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Abstract

Generative Adversarial Networks (GANSs) are a popular method for learning distributions
from data by modeling the target distribution as a function of a known distribution. The
function, often referred to as the generator, is optimized to minimize a chosen distance
measure between the generated and target distributions. One commonly used measure for
this purpose is the Wasserstein distance. However, Wasserstein distance is hard to compute
and optimize, and in practice entropic regularization techniques are used to facilitate its
computation and improve numerical convergence. The influence of regularization on the
learned solution, however, remains not well-understood. In this paper, we study how several
popular entropic regularizations of Wasserstein distance impact the solution learned by a
Wasserstein GAN in a simple benchmark setting where the generator is linear and the
target distribution is high-dimensional Gaussian. We show that entropy regularization of
Wasserstein distance promotes sparsification of the solution, while replacing the Wasserstein
distance with the Sinkhorn divergence recovers the unregularized solution. The significant
benefit of both regularization techniques is that they remove the curse of dimensionality
suffered by Wasserstein distance. We show that in both cases the optimal generator can be
learned to accuracy € with O(1/€?) samples from the target distribution without requiring
to constrain the discriminator. We thus conclude that these regularization techniques can
improve the quality of the generator learned from empirical data in a way that is applicable
for a large class of distributions.
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1. Introduction

Generative Adversarial Networks (GANs) have become a popular framework for learning
data distributions and sampling as they have achieved impressive results in various domains,
including image super resolution (Ledig et al., 2017), image-to-image translation (Isola
et al., 2017), text to image synthesis (Reed et al., 2016) and analyzing social networks (De
et al., 2016). As opposed to traditional methods of fitting a parametric distribution, GANs’
objective is to find a mapping from a known distribution to the unknown data distribution
or its empirical approximation. The mapping is set to a minimizer of a chosen distance
measure between the generated and target distribution.

In the original GAN framework, the distance measure is the Jensen-Shannon divergence
(Goodfellow et al., 2014). This measure was later replaced by the Wasserstein distance
(Arjovsky et al., 2017), and the follow-up works showed that Wasserstein GANs can help
resolve several issues related to the original formulation, such as the lack of continuity, mode
collapse (Arjovsky et al., 2017) and vanishing gradients (Gulrajani et al., 2017).

Despite these advantages, minimizing the Wasserstein distance between the target (data)
and the generated distribution is a computationally challenging task. Indeed, computing
the Wasserstein distance between two empirical distributions involves the resolution of a
linear program whose cost can quickly become prohibitive whenever the size of the support
of these measures or the number of samples exceeds several hundreds. A popular approach
to facilitate the computation of the Wasserstein distance is to regularize it with an entropic
term which makes the problem strongly convex and hence solvable by matrix scaling algo-
rithms (Cuturi, 2013; Balaji et al., 2019). More recent results have shown that this also
results in faster convergence and stability of the first-order methods used for optimizing
Wasserstein GANs (Sanjabi et al., 2018).

However, the impact of these regularization methods on the generator learned by the
Wasserstein GAN remains poorly understood. This is partly due to the fact that GANs
are primarily evaluated on real data, typically images, and although clearly valuable, such
evaluations are often subjective due to lack of clear baselines for benchmarking. In this
paper, we follow the philosophy advocated by Feizi et al. (2017) and focus on a simple
benchmark setting where solutions can be explicitly characterized and compared. Following
Feizi et al. (2017), we assume that the generator is linear and the target distribution is high-
dimensional Gaussian. The population solution for the Wasserstein GAN in this setup has
been characterized by Feizi et al. (2017), who further showed that even in this simple
setting the learning problem suffers from the curse of dimesionality—the empirical solution
learned on n samples of the target distribution converges to the population solution as
Q(n*2/ 4), where d is the dimension of the target distribution support. To resolve this
sample complexity issue, Feizi et al. (2017) then propose to restrict the discriminator to be
quadratic. This insight is arguably based on knowing that the sought target distribution is
Gaussian, in which case the optimal discriminator is indeed quadratic and this restriction
does not impact the optimal generator. However, this insight does not generalize beyond the
linear/Gaussian setting as for non-Gaussian data the generator obtained under a quadratic
discriminator is not necessarily the one minimizing the Wasserstein distance between the
generated and the target distributions.
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In this paper, by focusing on the linear generator and Gaussian distribution setting
(Feizi et al., 2017), we explore how regularization impacts what generator is learned and
how it leads to better generalization. We study two slightly different ways of regularizing:
entropic regularization (Cuturi, 2013) and Sinkhorn divergence (Genevay et al., 2018). Ex-
tending our previous results (Reshetova et al., 2021), we show that the former introduces
bias to the solution as if one were to constrain the nuclear norm of the covariance matrix of
generator’s output distribution, while Sinkhorn divergence results in the same solution as
the unregularized Wasserstein GAN (Feizi et al., 2017). We then show, in the more general
case of sub-gaussian distributions and Lipschitz generators, that these regularizations re-
sult in sample complexity of O4(1/+/n), thus overcoming the curse of dimensionality (Feizi
et al., 2017) without explicitly constraining the discriminator. This indicates that adding
regularization implicitly constrains the discriminator in a way suitable for a large class of
distributions.

2. Preliminaries

In this section, we provide some background on optimal transport and optimal transport
GANSs.

2.1 Wasserstein GANs

Let P(X) be the set of all probability measures with support XC R? and finite second
moments. For Z,) C R? Py € P(Z) and Py € P()), denote by II(Pyz, Py) the set of all
couplings of Pz and Py, that is all joint probability measures from P(Z x )) with marginal
distributions being Pz and Py. The squared Wasserstein distance between Pz, Py € P(R?)
under £9 metric, or simply the squared 2- Wasserstein distance, is defined as

WP B =y, Be 1211 2
Here we denote E; the expectation with respect to the measure 7. Since 7 is a coupling of
Pz, Py, the marginals of (Z,Y") ~ 7 are correspondingly Pz and Py and (1) is well-defined.
It can be verified that 2-Wasserstein distance is a metric between probability distributions
in P(R?); in particular, it is symmetric with respect to its two arguments, satisfies the
triangle inequality, and Wy (Py, Py) = 0.

The main objective of GANSs is to find a mapping G(-), called generator, that comes
from a set of functions G C {G : X — Y} and maps a latent random variable X € X with
some known distribution to a variable Y € Y with some target probability measure Py . In
the population case, we assume that we have access to Py, the true distribution of Y, while
in the empirical case one has access to only a finite sample {Y;}" ;, hence the empirical
distribution of Y. Using the squared 2-Wasserstein distance to measure the dissimilarity

between the generated and target distribution leads to the following learning problem of
GAN, referred to as W2GAN:

in W3 (P, Py). 2
win W (P, Pr) (2)

A remarkable feature of the Wasserstein distance is that strong duality holds for the
minimization problem described in (1), and hence the objective, squared 2-Wasserstein
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distance, in (2) can be equivalently written in its dual form (Villani, 2009, Theorem 5.10
and equation 5.12):

W3 (Po(x), Py) = sup E[{(G(X)) — ¢(Y))]
YeLl (Pg(x)),¢eL! (Py)
P(G(2)—¢(y)<||IG(z)—yl?

=  swp  E[|GX)|? —20(G(X)) +|[Y]* - 26"(Y))]  (3)
¢€Conv(G(X))

where Conv(Z) is the set of all (lower semicontinuous) convex functions on Z and L!(Py)
is the set of all functions whose absolute value has a finite expectation: ¢ € L'(Py) <=
Ellp(2)[] < oc.

Note that the above optimization problem is maximizing a concave objective over a set
of functions (discriminators), instead of optimizing over couplings as in the primal form (1).
This naturally leads to the min-max game formulation of GANs, where the generator seeks
to generate samples that are close to the real data training samples, and it competes with
a discriminator that seeks to distinguish between real and generated samples.

The function ¢ can then be parametrized by a neural network resulting in the following

architecture
Discriminator
oY SR
Generator ™~ loss
G:X Y A w2
Discriminator

¢:G(X) >R

2.2 Entropic Wasserstein GANs

In practice, the Wasserstein distance in (1) is often regularized to facilitate its computation
leading to the entropy regularized 2-Wasserstein distance (Cuturi, 2013):

W2,(Pz,Py)= inf E,[|Z-Y|? + M, (Z;Y 4
o (Pz, Py) el By Il %] (Z;Y) (4)

where the regularization term is the mutual information I;(Z;Y") calculated according to
the the joint distribution w. The corresponding entropic W2GAN is defined as

in W3, (Pox), Pr) - 5

min Wy, (Fax), Pr) (5)

While the entropic Wasserstein distance allows for faster computation, note that it can be

strictly larger than zero even if the generated distribution is exactly the same as the target

distribution, that is W3, (Py, Py) # 0. This issue can be resolved by adding corrective
terms to (4) (see Genevay et al., 2018), which leads to the Sinkhorn divergence:

Sx(Pax): Pr) = Wix(Paix)y, Py) — (Wia(Pacx), Pacx)) + Waa(Py, Py)) /2. (6)
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One can easily check that Sy(Py, Py) = 0 for any Py-. The corresponding Sinkhorn W2GAN
is given by:

min Sy (P, , Py ). 7
min S)(Pe(x), Pr) (7)

Analogous to the case of the Wasserstein distance, the entropic Wasserstein distance
also has a dual formulation which makes it suitable for GAN optimization problems. This
dual formulation does not involve optimizing over all couplings, but instead the search space
is the set of all essentially bounded functions (Chizat et al., 2018):

W3 \(Pa(x), Py) = sup E[(Y) + o(G(X))] + A
Y€ Loo (Py ),#€ Loo (P ()

HCX)+(V) - CX)-YI3
A

- )\E(X,Y)NPX x Py [6 ) (8)

where Lo (Py) is the set of all essentially bounded functions, ¢ € Lo (Py) <= 3C > 0:
P{o(Y)>C}=0.

