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Abstract

We study the approximation of functions which are invariant with respect to certain
permutations of the input indices using flow maps of dynamical systems. Such invariant
functions include the much studied translation-invariant ones involving image tasks, but
also encompasses many permutation-invariant functions that find emerging applications
in science and engineering. We prove sufficient conditions for universal approximation
of these functions by a controlled dynamical system, which can be viewed as a general
abstraction of deep residual networks with symmetry constraints. These results not
only imply the universal approximation for a variety of commonly employed neural
network architectures for symmetric function approximation, but also guide the design
of architectures with approximation guarantees for applications involving new symmetry
requirements.

Keywords: Deep learning, approximation theory, dynamical systems, control, invari-
ance

1. Introduction

Deep learning enabled significant progress in computer vision and natural language pro-
cessing, arguably due to its ability to exploit structures of the data. For example,
convolution neural networks (CNN) target translational symmetry (Azulay and Weiss,
2018), whereas recurrent neural networks (RNN) account for causal structures and time-
homogeneity (Li et al., 2021, 2022). Recently, we witness increasing interest to apply
machine learning to problems arising in science and engineering (Goh et al., 2017; Butler
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et al., 2018; Noé et al., 2020). Here, very different structures present themselves in the
underlying data. For instance, in modelling structure-property relationships involving
atomic systems (Butler et al., 2018), the input data often comes in the form of a list
of atoms with their respective property descriptions, and the goal is to predict some
macroscopic quantities depending on these input specifications. Examples of such prop-
erties include energy, elasticity constants, etc. In these cases, there is symmetry with
respect to permutations on the list of atoms, and sometimes on a subset of the proper-
ties, e.g. 3D atomic coordinates, via a choice of coordinate axes. These transformations
can be viewed as specific subgroups of the symmetric group on the coordinates of the
feature vectors, and such transformation leaves the macroscopic property invariant. In
the computational chemistry literature, current methods to tackle this rely on graphical
representations to induce invariance (Xie and Grossman, 2018; Chen et al., 2019), but
such methods have limited applications if atomic properties are not spatial coordinates,
e.g. correlation functions (Yeomans, 1992). Hence, it is desirable to devise methods to
approximate functions that are invariant under the action of a specified subgroup of the
permutation group on the feature indices.

It is the purpose of this work to investigate the role of deep learning in approxi-
mating functions that are invariant under the action of permutation subgroups on input
indices. This includes the CNN as a special case, with the subgroup being the group
of translations. However, to address new challenges arising in scientific applications, it
is necessary to generalize the theory to accommodate other types of symmetries. There
is an interesting interaction between deep neural networks and symmetry that is worth
noting. On the one hand, enforcing a certain type of symmetry on any model hypothesis
space necessarily restricts its approximation flexibility. On the other hand, in function
approximation applications the goal is to develop a hypothesis space that has the power
to approximate arbitrary functions. This dilemma leads to considerable challenges in
building hypothesis spaces to approximate symmetric function families, especially when
the symmetry group under consideration is complex (Bogatskiy et al., 2020; Finzi et al.,
2020). In this regard, deep learning offers an attractive solution to this problem. The
distinguishing feature of deep learning, compared with traditional hypothesis spaces, is
the presence of compositional structures. A deep neural network represents a function
in compositional form:

F(x)=goFro---oFi(x), (1)

where each F; is a shallow neural network layer and g is the last layer used to match
output dimensions. The crucial point is that each F; and g can be made simple, yet
it can yield a complex F' by simply increasing the number of layers 1. Suppose now
that we want to build an F' which is invariant under a transformation t on the input
data. Deep learning can accomplish this by simply choosing F; to be equivariant, i.e.
F;(t(x)) = t(F;(x)) and g to be invariant, i.e. g(t(x)) = g(x). Check that this implies
that F'is t invariant. These symmetry restrictions may force each F; and g to be simple,
but this now no longer necessarily limits approximation power of the deep neural network,
which builds complexity through increasing T'. In other words, by building complexity
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through composition, deep learning may circumvent the contradicting requirements of
symmetry and flexibility.

Let us make concrete the preceding idea via some examples. For ease of exposition
we will proceed informally while detailed analyses are deferred to Sections 4.2-4.3. Now,
consider approximating a function f that is invariant under full permutation of its feature
indices, i.e., for any permutation o of {1,...,n}, we have

f(xo(l)axU(Q)v'” 71‘0(71)) :f(ajl"“ ,.Tn). (2)

Such symmetries arise often in scientific applications, e.g. when f is the total energy of
an interacting n-particle system and x; is the descriptor (e.g. position) of the i*" particle.
Clearly, the total energy should not depend on the order at which these particle features
are presented. Typically, f can be rather complicated, so finding a good hypothesis
space that approximates it yet retains the permutation symmetry may be challenging.
On the other hand, it is easy to find some simple (nonlinear) functions that respects
permutation symmetry. For example, consider the function

T Zg(xi), (3)
=1

where ¢ is some nonlinear scalar function. We can also account for pairwise interactions
through

n n
x> Y hi(zi)+ Y holwi, ;). (4)
i=1 ij=1

Clearly, both (3) and (4) are permutation invariant. However, neither of them have
strong approximation power, in the sense that we cannot hope that they can approximate
any symmetric invariant functions on R", even if g, hy, ho are well chosen. Yet, we
can use such simple functions as building blocks to achieve universal approximation.
The key idea is to also consider equivariant mappings, i.e. those that commutes with
permutations. A simple example would be

T = [z1+ h(z1,8), 22 + h(22, &), ..., B0 + B2, 2))], ()

where & = %Z?:l r;. Again, we cannot expect such a map alone to approximate an
arbitrary transformation from R"™ to itself. However, we may consider the compositional
form

f=gofko-ofi (6)

where g may take the forms (3) or (4), and f; may take the form (5) (different for each

Then, the question we are concerned with is whether (6) can indeed approximate any
permutation invariant function by taking K sufficiently large. Due to the vast number
of possible choices for the forms of g, fi, we shall not restrict our analysis to a specific
choice. Rather, we seek sufficient conditions for any such choices to achieve universal
approximation.



L1, LiN, SHEN

Moreover, we will go beyond the full permutation group and consider instead an
arbitrary (transitive) subgroup of it. This is because in many applications, invariance
is restricted to a proper subgroup of permutations. An example is product symmetric
invariance, which finds applications in computational chemistry. For a data point €

R™*™ written as a matrix
T11 T2 o ZTin
o — Top - . oy : (7)
Tml ITm2 - Tmn

we are interested in functions f that are invariant after one permutes any row or column
of the data entry. More precisely, let o be a permutation of {1,2,---,m}, 7 be a
permutation of {1,2,--- ,n}, then f satisfies

To(r(l)  To()r@) “° To()r(n) T Tz o T
Lo (2)r T (o)e(n " o

f (2.) (1) . ' (2? (n) = f ?1 ' ‘ 2 (8)
on(m)T(l) xa’(m)q—(Q) . Io’(m)T(TL) Tml Tm2 *°° Tmn

One may check that this is a proper subgroup of the full permutation group on mn
objects. Now, constructing an architecture to achieve universal approximation under
this symmetry is a non-trivial task, and few, if any, results are known. We will ap-
ply our theory to construct several types of residual block-based deep architecture to
handle product permutations (Section 4.3). A final example is translational symmetry
corresponding to the shift subgroup, for which convolutional type architectures has been
devised to achieve approximation (see Section 4.1).

Overall, the question we consider here can be abstracted as follows. Given a transitive
permutation subgroup G of the symmetric group, we derive conditions for which

f=gofko--fi, fr =x + gr(x) 9)

is a universal approximator. Here ¢ is G invariant and g are G equivariant. A significant
feature is that in our theory g, gi can be as simple as possible, in the sense that we have
no need to require, for example, that each g is a wide-enough neural network. In
many applications, only parsimonious nonlinearity is required to achieve approximation
through composition (increasing K).

The approximation of functions through composition has been studied in a number
of recent works. For example, non-asymptotic optimal approximation rates for fully
connected deep ReLU networks are obtained in Shen et al. (2022); Lu et al. (2021); Shen
et al. (2019). In Zhang et al. (2022); Shen et al. (2021a,b), the approximation of fully
connected deep network beyond the ReLU is discussed. In particular, a family of sim-
ple activation functions is designed in Shen et al. (2021a), whose corresponding neural
networks can approximate an arbitrary continuous function with arbitrary accuracy by
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a fixed size network. Here, our focus is on the interaction of composition and symmetry.
We note that while there are a number of results in the literature on universal approxi-
mation of symmetric functions, they mostly focus on specific architectures and symmetry
groups (Cohen and Welling, 2016; Bogatskiy et al., 2020; Finzi et al., 2020; Yarotsky,
2022; Sannai et al., 2019; Maron et al., 2019; Ravanbakhsh et al., 2017; Ravanbakhsh,
2020; Zaheer et al., 2017; Zweig and Bruna, 2021). The results in this paper are of a
different nature. Our goal is to give general sufficient conditions for any architecture
to achieve universal approximation under any symmetry constraints induced by suitable
permutation subgroups. Thus, the results can be used to deduce universal approxima-
tion results for a variety of architectures and symmetry groups in essentially the same
way, including convolutional neural networks, permutation-invariant networks, etc. We
illustrate this in Section 4, where we show that our results immediately imply universal
approximation of residual versions of popular architectures used to approximate sym-
metric functions. More importantly, these sufficient conditions can be used to guide the
development of new architectures to accommodate new symmetry structures that may
arise in future applications. We will give illustrations of this in the realm of property
prediction for crystalline and amorphous materials (Tian et al., 2022).

To study this problem mathematically, we will adopt the continuous idealization
of deep learning first introduced in E (2017); Haber and Ruthotto (2017); Li et al.
(2018) and Chen et al. (2018). In particular, we derive general sufficient conditions
for the approximation of functions invariant to the aforementioned symmetries through
composition - now in the form of dynamics. These results expands upon those in Li et al.
(2023) by incorporating symmetry considerations. A benefit of the dynamical systems
approach is that we can consider the approximation problem with limited width. Many
works focusing on the approximation theory of neural networks rely on using sufficiently
large width. Often, this technique will lead to widths going to infinity to achieve accurate
approximation. However, in practical deep residual architectures, increasing the depth
at constant width leads to performance improvements (He et al., 2016), and our results
can be used to analyze the origins of such gains.

The paper is organized as follows. In Section 2, we introduce notation and prior
work on the analysis of approximation by dynamical hypothesis spaces, which sets the
stage for the analysis in this paper. We then present the main approximation result in
Section 3 and its applications in Section 4. The proofs of these results are presented in
Section A, with auxiliary results found in the appendices.

2. Preliminaries

In this section, we introduce notations, definitions and present some known previous
results relevant to the main results in this paper. Section 2.1 recalls main results in Li
et al. (2023) on the approximation theory of flow maps without symmetry considerations.
Section 2.2 introduces terminologies in group theory used to describe discrete invariance
and equivariance. Based on these two concepts, in Section 2.3 we provide some ele-
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mentary results on universal approximation property under invariance and equivariance,
which reveal challenges one encounters in formulating a general approximation result.
Throughout this paper, we adopt the following notations:

1. We use boldface letters «,y, z for points in the Euclidean space R™. For scalars
such as the component of these vectors, we use non-bold letters z, v, z.

2. We use normal, non-bold letters like f, g, h and «, 3,y for scalar-valued functions,
shortened as functions, and normal bold letters like f, g, h and a, 3,~ for vector-
valued functions, shortened as mappings.

3. We use sans serif letters G, H, K to denote groups, and a,b to denote elements in
these groups.

4. We use calligraphic font letters A, F, G to denote families of functions or mappings.

5. Unless otherwise stated, we adopt periodic boundary conditions when specifying
vector or tensor indices. That is, if & € R", then z,11 := z1, T_1 := x,, and so
on.

2.1 Dynamical Hypothesis Spaces

We first recall the problem formulation and main results in Li et al. (2023) relevant to the
present analysis. The key problem investigated there is the approximation of functions
through dynamical evolution. In particular, associated with an ordinary differential
equation (ODE)

Z(t) - ft(z(t))v Z<0) =, le [O7T]7 (10)

is the mapping « — z(T'), which can be used to approximate functions by choosing the
vector field f; from a family F. We call F a control family, since it serves to control the
dynamics of z, as in the study of optimal control of differential equations (see e.g. Evans
(1983)). To build the flow-induced hypothesis space, we first define the flow map for
time-homogenous continuous dynamical systems.

Definition 1 (Flow map) Let f : R™ — R™ be Lipschitz. We define the flow map
associated with f at time horizon T as ¢(f,T)(x) = z(T), where 2(t) = f(z(t)) with
initial data z(0) = x. It is well-known (see e.g. Arnold (1973)) that the mapping ¢(f,T)
is Lipschitz for any real number T, and the inverse of ¢(f,T) is ¢p(—Ff,T). In particular,
the flow map is bi-Lipschitz.

Based on the flow map, we can define the attainable set for a given control family F,
which contains the compositions of flow maps generated by dynamics driven by vector
fields chosen from F.

Definition 2 (Attainable set) For a given control family F of Lipschitz mappings,
we define its attainable set

Ar ={¢(fi,m) 00 d(fi,7x) : f1,--+ . fx € F,7; 2 0,k > 1} (11)
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The attainable set builds complexity through compositions of low maps, and can be
used to approximate mappings in R"™. However, often in applications we aim to approx-
imate relationships whose range is not R”. An example is scalar regression problems,
where we aim to construct approximations of functions from R"™ to R. Thus, to achieve
approximation we require an additional composition with a terminal family of functions
to fix the range. This gives rise to the following dynamical hypothesis space on which
we study approximation properties.

Definition 3 (Dynamical hypothesis space) Given a control family F and a termi-
nal family G of functions from R™ to R, both assumed Lipschitz, the dynamical hypothesis
space Hoqge s defined as

Hode = Hode(F,G) :={gop:9€G,pc Ar}. (12)

The key approximation problem seeks conditions on F and G that induce the density
of Hoqe in appropriate function spaces. This is also known as the universal approximation
property in the machine learning literature. To establish such results in appropriate
generality, the concept of well functions was introduced in Li et al. (2023) in order
to provide sufficient conditions to achieve universal approximation. Here, we recall its
definition.

