1o with Ay = —— (Eif%hg » \/dma’;}og‘% + loim + 6, the following bound holds for S in (14)
ge[m] min

( > wg) i

A 2 2 S dyaxlog  logm
B g <5 -(ma 89428 +5>. (29)
2 K gl’él[lgll] (wghmin) n n
)

with probability at least 1 — e 2",

2. with )\, = —3>2 \/ Zmaxlogh | 10% ™t §, the following bound holds for 3% in (15)

Y
2 o2 eFZ:l(S) wi Amaxlogh  logm
A * ﬁ X
‘5?_5 25?. i (02) < man +— +5>. (30)
g

g €[]

Following the framework in Negahban et al. (2012); Wainwright (2019), we further study the
applicability of the restricted curvature conditions in terms of a random design matrix. Given a
group structure GG, Theorem 7 is developed based on the assumption that the fixed design matrix
X satisfies the restricted curvature condition. In practice, verifying that a given design matrix X
satisfies this condition is difficult. Indeed, developing methods to “certify” design matrices this way
is one line of ongoing research (Wainwright, 2019). However, it is possible to give high-probability
results based on the following assumptions.

Theorem 8. Under Assumptions 1,2, and 3, we have

1. with probability at least 1 — e=¢", MaX e (m] \/*ymaX(ngng /n) < c for some constants

¢, d >0, as long as logm = o(n).

2. the restricted strong convexity condition, which is

X B_B* ; 2 * 2 * *
L Chalpl _ Mo > 15— 5|2, foran B e {81688 ) <36((B=B)u) }-
hold with probability at least 1 — 12?& for some constant k > 0.
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Appendix D. Proofs
D.1 Proof of Theorem 1

Lemma 9. For any norm || - (G} |lq1,q0 Satisfying the conditions in (11), the following two state-
ments hold:

1. Forany g € [m], there exists a § € [|G/|] such that @, C Gj.

2. Forany § € [|G|], there exists a ¢ € [mn] such that G5 = %,.

Proof Based on Lemma 9, if a norm Hﬁ{éﬂ;}}qu,qz satisfies (11), then it must be that G = €.
Consequently, any disparity between || {é@}HquQ and our proposed norm could only be due to
differences in weights or the values of ¢ or ¢go. Consequently, for any 5 with non-zero elements
solely in the gth group &, we have:

> willba,lla= Y (2 wg) Gllz <1Bg.apllare < D wollBgll2y G

g€[m] g€lm] geF(g g €[]
which further implies that
1
(g |Bg,||5) 0 = w4l B, |2-

By setting one element in &, to 1, and other elements to 0, it follows that w, = «,. Since this
holds for any group in &, we have w = w+

1

From (31), it is evident that (w, |8z, ||4;)© = w4||Bg,||2 for any 5 with non-zero elements
only in &,. This suggests that ¢; = 1 and go = 2. Therefore, the existing norm || 3 @ ﬁ;}”qhqa does
not satisfy the second condition in (11).

D.1.1 PROOF OF LEMMA 9

Proof We begin by proving the firstitem. Recall that G represents the space of all possible partitions
of [p]. Given that G € G, for an arbitrary ¢ € [m2], suppose &, ¢ G for any g. Then, we can
identify the smallest set 7" such that:

, < UG

geT

Let T = {t1,t2,--- ,t|7|}. Select one element 3; € ¥, N Gy, and another §;, € G, N Gy,
Since both 3; and 3 belong to &,,, if an original group includes (3;, it also contains ;. Let 3 be a
vector where only 3; and f3;, are non-zero, then we have:

Z ngﬂGgH2 = ( Z )\/52 "‘Bk H/B{Gw}thqz

g€[m] {91B;€Gg4}
<Y willbe,lb=( > wy)\ /B2 + 5
g€[m)] {918;€Gg4}

which further leads to

1 1 1

Byl = (@l @nlod)®) ™ =@l gl+a8 10 = (3 w,)y/57+ 5

{918;€G4}
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for any 0 < q1, g2 < co. However, by setting

1
Bi =Bk =1 By =0 ifw +wyg 7& V2 (Z{gm €Gy) W 9)

1 )

Bj =28t =1 Bppgan =0 ifw) +wy =2 (Z{glﬂfe%} 9>

we arrive at a contradiction. Thus, we demonstrate that if a norm || - (G} 41,40 €Xists, then each

group in G is a union of groups in €.

Now, we continue to prove the second item. Given that the first part establishes each group in
G is a union of groups in &, consider a specific group g € [|G|]. Assume there is an index set
V' C [r] such that G5 = | oy &, with [V] > 1. Denote V' = {v1,--- ,vjy|}. We analyze two
scenarios:

e Casel: fla € [m]s.t. (9, U%,,) C GL.

e Casell: Ja € [m]s.t. (€, UZ,,) C G,.

Under case I, if only ¥, and ¥,, have non-zero values in 3, we obtain:

ngHﬁGgH2:< Z wg)\/@"‘( Z wg) 5%1,2

g€[m] gEF (1) gEF (v2)

< ”B{G@}qu,qz < Z w 4|8, |2

€[]

= wy, 5%014—10”2\/@
(2w (X w)yE

gEF (v1) gEF (v2)
which leads to
1
B, e, =0 S 15le) — a3 1se)
j€Cy JE€{%u UG, }
This equation does not hold by picking j € &, ,k € &,,, and setting
{Bﬂ' =Bk = LBk =0 il wy, +w, #5272
Bi =2,8k =1, Bppgipy =0 il wy +wy, =522

Therefore,
Under case II, let 3; € &, and 8}, € &,,. Define (37 as the vector with 1 at the j-th element and
0 elsewhere, and 3* as the vector with 1 at the k-th element and 0 elsewhere, with j # k.
When 3 = 37, we have:

> williale= (X0 ws) <0< 3 wylls,lls = v,

g€[m] gEF (1) 7€)
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indicating that wg = ,,, for all ¢1, go. Similarly, for 3 = G%, we have:

> wyllBa,ll2 =< > wg) Sy < Y wyllBy,lla = wa,,

gelm] ger(v2) g€[m]

indicating that wg = ., for all q1, go.

If w,, # w,,then such a weight assignment is not feasible. Assuming w+,, = w,, = wz = k,
then for any 3 with non-zero values only in &,,, we have wy||Bg, [l2 = (w;3l|Be,, ||g§)i, implying
that if a norm satisfies (11), it must be an ¢; /¢ norm.

Since &,, and &, are different groups, there is at least one original group that contains variables
in &, but not in ¥,,, and vice versa. Taking $ with non-zero values in both &, and &,,, we have:

> ElIBa,ll2 > EllBg,, U Be,,

g€[m]

|2 = H»B{C”;@}HL%

which is a contradiction. Hence, in both cases, |V'| > 1 is not possible, implying that there exists a
g € [m]suchthat G5 = 9,. [

D.2 Proof of Theorem 2

Proof We begin by examining the bound for the estimator B @ Considering a fixed design matrix X
and a group structure G that comply with Assumption 7, and selecting an appropriate A,,, Theorem 7
asserts that both inequalities (17) and (19) hold with a probability of at least 1 — e~ 29,

Under Assumptions 1,2, and 3, Theorem 8 establishes that Assumption 7 is valid with a proba-

n

bility of at least 1 — e—c2nd® _ % where ¢y is a positive constant.
—€

Considering these two theorems together, we conclude that under Assumptions 1,2, and 3, both
(17) and (19) are satisfied with a probability of at least 1 — e—cand® _g=2né < % This probability

1—e64
can be further bounded below by 1 — e~¢"% for some suitable constant ¢’.
The bound for 3% can be directly derived, noting that it represents a group lasso estimator with
group & and weights .
|

D.3 Proof of Corollary 3

Proof Assuming that max{dmax, m} < max{@max, 772 }, then we have

dmaxlogh  logme dmaxlogb  logm
( max10g I g _|_5> = ( ax10g i g +5>.
n n n n

Letw, =) wy, by the Cauchy—Schwarz inequality, we have

wi:( > w9>2<@< > “’3)

gE€F(g) 9€F (g)

gEF (g)
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Therefore,
>, WS Z@z(Zw\max(Z > wd).
geF~1(9) g€F~1(9) 9€F(g) g€F~1(S) geF(g)

Let’s introduce k4 as the number of non-overlapping groups from G into which the gth group
is partitioned in the new structure &. We also define K as the maximum number of such partitions,
ie., K = maxy k,; and K < oo. Now we want to show that

Z Z “’3 Zkgwg-
g€F~1(S) g€F (g) ges

Recall the definition of F~1(S) as:

FUS)={glgecF g),g€ S}

For each ¢ € F~!(g) that also belongs to F~1(S), we add wg to the summation. Therefore, the

. . . . . 2 . 2
maximum contribution from each original group g to the sum > wjis kgw;.
gEF~1(S) geF(g)
Given that

{9lg € F(g)and g € F7'(5)} =S,

we have

max( Z Z ) < hok Z kgwg had K Z wy

g€F~1(S) geF(g) ges ges

On the other hand, we have

win (1) = min (3 )" > wn (% min o)

2€|[ 2€[m] 9eF(2) 2€[m] seFlg )96[ ]
2 2
> min (AY. min {w ) = (hg min {w > > min w2h? .
ge[m] < min ge[m]{ !]} min ge[m]{ g} ge[m}( g mm)
Therefore,
2 2 Gg
Z wg K( Z wg) . hmax
g€F~1(S) ges
min (w2) = min (w2h?
ge[ﬂz] ( ﬁ) ge[m] ( g mln)
Consequently, if K is upper bounded by a constant, then
Z w; ( Z w§> . hglgx
0'72.g€F_1(S) _ Amaxlog b n log 772 L) < 12 geS . dmaxlog b n logm P
#2  min_ (w2) n n ~ K2 min (wZhd ) n n '
g€lm) V¥ g€lm]
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D.4 Proof of Proposition 1

Proof Let Hc, be the sub-matrix of H consisting of the columns indexed by Gy. Let ug,, vg, be
the sub-vectors of u, v indexed by G, respectively. Given two vectors u, v € RP, we have

¢*(v) = sup {uTv} = sup {wjv; +ugvy + -+ upvp}

B(u)<1 d(u)<1
guy<1 LIt hyp

— 3 H, T } — { . . - }
s 0 e = o {520
sup {i H G H2 ngug H } (max i . H(HU)G H ) - o(u)
¢>( P 2 g€lm] Wy gll2

1
< max L (1), |,

where the first inequality is achieved by using Cauchy’s inequality.

