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Abstract

Recent literature has advocated the use of randomized methods for accelerating the solu-
tion of various matrix problems arising in machine learning and data science. One popular
strategy for leveraging randomization in numerical linear algebra is to use it as a way to
reduce problem size. However, methods based on this strategy lack sufficient accuracy for
some applications. Randomized preconditioning is another approach for leveraging random-
ization in numerical linear algebra, which provides higher accuracy. The main challenge
in using randomized preconditioning is the need for an underlying iterative method, thus
randomized preconditioning so far has been applied almost exclusively to solving regres-
sion problems and linear systems. In this article, we show how to expand the application
of randomized preconditioning to another important set of problems prevalent in machine
learning: optimization problems with (generalized) orthogonality constraints. We demon-
strate our approach, which is based on the framework of Riemannian optimization and
Riemannian preconditioning, on the problem of computing the dominant canonical corre-
lations and on the Fisher linear discriminant analysis problem. More broadly, our method
is designed for problems with input matrices featuring one dimension much larger than
the other (e.g., the number of samples much larger than the number of features). For
both problems, we evaluate the effect of preconditioning on the computational costs and
asymptotic convergence and demonstrate empirically the utility of our approach.

Keywords: Riemannian optimization, randomized preconditioning, generalized orthogo-
nality constraints, generalized Stiefel manifold; matrix sketching, machine learning

1. Introduction

Matrix sketching has recently emerged as a powerful tool for accelerating the solution of
many important matrix computations, with widespread use throughout machine learning
and data science. Important examples of matrix computations that have been accelerated
using matrix sketching include linear regression, low rank approximation, and principal
component analysis (see recent surveys Woodruff, 2014; Yang et al., 2016). Matrix sketching
is one of the main techniques used in so-called Randomized Numerical Linear Algebra.

Roughly speaking, matrix sketching provides a transformation that embeds a high di-
mensional space in a lower dimensional space, while preserving some desired properties of
the high dimensional space (Woodruff, 2014). There are several ways in which such an
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embedding can be used. The most popular approach is sketch-and-solve, in which matrix
sketching is used to form a smaller problem. That is, sketch-and-solve based algorithms
attempt to find a “good” approximate solution by sketching the input problem so that with
high probability the exact solution of the sketched problem is a good approximate solution to
the original problem. For example, the sketch-and-solve approach for solving unconstrained
overdetermined linear regression problem, i.e., miny | Xw — y|2, where X € R"*¢ (n > d)
is assumed to be full rank matrix, is to randomly generate a matrix S € R**™ and solve the
reduced size problem miny, ||SXw —Sy||2 (Drineas et al., 2011). If S is chosen appropriately,
then with high probability the solution of the sketched problem, w, is close to the exact
solution, w*, in the sense that the inequality | Xw —y||2 < (1 + ¢)||Xw* — y||2 holds, and
that SX and Sy can be computed quickly.

Sketch-and-solve algorithms have been proposed for a wide spectrum of linear algebra
problems relevant for machine learning applications: linear regression (Drineas et al., 2011),
principal component analysis (Kannan et al., 2014), canonical correlation analysis (CCA)
(Avron et al., 2014a), kernelized methods (Avron et al., 2014b), low-rank approximations
(Clarkson and Woodruff, 2017), structured decompositions (Boutsidis and Woodruff, 2017),
etc. However, there are two main drawbacks to the sketch-and-solve approach. First, it
is unable to deliver highly accurate results (typically, for sketch-and-solve algorithms, the
running time dependence on the accuracy parameter € is ©(e~2)). The second drawback is
that sketch-and-solve algorithms typically have only Monte-Carlo type guarantees, i.e., they
return a solution within the prescribed accuracy threshold only with high probability (on
the positive side, the running time is deterministic).

These drawbacks have prompted researchers to develop a second approach, typically
termed sketch preconditioning or randomized preconditioning. The main idea in random-
ized preconditioning is to use an iterative method which, in turn, uses a preconditioner
that is formed using a sketched matrix. For example, consider again the unconstrained
overdetermined linear regression problem problem. It is possible to accelerate the solution
of miny, ||Xw — y|[2 by first sketching the matrix X to form SX, and then using a factor-
ization of SX = QR to form a preconditioner, R, for an iterative Krylov method (e.g.,
LSQR). By choosing S properly, with high probability the preconditioner R is such that the
condition number governing the convergence of the Krylov method, x(XR™1), is bounded
by a small constant (Rokhlin and Tygert, 2008; Avron et al., 2010; Meng et al., 2014; Clark-
son and Woodruff, 2017; Gonen et al., 2016). Thus, when using a Krylov method to solve
miny |[XR™'w — y||2 only a small number of iterations are necessary for convergence.

More generally, by using an iterative method, it is typically possible to reduce the run-
ning time dependence on the accuracy parameter to be logarithmic instead of polynomial.
Furthermore, since we can control the stopping criteria of the iterative methods, sketch
preconditioning algorithms typically entertain Las-Vegas type guarantees, i.e., they return
a solution within the accuracy threshold, albeit at the cost of probabilistic running time.

The sketch-and-solve approach is more prevalent in the literature than sketch precondi-
tioning. Indeed, in one way or the other, almost all sketch preconditioning methods have
essentially been designed for linear regression or solving linear systems. The main reason
is that sketch preconditioning requires an iterative method that can be preconditioned, and
such a method is not always known for the various problems addressed by sketching. In-
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deed, linear regression and solving linear systems are cases where the use of preconditioning
is straightforward.

The goal of this paper is to go beyond linear regression, and design sketch precondi-
tioning algorithms for another important class of problems: optimization problems under
generalized orthogonality constraints. We would like to emphasize that in the context of
optimization, preconditioning can be performed on some algorithms, e.g., algorithms based
on conjugate gradients (Vandereycken and Vandewalle, 2010). However, our approach aims
to be more general; rather than preconditioning each optimization method on its own, we
aim to precondition the problem itself through randomized preconditioning. In general, we
are interested in solving problems of the form

min f(X1,...,Xz) st. XIBX; =1, (i=1,...,k) (1)

where f(X1,...,X;) : ROXP x ... x R%>*P — R is a smooth function, and B; € R%*% are
fixed symmetric positive definite (SPD) matrices. An important example of such problems
is the problem of finding the dominant subspace: given a symmetric matrix A € R™*", if
f(X1) = —Tr (X{ AX;) and B; = I,,, then Problem (1) corresponds to finding a basis for
the dominant eigenspace.

Problems of the form of Eq. (1) frequently appear in machine learning. In this paper, we
focus on a specific important subset of these problems; the constraint matrices B; are not
given explicitly, however, as is typically happening in various machine learning problems, we
assume that they can be written as a Gram matrix of a tall-and-skinny data matrix Z;, i.e.,
B, = Z;FZZ- for Z; € R%*%_ More generally, we allow the following form B; = Z?Zi + N1y
where \; > 0 is some regularization parameter. Moreover, we assume that n; > d;. Indeed,
that is often the case that Z; represent data matrices of samples stacked in rows, such that
the number of samples, n;, is much larger than the dimension of each data point, d;. We aim
to address the class of problems where Zq,...,Z; are given as inputs and not By, ..., By,
and n; > d;. Both requirements are fundamental to our paper. Thus, our goal is to
avoid explicitly forming B; or factorizing it (e.g., Cholesky decomposition) computations
that require O(nd?) operations. We aim to design algorithms that use o(nd?) operations
to find the preconditioner, and use O(nd) operations per iteration, where n = max; n; and
d= max; dz

Two important unsupervised machine learning methods that reduce to Problem (1) are
canonical correlation analysis (CCA) and Fisher linear discriminant analysis (FDA). We
illustrate our approach, demonstrating its effectiveness both theoretically and empirically,
on both of these problems. In particular, we improve on the ©(nd?) running time possible
for both problems using direct methods. Moreover, ©(nd?) is also the cost of forming B;,
which is one of the reasons for prohibiting the explicit formation of B; in our setting. For
CCA and FDA, the proposed approach can be viewed as a novel way of solving an old
problem.

The underlying iterative methods we precondition are based on the framework of Rie-
mannian optimization (Absil et al., 2008; Boumal, 2022). Riemannian optimization is well
suited for problems with manifold constraints, e.g., under generalized orthogonality con-
straints (Edelman et al., 1998). It makes use of the Riemannian geometry components
associated with the constraining manifolds, which in the case of Eq. (1) are products of gen-
eralized Stiefel manifolds. Riemannian Preconditioning (Mishra and Sepulchre, 2016), which
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is a technique for preconditioning Riemannian optimization algorithms based on carefully
choosing the Riemannian metric is another component of our proposed method. By com-
bining randomized preconditioning with Riemannian preconditioning we obtain randomized
preconditioners and faster methods for solving Eq. (1). Specifically, we propose a constant
randomized preconditioning scheme X — Mx = M that is an SPD matrix M € R%*d
which defines the Riemannian metric on Stg(p, d) (see Section 3).

Remark 1 We note that our proposed preconditioner is based on the search space, as we
assume that the main computational burden lies in forming B;. Nevertheless, our method can
be combined with the approach presented in (Mishra and Sepulchre, 2016), i.e., also include
the a cost function dependent component, which would make the preconditioner non-constant.
We leave this for future work, and in particular one example of this kind of preconditioner
can be found in (Mor and Avron, 2020).

1.1 Contributions

In this subsection, we emphasize our main contributions. In this paper, we propose to expand
the application of randomized preconditioning to optimization problems with (generalized)
orthogonality constraints. In order to achieve that goal we use the framework of Riemannian
optimization (Absil et al., 2008; Boumal, 2022), and perform Riemannian preconditioning via
Riemannian metric selection (Mishra and Sepulchre, 2016). Thus, we utilize the Riemannian
components of the generalized Stiefel manifold developed in (Shustin and Avron, 2023).

e Our main contribution, presented in Section 3, is designing a constant randomized
preconditioning scheme which is incorporated via the Riemannian metric for the gen-
eralized Stiefel manifold (and products of it) with B; = Z;F Z;+ A\ where Z; are given.
Moreover, we exemplify a specific sketching transformation, COUNTSKETCH (Charikar
et al., 2004), list the corresponding computational costs of the geometric components
required for sketching based Riemannian preconditioning in Table 2 (we also provide
costs for the Subsampled Randomized Hadamard Transform (SRHT) (Tropp, 2011;
Boutsidis and Gittens, 2013; Clarkson and Woodruff, 2017)), and present Lemma 2
(and its analogue for SRHT, Lemma 22), which would later aid in assessing the effec-
tiveness of our proposed preconditioning.

e In sections 4 and 5, we exemplify our approach by developing preconditioned iterative
methods for CCA and FDA correspondingly. We identify the corresponding critical
points, and analyze their stability. We theoretically analyze the effect of a generic
preconditioner on the asymptotic convergence rate, and identify the optimal precon-
ditioner. Then, we present end-to-end sketching based algorithms for CCA and FDA,
analyze their asymptotic convergence and evaluate the computational costs. Finally,
we demonstrate numerically our randomized preconditioning approach in Section 6.

1.2 Related Work

We begin with the related work on matrix sketching. The literature on sketching has so
far mostly focused on the sketch-and-solve approach. In particular, in the context of solving
problems with generalized orthogonality constraints, a sketch-and-solve based approach for
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CCA was developed by Avron et al. (2014a). Sketch preconditioning was predominantly
applied to linear least-squares regression problems (e.g., Avron et al., 2010; Meng et al.,
2014), and also to non least-squares variants (e.g., ¢i-regression by Meng and Mahoney,
2013). For a regularized version of FDA, a randomized iterative method was developed by
Chowdhury et al. (2019). Even though the method of Chowdhury et al. (2019) does not use
sketch preconditioning per se, it can be viewed as a preconditioned Richardson iteration. A
randomized iterative method for solving LLP problems was proposed by Chowdhury et al.
(2020), where sketch preconditioning is used to find the Newton search direction as part of an
interior point method. To the best of our knowledge, sketch preconditioning has neither been
applied to CCA before nor has it been used in the context of Riemannian optimization. We
remark, that one approach to solving CCA is via alternating least squares (ALS) presented
by Golub and Zha (1995) (see Algorithm 5.2 in their paper). Thus, one natural idea is
to use randomized preconditioning for least squares for each of the sub-problems in ALS
approach. While a series of least squares solved exactly is equivalent to a specific choice of
Riemannian algorithm, and a prescribed step size, our preconditioning approach allows for
a wide variety of algorithms (e.g., first, and second-order methods). In addition, solving a
series of least squares requires to solve each of the sub-problems, whereas in our approach
one does not need to solve sub-problems. Finally, on a conceptual level our approach aims to
precondition the problem directly, rather than performing a two-level solution of replacing
the problem with a series of sub-problems, and then preconditioning these.

Next, we recall the related work on Riemannian optimization. Recent works in-
troducing Riemannian optimization are (Absil et al., 2008; Boumal, 2022). Earlier works
are (Luenberger, 1972; Gabay, 1982; Smith, 1994), and specifically, using Riemannian opti-
mization to solve problems under orthogonality constraints is presented in the seminal work
of Edelman et al. (1998).

In particular, we mention related work on Riemannian preconditioning. Precondi-
tioning of Riemannian optimization methods based on the cost function alone is presented
in several works (see e.g., Ngo and Saad, 2012; Mishra and Sepulchre, 2014; Shi et al., 2016;
Zhou et al., 2017). Most of the aforementioned works attempt to perform preconditioning
by approximating the Euclidean Hessian of the cost function. However, the Riemannian
Hessian and the Euclidean Hessian are quite different even for simple examples (see Shustin
and Avron, 2023, Section 3.5). The Riemannian Hessian is related to the Hessian of the
Lagrangian, and indeed in (Mishra and Sepulchre, 2016) it is shown that selecting the Rie-
mannian metric inspired by the Hessian of the Lagrangian affects convergence of Riemannian
steepest-descent, coining the term Riemannian preonditioning for judiciously choosing the
Riemannian metric in order to accelerate convergence. Unlike in (Mishra and Sepulchre,
2016), we present a randomized preconditioning strategy, and analyze the condition number
of the Riemannian Hessian at the optimum for specific examples (CCA and FDA), which
allows us to quantify the quality of the proposed preconditioner. Recently, a new paper,
(Gao et al., 2023), that appeared after our paper was sent for initial review, presented a
preconditioning technique for product manifolds by defining the Riemannian metric via the
diagonal blocks of the Riemannian Hessian at the optimum. In addition, Gao et. al ana-
lyzed the effect of preconditioning via the condition number of the Riemannian Hessian at
the optimum, in a similar manner to the analysis in our paper. They demonstrated their
technique on CCA, truncated singular value decomposition, and matrix and tensor com-
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pletion problems. Unlike in (Gao et al., 2023), we present a randomized preconditioning
strategy via matrix sketching.

Additional works regarding preconditioning of Riemannian methods are a work by Kress-
ner et al. (2016) where they proposed a Riemannian analogue to the preconditioned Richard-
son method, and the works (Baker, 2008, Algorithm 5) and (Vandereycken and Vandewalle,
2010) where a Riemannian version of preconditioning the trust-region sub-problem was pro-
posed. To some extent that work can be also viewed as Riemannian metric selection. The
aforementioned preconditioning approaches are essentially two-stage approaches, in which
a specific choice of a Riemannian algorithm is made, and then a preconditioning is applied
specific to this method. In contrast, our approach aims to allow a wider choice of algorithms
(zero, first, and second-order methods), without the need to solve sub-problems. Moreover,
from a conceptual approach, we aim to precondition the problem itself, regardless of the
algorithm at hand, and avoid two-stage procedures.

Another work on Riemannian preconditioning for the trust-region sub-problem is (Mor
and Avron, 2020). We remark that apart from the last work mentioned, no previous work
proposed to use randomized preconditioners in the context of Riemannian preconditioning.

Finally, we also recall related work on iterative methods for CCA and FDA. Several
iterative methods for solving CCA have been proposed in the literature. Golub and Zha
(1995) presented an iterative method for CCA based on ALS. Each iteration requires the
solution of two least squares problems. The authors suggest using LSQR for that task.
Wang et al. (2016) proposed to replace LSQR with either accelerated gradient descent,
stochastic variance reduce gradient (SVRG) or accelerated SVRG. They also proposed a
different approach based on shift-and-invert preconditioning. Ma et al. (2015) developed an
algorithm for CCA based on augmented approximate gradients. Ge et al. (2016b) provided
an iterative algorithm for the generalized eigenvalue problem, and used a standard reduction
of CCA to generalized eigenvalue problems to derive an algorithm for CCA. They assume a
fast black box access to an approximate linear system solver.

Convergence bounds of all the aforementioned algorithms depend on the condition num-
ber of the input matrices, which might be large. In contrast, the condition number bounds
for our proposed sketching based algorithms are independent of the conditioning of the input
matrices. As aside, (Yger et al., 2012) proposed a Riemannian method for adaptive CCA.

Recently, Chapman et al. (2024) proposed a stochastic method to solve large-scale CCA
problems. Their method is based on unifying multiview CCA and self-supervised learning.
To make the method feasible for large-scale problems a family of fast stochastic algorithms
was proposed for a novel unconstrained objective function for generalized eigenvalue prob-
lems (which CCA generalizes).

In the context of FDA, a recent work by Chowdhury et al. (2019) proposed an iterative,
sketching-based algorithm for regularized FDA.

Note that both CCA and FDA are closely related to the singular value decomposition
(SVD) and generalized eigenvalue problems correspondingly. In the context of optimization
on manifolds Helmke and Moore (1992) and Brockett (1991) did an analysis of SVD and
generalized eigenvalue problems correspondingly, as dynamical systems, i.e., gradient flows
on manifolds (of unitary matrices). In particular, the stability of the equilibrium point was
established, which we use in Subsections 4.3 and 5.3.
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2. Preliminaries

In this section, we present notation and recall preliminaries on Riemannian optimization
and preconditioning.

2.1 Notation and Basic Definitions

Scalars are denoted by lower case letters «, 3, ..., z, vy, ..., while vectors are denoted by bold
letters o, 3, ..., x, y, . .., and matrices are denoted by bold uppercase English letters A, B ...
or upper case Greek letters. We use the convention that vectors are column-vectors. We
describe a diagonal matrix using diag (), and a block diagonal matrix using blkdiag (-).