Definition 4 (Well function) We say a Lipschitz function h : R — R is a well
function if there exists a bounded open convex set Q) C R™ such that

{x eR":h(x)=0}=0Q (13)

Moreover, we say that a vector valued function h : R™ — R"™ is a well function if each
of its component h; : R™ — R is a well function in the sense above. Specifically, a
Lipschitz function h : R — R is a one-dimensional well function if {z : h(z) = 0} is a
non-degenerate closed interval.

We now state the main density result in Li et al. (2023) concerning the dynamical
hypothesis space for n > 2. In the following, for any collection F of functions on R,
we denote by CH(F) its convex hull and CH(F) its closure in the topology of compact
convergence.

Theorem 5 (Main result in Li et al. (2023)) Suppose n > 2. Let F : R" — R™,
m > 1, be continuous. If the control family F and the terminal family G are both
Lipschitz and satisfy

1. For any compact set K C R"™, there exists g € G such that F(K) C g(R").

2. F is restricted affine invariant. That is, f € F implies Df(A - +b) € F, where
b € R" is any vector, and D, A are any n X n diagonal matrices such that the
entries of D are £1 or 0, and the entries of A are smaller than or equal to 1 in
absolute value.
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3. CH(F) contains a well function.

Then for any p € [1,00), compact K C R™ and ¢ > 0, there exists F e Hode Such that
|F — Flpr) <e.

The straightforward but important application of Theorem 5 in deep learning is when
F = Fo :={Vo(W -+b)}, where o is a nonlinear activation function, such as ReLU or
the Sigmoid function. This then corresponds to a universal approximation theorem of
deep residual neural networks!. through composing fixed-width residual layers, which
are building blocks of residual neural networks (He et al., 2016). However, we note that
Theorem 5 makes no explicit reference to neural networks and can be viewed as a general
result on approximation of functions by the flow maps of dynamical systems.

The main purpose of this paper is to derive similar results under symmetry con-
straints, where we aim to establish an analogue density result for group invariant dy-
namical hypothesis spaces. One may wonder if the following simple argument suffices:
if we additionally require F to be equivariant and G to be invariant, then H,qe is indeed
invariant and thus if all conditions are Theorem 5 are satisfied, we deduce the universal
approximation property. It turns out that we cannot translate Theorem 5 into invariant
setting if the permutation group is transitive. For example, full permutation equivari-
ance will force D, A to be multiples of the identity matrix. Hence, to make headway
we will have to suitably relax the affine invariance condition. This will be the primary
challenge in establishing the main results of this paper, and further highlights the com-
petition between restrictions induced by symmetry and flexibility required for universal
approximation.

2.2 Group Theory Notation

In this section, we fix some terminologies involving basic group theory. By G < H we
mean G is a subgroup of a group H.

Permutation Groups. Given a finite set S, a permutation group on S consists of
some permutations on S which form a group under the composition. Without loss of
generality, we can identify S with {n} := {1,--- ,n}, and all groups considered here
will be permutation groups. For fixed S, the group of all permutations is called the
symmetric group, denoted as S. The identity element is denoted as e. We denote by
(i 7) the transposition element in S that exchanges i and j, while keeping the others
fixed.

Group Actions on Indices and Vectors. Given a permutation s on {n}, it is natural
to describe how s acts on {n}. We use ¢ — s(¢) to denote this mapping. For a vector
x = [r1, -+ ,2,] € R", we define the action on R" by s(x) = [z4(1), -+, Zsn)] and for a
point set A, define s(A) := {s(x) : € € A}. All the transformation in R™ considered in
this paper are of this type.

1. While Theorem 5 is stated in the continuous setting, basic numerically analysis shows that the result
carries over to discretized architectures, see Section D.
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Transitivity. We call a permutation group G on {n} transitive if for each i,j € {n},
there exists a permutation g € G such that g(i) = j.

Stabilizer. Given G < S, define the stabilizer of element i as Stab;(G) = {g € G :
g(i) = i}. A basic fact is that if a(i) = j, then aStab;(G)a~! = Stab;(G). Thus, for a
transitive group G, all stabilizers are conjugate to each other.

Cross Section. Given g € S, we define the cross section

Qg = {a; cR": Tg-1(1) > Tg-1(2) """ > ‘rg—l(n)}' (14)

If we write @ := Qe, the cross section of the identity element keeping all indices fixed,
then we have Qg = g(@).

Transversal. Given G < S, and denote by k := |S|/|G|. We say a collection A :=
{a1,a2, -+ ,ar} C Sis a (right) transversal with respect to G if

° a,-a;1 ¢ G for i # j, and
e for any b € S, there exists a; € A such that a;b~! € G.

We define the cross section with respect to A as

k
Qa =] Qa (15)

i=1

Invariant Functions and Equivariant Mappings. We now give precise definitions
of invariant and equivariant mappings, together with related concepts. Let G be a
permutation subgroup. We say f : R"™ — R is a G invariant function if for all g € G,

fg(x)) = f(=). (16)
We say ¢ : R™ = R" is a G equivariant mapping if for all g € G,
p(g(x)) = gle(z)). (17)

We introduce some examples of invariant functions and equivariant mappings to close
this part. These motivate us to build approximation frameworks under such symmetry
considerations, and serve as important examples for the application of our theory to
deep learning subsequently.

Example 1 (Translation) We first recall the definition of translation in one and mul-
tiple dimensions. For the one-dimensional case, we define T = {t! t2,--- "}, where
t(i) = i+1 is the shift operator in one dimension. Recall that the periodic condition is as-
sumed. For the multidimensional case, we define the translation group as Tg, XX Tqy,
forn=d;---dy, and

tk([il,”- ,iN]) = [il,-” ,t(ik),”- ,iN]. (18)
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Here, the ambient Euclidean space is identified as R® = R¥ x ... x R, and the
corresponding multi-index [i1,--- ,in]| is a sequence of length N and is € {ds}.

One of the most commonly used T equivariant mapping is constructed by the convo-
lution operation. Given w = [wi,--- ,wp|, the convolution operation?® in one dimension
18

p P P
Wk T = Z Wk, Z Thy1Wh, - - - ,Z Tp—14kWk | - (19)
k=1 k=1 k=1
We also write down the definition of the general N-dimensional case using the multi-
index © = (i1, - ,in), 1 < ix < di. The convolution operation in N dimensions is
[w * x]; = Z$k+iwk, (20)
k
where the summation is over k; =1,...,d; and k+4:=[ki +41—1,--- Jkn +in — 1].

The N = 2 case is most relevant to image applications.

Example 2 (Full permutation symmetry) In this ezample, we consider the sym-
metric group S. Some common S invariant functions include x1 + xo2 + --- + x, and
T1Xg -+ Ty. S equivariant mapping may be built from these, such as

[1717:1:27”' 7.’1§'n] = [$1+:L’2++xn, Jx1+$2+"’+m’N]7 (21)
or
[x1, 22, ,xp) ¥ [X1 + Toxg -+ Ty, T + T1T3 - T+ Ty, + T1T2 -+ Tp—1]. (22)

Functions respecting full permutation symmetry are often used for the study of physical
systems whose attributes are set-like features with no order structures, e.g. a list of
constituent atoms in a crystal lattice. These are also called set functions, which features
in a variety of recent studies (Zweig and Bruna, 2021; Zaheer et al., 2017; Qi et al.,
2017).

The results of this paper apply not only to the aforementioned symmetries, but also
other types of partial permutation subgroups that naturally arise in scientific applica-
tions. We will discuss this in greater detail in Section 4.

2.3 Universal Approximation Property under Invariance

The approximation setting studied in this paper concerns the universal approximation
property (UAP) under symmetry induced by a permutation group G < S. The following
definition makes this precise.

2. As is customary in the deep learning literature, this definition of convolution is in fact the cross
correlation and differs from the classical convolution in the order of indices for the filters. Note that
such conventions do not affect any approximation results, so we choose to stick to the usual deep
learning convention.

10
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Definition 6 (G UAP) Let H be a family of G invariant functions from R™ — R"™. H
is said to possess the G universal approrimation property (G UAP) in LP sense if
for any G invariant continuous function F : R™ — R™, compact set K C R™ and € > 0,
there exists F' € H such that R

|F — Fl|rrx) < e (23)

Similarly, let A be a family of G equivariant mappings from R™ — R". A is said to
possess G UAP if for any G equivariant continuous mapping ¢ : R™ — R™, compact set
K C R™ and € > 0, there exists ¢ € A such that

lp — @llr(x) < e (24)

We highlight that symmetry constraints naturally limit approximation capabilities.
More concretely, one can show that if a function F' (resp. mapping ) can be approxi-
mated by G invariant functions (resp. equivariant mapping), then F' (resp. ¢) itself is
G invariant (resp. equivariant).

Therefore, it is meaningful to study how universal approximation can be obtained
under this symmetry-constrained setting. Finally, we note that while we will mostly
adopt the continuous setting as introduced in Section 2.1, the universal approximation
results obtained can be used to deduce their counter-parts in the practical discrete
setting via standard arguments in numerical analysis. We discuss this point in detail in
Appendix D.

3. Main Results

In this section, we present our main result on the universal approximation of G invariant
functions via dynamics driven by equivariant control families. All proofs are defered
to Section A. Concretely, let us fix a transitive subgroup G < S and consider a target
function F' : R™ — R™ that is G invariant. For brevity, we will hereafter use invariant
(resp. equivariant) to mean G invariant (resp. G equivariant). Our main results in
this section gives sufficient conditions on a control family to induce the G universal
approximation property. We start with some definitions.

Definition 7 (coor operator) Let G be a transitive subgroup and F be a collection of
equivariant mappings on R™. We define the coor operator

coor(F) := {fl :R" >R : [fioty, -+, fioty] € F,t; € G, t;(1) :i}. (25)

The coor operator associates each family of equivariant mappings with a corre-
sponding family of invariant mappings. We give a simple example when G is the
full permutation group S. Given & = [x1,--- ,2y], define X(x) = > ", z;. Consider
F = {ax + bX(x)1 : a,b € R}, then we have coor(F) = {ax; + bX(x)}. In fact, the
following shows that coor(F) characterizes F, so we may interchangeably refer to ei-
ther. This enables us to only consider invariant function families when constructing
equivariant families of mappings.

11
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Proposition 8 Let G be a transitive groups, and H = Stab(G) be its stabilizer. We
then have

1. If F is G equivariant, then coor(F) is H invariant.

2. Conversely, suppose that G is H invariant. Then there is a unique F, such that F
is G equivariant and coor(F) =G.

Let us now introduce a class of symmetric invariant well functions, which plays a
central role in our analyses of function approximation using composition or dynamics.
We have recalled the definition of well function introduced in Li et al. (2023) to prove
approximation results without symmetry constraints in Section 2.1, Definition 4. Here,
we will modify the notion of well functions to incorporate symmetry considerations.

Definition 9 (Symmetric Invariant Well Functions) Let 7 : R" — R be a n-dimensional
Lipschitz function. We call it a symmetric invariant well function if the following con-
ditions hold:

1. 7 is S invariant.
2. There ezists a finite interval I C R such that if € € 1", then T(x) = 0.

3. Given i € {n} and b > 0, there exists a > 0 such that 7([x1,--- ,xy]) # 0 for all
|zi| > a and |z;| < b for j #i.

Remark 10 It is easy to verify that [x1,- - ,xp] = h(x14+x0+- - 4xy) and [x1,- -+ ,xp] —
h(z1)+ h(z2) + - -+ h(xy,) are both symmetric invariant well functions, provided that h
s a well function in the sense of Definition 4.

We note that this definition s close to, but more general than just requiring a well
function (in the sense of Definition 4) to be S invariant. An S invariant well function is
also a symmetric invariant well function, but the converse does not hold in general. For
example, for any one-dimensional well function h, we consider h(xy + -+ + z,) again.
This is a symmetric invariant well function in the sense of Definition 9, but it is not a
well function since its zero set is unbounded. The current broader definition allows for
easier application of our results to practical architectures.

Intuitively, if a control family F contains a symmetric invariant well function, then F
have some nonlinearity to approximate a broad family of nonlinear functions. The exis-
tence of well functions ensures that we can construct flow maps that can arrange points
at will: the zero set (see propery 2 of Definition 9) keeps points in it stationary, whereas
outside of this set points can be transported as desired by exploiting some form of affine
invariance. The symmetry conditions ensures that the desired equivariance is preserved
under these transformations. Additionally, it turns out that to approximate equivariant
mappings, the control family should have a minimal resolution in the sense that it can
distinguish points in different orbits. We will need some technical requirements in this
direction as outlined below. For a function u : R — R, we define the coordinate zooming
function u® : R™ — R" by [u®];(x) = u(x) for all .

12
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Definition 11 (Perturbation Property) Define the similarity of two points

S(x,y) = |{i 2 =y} (26)

if at least one of them is in general position. Otherwise, the similarity is defined as 0.
We say that F satisfies the perturbation property if for any &,y with s(x,y) # 0, there
exists f € F and a coordinate zooming function u®, such that x; = y; for some i, but

[f (u®(@))]i # [f (u®(y))];-

For approximating functions with full permutation invariance, the perturbation prop-
erty gives sufficient resolution. In the most general case, one requires a little more.

Definition 12 (Direct Connectivity) We say two permutation a and b are directly
F connected if a = (i j)b for some i,j € {n}, and there exists a z € 0Q, N IQy, and
f e F, such that [f(2)]; # [f(2)];. We say two permutation a and b are F connected if
there exists go = a, g1, -+ ,8s = b, where g; and g;—1 are directly F connected.

Definition 13 (Resolving a Group) We say F resolves G if F satisfies the pertur-
bation property (Definition 11), and moreover, it is G transversally transitive: i.e., there
exists a transversal A such any two distinct elements a,b € A are F connected.

Now, we are ready to state our main approximation result that applies to any tran-
sitive G < S.