Let go = argmax—H (Hv)g, ||, and hifax = 1. Define u € R? as:
gem

0 for j ¢ G
wj=¢ L .v% 1 =Ne
I Wgy  hy? H(HU)GQOH2 for J € 9

then we have

Ui 1
= Wy ||u =Wy, + —
3wy ey = -

1 1 0.2 1 1 )
Tov=—0r . U S S
oo Ty o i = o T T, | I
1 ) *
:wigOH(Hv)Ggo Hg—;rel% wa Vg, [, = 6" (v).

Therefore, this is a sharp bound.
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D.5 Proof of Theorem 7

Proof This section mostly follow the proof in Wainwright (2019, Chap. 14). For simplicity, we
write S = S(3*) and S = S(5*). From the optimality of 5, we have

1 A 1 3
0% LY = XA~ LIy = X5+ & (008) - 9(57))

= (YTY 2V TXB 4 BTXTXB - ¥TY 42V TXE - 5 TXTXE) 4 A (608) — 0(57)
= (@XTXE —2XTYYT (B~ ) + (B— B XTX(E - 59) + A (8(8) — 0(57))
v - X573 11X (B =),

v “2’(6_5*)>+H ( .

n

(v Iy - x8°;

(7 R

S

+ A (008 - 6(87)

\%

@—Bﬂ>+ﬂKB—WH@+M(M®—¢Wﬂ)

(B =8| w3 = 8715+ A (63) - 6(8Y)

where the penultimate step is valid due to the assumption of restrictive strong convexity.

By applying Holder’s inequality with the regularizer ¢ and its dual norm ¢*, we have

‘<v”Y_XB*@,(B—B*»’<¢*(VHY_X6*”§)¢(B—B*). (32)

n n

Next, we have

¢(B) =¢ (5* + (/B - 5*)) =0 (57\4(5) + 5}:/“(5) + (B - 5*)]\/[(5 + (B - ﬁ*)ML(§)>
> 6 (Birs) + (B~ Barss)) — 0Binis) — 0 (- B)ues)
= 6(Brs(s) + ¢ ((3 - /B*)ML(§)> — ¢(Brrrs)) — @ ((5 - B )M(§)> :

The inequality holds by applying the triangle inequality on ¢(3), and the last step holds by
applying Lemma 11. Consequently, we have

(B=8%m) — ¢ (BB — 26 s)

((B=Bes) o (BB g) >

¢
¢

where ¢ <6]*\P(S)> =0as B?wl(S) is a zero vector.
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Based on (32) and (33), we have

v = xB[L - Sy - X6+ a (008) - 605))

> (o R 5 >>+F~u<ﬂ mu o < B -o00)
o ((

(0= uim)) |7 L (5-) )
wis)

>l (3= ) 400 (0 (13- 5re9) -
> | (8=, + 20 (6 (G- 5e) 0 (15 -
> (3=, 20 (0 (=) =0 (18- i) - 30 (5 #).

where the last step is valid because Lemma 10 implies that we can guarantee \,, > 2¢* (V

n

with high probability by taking appropriate )\,,. Moreover, Lemma 12 implies that
Be {ﬁ ERP|¢ ((5 - ﬁ*)Ml(§)> <3¢ ((5 - 5*)M(§))} :
By the triangle inequality, we have
(B8 =6 ((B= BV +B=BN) <6 (B=8) +¢(B-Bug),
and hence we have
= x8]L -y - xR+ a (008) - 605))
>a[[(8-8) o+ 2 (8 (B - Be) — ¢ (B i) - 0 (B - 5°)
> xl|(5-5") ‘ M (6((B=Bm) — ¢ ((B=B@))
=2 (5 (5 s) + 0 (B~ s
> wl|3= 5]+ 2 (68 - B)are sy — 365 - B
>l ——cb((ﬁ B

™

B

ML (S)

By definition, we have ¢ <(ﬁ B*) s ) > ng <B — ﬁ*) , and by Cauchy-Schwarz

| (-, |,

inequality, we have

ng ZwQ \/h S« - max
geS geS =
< /ng-\/max- (35 H2
ges
= > wz Vhug|(6-5
geS
39

G92

)-or (v =Ry (5 )

Y =X 5813
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. 2
On the other hand, since s Hﬁ — B*| — % > wg A/ hmx <ﬁ B*) ‘ < 0, we have
2 geS
" 2 9/\2 2 Gz
) < THZ wy - hméx
geS
64c?0? Y wg * hmax (S)
<2 IgES . . <dmaxlog5 N logm N (5)
4k grélﬁn} (wghmm) n n
Z UJ2 hmax
< 144c%02 . gG‘S . dmaxlog b n logm 4 s).
K2 min (w2h?, ) n n
g€[m]
[ |
D.5.1 LEMMAS FOR THE PROOF OF THEOREM 7
In these lemmas, we abbreviate B G by B .
Lemma 10. Under the Assumption 7 and (2), taking
A\p = 8ca \/d"‘ax logh | loem 4 5 for some § € [0,1],
min (wghim) n n
g€[m]
then P ( 2(;5*(XT )) >1—e 2,
Proof of Lemma 10 Let V., = —¢; Kig - Xigy isa, € R%. According to the varia-
vg hgywg? hgywg? ™" "7 hgdg Wy ’
tional form of ¢ norm, we have 2 |37 | Vigll, = sup (u, 237 | Vi.,), where S9! is the

ueS§%-1
Euclidean sphere in R%. Also, for any vector u € S%-1 and t € R, we have

= ilogE(etﬂ'l = 17) logE<et2§: (E ujv’”))

t{u, 5 w.g>)

1

—logE(e i=1

n

dg w.X, .
J

: . jXig
= l 10gE<eti§1 ggl hgjwg )> _ l 10gE<6_tizl E"(ng hig; wg ))
n n
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Since {¢;};_ arei.i.d zero mean sub-Gaussian random variables with parameter o, letu = (u1,- -+ ,ug,)? €
R X, o = (Xigy, -+ Xiga, )T € R9%>1, then we have

n dg UjTig dg u;jXig.; dg u; Xng;
1 7tz € Z hg.wz, 1 —ter Z hgﬁw; 1 —ten Z ﬁ?g.w;
logE<e =1 =l > =—logE|e g=t = >+-'-—|—logE<e J=1 )
n n n
2 2, n  dy 2 2 n_ dg
= 2 Uj Zg])
2n i=1  j=1 wWohy, 2n W§ (h?nin) i=1  j=1
2o 1 < = 9 t2o? 1 o
- 2 (u, Xig) > = 2 (Z(U XigX; gu)>
2n wg (M) \ i 2n wi (M) \ s
t20? 1 1o
= 5 7 5 <UT< Z X’i,gXiTg) U)
Wy (hmin) i=1
202 1 < XZ Xq, )
= u
2 wg (hilin)2 "
2o 1 < R )>
2 max
2 w; (hrgmn) n
. g; XGg 2 . . . . .
By Assumption 7, we have yyax(—2%—) < ¢”. Combining this with the previous proof, we
1 t<“’£: Vi) 242 2 g . - :
have LlogE(e =t ) < *t?0?/ 2w (h%.,)- Therefore, the random variable (u, Y Vi.g) is
i=1

the sub-Gaussian with the parameter at most \/ 202 /w2 (hY;,). and by properties of sub-Gaussian
variables, we have

n A )\2 2h
n nWqlmin
logp(<“’;%'9> > Z) S T 30202
We can find a § covering of S%~! in Euclidean norm:{u!, 2, ... ,u™} with N < 5%, recall

n
that 2|30 Vigll, = 2 sup (u, 3> Vig), so that for any u € S%-1, we can find a u?™® ¢
ueSt—1 i=1
{ul,...,uN},suchthatHuq( —uH < %,and

R ONDEE <<ufuq<u> i)+ (11 3V ))

nuesdg 1 M egds—1 =1

<

I Mz .

sup <u — > + — max <uq W.g>.
N g€[N]

1
nuGSdg—l

By applying the Cauchy-Schwarz inequality, we have

sup <u—uq Z‘/zg>\ H2HZV’9

ueSdo—1

L <ml v

ol

n
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n

> Vig

=1

7

|| 2 Vi

1 n
<2 <q,f v >
|, < 2ma (w0 3 Vg

i=1

Hence, we obtain %

<
v

Consequently, we can express the probability as

P %ol > ) <P (5 o) > )

n
+ max< 4 leg>, which indicates that
" q€[N] =1

E

<2 P({u ZVZ9>/Z>
q=1
)\2 2h9 )\2 2h9
n =gt 'min n -7 g Tmin
< New (= =g ") < e (= g5k 5™ +dslog),
H _ 8Co dmax log 5 logm
and by setting A\, = — (wghﬁ]in)\/ CERe + BT 40, we get
g€[m]
1w A G BT A
(s 13wl > ) <o), > %)
gE[m]nzlg 2 ;n;gz 2
nA2 9
gexp< 32020296[ }( ghﬁlm) dmaxlog5+logm)
< exp{—2nd}.
From proposition 1, we have
T T X;
o (50) < me o (5) sl i ), = e L2
n g€im] wg n /Gyl hg, hga, g€lm]

Therefore, IP( 2(;5*(XT )) >1—e 2.
|

Lemma 11. The group lasso regularizer (1) is decomposable with respect to the pair {M (S), M~(S) }
That is, ¢p(a + b) = ¢(a) + ¢(b), forall a € M (S) and forall b€ M*(9).

