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Abstract

The effects of stochastic volatility, jump clustering, and regime switching are con-
sidered when pricing variance swaps. This study established a two-stage procedure
that simplifies the derivation by first isolating the regime switching from other sto-
chastic sources. Based on this, a novel probabilistic approach was employed, leading
to pricing formulas with time-dependent and regime-switching parameters. The
formulated solutions were easy to implement and differed from most existing results
of variance swap pricing, where Fourier inversion or fast Fourier transform must be per-
formed to obtain the final results, since they are completely analytical without involv-
ing integrations. The numerical results indicate that jump clustering and regime
switching have a significant influence on variance swap prices.

Keywords: Stochastic volatility, Jump clustering, Regime switching, Variance swaps,
Probabilistic approach, Closed-form solution

Introduction

The effective management of financial risk, which is vital for market stability, is an
ongoing topic in finance practice. Volatility derivatives can efficiently provide volatil-
ity exposure without having to invest in target assets directly. Such favorable properties
have made these derivatives, among which variance swaps are representative, especially
attractive.

To affect the risk-management process, the prices of variance swaps need to be
determined accurately. A key determinant of the variance swap prices is the sampling
approach, which can be continuous or discrete. Different results have been obtained
when continuous sampling is adopted under various stochastic volatility models (Swish-
chuk 2006; Carr and Lee 2007). Despite the simplicity of this framework and the con-
venience of its practical implementation, it does not match existing practices in financial
markets, where discrete sampling is selected. These inconsistencies have prompted
research in the direction of discrete sampling.

The selection of an appropriate model that can reflect market characteristics is significant
when the sampling of realized variance is discrete and the obtained solutions can greatly
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vary according to the chosen underlying model. For example, an analytical solution was
presented by Zhu and Lian (2011) when the Cox-Ingersoll-Ross (CIR) process was used to
model stochastic volatility (Heston 1993), whereas analytical and asymptotic solutions were
obtained Bernard and Cui (2014) using three different stochastic volatility models. Mul-
tifactor stochastic volatility has gained attention because of its ability to produce implied
volatility closer to market data (Rouah 2013; Lin et al. 2024; He and Lin 2024), leading to the
consideration of variance swap valuation under this framework (Kim and Kim 2019; Issaka
2020). The stochastic interest rate is incorporated when valuing variance swaps (Cao et al.
2020; Wu et al. 2022; Badescu et al. 2019).

The abovementioned works neglect the possibility of price jumps in underlying stocks,
which violates statistical/empirical observations (Bates 1996; Eraker 2004; Hu et al. 2024).
This leads to an investigation of pricing variance swaps with Poisson jump-diffusion or
Levy jumps (Broadie and Jain 2008; Hong and Jin 2023; Pun et al. 2015; Carr et al. 2012).
However, independent increments assumed in these jump models prevented the incorpo-
ration of jump clustering, which often occurs in practice (Ait-Sahalia et al. 2015). Therefore,
various research interests have guided the adoption of Hawkes jump-diffusion models for
valuing financial derivatives, including vulnerable options (Ma et al. 2017), power exchange
options (Pasricha and Goel 2020), and Volatility Index (VIX) options (Jing et al. 2021). Sto-
chastic volatility and jump clustering are combined by Liu and Zhu (2019), who present an
analytical valuation of variance swaps.

Another strand of research requires the consideration of the variable economic status
that can greatly influence asset prices (Hamilton 1990). Consequently, regime switching
has been incorporated into different dynamics in the process of pricing derivatives (He and
Chen 2022; Siu and Elliott 2022) and has also been applied to determine volatility derivative
prices. For instance, regime-switching stochastic volatility was considered by Elliott and
Lian (2013), Lin and He (2023) when pricing variance swaps, which were extended by Cao
et al. (2018) to incorporate the regime-switching stochastic interest rate further. Jump diffu-
sion was added to a similar framework for pricing variance and volatility swaps (Yang et al.
2021).

This study attempted to solve the pricing problem of variance swaps when stochastic vol-
atility, jump clustering, and regime switching coexist. To the best of our knowledge, this has
not been studied in previous literature. A novel probability approach was employed in the
valuation yielding a closed-form formula for variance swap prices. In contrast with existing
literature, the formula is simple and no longer requires Fourier inversion, fast Fourier trans-
form, or numerical integration. This unique property renders the formula extremely flexible
when adopted by market participants.