The so-called dual potentials ¢, can be parametrized by neural networks resulting in

the following architecture
Discriminator
v:Y R
Generator [ loss
G:X—Y W2,
Discriminator

¢:G(X) >R

Note that in (8), there are no constraints on the dual potentials, which makes the dual
form suitable to implement with Neural networks, while 2-Wasserstein distance requires con-
vexity /quadratically bounded differences for the dual potential and 1-Wasserstein distance,
another popular metric used in GANSs, requires Lipschitz continuity of the dual potential.
The constraints on the discriminators then give rise to various heuristics (Korotin et al.
2019; Liu et al. 2019 for 2-Wasserstein GANs; Arjovsky et al. 2017; Wei et al. 2018 for
1-Wasserstein GANSs) since the constraints cannot be handled exactly.

When one of the measures is an empirical distribution supported on {y;}";, which is
often the case in GANSs, only the values of ¢/ on the empirical samples influence the solution,
thus letting 1; = 1(y;) and plugging in the empirical measure in place of Py simplifies (8)
to

WE(Pagen Pr) = sip 3 L E[(GOX))] + A (9)
PERMGE Lo (G(X)) 7 T

" s+ —1G0)—y; 113
—AE Z e X /n
i=1

The above form is especially useful for optimization since one of the parametric functions
becomes a vector.
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Given the optimal dual potentials, the optimal coupling can be found as (Janati et al.,
2020),

B(G(x)+v(»)—lIG(=)—yl3

m(G(x),y) = Pox)(G(x)) Py (y)e A : (10)

Even though we are less interested in the computational aspects of optimal transport in
this paper, we note that the optimal dual potentials for entropy regularized 2-Wasserstein
distance can be shown to satisfy the following equations

¢*(G(z)) = —A\InE {e(w*(y>fuyfa(x>||§)/x] (11)

¥*(y) = —AInE [e@s*(G(x»—\\y—G(X)n%)/A} (12)

Equations (11),(12) give rise to the celebrated Sinkhorn-Knopp algorithm that allows for
fast computation of entropic optimal transport via iterative updates: at iteration t we set,

¢'(G(z)) = —AInE [ewt*l<Y>—||Y—G<z)\\%)/x} (13)
Yi(y) = —AInE [ew(G(X))—nyfc:(X)H%)/A} _ (14)

Since Sinkhorn divergence is a linear combination of entropy-regularized Wasserstein dis-
tances, it also has a dual form and strong duality holds. The dual form of entropy-regularized
2-Wasserstein distance gives rise to an equivalent formulation of the Sinkhorn divergence
as a linear combination of the dual formulations of entropy-regularized 2-Wasserstein dis-
tances. Since WiA(Pg(X), Pg(x)) and W227)\(Py, Py) are symmetric in the dual potentials
and concave, the optimal dual potentials will be equal, that is ¢*(G(z)) = ¥*(G(x)) and
#Y(y) = Y (y) resulting in the following architecture

(=~
1Discriminator!

| . |
Y:Y >R 1Y
————————— 4 \
Discriminator|
Generator p: Yo R ~— loss
G: X =Y Discriminator LA

6:GX) >R

Discriminator
" G(X) > R

The Discriminator ¢¥ is dashed since it depends only on the distribution Py and does not
influence the generator (see Feydy et al., 2019).

3. Population Solution for the Linear/Gaussian Setting

In this section, we aim to compare the optimal solution for GANs when we use the different
measures introduced in the previous section for quantifying the dissimilarity between the
generated and target probability distributions. For this purpose, we focus on the benchmark
setting considered by Feizi et al. (2017), where the generator is linear and the target distri-
bution is Gaussian. The population solution in this setting is the low-dimensional Gaussian
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approximation of a higher-dimensional Gaussian with the regularized 2-Wasserstein distance
as the approximation measure. We can rewrite the general formulation of (2) as:

min W2 (Pax, Py), 15
Goin Wy (Fax, Py) (15)

where the latent random variable X € R”" follows the standard Gaussian distribution
N(0,1,.), the underlying distribution of data ¥ € R? is A/(0, Ky), and the optimization
is over all matrices G € R¥7" with d > r so that the generated distribution is Pgyx.

While this is a toy setting that is almost never encountered in applications, even in
this case the unregularized Wasserstein GAN suffers from the curse of dimensionality (Feizi
et al., 2017). In the case of entropic regularization, the setting leads to a closed-form solution
and an explicit characterization of the impact of the regularization on the generator. The
population solution to the above W2GAN problem has been characterized by Feizi et al.
(2017) as the r-PCA solution of Y, i.e. the covariance matrix Kg«x for Pg+x, where G*
denotes the minimizer of (15), is a rank-r matrix whose top r eigenvalues and eigenvectors
are the same as those of Ky-.

We next show that adding entropic regularization to the W2GAN objective changes this
solution to a soft-thresholded r-PCA solution of Y as shown by the following theorem.

Theorem 1 Let Y ~ N(0,Ky) and X ~ N(0,1,) where r < d. The population solution
Pg+x to the entropic W2GAN problem

min W2, (Pax, Py), 16
i Wi (Pex, Py) (16)

is given by a soft-thresholded r-PCA solution of Y, i.e., the covariance matriz Kg«x for
Pg+x, where G* denotes now the minimizer of (16), is a rank-r matriz whose top r eigen-
vectors are the same as those of Ky and the top v eigenvalues are

o2 = (N(Ky) = M\2)4 for ie[l:7],

2

where (x)4 = max{z,0} and {\(Ky)},_, are the top r eigenvalues of Ky .

Note that the population solution for the entropic W2GAN is not the same as that for
the unregularized W2GAN, which is not surprising as they optimize two different objective
functions. Nevertheless, Theorem 1 reveals that in the linear/Gaussian case, there is a nat-
ural relationship between the two solutions as the former turns out to be a soft-thresholded
version of the latter. Note that the soft-thresholding promotes sparsity in the eigenvalues
of the covariance matrix of the generated distribution since if many of the eigenvalues of
Ky are below the threshold A\/2 the rank of Kg+x can be significantly smaller than Ky-.

We would like to emphasize that the sparsity is with respect to the generator function
and thus the output distribution covariance matrix. If sparsity is considered in terms of the
optimal transport plan, we note that entropic regularization can compromise the sparsity
that would appear in the unregularized optimal transport plan as shown by Blondel et al.
(2018, Figure 1). This is intuitive as entropic regularization forces a certain amount of
randomization in the transport plan.
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We note that soft thresholding of singular values arises as the optimal solution to a
different problem that has been studied in the context of low rank matrix completion.
Consider the problem:

min ||Kz — Ky + A Kz|,
Ky €Rdxd

where || - ||« is the nuclear norm, i.e. the sum of all singular values of a matrix, which can be
regarded as a relaxation of a low rank constraint. The solution of this problem is shown to
be the soft thresholded PCA solution for r = d, (see Cai et al., 2010, Theorem 2.1), namely
K7 and Ky share the same eigenvectors with corresponding eigenvalues thresholded as in
Theorem 1. We note that even though the two problems interestingly lead to the same
solution, they are different problems and this result cannot be applied to a more general or
the empirical setting.

We next investigate the population solution for the Sinkhorn W2GAN and show that,
while it is not the case in general, when restricted to the linear/Gaussian benchmark, sur-
prisingly Sinkhorn W2GAN does recover the regular PCA solution as shown in the following
theorem. We remark that this is not a simple consequence of the property S\(Py, Py) =0
for any Py of the Sinkhorn divergence, as in the current setting the Sinkhorn divergence
between the optimal generated and target distributions is non-zero. However, it does sug-
gest that the Sinkhorn divergence can lead to solutions closer to the target distribution,
while also possessing other favorable qualities like unbiasedness and sample complexity, as
we investigate in the following section.

Theorem 2 Let Y ~ N(0,Ky) and X ~ N(0, 1) where r < d. The population solution
Pg+x to the Sinkhorn W2GAN problem given by

min S (Pgx, Py),
GeRdX’V‘

is given by the r-PCA solution of Y.