Proof of Lemma 11 By definition, we have

slath) =2 watbg,,= 3 werdg,+ X w@rogl,
g=1 geM(S) g¢M(S)
= Z ngaGgH2+ Z ngbGQHQZ Z wQHaGgH2+ Z ngngH2
geM(5S) geML(S) gEM(S) gEM-L(S)
=¢(a)+o(b).
|
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Lemma 12. If A, > 26" (X12), then 6 (8 = 8,2 5)) <30 (B~ B)ucs))-

Proof of Lemma 12 (see Wainwright, 2019, proposition 9.13) From equation (33), we have

6(8)— 68 > 6 (B=agm) — ¢ (B~ 8w

On the other hand, by the convexity of the cost function, we have

Uy - - Ly - s (o Xl (5 )y 5 (o =X 5

n

By applying Holder’s inequality with the regularizer ¢ and its dual norm ¢*, we have

'<v HY—fﬂ*H%, (3_5*) >‘ . ¢*(v !\Y—fﬁ*\\§>¢<ﬁ_ﬂ*>_

Therefore,

1 R 1 i Y —XB*% /5, Y — XB*
Ly - xal - - x s —(v X () )5 o (o I XEIR)
)\n A * n

> =20 (8-8) 2 -5 (68— BV u) + 9B - B
and

>+ A (0(8) - 6(8)

(¢aﬁ ﬁuﬂsﬁ 6 (B Bis)) — 208301 5)) — o (63— B pygs) + 603 -

2 0 ) 6 )

from which the claim follows. [ |

D.6 Proof of Theorem 8
Two lemmas are used in this proof:
Lemma 13 (Theorem 6.5 in (Wainwright, 2019)). Let |||.|||2 be the spectral norm of a matrix. There

are universal constants cs, cs, ¢4, c5 such that, for any matrix A € R"*P, if all rows are drawn i.i.d
from N (0, ©), then the sample covariance matrix © satisfies the bound

E (ct6-0llz) < ST forall o] < — "
64¢e?|[|O]]]2
and hence for all § € [0, 1]
©-0
P(W <os( % + %) + 5) > 1 — ¢ge 2, (34)
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Lemma 14. Under Assumptions 1,2, and 3, and use p(©) to denote the maximum diagonal of a
covariance matrix ©. For any vector 5 € RP and a given group structure with m groups, we have

X 1|1 1 2(1 dmax 10g 5
PRz gllets], 500 (max hiﬁn>\/ Rogm + G 089 o) 3s)

vn 9€lm] wy n

—_n

e 32

_n -
l—e 64

with probability at least 1 —

Proof We first prove the first part of Theorem 8. By Lemma 13, we have

|HXG7ngg |H : ;
_n G)G Gglll2

TH@G G |||qQ . <C5( ;9 79)—{—5) > 1_C4e—c2n§2‘
g>~g n

P(

By the triangle inequality, since X gq Xg, 1s a positive semi-definite, we have

)

= 96,.6,lll2 + 1119¢,.6,ll2

X6, Xa, X6, Xa, Xé,Xe,
7max( =||\ H|2:|HT

d d
< 0+ aaly/ 2+ 22) 4 8106, 6, I

with probability at least 1 — cqe¢2"”. Because I11©¢a,.c,lll2 < |[|©]|]2 < c1 for some constant

T
X Xa,

c1 and dy < n, we have Ymax( ) < ¢+ d for some constant ¢, with probability at least

1 — e—c2nd®, Taking the union probability for all m groups, we have

XL Xa
max Ymax ( G Y<e+6
g€[m] n
with probability at least 1 — exp(—c'2nd?) for some constant ¢’ > 0 as long as
logm < né>.

For simplicity, we take J as a constant.
Now we proceed to prove the second part. First note that we must have p(0) < ynax(©) < 1
by Assumptions 1,2, and 3. By applying Minkowski inequality, we have

3

6(8) = >_wy ||Ba, |, <
g=1

m
2
ng HﬁGgH2 < \/m max wgh?nax HBH%
p g€[m]
) 2
Let 3 = (3* — /3, we now want to prove that ¢ (,BML(§)> < 3¢ (51\/[(5*)) implies % =
Ymin 2
118l -

Since ¢ (ﬁ M ( g)) < 3¢ (5 M( 5)), combining with triangle inequality, we have

8(8) = 0 (Bucs)) +6 (B (s)) <46 (Bucs)) < 4v/F, fmaxudifios [S1cs
<44/5, mgécwghrgnax 185 -
g
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From Lemma 14, we have

X 1 2(1 dmax log b
vno 4 2 gE[m] wg\/
1 2(logm + dmax logh) —
P — 32p(0©) max /8o [maxw2hd .«
1
> 64 /e 1812
where the last step is valid due to Assumption 2 and 3. |

D.6.1 LEMMAS FOR THE PROOF OF THEOREM &

Proof of Lemma 14 To begin with, for a vector 8 € RP with a fixed group structure, we define the
set:

510 = s ol =1}

the function:

(logm + dmaX log 5)

—— -,
U)g hi]mn \/

g(t) = 4p(0O) max

and the event:

& (SP1(e)) = {X € R™P

: X Bl 1
Beslpllﬁ(@) o +29(6(8)) < 4}’

where ¢(.) is the overlapping group lasso regularizer. In addition, given 0 < ry < r,, we define the
set

K(W’Tu) - {/6 € Spil(@”g((ﬁ(ﬁ)) € [vaTU}}v

and the event:

A (ry,ry) =4 X € R™*P <
(TE TU) { BEK(re,ru) \/ﬁ 2

X 1
ML P}

Now we introduce two additional lemmas:
Lemma 15. Forv =1, we have & C o/ (0,v) U (U2, & (2710, 2%)) .
Lemma 16. For any pair (14, 7,), where 0 < 14 < 1y, we have P (o (r4,7,,)) < e 32e” s
Based on Lemma 15 and Lemma 16, we have
0o 00
P(X &) <P(Z(0,0)+> P (.521(26*111,2%)) <e 3 {2622%2} .
=1 t=0

Since v = % and 2% > 2¢, we have

o0 _ﬂ
n 32

oo
n n92€,,2
P(Xe&)<e 32 E e 8TV Lo 67” v?
=0
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We now get the upper bound of P (X € &). We next show that the bound in (35) always hold

on the complementary set . If X ¢ &, based on the definition of &, we have inf 1XBlly >
pesr—1(@) VP

1 —29(¢(B)). Thatis VB8 € SP~1(O). X8I, 1 — 29 (¢(8)). Therefore, for any 3’ € {3’ €

; NG
R|—Z—— € S7~1(0)}, we have
e,
|x TolaT, L 5
2 2 - 2
w7 eh)

HX’B/ 1 1
72 P ZH@§B/H2 - 29(¢(B/)>7

where we finish the proof by substituting the definition of g(¢(3)). [ |

Proof of Lemma 15 By definition, K(0,v) U (J;2; K (271w, 2%) ) is a cover of SP~1(O). There-
fore, for any 3, it either belongs to K(0,v) or K (2¢~1v, 2v), which leads to the following two
cases:

Case 1 If § € K(0, v), by definition, we have g (¢(3)) € [0, v] and

2 < L - 2000090 <

Therefore, the event &/ (0, v) must happen in this case.
Case 2: If § ¢ K(0,v), we must have 5 € K (24_111, 251}) for some ¢ = 1,2, - - -, and moreover

1

f%mam)<%f2~@“%><§f<z2“ﬂv<%42%.