Theorem 14 Let G < S be transitive, n > 2 and F : R™ — R™ be continuous and G
invariant. Suppose that the control family F is G equivariant and resolves G, while the
terminal family G is G invariant, satisfying the following conditions:

1. For any compact K C R™, there exists a Lipschitz g € G such that F(K) C g(R").

2. F is scaling and translation invariant along 1, i.e., f € F implies af (bx+cl) € F
for any a,b,c € R.

3. CH(coor(F)) contains both a symmetric invariant well function T, and a function
x — h(x1), where h is a one-dimensional well function.

Then, Hoge(F,G) satisfies the G UAP. That is, for any p € [1,00), compact K C R"
and € > 0, there exists a G invariant F € H,q.(F,G) such that

IF — FHLP(K) S e (27)

Let us briefly sketch the main idea of the proof. The basic framework for approx-
imating a invariant function F' by composition is to first fix an invariant function g
whose range covers that of /. Then, it remains to construct an equivariant mapping
@ :R™ = R" so that F' =~ g o ¢. One can show that under fairly general conditions, the
existence of ¢ is guaranteed (Proposition 15).

13
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Thus, it remains to determine sufficient conditions on the control family F such
that its attainable set Ar can approximate arbitrary equivariant mappings. As in Li
et al. (2023), one can reduce this problem to matching an arbitrary finite point set
in R™ to another using flows of the dynamical system. There, the crucial property of
well functions enables this: the zero set of the well function can keep certain points
fixed, whereas the non-zero part can move points. This then achieves the required point
matching property through repeated composition of carefully constructed flow maps.

The key difference when extending this argument to the symmetric setting is that
the induced motion on each coordinate component of a point is no-longer independent.
For example, if G = S, then all coordinates of each point will experience the same trans-
formation. Hence, the requirement for arbitrary point set matching must be suitably
relaxed. It turns out that we only need to be able to match point sets consisting of
points belong to distinct G orbits, greatly relaxing the type of constructions required.
This is because, within the same orbit, we can use the invariant property of g and the
equivariant property of F to transport the point to the desired location. Theorem 18
establishes such conditions that are sufficient to induce universal approximation under
symmetry settings.

We emphasize that Theorem 14 is not a strict generalization of Theorem 5. While
we may take G = {e} to remove the symmetry constraints, the trivial subgroup {e} is
not transitive, hence the result here do not apply. In the proof of this theorem, we in
fact prove a more general result regarding the approximation of invariant functions by
composing families of equivariant functions (Theorem 18). This result applies broadly to
compositional hypothesis spaces and is not limited to ODE-type dynamical systems. In
fact, it subsumes both Theorem 5 and Theorem 14, and may be viewed as an abstract
sufficient condition for universal approximation through composition. We defer the
detailed discussion of this result to Section A.2.

In the application of these results, one only need to check whether a network archi-
tecture of interest satisfies the above four conditions. Conditions 1 and 2 are easy to
check. The other conditions require additional effort, but we will show in Section 4 that
both known popular and useful novel architecture types are included in our results, and
their verification are presented in Appendix C. Our main result applies to continuous-
time dynamics, which corresponds to a continuum idealization of practical deep neural
networks (E, 2017; Haber and Ruthotto, 2017; Li et al., 2018). We show in Appendix. D
that the approximation properties can be naturally passed to discrete residual structures
used in practice.

Necessity of some conditions in Theorem 14. We close this subsection by dis-
cussing the necessity of some conditions given in Theorem 14. In particular, we explain
why we require at least two types of well functions — a symmetric invariant one and a
one-dimensional (& — h(x;1)) one — in Condition 3 of Theorem 14. Consider

& =~(z)1, (28)

where v is an arbitrary scalar function. In this case, F := {vy(x)1 : v € C(R")}. Check
that F satisfies Condition 2 in Theorem 14 and CH(coor(F)) contains a symmetric well
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function, but not @ +— h(x;). Observe that any flow map ¢ € Ar will satisfy [¢(x)]; —
[p(x)]; = x; —xj. As a result, Ar cannot approximate every S equivariant function.
Further, consider the terminal family as a single scalar function g(x) = max x; — min x;,
then for all F' € Hoqe(F,{g}), it holds that F(x) = g(x). This shows the approximation
property of invariant functions is therefore limited. Theorem 5 assumes a stronger affine
invariance condition than Theorem 14. Thus, while v in (28) can be taken as a well
function, the associated control family F does not satisfy the restricted affine invariance
property in Theorem 5.

On the other hand, if we only consider coordinate-wise well functions, then the
following dynamics driven by a coordinate zooming function

(), (29)

can be constructed to satisfy all other conditions of Theorem 14. In this case, Ar only
consists of coordinate-wise mappings, and hence cannot approximate every S equivariant
function for n > 2. For instance, if we choose the terminal family as a single function
g(x) = maxx;, then we can conclude that Hoqe(F,{g}) cannot approximate all S in-
variant functions.

Next, we consider the translation group G = T, the singleton terminal family G =
{9(x) = x1 + x2 + x3}, and the control family

F =A{[x1, 22, 23] > [ah(bs + cx1 + d), ah(bs + cxa + d), ah(bs + cxs + d)] : a,b,c,d € R}.

(30)
It is easy to see Condition 2 in Theorem 14 holds for F. To verify Condition 3, we notice
that, in this case

coor(F) = {ah(b(z1 4+ z2 + x3) + c(z1) + d)}. (31)

Clearly, h(z1) + h(—1—x1) € CH(coor(F)) is a one-dimensional well function. Further,
it follows from Remark 10 that h(x; + x2 + x3) is a symmetric invariant well function.

Therefore, Conditions 1-3 are satisfied for this control system. However, this con-
trol family can only produce S equivariant mappings. By Proposition 36, it suffices to
construct a function which is T invariant but not S invariant. We provide a concrete
example:

f(@) = (z1 — 22) (22 — 23) (23 — 1), (32)

which is T equivariant, but not S equivariant. This function cannot be approximated by
Hode(F,G) defined above.

In this specific case, the failure to approximate (32) can be explained as follows.
Recall the definition of cross section in (15). Observe that any flow map generated from
F maps @, into itself. In other words, the flow does not have enough resolution to steer
points across different cross sections. However, this motion is necessary if we want to
achieve approximation when G # S.

Moreover, we remark that the condition of resolution is also necessary for the case
that the output dimension equals to the input dimension and the terminal function
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is the identity mapping. Suppose that for a transversal A, there exist a,b € A such
that they are not F connected. Since a and b are not JF connected, it then implies for
p e Ar, p(Qa) € Qv. We choose a smooth function & € C2°(Qy) such that there exists
an interior domain Q, C Q, such that £(z) = ba~'x for x € 2. We then extend this
function to the whole of R™ while still being equivariant. Then, £(22) C Qp. This means
(p cannot approximate &, which leads to a contradiction.

Finally, we remark that the requirement that F resolves G may exclude certain cases.
For example, if G is the alternating group, then no two elements in the transversal are
directly connected by any F (see Definition 12), so no F can resolve it. This may be
consistent with the observed difficulty in approximating functions that are invariant with
respect to the alternating group (Yarotsky, 2022).

3.1 Sketch of the approximation framework and proof ideas

In this subsection, we summarize the proof ideas of our main theorem, i.e., Theorem 14.
The complete proof is contained in Appendix A. Our method establishes a basic frame-
work for the approximation theory of invariant or equivariant functions via composition
or dynamics. Hereafter, we fix G < S as a transitive subgroup, and G invariance (resp.
G equivariance) will be shortened as invariance (resp. equivariance). For simplicity, we
only consider the case m = 1. Namely, we only consider the scalar regression setting
where the approximation target is a function F : R” — R. The case m > 1 follows
similarly as in the construction in Li et al. (2023, Proposition 3.8), and is hence omitted
for simplicity.

Our proof follows the following principle, which indicates that approximating an
invariant function can be decomposed into two steps:

1. Choose a simple invariant function g : R — R, for example, g(x) = > | ;.

2. Construct an equivariant hypothesis set A consisting of equivariant mappings on
R"™ to itself with enough complexity.

Then, the set of functions {g o ¢ : ¢ € A} can serve as universal approximators for
invariant functions. In the context of neural networks, g will be the final layer, whereas
@ € A consists of a stack of intermediate layers. Theorem 25 to be presented later will
deal with how the required equivariant function ¢ can be constructed from compositions.

Proposition 15 stated below establishes that this two-step decomposition scheme is
sufficient for approximation. In fact, this proposition reduces the problem to studying
the approximation property of equivariant mappings.

Proposition 15 (Approximating Equivariant Mapping is Sufficient) Suppose F €
C(R™) is an invariant function. Let g be a Lipschitz continuous and invariant function
with F(R™) C ¢g(R™). Then, for any compact K C R"™ and € > 0, there exists an
equivariant mapping ¢ € C(R™;R™) such that

|[F— g0l <e (33)
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Next, we discuss how to achieve universal approximation of G equivariant mappings
through composition. We begin with the following definitions, which can be regarded as
a summary and generalization of those introduced in Li et al. (2023). Roughly speaking,
our strategy is to show that under mild conditions, the universal approximation property
can be reduced to transporting a finite point set X to another finite point set Y, with X
and Y having the same cardinality. However, this result does not hold if no additional
requirement is imposed on X and Y. For example, for some g € G, if g(x) = «/, then
the f(x') = g(f(x)) provided that f is G equivariant, imposing a constraint on Y.

To this end, we introduce some notions on the position of points in a point set.

Definition 16 (General Position) We say a vector x is in general position if all of
its coordinates are distinct.

Moreover, we introduce the concept of G distinctness, restricting the position of the
finite point set X to obey such constraints.

Definition 17 (G Distinctness) A point set X = {x',--- , &M} is called G distinct,
if g(x') = 27 implies g = e and i = j, with e being the identity element. In other words,
a point set is G distinct if and only if the G orbit of the points are distinct.

With these definitions in mind, our approach first proves the theorem below con-
cerning a general compositional approximation under symmetry conditions, which gives
general sufficient conditions for building a complex hypothesis spaces out of potentially
simple ones through function composition. Recall that Q 4 is defined in (15), and Q4 is
the closure of Q4.

Theorem 18 (Universal Approximation of Invariant Functions via Composition)
Let F € C(R™) be invariant. Suppose G is a family of invariant functions and A is a
family of equivariant Lipschitz mappings with the following properties:

1. For any compact K C R"™, there exists a Lipschitz g € G such that F(K) C g(R™).
2. A is closed under composition, i.e., if f1 € A and fo € A, then f10 f2 € A.

3. (Coordinate zooming) For any increasing function v € C(R), compact interval
I C R and tolerance ¢ > 0, there exists u : R — R such that u® € A and
lu—vllcm <e.

4. (Point matching)

For M > 0, a transversal A of G, a G distinct point set {x',--- &M} withx' € Q4,
another point set {y',--- ,yM} C Q4 and tolerance ¢ > 0, there exists f € A such
that

(a) For x' in general position, we have | f(x?) — y'| < e.

(b) For ' not in general position, we have | f(x")| < 1.
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Then, for any compact set K C R™, tolerance € > 0 and p € [1,00), there exists ¢ € A
and g € G such that [|[F — g o | rx) < e.

Theorem 18 tells us that the coordinate zooming property and point matching prop-
erty are sufficient for universal approximation. Then, it suffices to show that under
the assumption of Theorem 14, we can achieve the coordinate zooming property and
point matching property. The role of composition is to make sure that the construction
can be divided into that of the coordinate zooming mapping and a mapping with point
matching property. Subsequently, we show that each of these can then be realized using
constructions of appropriate dynamics — a continuum version of composition. This is the
bulk of the technical parts of the proof, and the key steps are laid out in Appendix A.
Note that here we only assume all mappings in A are Lipschitz, but this does not imply

supge 4 Lip(9p) < o0.

Remark 19 Theorem 18 can be related in spirit to a part of the Stone—Weierstrass
theorem. Both this result and the Stone—Weierstrass theorem provide sufficient condi-
tions for universal approzimation. Our results deal with compositional hypothesis spaces
whereas the Stone-Weierstrass theorem applies to unital algebras. However, the Stone—
Weierstrass theorem also provides necessary conditions for density, but this is not the
case for our current results. Moreover, the point matching property is reminiscent of
the point separation property in the Stone—Weierstrass theorem. Specifically, the point
matching property enables the construction of piecewise constant approrimants, while the
point separation property enables the construction of appropriate “polynomials” in the
algebra that can approximate a target continuous function from above and below.

4. Applications and Discussions

In this section, we demonstrate how our proposed framework can be applied to obtain
universal approximation results of a variety of deep learning architectures designed to
capture or preserve symmetry. Some of these, such as the convolutional neural network,
have been subjects under intense study. On the other hand, our framework can also be
applied to study novel architectures for emerging machine learning applications.

Before diving into application cases, we first discuss some advantages of our the-
oretical approach. Unlike many other results on approximation theory of symmetric
functions by neural networks (e.g. Yarotsky (2022)), the results here do not rely on the
specification of an explicit network architecture, much like the flavor of those in Li et al.
(2023). In fact, we show that a variety of different architectures satisfy the assump-
tions in our theory. Second, more symmetry scenarios can be handled under our theory,
since the only assumption we made about the symmetry group G is transitivity. Besides
shift invariance (convolutional networks) and full permutation invariance (set function
networks), we can also study other useful symmetry structures, such as the product
permutation invariant structures (See Section 4).

The main message in this paper is that the deep neural networks can be powerful from
merely increasing its depth. This effect is studied by several papers without symmetry
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considerations, e.g. Li et al. (2023); Cuchiero et al. (2020); Ruiz-Balet and Zuazua
(2021); Tabuada and Gharesifard (2022); Shen et al. (2019, 2021b). However, for the
symmetry-constrained case, this is highly non-trivial and not well-understood in the
literature. For example, Yarotsky (2022, Section 2) proves that universal approximation
can be achieved by a representation of symmetric polynomials, which corresponds to
those neural networks with sufficient large width. If we do not limit the width, then the
approximation result can be achieved by averaging techniques, (Yarotsky, 2022, Section
2). For example, if we have a neural network fyy that approximates a G invariant
function f on some cross section, but may not satisfy G invariance itself. Then, we
perform the averaging transformation

V(@) =) fun(ge),

getG

which yields a G invariant function that approximates f. To represent this averaged
structure, however, one generally need to increase the width requirement by |G| times.
Another way to achieve equivariance is by canonicalization, which is discussed by Kaba
et al. (2023). Here, the canonicalization function h : R" — G satisfies G equivariance,
namely, h(gz) = gh(z) for all g € G. They proved that ¢(x) = h(x) f(h(x) 1z) is also G
equivariant. The equivariance condition on h can be relaxed if some other equivariance
condition is imposed in f, see Kaba et al. (2023). The key to canonicalization is to
construct a suitable h, G valued and equivariant, which is also the main part of Kaba et al.
(2023). In fact, if the function h is constructed, then any universal approximator can be
modified via canonicalization. However, it would be rather challenging to construct h in
general situations, which is also stressed in their paper.