3.1 Proofs of Theorems 1 and 2

Proof [Proof of Theorem 1] Let Z = GX, where G € R¥". Since X ~ N(0,1,), Py is
a d-dimensional Gaussian distribution whose covariance matrix Kz has rank less than or
equal to r. For any such Py, denote by Sz the r-dimensional subspace that contains the
support of Z. For any Y € R%, let Ys, and YS§ be respectively the projections of Y onto
Sz and its orthogonal complement S% so that Y =Ys, +YS§' Note that for a fixed G, Ys,
and Yg L can be computed given Y. The entropy regularized 2-Wasserstein distance is then

W3 \(Py, Pz) = WeHI(T}jQPZ)Ew[HZ —Y|?’] + AW(Z;Y)
= Engrggljgﬂm(z ~Ys,) = Y5 I!] + AR Z;Y)
=ﬂenr(rgapgw[llZ—Yszllz} +E[Ys ] +AR(Z:Y) (17)
ienr{lﬁfpg”[”z — Y5, |P] +E[Ys. I + AHZ: Ys,). (18)
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The last equality above holds because I:(Z;Y) = I.(Z;Ys,, Ysé) > I1.(Z;Ys,) and
moreover, for any coupling m, one can construct n' such that 7'(Z,Ys,, Ysé) =
m(Z, YSZ)Tr(YS% |Ys,), ie. Z—Ys, — Y1 forms a Markov chain. Note that 7/ preserves the
values of the first two terms in (17) while I+ (Z;Ys,, Ysé) =1:(Z;Ys,).

Consider the optimization problem in the entropic W2GAN, i.e. minp, e, W22 \(Py, Pz),
where the optimization is over the set Ny, of all d-dimensional Gaussian distributions with
rank not exceeding r. In light of (18), the above is

Segd}(ﬁjﬁsgﬂllz — Ys|*] + E[|Ys: [I%] + M (Z; Ys), (19)

PZENd,'r: A=)
WEH(PY7P2)

where Sy is the set of all subspaces of R?. To solve (19) we first fix S. If columns of U € RI¥"
form an orthonormal basis of S, i.e. S =1ImU and UTU = I, we replace Z and Ys in (19)
by UTZ and UTY respectively. To find optimal 7, Pz for S we then solve

min E(|UTZ - UMY |P] + M(UT Z;UTY) = E[UTY [P+ E[[Y]*]  (20)

Pze./\/'dJ:ZEIIn(U)
WEH(PZ7Py)

Let Z=UTZ and Y = UTY, and let Nr,r be the set of all r-dimensional Gaussian distri-
butions. Then solving Problem (20) is equivalent to solving

i i E:[|1Z —Y|?] + M. (Z;Y 21

plily | min all 1]+ M= (Z;Y) (21)

We will proceed by first lower bounding (21) and then providing the coupling and P
that achieve the lower bound.

WLOG, we can assume Y has diagonal covariance matrix Ky = diag(Aq,...,A,), where
the diagonal elements are in decreasing order. Since Y is also Gaussian this implies that
its components are independent. This in turn implies that I.(Z;Y) > "', I.(Z;;Y;), and
hence (21) can be lower bounded by

i in  E.[|Z Y|+ \.(Z;Y
plly i all 7]+ A= (Z:Y)

T

> mi i E. [(Z; — Y + M. (Z;:Y; 22
_PZHGI}\I}T,TWGHI(HP}ZH,PY); mil(Zi )7+ M (233 Yi) (22)

Note that for fixed Gaussian Pz, Py and cross-covariance matrix Ky the first term
in (21) is fixed and the mutual information term is minimized when 7 is jointly Gaussian,
ie. m € N(Pz, Py), where N(u,v) denotes a set of jointly Gaussian distributions with

marginals y1,v. Therefore the minimization in (22) can be restricted to m € N (Pz, Py). If
we let D; = E(Y; — Z;)?, this in turn yields

I+.(Z3;Y) = MY;) — h(Yi] Z;)
= h(Y;) — h(Yi - Zi| Zy)
> h(Y;) — W(Y; — Zi) (23)
= (1/2) In(As/ Ds),
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where (23) follows from the fact that conditioning reduces entropy. Since mutual information
is non-negative, we can tighten the bound to I, (Z;;Y;) > max{0, (1/2) In(A;/D;}.
Thus, continuing the lower bound from (22) we get

min min B[ Z - Y|J!] + M. (Z;Y)
PzeN well(P;,Py)

> Z g}iz% D; + (A\/2) max{In(A;/D;),0}

r

= 2 0<Ilr)11n D; + (\/2)In(A;/D;) (24)
= ZO<%1H<1A 9(Di) + (A/2) In(Ay),

where (24) follows from the fact that increasing D; beyond A; leaves the second summand
the same, while increases the first one, so the minimum is attained at D; < A; and g(z) =
x—A2Inz. As ¢'(z) = 1 - \/(2z) < 0 for x < A\/2, the optimal value is attained at
D; = D! = min{\/2, A;} and plugging it into the bound we get

i in = E|Z-Y|* +\L(Z;Y o5
Pl in, ExllZ = YIF+ A (ZY) (25)
> Zmin{A/Z A} 4+ (N/2) In(A;/ min{\/2, A;}) (26)

i=1

To prove that the lower bound holds with equality we need (23) to hold with equal-
ity, i.e. Y; — Z; be independent of Z;, so we can choose ¥ = Z 4+ N, where N ~
N(0, diag({min{A\/2, A;}}7_;) independent of Z. Note that since the distribution of Y is
fixed, this in turn fixes the distribution of Z. With this choice of a coupling

Ex[||Z = Y|?] = E[||N||?] ZD*
I(Z;Y)=h(Y)—hY — Z | Z)
= h(Y) — h(N)
= (1/2)) " In(A;) — In(D;)
=1
Combining the above we get
El||Z — Y||?] + Mqx( me{x/z Ay + (A/2) Z In(A;/ min{\/2, A;}),
i=1

which matches the lower bound in (25), so Y = Z + N with N ~ N(0,diag({D;}}_;))
independent of Z is the optimal coupling.

10
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Before we continue with the proof we make the following remark. Note that when the
condition Py € N,., is dropped we get a lower bound on (21):

Wiwer = minEx[|Z = Y|*) + X(Z;Y) (27)

ZIv

Introduction of a new variable D = E||Z — Y||2 leads to the following optimization problem:

min D+ M\ (Z;Y)
1% o
subject to D =E[||Z - Y|?]

D>0

Note that the equality in the constraints can be relaxed to an inequality since the objective
is linear in D, which leads to

min D+ M\.(Z;Y)

TZ|Y>» B _

subject to D > E[||Z — Y ||?] (28)
D >0

Finally we can rewrite the full minimization over 77y, D as a consecutive one, which leads
to

Wiower = min {D + A min_ I.(Z; 17)} (29)
D20 w217 El|Z-Y|?<D

The inner minimization problem is exactly the Gaussian rate distortion problem (Cover,
1999, Eq. 10.38) that can be solved by noting that the mutual information term is minimized
for a Gaussian distribution, plugging the value of the mutual information in and writing
down the Karush-Kuhn-Tucker optimality conditions. The solution for this problem is given
by reverse waterfilling (Cover, 1999, Theorem 10.3.3), under which the optimal P; is an
r-dimensional Gaussian which matches the solution we have obtained in (26).

The entropic W2GAN optimization problem (19) is then equivalent to minimizing (26)
over the set of all r—dimensional subspaces of R% :

A

2
min{Ai, )\/2} +E[HY(ImU)LH ]

- A
i in{A;, \/2) + 21
Ugﬁaglxr;mm{ /2} 5 In

~ min (Ai +A/2 — max{As, \/2} + %ln W) +E{Yim oy |

UcRdxr i1
o~ [\, max{A;,\/2} A 9
_ A A A2y Aoa2b) + 2Ry
e 2 <2 VG max{A;, A/ }> + HE[IY]]

where the optimization is over all U € R4 guch that UTU = I, and UTKyU =
diag(Aq,...,A,). We now let

f(A) = (A/2) In (max{A;, \/2}/ (A/2)) — max{A;, A/2},

11
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and complete the proof by showing

r r

min D F) =D F(EY)). (30)

UERdXT:UTKyU:diag(Ai,...,Ar) i—1 i—1

where [A1(Ky),..., \(Ky)] are the largest r eigenvalues of Ky-.

Indeed, for each U we can construct an orthogonal matrix U’ = [U U] € R™? with the
first r columns equal to U. Then the first r diagonal elements of U TKyU are Aj...Ay,
let the rest be A,y ...Aq. The eigenvalues of U7 Ky U’ are A1 (Ky) ... \q(Ky). By the fact
that the diagonal entries of a symmetric matrix are majorized by its eigenvalues (Marshall
et al., 1979, Theorem 9.B.1), we have

{AYE < {N(Ky) e,

where < denotes majorization, i.e. for z,y € R%:

r T d d
r<y <= Vr<d: Za:(i) < Zy(i) and sz = Zym
i=1 i=1 i=1 i=1

where x(;) is the i-th largest element of the vector z.
Therefore,

7’, T‘/ T‘/
DAY Ap <D N(Ky), W<
i=1 i=1 i=1
and
{Aiticy <w {M(Ky) o,
where <, denotes weak majorization, i.e. for x,y € R" :

,r,l ,r,l

T =<py = V' <r: inSZyi.
i=1 i=1

We can now use the majorizing inequality (see Marshall et al., 1979, Proposition 4.B.2)
to complete the proof.