XAl 1
N

oo

So that the event of (2€_1v, 2%) must happen. Therefore, & C o/ (0,v) U < U o (2€_1U, 2%)) .
=1

|

Proof of Lemma 16 To prove Lemma 16, we first introduce the following lemmas:

Lemma 17 (Gordon’s Inequality). Let {Zyv},cr ey @nd {Yuw} be zero-mean Gaussian

process indexed by a non-empty index set I = U x V. If
1.E ((ZWJ — ZU,U,)Q) <E <(Yuﬂ, — YUI’UI)Z) for all pairs (u,v) and (u'v') € I.
2
2. E ((Zu,v - Zu’v)2) =E ((Yu,v - Yu’,v) ) s

then we have E(max min Z,,,) < E(maxminY,, ,).
veV uelU veV welU

uelUveV

Lemma 18. Suppose that « = (au, ..., o), where each «;,i € [d] is a zero-mean sub-Gaussian
random variable with parameter at most o>, then for any t € R, we have E (exp (t|ally)) <
59 exp (2t202).
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Lemma 19. Suppose that « = (o, ..., o), where each «;,i € [d] is a zero-mean sub-Gaussian
random variable with parameter at most o2, and for a given group structure G, let HOZG g H be the
corresponding group norm, m be the number of groups and d,q, be the maximum group size, then

E <max HO&G9H> < 2v/202 (log m + dypaz log 5).
9

Lemma 20 (Theorem 2.26 in (Wainwright, 2019)). Let x = (x1,- - , x,) be a vector of i.i.d stan-
dard Gaussian variable, and f : R™ — R be a L-Lipschitz, with respect to the Euclidean norm, then
flx ) Ef(x) is sub-Gaussian with parameter at most L, and hence P ((f(x) —E[f(z))) > t] <

e 2L2 vt > 0.

We now start to prove. First, we define and bound the random variable T" (r¢,7,) = —  inf 1XBll,
BeK(rers) V™

Let S”~! be a unit ball on R™, by the variational representation of the /-norm, we have

X X X
T (ry,ry) =— inf | ’BHQZ_ inf sup (u, XB) _ sup nf (u, ﬁ)

BEK(reru) /M BEK(reru) yesn-1 VI BeK(rgra) u€STL /N2

1 . . .
Let X = 1WG)i, where W € R"™*P is a standard Gaussian matrix, and define the transformed
vector v = ©2 3, then

X W
T (rg,ry) = sup inf {u, X5) = sup inf M,
BEK(re,mu) ueSn—1 \/ﬁ vEKR (re,ru) uesn—1 \/ﬁ
where K (14,7,) = {v € RP‘HUHQ =1,9 (qﬁ(@_%v)) € [rg,ru]}.
Define Z,, , = <“\/Mi”> since (u, v) range over a subset of S~ L S§P=1 each variable Z,, v 18

zero-mean Gaussian with variance n~ . We compare the Gaussian process Z,, , to the zero-mean
Gaussian process Y, , which defined as:

Yiv = <C’\/g> + <§’\/;> where ¢ € R", ¢ € RP have i.i.d N(0, 1) entries.

Next, we show that the Y, , and Z,, , defined above satisfy conditions in Gordon’s inequality.
By definition, we have

n o p
E (Zu,v — Zu/,vz)z =FE <(u%v> — W, \/ﬂiv > le Z Z Uvj — ulv] 2

=1 j=1
1 e 2
- - Z Z (wiv; — wjv; + wjv; — upv})
i=1 j=1
1
=~ (1ol [l = w'll; + 13 o = o'[15 + 2 (Iol3 = o)) (') = l1al3))

(36)
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Since [|v]|2 < 1, [[u/|2 < 1, we have E (Zy — Zu ) < %(||ufu'||§+ ||va’\|§>. On
the other hand, we have

E (Yuy — Yuww)' =E <<C,1i/%u'> . <§”i/%v,>>2

e e D) = L (e o),

i=1 j=1 i=1 j=1
(37)

Taking equation (36) and (37) together, we have
1
E (Zuo = Zuw)” < (e =l + [0 =v'[;) = B (Y = Yurwr)”.

IfV = V', then nE ((Zw - Zu/7v/)2) = |lu— /[, = nE ((Yu,v - Yulﬁv,)Q). By applying
Lemma 17, we have

E( sup inf Zu,v) < E( sup inf Yuyq,).
UEK(T‘Z,TM) uES”_l e , u) uES"—l

Therefore,

E(T(m,ru)):E< sup  inf <“’W”>)<E( sup  inf <<5’”>+<C’“>>>

- -1 - _
vEK(rg,ru) ues" \/ﬁ vEK(rg,ru) uesS™ 1

oo TEO) g (k).

BEK(re,ru) \/ﬁ \/ﬁ

B

2 2
Next, we bound these two terms. For the second term, we have E (”<”2> =E ( & +"'+£”> >

n
1
02¢,8
E(M) = \/g Fortheﬁrstterm,wehaveE( sup < ‘ >>

1
E ( qp A (©2) > ,
BEK(re,mu) v BEK(re,rv) v

where ¢*(@%§) is the the dual norm defined before. Since 8 € K (r¢,74), g (6(5)) < 7y, by the
definition of ¢(t), we have

N

Ty

4p(©) max 1 2(log m+dmax log 5)
p( )QG[m] Wg/ hfnin n

(38)

o(B) <
(

g9

Let ng, = (9%@@9, to bound E <max”(@%§)g 2) =E (max HnggH2>. Since @%5 ~
g g

N(0,0), by the properties of normal distribution, its corresponding marginal distribution of jth

variable (@éf ); also follows zero mean normal distribution with covariance matrix ©;, which is

the jth diagonal elements of ©. Therefore, any subset of @éf is a zero-mean sub-Gaussian random
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sequence with parameters at most p(©). By (38) and Lemma 19, we have

E( s ¢(ﬁ)¢*®2€> <E< s ru ¢*(@2§)>

BEK(re,mu) \/ﬁ

peR(rer) (4p(O) ( max L )W(l‘)gm*dmaxloga) Vi

ge[ } Wg hﬂnn n

Ty

<4P(9)( max — )\/ 2(log m+dmax 10g5

ge [m] Wg hmin

Tu (
1 2(log m—i—dmaX log 5)
(40(0) (s o)/
< T E | max ———

N
ﬁ
/~ lQ/_\ A
= 99
S
Q

(4p(@)( max ég )\/ (log m+clrmx 10g5

ge [m] Wg min

: (4p(@)\/2(lozum+imax log5)> E < ;2% (955) a, 2)
Ty

N

(4p(@) \/2(log m+imax log 5) )

Therefore, E [T (rg,7y,)] < —\/g + . Next we want to bound P (T (rg,ry) > —% 4 1y)
based on the bound of this expectation. To apply Lemma 20, we first show that, the f = T'(r;, 7).
a function of the random variable W is a 1n -Lipschitz function and without making confusion, we

denote the corresponding function as 7'(W). For any standard Gaussian matrix W and Wy, we
have

‘ <u,W1v> _ <u,ng>
(W) - T(WQ)‘ - ve]f:zg),m) uelé‘l’f—l T - yelfizg),ru) uelgf_l \/ﬁ)
W] [Wev
B veﬂzgfmu) ( - \}g 2> - WG]ISE“EW) ( B \;g 2))

P L P e
= (= nr M2y (g M2 ‘
( ve]f(l(r:‘g,ru) \/ﬁ ) ( vGKl(r;g,ru) \/ﬁ )

o Wl |,
N L R LA
UEKI(I;Z,Tu) \/ﬁ UEKI(I:"g,ru) \/ﬁ

Suppose that ”W\l/%l‘b = inf W0l g Wavall, g

veR(rg,ra) " " veR(rg,ru)

[Wavly
Vo
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e CaselIf ”WIQHHZ > HWQUQ

5> then we have

’T(Wl) — T(Wz)‘ = ~inf M _ ~inf M
vEK(re,ry) \/ﬁ veR (re,ra) \/ﬁ

[Wivilly — [Wavally _ [[Wivally — [Wavall,
NG = Vn
o MW = Wo)va|ly _ [[Wi — Wallp

e Case Il If | W1, < ||Wavs]|,, then we have

W-
TW) —TW)| = | e WV20le oy WAl
UEK(T[,T‘U) \/ﬁ UEK(T@,'I‘u) \/ﬁ

_ [Wavally = [Wivilly _ [Wavilly — [Wavilly
Vn h vn

o W =Wao)uilly _ W1 = Wallp

X \/ﬁ ~ \/ﬁ )

where ||.|| - represent the Frobenious norm of a matrix.

Thus under the Euclidean norm, 7'(W) is a ﬁ-Lipsehitz function. Therefore, by Lemma 19,

we have ,
P(T(ri,ra) = E(T(r,ra)) 2 1) < e "2 v 2 0.
Sett = /23475 > 1+%, wehave E(T(r, 7))+t < —5+ryand P [T (rg, 1) = —5 + 1] <
e~ 35¢~ 8", which is actually the Lemma 16. u

Proof of Lemma 18 We can find a % - cover of S9!, and for any u € S59=1 in the Euclidean
norm with cardinally at most N < 5%. Suppose that there exists u4(®) ¢ {ul, coulY }, such that
Huq(“) — uH2 < % By the variational representation of the {5 norm, we have

1
= < q(u) > h )
loll; = max (u,a) q(g;gﬁv]@ )+ llall,

Therefore, ||all, <2 max (u?™, ). Consequently,
q(u)€[N]

E (exp (t]|all,)) < E (exp <2t max (uq,a)>> —E <max exp (2t <uq,a>)>

q€[N] q€[N]