In summary, the above methods (group averaging, canonicalization) work by impos-
ing symmetry on (usually larger) hypothesis spaces already having the universal approx-
imation property. On the contrary, the result herein establish sufficient conditions for
universal approximation from a hypothesis space which already possesses the symmetry.
Moreover, the result established herein ensure that the architecture has simple structure
(limited width), and consequently the approximation power comes from the depth of
neural networks. This is also convenient in practical implementations, where the sim-
plicity of each layer (without having to average over a group) is desirable. Hence, the
results here cannot be deduced from those for wide neural networks.

Throughout this section, o denotes an activation function. The only assumption on
o is that CH({wo(a-+b) : w, a,b, € R}) contains a one-dimensional well function h. This
is verified in Li et al. (2023) that common activation functions like ReLu, Sigmoid and
Tanh, satisfy this assumption. For convenience, we will also choose a function family G
such that the covering Condition 1 in Theorem 14 is satisfied: G is a G invariant function
family such that for any compact set K C R™, there exists g € G such that K C g(R").
For example, for scalar regression problems (m = 1) we may choose G = {g} where
g(x) = > | x; to satisfy both invariance and the range covering condition. Therefore,
it suffices to check the perturbation assumption and G transversal transitivity on each
case, to show that F resolves G (see Definition 13).
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4.1 Shift Invariant Architectures

We first discuss the approximation of shift invariant functions by dynamical systems
driven by shift equivariant control families. A prime example of such architectures is
the residual convolutional neural network. We will show that our results immediately
lead to universal approximation results for shift-invariant functions using certain types
of convolutional neural networks.

We recall the definition of the translation group in one or more dimensions. The one-
dimensional case is relevant to sequence modelling applications (e.g. Oord et al. (2016))
whereas the two/three dimensional cases apply to image and video analysis tasks. In
one dimension, the translation group is generated by the shift operator t such that
t(i) = i + 1. We then define T = T1p = {t,t%,--- ,t"}. In two dimensions, we consider
the case where the n points are arranged in a 2D grid of sizes ni,no with n = nins.
In image applications, each coordinate in this grid refers to a pixel in an image. We

may re-index the coordinates by the multi-index (i1,1i2), where 47 = 1,2,--- ;n; and
19 = 1,2,--+ ;no. The two dimensional translation group Tsp is generated by two shift
operators:

t1((i1,42)) = (i1 + 1,12) ta((i1,42)) = (41,92 + 1)

Top =t otd2 .5, =1.2.... =1.2.... (34)
2D - {tl Ot2 N ) 4y , 1, J2 3 4y ,TLQ}.

The higher dimensional cases Tgp follow similarly.
In one dimension where an input is a sequence represented as a vector, the simplest
continuous idealization of a convolutional neural network can be expressed as

z(t) = v(t)o(w(t) * z(t) + b(t)1), (35)

where for each ¢, v(t),b(t) are scalars, w(t),x(t),1 are vectors and * is the discrete
convolution operation, as defined in (19) and (20).

In the general, high dimensional case, we define two variants of the idealization of
residual convolution networks

Fip = {vo(wxx+bl) : we REXE2Xdn o p c RY, (36)

and
Fugi={wxo(x+bl) : we RI*@dnjcRY, (37)

Note that these control families define a class of convolution-driven dynamics where the
size of the convolutional filters is equal to the size of the input signal.
Now, we may apply Theorem 14 to obtain the following result.

Corollary 20 Hge(Fx,1,G) and Hoge(Fx2,G) possesses the Trqg UAP.

Proof For the perturbation assumption, without loss of generality, we assume that
x1 = y1. It suffices to notice that for two point @ and y such that they are T distinct,
there exists ¢ such that x; # y;. We choose w = e;, whose value is 1 in the ¢ coordinate,
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and 0 in other coordinates. Then, we choose an appropriate b such that o(z; +b) = 0
while o(y; + b) # 0, therefore

[wxo(x+bl)]; # [w*o(y+bl)]; (38)

and
[o(w*x+b1)]; # [o(w*y + bl)]s. (39)

Hence we show both F, ; satisfy the perturbation assumption.
For transversal transitivity, we show that for each a,b € S, a and b are F directly
connected. For simplicity, we consider the case when

Qa={r1>22> - > 21} (40)

and
Qb ={z2>z1> > xp}, (41)

and the other cases are similar. In this case, we can choose z € 9Q, N @, such that
z9 # z3, We choose w = eg, whose value is 1 in second coordinate, and 0 in other
coordinates. Then, by a similar approach as what we did in the proof of Lemma 31, we
can prove that a and b are F directly connected. |

The approximation ability of convolutional neural networks has been widely studied
in the literature (Yang et al., 2022; Bolcskei et al., 2019; Bao et al., 2019; Zhou, 2020;
Yarotsky, 2018, 2022; Petersen and Voigtlaender, 2020). Thus, we should compare these
with the results presented here. First, we note that the shift invariance we discussed
is in the index set. In contrast, Yang et al. (2022) uses a (non-symmetric) ReLU feed-
forward neural network to approximate shift-invariance mapping in n dimensions via
a wavelet-like construction. Also, Yarotsky (2022, Section 3) considered the limit of
deep convolutional networks and their ability to approximate all translation equivariant
functions. Both works consider the continuum limit: the target function is an equivariant
function with respect to the continuous translation group defined on a continuous domain
(say R?), and the approximation sequence contains functions defined on increasingly fine
discretization of this domain, each respecting discrete translation symmetry in the sense
as defined in this paper, but for a differently-sized group (corresponding to the number of
discretization points). Thus, the approximation results are established in the asymptotic
sense, when the discretization becomes finer and finer. In contrast, here we work directly
with a fixed discrete grid and consider the approximation of equivariant functions by
flows, both defined on this grid and respecting the same translation group on this grid.
Hence, the only limit we consider is in the depth (time) direction.

Second, in each layer we use a periodic boundary condition so that the analyzed
architecture is exactly shift-invariant. If zero boundary condition is adopted, then the
architecture will not be strictly shift-invariant. As a consequence, the boundary condi-
tion will deteriorate the interior symmetry structure when the network is deep enough.
For example, while Zhou (2020); Oono and Suzuki (2019); Bao et al. (2019) studied
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approximation properties of convolutional neural networks, due to the aforementioned
boundary conditions the approximation results are established in the absence of symme-
try requirements. Third and most importantly, our approximation results do not require
a specific architecture, and the restriction on the form of the controlled dynamics is min-
imal.

It is important to emphasize that the convolutional control families we consider here
have filters sizes equal to the input or hidden state sizes, while requiring only 1 channel.
Thus, this is different from many of the aforementioned settings where small filters or
multiple channels may be considered. The reason we apply our results to this simple
setting is because we focus on symmetry considerations, and these are in a sense minimal
constructions of convolutional networks that can achieve universal approximation of
shift-invariant function. However, the idea here can be generalized to filters with variable
lengths. These require additional technical arguments and will be addressed in future
work.

Lastly, we note that Petersen and Voigtlaender (2020) built a connection between
fully connected neural networks and convolutional neural networks in order to translate
approximation results for one to the other. There, the authors exploit a suitable trans-
formation representative, which corresponds to the coor operator we introduced in this
paper. In this sense, Theorem 14 extends the notion of representatives to deduce univer-
sal approximations under more general types of symmetries, including but not limited
to shift symmetry. Most previous works on the approximation theory of CNNs focus
on non-residual convolutional neural networks. To the best of our knowledge, Corol-
lary 20 gives a first guarantee of universal approximation of shift-invariant functions
using continuous-time (residual) CNNs.

4.2 Full Permutation Invariant Architectures

Besides the well-known convolutional neural networks, we demonstrate that our frame-
work can be used to derive universal approximation results under other symmetry set-
tings. Here, we focus on functions possessing full permutation invariance, i.e., those
invariant to arbitrary rearrangement of the coordinates of their input vectors. These are
also known as “set functions”, since their outputs only depend on the collection of input
coordinate values but not on their order of arrangement. Learning functions that pos-
sess such invariance structures is important in many applications, including population
statistics, anomaly detection, cosmology (Zaheer et al., 2017). One can see that this
invariance requirement is strong, and thus structures obeying such invariance tend to
be limited in flexibility in approximation. As motivated earlier, composition or dynam-
ics provides a way to expand complexity of hypothesis spaces while respecting possibly
very restrictive invariances. Our goal is to prove a general sufficient result for universal
approximation of full permutation invariant functions through dynamics, thereby pro-
viding a guidance to practical construction of neural network architectures respecting
these symmetries.

In our framework, the symmetry group under consideration is the full permutation
group, i.e., G = S. Recall that in this case, we only need to construct a control family
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that verify Conditions 2 and 3 in Theorem 14. One can show that any of the following
choices are sufficient:

Fs :={ao(wx + vix 4+ bl) : a,w,v,b € R}, (42)
Fs :={ac(wx + c1) + bX(o(vax + d1)) : a,b,w,v,d € R}, (43)

where ¥ is a matrix of all 1s, therefore ¥ = (z1 + -+ + z,)1.

Most existing work on the universal approximation of permutation invariant func-
tions by neural networks focus on shallow or non-residual architectures (Sannai et al.,
2019; Maron et al., 2019; Ravanbakhsh, 2020). Thus, approximation there is achieved
by allowing width to be large enough. In contrast, we investigate how to build ap-
proximators with symmetry through composition or dynamics. Our method shows that
for a fixed width, many constructions of the layer architecture can achieve universal
approximation in this manner. We highlight that our theory can handle the permuta-
tion invariance generated by both “intrinsic” equivariant layers in the sense discussed in
Sannai et al. (2019), or by averaging in Ravanbakhsh (2020); Yarotsky (2022).

Concretely, we show that our results show that many popular permutation invariant
architectures can achieve universal approximation at fixed width in its deep, residual
form. In fact, the control families (42)-(43) can be viewed as residual versions of the
DeepSets (Zaheer et al., 2017) and PointNet (Charles et al., 2017) architectures (see
also Germain et al. (2022) for applications to PDEs), and we can verify that they indeed
induce uniform approximation through composition. One caveat is that in these works,
it is sometimes suggested to use the max operator in place of the ¥ operator. Our
results do not currently apply to this case. For example, we can show that the variant
Fosmax = {vo(ax + bmax(x)l + cl) : v,a,b,c € R}, where max(x) = max; z; does
not possess S UAP for arbitrary choice of terminal family satisfying the conditions of
Theorem 14. Concretely, we may choose m = 1, G = {g}, where g(x) = max(x).
Then, for any ,y € @ such that z1 > y;, one can show that for any ¢ € Ar, ..,
it holds that ¢(x),p(y) € Q and [p(x)]1 > [@(y)]1. Therefore, this family cannot
approximate functions such as min(z) = min; z;. This argument does not rule out
universal approximation for other choices of terminal families.

As a further application of our results, we can show that the Janossy pooling type of
variants introduced in Wagstaff et al. (2022) can also induce universal approximation in
its residual form. This corresponds to the following control families (order 1 and order
2 Janossy pooling, respectively)

Fs.ga1 = {vo(ax + bz ¢(zi) + 1) 1 v,a,b,c € R}, (44)
i=1

Fs.Ja2 = {vo(ax + bz d(xi,z5) +cl) 1 v,a,b,c € R}, (45)
=1

where the ¢ in each case is some chosen scalar valued function. We can verify that
Fs,Ja,1 induces the S UAP if ¢ is Lipschitz and there exists a neighborhood U of ¢(0)
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such that ¢! (U) is bounded. In particular, any sigmoid function satisfies this condition.
Similarly, Fg jq2 induces S UAP if ¢ is symmetric, Lipschitz and ¢(z,0) satisfies the
previous condition.

Thus, we arrive at the following corollary that shows that all these architectures in
their residual form possesses S UAP, and checking them is a simple application of our
results. The verification details are presented in Appendix C.

Corollary 21 Choosing Fs as any of (42)-(45), Hoege(Fs,G) possesses the S UAP.

Proof Here we only provide the proof of F, 1 and F; o, and defer that of Janossy pooling
to Appendix C. Since any transversal only contains one element, it suffices to show F;
satisfies the perturbation assumption. For F i, if  and y are S distinct, then there
exists a function u® € F such that

u(z) +u(za) -+ ulza) # ulyr) +ulyz) - + u(ya)- (46)
For Fs 1, we set a = 1,w = 0, and choose a suitable b as before such that
o(Zu®(z) + bl) # o(Zu®(y) + bl). (47)

For Fs 2, we set a = w = 0,b = 1, and the rest is similar to Fj 1. |

Remark 22 [t is known that when the hidden dimension is too small, then universal ap-
prozimation through PointNet/DeepSet and their variants are not possible, see Wagstaff
et al. (2022, Theorem 20). However, we consider in this paper residual structures, which
do not appear to have such a constraint. It is also interesting to see if the above results
can be extended to probabilistic settings such as those considered in Bloem-Reddy and
Teh (2020) and the combination of sum-based and LSTM-based symmetric architectures
proposed in Vinyals et al. (2015).

4.3 Product Permutation Invariant Architectures

Besides the full symmetric group, one is often interested in functions which are invariant
to certain subgroups of S distinct from those generated by simple shifts. These symmetry
requirements arise naturally in a number of applications in computational chemistry and
materials science. As an example, to specify a crystal lattice consisting of a number
of atomic species, a convenient representation is in the form of the crystallographic
information file (CIF) (Hall et al., 1991). Examples of partial features under the CIF
representations of crystal lattices are shown in Fig 1. Observe that the rows and columns
can be rearranged without affecting the essential structure it represents. Thus, quantities
(energy, band-gap) that depend on such structures are invariant to these permutations
as well. This can be effectively used for property prediction (Xie and Grossman, 2018;
Chen et al., 2019) or inverse design (Ren et al., 2020).