We denote by (-,-)pm the inner-product with respect to a matrix M: for U and V,
(U,V)m == Tr (UT™MV) where Tr(-) denotes the trace operator. The s x s identity
matrix is denoted I;. The s X s zero matrix is denoted 05,. We denote by Sgym(p) and
Sskew (P) the set of all symmetric and skew-symmetric matrices (respectively) in RP*P. The
symmetric and skew-symmetric components of A are denoted by sym(A) = (A + AT) /2
and skew(A) := (A — AT) /2 respectively.

For a SPD matrix B € R%*¢ we denote by B2 the unique SPD matrix such that
B = B'/?B"/2, obtained by keeping the same eigenvectors and taking the square root of the
eigenvalues. We denote the inverse of B> by B~72.

The eigenvalues of a symmetric d x d matrix A are denoted by A1(A) > A2(A) >
-+ > Ai(A). The condition number of A, i.e. the ratio between the largest and smallest
eigenvalues in absolute value, is denoted by x(A). The generalized condition number of a
matrix pencil (A, B), which is the ratio between the largest and the smallest generalized
eigenvalues, is denoted by (A, B), and it holds that if B is a SPD matrix, then x(A,B) =
k(B~72PAB™/?).

For differential geometry objects we use the following notations: tangent vectors (of a
manifold) are denoted using lower case Greek letters with a subscript indicating the point
of the manifold for which they correspond (e.g., 7x), while normal vectors (of a manifold)
are denoted using bold lower and upper case letters with a subscript (e.g., ux). We denote
by Stg(p,d) the generalized Stiefel manifold, which is a submanifold of RZ*? defined by

Stg(p,d) = {X e R>? . XTBX = Ip} .

Given a function defined on Stg(p, d), a smooth extension of that function to the entire R4*P
is denoted by a bar decorator. For example, given a smooth function f : Stg(p,d) — R, we
use f : R¥™P — R to denote a smooth function on R*P such that on Stg(p, d) that function
agrees with f.

2.2 Riemannian Optimization and Preconditioning for the Generalized Stiefel
Manifold

In this subsection we detail several necessary ingredients required for preconditioning strat-
egy: Riemannian optimization, Riemannian preconditioning, and the geometric optimiza-
tion components of the generalized Stiefel manifold with a non-standard metric. In following
sections we make use of these components to present our randomized Riemannian precon-
ditioning strategy.
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Riemannian optimization (Absil et al., 2008; Boumal, 2022) is a framework of design-
ing algorithms for solving constrained optimization problems, where the constraints form a
smooth manifold M. The general idea of these algorithms is to make use of the differential
geometry components of M in order to generalize iterative methods for unconstrained opti-
mization. Iterative algorithms for smooth problems such as gradient methods, trust-region,
and conjugate gradient (CG), are adapted to the Riemannian setting using the following
components: a Riemannian metric which is a smoothly varying inner product x — gx on
the tangent bundle 7'M such that (M, g) becomes a Riemannian manifold, a retraction map-
ping Ry : Ty M — M which allows to take a step at point x € M in a direction &x € Tx M,
a vector transport Tp, : TxM — Tg, ()M which allows operations between tangent vec-
tors from two different tangent spaces, a Riemannian gradient gradf(x) € TxM, and a
Riemannian Hessian Hessf(x) : TxM — TxM. Another important notion in the context
of this paper is the notion of Riemannian submanifold, which allows to easily compute the
aforementioned geometric components if they are known for the ambient manifold. Usually,
a Riemannian optimization algorithm is built from iterations on the tangent space TxM
which are then retracted to the manifold. For example, Riemannian gradient methods are
given by the formula x;41 = Ry, (7kgradf(xy)) where 7 is the step size. Many of the
Riemannian algorithms and common manifolds are implemented in MANOPT, which is a
MATLAB library (Boumal et al., 2014). There is also a PYTHON parallel for MANOPT called
PYMANOPT (Townsend et al., 2016). The experiments reported in Section 6 use the MANOPT
library.

Preconditioning of iterative methods is often challenging since it is not initially clear how
to actually precondition the problem for an iterative method. Riemannian precondition-
ing (Mishra and Sepulchre, 2016) generalizes preconditioning for Riemannian optimization
methods. In Riemannian preconditioning, preconditioning is performed via a Riemannian
metric selection, i.e., the preconditioner is incorporated via the Riemannian metric.

A motivation for metric selection is the observation that the condition number of the
Riemannian Hessian at the optimum affects the asymptotic convergence rate of Riemannian
optimization, e.g., (Absil et al., 2008, Theorem 4.5.6, Theorem 7.4.11 and Equation 7.50),
and (Boumal, 2022, Section 4.6). In the case of convex objective function in the Riemannian
sense (Udriste, 2013, Chapter 3.2) there are also global convergence results (e.g., Udriste,
2013, Chapter 7, Theorem 4.2). Thus, selecting a metric such that this condition number is
lowered should improve convergence.

In this paper, we propose to utilize randomized preconditioning to accelerate the solution
of orthogonality constrained problems by using Riemannian preconditioning. Optimization
problems under generalized orthogonality constraints can be written as Riemannian opti-
mization problems on the generalized Stiefel manifold. The standard Riemannian metric for
the generalized Stiefel manifold (e.g., Edelman et al., 1998; Boumal et al., 2014) is

gx(éx,mx) = (&x,mx)B = Tr ((&xBnx) -

The use of this metric has two possible shortcomings. First, it might not be the optimal
metric with respect to convergence of Riemannian optimization methods. Second, and more
relevant for this paper, the computation of most Riemannian components requires taking
products of B~! with a vector. Computing B and/or factorizing is in many cases as costly
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Table 1: Summary of the Preconditioned various Riemannian components of the generalized
Stiefel manifold (Shustin and Avron, 2023), i.e., a generalized Stiefel manifold with
a Riemannian metric defined via an SPD matrix M € R4 Note that, the
matrix S¢, denotes a solution for a Sylvester equation, arising from the orthogonal
projection of £x on the tangent space.

Component ‘ Formula
Tangent space Tx Sty (p, d) {Z cR¥>P : ZTBX + XTBZ = Op}
Tangent space Tx Sty (p, d) {Z =XQ+Xg, KeR¥>*?P : Q=-0T K¢ R(d_p)xfa} such that
alternative form XELBXBL =I4_p, XngX = 0(d—p)xp
The Riemannian metric gx(€x,nx) = (§x,mx)m = Tr (f;EMnx)
Normal space with respect to the (Tx St (p,d))* = {M~!'BXS : =87}
Riemannian metric
Polar-based retraction R (6x) = (X + €x)(Ip + £EBex) /2
QR-based retraction R;‘%R(fx) =B~ 2qf (Bl/z X+ §X)>
Orthogonal projection on the normal Iy (¢x) = MleXS§X
space
Orthogonal projection on the tangent IIx (¢x) = (ideStB(p,d) — H)i() (€x) = é&x — M71BXS¢,
space
Sylvester equation for S¢, (XTBM 'BX) Sy + Sex (XTBM™!'BX) = XTBéx + (XTBéx) "
(orthogonal projection)
Vector transport Toxéx = HRy (nx) (€x)
Riemannian gradient gradf(X) = IIx (M~!Vf(X))
Riemannian Hessian applied on a Hessf(X)[nx] =
tangent vector Mx (M~ YV2f(X)nx — Bnx (XTVF(X) — XTMgrad f(X))))

as solving the problem directly or even solving it via standard iterative methods, e.g., for
CCA (see Section 4).

In order to overcome these shortcomings, we leverage our recently developed geometric
components for the generalized Stiefel manifold with a Riemannian metric which is based
on a preconditioning scheme X +— Mx that maps a X € Stg(p,d) to an SPD matrix
Mx € R¥9 instead using the standard metric defined by B (Shustin and Avron, 2023).
In this paper, we apply a preconditioning scheme independent of X, i.e., Mx = M for all
X € Stg(p, d) (see Section 3). As a reference we summarize (without proofs) in Table 1 the
various geometric components developed in (Shustin and Avron, 2023).

In addition, we also address optimization problems that are constrained on a product
of generalized Stiefel manifolds such as CCA. In this case, the Riemannian components of
the generalized Stiefel manifold can be generalized to be the Riemannian components of a
product of generalized Stiefel manifolds in a straightforward way (Shustin and Avron, 2023).
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3. Randomized Riemannian Preconditioning

In this section we present our main contribution: randomized Riemannian preconditioners
for optimization problems which feature generalized orthogonality constraints defined by
Gram matrices. That is, our goal is to address constraints of the form X! B,;X; = I, (i=
1,...,k), where B; are not given explicitly but can be written as a regularized Gram matrix
of a given tall-and-skinny matrix Z; € R%*% n; > d;, with a regularization parameter
A>0,ie, B, = ZZT Z; + M ;. As alluded to earlier, our proposed solution incorporates a
preconditioner by selecting a non-standard metric for Stg, x --- x Stg, .

For simplicity, let us focus our exposition on the case of kK = 1 and drop the subscript
from By, Z; etc. Generalization to an arbitrary k is straightforward. We define the metric
on Sty(p,d) using a constant preconditioning scheme Mx = M for all X € Stg(p,d)
formed from sketching Z prior to computing the Gram matrix. Our proposed construction
of M requires o(nd?) operations, which is cheaper than computing B as required when the
standard metric is used.

Our randomized construction of M is based on the following observation: in many
cases, if M approximates B in the sense that the condition number (B, M) is small,
then convergence will be fast. Conceptually, the last observation is synonymous with the
observation that usually the standard metric is a good choice iteration complexity-wise,
albeit a computationally expensive choice, and thus we should aim at cheaply approximating
it. Mathematically, the underlying reason is that in many cases the condition number of
the Riemannian Hessian at the optimum is bounded by the product of x(B,M) and a
problem /input dependent quantity which is typically small. It is known in the Riemannian
optimization literature that the local convergence rate can be analyzed by inspecting the
condition number of the Riemnnian Hessian at the optimum, see (Absil et al., 2008, Section
4.1 and Theorem 4.5.6) and (Boumal, 2022, Section 4.6).

We demonstrate the observation that when M approximates B well, then the Riemannian
Hessian at the optimum is well conditioned on two important use-cases: CCA and FDA (see
Theorems 9 and 18). Indeed, we show that under certain assumptions, both for CCA and
FDA we can bound the condition number at the optimum by the product of some baseline
condition number that depends on eigengaps, and the condition number of x(B, M).

We propose to construct M using the technique of sketching (Woodruff, 2014). Let
S € R**™ be some sketching matriz (a certain distribution on matrices; we discuss a concrete
choice in the next paragraph), where s < n. We then use Ml = ZTSTSZ+\1,;. However, we
do not propose to actually compute M. Using the metric defined by M requires only taking
products with M and M~} (see Table 1). Suppose we have already computed SZ. The
product of M with a vector can be computed in O(nnz (SZ)) operations. As for M, by

computing a QR factorization of | \/8le ] (O(sd?) operations), we can obtain a Cholesky
d

factorization of M, and then taking the product of M1 with a vector requires O(d?). So
our goal is to design sketching matrices S such that SZ is cheap to compute, and for which
k(B, M) is bounded by a constant.

10
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There are quite a few sketching distributions proposed in the literature, and most of them
are good choices for S. For concreteness, we describe a specific choice: the COUNTSKETCH!
transformation (Charikar et al., 2004). COUNTSKETCH is specified by a random hash func-
tion h : {1,...,d} — {1,...,s} and random sign function g : {1,...,d} — {—1,+1}.
Applying S to a vector x € R" is given by the formula

(Sx)i= > gl

Jlh(g)=i

It is easy to see that S is a random matrix where the jth column contains a single nonzero
entry ¢(j) in the h(j)th row. Clearly, SZ can be computed using O(nnz(Z)) = O(nd)
arithmetic operations. Thus, it only remains to bound the condition number. The following
lemma shows that if the sketch size is large enough, then with high probability the condition
number is bounded by a constant.

Lemma 2 Assume that A\ > 0 or that Z € R™ has full column rank. Let sy(Z) =
Tr (Z'Z + A\1)"'ZTZ). Suppose that S € R**" is a COUNTSKETCH matriz with s >
205)(Z)%/§ for some § € (0,1). Then with probability of at least 1 — § we have that all the
generalized eigenvalues of the pencil (ZTZ + NI, ZYSTSZ 4 \I) are contained in the interval
[1/2,3/2] and k(ZTZ + NI, ZTSTSZ + A1) < 3.

Proof The argument is rather standard and appeared in similar forms in the literature. To
show that the generalized eigenvalues of the pencil (ZTZ + AT, ZTSTSZ 4 \I) are contained
in the interval [1/2,3/2] and that x(ZTZ + M\,ZTSTSZ 4 A\I) < 3 to hold, it is enough to
show that

1
5 (272 4+ \1) < Z7STSZ 4 21 < 5 D277+ 1)

Let Z = QR be a A»-QR factorization of Z, i.e., Q is a full-rank matrix and R is upper
triangular such that RTR = ZTZ + \I (Avron et al., 2017, Definition 28). Note that such
a factorization always exists (Avron et al., 2017, remark following Definition 28). Left-
multiplying by R™T and right-multiplying by R~ on both sizes, we find it suffices to show
that with probability of at least 1 — § we have

1
21d <QTsTsQ+ AR TR

w\w

or, equivalently,

IQTSTSQ + ARTTR ™ — Iyl|> <

N | =

Since QTSTSQ + AR™TR™ —I; = QTSTSQ — QTQ (Avron et al., 2017, Fact 29) and
the spectral norm is dominated by the Frobenius norm, it is enough to show that

1Q7S™SQ - QT Q|r <

1. Note that SRHT is also a good choice, in particular for dense data sets. In Appendix A, we provide a
similar analysis for SRHT.

11
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It is known (Avron et al., 2014b, Lemma 2) that for any two fixed matrices A and B, and a
COUNTSKETCH matrix So with m > 5/(e2) rows, we have that with probability of at least
1-4,

|ATSgSoB — ATB||r < ¢ ||AllF-[IBr.

Since ||Q||% = sA(Z) (Avron et al., 2017, Fact 30), then with s > 20s)(Z)?/§ we have

1
IQTSTsQ-Q"Q|lr < 5
with probability of at least 1 — 6. |

The last lemma justifies the use of COUNTSKETCH to form the preconditioner M. In
practice, additional heuristics that improve running time and robustness can be inserted
into the construction of randomized preconditioners, and these can improve running time
considerably; see (Avron et al., 2010).

Furthermore, our sketching-based preconditioner construction naturally allows for a
warm-start. While this is not captured by our theory, heuristically (and empirically) the
Riemannian optimization part of our proposed algorithm converges faster if the starting
vectors are close to the optimum. Our sketching approach lets us quickly compute good
starting vectors (these are the sketch-and-solve approximations). We demonstrate warm-
start numerically in Section 6 for CCA and FDA.

In Table 2 we detail the computational cost, measured in terms of arithmetic operations,
of computing the Riemannian components of Table 1, for our construction of M as a pre-
conditioner. Table 2 is based on (Shustin and Avron, 2023, Table 1). Note that all the costs
are for operations in ambient coordinates. In the table, we denote by Ty 7 and by Ty 7 the
cost of computing the Euclidean gradient and the cost of applying the Euclidean Hessian
to a tangent vector. Instead of committing to a specific sketch size, we use s for sketch size
(number of rows), and consider two possible sketching distributions: COUNTSKETCH and
SRHT.

To put Table 2 in the contexts of the total computation complexities, we can use the
results presented in (Boumal et al., 2019). For example, Riemannian gradient descent with
a fixed step-size (which requires a Riemannian gradient and a retraction computation per
iteration) takes at most O(e2) iterations to reach to an e-approximate first-order KKT
point (Boumal et al., 2019, Theorem 2.5). Using our proposed preconditioned components,
preprocessing takes O(nnz (Z) + sd?) operations for COUNTSKETCH, and O(ndlog(s) + sd?)
operations for SRHT. On the other hand, using the standard metric would require O(nd?)
operations in preprocessing. In addition, computing a Riemannian gradient and a retraction
is unaffected of the choice of the Riemannian metric after preprocessing is done. Thus, in
the worst-case scenario, using our preconditioned components for a fixed-step Riemannian
gradient descent would result in a total of O(nnz (Z) + sd? + e~2(ndp + d?p + dp* + Tyy))
operations for COUNTSKETCH, and O(nd log(s)—|—sd2+€_2(ndp+d2p+dp2+va)) operations
for SRHT, while using the standard metric would result in a total of O(nd? + e~ 2(ndp +
d’p + dp? + Ty 7)) operations. As we demonstrate in Section 6, we have s < n, thus our
preconditioned algorithm is expected to be faster, at least in the worst-case scenario. As
for the asymptotic convergence, we demonstrate for CCA and FDA how our preconditioner
affects the asymptotic convergence via analysis of the condition number of the Riemannian
Hessian at the optimum in Subsection 4.5 and Subsection 5.5.

12
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Table 2: Summary of the cost of various components for using sketching based Riemannian
preconditioning for generalized orthogonality constraints.

’ Operation ‘ Cost using COUNTSKETCH ‘ Cost using SRHT
Preprocessing: computing SZ O(nnz (Z)) = O(nd) O(ndlog(s))
Preprocessing: given SZ O(sd?) O(sd?)

forming the inverse of

M = ZTSTSZ + A\,

Applying M~! on a vector O(d?) O(d?)
Retraction O(ndp + dp?) O(ndp + dp?)
Inner product on the tangent O(nnz (SZ)p + dp) O(nnz (SZ)p + dp)
space (Riemannian metric)
Orthogonal projections on the O(ndp + d%p + dp?) O(ndp + d%p + dp?)
tangent/normal space
Vector Transport O(ndp + d?p + dp?) O(ndp + d?p + dp?)
Riemannian gradient O(ndp + d?p + dp? + T 7) O(ndp + d?p + dp® + T 7)
Applying the Riemannian O(ndp + d%p + nnz (SZ) p + dp? + O(ndp + d%p + nnz (SZ) p + dp? +
Hessian to a tangent vector T+ Tgz27) T+ Tgz27)

Remark 3 In Table 2 we assumed, for simplicity, that s > d . Howewver, if A is sufficiently
large, it is possible for the prescribed values of s (s > 20s\(Z)%/8) to be smaller than d. In
such cases, we can reduce the O(sd?) term in the complexity to O(sdmin(s, d)) by employing
the Woodbury formula. We omit the details.