Proposition 3 (Majorizing inequality) The inequality

> g(xi) <> gvi) (31)

holds for all continuous non-decreasing convex functions g if and only if + <y Y.

Note that —f is a continuous non-decreasing convex function and
{Aitizt <w {Mi(Ky) iz,

thus by the proposition

Zf(/\z‘(KY)) < Zf(Ai)-

12
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Therefore, columns of the optimal U are the top r eigenvectors of Ky, and the optimal Pz
has covariance matrix given by

Kz = U[dlag(a%, ) Uz)lorx(dfr)]UT

where 02 = (\i(Ky) — \/2) 4. [ |

Proof [Proof of Theorem 2] From (18) in the proof of Theorem 1, we have for given G and
S =ImdG,

WiA(Pz, Py) —E[|Ys:|P] = min  E[|Z - Ys|[’] + \(Z;Ys) = W3,\(Pz, Pys),
WGH(Pz,PYS)

and therefore for the Sinkhorn divergence,
S\(Pz, Py) —E|Ys1|3 = W3\(Pz, Pys) — (W3x(Pz, Pz) + Wi\(Py, Py))/2
= SA(P27 PYS) + (WQQ,)\(Pst PYS) - WZQ,A(PYv PY))/27 (32)

which follows from the definition of Sinkhorn divergence.

Consider the optimization problem in the Sinkhorn divergence GAN;, i.e. minp, Sx(Pz, Py ).
In light of (32), given Z € S the optimal Pz should be Py, which makes the first term in
(32) zero while the remaining terms do not depend on Pz. Therefore, it only remains to
optimize over &, and in particular, the problem reduces to

i W2, (Py., Py.)/2 + E|YeL]2. 33
&sﬁi&s)gr oA (FPys, Prs)/2 + E[[Ys.l3 (33)

To calculate W2, (Pyg, Pys) we use the result of Janati et al. (2020, Theorem 1) stated
below.

Proposition 4 (Entropy-regularized Wasserstein distance for Gaussian measures)
Let Kx, Ky € R¥™9 be positive definite and X ~ N (ux, Kx) andY ~ N(uy, Ky). Define
D, = (442 Ky Az + X\21/4)2. Then,

W3 (@, 8) =[x — py[]* + Te(Kx) + Te(Ky) — Tr(Dy)
A A
+ 5 (d(l —log A\) + log det (D,\ + 2))
With this proposition the objective function in (33) becomes

W3\ (Pys, Prg) /2 + E|Yso|3 = Tr Ky, + Tr Kys — Tr((4K3, + N2T/4)12) /2
+ Andet((4K2, + A21/4)" % £ A1/2) /44 C

I T2 D T S U B S Ch N

where A; is the ith eigenvalue of U TKYSU for some U € R guch that ImU = S and
UTU = I,, C is a constant depending only on X\ and d and C' = Tr K + C. The above is

13



RESHETOVA, Bal, Wu, AND OzGUR

minimized when A; = \;(Ky) using a similar argument as the one for showing (30), i.e., by
using the majorizing inequality and noting that for the function

f(z) = V422 + X2/4/2 — Nn(\/42? + X2 /4 + N /2) /4,

—f(x) is convex and non-decreasing for A > 0 and = > 0. [ |

4. Generalization of the Empirical Solution

In this section we discuss the generalization capability of the empirical solutions for
W2GAN, entropic W2GAN and Sinkhorn W2GAN, respectively. Note that in the pop-
ulation case, the underlying distribution of data Py was known in the GAN formulations
(2), (5) and (7). In contrast, here we consider the finite sample case, where empirical distri-
bution Q} extracted from sample 3 = {y;}7_, is used in the GAN objective (2), (5) and (7)
to approximate Py. We are interested in how fast the empirical solution Pg, (x) converges
to the population solution Pg«(x).

It was shown by Feizi et al. (2017) that even in our simple benchmark when generators
are linear and data distribution is high-dimensional Gaussian, the convergence for W2GAN
is slow in the sense that the excess risk

That is, to decrease the excess risk by a constant factor the number of samples has to
be increased by a factor of 24 and hence the generalization capability of W2GAN suffers
from the curse of dimensionality. To overcome this, Feizi et al. (2017) proposed to constrain
the set of discriminators for W2GAN to quadratic. This was motivated by the observation
that constraining the discriminator to be quadratic will not affect the population solution in
the Gaussian setting because the optimal discriminator for W2GAN is indeed quadratic in
this case. On the other hand, it was shown that this constraint will lead to fast convergence
to the optimal solution of (1) when the generator is linear and the data distribution is high-
dimensional Gaussian. More precisely, the convergence is of order Od(nfl/ 2) and hence the
issue of curse of dimensionality is resolved in this case.

While constraining the discriminator to be quadratic as done by Feizi et al. (2017) is
conceptually appealing and works for the setup of linear generators and Gaussian data,
this insight does not generalize beyond this special case, i.e. for non-Gaussian data the
generator obtained under a quadratic discriminator is not necessarily the one minimizing
the 2-Wasserstein distance between the generated and the target distributions and in general
can be far from optimality.

In this section, We show in theorems 6 and 7 that under mild conditions on the underly-
ing distribution of data, the latent random variable and the set of generators, convergence
of order O4(n~'/?) can be achieved for entropic W2GAN and Sinkhorn W2GAN without
the need to constrain the discriminator.

The parametric rate of convergence of entropy-regularized 2-Wasserstein distance (4)
was first discovered in the seminal work of Mena and Niles-Weed (2019). Our work extends
their result to the setting of GANSs, the entropic W2GAN, and the Sinkhorn W2GAN in

14
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particular. In the remainder of this section, we first state the result of Mena and Niles-Weed
(2019), then we formally state our generalization results and overview the proof technique
discussing why these results cannot be directly applied to the framework of GANs. Finally,
we provide the full formal proof in subsection 4.4.

4.1 Convergence Rate of Entropic 2-Wasserstein Distance

To formally state the results for the convergence rate, let us first recall the definition of
sub-Gaussianity. A distribution Py is o2 sub-gaussian for o > 0 if

E exp (HXHQ/(QTO'Z)) < 2.

Let
UQ(X):HHH{O'Z O‘Eexp(HXHQ/(QrUz)) <2},

denote the sub-gaussian parameter of the distribution of X.

We note that the definition of the Entropic Wasserstein distance in this work differs
from the definition of Mena and Niles-Weed (2019) by a factor of 1/2 in the cost function:
they define an entropy-regularized 2-Wasserstein distance between Px and Py as

1

inf  ZE[|X - Y|]!] + M. (X,Y),
WEH(Px,Py) 2

so all the results of Mena and Niles-Weed (2019) apply to (1/2)W3,, (Px, Py) in our setting.

We state their main result below by modifying it for this factor of 1/2 in the regularization

strength and cost function.

Proposition 5 (Mena and Niles-Weed 2019,Corollary 1 of Theorem 2) If Py and
Py are 0 sub-gaussian, then

E [|[W3\(Pz, Q%) — WiA(Pz, Py)|] < Kghn™2(1+ (202 /) P4/4153) (34)
where K4 1s a constant depending on the dimension.

This result establishes the convergence rate of the entropy-regularized Wasserstein dis-
tance to be of order O4(1/4/n) (ignoring the dimension-dependent constants) compared to
Q(n=2/%) known for the unregularized version of the Wasserstein distance (Dudley, 1969).
It is also worth noting, that though the dimension was removed from the exponent of n,
the dependence of the constant Ky in (34) still remains exponential in the dimension.

4.2 Generalization Results

We show the generalization of entropic W2GANs and Sinkhorn GANs by providing an upper
bound on their excess risk, which shows how far the true loss of the empirical solution
Gy, (the solution found from the empirical distribution) is from the loss function of the
population solution G*. We consider sub-gaussian latent and target distribution and star-
shaped generator sets, the definition for which we provide below.

A set of generators G is said to be star-shaped with a center at 0 if a line segment
between 0 and G € G also lies in G, i.e.

GegG = aGeGVacel,l]. (35)
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Note that this includes the set of all linear generators considered in the last section as a
trivial case, as well as the set of linear functions with a bounded norm or a fixed dimension.
This also includes the set of all L-Lipschitz functions as another example.