If we flatten the input data into a vector of dimension n, such permutations forms a
subgroup of S. We call this group a product permutation group and functions invariant
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Na 0 0 0
a 0.5 0.5 0.5
Ca 0 0 0
Ca 0.5 0.5 0.5
C 0.25 0.25 0.25
C 0.75 0.75 0.75
’ 0 0.0073 0.4927 0.75
0 0.25 0.9927 0.5073
o 0.4927 0.75 0.0073
0 0.5073 0.25 0.9927
o 0.75 0.0073 0.4927
¢ ca &) o} 0.9927 0.5073 0.25

Figure 1: Structure of sodium chloride (top) and calcium carbonate (bottom) in CIF
form. Coordinates are fractional, relative to the crystal lattice vectors and atoms are
listed in each unit cell. Observe that the rows and columns can be rearranged without
affecting the structure it represents, since the order of the atoms and the order of the
relative coordinate axes do not matter, provided the property of interest are rotation
and reflection symmetric. Thus, quantities (density, energy, band-gap) that depend on
such structures are invariant to product permutation in two dimensions, at least on
these coordinate features. Graphics are obtained from the materials project (Persson,
2014a,b).

with respect to it are collectively referred to as product permutation invariant functions.
We now give their precise definitions.

Consider the direct product of permutation acting on a double index (3, j)

(a,b)(4, ) = (a(@), b(7))- (48)

The collection of all (a, b) forms the 2D product permutation group, denoted as S, xSy,
or simply Sop, which is a subgroup of S where n = niny. Properties such as crystal
structure induced ones are invariant with respect to this permutation group if the data
is presented as in Figure 1.

Now, a simple way to build a control family that is equivariant with respect to the
2D product permutation group is

Fsop1 = {vo(wox + w1 X, 1% + we1Xe 12 + c1) 2 v, wo, w1, We i, ¢ € R}, (49)
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Here we assume that © € R™*"2. The operators X,; and X.; denote the row and
column sum of a tensor x, namely, X, 1,3, 12 € R™*"2 are defined by

X1zl Zx” , and (50)

[Seazliy =Y @i (51)
i/
Furthermore, one can consider the second order variant

Fs2p2 = {vo(wox + wr1Xr12 + We,1 e 1T + wr 22T + We2 e 0T + 1)

U, W0, Wy 1, Wi 2, We,1, We2, ¢ € R},
(52)

where

7‘2:13 i, — Z T 1T 51, (53)

l l/
[Seawliy = Y wir jin 5. (54)
Z'/ Z'//

Clearly, it holds that Fs2p 1 C Fs2p,2., and hence universal approximation of the former
implies that of the latter. We can use our results to deduce the following UAP property
for these architectures.

Corollary 23 The dynamical hypothesis spaces Hoge(Fs20,1,G) and thus Hoge(Fs 20,2, G)
possess the Sop UAP.

Proof See Appendix C. |

The above result can be generalized to higher dimensions. Consider the kD product
permutation group Sip = Sy, X Sp, X Sy, , where the element a = (aj,--- ,a) acts on
a multi-index @ = (i1, --- ,ix) by

a(i) = (ar(in), -~ ar(in))- (55)

We first extend ¥, 1 and ¥.; to higher dimensions. Define

Seazli= (56)

Jijs=is
and similarly,
[23,2212]1' = Z iy, (57)
J.3"js=j5=is
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Next, we define

k
Fskpa = {vo(wox + ZwsJEs,lw +cl) : v,wp, ws 1, c € R}, (58)
s=1
and
k
Ferp2 = {vo(wor + Y we1Te 1@ + ws 2850 + 1) 1 v,wo, ws 1, ws2,¢ € R}, (59)
s=1

Then, an analogous approximation results below holds for high-dimensional product
permutation symmetric functions. The proof is identical to the 2D case and is hence
omitted.

Corollary 24 The dynamical hypothesis spaces Hoge(Fs kp1,G) and thus Hoge(Fs kp2,G)
possess the Spp UAP for k > 2.

Proof See Appendix C. u

To the best of our knowledge, there is no study on the approximation theory of
residual architectures under product permutation invariance. However, as discussed
earlier, such data symmetry structures feature in a wide variety of applications, especially
in computational chemistry and physics. One way to deal with these symmetries in the
practical literature, at least in the case of lattice structures, is to appeal to graphical
representations (Xie and Grossman, 2018; Chen et al., 2019), which extracts product
permutation invariant features that can be subsequently used to predict desired material
properties. Here, the network architecture proposed are more general in the sense that
it does not rely on having an explicit graphical representation, i.e. the data need not
contain spatial coordinate information. Instead, deep neural networks are constructed
to satisfy these symmetries in a intrinsic manner. Corollaries 23 and 24 establishes a
first basic approximation guarantee of these networks for modelling functions symmetric
under product permutation.

5. Conclusion and Future Work

In this paper, we provide a sufficient condition for a wide variety of residual-type neural
networks to possess the universal approximation property under symmetry settings.
Our results apply to architectures that can be finitely wide and achieve expressivity
by increasing depth. The conditions we present can be readily checked to guarantee
expressivity of both existing and new architectures used in applications where symmetry
is important.

These results, along with the non-symmetric version (Li et al., 2023), parallels clas-
sical studies in approximation theory, such as the Stone—Weierstrass theorem. Specifi-
cally, we provide a deep version of the separation property, which enables us to prove
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the universal approximation property. An interesting future direction is to determine
necessary conditions for universal approximation through deep networks, or more gener-
ally, through maps induced by dynamical systems. Some initial results on interpolation,
rather than approximation, are derived in Cheng et al. (2023).

Lastly, the symmetry addressed in this paper is restricted to discrete symmetry in-
volving permutation subgroups on the coordinate indices. In practice, continuous sym-
metries (such as rotation, scaling, etc.) have important applications in image processing,
robotics and other scientific domains. Approximation results addressing such symmetries
are worthy of future study.
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Appendix A. Technical Details of the Main Result

This section includes the postponed proofs in Section 3 following the sketch shown there.
For the convenience of the reader, we summarize the notation that will be used in the
appendix, together with the corresponding definitions found earlier for easy reference.

o(f,T) flow map Definition 1
Ar attainable set Definition 2
Hode dynamical hypothesis space | Definition 3
o well function Definition 4
Qg, Qa cross section (15)

coor coor operator Definition 7

We now aim to prove Theorem 25 below, whose corollary is Theorem 14. Recall the
definition of resolving a group from Definition 13. We hereafter take a fixed transversal
A of G.

Theorem 25 (UAP from Dynamical Systems) Suppose that F := CH(F) is a Lip-
schitz control family resolving G, and

1. there exists a well function o, such that F(o) = {ac(bx1 + ¢) : a,b,c € R} C

coor(F);

2. there ezists a symmetric invariant well function T such that £71 € coor(F).

Also, suppose that for any compact K C R"™, there exists a Lipschitz g € G such that
F(K) C g(R™). Then, for 1 < p < oo, and any G invariant mapping F € C(R™;R),
compact region K and tolerance e > 0, there exists F' € Hoge such that ||[F'—F| prx) < €.

The role of each section, proposition and lemma is as follows:

e Section A.1 reduces the problem to studying the approximation property of equiv-
ariant mappings. The main result in this subsection (i.e., Proposition 15) is based
on a level-set argument, but attention on its symmetry structure, which is shown
in Lemma 27.

e Section A.2 is the fundamental framework, and the main theorem (i.e. Theorem 18)
tells us that the coordinate zooming property and point matching property are
sufficient for universal approximation.

e Now, it suffices to show that under the assumption of Theorem 14. We can achieve
the coordinate zooming property and point matching property.

For coordinate zooming property, we prove it with the help of Lemma 29 (which
is a direct consequence of the previous work, see Theorem 30).

The point matching property is the most technical part in this manuscript, and
we split it into four steps, and each step is associated with a lemma.
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— Lemma 31 is purely technical and is used to prove the subsequent lemmas. It
shows one can move points into a general position as much as possible. This
lemma is the only one that requires the perturbation property (Definition 11).
Note that the perturbation property is necessary for Lemma 31.

— Lemma 32 indicates that points in general position can be partially reordered.
This is similar to Lemma 4.13 in Li et al. (2023), but the main difficulty here
comes from symmetry. The partial reordering should conform to the given
symmetry.

— Actually, using these two lemmas one can already prove the case when G = S,
we do not need the concept of resolvence (Definition 13).

The remaining two lemmas concern the general case.

— Lemma 33 develops the main idea dealing with general symmetry structure.
It shows that under the assumption that F resolves G, that we can move a
single point across cross sections. This is necessary to achieve approximation
in the general case.

— Lemma 34 is technical, it uses Lemma 33 recursively to establish an induction
argument that implies the general result.

A.1 Reducing the Problem to Approximating Equivariant Mappings
We begin with proving the following result by the level-set argument.

Proposition 26 (Approximating Equivariant Mapping is Sufficient) Suppose F' €
C(R™) is an invariant function. Let g be a Lipschitz continuous and invariant function
with F(R™) C g(R™). Then, for any compact K C R™ and € > 0, there exists an
equivariant mapping ¢ € C(R™;R™) such that

[F'—goplrk) <e. (33)

This is the main result in this subsection, and the remaining part of this subsection
is to prove this proposition. To this end, the following lemma is required. It tells us
that a G invariant set can be decomposed into the disjoint union of cross sections, up to
a small set. Recall the definition of the cross section Q)4 as introduced in (15):

QA = UaeaQa, where Q, = a(Q) (60)

Lemma 27 (Partitioning the Space via Cross Sections) Given G < S, the fol-
lowing holds for any G transversal A:

1. For two distinct g,g' € G, we have g(Qa) Ng'(Qa) = 0.
2. R™\ U g(Q4) is the set of points that are not in general position, and thus of zero

geG
Lebesgue measure.
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Consequently, if K is a G invariant set,(i.e., g(K) = K for allg € G), then K\Ugeg(KN
g(Q4)) is of zero Lebesque measure.

Proof Suppose € g(Q4) Ng'(Q4). Then, by definition there exists a # a’ € A, such
that © € Qga N Qga. The structure of Q, immediately tells us that ga = g’a’. Since A
is a transversal of G, we have g = g’ and a = a’, leading to a contradiction.

On the other hand, we claim that if « is in general position, then there exists g such
that € g(Q4). The construction is straightforward: since € @, for some a € S, then
by the choice of A, there exists a decomposition a = gb, such that b € A and g € G.
Therefore, we have x € Ugegg(Q4). The reverse inclusion holds trivially. |

Now we are ready to prove Proposition 15. The idea is simple. We first obtain u

without the equivariance constraint, this is done by Li et al. (2023, Theorem 3.8). The
core of the following proof is to modify the u into our desired f.
Proof (Proof of Proposition 15) Without loss of generality, we assume that K is a
G invariant set, otherwise we can enlarge K to make it G invariant. Choose the G
transversal A arbitrarily, it follows from Lemma 27 that K = Ugeg(K Ng(Q4)) up to
a measure zero set. Define ¢/ := m, by results in Li et al. (2023, Theorem 3.8),
for any &’ > 0 there exists u such that

IF —goullpr) <€ (61)

Note that u here is not necessarily equivariant, otherwise we are done. Now we attempt
to find f by some kind of “equivariantization” on w as explained below. Since u is
in LP, we consider a compact set O C Q4 such that ||u|[z»g,\0) < €. Take a smooth
truncation function y € C>(R%), whose value is in [0, 1], such that x|o = 1 and Xlgg = 0.

For x € g(Q4) with g € G, define f(x) = g(u(g~(x))), where = yu is smoothed
truncated version of u. Since different g(Qg) are disjoint, the value of f is unique in
Ugeg(K N g(Qg)). We set f(x) = 0 in the complement of Ugeg(K N g(Qa)). The
truncation function y ensures that f vanishes on the boundary of )4, therefore f is
continuous, and direct verification shows that f is G equivariant.

It then suffices to estimate ||F' — g o f||rr, since both F and g o f are equivariant, it
is natural and helpful to restrict our estimation on K N @ 4, since

I1E =g o fllee) =[Gl I1E =g o fllenoa):- (62)

To estimate the error on K N Qa, we first estimate the error [|u — f||1r(xng,)- Since u
and f|g, = @ coincide on O, we have

u— =|lu—u
H .fHLp(KﬂQA) H HLP(KﬁQAz (63)
< lullzrgn0) =€

The inequality holds from y takes value in [0, 1]. Since g is Lipschitz, we have ||gou —
9o fllLe(knga) < Lipge', yielding that ||[F — g o f[|1r(kng,) < (1 + Lipg)e’. We finally
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have ||[F — g o f||r(x) < (1 + Lipg)|Gle’ = ¢. u

A.2 Universal Approximation under Symmetry using Compositions

In this section, we prove the following result.

Theorem 18 (Universal Approximation of Invariant Functions via Composition)
Let F € C(R™) be invariant. Suppose G is a family of invariant functions and A is a
family of equivariant Lipschitz mappings with the following properties:

1. For any compact K C R"™, there exists a Lipschitz g € G such that F(K) C g(R™).
2. A is closed under composition, i.e., if f1 € A and fa2 € A, then f10 fa € A.

3. (Coordinate zooming) For any increasing function v € C(R), compact interval
I € R and tolerance € > 0, there ewists u : R — R such that u® € A and
lu—vllem <e.

4. (Point matching)

For M > 0, a transversal A of G, a G distinct point set {x',--- &M} with x' € Q4,
another point set {y',- - ,yM} C Q4 and tolerance € > 0, there exists f € A such
that

(a) For ' in general position, we have |f(x?) — y'| < e.

(b) For x' not in general position, we have | f(x)| < 1.

Then, for any compact set K C R"™, tolerance € > 0 and p € [1,00), there exists ¢ € A
and g € G such that |[F' — g o @|rrx) < .