N
4202
< ZE(exp (2t (u?,a))) < 5exp < 5 ) < 5%exp (2t%07) .
q=1
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Proof of Lemma 19 For any ¢ > 0, by Jensen’s inequality, we have

exp (wz (m;lx HongH>> <E <exp <tmax HaGQHQD —E <m]axexp (t |yacg|!2))

m m
Z]E exp t HaG H < Z 5% exp (2t202) < m - Himax . exp(2t30?).
j=1 j=1

By taking log at both sides, we have tE (max Hagg H) < logm + dmax log 5 + 2t262. Conse-
g

quently, let t = ‘/W’ we have E (max |aa, H) < 2¢/(logm + dmax log 5) 202.
g

D.7 Proof of Theorem 4
The two lemmas below are integral to the proof:

Lemma 21 (Packing Number for Binary Sets). Consider a set A defined for real numbers m, sy as

= {a e {0,1}™ | éaj < sg}-

Then the 4/ %"-packing number of set A > (7:")_ 55, and
%)%
(5) =2
log < ;Lg 5 ) = 54 log(s—)
(%) ‘
Lemma 22 (Packing Number for Sparse Group Vectors). For the set Q(G, sg), the 1/ 2"?9 -packing
m)_2
number 2 (m# - (v/2)%%9, and
(% ))2?
(;n) —2 d m
g (22 (VB ) = sy + ()
mN.2% Sg
(%)
Proof of Theorem 4 First, select N points w(), ..., w®™) from Q(G, s,) such that ||w® — w|| >
A/ 2d$q for all distinct ¢, 5. Clearly, Hw @) — U H \/4sg4d. Define B@ = rw® for each i. This
results in
12
2kSgr Hﬂ B(J)H < ds,dr?.
Next, let (9 = X80 4 ¢ for 1 < i < N. Consider the Kullback-Leibler divergence between

different distribution pairs:

' } () x
; p\y*,
Dkr ((y( ), X), (y(J)aX)) =By x) [1og (M) }
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where p (y¥, X) is the probability density of (y(*, X). Conditioning on X, we have

p(y?, X) _IX(BD = BU)|I3
Eqm x) [10% (19(9(3)7)() | X| = 952 '

Thus, for1 <i# j < N,
@ — g2 (i) _ g T (g0 _ g)
0 ) HX(ﬁ BN, n(BD - p)YTs(H — g0))
D (. X). (v %)) =B =
_ 3|89 - BD|2 2¢rndr?s,
S—5

- 202

ndr? sg

log 2
From Lemma 22, log N < s, (d + log Sg) Setting T}Og = %, we obtain

(d + log g) o2

r>

~ 3nd
A 2r2 ks ndrisg +log 2
By generalized Fano’s Lemma, inf supE||3 — Bll2 = 1/ g (1 — N ) Conse-
BB
quently,
A o 0 (syld+10g(2))
infsup B[4 — 83 > (infsup B[ - 82) 2 e’
n

Proof of Lemma 21 Notice that the cardinality of A is ( ) Denote the hamming distance between

any two points =,y € A by

h(a,b) = [{j : a; # bj}|.

Then, for a fixed pointa € A,

[ {bean@p <2} - (L%ZJ) e

In fact, all elements b € A with h(a,b) < 529 can be obtained as follows. First, take any subset
J C [m] of cardinality | % |, then set a; = b; for j ¢ J and choose b; € {0,1} for j € J.

Sg) then we have

Gzt

2 () 2¥ <4

2

l\’l

—~~

3

Now let A be any subset of A with cardinality at most 7" = (

1\3\Q

|{b € A there exist a € As with h(a,b) <

% forall a € A,. Therefore

It implies that one can find an element b € A with h(a,b) >
- for any two distinct

one can construct a subset Ay with |A5| > T and the property h(a,b) >

elements a,b € A;.
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On the other hand, h(a,b) > % implies |ja—b|| > /. Therefore, there exist at least 7" points

in A such that the distance between any two points is greater than , / %"

e o) [EmlF) _ msgt)eome [P ] I mesg
Moreover, since ({éj) TG e (EI ) e I1;2 L%gifﬂ,,we have

(m-t?J)Lﬂg (:Z) Sgg(m—sg—i-l)ﬁ?g],
239 (£$J>27 [891

2

and therefore we can find C', Cy, such that C s, log(%) <logT < Casy log(%), so that

og | ———=5 | X sglog(—).
(%) -22 E

Q
~—

m
g
2
[ |
Proof of Lemma 22 Given a group support a € A, define k, = {2 | i€ ( U Gg)c} , and
{glag=0}

the set
Q(a):{we]RPWi:Oifz’e U Gg,wie{—l,l}ifz'e< U Gg>c}.
{glag=0} {glag=0}

Notice that Q@ C Q(G, s,), and |Q(®| = 2ka. Also denote the hamming distance between
z,y € Q@ by

h(z,y) = [{j: 25 # y;} -

Then for any fixed x € Q(g ), we have
| 78

505

J]=

|2
olp

ka
‘{y € Q% n(z,y) < 75}

Let QY be any subset of (@) with cardinality at most N (%) = ,m%aiﬂ Then,
LTZ(:jJ ka
=0\ J

k
‘{y € Q| 3z € Q@ with h(z,y) < Tg} < Q)|

On the other hand, h(z,y) > %& implies ||z — y|| > (/2. Thus, there are at least N(%

points in Q) with pairwise distances greater than
Chap. 9),

%. From the results in Graham et al. (1994,

kq 9/ k, 9 ka9 ke
= () <5(lk) = gnoats <

10
]
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Consequently, we have N(®) > %2%& > (V/2)ka,

The value of k, depends on the predefined groups and group support a and spans a range from
0 to syd. Lemma 22 seeks a lower bound for all conceivable overlapping patterns, necessitating an
analysis of the maximum value of k,.

Furthermore, according to Lemma 21, we can identify at least 7" points in A where the distance

between any two points exceeds 4 / %" For {ay,--- ,ar} group supports, if there is a group structure

such that we could find at least %(ﬂ)sgd on each group support, and the distance between every

pair of these points is greater than 4/ 28; ¢ then Lemma 22 is proved.

Considering m non-overlapping groups, k, = s4d for each group support a. In addition, given

any two group support a, b with |[|a — bl| > /%, ||z — y|| >/ d% > 2d589 for any z € Q@

(-
m Sg

(%22

%(\/Q)dsg point in Q(G, s4), such that the distance between every pair of points is greater than

2dsg
5

and y € Q). Thus, considering all possible overlapping patterns, we can find at least

D.8 Proof of Theorem 5

This proof consists of parts: Parts I-IV dedicated to Theorem 5.1, and Part V is for Theorem 5.2. To
be more specific, Part I provides some additional concepts, Part II introduces the reduced problem,
Part I1I shows the successful selection of the correct pattern under favorable conditions, and Part [V
establishes that certain conditions are satisfied with high probability.

D.8.1 PARTI
Recall that S = supp(5*). With S, we define the norm ¢g for any 5 € RP as

¢s(8s) = Y wyllBsna, 2,

geGs

along with its dual norm (¢s)*[u] = supyg(s4)<1 B4 u. Similarly, for S¢ = [p] \ S, we define the
norm ¢g for any 3 € RP as

¢&(Bse) = D wylBsena, 2,
g€[m]\Gs

accompanied by its corresponding dual norm (¢g)*[u| = SUD e (Bge)<1 Bgeu.
We also introduce equivalence parameters ag, Ag, asc, Age as follows:

VB € RP, asl|Bs|li < ¢s(Bs) < Asl|Bs], (39)
VB € RP, age||Bse|l1 < ¢§(Bse) < AselBsell1- (40)

We now study the equivalence parameters from two aspects. First, since

T T T
sup /BS u =z sup /BS u sup ﬁS u,
asl|Bs|l1<1 ¢s(Bs)<1 AslBs]li<1
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by the definition of dual norm, we have

Vu € R AG Jullso < (65)*[u] < ag[|ullso (41)
Similarly, by order-reversing,
Vu € RIS Aglluflos < (68)[u] < ag? [Julloo- (42)

Second, by the Cauchy-Schwarz inequality, for any 5 € RP and g € Gg,
Wy

< <
0 1Bsna,ll1 < wyllBsnay, ll2 max wyl| Bsna, |1

Consequently, we have

W,
< < hmax(Gg) max w ,
min \/@HBS’Hl #s(fs) ( S)g€G>S< gl1Bs 1

Therefore, we can set ag = min

and Ag = hmax(Gg) max w,. With an trivial extension, we

gEGs dg gEGs
can set age = min wy//dg
g€Gge
D.8.2 PARTII

From the full problem to the reduced problem
Recall that the group lasso estimator in (14) is defined as

BY = arg min —HY X B3+ X0%(B). 43)
BeRp

Now we write ¢ (8) = ¢(5) and L(B) = 5-||Y — X33 for ease of notation. Following
Jenatton et al. (2011a); Wainwright (2009), we consider the following restricted problem

~

BR = argmin L(B) + Mé(8) = argmin L(8) + Xy Y wyl|Bsnc, |,
BERP,Bge=0 BERP,fge=0 9€Gs (44)

= argmin L(8) + \,¢s(Ss).
ﬁeszﬁsCZO

Let Ls(fBs) = 5| — Xsfs]|3. Due to the restriction of AR, we can obtain 57 by first solving
the following reduced problem

Bg = argmin fHY XsBsl3+ A Y wy[|Bsna, |,
Bs€ERISI g€Gs 45)

= argmin Lg(fBs) + A\n¢s(fs),
Bs€ERISI

and then padding BS with zeros on S€¢. In addition,

Ls(fs) = inY ~ Xsfsll2

o ~(YTY —2vT Xsfs + (Xsfs) Xsfs)