Theorem 6 Let PK71/2X and Py be sub-gaussian and the gemerator set G be a set of
X

linear functions satisfying condition (35). Then the excess risk for entropic W2GAN can
be bounded by

E[W3\(Pa,x), Pr) — WiA(Po(x) Pr)] < Kadn™ V2 (1+ (272 /2)PY4143),

where T2 = maX{O'Q(K;(l/QX)O'Q(Y),GQ(Y)} and Kgq is a dimension dependent constant.

Similar results also hold for the set of Lipschitz generators and extend to the Sinkhorn
W2GAN.

Theorem 7 Let Px and Py be sub-Gaussian and the set of generators G consist of L-
Lipschitz functions, i.e. |G(X1) — G(X2)|| < L|| X1 — Xa|| for any X1, X2 in the support of
Px and let G satisfy (35). Then the excess risk for entropic W2GAN

E[W3\(Pa, (x): Py) = Wi \(Pe(x), Py)]
and that for Sinkhorn W2GAN
E[Sx(Pe, (x), Pr) — Sx(Pg+(x), Pr)]
can be both upper bounded by
KA ™V2 (1 4 (272 /2) [P4/4143) (36)
with 72 = max{L?0%(X),o%(Y)}.

The above theorems essentially say that under certain mild conditions on the latent
and target distributions and the set of generators G, the excess risks for entropic W2GAN
and Sinkhorn W2GAN converge to zero at speed O4(1/+/n). From the perspective of Feizi
et al. (2017) mentioned earlier, this may suggest that the set of possible discriminators is
implicitly constrained due to the entropic regularization term used in the primal form of
entropy regularized 2-Wasserstein distance.

It is worth mentioning that a related result was proved by Luise et al. (2020, Theorem
2). However, their framework is different from ours as they focus on latent distribution
learning and assume that the target distribution is supported on a low-dimensional mani-
fold of dimension r, in which case they are able to provide convergence rates that depend
on the latent dimension r rather than the ambient dimension d. We note that both results
can be applied to the special case r = d in our setting, i.e., when the target and latent
distributions are of the same dimensionality. In this special case, both the results of Luise
et al. (2020, Theorem 2) and our results in Theorems 6 and 7 above yield similar conver-
gence rates but Luise et al. (2020, Theorem 2) require significantly stronger conditions for
the set of generator functions G. In particular, they require any G € G to be [d/2] + 1
times continuously differentiable with all partial derivatives uniformly bounded with some
constant 7 : [|G||[4/2141,00 < 7- Namely, it does not apply to G being the set of all linear
functions or L—Lipschitz functions unless r» = 1.

16



UNDERSTANDING ENTROPIC REGULARIZATION IN GANS

4.3 Overview of Proofs of Theorems 6 and 7

We first note that Proposition 5 (Mena and Niles-Weed, 2019, Theorem 2) cannot be directly
used to bound the excess risk for GANs. Consider the standard way to bound it, which is
to decompose the quantity under the expectation into two following terms:

W3 (P, (x)s Pr) = Wis(Pas(x), Py) = (W3x(Pas(x), Q%) — Wi \(Pa(x), Py))
+ (W3 (Pa,x) Pr) — W3, (Pa=(x), Q%))
< (Wi A(Por(x Qy) W3 \(Pe(x) PY)) (37)
+ (Wix(Pa,x), Pr) = Wix(Pa,(x), Q%))

where the second inequality holds due to the optimality of G,,. Now, the expected value of
the first summand in (37) can be upper bounded with (34) provided that Pg-(x) and Py
are o2 sub-gaussian. However, the expectation of the second summand in (37) cannot be
bounded in the same way, primarily because the distribution Pg, x) now depends on Q..
Additionally, in the case of linear generators discussed in Section 3, there is no known finite
bound on the sub-gaussian norm of the generated distribution as supg ¢g 02(Gn(X)) = oo,
so even if the dependence of G, and the sample )}- was negligible, further bounds on the
sub-gaussian parameter of empirical solution would be necessary.

Instead of following this approach, we rely on the fact that Theorem 2 of Mena and
Niles-Weed (2019) itself relies on a covering number bound of the set of admissible dual
potentials (8), which can be used to separate the dependent G,, and the sample through
a union bound over the covering. In particular, Mena and Niles-Weed (2019) show that
it Pz, Py, and ()} are all 72 sub-gaussian distributions, equivalently &2 is the maximum
sub-gaussian parameter for these three distributions, then for s = [d/2]41 and for a certain
set of smooth functions F* defined formally in proposition 9 it holds almost surely that

|W22,2(PZ,QT}Z’) - WQQ,Q(PZ7PY)| < 4fsup
€Fs

Ey~py f(Y) =By o F(Y)| (1 +5%).  (38)

The sub-Gaussian parameter in (38) is random and depends on the sample. We can set Pz =
Pg,(x) as long as FPg, (x) is guaranteed to be sub-gaussian with some random parameter
&, which holds for any Lipschitz G,. This bound comes from the dual form and the fact
that one can choose the dual potential f that is smooth and satisfies f/(1 4+ %) € F*. It
is also important to note that F* depends on s (and hence the dimension) but not on the
sub-Gaussian parameter 6. We note that we used A = 2 in (38), because by rescaling the
distributions and the loss function one can obtain a bound for any A based on the one for
A = 2 as we will show in the proof of Proposition 5.

Now, one can take the expectation of both sides of (38) and apply Cauchy-Schwartz
inequality to completely separate the dependent ¢ and )y, which leads to

E|W3y(Pa, (x): Q%) — Wao(Pa,(2), Pr)]

<4,|E | sup

feFs

By fV) — By _gn f(if)(2 E[(1+ 3%, (39)
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Here the first term in the product also appears in the proof of Theorem 2 by Mena
and Niles-Weed (2019), for which the authors provide an upper bound which we state as
Proposition 10:

1
< Cdi(l + U2d+4)7
n

E | sup [By~r, f(Y) = g S0

sup
feFs

where o is the sub-gaussian parameter of the distribution Py and Cy is the dimension-
dependent constant. Finally, redefining the constant, simplifying, and plugging the above
into (38) gives

E|W3o(Pa, (x) Q%) — Wao(Pa,(2), Pr)]
i(1+02d+4 E[&&s]).

vn

Now, the only thing left is to bound the 6s-order moment of the sub-Gaussian parameter

5% = max{o?(Gn(X)),02(Y),0%(Y)} with Y ~ Q%. By redefining C; again one can simplify

the above to

< Cy

E|W3y(Pa, (x) Q%) — Wao(Pa,(2), Py)|

<o (1 + o* max (B [02(Gn(X))] .E [02(7)] ,aQ(Y)SS}l/ 2) (40)

NG

The moments of the empirical distribution’s sub-Gaussian parameter ¢%(Y") were bounded
by Mena and Niles-Weed (2019, Lemma 4) stated here as Proposition 11 and give the

following: E {02(?)35} < 2(3s)350%(Y)3s.
We next overview how we bound o2(G),) under the conditions of Theorem 6. First,
we upper bound Ex~ p, [[|Gn(X)|/?]. Since G, is the empirical solution, for any G € G it

holds that W3, (Pg,, (x), Q%) < W3y (Pa(x), Q%) Now since aGy, € G is a feasible point by
assumption (35) it holds that

1= a" = argmingepp,1) Wia(Pac, (x), @Y)

as if o # 1 then G = aG,, gives a smaller loss and G,, is not optimal. The optimality
condition leads to E [[|G,(X)|*] < Tr Ky, where Ky is the covariance matrix of Y as
we show in Lemma 12. Since G, is also hnear plugging it into the expectation gives a
bound of ¢?(G, (X)) < Tr KQUQ(K)_(lﬂX) as also shown in Lemma 12. Finally the fact
that Tr(Ky ) < 2do? (Y) obtained by Jensen’s inequality as shown in lemma 13 allows us to
bound 02(Gp(X)) < UQ(K;(UQX)UQ(Y). Plugging these bounds into (40) proves theorem
6. The bound of 0?(G, (X)) under the conditions of Theorem 7 is similar, but requires
separating out the G, (0) in W2 2 (Pa, (x), Qy) and bounding the difference for the translated
generator function G, (X) — Gn( ) and then establishing the rate for the term added by
Gr(0). We next proceed with the formal version of the proofs.
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4.4 Proofs

In this section we use ()} to denote the random empirical distribution extracted from
a sample J = {y;}7; ~ PZ" unless stated otherwise. We also use Ey[] denotes the

expectation conditioned on the sample Y and let
O';(Y) = min{o >0 Ey exp(||Y %/ (2ro?)) < 2}

be the sub-gaussian parameter of the distribution of Y conditioned on the sample.

Note that to be able to apply the result of Mena and Niles-Weed (2019) we first need to
bound the sub-gaussian norm of the output distributions o?(G*(X)) and 02(G,(X)) since
supgeg 02(G(X)) = co. We do this in lemmas 12, 13. The rest of the proof follows the
proof of Theorem 2 by Mena and Niles-Weed (2019) with the additional constraint that
0;(Gn(X)) and @} are dependent.

To prove the theorem we will need several intermediate results from the proof of Theorem
2 by Mena and Niles-Weed (2019) and two lemmas specific to our setting, and we state them
in the following subsection.