4. Sketched Iterative CCA

CCA, originally introduced by Hotelling in 1936 (Hotelling, 1936), is a well-established
method in statistical learning with numerous applications (e.g., Sun et al., 2010; Kim et al.,
2007; Su et al., 2012; Dhillon et al., 2012, 2011; Chaudhuri et al., 2009). In CCA, the
relation between a pair of data sets in matrix form is analyzed, where the goal is to find
the directions of maximal correlation between a pair of observed variables. In the language
of linear algebra, CCA measures the similarities between two subspaces spanned by the
columns of the two matrices, whereas in the geometric point of view, CCA computes the

cosine of the principal angles between the two subspaces. We consider a regularized version
of CCA defined below?:

Definition 4 Let X € R™% and Y € R™*% be two data matrices, and Ay, Ay = 0 be two
reqularization parameter. Let ¢ = max (rank (XTX + )\xIdx) ,rank (YTY + )\yIdy)). The
(Ax, Ay)-canonical correlations o1 > --- > 04 and the (A, Ay)-canonical weights uy, ..., u,
Vi,...,Vq are the arguments that maximize Tr (UTXTYV) subject to

UT(XTX + Mg )U =1, VI(YTY +\1))V =1, U'XTYV = diag (01,...,0,),

2. The definition is formulated as a linear algebra problem. While the problem can be motivated, and
described, in the language of statistics, the linear algebraic formulation is more convenient for our
purposes.

13
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whereU:[ul uq]eRd"Xq andV:[vl vq]eRdqu.

4.1 CCA as an Optimization Problem on a Product of Generalized Stiefel
Manifolds

We focus on finding o1, ..., 0p, 1y, ..., u, and vy, ..., vp, where p < ¢ is a parameter, i.e., on
finding the top p-canonical correlations and the corresponding left and right vectors. For
convenience, we use the following notations:

Yxx = XTx 4+ Moy, Zyy = YTy + /\yIdy7 Yxy = xXTy .

With these notations, we can reformulate the problem of finding the top p-canonical corre-
lations succinctly in the following way:

maxTr (UTE,, V), st. U'S,U=1I, VIS, V=1,

UT%,, Vis diagonal with non-increasing diagonal ~ (2)

Notice that without the last constraint, Problem (2) is a maximization over the product
of two generalized Stiefel manifolds. However, without this constraint the solution is not
unique. The reason for that is that the trace operator and the constraint set are invariant
to multiplication by orthonormal matrices, and so there are optimal values that are non-
diagonal (and so additional steps are needed to extract the canonical correlations from
such values). In order to circumvent this issue, we use a well known method to modify such
problems so to make the solution unique. The modification is based on the von Neumann cost
function (Von Neumann, 1962). That is, we replace the objective function Tr (UTExyV)
with Tr (UTEXyVN) where N = diag (p1, ..., itp) and we take arbitrary 1, ..., yp, such that
p1 > ... > pp > 0. In other words, the problem we wish solve is

max Tr (UTE,, VN), st. UTSU =1, VIS, V=1,

In the next subsection, we detail the Riemannian components which allow to solve the
CCA problem. We show that critical points of the corresponding objective function consist
of coordinated left and right canonical correlation vectors not necessarily on the same phase.
In particular, the optimal solutions are critical points consisting of coordinated left and right
top p-canonical correlation vectors on the same phase.

4.2 Preconditioned Riemannian Components for CCA

In this subsection we derive the Riemannian components associated with the CCA prob-
lem. The CCA problem is a constraint maximization on the product of two general-
ized Stiefel manifolds: Styx,, (p,dx) and Sty (p,dy). We denote the search space by
Sxy = Stx,,(p,dx) x Sts,, (p,dy). We consider the use of Riemannian optimization for
solving the CCA problem, while exploiting the geometry of the preconditioned generalized
Stiefel manifold and use the notion of product manifold. To make the calculations easier,
we denote d = dx +dy and Z == [ UT V7T ]T € R¥P where U € Sty (p,dx) and
V € Sty (p,dy). Henceforth, we abuse notation and view Sy, as a subset of R¥*P given
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by this coordinate split, and also write Z = (U, V) as a shorthand for Z = [ Ul vT ]T.
With these conventions, the optimization problem can be rewritten in the following way:

ngéily fcca(Z) , feea(Z) = —%TI" (ZT { ST Py ] ZN> (3)

For a product of disjoint Generalized Stiefel manifolds, if the number of columns of
the matrices that belong to each of the manifolds is the same, the various Riemannian
components can be computed separately on each of the manifolds and then stacked on
top of each other. We use two preconditioning schemes U +— M%‘X) and V — ng)
to define Riemannian metrics on Sty (p,dx) and Sty (p,dy) respectively, and these, in

turn, define a Riemannian metric on Sy, via Z — Mgz = blkdiag M%‘x),ng) . For

U € Sty (p,dx), let ITy (+) denote the projection on TySts,, (p,dx), and similarly for
Ily () where V € Sty (p,dy). Similarly, let II{;(-) and IIy;(-) be the projections on the
corresponding normal spaces. Given Z € Sy the orthogonal projection on the tangent space
TzSxy is Mz (£z) = (Tly (§u) , My (&v)) where &z = (§u,&v) € RTP.

Let fcca be foca extended smoothly to be defined on R¥P where foca is defined by
Eq. (3) as well. The following are analytical expressions for the Riemannian gradient and
the Riemannian Hessian in ambient coordinates:

i My (ng)>,1 Sy VN
gradfcca(Z) =z (M;'Vfcca(Z)) = - . (4)

Iy ( (M) eI UN

_ Uy, VN
Hessfcca(Z) =1y <MZ1 |:_EV2fccA§ZN + X |: §u Y ] +

&vVISTL UN

+3 [ gg; } MzgradfCCA(Z)D , ()

Z .
Y92 foca = [ E,Ty i } , ¥ = blkdiag (Xxx, Xyy) ,

where Eq. (5) is valid for critical points or if Mz := M = blkdiag (M(XX), M(yy)).

Along with formulas for the retraction and vector transport, various Riemannian opti-
mization algorithms can be applied to solve Problem (3). In the next theorem, we summarize
the critical points. Note that an important outcome of this theorem is that we can obtain
o; from UTEXyV for critical U and V. In the theorem statement, a pair of left and right
canonical correlation vectors u and v are on the same phase if uT XYYv > 0. The proof is
delegated to Appendix B.1.

Theorem 5 A point Z = (U, V) € Sxy is a critical point of fcca(Z) on Sxy if and only
if the columns of U and 'V are left and right coordinated canonical correlation vectors not
necessarily on the same phase.

The optimal solutions of minimizing fcca(Z) on Sky are critical points Z such that the
columns of U and V are coordinated left and right top p-canonical correlation vectors on the
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same phase. Moreover, the optimal solution is unique up to sign of the columns of U and
Vifop, >0 >..> Op+1 > 0.

4.3 Stability of the Critical Points of fcca

Naturally, we want our proposed optimization algorithm to converge to an optimal point. In
Theorem 5 we characterized all the critical points of fcca(Z) on Syy. In general, a typical
guarantee for Riemannian optimization algorithms is that for a sequence of iterates, all the
accumulation points of the sequence are critical points (e.g., Absil et al., 2008, Theorem
4.3.1). Unfortunately, this guarantee does not specify to which of the critical points the
convergence is to. However, we can utilize the fact that in practice, for a sufficiently close
initial guess, Riemannian optimization methods converge to the stable critical points and
do not converge to unstable critical points (Absil et al., 2008, Section 4.4). We analyze the
stability of the various critical points of fcca(Z) on Sxy. Note that solving CCA on the
generalized Stiefel manifold (and its products) can be reduced to an SVD problem and that
the discussion of the stability of critical points is independent of the choice of the Riemannian
metric. In (Helmke and Moore, 1992, Theorem 3.4), the stability of the global minimum of
SVD problem is established assuming distinct singular values. In the context of Riemannian
optimization, the SVD problem was discussed by Sato and Iwai (2013). However, apart from
(Absil et al., 2008, Theorem 4.6.3) where the stability of the critical points of finding the
extreme eigenvalue, i.e., p = 1, none of the aforementioned references provides an analysis
of the stability of the critical points in the context of Riemannian optimization. Thus, for
completeness of the presentation, we present our analysis in this paper and delegate the
proofs to the appendix. In Theorem 6, we show that under reasonable assumptions the
critical points which solve Problem (3) are asymptotically stable. Moreover, we show that
critical points which are saddle points or local maxima of Problem (3) are unstable. The
proof of Theorem 6 is in Appendix B.2.

To do so, we use (Absil et al., 2008, Proposition 4.4.1) and (Absil et al., 2008, Proposition
4.4.2). First, recall the definition of a descent mapping from (Absil et al., 2008, Chapter
4.4): we say that F' is a descent mapping for a cost function f on M if f(F(x)) < f(x) for
all x € M. Now, (Absil et al., 2008, Proposition 4.4.1) shows that if we use any Riemannian
algorithm that induces a descent mapping, and for which for every starting point the series of
points generated by the algorithm has only accumulation points that are critical points, then
any critical point which is not a local minimum with a compact neighborhood where the cost
function achieves the same value for all other critical points is unstable. Additionally, (Absil
et al., 2008, Proposition 4.4.2) shows that if the same conditions hold, and the distance on
the manifold between iterations goes to zero as the algorithm approaches a local minimum,
then if this minimum is an isolated critical point, it is an asymptotically stable critical point.

Theorem 6 Consider using Riemannian optimization to minimize fcca(Z) subject to Z €
Sxy, and assume that the mapping defined by the algorithm is a descent mapping. Assume
that o1 > g9 > ... > opp1 > 0, then Z that minimize fcca(Z) on Sxy are asymptotically
stable. Furthermore, critical points which are not a local minimum of Problem (8) are
unstable.
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Remark 7 Consider the case that one or more of the top p-canonical correlations is not
simple, i.e., some o; = o for 1 < i,5 < p. Then there is no longer an isolated minimum
of the form Z = (U, V) € Sxy such that the columns of U and V are the left and right
top p-canonical vectors, because permutations and linear combinations of the columns of U
and 'V associated with o; which maintain the phase do not change the optimal value. In
such case, we can still guarantee that there exists a neighborhood of the space of the left and
right top p-canonical correlation spaces for which all the starting points converge. However,
note that linear convergence of Riemannian gradient descent is no longer guaranteed, as the
Riemannian Hessian is only positive semi-definite, but theorems such as (Absil et al., 2008,
e.g., Theorem 4.5.6), require a positive definite Riemannian Hessian.

Indeed, any neighborhood of these spaces contains a sublevel set of fcca where the only
critical points of focca in this sublevel set belongs to the space of the left and right top p-
canonical correlation spaces. Thus, if a Riemannian optimization algorithm which induces
a descent mapping is started with an initial point within such a sublevel set, and assuming
all accumulation points are critical points of focca, then it converges to the space of the left
and right top p-canonical correlation spaces.

In the next theorem, we show that under certain assumptions, critical points which do
not solve Problem (3) are saddle points or local maximizers. Furthermore, the algorithm
is likely to converge to the desired global minimizer since under some assumptions it is the
only local minimizer (up to the signs of the columns) among the critical points, thus making
it the only asymptotically stable critical point. The proof relies on the proof of Theorem 9,
Thus, its proof appears in Appendix B.4, after the proof of Theorem 9 (Appendix B.3).

Theorem 8 Consider using Riemannian optimization to minimize focca(Z) subject to Z €
Sxy, where we use the Riemannian metric defined by Mz = blkdiag (ng), M%’y)) where

M%‘X) € RExdx gnd ng) € R&*dy gre given preconditioning schemes. Assume that for
all i = 1,...,q the values o; are distinct, and that ¥ is a SPD matriz. Then the global
mianimizer of fcca(Z) subject to Z € Sy, denoted by Z* = (U*, V™), is the only local
minimizer of fcca(Z) on Sxy, up to the signs of the columns, and it is also strict, and
all other critical points are either saddle points or global maximizers. Thus, Z* is the only
asymptotically stable critical point, and all other critical points are unstable.

4.4 The Effect of Preconditioning on the Convergence

The following theorem allows us to reason about the quality of a preconditioner for the CCA
problem. In this theorem, we bound the condition number of the Riemannian Hessian at
the optimum based on how well the preconditioner approximates a specific matrix (X). The
proof appears in Appendix B.3.

Theorem 9 Consider using Riemannian optimization to minimize foca(Z) subject to Z €
Sxy, where we use the Riemannian metric defined by Mz = blkdiag (M%‘X), ng)) where

M%X) € R&x*dx gnd M%'Y) € R™*d qgre given preconditioning schemes. Also assume that

o1 > 02 > ... > opy1 > 0 and that ¥ is a SPD matriz. Then at the global minimizer
of fcca(Z) subject to Z € Sxy, denoted by Z* = (U*,'V*), the following bound on the
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condition number of the Riemannian Hessian at Z* holds
E(HeSSfCCA(Z*)) S EECA ‘KR (E, Mz*)

where .
max {p1(01 + 0pi1), 5 (1 + p2) (01 + 02) }
min {Hp(Up - Up+l)v minj<;<p % (Mj - Mj+1) (Uj - Uj+1)}

and py > -+ > pp > 0. If Mz« =X then k(Hessfcca(Z”)) = K&oa -

* o—
Kkcca =

Note that from Theorem 9, we have a cumbersome connection between N and the
condition number. Nevertheless, from the expression for Ko, one can conclude that to
balance the numerator and denominator the differences between the values on the diagonal
of N should not be too small nor too large.

The condition number for the case p = 1 does not involve the values in N, and thus is
simple and illuminating:

Corollary 10 For p =1, the condition number of the Riemannian Hessian at the optimum

is at most % < Kk(3E,Mg+). If Mgx = X then the condition number of the Riemannian

Hessian at the optimum is 21192

o1—o2 "

The condition number bound from Corollary 10 decomposes into two components: the
first is the relative eigengap ((01 + 02)/(01 — 02)), which forms a natural condition number
for the problem (if the first and second correlations are very close, it is very hard to dis-
tinguish between them) that almost always appear in problems of this form, and a second
component which measures how close the preconditioner-defined metric approximates the
natural metric for the constraints. The optimal preconditioner, according to the bound, is
M = . However, using this preconditioner requires explicitly computing it in O(nd?) time.
This is too expensive since the exact correlations can be computed analytically in O(nd?)
time as well Bjorck and Golub (1973).

4.5 Randomized Preconditioning for CCA

The condition number bound in Theorem 9 separates two factors: Kgos and (X, M).
The first, KGoa, depends on the gap between the p + 1 largest canonical correlations and
on the differences between the values in N, which are parameters for the CCA problem as
a Riemannian optimization problem. The dependence on the gap almost always appears
in problems of this form, since the more the singular values are distinct it is easier to
distinguish between them. The second component, (X, Mz+), measures how close the
preconditioner, which defines the Riemannian metric, approximates . A preconditioner
that minimizes the bound in Theorem 9 is such that Mg+ = ¥. However, using that
preconditioner, requires explicitly computing a factorization of ¥ which classically requires
Q(nd?) arithmetic operations which is non-beneficial in light of direct solution methods.
Thus, Theorem 9 provides an argument in favor of our proposed randomized precon-
ditioner, i.e., easy to factorize Mz such that (3, Mz+) is bounded. In order to achieve

this goal, the preconditioning schemes U +—» M%(x) and V — M%"Y) should approximate
Yex = XTX + A\ Iy and Eyy = Y'Y + Ayla, respectively (at least at the optimum).
Thus, as described in Section 3 we propose constant randomized preconditioning scheme
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Algorithm 1 Sketched Riemannian Iterative CCA with warm-start.
1: Input: X € R™% Y € R s > max(dx, dy), Ax, Ay > 0.
2: Generate random h : {1,...,d} — {1,...,s}and g : {1,...,d} = {—1,4+1}. Let S
denote the corresponding COUNTSKETCH matrix.
Xg + SX, Yg < SY.
U,V + exact — cca(Xg, Ys).
MO XEXg + ALy, MOY)  YIYg + M1 .
Notation: Yy = XTX + M Xy = Y'Y + Ayl. Do not compute these matrices
(algorithms only require taking products with them).
7. Choose: any N = diag (p1, ..., ptp) s.t. p1 > ... > pp, > 0.
8 Using Riemannian CG, solve maxTr (UTS4, VN) st. U € Sty (p,dx),

V €
Sty (p,dy). Use M) and MOY) for the metric. Start the iteration from afy_ ( ( )
and gfy, (\7)

M := blkdiag (M(Xx),M(W)>, i.e., using sketching for X and Y correspondingly to de-

fine M%‘x) = MO®¥ and M(\}'y) = MOY) A pseudocode description of an end-to-end
randomized preconditioned CCA algorithm with warm-start appears in Algorithm 1. The
following corollary summarizes our theoretical results regarding the proposed algorithm. We
remark that COUNTSKETCH can possibly be replaced with other sketching transforms (such
as SRHT), and Riemannian CG can be replaced with other Riemannian optimization meth-
ods, although the bounds in the corollary might change. We prove Corollary 11 in Appendix
B.5.

Corollary 11 Consider Algorithm 1. Let 6 € (0,1) and denote sy = max(sy, (X), sy, (Y)).
If s = max( [405%\/5] ,d), then with probability of at least 1 — §, the condition number of
the Riemannian Hessian at the optimum is bounded by 3k, regardless of the condition
number of Yxx and Xy . Furthermore, assuming we use Riemannian CG, n > d > p, and
all computations are done in ambient R¥P coordinates, then the preprocessing steps take
O(nnz (X) + nnz (Y)) = O(nd) and O(sd?). Assuming a bounded number of line-search
steps in each iteration then each iteration takes O (p (nnz (X) 4+ nnz (Y)) + dp® + d?p) op-
erations.