= (yTy _9(XB* + ) Xefs + (XSBS)TXsBs>
= % (YTY - 2(X55§)TXSBS - 2€TAXSBS + (XSBS)TXSBs> ,
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and consequently,

~ 1 N 1 . 1
VLs(Bs) = *XérXsﬁs - *Xngﬁs — —ETXS
n n n
= Qss(Bs — Bs) —gs

(46)

n
where Q = %XTX, q= % > €.
i=1

D.8.3 PARrT III

Part III mostly follows the proof in Theorem 7 of Jenatton et al. (2011a). Here we aim to show that
supp(3Y) = S under certain conditions.
To begin with, Given 8 € RP, we define J(f3) as

Ce=m{ U Gl

G gNsupp(B)=0

JG(B) is called the adapted hull of the support of 3 in Jenatton et al. (2011a). For simplicity, we
write J&(3) = J(f3). Notice that by assumption we have

s = { U  G}=s

G gNisupp(6*)=0

Now we consider the reduced problem (45), and we want to show that for all g € Gg, Bsmg p >
0. That is, no active group is missing. =
Lemma 23. (see Jenatton et al., 2011a, Lemma 14)
For the loss L(3) and norm ¢ in (43), 5 € RP is a solution of
min L(5) + And(5) 47)
if and only if
VL(B ) (B) + Anr( JB) ~
¢ <A (48)
(655" [VEB)agare] < 2
In addition, the solution B satisfies
¢*[VL(B)] < An. (49)
As Bs is the solution of (45), Equation (49) in Lemma 23 implies that
* A 6 A
(¢s) {VLS(BS)} 2 (¢s)” [st <ﬁs - 55) - QS} < An (50)
By the property of the equivalent parameters, we have
(50)
HQSS (55 - 55) - QSH [st (55 - 55) - CIS} < M- (51)

56



THE NON-OVERLAPPING STATISTICAL APPROXIMATION TO OVERLAPPING GROUP LASSO

If

< Jmin (Qsl,s) Bruin (52)
3|S|2 As

and
“Ymin (QSS) ﬁ:;lin
3/S|2

lasllo < ; (33)

then we have

HBS —5§‘

= HQgést (55 - 5§) HOO

< [Q58llc e | @ss (55 = 83) [

< IS]2 Yimax (Qss) HQSS (55 - 5§> HOO

<1819 (@ss) ([ @ss (Bs = 8s) —as|_+lasle) 54

o

Gh 1
< 8127 (@ss) (Ands + [lgs]l )

1 _ 1 _
< ISz (Qss) Ands + [S|275L (Qss) llas |«

2
<7*

3 min*
If there exist a group g € Gg such that HBSQGQH < —3=, then
o

> 6;111 _ /8:;1111 — QBI*nin‘
0

HBS —Bs 3 3

Thus, (54) implies that for all g € Gg,

BSHGQHOO > % > 0. (55)

Secondly, we want to show that BR solves problem (43). As BR is obtained by padding 35 with
zeros on S¢,

= U ap-u U 6l

GgNsupp(BR)=0 GgNsupp(Bs)=0

D U af-s.

GgNS=0
From Lemma 23 we know that 3% is the optimal for problem (43) if and only if
VL(E%)s + Aar(5%)s = 0, (56)

and

(08)" [VL(BR)SC] < An. (57)
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We now verify the condition in (56). Since
. 1 .
L(B") = —|Iv — X573
(%) = oI = XAR3
1 T v A A 5 .
= (YTY (X8 TXBE — 2T XGR + (X[SR)TXBR) :
we have
. 1 . 1
R _ |t vT R px) - T
VLS =[x (37 - 4) - 27X

= [Q(87-8)], —as = Qss (87— 57) -

(58)
= Qss (5§ - 5§> —gs = Qss (5S - 5§) —qs
= VILs(fs).
On the other hand, as BR is obtained by padding BS with zeros on S, we have
Anr(B%)s = Anrs(Bs).
Because /3’3 is the optimal for problem (45), (48) in Lemma 23 implies that
5 L (46 5 . A
VLs(Bs) + Mrs(Bs) © Qss(Bs — 55) — as + Murs(Bs) = 0. (59)
Thus, (56) holds as
- 59
VL(A™)s + Aurs(B7) = VLs(fs) + Mrs(Bs) = 0 (60)
Now we continue to show (57). Notice that
A * 38) (5 * (59) 5
(8% —5) " (Bs - 85) 2 Qadlas — Aars(Bs))- (61)
Let ggejs = gse — QsesQggqs. we have
A 58 A * A *
VL(BRs ' (QUB% - 87)) , — a5 = Qses (A" = 57)s — as-
(61) 5
QsesQgs <(Js nTS(/BS)> qse 62)

= —QsesQga s (0s) + QsesQgads — gse
= —A\QsesQgg (TS(BS) - Ts(ﬂé)) — AnQsesQsdrs(BS) — asels-

The previous expression leads us to study the difference of rg(3s) — rg( ). We now introduce
the following lemma.

Lemma 24. (see Jenatton et al., 2011a, Lemma 12)

For any J C [p|, let uy and vy be two nonzero vectors in RII, and define the mapping r;
RV — RV such thar
Wg

N _
9€61,Gynizé || Bina, ||,

ry(Br); = Bj
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Then there exists &5 = touy + (1 — to)vy for some ty € (0, 1), such that

w1 &llgelwing
Iy () = ra)lly < llug — vsll (Z Z g {JeGg} Z <Z Z J g {J§€Gg}

€5, I

‘gJ GgH2

j€J geGy JjeJ

Lemma 24 implies that

|rs(s) —rs(83)]|, < Mx%(ZZ%MW+ZZZ
2

j€S geGg ‘ SNGy, j€S keS geGg

where 3 = tof3s + (1 —to) Bs.

To find an upper bound of the right-hand side. Recall that (54) implies that HBS - B3

3 ﬂmm, so we have

> \/IS NGyl min{|5) | 3 # 0}
\/W min — b0 Hﬁs - 5SH
> W( Biin — Hﬂs - B OO)

mme|&m

Hﬁsmg

Consequently, the first term could be upper bounded by

keJ gGGJ

)

3

Z Z WeljeG,y _ Z ngsmGg‘ < th Z wg\/m.
2

jJES geGs 5500 9€Gs ‘55«;9

On the other hand, the Cauchy-Schwarz inequality gives

|sn |

<[SNGy| Hﬁsmcq

Thus, the second term could also be upper bounded by
~ 2
w HﬁSmGg .
~ 3
9€Gs W HﬁSmcg ,

wg|S NGyl

ZZ Z (wyg) ]l{]kGG }‘@HBH

JES k€S geig w H SNGy )

X

9€Gs ‘/BSHG

/8*
min

Letcy = % > geGs Wa/ S N G|, then (63) implies

g€Gs

HTS(BS) —7s(Bs) H < Hﬁs - 55

59

Z wgy/[S NGyl

wy ||Bsna,

(63)

<

(we)*1i; ec, 113511 Bxl )
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If

_1
[QsesQgg ll2,00 < 3,

then we have

Jass@sd (rstis) - rs(e)) |- |

g ‘

_1
(?SCSCQSé
00,2

< S @) () - rs(68)]_

1
< 3Vmin(@ss)C2

GH 1 L
< 3627m12n (Qss) ISI27.L (Qss) (MAs + |lgsl.)

S woy/I8 N Gyl (Qss) 817 (Auds + Jasll) -

/B;kmn

g€Gs

If the following conditions are satisfied:

Sc ﬁfnm Z Wgq |SﬂG |’7m1n (st)|S‘2)\ Ag < 12

9€Gs

‘35-@“00

agd =— B* > wg/ISNG o (Qss) IS lasll

min g€Gg

(68)" [QS"SQSSPS]

1—7,

AT

(6§)[ases] < —5—

2
then we have

)

Qsch;s%Qgs% <TS(BS) - Ts(ﬁg)) H

st =rsts3)],

(64)

(65)

(66)

(67)

(68)

(¢8)" [VL(A™)s:| 2 (68)" [\u@s:5Q58 (rs(Bs) — rs(85)) + AuQsrsQ5drs(83) — asess]
< (68)" [MQsesQsd (rs(Bs) — rs(59)) |
< (69)° [Qscsczgg (vs(Bs) —rs(59)) ]

(42
< Ana (S HQSCSQSS ( s(Bs) — rs(53)
AT AnT AnT
S——+—F—+ X\ — — < Ay,
4 + 4 + 2

+(¢
An(1—

).

§)" [MQsesQgs7s(58)]

+ A\

)_|_/\ni
2

)\nT

2

which is (57). Because (56) and (57) are satisfied, Lemma 23 implies that BR is the optimal. Thus,

supp(BY) = supp(87) =

60

S.

+(¢8)" [~dses]



THE NON-OVERLAPPING STATISTICAL APPROXIMATION TO OVERLAPPING GROUP LASSO

D.8.4 PART IV

The results in Part III depend on conditions (52), (53), (64), (65), (66), (67), and (68), which are
summarized as follows:

|QsesQgg 12,00 < 3, (69)
3
)\ ’S‘ mln {’lel'l (QSS) IBmln T’YI?]ID(QSS)CLSC/B:nln } (70)
34s 72As E wg\/|GgﬂS|
g€is
(0§)"[QsesQssrs] < 1—7, (71)
* AnT
(¢8)"[aseis] < == (72)
(Qss) 8 : . (Qss)as:f
Ymin Ss) B T3 ss)ase S
HqSH mm { mm, min min } (73)
34s 72Ag ZG wy+/]Gy N S]
9€Gs

In Part IV, we want to make sure that these conditions hold with high probability.
Condition (69)
To begin with, for any matrix A € R™*", the Cauchy-Schwarz inequality implies that

|All2,00 = sup [|Au|lecc = sup max< Ay u])
lull2<1 lullz<1 €[ Z !