4.4.1 FAcTs INTRODUCED BY MENA AND NILES-WEED (2019) AND ADDITIONAL
LEMMAS

Proposition 8 (Mena and Niles-Weed, 2019, Proposition 2) Let Px, Py and QY all be &2
sub-gaussian distributions for a possibly random &% € [0;+00). Then for a set of functions
F denoting ||Py — QY ||r = supsep [Ey~p, [f(Y)] — ]E}A,NQ,; [f(Y)]| it holds that

(1/2) [W3a(Px, Q%) — Wi (Px, Py)| < 2| Py — QY| %,
where F5 is a set of functions satisfying for some constants Cy, 4, depending on k and d only
and for any multi-index « with |o| = k
1+0* if k=0

oF (o +o?)F  otherwise

[D(f = (1/2)]l - IIP)(2)] < Crq {

if ||| < Vdo and

1D(f = (1/2)]1 - %) ()]
o 1O k=0
= Tk ob(\/o|z| + ol|z|))*  otherwise

if 2]l > Vdo.

Note that we also included the definition of Fs from Proposition 1 of Mena and Niles-
Weed (2019) into the above. The proposition cannot be used directly for proving the result
since the norm depends on the random sub-gaussian parameter ¢. To overcome that we use
the following proposition that will help decouple the norm and the random sub-gaussian
parameter.
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Proposition 9 Let Px, Py and QY all be 5% sub-gaussian distributions for a possibly ran-
dom &2 € [0;4+00). Let for s > 2 F* be a set of functions satisfying

()] < Coa(l+ |lz]?)
[D%f(2)| < Csa(l +[lz]*) Va: o] <s

for some constant Cs 4 that depends only on s,d. Then
[W3a(Px, Q3) — W3,y (Px, Py)| < 4[|Py — Q% [l 7(1 +6%)

The proof of the proposition follows some of the steps of the proof of Theorem 2 by Mena
and Niles-Weed (2019) and is provided here for completeness.
Proof Note that for large enough constants Cs 4 (Cs g x d 4+ maxj<s 2kC,’€’d, where C’,’g’d

come from the definition of Fj2) for any f € Fz it holds that — s f € F°. Combining

1463
this with Proposition 8 we get
[W35(Px, Q%) — W3y(Px, Py)|
<A4||Py — QY5
g 3 f(Y) }_ ) [ fY) }
= (1+U )fseu]l-—)& EYNPY|:1_|’_6—3S EYNQ?/ 1+0~—3s

< (145%) o By py [f(YV)] = Eggp [F (V)]

= 4Py - Q¥ll7(1+5%)

The proof of Mena and Niles-Weed (2019, Theorem 2) also uses a covering number for F;
to bound E[|| Py — Q%||%:]. Since the result will be used in the proofs of Theorems 6 and 7,
we will state it here.

Proposition 10 (Mena and Niles-Weed 2019, Proof of Theorem 2, page 8; Giné and Nickl
2021) For s = [d/2] + 1, for Py being o sub-gaussian and Fs defined in proposition 9 it
holds that

1
E[||Py — Qv %] < Ca—(14 0™

Finally, we state here (Mena and Niles-Weed, 2019, Lemma 4) that helps bound the even
moments of the sub-gaussian parameter 62 of the (random) empirical distribution Q%.

Proposition 11 (Mena and Niles-Weed, 2019, Lemma 4) If Y is 0% sub-gaussian then Qy
is 52 sub-gaussian with

E[a_Qk] < 2kk0_2k

for any positive integer k,
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To prove the theorem we will also need the following lemmas connected to the properties

of G(X).
Lemma 12 Under the assumption (35) the optimal generator

G* = in W2, (Pax), P
arg min 5 \(Paix): Pz)

for Z € R? satisfies E [||G*(X)|13] < Tr Kz, and if G* is linear then G*(X) is sub-Gaussian
with 02(G*(X)) < rd ' Tr K ;0 (K"/* X).

Proof Assume that ¢? = E [[|G*(X)[|3] > 0. If assumption (35) holds then for any a €
[0,1] : aG* € G. Consider G*(X) = G*(X)/g. By optimality of G* for the optimal coupling
T

= in W2,(P_Au s, P
= gy sl Foc-o F2)

=arg min Ey 7= [Haé*(X) — ZH%} + M (G(X); 2)
a€l0,g]

= arg min 0? +E [|| Z|2] - 20Ex zn- [G’*(X)TZ} FA(G(X); Z)
aec|0,9
The above problem is minimization of a quadratic function thus
g = a* = min {g,Ex,Zwﬁ* [é*(X)TZ]} < \/m,

so E[||G*(X)|3] < Tr Kz. For a linear G* : E[|G*X|3] = Tt G*TG* K x = ||G*K)1(/2||% <
Tr Ky for 72 = L[d(”ﬂ <K§1/2X)
K2 X3

1/2,.—1/2 2 —1/2 2 X
la* x |13 lG* K"K /7 X3 TrKz|Ky /X5 2m2(K_1/2X>
EC 2dr2 :Ee 2dr2 SEe 2dr2 = X

<2

Lemma 13 For a sub-gaussian Z € R? the covariance matriz trace is bounded as Tr K 7z <
2do*(Z).

Proof

2 2
1Z115 1Z115

N2> InEe22@ > Ine 2e2@ = Tr Kz/ (2do*(Z)) .

The first inequality follows from Z being sub-Gaussian and the second one is Jensen’s in-
equality. |
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4.4.2 PROOF OF THEOREMS 6 AND 7

Proof [Proof of Theorem 6] The proof is based on the proof of Theorem 2 by Mena and
Niles-Weed (2019). Denote Cy; constants depending on the dimension d as we are not
aiming to find the exact dependence of the bound from the dimension. Let A = 2, we
will generalize to A\ # 2 exacly as we did in the proof of Proposition 5. First, we rewrite
d\(G*,Gy) = W22,)\(PGn(X)7 Py) — W227/\(PG*(X), Py) to fit Proposition 5:
d\(G*,Grn) = (W3 A(Pa+(x), Q%) — Wi \(Pa=(x), Py))
+ (W3 A (Pa,(x), Pr) — Wi A\ (Pe(x), Q%))
< (Wi \(Pg(x), Q%) — W3y (Pg+(x), Py))

+ (Wia(Pa,(x), Pr) — Wix(Pg,(x), Q%)) (41)

Let 12 = maX{QTU‘Z(K)_(l/2X)O'2(Y),O'Q(Y)} < 2r72. Then

0% (G*(X)) < rd ™' Tr Kyo? (K X)
< 2r0* (K P X)o? (V) < 02,

with the inequalities following from Lemmas 12, 13 and the definition of v2. By Proposition
5 applied to the expectation of the first difference in (41):

E [[W3 (P (x), Q%) — Wi A(Pg+(x), Pr)|]
< Cd’Qn—l/z(l i (Vz)(5d/41+3)’ (42)
As G,, depends on the sample, the proposition cannot be applied directly to the second

difference, but by Proposition 9 for 52 = max{a% (Gn(X)) ,0’?}(?), c?(Y)} and s = [d/2] +
1:

W3\ (Pa,(x), Pr) = Wi\ (Pa, (x), Q%)
<4(1+456%)[|Py — Q%7 (43)

Note that F° only depends on s and not on the sub-gaussian parameters of ¥ and GX.
Taking expectation over the sample in (43) we get:

(E[W3A(Pa,x), Pr) — Wix(Pa,(x), Q)] )
< 8E[1+ 6% B[Py — Q| %

< (1 + UZ(Y)‘”Q) n'CyaE [1+ %] (44)
< (140 ) 0 g 14 6% (45)

where (44) follows from Proposition 10 and (45) from the definition of v. By Lemma 13 we
have Tr Ky < 2do?(Y), so

03 (Gn(X)) < d7' Tr Kypro? (K X)
2

< 2r0? (K2 X) 02 (V) < o2 (V)2 /o (Y), (46)
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where the first inequality follows from Lemma 12 and the second one from Lemma 13.
Taking expectation of 5% :
- - 3
E[6%] = E[maX{O'%}(Y),OQ(Y),O'; (Gn(X))}™]

< V%R [max{l, a; (}A/)/UQ(Y)}35 < 2(3s)%51/%, (47)
where (47) is due to Proposition 11; plugging (47) in (45) gives
E[W3A(Pa,(x): Pr) = Wix(Pa,(x), Q% )]
< \J2(1 4+ 2(3s)35055)Caan1 (1 + v4+2)
< CdAn—l/Q(l + (1/2) |—5d/41+3) (48)

Combining (48) and (42) we get for A = 2:
E [d\(G*,Gy)] < Casn (1 + (V2)154/4153)
< Kdn71/2(1+ (7_2)[5d/4-\+3)’
Consider A # 2. Then for any A > 0 :

W3a( P

P, 2N Y 2/,\)

= inf  2E[||Z-Y|*|/N+21(Z;Y
et ) Il 1] / (Z;Y)
= 2W3,(Pz, Py)/A

Thus, noting that for a sub-gaussian 7 :

Z+\/2/)||2 2
Eexp(ll V2/ |r2) :Eexp<||zn22> <5

2ro22/\ 2roy,
we conclude that 02(Z+/)\/2) = 20%(Z)/\. Plugging the result into the bound (48) we get
E [d\(G*,G)] < Kghn™Y2(1 + (272 /))[54/4143) 2, (49)

Proof [Proof of Theorem 7] The proof follows the same path as the proof of Theorem 6
with the only difference being in bounding the sub-Gaussian parameters.