5. Sketched Iterative FDA

Fisher’s linear discriminant analysis (FDA), introduced by Fisher (1936), is a well-known
method for classification (Fisher, 1936; Mika et al., 1999), and more commonly for dimen-
sionality reduction before classification (Chen et al., 2012). The latter is achieved by finding
an embedding such that simultaneously the between-class scatter is maximized and the
within-class scatter is minimized. In this paper, we consider a regularized version of FDA
as defined below:

Definition 12 (Duda et al., 2001, Section 4.11) Let xgl), ...,xgll),x?), ...,x%)...,x?), ...,xﬁf} €
R? be samples from | < d different classes, and denote by X1, ...,X,, the union of the differ-
ent classes (the entire data set in a sequential index). For i = 1,...,n, let y; denote the
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label corresponding to x;, i.e., yi = k if x; = X}k) for some j. Let my, for k =1,...,1,
denote the sample mean of class k (i.e., my = n,;l ok ng)), and m = n 1Y " x; =
nt 22:1 npmy denote the data set sample mean of the entire data set. Let Sy and Sy be
the between-class® and within-class scatter matrices (respectively):

n

l
Sg =Y np(my —m)(my —m)" Sy =Y (x; —my,)(xi —my,)"
k=1 =1

Let A > 0 be a reqularization parameter. The | — 1 FDA weight vectors w, ..., w;_1 are the
columns of W € R&>U=1) sych that W is the mazimizer of the following cost function:

_ det(W'SgW)
 det(WT(Sy + AI,)W)

J(W) (6)

5.1 FDA as an Optimization Problem on a Generalized Stiefel Manifold

It is well known that the solution of maximizing Eq. (6) (i.e., finding the FDA weight vectors)
is equivalent to finding a matrix W such that its columns are the leading [ — 1 generalized
eigenvectors of the matrix pencil (S, Sw + AIlz) (Duda et al., 2001, Section 4.11). Note
that this generalized eigenproblem has at most [ — 1 nonzero generalized eigenvalues since
the matrix Sy + ALy is a SPD matrix, and Sp is the sum of [ matrices of rank one or less,
where only [ — 1 of these are independent, thus, Sg is of rank { — 1 or less. We denote
the eigenvalues of the matrix pencil (Sg, Sw + AI;) with correspondence to the FDA weight
vectors by p1 > p2 > ... > pg > 0.

We focus on finding the p leading FDA weight vectors, i.e., wy,...,w, corresponding
to p1 > p2 > ... > pp where p < [ — 1. For the purpose of describing and analyzing our
algorithm, it is useful to write,

Sy=X'X, X=X-Y, Sg=Y Y,

where X € R™? is a matrix such that each i-th row of X is (x; — m,,)T, X € R4 is a
matrix such that each i-th row of X is x;F, Y € R™*? is a matrix such that each i-th row is
of the form m,, (thus, there are at most [ different rows in Y), and Y € R is a matrix
such that each kth row of Y is V1 (my, — m)T. With these notations, we can reformulate
the problem of finding the p leading FDA weight vectors as a Riemannian optimization
problem on the generalized Stiefel manifold (see Fukunaga, 2013, Section 10.2, Eq. (10.5)),
i.e., finding the generalized eigenvalues of the matrix pencil (Sg,Sw + Al;). We use the
Brockett cost function (Brockett, 1991) and obtain the following optimization problem

max Tr (WTYTYWN> L st WX X + AW =1, (7)
WEREXp

where N = diag (1, ..., 1tp) where we take arbitrary p1, ..., ptp such that pg > ... > p, > 0.

3. For | = 2 the matrix Sg is defined by Sg = (m; — ms)(m; — mg)T. The definitions coincide after
multiplying Sg = (m: — my)(m; — mg)T by 2(ninz2)/n.
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Remark 13 Problem (7) is actually a relaxation of the trace-ratio problem (Wang et al.,
2007; Ngo et al., 2012), which provides superior results in various tasks (e.g., classification
and clustering Wang et al., 2007). We focus on Problem (7) since it is amenable to our
preconditioning strategy.

In the next subsection, we detail the Riemannian components which allow to solve the
FDA problem. We show that critical points of the corresponding objective function are
matrices W such that the columns are some p FDA weight vectors. In particular, the
optimal solutions are critical points consisting of the p leading FDA weight vectors. We
further show that if p1,..., pp41 are distinct, the optimal solution is unique up to sign of
the columns of W.

5.2 Preconditioned Riemannian Components for FDA

We first transform Problem (7) into a minimization problem:

min  fepa(W) , frpa(W) = —%’I‘r (WTSEWN) . (8)

St(sw+a1,) (P,d

We use the components of the generalized Stiefel manifold with a Riemannian metric de-
fined by a preconditioning scheme Mw € R%*? to apply Riemannian optimization to solve
Problem (8).

Let fFD A be frpa extended smoothly to be defined on R4*P where fFD A is defined by
Eq. (8) as well.

For W € St(g,,4a1,)(p,d), let TIw (-) denote the projection on TwSt (s, 4a1,) (P, d)-
Similarly, let H%V (-) be the projection on the corresponding normal space. The following
are analytical expressions for the Riemannian gradient and Hessian in ambient coordinates:

grad frpa (W) = Iy (M V frpa(W)) — Iy (MyySgWN) , (9)

Hess frpa (W) [¢w] = HDw (M [-SBéwN+
(Sw + M) éw (WTSEWN + gradf(W))]), (10)

where Eq. (10) is valid for critical points or if Mw = M.

Along with formulas for the retraction and vector transport, various Riemannian opti-
mization algorithms can be applied to solve Problem (8). In the next theorem, we summarize
the critical points. Note that an important outcome of this theorem is that we can obtain
pi from WTSgW with a critical W. The proof is almost the same as the proof of Theorem
5, and presented in Appendix C.1.

Theorem 14 A point W € St(g,, 1, (p, d) is a critical point of frpa (W) on the manifold
St(sy+a1,) (P; d) if and only if the columns of W are some p FDA weight vectors.

The optimal solutions of minimizing frpa(W) on St(s,, 1a1,)(p,d) are critical points W
such that the columns are the p leading FDA weight vectors. Moreover, the optimal solution
is unique up to sign of the columns if p1 > pa > ... > ppp1 > 0.
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5.3 Stability of the Critical Points of frpa

In the FDA problem, we want any optimization algorithm to converge to an optimal point. In
Theorem 14 we prove that the critical points of frpa (W) on St(g, 4a1,)(p, d) are matrices
W € St(g, 41, (P, d) such that the columns are some p FDA weight vectors. Similarly
to the CCA problem, we analyze the stability of the critical points using (Absil et al.,
2008, Proposition 4.4.1) and (Absil et al., 2008, Proposition 4.4.2). Note that similarly to
the CCA problem, solving FDA on the generalized Stiefel manifold can be reduced to a
generalized eigenvalues problem, and that the discussion of the stability of critical points
is independent of the choice of Riemannian metric. In (Brockett, 1991, Theorem 4), the
stability of the global minimum of the generalized eigenvalue problem is established assuming
distinct eigenvalues. In the context of Riemannian optimization, the eigenvalue problem
was discussed in various references, e.g., (Absil et al., 2008, Sections 4.6 and 4.8). However,
apart from (Absil et al., 2008, Theorem 4.6.3) where the stability of the critical points of
finding the extreme eigenvalue, i.e., p = 1, none of the aforementioned references provides
a complete analysis of the stability of the critical points in the context of Riemannian
optimization. Thus, for completeness of the presentation, we present our analysis in this
paper and relegate the proofs to the appendix.

The following theorem shows that under reasonable assumptions the critical points which
solve Problem (8) are asymptotically stable and critical points which are saddle points of
Problem (8) are unstable. The proof is analogous to the proof of Theorem 6, and presented
in Appendix C.2.

Theorem 15 Consider using Riemannian optimization to minimize frpa (W) subject to
W € St(g, 121, (P, d), and assume that the mapping defined by the algorithm is a descent
mapping. Assume that pr > p2 > ... > ppr1 > 0, then W € St(g, 11, (p,d) such that
the columns are the p leading FDA weight vectors are asymptotically stable. Furthermore,
critical points which are not a local minimum of Problem (8) are unstable.

Remark 16 Consider the case that one or more of the p-dominant generalized eigenval-
ues of the matriz pencil (S, Sw + Mg) is not simple, i.e., some p; = p; for 1 <i,j < p.
Then there is no longer an isolated minimum of the form W € St(s_ 4 a1,)(p, d) such that the
columns are the p leading FDA weight vectors, because permutations and linear combinations
of the columns of W associated with p; do not change the optimal value. In such case, we
can still guarantee that there exists a neighborhood of the space of the p-dominant generalized
eigenspaces for which all the starting points converge to the space of the p-dominant gener-
alized eigenspaces. However, note that linear convergence of Riemannian gradient descent
is no longer guaranteed, as the Riemannian Hessian is only positive semi-definite, but theo-
rems such as (Absil et al., 2008, e.g., Theorem 4.5.6), require a positive definite Riemannian
Hessian.

Indeed, any neighborhood of these gemeralized eigenspaces contains a sublevel set of frpa
where the only critical points of frpa in this sublevel set belong to the space of the p-
dominant generalized eigenspaces. Thus, if a Riemannian optimization algorithm which
induces a descent mapping is started with an initial point within such a sublevel set, and
assuming all accumulation points are critical points of frpa, then it converges to the space
of the p-dominant generalized eigenspaces.

22



FASTER RANDOMIZED METHODS FOR ORTHO. CONSTRAINED PROBLEMS

In the next theorem, we show that under certain assumptions, critical points which do not
solve Problem (7) are saddle points or local maximizers. Furthermore, the algorithm is likely
to converge to the desired global minimizer since under some assumptions it is the only local
minimizer (up to the signs of the columns) among the critical points, thus making it the
only asymptotically stable critical point. The proof relies on the proof of Theorem 18, and
is presented in Appendix C.4.

Theorem 17 Consider using Riemannian optimization to minimize frppa (W) subject to
W € St(g,, +a1,) (P, d), where we use the Riemannian metric defined by My € R4 which
is a given preconditioning scheme. Assume that for all i = 1,....d the values p; are distinct
and that Sy + Ay is a SPD matriz. Let W* denote the global minimizer of frpa(W)
subject to W € St(s, 1a1,)(p,d). Then W™ is the only local minimizer of frpa(W) on
St(sy+21,) (P d), up to the signs of the columns, and it is also strict, and all other critical
points are either saddle points or strict local mazimizers. Thus, W* is the only asymptoti-
cally stable critical point, and all other critical points are unstable.

5.4 The Effect of Preconditioning on the Convergence

The following theorem provides a bound on the condition number of the Riemannian Hessian
at the optimum based on how well the preconditioner approximates a specific matrix (Sy +
Al;). This theorem provides a general guideline in designing a Riemannian preconditioner
via the Riemannian metric, and in particular motivates our proposed approach detailed in
Subsection 5.5. The proof uses the same arguments as the proof of Theorem 9, though they
are simplified considerably since only a single generalized Stiefel manifold is considered. The
proof appears in Appendix C.3.

Theorem 18 Consider using Riemannian optimization to minimize frpa (W) subject to
W e St(sw“\ld)(p, d), where we use the Riemannian metric defined by My € R4 which
is a given preconditioning scheme. Assume that p1 > p2 > ... > ppy1 > 0 and that Sy + Ny
is an SPD matriz. Let W* denote the global minimizer of frpa(W) subject to W €

St(Ser)\Id) (p7 d) Then,
k(Hess frpa(W™)) < kppa - £ (Sw + ALz, Mw+)

where

1 (p1 — pa)
min {1, (pp — pp+1) s Mini<jcp 5 (15 — pj1) (= pjs1) }
and prg > -+ > pp > 0. If M+ = Sy + My then k(Hess frpa(W™)) = Kppa -

* —
KRFDA —

Note that from Theorem 18, we have a cumbersome connection between N and the
condition number. Nevertheless, from the expression for Kppa, one can conclude that to
balance the numerator and denominator the differences between the values on the diagonal
of N should not be too small nor too large.

The condition number for the case p = 1 does not involve the values in N, and thus is
simple and illuminating:

Corollary 19 For p =1, the condition number of the Riemannian Hessian at the optimum
is at most L2=LL . 1 (Sy + Mg, M+ ). If M+ = Sy + Ay then the condition number of

p1—p2
the Riemannian Hessian at the optimum is %.
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The condition number bound from Corollary 19 decomposes to two components: the
first is the relative eigengap (p1/(p1 — p2)) (when pg is very small or zero), which form a
natural condition number for the problem (if the first and second generalized eigenvalues
are very close, it is very hard to distinguish between invariant subspaces corresponding to
them) that almost always appears in problems of this form, and a second component which
measures how close the preconditioner-defined metric approximates the natural metric for
the constraints. The optimal preconditioner according to the bound, is M = S, + Al,.
However, using this preconditioner requires explicitly computing it in O(nd?) time. This is
too expensive, since the exact discriminant variables can be computed analytically in O(nd?)
time as well (exact solution requires finding the inverse of Sy, + AI; and then finding the
first eigenvalue and corresponding eigenvector of (Sy + A7) "'Sg).

5.5 Randomized Preconditioning for FDA

The bound on the condition number in Theorem 18 decomposes two components: the first,
Kppa- depends only on the FDA problem (and its formulation as a Riemannian optimization
problem). kEpa depends on both the gap between the p+ 1 largest generalized eigenvalues,
and on the diagonal elements of N, which are parameters of the optimization problem. The
dependence on the gap almost always appears in problems of this form, since the more the
generalized eigenvalues associated with the FDA weight vectors we search for are distinct it
is easier to distinguish between them. The second component, x (Sw + ALz, Myy+), measures
how close the preconditioner, which defines the Riemannian metric, approximates Sy + AL.
A preconditioner that minimizes the bound in Theorem 18 is such that Mw+ = Sy + AL
However, using that preconditioner requires explicitly computing Sy, + AI; which takes
O(nd?) arithmetic operations. As for the CCA problem, direct methods for solving FDA
require ©(nd?) arithmetic operations as well (exact solution requires finding the inverse of
Sw+AI; and then finding the eigenvalues and corresponding eigenvectors of (Sy+AI;) " 'Sg).
Thus, we want Mw to approximate Sy + AI; at the optimum, while allowing a cheap
factorization which is satisfied by our proposed randomized preconditioning approach.

We propose to design the preconditioner in the following way: Mw = M approximates
Sw + A = XTX + Ay via a matrix sketching procedure for X as described in Section
3. A full description of a randomized preconditioned algorithm for FDA with warm-start
appears in Algorithm 2. The following corollary summarize our theoretical results regarding
the proposed algorithm. Note that COUNTSKETCH can possibly be replaced with other
sketching transforms (such as SRHT), and Riemannian CG can be replaced with any other
Riemannian optimization methods, although the bound in the corollary might change. The
proof is in Appendix C.5.

Corollary 20 Consider Algorithm 2. Let 6 € (0,1). If s = max( {20$>\(X)2/5—‘ ,d), then

with probability of at least 1 — §, the condition number of the Riemannian Hessian at the
optimum is bounded by 3KFpa , Tegardless of the condition number of Sy + AL. Furthermore,
assuming we use Riemannian CG, n > d > p, and all computations are done in ambient

RP coordinates, then the preprocessing steps take O(nnz (X)) = O(nd) and O(sd?). As-
suming a bounded number of line-search steps in each iteration then each iteration takes
O(p (nnz (X) + Id) + nnz (X) p + d?*p + dp?) operations.
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Algorithm 2 Sketched Riemannian Iterative FDA with warm-start.
Input: X € R"*4 y ¢ N s>d, A>0.
2: Compute matrices Sg and X.

[

3: Generate random h : {1,...,d} — {1,...,s} and g: {1,...,d} — {—1,4+1}. Let S
denote the corresponding COUNTSKETCH matrix.

4: Xg + SX

5. W« exact — fda(Xg).

6: M+ Xd'Xg + M.

7: Notation: Sy, = XTX Do not compute this matrix (algorithms only require taking
products with it).

8: Choose: any N = diag ({1, ..., ttp) s.t. 1 > ... > pp > 0.

9: Using Riemannian CG, solve max Tr (WTSBWN) st. W € Stg, a1, (p,d). Use M

for the metric. Start the iteration from qfg 1 (W)

6. Numerical Experiments

In the following section, we present our numerical experiments illustrating our randomized
preconditioning approach.

6.1 Experiments with Real-World Data Sets

We report experiments with our proposed preconditioned Riemannian optimization algo-
rithms. The experiments are not designed to be exhaustive; we use a prototype MATLAB
implementation. In particular we present experiments with the preconditioned CCA and
FDA algorithms presented in Sections 4 and 5. Our aim is to assess the effectiveness of our
randomized preconditioning approach.

In addition to Algorithms 1 and 2, we experiment with an additional precondition-
ing strategy based on work by Gonen et al. (2016), which we term as Dominant Subspace
Preconditioning. This preconditioner was designed via an approximation of the empirical
correlation matrix to speed up SVRG when solving ridge regression problems. In our ex-
periments, we use this method to approximate ¥xx and Xy, for CCA, and Sy, + Al for
FDA. Specifically, the matrices X,Y and X are approximated in the following way: sup-
pose A = XTX € R¥4 and let X = UA2VT be an SVD decomposition of X such that
A = UAU" is an eigendecomposition, with the diagonal entries in A sorted in a descend-
ing order. Given k, let us denote by Uy the first k columns of U, Ay denote the leading
k x k minor of A, and Aj the k-th largest eigenvalue of A. Then, the k-dominant subspace
preconditioner of A + Al is Ug(Ag — )\kI)UE + (At + M1z The dominant subspace can be
found using a sparse SVD solver (we use MATLAB'’s svds). Moreover, its inverse can be
easily computed using the formula

1
)\k + A
We also experiment with variants of sketched iterative CCA (Algorithm 1) and sketched

iterative FDA (Algorithm 2) in which Riemannian CG is replaced with Riemannian trust-
region Method.