< sup max( ZA Z )

em
lull2<1 i€lm] iem]

< max ( J%% Agj) < max{ diag(AAT)}.

1€ [m] 1€ [m]

_1
Recall that @ = 2X T X. Let A = QgesQgg, we have

|Qses @5 1200 < max{y/ding(Qs:sQsa@sse)}.

Using the Schur complement of () on the block matrices ()gs and Qgcse, the positiveness of )
implies the positiveness of Qgese — QsesQgg@sse. Thus,

max dlag(QSstsstsc) maxdlag(Qscsc) < I;Iéas)ci ij.

Lemma 25. (Lemma 1 of Laurent and Massart (2000))
Suppose that the random variable U follows x? distribution with d degrees of freedom, then for
any positive z,
P(U — d > 2vdx + 2x) < exp(—xz),
P(d — U > 2Vdx) < exp(—x).
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nQn ~ X2. Then by Lemma 25, we have
J

P(max /Qy; > 3) < P(maxQy; > 5) P(|J @i >5)< D> PQj; >5)

jese

As X follows multivariate normal, Q;; =

JjEse JES®
2 Qj

< Z P(Qj; > 50%;) = Z P(n @” > 5n)

jESe j€ES° 713

- (74)

< Z P(Qj; >n+2n+2n) < (p — |S]) exp(—n)

Jjese
= exp(—n + log(p — |S]))
< exp(—+)
X €Xpl—3 ),

Py

where the last inequality holds as n > 2log(p — |S|). Thus,
n
(HQScSQSS 2,00 > 3) maX\/@ > 3) < exp —5)

Similarly, let Qgege|s = @sese — QSCSQgéQSSc. The diagonal terms of Qgeges is less than
the diagonal terms of (Qgcse, which implies

1/2 n
P(HQSéSﬂS”? 0o > 3 max \/Qijj > 3 < exp —5)

Condition (70)

Lemma 26. (see Wainwright, 2009, Lemma 9)
Suppose that d < n.and X € R™ % have i.i.d rows X; ~ N(0,0), then

1 n
P <’Ymax (nXTX> Z Q’Ymax(@)) < 2eXp<_§)a

1 9 n
P ( Ymax ( (=X TX)71) > < 2exp(—7).
(1o (G2T307) > ) < 20w
As we assume that |S| < n and Xgg ~ N (0, Ogg), then Lemma 26 implies
n
P(Vmax(QSS) P 97max(@SS)) < 2€Xp(—§),

and also n
P (Ymin(©ss) = 9Ymin(@ss)) < 26Xp(—§)-

Thus, by assuming that

3
)\ ‘S’ mln { 37m1n(®)5mm T’Ymm(@)as /Bmln }

As 78As > wg\/|GgﬂS|

g€Gs
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we have

3
. * 2 <B*.
)\n|S’% < mln { ’len (QSS) Bmll’l Terln(QSS)a’S Bmln }

3As "7245 Y wy /|Gy N S|

9€Gsg

holds with high probability.

Condition (71)
For any j € S¢, X; € R" is zero-mean Gaussian. Following the decomposition in Wainwright
(2009), we have

X =0;s0g5Xg + E/, (75)

where E; are i.i.d from N (O, [@SCSC|S]jj> with @Scsc|s = Ogege — Ogesg (@ss)f1 Ogge. Let
Ege be an |S°| x n matrix, with each row representing E; for an element j € S¢, then we have
Qs:sQggrs = X Xs(Xd Xg) 'rg
(75) _ _
75 (GSCSQSéXST n EST) Xs(Xd Xg) 'rs a6
= @Scs@gérs + Echs(X;—Xs)_lrs
= @Scs@gérs + 7.
The preceding expression prompts us to establish an upper bound for the dual norm of . To

achieve this, we begin by examining the scenario in which Xg is fixed. Our objective now is to
derive the covariance matrix of 7. For any j € S¢, we have

Efn;] = E [B] Xs(Xg Xs)'rs| =0.

For any pair of j, k € S, we have

Elm] = B |E] Xs(Xg Xs) " 'rs E] Xs(Xg Xs)'rs]
—E [rg(XSTXS)—lxsTEjE,IXS(XSTXS)—lrS}
—rd(Xd Xs) ' XJE [EjEﬂ Xs(Xd Xg) rs,
where
E :EJ'EH z [(Xj - Xs@éé@;s) (X/;r - @ks@§§XsT)]

=B [X;X] | ~E[Xs0580,s X[ | - E [X;0,5050Xd | Xs| + E [ Xs0540]50,5055 X4

—E | XX | - XsO3d0;sE | X[ | ~ E[X;] 045055 X4 + X50530,5045058 Xd

~E :XjX,j] —E[X;]E [Xﬂ — Cov [Xj,Xﬂ = (Osesels) j T
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Consequently,
Enjmk] = rg (Xg Xs) ' Xg E [E]EII] Xs(Xg Xs) 'rs
=rg (Xd Xs) ' X (@SCSC\S)jk LixnXs(Xd Xs) 'rg

T 1
_ rg(@ss) rs
=rg(Xd Xg) 'rs - (QSCSC|s)jk _rs(@ss) rs n) ' (GSCSC\S)jk-

T —
And we have Cov(n) = M : (@Scsc|s) ==

Lemma 27. (Theorem 2.26 in Wainwright (2019))

Let (X1,...,X,) be avector of i.i.d. standard Gaussian variables, and let f : R™ — R be a
Lipschitz function with respect to the Euclidean norm and Lipschitz constant L. Then the variable
f(X) = E[f(X)] is sub-Gaussian with parameter at most L, and hence

2

PIIf(X) — ELF(X)]| > ] < 2exp(—5 )

forallt >0

To apply the concentration bound in Lemma 27, we define function ¥(u) = (¢§.) [E%u} . As

n= =2 W where W ~ N(0, Ijge|x|se|)» (¢g)™ (n) has the same distribution as W (W) . We continue
to show that W is a Lipschitz function given fixed Xg.

<a§1 E%(ufv)Hoo
T —1 %
= agl |:I‘S (st) s (@S(‘Sc|s):| (u — U)

_ _1 1 _ 1
< asl HrSH2 n 2/Yn21ax (stl,) ’Yr%ax (GSCSC|S) ||u — 1)”2 .
Thus, the corresponding Lipstichiz constant is
<1 1.3 —1\ .3
Ly =ag HrSHQ N 2%Ymax (st) Ymax (@SCSC|S) .

On the other hand, suppose that IE [(¢§)* ()] < 7, since W is a Lipschitiz function, by applying
t = 7 in concentration Lemma 27 on Lipschitz functions of multivariate standard random variables,

we have
P((08) 0 > 3) =P (vW) > 5) =B (¥07) ~ 5> )
<P (w(W) - E(68)" )] > T)
=P <\I/ [(W(W)] > %) < exp (—42;) .

Now we further assume that {Ymax(Qgg) < } Under this condition, we have

'Ymm(GSS

1
3a§1 ||I'S||2 ’Yr%lax (@SCSC|S)
T .
(n’Ymin(GSS)) 2

_ _1 1 B 1
LW = asl ||rS||2 n Q’Yr%lax (Qsé) ’7r¥1ax (@SCSC‘S) < (77)
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Lemma 28. (Sudakov inequality, Theorem 5.27 in Wainwright (2019)) If X and 'Y are a.s. bounded,
centered Gaussian processes on T such that
E(X; — X,)? <E(Y; - Y;)?

then
Esup X; < EsupY;.
T T

Lemma 29. (Exercise 2.12 in Wainwright (2019)) Let X1, . . ., X,, be independent o-subgaussian
random variables. Then

E[ max |X;|] < 2+v/0?logn.
1<i<n

On the other hand, for any u;, us, we have
1 —1 —
E(utTn — u;rn)2 = E(qu? W — uZ:? VV)2 = (u — uS)T:(ut — Usg)

1 1
<fut = us|Bymax (5) = E(vihax (B) ug W — ihax (2) ud W)*.