For G € G let G(X) = G(X) — G(0) - a shifted function. Note that G need
not be in G. To avoid confusion we let H* = argmingcg Sx(Pg(x), Py) and H, =
argmin g Sx(Pp(x), @y) — the population and empirical solutions to Sinkhorn W2GANs.
Since

E[IIG(X) = Y|?] =E [|G(X) - ¥ + G(0)?]

= E ||G(X) = Y]] + 2G(0)"E[G(X) - Y] + |G(0)
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and I[(G(X),Y) =1 (G(X ),Y), entropy-regularized Wasserstein distance decomposes as
W227)\(Pg(X) y) = I/V2 APy, Pr) + 2G(0)TE[G(X) — Y] + ||G(0)||* As in the proof of
Theorem 6 we decompose the excess risk:

d\(G*, Gn) = W3\(Pa,(x), Pr) = Wix(Par(x), Pr)
< WEA(Par(x), Q%) = WiA(Pae (x)s Py)
+ W2,A( G (X)), Py) — Ws A Pa,x), Qy)
= (WEA(Pae () Q%) = WA (P 0y )
<W2A< ey BY) = WA (P ,QY>>
+2(G*(0) = Ga(0))" (BY ~ Ej,y) , (50)
where the last inequality follows as (41). Similarly, for Sinkhorn W2GAN the excess risk is:
dS(H*, Hy) = S\(Pp,,(x), Pr) — Sx(Prr+(x), Py)
< (Sx(Pr+(x), Q%) — Sx(Pp=(x), Py))
+ (Sx(Pp,, (x), Py) — Sx(Pu,(x), Q%))
= (W3 A(Pr=(x), Q%) — W3x(Pu+(x), Py))
+ (W3 A (P, (x) Pr) = Wi \(Py,.(x), Q%))
= (W22)\(P]f[* X) 7Q?) - W22,)\(PH*(X)7PY)>
+ (WEA(Pyy 0y P) = WEA(Pyy, 30> Q)
+2 (H*(0) = Ha(0))" (EY — E5Y) (51)

The RHS of (51) and (50) are the same as the RHS of (41). Note that for any G € G and
for 02 = 0?(X)rL?/d by the L-Lipschitzness of G :

1G(X)13 IG(X)~G(0)||3 L?)x% I1X113
Ee 2do2 = Ee 2do?2 S Ee 2do2 = EQQTUZ(X) S 2’

thus G(X) and H(X) are both sub-Gaussian, max{az(é(X)), 02(ﬁ(X))} <o*(X)rL?/d <
2
T

_ The next part of the proofo follows the proof of Theorem 6 with v? = 72, and G, and
H,, in place of G,, G* and H* in place of G* for the entropic and Sinkhorn W2GAN
cases respectively. Indeed, for entroplc W2GAN egs. (42), (43) and (45) only require that
max{02(Gn(X)),c2(G*(X)),o2(Y)} < 2. As ay(G (X)) < L?02%(X), in place of (47) we

have for 6% = max{aj) (Gn(X)> ,a%(ff ,0%(Y)} and s = [d/2] +1:

max{o%(V),0%(¥), 0% (Cu(X))}"]

[maX{U; (}7) o2 (Y), L*0*(X) }35]

<5 [max{l, o2 (V) /02 (1)} ] < 23500,
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where the last inequality is due to Proposition 11. So, eq. (48) and (49) hold, i.e.
Edy(G*, Gp) < Kgdn~ 2 (1 + (2r2/0)P4/41+38) 12 4 oR [(G*(O) — G (0))7 (EY - Ej,f/)}

< K™ V2 (14 (272 /2) P13 12 4 2, JE(|G, (0) |31/ Tr Ky /1, (52)

where the last inequality follows from the independence of G*(0) and the sample and the
Cauchy-Schwarz inequality.
For Sinkhorn W2GAN the above results in

Ed§ (H*, Hy) < Kghn~Y2(1+ (272 /\)544143) 12 4 2\ JE| H, (0) |3/ Tr Ky /n - (53)

We will now bound the last term of (52) via Lemma 12 and Lipschitzness of G :
E[|Gn(0)]13 < 2E[Gn(X) — Gn(0)[I5 + 2E[|GA(X)|13 < 2L Tr Kx + 2 Tr Ky < 8dr?,
where the last inequality follows from Lemma 13. (52) thus becomes:

Ed(G*, Gp) < Kghn™Y2(1+ (272 /N)PY4E3) 12 4 24 /8dr2 Tr Ky /n
< Kghn~ Y2 (14 (272 \)PYA1+3) 19 4 8472/ /n, (54)

where the last inequality fllows from Lemma 13. Redefining K; completes the proof for
Entropic W2GAN excess risk.

To complete the proof we need to bound E||H,(0)||3. We first note that 0 € G, so by
optimality of H,, :

S\(Pr,,(x), Qy) < Sx(bo, Qy) = EyHY”% — W5\ (Q%,Q%)/2 < EyHY|’%7 (55)
where Jg is a point mass at 0. As S)\(P]fln(x), Qy) >0:
SA(Pr, x0)> Q%) = Sx(Py, (x) @) + [ H(O0)[13 + 2H(0) By, [V — Hy (X))
> || Ho (013 + 2H, (0) By, [V — Ho(X)] (56)
Combining (55) and (56) and taking the expectation over the sample Y we get:
2dr* > Tr Ky = EE|Y 3
> E|[Hy (0)[13 ~ 2E [||Ha(0)[Ey; [I1¥]] + 1| X ]

> B[ Hy(0)|[3 — 2/ El Hn (0)[[3(v/Tr Ky + Ly/Tr Kx)
> E||[H(0)[3 — 44/ E[ Hn (0) 3V 27

The above inequality implies that E||H,,(0)||3 < 40d72. From (53):
Ed5 (H*, Hy) < Kghn~ Y2 (14 (2r2/\)544143) /2 1 24 JE|| H,,(0)|13y/Tr Ky /n
< Ko~V (14 (272 /2 P/41H3) 19 4 9v/40dr2\/2d72 /n
< Kghn~ Y2 (14 (272 0\)I544143) 19 4 20d72 //n
Redefining K4 completes the proof. [ ]
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5. Computational Convergence

For the sake of completeness, in this section, we discuss some results on the computa-
tional convergence of entropic optimal transport and Sinkhorn divergence and emphasize
the advantages of these regularization methods from an optimization perspective. A more
detailed discussion is given by Sanjabi et al. (2018); Feydy et al. (2019). As was previously
mentioned, entropic regularization makes the problem strongly convex, which in turn facili-
tates convergence. Note that since the optimal solution to (4) is known to satisfy (12),(11),
Sinkhorn-Knopp iterates (13),(14) or any other method can be used to solve the inner
problem close to optimality. In contrast, computing the unregularized optimal transport
requires the use of linear programming techniques which are computationally infeasible in
many machine learning applications.

Moreover, Sanjabi et al. (2018, Theorem 3.1) show that under mild conditions on the
generator set G and the distributions of Py, Py, entropy-regularized Wasserstein distance is
Lipschitz smooth, i.e. has a Lipschitz continuous gradient with respect to the parameters of
the generator. If we let the generator set G be parametrized by 6 € ©,i.e. G ={Gy | 6 € O})
then

| 0 WEA(Pay,, (x): Pr) — VoWaa(Pay, (x): Py)| < Ll|61 — 62,

where L is a constant depending on Px, Py, G and A. Moreover, the optimal coupling 7* ()
is a Lipschitz continuous function of 6 :

L
7" (62) = 7" (@2)[1 < 161 — 62

The above indicates that small changes in the generator parameter 6 result in small changes
in the optimal coupling. Therefore, after the gradient step on the generator parameters 6,
finding the regularized Wasserstein distance is easier since the discriminator parameters
from the previous step are close to the optimal ones for the current step, while the Lips-
chitz smoothness of regularized Wasserstein distance in 6 results in faster convergence of
optimization.