Remark 28 Here, we make some remarks about the point matching property, which is
the most technical part in this paper. Simply speaking, we use the point matching property
(a) to bound the approximation error. For technical reasons, however, the points that
are not in general position should be taken into consideration, and cannot be ignored
even if they are contained in a set of 0 Lebesque measure. The difficulty here is that for
any equivariant function @, the image @(x) is also not in general position if x itself is
not. As a result, we cannot send it to an arbitrary y as in the statement of the point
matching property. This shows why we need to treat the points not in general position
separately.

The reason why we cannot ignore these points is as follows. Our error estimate is
based on a decomposition of the approximation error to three parts (see Step 3 in the
proof): 1) error on a union of hyper-cubes centered at the points in general position;
2) error on a union of hyper-cubes centered at the points not in general position; and
3) error on the remaining set. Even if the volume of the domain in 2) goes to zero
in the limit of vanishing hyper-cube sizes and increasing number of points, one must
rule out the possibility that while trying to reduce the approximation error in 1), one
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causes a rise in the approzimation error in 2) so much so that the limit of 2) does not
become arbitrarily small in this limit. Now, this can be resolved if we place some uniform
reqularity assumption on A, e.g. supgc 4 Lip f < co. However, for many applications,
including the flow-based hypothesis considered in this paper, this does not hold. Condition
4(b) is a much weaker assumption that achieves the same effect.

Proof Without loss of generality, we assume K = [—k,k]™ is a hyper-cube centered
at the origin. Select Q4 for arbitrary G transversal A. Since K is G invariant, the
decomposition K = Ugecg(K N g(Q4)) holds up to a measure zero set, according to
Lemma 27.

Observe that KN @ 4 is a polyhedron. In the following, we denote by A the Lebesgue
measure.

Step 1 By Proposition 15, we can find an invariant ¢ € G and an equivariant ¢ €
C(R™ R™) such that

I1F' = go @l <e/2. (64)

Now we consider a piecewise constant approximant ¢g. Given a scale é > 0, consider the

grid §Z™ with size . Let ¢ = [i1, - ,in] € Z™ be a multi-index, and x; be the indicator
of the cube

O; s := [i16, (i1 + 1)0] x - - - X [in6, (in + 1)4]. (65)

Since ¢ is in LP(K), by standard approximation theory ¢ can be approximated by an
equivariant piecewise constant (and G equivariant) function

po(x) = Z YiXi(T), (66)

where

Yi = )\(Di,é)_l/ p(x)dx (67)
Ui,s
is the local average value of ¢ in [J; 5. Then, we have

lle = woll o (i) < we(B)AE)P =0 (68)

as § — 0, where wy, is the modulus of continuity (restricted in the region K), i.e.,

we(d) == sup |p(x) - p(y)| (69)
le—y|<s
for £ and y in K and A(K) is the Lebesgue measure of K. Since g is G invariant, we
can replace y; by arbitrary g(y;) for g € G. Therefore, we can assume without loss of
generality that y € Q4. Thus,

[F'—gowollrxy < [1F—go@lliek) +1lgo e — g0 wollir ()
< /2 + Lip(g)wy () [A(K)]'/?.

(70)
Choose suitable 6 > 0 such that the right-hand side of (70) is smaller than .
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Step 2 Let p; = ¢d = [i16,-- - ,in0] be the a vertex of [; 5. Define 7 as the maximal
subset of {i : p; € Q} such that P := {p; : i € Z} is G distinct. By the maximal
property, and the definition of G distinctness (see Definition 17), we know that if p; € Qa
with some j € Z, then there must exist g € G and ¢ € Z such that p; = g(p;).

Given € > 0, by the point matching property (Condition 4) we can find f such that

e For p; in general position, |f(p;) — y;| < e for all p; € P.
e For p; not in general position, |f(p;)| < 1.

Then, by the extremeness of P, the inequality holds true for all p; such that [1; 5 C K.
For a € (0,1), define the shrunken cube

0025 = [i16, (i1 + @)8] X - X [ind, (in + @)d], (71)

and define K = g, ;U5 to be a subset of K. Given 8 > 0, we now use the
coordinate zooming property (Condition 3) to find u® € A such that

u([ih, (i + ah)]) C [ih, (i + é(5)] forie{is:s=1,...,n;1 € T}. (72)
n
To do this, we first construct a piecewise linear function @ such that
_ . B
o - RaliPy
(15 (i ag) () = 1+ -0, (73)
by setting
_ , . B
Ul [(i4a)s,i+1)0) (T) = (x — (I — a@)d) /(1 — a) + i + %5 (74)

explicitly, and select € < 3%5 . Then we use Coordinate zooming property with respect
to v = @ and ¢, to obtain u, such that [|u — @l < ¢, yielding the condition (72) holds.
Therefore, we have

|f(u®(x)) — y;| < 2¢ forx € Of's (75)
where p; is in general position, and
|f(u®(x))| < 1+¢forx e Ofss (76)

where p; is not in general position.
These two estimates (75) and (76) will be useful in the final step.

Step 3 We are ready to estimate the error \|F—gofou®||Lp(K). Since || F'—gowl|1r(x) <
g, it suffices to estimate |[go @ —go fo u®HLp(K) < Lip(g)|l¢¢ — f o u®HLp(K).
The estimation is split into three parts,

K\ K

Kla = U 257

p; in general position (77)

K§ = U 25

p; not in general position
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Notice that K = ULI7 ;.
For K7, from (75) in the end of Step 2, we have || f o u® — || oo (xay < 2¢, and thus

1F 0 u® = @ollo(rp) < 2e[AE NP < 2e[A(K)]P. (78)

For K, note that if p; does not in general position, then all points in U; 5 will be
close to a hyperplane I';; := {x : x; = x;} for some distinct ¢, j, the distance from those
points to I';; will be small than \/nd. Therefore, the Lebesgue measure of K§ C Ky will
be smaller than that of all points whose distance to the union of hyperplanes I';; is less
than y/nd, which is O(d). Thus, we have

| f o u® — SDOHLP(Kg) < (T+e+ ||‘P0HC(K))O(5)

(79)
< (T+e+lellew))00).

The last line holds since [|¢o|lc(x) < |l¢llcx) by construction. Here, the constant 1 on
the right-hand side comes from the bound on the points not in general position, namely,
Condition 4.(b), used in (76). If we do not impose such a condition, the right-hand side
of (79) could go to infinity, leading to the stability issue.

For K \ K, we have

15 0 u® = ol oiarie)y < (IFllowe) + lellog) AU\ K4)HYP
< (Ifllog) + lellew) (1= ah)VPIE)P.
We first choose § sufficiently small such that the right hand side of (79) is not greater
than ¢, then choose a such that 1 — « is sufficiently small, and (|| f||c(x) + [[¢llc(x)) (1 —
ad)l/p <.
Hence, the total error is

|F—gofou?| < 3€[>\(K)]1/p + 2¢. (81)

Combining two estimates we conclude the result (with 3s[A(K)]'/? + 2¢ replacing ¢.) B

A.3 Results on Dynamical Hypothesis Spaces.

Before going to the proofs of the main results, we first prove the following auxiliary
lemma, which says that the presence of well function is enough to guarantee the coordi-
nate zooming property, see Condition 3 in Theorem 18. This is also the core part of the
previous paper (Li et al., 2023).

Lemma 29 (Well Function Achieves Coordinate Zooming Property) For a one-
dimensional function o € C(R), define its control family under affine invariance as
follows:

F(o):={z — wo(ax +b): w,a,b e R}. (82)

Here, x is a one-dimensional variable. If there exists a one-dimensional well function o
such that F(o) C coor(F), then Ax has the coordinate zooming property.
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Proof This follows immediately from the definition of coordinate zooming property and
Theorem 30. n

Theorem 30 (Main result in Li et al. (2023), one-dimensional case) For F': R —
R being continuous and increasing, if the one-dimensional control family F satisfies

1. For any compact interval I there exists a Lipschitz g € G such that F(I) C g(R).
2. F is affine invariant.
3. CH(F) contains a well function.

Then for any compact interval I C R™ and ¢ > 0, there exists Fe Hode(F,G) such that
| F' = Fl[zee(ry < e

For convenience, the following proof will assume F (instead of CH(F)) satisfies the
above conditions. This turns out to be sufficient, since one can prove that the control
family generated by F and CH(F) have the same closure under the topology of compact
convergence. (See Proposition 39).

We first state without proof two lemmas that will be used to prove Theorem 25.

These two lemmas will be proved later.

Lemma 31 (Perturbation Lemma) Suppose that the point set {z',--- ™} is G
distinct and F satisfies the perturbation property (Definition 11). Then, there ezists a

mapping B € Ar so that y' = B(x?), i = 1,...,m,satisfy: if (i,5) # (k,1) but
v = vk, (83)

then both yJ and y' are not in general position. A point set {y'} satisfying this condition
will subsequently be called well-perturbed.

Lemma 32 (Partially Ordering Lemma) Suppose A = Ar is generated by a G
equivariant Lipschitz control family F, and there exists a symmetric invariant well func-
tion T(x), such that +7 € coor(F). Let A be a transversal. Consider a finite point set
X ={x',--- &M} C Q4 such that X is well-perturbed. Then, there exists 3 € A such
that B(X) C Q4 1is partially ordered. Moreover, we may require that

1. B(X) is well perturbed, as defined in Lemma 31.

2. If x € X is in general position, so is B(x).
In fact, when S = G, we can prove Theorem 25 for full permutation case. To obtain

the general result, we further need the following two lemmas. The following lemma tells
us what we can obtain from the resolvence.
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Lemma 33 Suppose F satisfies the conditions in Theorem 25. Then for each x € Q 4,
there exists v € Ar such that v(x) € Q.

The following lemma performs mathematical induction with the help of Lemma 33.

Lemma 34 Suppose that {x!,--- ™} are partially ordered, and that F satisfies the
conditions in Theorem 25. If for some x®, there exists (¢ € Ar such that {°(x®) € Q
Then we can find { € Ar such that

1. ¢(xY), -, ¢(x™) are partially ordered.
2. Fori# s, if x' is in the cross section Qa, then so is {(x?).
3. ¢(x®) € Q.

Assuming these lemmas, now we are ready to prove Theorem 25.
Proof (Proof of Theorem 25) The proof is divided into several steps.

Step 1  We only need to show that the point matching property (see Condition 3 of
Theorem 18) holds for such F. Without loss of generality, we assume that

X:{ml,m2,--- ,azM}, (84)

where ' (i = 1,--- ,m) are in general position, and ' (i = m +1,--- , M) are not in
general position. By the perturbation lemma (Lemma 31), we can find @ € Arx such
that a(X) is well-perturbed. Thus applying the partially ordering lemma (Lemma 32),
we can find B € Ar such that X = B(a(X)) C Q4 is partially ordered and meets the
following two requirements as stated in Lemma 32. In the rest of the proof, we will use
X to replace X.

Step 2 First, we assert that, there exists 3 € Ar such that 8 can send all points in
general position into @), that is,

1. For x in general position, 8o a(x) € Q.
2. Boa(X) is partially ordered.

Now let us deal with the assertion, by Lemma 27 we can find ¢} € Ar such that
¢f(x!) € Q. By Lemma 34, we can modify this ¢; to ¢1, such that

1. ¢i(xh), -+, ¢i(z™) is partially ordered.
2. For i # s, if ' is in the same cross section @Q,, then so is {1(x?).

3. Gi(z!) € Q.

Sequentially, we can find (s, - - , {;, to map all points in general position in (), therefore

B=Cnolm-10---0¢ (85)

satisfies the assertion.
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Step 3 With a little abuse of notations, we use x‘ to denote B o a(x?). Now, the
conditions in Lemma 32 read,

1. For x in general position, € Q.
2. X is partially ordered.

We now are ready to prove the point matching property. We first consider an ideal
case to illustrate our idea to the proof: if all the points in X are in general position
(namely, m = M), the proof will be straightforward. We can assume that the destination
point set

Y:{y17y27"' ,ym}’ (86)

where yi(i = 1,--- ,m) are in general position. Again, by the construction of Lemma 32,
we can find v € Az such that Y = v(Y) C Q is partially ordered. We may set u® as a
coordinate zooming function such that

(@) — 75| < e/(Lipy~' - Lip(Bo ). (87)

1

Therefore, the mapping p = v~ ! o u® o B 0 & can make sure that |p(z?) — y*| < e.

Step 4 Now we consider the general case, which needs a slight modification on the
destination point set Y: We consider adding a point into Y. Define

Y+:{y17"' ,ym,ym—‘rl =z = 0}7 (88)
where y*(i = 1,---,m) is in general position, and no coordinate value of them are 0.
This Y, by definition, is well-perturbed. Therefore, by the partially ordering lemma
(Lemma 32), we can find v € Az such that Yy = v(a(Y,)) C Q is partially ordered. In

this case, we may also set u® as a coordinate zooming function such that ”U,(Lf';) - g;| <
e/(Lipy~! - Lip(B o a)). However, the issue we encounter here is that the value of gj;
have not been defined fori =m+1,---, M.

To resolve this, we now determine the value of g; fori=m+1,---, M. Denote by
z :=~(z) = z1. Due to the S equivariance, we require

L |yl — 2| <e/(Lipy~' - Lip(B o )
2. gt > g, if and only if & > &7,

Therefore, the mapping p “1ou® o B o a ensures that |p(z!) — y’| < ¢ for

i=1,2,---,m,and |p(x’)| <efori=m+1,---, M. -

A.4 Proofs of Lemmas

The rest of this section aims to prove lemmas 31, 32, 33 and 34.
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A.4.1 PrROOF OF LEMMA 31: PERTURBATION LEMMA

We recall the definition of the perturbation property from Definition 13. Define the
similarity of two points, at least one of which is in general position, as

s(a,y) = {(0,7) i =y}, (89)

When both points are not in the general position, the similarity is defined as zero.
Assuming the perturbation property is satisfied, s(x,y) # 0 implies the existence of
f € F and a coordinate zooming function u® such that

[f (u® ()] # [ (u® (y))] (90)

holds for some ¢ such that z; = y;.
Proof (Proof of Lemma 31) We first extend the similarity 5 in (89) to a set, namely,

define
(V)= 5, v). (91)
J#3’
The goal of perturbation lemma is to show there exists 3 € Ar such that 3(8(X)) = 0.
Consider B € Ax which minimizes 5(8(X)), and for convenience we set Y = 3(X),
which means y’ = B(x’). We assert that the quantity 5(Y) should be zero.