Ur(Ap + D) IUT + (I; — U UL).
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We use MATLAB for our implementations, relying on the MANOPT library (Boumal
et al., 2014) for Riemannian optimization. In the MANOPT library we implemented the
generalized Stiefel manifold with a non-standard metric?. The experiments we present here
are with p = 3 and N = diag (3,2.75,2). Recall that the only condition on the matrix
N is that it is diagonal, with strictly descending and positive diagonal elements. In the
literature, typically, descending integers are chosen. We remark that this choice of N is an
arbitrary (not optimized) choice, and we achieved similar results for other choices of N as
a diagonal matrix with strictly decreasing values on the diagonal, and p as well (which we
exclude from this text). In the plots (Fig. 1, 2, 3, and 4), the role of s is the number of rows
in the sketched data matrices, after applying a COUNTSKETCH transformation on the data
matrices. Similarly, k is the number of singular values and vectors we use for the Dominant
Subspace Preconditioning.

We did not optimize the implementation, so wall clock time is not an appropriate metric
for performance, instead, we use an alternative metrics. In particular, the direct methods
are about 10 times faster than the iterative methods measured in wall clock time in the
experiments in this subsection, however, as n becomes larger, iterative methods become
faster than the direct methods (see Subsection 6.2). In Riemannian trust-region Method,
different iterations do a variable amount of passes over the data, so we measure passes
directly, i.e., products with the data matrices, as this is the dominant cost of our algorithm.
As for Riemannian CG, the MANOPT solver restricts the number of line-search steps in each
iteration to 25, otherwise the step is rejected. In practice, in our experiments the number of
products in different iterations is between 6 to 26 for CCA and between 3 to 13 for FDA, so
we report the number of iterations. For every iteration or pass over the data, ¢, we plot the
suboptimality of the current iterate: |>-F_; oipi + feca(Ze)|/ D8 oipi for CCA where Zy
represents the parameters at iteration ¢, and | Y %_; pii + fepa(We)|/ Yb_, pipi for FDA
where Wy represents the parameters at iteration t. We use MANOPT’s default stopping
criteria: the optimization process terminates if the norm of the Riemannian gradient drops
below 1076, We cap the number of iterations by 1000.

We use in our experiments three popular data sets: MNIST (Figures 1 and 2), ME-
DIANILL (Figure 3) and COVTYPE (Figure 4)°>. MNIST is used for testing CCA and
FDA, where for CCA we try to correlate the left side of the image to the right side of the
image. MEDIANILL (43,907 examples) is a multilabel data set, so we use it to test CCA.
COVTYPE is a large (581,012 examples) labeled data set, and we use it to test FDA.

Consider Figure 1 (CCA on MNIST). For Riemannian CG the number of products per
iteration is never bigger than 20. As a reference, for CCA the number of iterations required
for CG and Trust-Region with M = ¥ is 218 and 15 correspondingly, whereas without a
preconditioner (M = I;) the CG does not converge even after 1000 iterations and the Trust-
Region required 21 iterations to converge. We clearly see the direct correspondence between
sketch quality (as measured by the sketch size s) and number of iterations. Furthermore,
the number of iterations is close to optimal after sketching to only s = 2000 rows (there are

4. MANOPT has an implementation of the generalized Stiefel manifold, but only with the standard metric
M =B.
5. data sets were downloaded for libsvim’s website: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/.
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Figure 1: Results for CCA on MNIST. For COUNTSKETCH the number of rows is s, and k
is the number of singular vectors for the dominant subspace preconditioner.
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Figure 2: Results for FDA on MNIST. For COUNTSKETCH the number of rows is s, and &
is the number of singular vectors for the dominant subspace preconditioner.

60,000 examples in the original data set) or using only 40 singular vectors for the dominant
subspace preconditioner (there are 784 features in the data set)®.

6. Interestingly, with s > 500 the subspsace embedding preconditioner uses less iterations than the optimal
preconditioner. This is because of the use of sketching based warm-start.
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Figure 3: Results for CCA on MEDIAMILL. For COUNTSKETCH the number of rows is s,
and k is the number of singular vectors for the dominant subspace preconditioner.

Consider Figure 2 (FDA on MNIST). For Riemannian CG the number of products per
iteration is never bigger than 9. As a reference, for FDA the number of iterations required
for CG and Trust-Region with M = Sy, + A1 is 95 and 11 correspondingly, whereas without
a preconditioner (M = I;) the CG does not converge even after 1000 iterations and the
Trust-Region required 20 iterations to converge, so again we see that the sketching reduces
the number of iterations.

Consider Figure 3 (CCA on MEDIANILL). For Riemannian CG the number of products
per iteration is never bigger than 20. As a reference, the number of iterations required
for CG and Trust-Region with M = ¥ is 107 and 15 correspondingly, whereas without a
preconditioner (M = I;) the number of iterations for CG is 550 and for Trust-Region is 23.
The data set has 30,993 examples and 221 features, so again we see that we can sketch to
relatively small size (s = 2000 or k = 40) and get an effective preconditioner.

Consider Figure 4 (FDA on COVTYPE). For Riemannian CG the number of products
per iteration is never bigger than 10. As a reference, the number of iterations required for
CG and Trust-Region with M = Sy, + Al is 71 and 19 correspondingly, whereas without
a preconditioner (M = I;) the CG does not converge even after 1000 iterations and the
Trust-Region required 44 iterations to converge. Considering that the data set has over half
a million examples, subspace embedding preconditioning is highly effective, as it sketches
the data to a comparatively very small size. The data set has only 50 features, so dominant
subspace preconditioning is less effective for this data set.

6.2 Synthetic Experiments and Comparison with ALS

In addition, we report a set of synthetic experiments for CCA with comparisons to other
methods. To perform comparisons to existing methods, we conducted a set of synthetic
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Figure 4: Results for FDA on COVTYPE. For COUNTSKETCH the number of rows is s,
and k is the number of singular vectors for the dominant subspace preconditioner.

experiments in which we compared the running times of our algorithms for CCA to ALS
algorithm for CCA (Ge et al., 2016a, Algorithm 1), that is (Golub and Zha, 1995, Algorithm
5.2). Note that the aforementioned algorithm is equivalent to a Riemannian gradient descent
with a standard metric and a step-size of ay = (uff Sxyvi) ™! at each iteration ¢ (this is valid
whenever ag = (ugnyvo)’l > 0), for p = 1. Thus, we add in Fig. 5 experiments for
p = 1 of Riemannian gradient descent with a step-size of a; = (uf Xxyv¢) ™1, We compare
using the standard metric with a prescribed step-size (Golub and Zha, 1995, Algorithm 5.2)
vs. line search and our sketched metrics. In addition, we add the running times for direct
methods. For FDA, one can perform similar experiments, comparing our algorithms to the
power method for (Sy +AI4)~72SB(Sw+AI;) 72, as it is equivalent to Riemannian gradient
descent with the standard metric and a step-size of oy = (w;Spw;)~! for p = 1 (this is
valid whenever ag = (wg Spwo) ™! > 0). We do not include these experiments in the paper
as the results are similar to the experiments for CCA. Moreover, we also added experiments
with Riemannian trust-region in Fig. 6, to illustrate an advantage Riemannian optimization
framework provides, e.g., second-order methods.

Our method is most beneficial in the regime n > d and ill-conditioned data matrices.
Thus, the experiments presented in Fig. 5 and Fig. 6 are performed as follows. A synthetic
data set is generated with two ill-conditioned random data matrices X € R10°%500 4nq
Y € RI0°X500 with a condition number of the order of 104 correspondingly. We use a small
regularization of 107% multiplied by the average eigenvalue of the Gram matrices of X and
Y correspondingly. We measure suboptimality vs. time in seconds (including pre-processing
time of creating the sketched matrices) and iteration count.
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In Fig. 5, we present results for ALS algorithm and gradient descent with line search with
M =1, i.e., no preconditioning, M = X, i.e., optimal preconditioning, and four sketched
matrices with COUNTSKETCH of sizes s = 103,10%,2 % 104, 3 * 10%.

ALS is the fastest (109.7 seconds). Solving with M = ¥ takes 295.72 seconds includ-
ing pre-processing, for s = 10% (0.1% of the data) it takes 245.99 seconds including pre-
processing, for s = 2x10* (0.2% of the data) it takes 231.62 seconds including pre-processing,
and for s = 3 % 10* (0.3% of the data) it takes 202.64 seconds including pre-processing. In
particular, excluding pre-processing time, solving with M = ¥ takes 289.5 seconds, whereas,
for s = 10* it takes 241.77 seconds, for s = 2 * 10* it takes 227.74 seconds, for s = 3 x 10*
it takes 197.74 seconds. Note that the pre-processing time is almost identical and faster for
the sketched matrices since storing and computing the full data matrices takes considerable
time. For comparison, solving directly using (Bjorck and Golub, 1973, Section 5) takes
216.33 seconds. Note that for s = 3 % 10* the iterative method is faster, due to the larger
n. Note that the condition number of the Riemannian Hessian at the optimum changes
according to the preconditioning, as the ill-conditioning of the problem arises from the data
matrices. For M = I the condition number computed via MANOPT is 2.66 % 10°, for s = 103
it is 34.1, however for s = 10? it is reduced to 2.48, for s = 2 % 10* it becomes 1.89, for
s = 3%10% it becomes 1.68, and for M = ¥ it becomes 1.09. Indeed, we can observe that our
randomized preconditioning scheme behaves as theory predicts, having better conditioning
of the Riemannian Hessian at the optimum, as our sketched matrices approximate better
and better the standard metric. Moreover, as seen in these results, for very large matrices,
sketching indeed accelerates the algorithms, and results in faster methods.

In Fig. 6, we present Riemannian trust-region compared to ALS, with the metric M = X,
and the metrics achieved by sketching with s = 10% and s = 10* (results for M = I were
very similar to s = 103). All the iterative methods were faster than solving directly using
(Bjérck and Golub, 1973, Section 5) (201.78 seconds). While s = 10% achieved the slowest
convergence (113.32 seconds including preprocessing) among the iterative methods, due to
its ill-conditioning, both M = ¥ and s = 10* were faster than the ALS, and s = 10* was the
fastest (45.18 seconds including preprocessing, and similar runtime without preprocessing
of the algorithm to M = X0).

7. Conclusions

In this paper we propose faster randomized methods for orthogonality constrained prob-
lems. Our method is specifically designed for typical structure of orthogonality constraints
in machine learning, i.e., the constraints are defined by a Gram matrix of a data matrix
where one dimension is much larger than the other. We use the framework of Riemannian
optimization as the underlying iterative methods which we precondition by incorporating a
randomized preconditioner via the Riemannian metric (Riemannian preconditioning). The
aforementioned technique can be used to precondition any core Riemannian method. Our
method can also be applied to constraints which are described by the product of two or
more generalized Stiefel manifolds.

We demonstrated our method and proposed a preconditioning strategy for two problems:
CCA and FDA. For both of these examples we evaluate the computational costs, and bound
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Figure 5: Results for CCA on a synthetic experiment. Left - suboptimality vs. time in
seconds. Right - suboptimality vs. iteration count. we use COUNTSKETCH as the
sketching transform, where s is the number of rows after sketching is applied to
the data matrices.
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Figure 6: Results for CCA with Riemannian trust-region on a synthetic experiment. Left
- suboptimality vs. time in seconds. Right - suboptimality vs. iteration count.
we use COUNTSKETCH as the sketching transform, where s is the number of rows
after sketching is applied to the data matrices.

the condition number of the Riemanninan Hessian at the optimum. This in turn, allows us
to reason about the effect of the proposed randomized preconditioner.

As a future research direction we believe our method can be extended beyond orthog-
onality constrained problems for other equality constraints by identifying similar problem

structure.

Acknowledgments

The authors thank Bart Vandereycken for useful discussions. This research was supported
by the Israel Science Foundation (grant no. 1272/17).

31



SHUSTIN AND AVRON

Appendix A. Analogue of Lemma 2 for SRHT

In this section, we formulate an analogue for Lemma 2, which was formulated for COUNTS-
KETCH sketching transform to SRHT. First, we recall the definition of SRHT from (Tropp,
2011, Section 1.1) and (Boutsidis and Gittens, 2013, Definition 1.2).

Definition 21 Fiz integers s and n = 2™ where s < n, and m = 1,2,3,.... An SRHT
matriz is an s X n matriz of the form

S = \/;RHD,
n

where D € R™™ is a random diagonal matriz whose entries are independent random signs,
i.e., random wvariables uniformly distributed on +1, H € R™ ™ is a normalized Walsh-
Hadamard matriz, and R € R%*™ is a subset of s rows from the n x n identity matriz,
where the rows are chosen uniformly at random and without replacement.

Next, recall that according to (Ailon and Liberty, 2009, Theorem 2.1) and (Boutsidis and
Gittens, 2013, Lemma 1.3), constructing S and computing Sz given x € R", s < n, can
be done in O(nlog (s)) operations. Thus, computing SZ for Z € R™*? takes O(ndlog (s))
operations (see Table 2).

Finally, we prove an analogue of Lemma 2 for SRHT using the approximate matrix
multiplication property for SRHT (Cohen et al., 2015, Theorem 9).

Lemma 22 Assume that A\ > 0 or that Z € R™? has full column rank. Suppose that
S € R**" 4s an SRHT matriz with

s = Q4s1(Z)*(5x(Z)/ QI3 + log (251(Z)/8) log (sx(2)/(1|QII36)))),

where Q is the matriz Q in the \-QR factorization of Z (Avron et al., 2017, Definition 28),
for some § € (0,1). Then with probability of at least 1 — § we have that all the generalized
eigenvalues of the pencil (ZVZ + NI, ZYSTSZ + \I) are contained in the interval [1/2,3/2]
and K(ZYZ + \I,ZTSTSZ + \I) < 3.

Proof The proof is similar to the proof of Lemma 2. To show that the generalized eigen-
values of the pencil (ZTZ + A\, ZYSTSZ + AI) are contained in the interval [1/2,3/2] and
that x(ZTZ + AT, ZTSTSZ + AI) < 3 to hold, it is enough to show that

1
5(sz +AI) < ZTSTSZ + \I < %(ZTZ +AI).

Let Z = QR be a A-QR factorization of Z (Avron et al., 2017, Definition 28). Left-
multiplying by R~ and right-multiplying by R™" on both sizes, we find it suffices to
show that with probability of at least 1 — § we have

I

|
514 Q7STSQ+ AR"TR < ;

or, equivalently,
1
1QTSTSQ + MRTR ! — I, < 5
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Since QTSTSQ + \R"TR™! — I, = QTSTSQ — QTQ (Avron et al., 2017, Fact 29), it is
enough to show that
1
IQTs'sQ-Q"Qll < 5.
From (Cohen et al., 2015, Theorem 9), we have that for any fixed matrix A, and an SRHT
matrix So with m = Q((||A[|%/[|A[13 + log (1/(e0)) log (||A[|%/ (| A30)))/?) rows, taking
k= ||A||%/||A]3 in (Cohen et al., 2015, Theorem 9), we have that with probability of at

least 1 — 4,
IATS)SoA — ATAz <e-[|A[3 <e-|A]F.

Since ||Q||% = sA(Z) (Avron et al., 2017, Fact 30), then with

s = Q(452(2)*(s1(2)/ QI3 + log (251(2)/8) log (s1(Z) /(| QI[39)))),
we have
1Q"S™sQ - QTQll» < 5
with probability of at least 1 — d. =

Appendix B. Omitted Proofs From Section 4

In this section we give omitted proofs from Section 4.

B.1 Proof of Theorem 5

Proof Recall that the critical points are defined to be the points where the Riemannian
gradient is zero, and as such, whether a point is a critical point or not does not depend on
the choice of Riemannian metric (see Absil et al., 2008, Eq. 3.31). Thus, for the sake of
identifying the critical points, we can use Mgz := X for all Z € Sy and get a simplified form
for the Riemannian gradient (Eq. (4)):

J— X
gradfcoa(Z) = Sy ELUN - Vsym (VIS » 15T UN)
L [ (Iy, — UUTSy) 85t Exy VN + Uskew (U TS, VN) ]

(Ig, = VVTEyy) SUIST UN + Vskew(VTST UN)

Yy Xy

B [ St¥yy VN — Usym (UT 8 81154, VN) ]

There is a connection between the canonical correlations and the singular value decom-
position of R = E;;/ ZExyE;;,/ ? (Wang et al., 2016): a pair of vectors u and v are canonical
correlation vectors corresponding to the same canonical correlation if and only if a = E;/iu
and v = E;,/f,v are left and right singular vectors of R corresponding to the same singular
value.

canonical correlation vectors are the columns of U and V it and only if the columns of
(U, V) = (Z,lc/ch, Z;,;,V) are p left and right coordinated singular vectors of the matrix R.
Thus, we use this relation to prove this theorem.

To show that all Z € Syy such that the columns of U and V are left and right

coordinated canonical correlation vectors not necessarily on the same phase are critical
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points, let aq,...,q, be some singular values of R, and let uy,...,0p,v1,...,V, be the
corresponding left and right singular vectors not necessarily on the same phase. Writing
dg,...,u, as the columns of U and and vy,...,v, as the columns of V, and defining

U= 2;;/ QfJ', V = E;;/ 2\7, the following two equations hold:
SxyV =S UA, 53, U=35,, VA

where A = diag (f1,...,[0p) such that |3;| = oy for i = 1,...,p. Letting Z = (U, V) € Syy,
we have

[ UAN - Usym (UTSUAN) | [ 04, xp
gradfooalZ) = = | yAN - Vsym (VIE,, VAN) | = | Ox,

where the last line is true since AN is diagonal.
To show the other side, note that if the Riemannian gradient nullifies, then

(In, — UUTSyx) S5t Sy VN + Uskew (U S, VN) | [ 04, p
(I, = VVTSyy) SUST UN 4 Vskew(VIST UN) | '

yy “xy 04y xp

By using similar reasoning as in (Absil et al., 2008, Subsection 4.8.2),
(I, — UUTYE, )Tl syy VN,

belongs to the orthogonal compliment of the column space of U (with respect to the matrix
Yxx), and Uskew(UT ¥4, VIN) belongs to the column space of U. The same is true for
(Ig, — VVTS)5 5T UN and Vskew (VST UN) with respect to V and Syy. Thus,
we get that the gradient vanishes if and only if the aforementioned four factors vanish.