By using Sudakov-Fernique inequality in Lemma 28, we have

1
E[ sup uTE%W} éE[ sup ’yI%aX(E)uTW}.

¢ (u)<1 P (u)<1
Consequently,
IE[(gZ)%)*(n)} :E[ sup uTn} :E[ sup uTE%W}
9§ (u)<1 o5 (u)<1
) S : S ) * (78)
< tax (DVE[ swp uTW] = ymax ()2 E[(65) (W)
dg(u)<l
Notice that
2 2 * Wy 2
r gSmaxr:S(max C 7>
” 5”2 ‘ |j€S 7 ‘ | jes {ﬁ] Z HﬂEQQSHQ}

gEeGE G yNj#d

<l )

*
9€GS GyNj#0 156, nsll2

max{|3; [}
jes -7 w 2
<SS max{ Y L))
/Bmin gEGg,Ggﬂj;é(D ‘Gg NS
max{|57[} )
< I8| (% - max{ Z wg}) (79)
o g€GS ,GygNj#£0
max{|57[} )
< J€ES '
<Is|( G () ma w,})
max{|3;|} ,
< (= 2 _ )2 S
< (5 ) 8148 = max{ (3 sI (52 )
*\2
< max{(5})"}
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Thus, if Xg satisfies Ymax(Qgg) < m we have

(78)
[(68)" ()] < Ymax ()2 E[(¢§)* (W)

< HrSHQfYn;fn( n)é I%a (GSCSC|S)E[(¢§)*(W”
Ieslls B (Orss)
(n')/mm(@SS)) [((bS)( )]
(80)

(42) 3 1%1 x (Osese
Iesily 32 (Osescis) g oty

(n7min(@SS))2
|rsly 372ax (Osesels
2 Oss) g 11y

1
2

ase (N Ymin(Oss))

»-lk\\\

1
Lemma29 6 [|rs |, Yhax (Osese|s)
< i—Vlog(p —[S]) <
ase (1Ymin(Oss))
where the last inequality holds as Assumption 6 implies that
211 —|S
o I8 = IS0 @ |2 tog(p — 1) _ 576 sl 08(p — IS]) o (Osesris)
~ a%c)\% ~ a%c asc’)/mm(eSS)
Consequently, (77) and (80) together implies
((68)" 1> 3 | Xs, tman( @) < —5—)
2 'Ymin(@SS) (81)
o 72 TZTLG%’ymin(@ss)
\exp<——2><exp<— 5 )
4L7I 12 HrSHQ “Ymax (@SCSC\S)
Thus, let & be the event { X | Ymax(Qgg) < m} We have
T T 9
P (10670 > 515 =266 > § X050 < 5 )
(68)" 0] > 5 | Xs) = P((68)" bl > 5 | X, max(@58) < -— 15
((69)° 11 > 2 | Xs e Q) > —e— )
2 'Vmin(@SS)
< . Tzn;%'.)/min(@ss) +P (MC)
4 ||rs||2 “Ymax (GSCSC\S)
2 2 A @
< B T 7’L2Cls")/m1n( SS) —I—Qexp(—ﬁ)
4||rs||2 “Ymax (GSCSC\S) 2
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Condition (72)
Now we are going to study condition (72). Recall that gge|s = gse —(ses Qgéqs and Qgesels =

Qsege — Qschgéstc. Given X, gge|s 1s a centered Gaussian random vector with covariance
matrix

E [qusquc\s} [chqgc — qs°s Qsg@sse — QsesQsgusqse + QsesQggdsis Qgéste]

E
E [(JchsTc - QSCSQgéQSQgQgéQSSC}
=E {Qchgc] —E [Qsas@ésl,%q;@gé@ss;}

o? o?

*Qsasa - QSCSQSSQSSC = *Qsasa\s

Next, we define ¢ (u) = (¢§)" <0n_1/2Qé/c2se‘Su) so that (¢&.)" [gsc|s] has the same distri-
bution as 1) (W). Now we want to show that 1) is a Lipschitz function

() = V()] < lu—v) = (9§)" (o0~ 2Qg g s(u—v))

1
g 0n71/2a§c1 Qécscls(u - U)
oo
< an_l/Qagel Qécsqs H(u - U)Hoo
,00
é O'nil/Zagcl Qchcls H(U - U)HQ '
,00

Suppose that HQ;@SC‘S H2 < 3, then ¢ is a Lipschitz function with Lipschitz constant 3on~Y 2a§ !
,00

In addition, if E[(¢§)* (¢se|s)] < 227, then by Lemma 27 , we have for t = 227,

P ((68)" loses) > %57 ) =B (ww) > 257) = (wow) - 247 > 47

<P (wwv) E[(65) (gseis)] > A’”)

4
An 2\2nal,
= (W) - o] > 7 ) <o (- )

Now, we consider random X . For any wuy, us, we have

2 9 f
Bl ) Tases]” = 7 = 10 Qsess (= 10) < 7 Qe — )
1
= E[on™2 | Qseseisl3 (ue — ug) TW].
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By using Sudakov-Fernique inequality, if ||Qgeseis|l2 < 9, we get

E[(¢$)"(gscis)] =E sup u'gges
g (u)<1

<on /2 HQSCSC‘SHQE sup u' W
¢s(u)<1

, s (82)
<on ”ll@sose\sll% [(¢5)" (W)]
< 3on %E[@S) (W)l
AT
<o
4

On the other hand, Assumption 1’ and 6 imply that

9022 [(¢g)" (W)] < 90% log(p — |S]) o AoT?
n = a%cn =16

Therefore, we have
2,122
1/2 _7' n/\nasc
QSCSC\SHZOO S 3) S exp ( 14402 > '

Let % be the event {X | HQ;/CQSC‘S H2 < 3}. We have
,00

P (<¢§>* lgses] > 2

. An c\* An
v <(¢>%) gseis] > TT | X> = <(¢S) [as15] > =5~ Q;/CQS“‘SHM S 3)
* )\n
P((68) lases) > 257 | X, |Ql2as], . > 3)

2 2.2

14402
(69) 7202 a% n
< _ L m7se —_.
< exp< 1102 )+exp( 5)

Condition (73)
The last condition (73) lead us to control the term P (||gs||, = ¢/(S, G)), with

3
. * 3 N
d(S,G) = min {me (@ss) ﬂmin7 TYmin (@s8)as<Bin }
( ) 3AS 72AS Z Wy |Gg N S|

g€Gs

For any given X, Jenatton et al. (2011a) showed that for any ¢ > 0,

né?
P (|lgsllo = 0) < 2|S|exp <_22> .
(o

Recall under the event &/, we have

“Ymin (GSS)

< min .
5 Ymin(@ss)
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Which implies that

3 *
Ymin (O88) Biin TYmin(Oss)2ase B,

C/ S,G len{ 3 }
(S,6) 27 Ag 64845 > wy+/|Gy N S]

g€Gs
> min{2ﬁmijz1 , 3 7asBinin } =c(S, Q).
1148 648c2 Ag S wy/[Gy N S|

g€Gs

Thus, consider random X, we have

nc3(S, G
P (lasll > ¢(5.6) | ) < P(lasll > €(5.6) | ) < 28] exp (" 5.

Thus,
P (laslle = ¢(S,G)) =P (llgsllo = ¢ (S,G) N ) + P (llgs|lo = ¢'(S,G) N )
<P(lgsl, > ¢(S.G) N of) + P (st)
— P (lgslly. > ¢(S.G) | of) P (f) + P ()
<P(laslls = ¢'(S,G) | o) + P ()
2
< 2|S|exp < 2(02’G)> + 2exp(—n/2).

In summary, the probability of one of the conditions being violated is upper bound by

2712 2.2 2 9
n nagT © NALT 0. nc*(S,G
Seplmy)tew <_ 2 ) >+€Xp <_3;248> +2[S|exp <—2(2)> :
4rs|[3 Ymax (@scsqs) 0°Cs -

D.8.5 PART V

First, given the original group structure GG and its induced counterpart &, along with their respective
weights w and w+, we consider the scenario where J = S. For all § € RP, we have

¢S (Bs) = Z wy | Bsna, |2 < Z wg ( Z 1Bsne, |l2)

gGGg g€Gsg 2:9€F~1(g),%,CS

= > (X w)lbsns,l

2:9,C8  g:geF(g),9€Gs

- Z ( Z wg)”ﬁsmyg\b

9:9,CS  g:g€F(g)

S wylBsns, ll2 = ¢4(8).

(83)

2€G§
Since ¢S (B) < ¢% (), we can set g = a§ = min —2
9(8) <58, §=af = iy T
max w, max Z Wy < hmax(Gg) max wy,

2€G§ aZ: ?gﬁs#@ 9eG§
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we can set A5 = AS. On the other hand, for all 3 € RP, we have

(6§)°(88) = D wylBseng,la< Y wl > 18ser1e, l12)

ge[m]\G§ g€[m\Gs g:g€F~1(g),9,C8°

= > (> wy)lBseng,l

7:9,C8¢ g:gGF(ﬁ)vge[m]\Gg

- Z ( Z wg)HBSCm?gHz

9:9,C8¢ g geF(g)

= > wylBsens, llz = (8§)°(8).

2€[m\G§

(84)

Consequently, with an trivial extension, we can set asc = agc mln wg /\/d

g€
Based on the result of Theorem 5.1, (28) holds if
AnfSI% S min { Fmin, imin 7S° 3
S Ag Z Wy ‘?g N S|
2€%s

By the Cauchy—Schwarz inequality, we have

D we/IGgNS < D w, Z ,/56 ns|

g€Gs geGs ger-1

= > \f ns|(

2€F~1(9),9€Gs QGF(g)

= Z wg\/}ﬁgﬁS‘.

7€%s

If F~1(g) = O(1) for every g € Gg, we have

GynSl= Y [g,Nn8|= Z \/|? ns|)

g€F~1(g) geF!
Consequent, we have /|G, N S| < Z \/\?g NS,
geF—1
D wg[IGy NS =< > wy/|g, NS,
g€Gs g€%s
and
: IB:nin B;'kninagc - : fBrtnn B:;nnagc
min § —a e = min 48 :
s Ag 2 wy/|GgNS] AL Y wyn /%, NS|
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