Otherwise, there exists .J, J’ such that 5(y”’,y”’) > 0. By definition of the perturba-
tion property, we can find f € F and u® such that at for some I and I, [f(u®(y”))]; #
[f(u®(y”")]p but yf =yf,.

Then, consider v = ¢(f,t) o u®. For sufficiently small ¢, observe that no new
(i,7,7,5") will meet the requirement

ey = ey e, and oyl £yl (92)

Therefore, the quantity

S(t)=> s(w(y). vy
J#y

will be non-increasing for sufficiently small ¢. That is, for sufficiently small ¢ > 0, it holds

that S(t) < §(0). Notice that the argument holds for general f and u. Now, we use

the perturbation property to conclude the proof by showmg S (t) < 8(0) for sufficiently

small £ > 0. Since the flow map ~; satisfies for some yZ = ?/1/ , but

) (93)

re(y”)]i # bre(y” )l (94)
Therefore, we can ensure that for sufficient small ¢,
s(n(y”) w(y”) <3y’ 9”7, (95)

Thus, it contradicts to the minimal choice of 8, since 5(v; o B(X)) < 5(B(X)). This
immediately yields that the minimal value of 5(8(X)) is 0.
|
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A.4.2 PROOF OF LEMMA 32: PARTIALLY ORDERING LEMMA

In this proof, two kind of mappings will be used. The first kind is the symmetric
invariant well function 7 with zero interval I such that 7 € coor(F). Since 7 is S
invariant, by the definition of the coor operator, the tensor-product mapping 7 € F
such that 7(z) = 7®(x) = [r(x),7(x), - ,7(x)] is in F. Recall that Lemma 32 has two
additional requirements:

1. B(X) is well-perturbed, as defined in Lemma 31.
2. If ¢ € X is in general position, so is 3(x).
Consider the following dynamical system for x:

%m =T1(x). (96)
Clearly, the flow map ¢(7,T') of T at any time horizon T satisfies [¢ (T, T)x|;— [ (T, T)x];
x; — xj. Hence, the second requirement is always satisfied if we use (96) in our construc-
tion.

The other kind is the collection of all coordinate zooming functions. By Lemma 29,
these are contained in Ar. These preserve the order of all coordinates and thus the
second requirement is also satisfied. Since we will only use these two kinds of mappings
in our subsequent constructions, it suffices to prove that a composition of these two types
of functions can be constructed to satisfy the well perturbed property.

Proof (Proof of Lemma 32)

Step 1 Consider B, defined as the family of mappings consisting of all composition of
¢(7,t) and coordinate zooming functions.

B:={fiofro-0ofp:
each f; € A is either ¢(1,t;) for some t; or a coordinate zooming function.}
(97)

Obviously, all mappings in B will map each @, into itself. As a consequence, if & is not
in general position, then a(x) is not either. Thus, we may assign an order in {m} such
that ¢ > j if and only if

e ¢ > j, if &' and x’ are in general position, or
e x' is not in general position, while &’ is in general position.

By Proposition 38, it holds that B C Ax. We first show that there exists 3 € B that
[B(x")]1 > [B(x7)]1 if i > j. For convenience, i < j means j > i. By the definition of
being well-perturbed, i < j means that % # :cjl

Now, let us consider

brin = min|{(i,7) : i < j, [B(x")]1 < [B(x?)]1,B € B and B(X) is well perturbed.}|
(98)
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and B achieves this minimum. It suffices to show by, = 0. Suppose not, take [
and J such that I < J and [B(x”)]; < [B(x”)]1, and I and J are taken to minimize
[B(x7)]1 — [B(x")]; under the aforementioned conditions. We show that there are no
other [B(x*)]; between them. In fact, if [B(x!)]; < [B(x")]1 < [B(z7)];, then either
I <k or k < J is satisfied, contradicting with the minimal choice of I and J.

We now give a direct construction to show that 3 is not minimal. With a little abuse
of notation, We also use X to denote this new B(X). Since X is in a general position
now, we have either min(z;) < min(z!) or min(z;) > min(z}).

Our construction is based on discussing them separately. By the definition of sym-
metric invariant well function, we can find @ > 1 such that if |z/| > @ and 2/ € T then
|7(x)| > 4. Since 7 is continuous, we may assume that |7(x)| < A for |x| < 2a for some

A,
o If . := ming(z;) < ming(2]). We first choose a coordinate zooming function

u® € A such that

1.
u(zy) — u(29)| < e and Ju(a]) — u(z})| > € (99)

for sufficiently small ¢ < 1. The detailed value of € will be determined later.

2.
lu(z))| < 2a — 1,¥4, 4, and u(z!) > —a — 1, V. (100)

3.
(u(:cf) - s,u(le«) +e) CLLVj. (101)
With a slight abuse of notation, we use ' to denote u®(x?) for i = 1,2,--- , M.

Then, the flow ¢, and condition (101) ensure that ¢(£7,t)(x!) = z! by the
definition of I. Next, we choose + = 7 or —7 such that [¢(F,x”,t)]; is decreasing
in t. By the construction of u in (100), when ¢ < %, we have [¢(7, t)z/]; —z{ < dt.
Hence, we achieve our goal if 6t > £2. Set t € (26267!,3¢2571) to be determined.
We have t € £ for € < 0/(4A). Since the set of t’s such that ¢(7,t)X is in a

general position is open and contains ¢ = 0, such a ¢t must be found, by condition
(99).

e If ming(z{) > ming(z]) =: L. The arguments are similar except we exchange the
role of I and J, and change decreasing into increasing.

In either scenario, we deduce that 8 is not minimal, thus B(X) must be partially ordered.

Step 2 Substituting X by 3(X), we now assume that % > mjl if i < j. We now show
that there exists v € B such that v(X) is partially ordered. Suppose there exists o € B
such that

a(z!) - a(x?) - - alz!) - a(zb) (102)

fork=I+1,---,M, while

(@)1 > [ex(@?)]1 > -+ - [er(x™)]1. (103)
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We give a direct construction of @’ such that the above inequality holds for 141, provided
2/*1 is in general position. Using this argument recurrently will yield the desired result.

Consider the case I = 1, and we also use x’ to denote a(x’). Consider a coordinate
zooming function such that only u(z}) > a is outside the interval I. Then, the flow map
i = ¢(7,t) o u® will only move z! while keeping other x* fixed. At some time horizon
T < oo, we have y;(x!) = ~4(x?) for i # 1. Otherwise, we will obtain both ~;(z!) is
unbounded and min;[y;(z!)]; < #%, which is a contradiction since [v:(x!)]; — [y:(x!)]
is a constant.

For the other I, we apply the same technique to find ¢ € Ax such that for 3 = (o,
we have B(x!) = B(z*) for k > I. The only difference is that we need to modify ¢ such
that it preserves the order of ! to a/~1.

To do this, we need to move x!,...,&/~! to an appropriate location so that mod-
ifications to the remaining coordinates do not induce a change of ordering for these
coordinates. More precisely, suppose that /=1 is in general position, and moreover
we assume that z/~! € @Q,. Since ¢ must be a bijection, implying that we can choose
y'~! € Q, such that ¢(y'~!) = B(x!~'). Then, we choose a coordinate zooming func-
tion u® to send a(x’~1) to y'~!. Let B = ¢ ou®oa. Then, the function B satisfies
that B(z'~1) = B(x’).

For the general case, using the same technique, we can sequentially determine the
destination of /=1, ...  x!, denoted as y’~1,---y!, to fulfill the requirement.

|

To close this section, we give the proofs of Lemmas 33 and 34 that was used to prove
Theorem 25.

A.4.3 Proor orF LEMMA 33

Proof (Proof of Lemma 33) It suffices to show that if a and b are F directly connected,
then for given point * € Q,, there exists a € Ar such that a(x) € Q. By direct
connectivity there exists 7, j such that € (), we have x; > x;, and for © € ), we have
T < Tj.

Suppose z € 9Q, N IQp and f € F satisfies the assumption on direct connectivity,
that is,

[f ()] # [F(2)];- (104)

By the continuity of f, we also have [f(y)]; # [f(y)]; for y in some neighborhood U of
z.

Let ¢ < 1 be a small constant whose value will be determined later, such that the
ball B(z,3¢) € U. Choose y € Q, such that y; —y; < £2/2 while for other (k,1) # (i, j),
we require that |y, — y| > & — €2/2.

Consider a coordinate zooming function that |u(zy) — yx| < €2/2. Hence we have
u®(x) € B(z,2¢), and

L Ju(x;) — u(z;)| < &%,

42



APPROXIMATION OF INVARIANT FUNCTIONS THROUGH DYNAMICS

2. For other pairs (k,1) # (i,7) , we have |u(xg) — u(z;)| > €.

For y € B(z,2¢) we can choose a > 0 such that [f(y)]; > [f(y)]; +a, and | f(y)| < 1

e.g. take a < min(3([f(y)]: — [£fW)];), (|f(y)| + 1)~1). Then, consider the follov;irilg
dynamics

d

—y =— . 105

) (105)
Simple estimation yields that the flow ¢(—f,t)(u®(x)) € Qp, for t € (%, %e). We choose

¢ sufficiently small such that the interval is non-empty, and choose the mapping as

¢(_f7t)OU® GA]:'
|

A.4.4 PrROOF OF LEMMA 34

Proof (Proof of Lemma 34)
We consider the simplest case, when ¢° := ¢(f,T) is the flow map of some f € F.
The general case can be obtained by repeating the following argument. Denote by

§:= min{|x§- - :cé-//| : l‘; # .T;//} (106)
and there exists tg such that
. , 0
sup Lip[¢(f,t) —id] < . (107)
0<t<tg 4
Hence, consider y = ¢(f,tp)x, then we have
; p 0
ly; — vyl = 7k (108)
if yl £yl | .
Therefore, y', - -- ,y™ is partially ordered, and we have if ' € Q, then y’ € Q, since

the order of each coordinate does not change. Now consider the coordinate zooming
function w, such that

Ju(y;) — 5] < (109)
for i # s, and
u(y;) —yjl <e (110)

for some small € whose value will be determined later.

Therefore, we can apply ¢(f,to) for u®(y'), u®(y?), - ,u®(y™), and get the similar
result. This iteration will break down after [1'/ty] + 1 iterations, and we denote by ¢ the
final composited iteration. It suffices to control the error on x®, by a telescope expansion
we have

[€(@*)]; — =] < eL([T/to] + 1), (111)
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where L = supg<;<;, Lip@(f,t) <1+ g. Choose € < 1 such that the right-hand side is
not greater than { min;; [z — :Uj|, which guarantees that {(x®) and x*® are in the same

Qa- ]

Appendix B. Basic Properties of Equivariant Mappings

In this section, we collect a number of auxiliary technical results required in the proofs
of the main results.

B.1 Closure Properties of Invariant and Equivariant Mappings

Proposition 35 If F is G equivariant, then so is Ar.

Proof It suffices to show that the flow map of a equivariant mapping is equivariant, since
function composition preserves equivariance. Consider the ODE system dx/dt = f(x).
The Picard iteration sequence will converge to the solution of ODE, since f is Lipschitz.
Clearly each function on Picard iteration is equivariant, then it follows from the fact
that @ is Lipschitz that the flow map is also equivariant. Precisely, given x(t) = O,
define the Picard iteration as follows:

t
xn(t) = o +/ f(xn_1(s))ds (112)
0
for n =1,2,---. Define the flow maps for the Picard iterates as
&n(f,1) = T0 > T (t). (113)

By induction, each ¢, (f,t) is G equivariant, and ¢, (f,t) — ¢(f,t) uniformly in any
compact set K C R™, therefore by Proposition 36, the mapping ¢(f,t) is G equivariant.
|

Proposition 36 (Closure Property of Invariant Functions) Suppose F' € C(R", R™)
and for any compact K C R™, tolerance ¢ > 0, there exists a G invariant function
F ¢ C(R™) such that | F — F||Lp(K) < e. Then F is G invariant.

Moreover, suppose ¢ € C(R™;R™) and for any compact K C R", tolerance € > 0,
there exists a G equivariant mapping @ such that || — @|rp(xy < €. Then ¢ is G
equivariant.

Proof Given g € G, compact set K and € > 0, we choose F as stated. Since F' is G
invariant, we have

IF(2) - F(g(@))|1ox) < ||F(2) = F(@)l| o) + | F () — F(g(@)) | 1o x0)
+[|F(g(x)) — F(g(@)) Lox) (114)
< 2e.
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This holds because g is measure-preserving, so HFOg—FOg”Lp(K) = ”.FA‘_FHLp(K). Note
that both F' and F o g are continuous, and £ > 0 is arbitrary, yielding that F = F o g.
Since this holds for all g € G, we conclude that F must be G invariant.

The proof of the second part is similar. Given g € G, and compact set K and € > 0,
we choose ¢ as stated. Then we have

lgow —pogllirk) < llgow —go@llnk) tlgop —pogllmm) +lpog—woglirx

< 2,
(115)

since ¢ is G equivariant. Note that both g o ¢ and ¢ o g are continuous, and € can be
arbitrarily chosen, yielding that ¢ o g = g o ¢. Hence ¢ must be G equivariant. ]

An immediate consequence is that if G < H, and our hypothesis space consists of H
invariant functions, then functions that are G invariant but not H invariant cannot be ap-
proximated to arbitrary precision. Although we only consider finite permutation groups
here, similar arguments yield that the same limitation arises for continuous groups, rais-
ing a significant problem in designing equivariant /invariant neural networks, e.g. under
SO or SE symmetry (Weiler et al., 2018). Generally, this suggests that the construction
of invariant and equivariant architectures will be much more challenging if the structure
of G is complex, and using composition gives a convenient way to build complexity while
preserving symmetry.

Using coor(F) we can make the connection between well function and coordinate
zooming function. See Lemma 29 below.