From (I, — UUTSkx) Sl 8xy VN = 04, We get S5l Ey, V = U (UTE,, V), since
N is an invertible matrix. Also, since U € Sty (p,dx) it is a full (column) rank matrix
then Uskew (U1 ¥y, VN) vanishes if and only if skew(UTY,, VN) vanishes, which leads
to (UTExyV) N =N (UTExyV). This implies that UTEXyV is diagonal because any
rectangular matrix that commutes with a diagonal matrix with distinct entries is diagonal.
Thus, we have

Y ZxyV =UD, (11)

where D = UTZXyV is diagonal. Similarly, we have

Sy Sy U=VD (12)

where D = VTE;EyU = U,V is diagonal. From Eq. (11) and Eq. (12) we get
o,  Kl/2 Twl/277  «l/2
RY2V = 9/2UD, RTS/2U = 9/2VD.

This implies that the columns of (U, V) = (E;/,Q(U, E;,/;,V) are some p left and right singular
vectors of R not necessarily on the same phase, but corresponding to the same singular
values.

Finally, to identify the optimal solutions, note that at the critical points the objective
function is the sum of the canonical correlations multiplied by a diagonal element of N, and
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a sign corresponding to the canonical correlation vectors in the columns of U and V and the
correspondence of their phase. Thus, the optimal solutions that minimize fcca(Z) on Sky
are Z = (U, V) € Sxy such that the columns of U and V correspond to the top p-canonical
correlations on the same phase. Otherwise, we can increase the value of the objective func-
tion either by flipping the sign of one of the vectors or by replacing a canonical vector with
another that corresponds to a smaller canonical correlation. Moreover, if we assume that
o1 > 092 > ... > opq1 > 0, then for the aforementioned Z = (U, V) € Sxy, the columns of
(fj, \7) belong each to a one dimensional singular left and right space and so do the columns
of the corresponding (U, V), i.e., unique solution up the the signs of the columns of (U, V).
In the case where some o; = o for 1 <i,5 < p, permutations of the columns of U and V
associated with o; keep the solution optimal making it non-unique. |

B.2 Proof of Theorem 6

Proof To prove the asymptotic stability of Z = (U, V) that minimize fcca(Z) on Sy,
we use (Absil et al., 2008, Proposition 4.4.2). Recall from Theorem 5 that Z that solve
Problem (3) are unique up the the signs of the columns of U and V, making these points
isolated global (and consequently local) minimizers of fcca(Z) on Sxy. According to (Absil
et al., 2008, Proposition 4.4.2), such points Z are asymptotically stable.

Suppose Z is a critical point of fcca(Z) on Sxy which is not a local minimum. Then,
there exists compact neighborhoods with either no other critical points, if there are no mul-
tiplicities of the canonical correlations, or where all other critical point achieve the same
value for the cost function, if there are multiplicities. Thus, according to (Absil et al., 2008,
Proposition 4.4.1), such Z are unstable. |

B.3 Proof of Theorem 9

Proof In order to bound the condition number of the Riemannian Hessian at Z* € Syy, we
need to bound its maximal and minimal eigenvalues. Thus, to prove the theorem we analyze
the eigenvalues of the Riemannian Hessian at some critical point Z € Syy (in particular at
Z* € Sxy) using the Courant-Fischer Theorem (also called the minimax principle, see (Kato,
2013, Chapter 1, Section 6.10)) for the compact self-adjoint linear operator Hess fcca (Z)[] :
T7Sxy — T7Sxy over the finite dimensional vector space TzSxy:

\(Hessfooa(Z)) = min o max | R(¢z), (13)
»dlm =R Z

Av(Hessfcoa(Z) = Jnax i R(¢z), (14)

where
9z(éz.Hess fcca (Z)[éz))
9z(£z,€z) ’

In the above, A\ (Hessfcca(Z)) is the kth largest eigenvalue (i.e., eigenvalues are ordered
in a descending order) of Hess fcca (Z), and U is a linear subspace of T7Sxy. In particular,

R(&z) =
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the maximal and minimal eigenvalues are given by the formulas

Amax(Hess fcca(Z)) = 02 R(&z), (15)
Amin(Hessfcca (Z)) = 075§ZHéiTnzS R(&z). (16)

We begin by simplifying the quotient R({z). Recall that any critical point of fcca
is a matrix Z = (U, V) € Syy such that the columns of (U, V) = (E)lc/,zU,Z;,/;V) are
p left and right singular vectors (not necessarily on the same phase) of the matrix R =

E;;/QEXyE;;/Q (see Theorem 5). Let a1, ..., oy be some singular values of the matrix R, and
let 4y,..., 04y, V1,..., V), be the corresponding left and right singular vectors (not necessarily
on the same phase). Writing uy,..., 1, as the columns of U and and vy,...,V, as the

- _1 _1.
columns of V, and defining U = ¥,2 U,V = Y42V, the following two equations hold:

YxyV = 2xxUA (17)

Sy U =3y VA (18)

where A = diag (f1,...,[0p) such that |3;| = oy for i = 1,...,p. Letting Z = (U, V) € Syy,
plugging in the ambient coordinates formula for the Riemannian Hessian (Eq. (5)), the
Riemannian gradient nullifies (see Theorem 5) and we have

¢uUTE,y VN

Hess fcoa(2)[6z) = Tz (Mg [~ Sz e &N + 3| (U 0aif (0

T
+ 3 [ ot } Mzgradfcoa(2)]) =z (Mz' [~Ev2/00 6z + 262A] N) . (19)

&vv?t
Plugging in the formula for the Riemannian Hessian at a critical point (Eq. (19)), the
quotient R(&z) is reduced to to
Tr (ggMZHZ (Mil [_EvszCAgz + ZfZA] N))
Tr ({2 Mzéz)

Now, using the fact that the projection to the tangent space is self-adjoint with respect to
the Riemannian metric and that for any {z € TzSxy we have Ilz ({z) = £z, we further see
that

Tr (ngsz (Mil [_EVQfCCAEZ + EﬁzA] N)) _ Tr (ngF (_EvszCAé-Z + EgZA) N)
Tr (&5 Mz&z) Tr (&5 Mz&z) '

Obviously, we can also write

R(éz) =

Tr (f% (7Ev2fCCA£Z + EézA) N)
Tr (£ Mzéz)

_ Tr (5% (_ZVQfCCAgz + Esz) N) ) Tr (EEZSZ)
Tr (£23¢7) Tr (&3 Mzéz)

(20)
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Using Eq. (20), a simplified form of the quotient R({z), we can estimate upper and lower
bounds on R(£z) where 0 # £z € T7zSxy in order to bound the condition number of the
Riemannian Hessian at Z* € Sxy. Since for {z # 0 the term Tr (5%2{2) /Tr (ngzﬁz) >
0, then the upper and lower bounds on

Tr (Eg (_ZVQfCCA§Z + Zsz) N)

T (64 567) | 2

together with the upper and lower bounds of Tr (fEEfz) /Tr (f%l\/[zfz) > 0 bound the
condition number of the Riemannian Hessian at Z* € Sy .

We begin by estimating the term Tr ({%Efz) /Tr (§%szz) > 0. We use the vector-
ization operator, and the Kronecker product to rewrite it in the following form

Tr (3%¢z)  vec(&z)" (I, ® X) vec (67)

Tr ( EMzﬁz)  vec ({z)T (I, ® Mz) vec (52) )

Eq. (22) is the generalized Rayleigh quotient for the matrix pencil (I, ® £,I, ® Mz).
Note that I, ® ¥ and I, ® Mz are both SPD matrices, thus the generalized eigenval-
ues of the matrix pencil (I, ® ¥,I, ® Mz) are equivalent to the eigenvalues of the matrix
(I,oMz) (I,o%)=1,® M, 'S, According to (Minka, 2000, Section 2) the eigenvalues
Ip®M£12 are p copies of each of the eigenvalues of MEIE. Thus, the maximal and minimal
eigenvalues of the matrix pencil (I, ® ¥, I, ® Mgz) denoted by Amax a1d Amin are equivalent
to the maximal and minimal generalized eigenvalues of the matrix pencil (3, Mz), and so
is the corresponding condition number

Amax
k(I @S, I, Mz) = == = (32, Mz).

Recall the definition of the generalized eigenvalues. The generalized eigenvalues of the
matrix pencil (A, B), where A € R%? and B € R?*? is a symmetric positive semi-definite
matrix such that ker(B) C ker(A), are defined as follows: if for A € R and v ¢ ker(B) it holds
that Av = ABv then )\ is a generalized eigenvalue and v is a generalized eigenvector of the
matrix pencil (A, B). The generalized eigenvalues are denoted by A\;(A,B) > X\2(A,B) >
“++ 2 Arank(B) (A, B). Therefore, using the Courant-Fischer Theorem for the matrix pencil
(I, ® ¥,I, ® Mz) we have

Amax = Amax (Ip ® X, Ip ® MZ)
vec (£)T (I, ® ¥) vec (£z)
0#££z€RIXP yvec (§Z)T (I, ® Mz) vec ({z)
vec (€z)" (I, ® ¥) vec (£z)
max
0#£z€TZSxy vec (§Z)T (I, ® Mz) vec (£z)
Tr (§25¢z)
max
0#££z€TZzSxy T (ﬁgMzﬁz)

v
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and

Amin = )\min(Ip ® 27 Ip ® MZ)
vec (¢2)" (I, ® ¥) vec (¢z)
0£6z€R>? vec (E7) T (I, ® Mz) vec (£{z)
vec (¢z)" (I, ®X) vec (§z)
0£€2€T75xy vec (€7)" (I, @ Mg) vec (£z)
Tr (¢ 5¢z)
min =
0£€2€TzSxy Tr (£ MzEz)

Next, we analyze Eq. (21). Recall that £z = (§u,&v) € TzSxy where we have &y €
TySts,, (p,dx) and {v € Ty Sty (p,dy), thus we can rewrite the tangent vectors in the
following form:

Su=UQu +Ug,, 1Ky, &v =VQy + Ve 1 Ky,

where Uy, | is Yxx-orthogonal to U so that the union of the columns of U and Uy, | isa
basis to R%, and similarly Vs, 1 is Yyy-orthogonal to V so that the union of the columns of
V and Vy | is a basis to R, Qu = —Qf§ € RPP, Qy = —Q € RP*P, Ky € Rlx—P)xp
and Kv € R —P)*P_ Note that we can always make the choice of the columns of Uyx, |
and Vg, | to be such that (Z;lc/chZxxJ_, Z;/;;szyj_) are some min {dx — p,dy — p} left and
right singular vectors not necessarily on the same phase of the matrix R belonging to the
same singular values. Without loss of generality suppose dx > dy. With this choice we have

~ ~T
EXyVZny_ = EXXUEXXJ_Aa 2;EyUExxJ- = ZnyEny_A )

and

< T
ngleXngny_ =Ac R(dx_p)x(dy_p)’ ngyJ_E)TyUZxxJ_ =A € R(dy—p)X(dx—p)7
where A is a diagonal matrix (but not necessarily a square matrix), with the corresponding
values on the diagonal 3,41, ..., B4, , which satisfy |3;| = a; for i =p+1,...,dy.

Now,

258z = Qf Q?,][SE}HKE K\Tz][ES}

and

Al @ A|[K
§25v2sceats = [ OO 9“{1; _[QE]HK‘TJ K“!AT HKE]

s vee ([ 20 ]) v ([ 10 )

Tr ( gZ{z) = m%mz + kgkz7

Let

Then,
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n<_[ng ng][A AH&‘;]NHQ@ ng}[ﬁﬂAN):

my (AN@Igp—N@) { A A sz

n(—[KE K\T,][AT AHEE]NHKE K\TI][EE}AN)_

kz, <AN®IQP—N®

kZ
~
l hUS,

Tr ('5% (_EVQfCCAfz + ZgZA) N)
Tr (§7 X¢z)

A
m%(AN@Igp—N@){A sz+k§<AN®12p—N®

o A

Recalling that Qu = —Qf and Qv = —Q%, and both are real matrices (so the elements
of the main diagonals are 0), we have

m%mz + k;kz

mymz =2 Y (Qu)i+ >, @)} ], (23)

1<j<i<p 1<j<i<p

and
T A
myz (AN®I), -N® A my,

= Y (Bt i) (@)} + (@)]) = 2By + Bis) (R0),; (@), ] (24)

1<j<i<p

Thus, only the p(p —1)/2 entries below the diagonal of Qy and the p(p — 1)/2 entries below
the diagonal of Qv determine the values of Eq. (23) and Eq. (24). Let us now denote by
my the column stack of (Qu, Qv ), but only with the the subdiagonal entries of Q2 and of
Qv (i.e., mgz “purged” of the superdiagonal elements). We then have,

m%mz = Qﬁlgﬁlz

and
my <AN®Igp—N® [ A A ]) mgz = m; Urny
where ¥ € RP(P—DxP(P—1) j5 a matrix defined as follows: ¥ is a block diagonal matrix, where
the blocks are of descending order: 2(p—1),2(p—2),...,2 =2. The jth (1 <j<p-—1)
block, denoted by ¥, is of the order 2 (p — j) and has following form:
| Di T
lIIJ‘_[_TJ‘ D; ]



SHUSTIN AND AVRON

where

Dj = diag (1j+18j+1 + 1B ttj+28j+2 + 1 Bjs -wos tipBp + 11555)
and

T; = diag (8415 + Bjtj+1, Birakty + Bittj+as s Bptiy + Bjnp) -

We make the following change of variables: dz = v2mgz. Finally, Eq. (21) is rewritten in
the following way

Tr (ég (—EVZfCCAgz + EﬁzA) N) _
Tr (§7%¢z)

[ d} kg |blkdiag (;\p, AN®I; 5 - N®

o M)l

- dy
(a5 ]|
Note that the mapping ¢(-) : TzSxy — RPA—P(P+1) defined by

ez = 22 ].

is a coordinate chart of the elements of TzSxy, since ¢(-) is a bijection (one-to-one cor-
respondence) of the elements of TzSxy onto Rrd—p(p+1), Indeed, kz is a column stack of
(Ku, Kv), thus we can retract the matrices Ky and Ky. Similarly dyz is proportional to
my which is a column stack of (Qy, Qv ), but only with the the subdiagonal entries of Qy
and of Qv. Since Qy and Qv are skew-symmetric matrices, we can retract Qy and Qv.
With the matrices Ky, Kv, Qu and Qv at hand, we can fully retract {z = (§u, &v).-

The eigenvalues and corresponding eigenvectors of any linear operator over a finite di-
mensional vector space do not depend on the choice of coordinate chart and basis, thus
the eigenvalues and eigenvectors of Hessfcca (Z)[:] : TzSxy — TzSxy which are computed
using the Courant-Fischer Theorem for compact self-adjoint linear operators (Eq. (13) and
Eq. (14)), can be also computed by the Courant-Fischer Theorem for symmetric matrices
(Horn and Johnson, 2012, Theorem 4.2.6) after applying ¢(+). In particular, Eq. (25) deter-
mines the signs of the eigenvalues of the Riemannian Hessian at any Z € Sk, (in the special
case Mgz = X, the eigenvalues of Eq. (26) are the eigenvalues of the Riemannian Hessian
at a critical point Z € Sy ), and the bounds of Eq. (25) together with the bounds of the
term Tr ({% E{Z) /Tr ({% szz) bound the condition number of the Riemannian Hessian
at Z* € Sxy.

To that end, we perform the following computation. The righthand side of Eq. (25) is
a Rayleigh quotient, so according to the Courant-Fischer Theorem for symmetric matrices
the eigenvalues of the pd — p(p + 1) X pd — p(p + 1) symmetric matrix

e A ]) (26)

1
blkdiag (2\11, AN®I; 2, —N®
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are determined by critical values of Eq. (25). The set of eigenvalues of the matrix in Eq. (26)
is equal to the union of the set of eigenvalues of %\Il and

A
)

The matrix ® is a p(d —2p) x p(d — 2p) block diagonal matrix, where all the blocks are p x p,
and the jth block is

®=AN®I; 9 —N®

A
HiBila—ap =i |z :

Thus, the eigenvalues of ® are p; (8; £ 5;) and p;p; for j =1,...,pand i = p+1,....dy.
In summary, we have p(dy — p) eigenvalues of the form p; (8; + B;), similarly p(dy — p)
eigenvalues of the form p; (8; — B;), and p(dx — dy) eigenvalues of the form p;3;. From
the definition of ¥, we see that the eigenvalues of 1W are: & [(ui3; + 11;8;) £ (Bipsj + Bjpa)]
for 1 < j < i < p. These eigenvalues can also be rewritten as: %(Mj + i) (B + Bi) and
3 (g — 1) (B — Bi)-

Now, we have all the eigenvalues of the matrix in Eq. (26): p(dy — p) eigenvalues of
the form p; (B + 5;) where j = 1,...,p and i = p + 1,...,dy, p(dy — p) eigenvalues of
the form p; (8; — B;) where j = 1,...,p and i = p+ 1,...,dy, p(dx — dy) eigenvalues of
the form p;08; where j = 1,...,p, p(p — 1)/2 eigenvalues of the form %(,uj + i) (Bj + Bi)
where 1 < j < i < p, and p(p — 1)/2 eigenvalues of the form %(}Lj — i) (B; — i) where
1<j<i<p.