Note that first-order optimization methods commonly used for neural network opti-
mization require calculating the gradients ng; A(Pa,(x); Py ), which requires knowing the
optimal dual potentials, but since they are found numerically, they can only be computed
up to some positive accuracy, so the smoothness of the gradient of the entropic Wasser-
stein distance with respect to the accuracy up to which the dual potentials are calculated
plays a crucial role in the convergence of the optimization. More precisely, if the inner
problem of calculating Entropic Wasserstein distance is solved up to a certain accuracy e,
it can be shown that the gradient step on the outer problem of finding G is O(+/e/)\)-
close to optimal, which makes training stable (see Sanjabi et al., 2018, Theorem 4.1). In
contrast, the training of W2GAN, i.e. based on the unregularized squared Wasserstein dis-
tance, is known to be unstable even for the linear generator G and quadratic discriminator
(Feizi et al., 2017) when r < d, and the training methods for Wasserstein GAN (Arjovsky
et al., 2017; Gulrajani et al., 2017) do not converge locally with simultaneous or alternating
gradient descent (Mescheder et al., 2018).

Finally, we note the following optimization convergence result by Sanjabi et al. (2018,
Theorem 4.2.). Under mild conditions on G, Px, Py it can be shown that when stochastic

26



UNDERSTANDING ENTROPIC REGULARIZATION IN GANS

gradient is used to solve

min f(0) = min W3, (Pe,(x), Py),

where G(+) is parametrized by 6, the random iterates 01, ..., 0 satisfy
min E[[V/(6)]7) < O0/VT) + O(e/).

Here constants in O(+) depend on the class of generators G € G and the distributions Py, Py,
and T is the number of iterations of stochastic gradient descent and e is the precision,
to which the inner problem is solved. The expectation is over the randomness in the
algorithm. The theorem implies that if there are enough iterations to get the discriminator
close to optimality the training reaches a stable point of small E[||V f(6;)]|?]. Since Sinkhorn
divergence is a linear combination of entropy-regularized Wasserstein distances, a similar
result holds for it and the optimization is stable.

6. Experiments

In our experiments we aim to contrast and compare the performance of Sinkhorn GAN (la-
bel: SGAN) and 1-Wasserstein GAN WGAN (label: WGAN) for linear generators. Entropic
W2GAN is omitted from the comparison due to the fact that it leads to a biased solution
as shown in Theorem 1. Following the experimental evaluations of Feizi et al. (2017), we
generate n = 10° samples from a d = 32 dimensional Gaussian distribution N(0, K) where
K is a random positive semi-definite matrix normalized to have Frobenius norm 1. We
train WGAN with weight clipping (Arjovsky et al., 2017) labeled WGAN-WC, and WGAN
with gradient penalty (Gulrajani et al., 2017) labeled WGAN-GP—two common methods
to ensure Lipschitzness of the discriminators. We use the linear generator and a neural
network discriminator with hyper-parameter settings as recommended by Gulrajani et al.
(2017). The discriminator neural network has three hidden layers, each with 64 neurons
and ReLU activation functions.

The pseudocode of our optimization for Sinkhorn GAN can be found in Algorithm 1.
The algorithm is similar to the algorithm of Sanjabi et al. (2018), where we assume that
the generators are parametrized by 0, i.e. G(X) = Gy(x) and we apply stochastic gra-
dient descent on #. Note that at every step of the gradient descent algorithm, we need
to calculate the gradient of the Sinkhorn divergence, VgS,\(PGH( X)» Py). From the defini-
tion of the Sinkhorn divergence in (6), to compute VgSx(Pg,(x), Py) we need to compute
veWi)\(PGG(X), Pg,(x)) and V9W22,)\(PG9(X)7PY)- (The third term W22’>\(Py, Py) is irrele-
vant since it doesn’t depend on the generator.) From (8) follows the dual representation:

Wir(Pe,x), Pr) = sup  E[(Y)+¢(Go(X))] + A
YELoo(Y)
PELoo (G (X))
B(Cg (X)) +p(Y)—[IGy(X) Y3
— AE(x y)~PxxPy |€ A ? (57)
W3\ (Pay(x) Pay(x) = sup 2E [¢"(Go(X))] + A
¢IEL00(G9(X))
#%(Gp(X1))+8%(Gg(X2))—1IGg(X1)—Cy(X2)|13
— AE(x, X5)~Px x Px € X ? , (58)
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Now assume that we have access to approximations of the optimal dual potentials for (57),
which for simplicity we also denote by ¢ and 1. Then by using (10), we can obtain an
approximation of the optimal coupling given by

#(Gy(@)+¢(y)—IGy () ~yl3
A

7(Go(),y) = Pg,x)(Go(x)) Py (y)e
= Pa,x)(Go(2)) Py (y) (=, y). (59)

Using the above in place of the coupling in the primal formulation of the entropic 2-
Wasserstein distance we can then compute an approximation of the desired gradient

VoWs \(Peyx), Py) = E(xyympyxpy (X, Y) Vo (||Go(X) = Y1)
Analogously, if ¢*(-) is an approximate optimal dual potential for (58) then

VoWs \(Pey(x), Payx)) = E(xy x0)m Py x Py [ (X1, X2) Vo ([ Go(X1) — Go(X2) )],

where

$% (Gg(21))+¢%(Gg(x2))— |Gy (21)—Cg(z2) 13

p(x1,z0) =€ Y . (60)

Finally, the gradient of the Sinkhorn divergence is approximated via

VoS (Pay(x), Pr) = E(x y)ypyxpy (X, Y)Va([Go(X) = YV |P)]
— E(x, Xo) P x Py 17 (X1, X2) Vo (| Go(X1) — Go(X2)[*)]

Since the expectations cannot be calculated exactly, we further approximate the gradient
with an empirical expectation over a batch of size S, which results in a mini-batch stochastic
gradient descent on Sy(Pg(x), Py) : for a sample z!, - Lz g Px,yt, -,y iid Py, the
gradient approximation is given by

S
VoSA (P, Pr) & g5 3 (e 1) Vo(llGolw:) — 15]1)]
ij=1
1 S
@ > (@i, w5)Vo([|Golwi) — Gol))|P))

1,7=1

We note that the optimal dual potentials for W22 A(Pa(x), Pacx)) for Gaussian X and
a linear generator can indeed be found analytically as a function of GG, but since it is not
possible to analytically compute the potentials in the case of a more complex G(+) and since
we do not use the linearity of G(-) when computing the unregularized Wasserstein distance,
to give the models a fair comparison, we find I/V22 A(Pa(x)s Pacx)) numerically.

Note that in the above discussion, we assumed that we have access to approximations of
the optimal dual potentials. These optimal dual potentials can be computed in two different
ways. The first way is to compute them via the Sinkhorn-Knopp algorithm(Feydy et al.,
2019), labelled SGAN-NP, which allows us to omit the discriminator network from the GAN
and compute the dual potentials in a non-parametric fashion. Another way of calculating
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Algorithm 1 SGD for GANs

INPUT: Px, Ps, A, S, g, step sizes {a; > 0}/
fort=0,---,7—1do

Sample LLD. points x},--- ,z7 ~ Px,yt, - ,y5 ~ Py
Call the oracle to find e-approximate maximizers (¢¢,¥;), ¢F for the dual formulations (57),
(58)
Compute
1 i . i .
5= g2 3 ((Gotad) s VollGola) - ) (61)

2]

- 3G e Va(IGo(ad) - Galal)P))
where py, uf are computed using (¢, 1) and ¢ based on (59), (60).
Update 0,54,_1 — Gt — Ot gt

end for

approximations of the dual potentials is to represent the dual potentials as neural networks
and update them using stochastic gradient descent on (8), labelled SGAN-P.

On the one hand, using neural networks helps preserve the history of the seen ex-
amples and might help the dual potentials generalize better. On the other hand, using
Sinkhorn-Knopp algorithm is more precise for computing the Sinkhorn divergence between
the empirical distributions. We compared the two approaches and didn’t find any signifi-
cant differences. To compare WGAN and SGAN as they minimize different objectives, we
evaluate their performance by calculating Frobenius distance between the covariance ma-
trix of the generated distribution Pg(x) and the covariance matrix of the target distribution
Py (true covariance, bottom row). We also calculate the Frobenius distance between the
covariance matrix of the generated distribution Pg(x) and the optimal covariance matrix
for W2GAN (1) Pg-(x) (optimal covariance, bottom row) in Figure 1 for two values of the
dimensions of the latent random variable, r = 4 and » = 8. We run the experiments for 500
epochs with a batch size of 200. In these experiments, we observe that different versions of
SGAN enjoy similar behavior and the covariance matrix of the output distribution is closer
to the one of the target distribution compared to standard Wasserstein GANs. We note
that the distance to the true covariance has a higher floor here, since the error cannot be
zero, i.e. the d-dimensional Gaussian distribution cannot be approximated as a function of
the r-dimensional one with error converging to 0.

7. Conclusion

In this work we provide a comprehensive complexity analysis of entropy regularized GANs
and explain their robustness. Moreover, in a specific simplified setting, the linear generator
and Gaussian distributions, we derive an analytic expression for the optimal generator. This
results motivates further studies on model-based designing of GANs and GANs stability.
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Figure 1: Training of SGAN and WGANSs for latent variable dimension r = 4(left) and
r = 8(right) for a linear generator. The distance is calculated to the optimal
covariance (r-PCA, top) and true covariance (bottom)
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