B.2 Convex Hull Property of Equivariant Mapping

In this subsection, we show some basic properties of the convex hull closure. These
propositions imply that Condition 2 in Theorem 14 can be reduced to requiring coor(F)
to contains a symmetric invariant well function. The argument goes as follows: by
Proposition 37, the conditions on Theorem 25 holds for CH(F). Whence, by Theorem 25
and Proposition 15, we can deduce that the assertion in Theorem 14 holds for CH(F).
Applying Proposition 39, we obtain that the assertion also holds for F.

Proposition 37 Given a group G, the coor operator commutes with CH operator, that
18,

coor(CH(F)) = CH(coor(F)). (116)

Proof Notice that by Proposition 36 we know that CH(F) is equivariant. The commu-
tation between coor and CH is obvious. We only prove that

coor(F) = coor(F). (117)

Suppose fi € coor(F), which means there exists f € Esuch that coor(f) = f1. For
any compact set K and tolerance €, by the definition of F, there exists g € F such that
|f —gllc(x) < €. Hence we have || f1 — coor(g)|lc(x) < €, yielding that f1 € coor(F).
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Conversely, if f; € coor(F), then for any compact set K (assumed to be invariant)
and tolerance € > 0, we can find g; € coor(F), then by the definition of coor operator,

we can construct f and g € F, such that ||f — g|cx) < €. Therefore f1 € coor(F).
Hence the equality in (117) holds.
|

Proposition 38 If f,g € Ar, then so does fog.

Proof This follows immediate from the Lipschitz property of F. |

Proposition 39 For any ¢ € A@(f), compact set K € R"™ and tolerance € > 0, we
can find a mapping ¢ € Az, such that |[¢ — @l|1rx) < €.

Proof The proof of the one-dimensional is found in Li et al. (2023), and the proof of
higher-dimensional cases are analogous, hence omitted. |

Appendix C. Verification of the Proposed Architectures

In this section, we provide a direct verification that the proposed architectures in Sec-
tion 4 satisfy the assumptions of our universal approximation theorems, thereby guar-
antee their UAP for their respective symmetry groups G. Clearly, Condition 1 and 2 of
Theorem 25 are all satisfied as a consequence of Remark 10. It suffices to check the
perturbation assumption and G transversal transitivity on each case, to show that F
resolves G (see Definition 13). For convenience, we recall the definition of each F and
G, and o denotes a well function. The following facts that hold for any well function o
will be frequently used:

1. For given = and y € R, we can find b € R such that o(z 4+ b) = 0 but o(y +b) # 0.

2. If ¢1,-++ ,x, and y1, - - -, yn satisfy that

n n

> olpritq) =Y olpyi+q) (118)

i=1 i=1
for all p,q € R, then it holds that {z; : i = 1,2,--- ,n} = {y; : i = 1,2,---n}.
Hereafter, the sets are understood as multi-sets.

C.1 Shift Invariant Cases

We show that each F, ; resolves T, where

For ={vo(w sz +b1) : w € RUW*>dn 4 p e R},

)

119
Fio ={w x o(ve +b1),w € R 4 b c R} (119)
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Proof (Proof of Corollary 20) For the perturbation assumption, without loss of gener-
ality, we assume that x1 = y;. It suffices to notice that for two point & and y such that
they are T distinct, there exists 7 such that z; # y;. We choose w = e;, whose value is 1
in the i coordinate, and 0 in other coordinates. Then, we choose an appropriate b such
that o(x; +b) = 0 while o(y; + b) # 0, therefore

[w*o(x+0b1)]; # [wxo(y+bl)|; (120)
and
[o(w*x+bl)]y # [o(w*y +bl)]y. (121)

Hence we show both F, ; satisfy the perturbation assumption.
For transversal transitivity, we show that for each a,b € S, a and b are F directly
connected. For simplicity, we consider the case when

Qa={z1>22> >} (122)
and
Qo ={r2>21> > 2}, (123)

and the other cases are similar. In this case, we can choose z € 9Q; N Q) such that
z9 # z3, We choose w = eg, whose value is 1 in second coordinate, and 0 in other
coordinates. Then, by a similar approach as what we did in the proof of Lemma 31, we
can prove that a and b are F directly connected.

|
C.2 Full Permutation Invariant Cases
We show that each Fs; (i = 1,2) resolves S, where
Fs1 ={aoc(wx + vEx +b1) : a,w,v,b € R}, (124)
Fs2 :={aoc(wx + c1) + bX(o(ve) + d1) : a,b,c,d, w,v € R}. (125)

Proof (Proof of Corollary 21) Since any transversal only contains one element, it suffices
to show F;; satisfies the perturbation assumption. For Fy 1, if * and y are S distinct,
then there exists a function u® € F such that

u(zy) +u(xe) -+ u(zg) # ulyr) + ulyz) - - + w(ya)- (126)
For Fs 1, we set a = 1,w = 0, and choose a suitable b as before such that
o(Zu®(zx) + b1) # o(Zu®(y) + bl). (127)

For Fy 2, we set a = w = 0,b = 1, and the rest is similar to Fj 1.
|

Additionally, we prove the following result for Janossy pooling (with respect to a
Lipschitz function ¢) for completeness.
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Proposition 40 The following control family

Fogag = {vo(ax +b>_ ¢(cx; +d) + cl)} (128)

=1

contains a symmetric well function and satisfies the perturbation property provided that
there exists a neighborhood U of ¢(0), such that ¢~1(U) is bounded.

Proof We first prove that the control family (128) contains a symmetric invariant well
function, by showing the following function f = o (k[ Y% | ¢(z;) — ¢(0)]) for a suitable
k is a symmetric invariant well function. Without loss of generality, we assume that o is
a well function such that o(z) = 0 for |z| < r and o(z) # 0 for |z| > R. The assumption
on ¢ now implies that there exists M and ¢ such that if |z| > M then |¢(z) — #(0)| > 0.
Thus, we take k = R/d, so that f is a symmetric well function with a = r/(k Lip ¢) and
m= M.

We now prove the perturbation property. It suffices to show that if & and y are S
distinct, then there exists a function u® such that

d(u(z1)) + d(u(x2)) + - + d(ulzn)) # d(uyr)) + d(uly2)) + - -+ + ¢(ulya)).  (129)

We prove it by contradiction. Suppose that

P(u(z1)) + ¢(u(x2)) + - - + d(ulzn)) = ¢u(yr)) + (uly2)) + - + d(u(ya))  (130)

holds for all coordinate zooming functions but z; > y;. Then, we can carefully choose
u such that u(xsa), - ,u(x,) and u(yi), - ,u(yn) € B(u(0),e) for some small €, such
that ¢(u(z1)) € U. However, since the value of u(x;) can be arbitrarily chosen, the
assumption yields the contradiction. As a result, the control family (128) satisfies the
perturbation property. |

C.3 Product Permutation Invariant Cases
We prove that
Fs2p1 = {vo(wox + wr 15,1 + we 112 + €1) : wo, wy 1, we 1, ¢ € R} (131)

resolves Sop, and the higher dimensional cases are similar.
Proof (Proof of Corollary 23)

We now check the perturbation property. As before, it suffices to prove that there
exists (i1,71) and (i2, j2), real numbers ¢, co, and an increasing function u, such that

Liy,j1 = Yiz,jos but
d1 do dy d2
1> ulwigy) 2 d umi ) # o1y uyingy) + e Y ulYisr)- (132)
=1 7'=1 =1 7'=1
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Suppose that, for all (i1, j1) and (i, j2) such that x;, j, = ¥i, j,, We have

dy do dy da
c1 Z U(SL‘Z'/JI) + c2 Z u(l‘ihj/) = Z u(yi/ij) + co Z u(yiw-/). (133)
i'=1 j'=1 i'=1 j'=1

holds for all choice of ¢;, ¢o, and increasing functions u. It follows from (133) that

di d1
D i) = ulyis) (134)
i'=1 =1
and
dy da
Z u(ziy jr) = Z U(Yiy,j7)- (135)
i'=1 i'=1

Since v is an arbitrary increasing function, we deduce that the equalities
{xi’jl 1= 1,2, tee ,dl} = {yi,jz 1= 1,2, cee ,dl} (136)

and
{$i1,j j = 1)27' T 7d2} = {yi27j j = 172) e 7d2}' (137)

After a permutation, we may assume that z1; = yi1 and therefore z;1 = ;1 and
T1,5 = Y15 for all Z,j

Suppose now, x7 7 # yr,7, then there must exist ¢« # I such that x; ;7 = y; 7 and
J # J such that x; ; = yrj. Therefore, y is not in general position. Similarly, we can
deduce that « is not in general position, contradicting the assumption s(x,y) > 0.

For transversal transitivity, it suffices to show for example that

Qa={z11>x12,> Taydo } (138)
and
Qv ={z12>211",> %4, 4,} (139)

are JFs2ap,1-connected. Clearly, we can choose z € 9Q, N Q) such that 2?2:1 2,5 F#

?2:1 2o j. Therefore, we can show the transversal transitivity. u

Appendix D. Temporal Discretization

Our main result applies to continuous-time dynamics, which corresponds to a contin-
uum idealization of practical deep neural networks (E, 2017; Haber and Ruthotto, 2017;
Li et al., 2018). It is thus natural to consider the implications of our results for the
discrete case in applications. In this section, we discuss how temporal discretization of
continuous-time flows can inherit approximation properties.
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In the following, we consider for simplicity only single step integrators for discretizing
the continuous flow. This includes but is not limited to the important example of forward
Euler discretization, which corresponds to the ResNet family of architectures (He et al.,
2016). The numerical integrator is abstracted as follows: for a given f € F, for each
time interval of size ¢ we define the numerical scheme as a mapping ¢(f,t)(-) : R” — R™,
serving as an approximation of the flow map of the continuous dynamics ¢(f,t)(-). For
a time horizon T, the discrete flow with respect to the partition A : 0=ty <t1 < --- <
ts =T is given as

Qg(f, A) = Qg(fv ls — tsfl) © Qa(fv ls—1 — tS*Q) e é(fa t1 — to) (140)

Definition 41 (Convergence of Numerical Scheme) We say the numerical scheme
is convergent if

1. quS(f,t) — Id wuniformly in any compact set K C R"™, ast — 0, where Id is the
identity mapping.

2. For any T,

¢(f,8) = o(f,T) (141)

uniformly in any compact set K C R™, as |A| := max(t; — t;—1) — 0.

3. There exists a continuous function g : R® x R — R such that |p(f, A)(z)| <
g(x,T).

As an example, we consider the forward Euler scheme, where

o(f,t)(x) =z +tf(x). (142)

Standard numerical analysis shows that the forward Euler scheme is convergent under
fairly general conditions on f, e.g. Lipschitz continuity, see Atkinson (2008).

The main result on numerical discretization below shows that the composition of
convergent discretizations can be used to approximate flow maps.

Theorem 42 (Temporal Discretization of Compositional Flow Map) Consider
a target mapping ¢ in the form of a composition of | flow maps @ = ¢(f*, Tj — Tj_1) o
~o¢(fL, Ty — Tp), shortened as

p=a¢ro---0d¢;. (143)

Suppose that for each I, (Z)(fl, -) is a convergent numerical integrator, as defined in
Definition 41.
Consider the following function with respect to a partition A : 0 =tg < t; < -+ <
ts =T )
@A) = d(f ts —ts 1) 00 (1, 11 — o), (144)

where lg = min{l : T} > s}. Then, ¢(-,A) — @(-) uniformly on compact sets as |A| — 0.
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As a consequence of this result, we can conclude that for any H,g4e possessing invariant
UAP, any discrete architecture corresponding to a convergent discretization inherits the
UAP.

Corollary 43 Suppose for a given control family F and a terminal family G that

Hode :={gop:9g€G,p € Ar} (145)

possesses UAP. Moreover, suppose for each f € F, the numerical scheme (Z)f 1§ conver-
gent. We define the discretized attainable set

A]: = {gg(fl,tl—tl_l)0~ . -QS(fl,tl—to) > 0=t <t1 <+ < tl,fl € F}. (146)
Then, the discretized hypothesis space
H:={gop:9cG,cAr}, (147)

corresponding to the deep neural network architecture z't! = qa(fl, tie1—t)(x!) possesses
the UAP.
In addition, if G is G invariant, F is G equivariant, and ¢y is G equivariant for each

f € F, then A possesses the G UAP.

Remark 44 The first part of the above corollary extends the approximations results in
Li et al. (2023) for continuous dynamics to all convergent discretizations. The second
part covers symmetry considerations.

Proof We prove an equivalent result, which does not require t; = T, and the convergence
holds as |A] — 0 and |ts — T'| — 0. For convenience, we partition the product in (144)
into L products 7y, o --- o7y, where 7r; is the composition of (Z)(_flf,tj — tj—1) such that
lj =1.

Without loss of generality, we assume that K = [—k, k]”. We begin by induction on
L. We first prove the base case. By assumption, it holds that ¢, < T, then by definition,
for e there exists §, such that

as |[A| < ¢ and |T —ts] < 4. A direct calculation yields
[B(f, M)z = d(f, T)z| <&+ [(S(f,T —ts) —1d) 0 P, A)]. (149)

The result then follows from the definition of convergence.
Suppose that for ¢ > 0, there exists a sufficiently small 9, if max(t;+1 —1%;) < 6. Then,

(w10 om(x) —¢pr_10--0¢i(x) e (150)

The key idea is to perform a telescope decomposition, i.e., for & € K, the estimation

|(wp oMl —¢ppo®p)x| < |(wp oIl — ¢ oIl )x| + [(pr oIy, — ¢pp 0o ®r)x| (151)
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where
II; =n;_10m,0--- 0y, (152)

and
P, =¢r_10¢r20---0¢1. (153)

By induction, we have [IIyx — ®px| < ¢ < k. Consider
K := {z : dist(z, ®1,(K)) < }. (154)

Then, by the definition of convergence on K, for sufficiently small 6, if max(t;41—t;) < 6,
we have

|(7TLOHL—¢LOHL)$| <e. (155)
For the second term, just using the Lipschitz continuity of @y, then
|(¢r oy, — ¢ o @p)x| < LipPre. (156)

Combining both we conclude the result.
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