Finally, we bound the condition number of the Riemannian Hessian at Z* = (U*, V*) €
Sxy. In such case, 51 = 01 > ... > 8, = 0,. Without loss of generality, we can always choose
Us,,1 and Vx| such that 8,41 = 0p41 > ... > B4, = 04,. Then, we have that Eq. (21)
is bounded by the minimal and maximal eigenvalues of Eq. (26). Thus,

Tr (f%* (_ZVQfCCA£Z* + ZgZ*A) N)

0< max =
0£8z» €T7xSxy Tr (f%* EéZ*)

1
max {Ml(ffl +opr1), 5(#1 + p2)(o1 + 02)} ,
and

min Tr (Sg* (_EVQfCCA§Z* + X&z» A) N)
sl ™ (6 e

. 1
min —
1<j<i<p 2

mm{wa—qﬁm wf—mﬂw—00}>0

We use Eq. (15) and Eq. (16) to bound the condition number of the Riemannian Hessian at
Z* = (U*,V*) € Syy:

9z~ (§z+, Hessfcca (Z2%)[€z+))

(Hessfcca(Z™)) 0ge €T Sny 9z+(&z+,Ez+)

1
< max {,ul(al + ap+1), 5(/11 + ,u2)(f71 + 02)} * Amax
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and
: 9z+(§z+, Hess fcca (Z7)[€z+])
Amin(Hess fcca (Z* = min
( Jeea(Z)) 0467 ETz+Sxy 9z &z, €z*)
. 1 -
> min {Mp(o’p — op+1), Wi o (5 — pi4) (05 — 0j+1)} *Amin -
<j<p 2
Finally,
Amax(HesstCA(Z*))
H 7)) = < K¢ k(XM
K“( eSSfCCA( )) )\min(HesstCA(Z*)) > kcea /i( ) Z)?
where

max {Ml(Ul +0pi1), %(Ml + p2) (o1 + U2)}
min {44,(0p — op11), Mini<jcy % (1j = Hj+1) (05 — 0j41) }
In the special case Mz+ = X, the bound on the condition number of the Riemannian Hessian
at Z* = (U*, V*) € Syy is reduced to an equality

* _
Kkcca =

k(Hessfcca(Z¥)) = Keoa-

B.4 Proof of Theorem 8

Proof We prove that the global minimizer of fcca (Z) subject to Z € Sy, denoted by Z*,
is the only local minimum of fcca(Z) (and it is also strict) and all other critical points are
either saddle points or strict local maximizers.

Eq. (20) helps to determine the signs of the eigenvalues of the Riemannian Hessian
at any critical point Z € Sxy and in particular at Z*: the matrices ¥ and Mz are both
SPD matrices, therefore for {z # 0 the term Tr (§%E§z) /Tr ({ZFMZfZ) > 0, thus only
Eq. (21), where 0 # {z € TzSxy determines the signs. In addition, at a critical point
Z € Sxy, Eq. (21) equals to the quotient R({z) for the choice Mz = ¥, since in (Absil
et al., 2008, Proposition 5.5.6 and Eq. 5.35) it is shown that at a critical point the term
97z, Hess fcca (Z)[€z]), which is the numerator of R(£z), does not depend on the choice of
Riemannian metric. Thus, the optimal values of Eq. (21) satisfying Eq. (13) or Eq. (14) are
the eigenvalues of the Riemannian Hessian at Z € Sy with the choice Mz = X. Obviously,
classification of the critical points does not depend on the Riemannian metric. Therefore, we
can classify the critical points using the signs of the eigenvalues of the Riemannian Hessian
at any critical point Z € Sy with the choice Mz := X.

Recall from the proof of Theorem 9 that in the special case My == X, the eigenvalues
of Eq. (26) are also the eigenvalues of the Riemannian Hessian at a critical point Z € Sy .
The eigenvalues are: p(dy — p) eigenvalues of the form p; (8; + 3;) where j = 1,...,p and
i =p+1,..,dy, p(dy — p) eigenvalues of the form p; (8; — 5;) where j = 1,...,p and
i =p+1,..,dy, p(de — dy) eigenvalues of the form p;3; where j = 1,...,p, p(p — 1)/2
eigenvalues of the form % (u1; + p;) (8; + 3;) where 1 < j < i < p, and p(p—1)/2 eigenvalues
of the form 3 (p; — p;) (B — B;) where 1 < j < i <p. p; > 0fori=1,...,p, and pi; — p; >0
for j <. Also |B;| = o for i =1, ...,dy. Thus, the signs of the eigenvalues of the matrix in
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Eq. (26) are only determined by Bj, Bj + Bi and 8; — B;, where 3; are up to their sign the
p singular values of the matrix R := E;;/ QEXyE;;,/ ? corresponding to left and right singular
vectors which are the columns of (U, V) = (E;/f(U, E;,/;,V). In particular, for an optimal
Z* = (U*, V*) € Sy such that the columns of (U, V) = (S/2U*, Sy2V*) are ordered left
and right p-dominant singular vectors of the matrix R on the same phase, then we have that
1 =01 > ... > B, = 0,. We conclude that 3; such that i = p + 1, ..., dy satisfies |3;| = o3,
which leads to 8; > 0, 8; +8; >0 and 8; — 3; > 0 where j = 1,...,pand i =p+1,...,dy or
1 < j < i < p. Therefore, in this case all the eigenvalues of the matrix Eq. (26) are strictly
positive, the matrix Eq. (26) is SPD, and consequently the eigenvalues of the Riemannian
Hessian at Z* € Sy are all strictly positive. This proves that Z* is a strict local minimum
of fcca(Z) on Syy, see (Boumal, 2022, Proposition 6.5.).

If we prove that Z* is the only local minimum (up to the signs of the columns of U* and
V*), then Z* is the only asymptotically stable critical point following Theorem 6. In order
to prove it we further assume that for all ¢ = 1, ..., ¢ the values o; are distinct, then we can
conclude the following. Suppose Z = (U, V) is any other critical point differs from Z* at

the optimal value, i.e., such that the columns of (U, V) = (E;/,Q(U, E;,/;,V) are left and right
singular vectors corresponding to some p singular values of the matrix R not necessarily on
the same phase, so that Eq. (17) and Eq. (18) hold, and there exists at least one 1 < j7 <p
for which 3; # o;. We consider the different cases:

1. Suppose fi,...,[p are not ordered in any particular order (possible for p > 3), then
there exists j such that f3; is larger than some gj, and smaller than 3, where j < k,m <
p, then 8; — B, > 0 and 3; — B,, < 0. In this case there are both strictly positive and
strictly negative eigenvalues of the Riemannian Hessian at Z for the choice Mz = X,
therefore, Z is a saddle point.

2. Suppose f1,..., 0, are ordered in a descending order. Since Z is not an optimal
solution of Problem (3), then there exists at least one 1 < j < p for which 3; # o;.
Thus, on the one hand 3; — 8; > 0 where 1 < j < 7 < p, but on the other hand
there exists at least one pair of indexes j = 1,...,p and i = p + 1,...,dy such that
Bj+B; <0or Bj—pB; <0, otherwise, it contradicts the assumption that there exists at
least one 1 < j < p for which 3; # ;. In this case there are both strictly positive and
strictly negative eigenvalues of the Riemannian Hessian at Z for the choice Mz = ¥,
therefore, Z is a saddle point.

3. Suppose f1,...,[0, are ordered in an ascending order. Then, 3; — 3; < 0 where
1< j<1i<p. Now, we consider two sub-cases:

(a) There exists at least one 1 < j < p for which 8; # —o;. Then, there exists at
least one pair of indexes j = 1,...,p and i = p+ 1,...,dy such that 3; + 5; > 0
or 3; — B; > 0, otherwise it contradicts the assumption that there exists at least
one 1 < j < p for which 8; # —o;. In this case there are both strictly positive
and strictly negative eigenvalues of the Riemannian Hessian at Z for the choice
Mz == X, therefore, Z is a saddle point.

(b) Consider the case f; = —o1 < ... < B, = —0p. Then, ; <0, B + f; < 0 and
Bj—Bi <Owhere j =1,..,pand i =p+1,...,dy or 1 < j < i <p. Therefore, in
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this case all the eigenvalues of the Riemannian Hessian at Z are strictly negative
for the choice My := X, therefore, Z is a strict local maximizer. Since it is the
only local maximizer up to the signs of the columns of U and V, and it is also a
global maximizer, it is the unique maximizer.

In all cases, Z is not a local minimizer. Thus, Z* is the only local minimum (up to the signs
of the columns of U* and V*). According to Theorem 6 all the other critical points are
unstable. |

B.5 Proof of Corollary 11

Proof The condition number bound follows from Lemma 2 and Theorem 9 with one
additional argument. From Lemma 2 we know that with probability of at least 1 —¢§ we have
that all the generalized eigenvalues of the pencil (Yxx, M(XX)) are contained in the interval
[1/2,3/2], and the same is true for the pencil (Zyy, M®¥)). Recall that all the generalized
eigenvalues of the pencil (Xxx, M(xx)) are also generalized eigenvalues of the pencil (3, M),
and the same is true for the generalized eigenvalues of (Eyy,M(yy )). Indeed, after an
appropriate padding with zeros each generalized eigenvector of (Yxx, M )) or (Xy M(W))
is also a generalized eigenvector of (X, M). Thus, since (Zyx, ME¥) and (Zyy M();'y) have
dx and dy generalized eigenvalues and corresponding eigenvectors, they characterlze all the
generalized eigenvalues and corresponding eigenvectors of (X, M). Thus, also the eigenvalues
of the pencil (X, M) are contained in the interval [1/2,3/2], and subsequently ~ (X, M) < 3.
Using Theorem 9 we get the require bound for the condition number.

The costs are evident from Table 2, once we observe that none of the operations re-
quire forming Yy, Yyy or iy, but instead require taking product of these matrices with
vectors. These products can be computed in cost proportional to the number of non-zeros
in X and/or Y by iterated products. In addition, we use the fact that SX and SY can
be computed in O(nnz (X)) = O(ndx) and O(nnz(Y)) = O(ndy) operations. The re-
quired preprocessing is to factorize M) and MOY) | so we can efficiently take products
with <M(xx)> ' and (M(yy)) 1, which can be done in O(sd? + d?) as explained in Sec-
tion 3. Assuming a bounded number of line-search steps in each iteration of Riemannian
CG, each iteration requires a bounded number of computations of each of the following:
objective function evaluation costs O (p (nnz (X) +nnz(Y))) = O (pnd), retraction costs

O (p (nnz (X) + nnz (Y)) + dp?), vector transport and Riemannian gradient computation
take O (p (nnz (X) + nnz (Y)) + dp* + d*p). [ |

Appendix C. Omitted Proofs From Section 5

In this section we give omitted proofs from Section 5.
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C.1 Proof of Theorem 14

Proof Recall that the critical points are defined to be the points where the Riemannian
gradient is zero, and as such, whether a point is a critical point or not does not depend on
the choice of Riemannian metric (see Absil et al., 2008, Eq. 3.31). Thus, for the sake of
identifying the critical points, we can assume that Mw := Sy + Al and use a simplified
form for the Riemannian gradient:

grad frpa(W) = Iw ((Sw + AL;) 'V frpa (W)
= —Iw ((Sw + AL;) 'SBWN)
= — [(Sw + AL;) 'SEWN — Wsym (W' SgWN)]
= —[(I; - WWT(Sw + A\Ly)) (Sw + A\I;) 'SEWN
+ Wskew (W'SEWN)] .

Let o, ..., ap be some generalized eigenvalues of the matrix pencil (Sg, Sw + Al), and let
W1, ..., Wy, be the corresponding generalized eigenvectors (making them some p FDA weight
vectors). Writing w1, ..., w;, as the columns of W, the following equation holds:

SEW = (Sy + A, WA
where A = diag (a1,...,q;). Letting W € St(g 1 a1,)(p, d), we have

gradfrpa(W) = — [(SW + M) 'SEWN — Wsym (WTSBWN)]
= —[WAN — Wsym (AN)] = 0gxp.
To show the other side, note that if the Riemannian gradient nullifies, then
[(Ia — WWT (S, + My)) (Sw + My) " 'SEWN + Wskew (WTSBWN)] = 0gxp -
By using similar reasoning as in (Absil et al., 2008, Subsection 4.8.2),
(I, - WWT(Sw + ALy)) (Sw + A\z) 'SEWN,

belongs to the orthogonal compliment of the column space of W (with respect to the matrix
(Sw + A\l)), and Wskew (WTSBWN) belongs to the column space of W. Thus, we get
that the gradient vanishes if and only if the following two formulas hold:

(Is — WWT(Sw + ALy)) (Sw + A\Ly) 'SEWN = 044, , (27)

and
Wskew (W SEWN) = 04, - (28)

From Eq. (27) we get
(Sw + Mq) 'SEW = W (WTSgW) ,

since N is an invertible matrix. Also, since W € St(g, 4a1,)(p, d) it is a full (column) rank
matrix then Eq. (28) vanishes if and only if

skew (W'SEWN) =0, ,
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which leads to (W SgW) N = N (WTSgW). This implies that (W'SgW) is diagonal
because any rectangle matrix that commutes with a diagonal matrix with distinct entries is
diagonal. Finally we get

(Sw + M) 'SpW = WD |

where D = WTSgW is a diagonal matrix. This implies that the columns of W correspond
to some p generalized eigenvectors the matrix pencil (Sp,Sw + Al;), thus, making the
columns some p FDA weight vectors.

Finally, to identify the optimal solutions, note that at the critical points the objective
function is a sum of the generalized eigenvalues corresponding to the columns of W multi-
plied by a diagonal element of N. Thus, the optimal solutions that minimize fppa (W) on
St (s, +a1,) (P, d) are W € St(g_ 1 a1,)(p, d) such that the columns correspond to the p lead-
ing FDA weight vectors. Otherwise, we can increase the value of the objective function by
replacing a weight vector with another that corresponds to a smaller generalized eigenvalue.
Moreover, if we assume that py > p2 > ... > p,1 > 0, then for the aforementioned W, the
columns belong each to a one dimensional generalized eigenspace, i.e., unique solution up
the the signs of the columns. In the case where some p; = p; for 1 <14, j < p, permutations
of the columns of W associated with p; keep the solution optimal making it non-unique. H

C.2 Proof of Theorem 15

Proof To prove the asymptotic stability of a W € St(g, 11,)(p, d) such that the columns
are the p leading FDA weight vectors we use (Absil et al., 2008, Proposition 4.4.2). Recall
from Theorem 14 that W that solve Problem (8) are unique up the the signs of the columns
of W, making these points isolated global (and consequently local) minimizers of fgppa on
St(Ser)\Id)(p, d). According to (Absil et al., 2008, Proposition 4.4.2), such points W are
asymptotically stable.

Suppose W is a critical point of frpa (W) on St(g, 1,)(p,d) which is not a local mini-
mum. Then, there exists compact neighborhoods with either no other critical points, if there
are no multiplicities of the generalized eigenspaces, or where all other critical point achieve
the same value for the cost function, if there are multiplicities of the generalized eigenspaces.
Thus, according to (Absil et al., 2008, Proposition 4.4.1), such W are unstable. |

C.3 Proof of Theorem 18

Proof The proof is similar to the proof of Theorem 9. In order to bound the condition
number of the Riemannian Hessian at W*, we need to bound its maximal and minimal
eigenvalues. Thus, to prove the theorem we analyze the eigenvalues of the Riemannian
Hessian at some critical point W € St (g, 1 a1,)(p, d) (in particular at W*) using the Courant-
Fischer Theorem for the compact self-adjoint linear operator

Hess frpa(W)[] : TwSt(s,,+21,) (P d) = TwSt(s,,4a1,) (P; ),
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over the finite-dimensional vector space TwSt (s, 4a1,) (P, d), see (Kato, 2013, Chapter 1,
Section 6.10):

Ar(Hessfrpa(W)) = I?Ul?—k o x| R(&w), (29)
,dim(U)=k— W

A (Hess frpa(W)) = O L R(§w), (30)
where
{w, Hess frpa (W) [Ew])
gw (Ew, Ew)
A (Hess frpa (W)) = py is the kth largest eigenvalue (descending order) of Hess frppa (W),
and U is a linear subspace of TwSt (g, +a1,)(p; d). In particular, the maximal and minimal
eigenvalues are given by the formulas:

Amax (H W)) = R , 31
(Hess frpa(W)) O#WGTngt?ngId)(p’d) (éw) (31)

R(§w) = gw(

)

i (e oW = g BIE o REW a2

We begin by simplifying the quotient R({w). Recall that any critical point of frpa(+)

is a matrix W € St(g, 1,)(p, d) such that the columns are some p generalized eigenvectors

of the matrix pencil (S, Sw + Al) (see Theorem 14). Let o, ..., be some generalized

eigenvalues of the matrix pencil (Sg,Sw + Alg), and let wy,...,w, be the corresponding

generalized eigenvectors. Writing w1, ..., w,, as the columns of W, the following equation
holds:

SBW = (Sy + \I;) WA
where A = diag (a1, ...,qp). Letting W € St(g, 111,)(p, d), plugging in the ambient coor-

dinates formula for the Riemannian Hessian (Eq. (10)), the Riemannian gradient nullifies
(see Theorem 14) and we have

Hessfrpa(W)tw] = IIw (M(Nl [—ngwN + (Sw + Ma)ew (WTSBWN + grad f(W))D
- Tw (M;Nl [—ngwN + (Sw + AL)Ew (WT(Sw + AId)WAN)D
Mw (My [-SBéw + (Sw + ALo)¢éwA]N) . (33)

Plugging in the formula for the Riemannian Hessian at a critical point (Eq. (33)), the
quotient R(&w) reduces to
Tr ((MwIlw (Myy [-SBéw + (Sw + AL)EwA]N))

Tr (& Mwéw ) '
Now using the fact that the projection to the tangent space is self-adjoint with respect to the
Riemannian metric, and that for any {éw € TwSt(g,, 11, (p; d) we have TIw (§w) = &w,
we further see that
Tr (§yMwIlw (Myy [-SBéw + (Sw + Mo)éwA]N))
Tr (SyMwéw)

R(éw) =

Tr (& [-SBEW + (Sw + ML) EwA]N)
Tr (S Mwéw)
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Obviously, we can also write

Tr (Say [~SBéW + (Sw + ALy)éw A N)
Tr (¢qwMwéw)
_ Tr (&y [-SBEW + (Sw + MLp)éw A N) T (& (Sw + ALy)&w)
a Tr (& (Sw + ALy)éw) Tr (EgyMwéw)

Using Eq. (34), a simplified form of the quotient R({w), we can estimate upper and lower
bounds on R(§w) where 0 # &w € TwSt(g,, +a1,)(p; d) in order to bound the condition
number of the Riemannian Hessian at W*. Since for {&w # 0 the term

Tr (§w(Sw + Ma)éw) /Tr (§wMwéw) > 0,
the upper and lower bounds on
Tr (&y [-SBEW + (Sw + ALg)éwA]N)

Tr (&5 (Sw + ALg)éw) ’
together with the upper and lower bounds of Tr (&4 (Sw + ALy)éw) /Tr (&5yMwéw ) bound
the condition number of the Riemannian Hessian at W™*.

We begin by estimating the term Tr (5‘TN(SW + )\Id)fw) /Tr (§€VMW§W). We use the
vectorization operator and the Kronecker Product to rewrite it in the following form
Tr (§w(Sw + Ma)éw) _ vec (éw)” (I, ® (Sw + ALa)) vec (éw)
Tr (SwMwéw) vec (§w) (I, ® Mw) vec ($w)
The righthand side of Eq. (36) is the generalized Rayleigh quotient for the matrix pencil
(Ip ® (Sw + Alg), I, ® Mw) .

Note that I, ® (Sw + AIg) and I, ® Mw are both SPD matrices, thus the eigenvalues of the
matrix pencil

(34)

(35)

(36)

(I, ® (Sw + Mg), I, ® Mw)

are equivalent to the eigenvalues of the matrix (I, ® Mw) ' (I, ® (Sw + A\Ly)) = I, ®
My (Sw + AIy) and all positive. According to (Minka, 2000, Section 2) the eigenvalues
I, ® My (Sw + ML) are p copies of each of the eigenvalues of My (Sw + AL;). Thus, the
maximal and minimal eigenvalues of the matrix pencil (I, ® (Sw + Alg), I, ® Mw) denoted

by Amax and Apin are equivalent to the maximal and minimal eigenvalues of the matrix
pencil (Sw + Az, Mw), and so is the corresponding condition number

>

£ (L ® (Sw + ALg) . I, @ Mw) = =7 = & ((Sw + ALa) , Mw).

min

>

Therefore, using the Courant-Fischer Theorem

)\max = )\max(Ip ® (Sw + )\Id)a Ip X MW)
L Yee(&w)! (I, ® (Sw + Ma)) vee (§w)
046w ERIXP  vec (§W)T (I, ® Mw ) vec (§éw)

i vec (éw)" (I, ® (Sw + AlLy)) vec (Sw)
04w ETwSt(sy a1y (0d)  vec (Ew) T (I, ® Mw ) vec (§w)

v
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and

Amin = )\min(Ip & (Sw + AId), Ip & MW)
o Yee(Ew)' (I, ® (Sw + Ma)) vec (w)
o£eweR>?  vec (Ew) " (I, ® M) vec (Ew)

min vec (Ew) " (I, @ (Sw + ALy)) vec (Ew)
0£EwETWSt(sy a1y (1) vee (Ew) " (I, ® Mw ) vec (Ew)

IN

Next, we consider Eq. (35). Recall that we can rewrite any tangent vector, {w €
TwSt(s,, +a1,) (P, d), in the following form:

fw = WQw + W )t Kw,

where W (g, 11,)L 18 (Sw + Alg)-orthogonal to W so that the union of the columns of W
and W(s_ a1,)1 1s a basis to R?, and Qw = —ng € RP*P, Note that we can always make
the choice of the columns of W (g, 11,)1 to be some d — p generalized eigenvalues of the
matrix pencil (Sg, Sw + AIy). With this choice we have

SBW (s, 1)L = (Sw + M)W s, a1 A, Wi, 1,1 SBW s, 1ar)L = A,

where A € R(@=1)x(d=p) jg 4 diagonal matrix with the corresponding generalized eigenvalues
on the diagonal apy1, ..., aq.

Now, we have
Ew(Sw + Ma)éw = Qww + KywKw
and .
EwSBéEW = QwAQw + KiyAKw .
Substitute these computations into Eq. (35)

Tr (€ [-Snéw + Sw + Ma)éwA]N) _ Tr (- (2% AQw + KL AKw ) N+ (2F Ow + K§ Kw) AN)

Tr (g (Sw + Ma)éw) Tr (2%, Qw + Ky Kw)

vec (Qw)T Divec (2w) + vee (Kw)T Davee (Kw)
vec (Qw) T vee (Qw) + vec (Kw) T vee (Kw)

)

where )
D; ;:AN@IP—N(X)A, Dy IZAN®Id,p—N®A.

RRecall that Qw = —Q € RP*P_ and both are real matrices (so the elements of the
main diagonals are 0), we have

vec (Qw) " vec(Qw) =2 > (Qw)}; (37)

p=i>j

and

vec(Qw) (AN®L, - N@A)vec(Qw) = > (Qw);; (1 — i) (o — o). (38)

1<j<i<p
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Thus, only the p(p — 1)/2 entries below the diagonal of Qw determine the values of Eq.
(37) and Eq. (38). Let us now denote by mw the column stack of Qw, but only with the
the subdiagonal entries of Qw (i.e., vec (w) purged of the superdiagonal elements). We
then have

vec (Qw) ! vec (Qw) = 2mymw

and
vec (Qw)" (AN® I, — N® A) vec (Qw) = my, Tmwyw

where ¥ e RP(P—1/2xp(p=1)/2 i5 g block diagonal matrix, where the blocks are of descending
order from p — 1,p — 2, ..., 1, and each block is a diagonal matrix as well. The jth (1 < j <
p — 1) block, denoted by ¥, is of the order p — j and has the following form

¥; = diag ((1j — pj+1) (o — 1) 5 (g — pyv2) (5 — ajra) s (15 — ) (0 — @p))

Now, we make the following change of variables: dw = v2mw, kw = vec (Kw). Finally,
Eq. (35) is rewritten in the following way

Tr (& [~SBéw + (Sw + ALi)éw A N)
Tr (&3 (Sw + ALa)éw)

[ d% k& ]blkdiag (%‘II’AN(X)Idfp—N@A) { iivv }
) C(9)
d
[dh K ] { dw }

Note that the mapping ¢(-) : TwSt (s, 4a1,) (P, d) — RPA—P(+1)/2 defined by

p(&z) = [ dw } :

kw

is a coordinate chart of the elements of TwSt g, 4 a1,) (P, d), since ¢(+) is a bijection (one-to-

one correspondence) of the elements of Tw St g, 4 a1,) (P, d) onto RPd=P(r+1)/2  Tndeed, ky is
a column stack of Kw, thus we can retract the matrices Ky . Similarly dw is proportional
to mw which is a column stack of vy, but only with the the subdiagonal entries of Qw.
Since Qw is a skew-symmetric matrix, we can retract Q2w. With the matrices Kw and
Qw at hand, we can fully retract &w.

The eigenvalues and corresponding eigenvectors of any linear operator over a finite dimen-
sional vector space do not depend on the choice of coordinate chart and basis, thus the eigen-
values and eigenvectors of Hessfrpa(W)[:] : TwSts, 11, (P, d) — TwSts, a1, (P d)
which are computed using the Courant Fischer Theorem for compact self-adjoint linear op-
erators (Eq. (29) and Eq. (30)), can be also computed by the Courant Fischer Theorem
for symmetric matrices (Horn and Johnson, 2012, Theorem 4.2.6) after applying ¢(-). In
particular, Eq. (35) determines the signs of the eigenvalues of the Riemannian Hessian at
any W € St(g, 1a1,)(p, d) (in the special case My := Sy + My, the eigenvalues of Eq. (40)
are the eigenvalues of the Riemannian Hessian at W € St(g 1,)(p,d)), and the bounds
of Eq. (35) together with the bounds of the term Tr (& (Sw + ALg)éw) /Tr (Sl Mwéw)
bound the condition number of the Riemannian Hessian at W* € St (g a1, (p, d).

To that end, we perform the following computation. The righthand side of Eq. (39) is a
Rayleigh quotient, so according to the Courant-Fischer Theorem for symmetric matrices the
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eigenvalues (in particular, the maximal and the minimal) of the pd—p(p+1)/2xpd—p(p+1)/2
symmetric matrix

1 -
blkdiag (2\11, AN®I;,_,-N® A) , (40)

are determined by optimal (in particular the maximal and the minimal) values of Eq. (39).
The set of eigenvalues of Eq. (40) is equal to the union of the set of eigenvalues of %\Il and
AN®I;, —N® A. Since Eq. (40) is a diagonal matrix, its eigenvalues are simply the
diagonal elements:

1 .

5 (g —mi) (e —e), 1< j<i<p,
and

pilo —oy), j=1,..,p, i=p+1,...d.
Finally, we bound the condition number of the Riemannian Hessian at an optimal point,

W* € St(s, +a1,)(p,d). In such case, a1 = p1 > ... > o = pp. Without loss of generality,
we can always choose Wg, 41,1 such that the corresponding eigenvalues to its columns

are in a descending order, thus, a,11 = ppr1 > ... > ag = pg > 0. Then, we have that Eq.
(35) is bounded by the minimal and maximal eigenvalues of (40). Thus,

Tr (&g [SBEW* + (Sw + Mg)éw+A]N)

U< 0FEw ETW{%%ZWMId)(p,d) Tr (ggv* (Sw + )\Id)gw*) < p1 (p1 — pa),
and
in Tr (&4y+ [—SBEW+ + (Sw + ML) &éw+A]N) N
0£&Ew+ ETwSt(s, 1 a1,) (P,d) Tr (g‘l;v*(sw + )\Id)ng) >
min {Mp (Pp — Pp+1) 1r£ji£lp; (15 — pjiv1) (pj — Pj+1)} N

We use Eq. (31) and Eq. (32) to bound the condition number:

gw (Ew~, Hess frpa (W) [Ew+])

Amax(Hess frpa (W) = max
( ( ) 0#&w+ ETw St (s, +21,) (P,d) gw* (Ew*, Ew)
< m (pl - Pd) 5\Inax 5
and
* * H W* *
Anin(Hess frpa (W) = i o (v, HoesfopalV)lew- )
0#&w+ €T+ St (s, +a1,) (P,d) gw+ (Ew, Ew)
. 1 -
> min {up (pp = ppr1)» min o (pj — pj1) (pj — pj+1)} Amin -
<j<p 2
Finally,
)\max(HeSSfFDA (W*))
H WH)) = < K -k (Sw + A1z, Mw ),
'V”'( eSSfFDA( )) )\min(HeSSfFDA(W*)) > KRFDA K’( + d>s W)
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where
1 (p1 — pa)

min {41, (pp — Pp+1) s miti<jcp 5 (15 — 1) (pj = pi+1)}
In the special case Myw»* = Sy + Al, the bound on the condition number of the Riemannian
Hessian at W* € St (s, 1a1,)(p, d) is reduced to

* _
KFDA =

x(Hess frpa(W?™)) = KFpa-

C.4 Proof of Theorem 17

Proof To show that W* is a strict local minimum of frpa (W) we show that the eigenvalues
of the Riemannian Hessian at W™ are strictly positive (see (Boumal, 2022, Proposition 6.5.)).
Moreover, under the assumption that for all ¢ = 1, ..., d the values p; are distinct, we prove
that W™ is the only local minimum of frpa (W) (and it is also strict) and all other critical
points are either saddle points or strict local maximizers.

Eq. (34) helps to determine the signs of the eigenvalues of the Riemannian Hessian at
any critical point W € St(g,, 1 1,)(p, d) and in particular at W*: the matrices Sw + Al and
Mw are both SPD matrices, therefore for &w # 0 the term

Tr (& (Sw + Ma)éw) /Tr (swMwéw) > 0,

thus only Eq. (35), where 0 # &w € TwSt (s, +a1,) (P, d) determines the signs. In addition,
at a critical point W € St(g 11,)(p, d) Eq. (35) equals to the quotient R({w ) for the choice
Mw = Sw + Al since (Absil et al., 2008, Proposition 5.5.6 and Eq. (5.25)) show that at a
critical point the term gw (§éw, Hess frpa (W) [&w]) which is the numerator of R(§w) do not
depend on the choice of Riemannian metric. Thus, the optimal values of Eq. (35) satisfying
Eq. (29) or Eq. (30) are the eigenvalues of the Riemannian Hessian at W € St (g, 4 a1,)(p; d)
with the choice Mw = Sy + AI;. Obviously, classification of the critical points does not
depend on the Riemannian metric. Therefore, we can classify the critical points using the
signs of the eigenvalues of the Riemannian Hessian at W € St(g_, a1,)(p, d) with the choice
MW = Sw + )\Id

Recall from the proof of Theorem 18 that in the special case Mw = Sy + Ay, the
eigenvalues of Eq. (40 are also the eigenvalues of the Riemannian Hessian at a critical point
W € St(g,, +a1,)(; d). The eigenvalues are:

1 .
5 (g —mi) (g —ew), 1< j<i<p,

and
g (Oéj —Oéi), j = 1,...,p, i:p+ 1,...,d.

Now, we can conclude the signs of the eigenvalues of the Riemannian Hessian at any
critical point W € St (g, 4a1,)(p,d) for the choice Mw = Sy + My, and classify these
critical points. Recall that p; > 0 for ¢ = 1,...,p, and pu; — p; > 0 for j < i. Also a; > 0.
Thus, the signs of the eigenvalues of Eq. (40) are only determined by the differences between
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aj, j =1,...,p which are some generalized eigenvalues of the matrix pencil (S, Sw + A1),
corresponding to the generalized eigenvectors on ordered 1 < j < ¢ < p, but on the other
hand there exists at least one pair of indexes j = 1,...,p and ¢ = p + 1,...,d such that
aj — a; < 0, otherwise it contradicts the assumption on the columns of W, and the d — j
trailing o;’s, i.e., aj —a; where 1 <j<i<porj=1,..,pandi=p+1,..,d.

In particular, for W”* such that the columns are the p-dominant generalized eigenvectors
of the matrix pencil (S, Sw + Al), then by the assumption that a3 = p1 > ... > o, = pp,
we have aj —a; > 0 where 1 <j<i<porj=1,...,pandi=p+1,..,d Therefore, in
this case all the eigenvalues of Eq. (40) are strictly positive, thus the matrix in Eq. (40)
is SPD, and consequently the eigenvalues of the Riemannian Hessian at W* are all strictly
positive. Thus, W* is a strict local minimum of frpa (W) on St(g, 4a1,)(p; d).

If we prove that W* it is the only local minimum (up to the signs of the columns), then
it is the only asymptotically stable critical point according to Theorem 15. In order to prove
it we further assume that for all i = 1, ..., d the values p; are distinct, then we can conclude
the following. Suppose W is any other critical point differs from W™ at the optimal value,
i.e., such that the columns of W are ordered generalized eigenvectors corresponding to some
p singular values of the matrix pencil (S, Sw + M), a1, ..., o, which are not the leading
p values. We consider the different cases:

1. Suppose i, ...,a, are not ordered in any particular order (possible only for p > 3),
then there exists j such that «; is larger than some o) and smaller than «,, where
Jj <k,m <p,then o;j — aj > 0 and a; — a,, < 0. In this case there are both strictly
positive and strictly negative eigenvalues of the Riemannian Hessian at W for the
choice Mw = Sy + Alg, thus W is a saddle point.

2. Suppose o, ..., oy are ordered in a descending order. Since Z is not an optimal solution
of Problem (8), then there exists at least one 1 < j < p for which a; # p;. Thus, on the
one hand a; —a; > 0 where 1 < j < i < p, but on the other hand there exists at least
one pair of indexes j = 1,...,p and i = p+ 1, ...,d such that a; — o; < 0, otherwise it
contradicts the assumption that there exists at least one 1 < j < p for which «a; # p;.
In this case there are both strictly positive and strictly negative eigenvalues of the
Riemannian Hessian at W for the choice Mw = Sy + A, therefore, W is a saddle
point.

3. Suppose af, ..., a; are ordered in an ascending order. Then, a; — a; < 0 where 1 <
7 <1 < p. Now, we consider two sub-cases:

(a) There exists at least one 1 < j < p for which o # pg—j41. Then, there exists at
least one pair of indexes j = 1,...,p and ¢ = p+ 1,...,d such that a; — a; > 0,
otherwise it contradicts the assumption that there exists at least one 1 < j < p
for which a;; # pg—j4+1. In this case there are both strictly positive and strictly
negative eigenvalues of the Riemannian Hessian at W for the choice Mw =
Sw + ALy, therefore, W is a saddle point.

(b) Consider the case a1 = pg < ag = pg—1 < ... < ap = pg—p4+1. Thus, a; —a; <0
where 1 < j <i<porj=1,..,pand ¢ = p+ 1,...,d. In this case all the
eigenvalues of the Riemannian Hessian at W are strictly negative for the choice
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Mw = Sw + Ay, thus, W is a local maximizer. Since it is the only strict
local maximizer up to the signs of the columns of W, and it is also the global
maximizer.

In all cases, W is not a local minimizer of frpa (W) on St(g, 4a1,)(p,d). Thus, W* is the
only local minimum (up to the signs of the columns. According to Theorem 15 all these
critical points are unstable. |

C.5 Proof of Corollary 20

Proof The condition number bound follows immediately from Lemma 2 and Theorem 18.
For the costs, the same arguments as in the proof of Corollary 11 hold: none of the opera-
tions require forming Sp or Sy, but instead require taking product of these matrices with
vectors. These products can be computed in cost proportional to the iterated products of
the matrices X and /or Y with vectors. Computing a product of the matrix X = XY with
a vector is equivalent to computing the product of the same vector with the matrices X and
Y and subtracting the result. Computing the product of X with a vector is proportional
number of non-zeros in X, and the cost of the product of Y with a vector is O(ld) since Y
has exactly [ distinct rows. Computing a product of the matrix Y with a vector costs O(ld)
since Y is a [ x d matrix. The preprocessing steps follow from Table 2. Assuming a bounded
number of line-search steps in each iteration of Riemannian CG, the costs follows from Table
2, as each iteration requires a bounded number of computations of each of the following:

objective function evaluation O (p (nnz (X) + Id)), retraction O (nnz (X) P+ dpQ), vector
transport and Riemannian gradient O <p (nnz (X) + Id) + nnz (X) p 4 dp® + d2p). |
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