A brief summary of the content is presented in the following sections. The combination
of regime switching stochastic volatility and Hawkes jump diffusion is illustrated in Sect. 2.
Section 3 discusses the probability approach to the analytical formulation of variance swap
prices. Before concluding the paper, an implementation of this formula is presented in
Sect. 4.
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The model

The risk-neutral measure Q was emphasized as a part of the complete probabil-
ity space (2, F,Q). A continuous-time Markov chain,! denoted by {X;};>0, is intro-
duced to model the variation in economic conditions, such that its value is equal to
that of the two-dimensional unit vectors. When the generator of the Markov chain is
A(t) = [4(£)];j=1,2 and the Martingale increment process conditional on the filtration
generated by the Markov chain is {V}};>0, one can have

t
X =Xp +/ A($)Xsds + Vy, (1)
0

resulting from the semimartingale representation theorem (Elliott et al. 2008; He and
Lin 2023a, b).

In the considered risk-neutral world where the risk-free interest rate is denoted by 7,
Y:, vg, and y; are respectively used to denote the price of the stock, its variance, and the
intensity of the Hawkes-type jump. Their dynamics in the formulated risk-neutral world

are

P = (r — wy)dt + o dWy, + JidH,,
dve = p(qx, — ve)dt + ¢ Jv:dWoy, (2)
dy; = 1(Yoo — Ye)dt + 8dH;.

{Wit}t>0,i = 1,2 are two Wiener processes, with dW;:dW,; = pdt representing the
connection between the stock price and its variance. v; is mean-reverting, the speed of
which is p. This process is affected by the volatility, ¢. The long-term variance level to be
approached is assumed to be influenced by economic conditions, and regime switching
is performed to reflect such effects, thus one can compute gx, using the inner product
between the Markov chain X; and the vector g = (q1,¢q2), that is, gx, =< ¢, X > (He
and Lin 2023c). The jump sizes with support for (—1, 00) have identical and independent
distributions, with E(J;) = w. H; is the Hawkes process, which is defined as:

Hy=Y) It <), 3
i=1

with jump time moments denoted by {¢;} > 0. The expression of jump intensity y; con-
siders the jump clustering effect, indicating that the occurrence of a jump contributes to
a greater intensity at the rate of §, and the increment then experiences exponential decay
at the rate of n.

A natural transform applied to stock price dynamics is Z; = In(Y;), which, when com-
bined with Ito’s lemma, yields the dynamics of Z; as

1 -
dZt = <7’ — Evt — a)yt)dt + ﬁdWLt +]thtr (4)

! It is assumed to be of two states for the ease of discussion, but the results with N > 2 states can easily be obtained in a
similar manner.
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where the log stock price jumps to ]} =In(1+Jp). J; is assumed to be identically and
independently distributed following a normal distribution for any given ¢ with 1 and o2
as its mean and variance, respectively. In this setting, w = E (e]f — 1) = ettio’ _ ],

Variance swap pricing

The model established in the previous section considers the effects of stochastic vola-
tility, jump clustering, and varying economic conditions when modelling stock prices.
Although appealing, the complex structure of the model dynamics can be an obstacle
to efficiently evaluating financial derivatives, and it is certainly of interest to inves-
tigate the analytical valuation of variance swaps under this framework. The related
details are presented below.

Unlike other types of financial derivatives, the prices of the variance swaps to be
computed are referred to as delivery prices K agreed upon by both parties listed in the
contract. The target delivery prices rely on how the realized variance, denoted by RV,
is defined. This study adopts the following model

100% & Y, \12
RV=—"" S "|In(=4)|,
T Yi

i=1

where the time period between the current time ¢ = 0 and the expiry of the contract
t = T is split into N sub-intervals uniformly. This yields the swap payoff (RV — K)Z,
where Z denotes a constant notional value. This specific definition of realized variance
was selected not only for its ability to derive an analytical solution but also due to its
extensive adoption in the existing literature (Pun et al. 2015; Badescu et al. 2019; Zheng
and Kwok 2014; Lin and He 2023).

Owing to the nature of the swap contract’s initial zero value, we must obtain

1002
K=E(RVIR VROV AV R) = == 3 ato v Xotutic),  (5)

i=1

where

Y, 2
1Yo, v0, ¥0, X0, 5, £) =E{ {m (tﬂ \F v Fyr v Fit v]-"g(}, 0<s<t<T,

Y,
(6)

which requires the computation of the unknown function g;. However, the multiple
stochastic sources involved complicate analytically computing expectations, and the
separation of certain stochastic variables is first performed such that the number of sto-
chastic sources to be dealt with at one time can be reduced.

In particular, we apply the tower rule of expectation, which leads to
21(Y0,v0, ¥0, X0, 8, t) = E[g2(Y0, v0, 0, 5, t)lfé(], (7)

with
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N

v\ 12
gz(Yo,vo,Vo,S,L‘)=E{ [ln (;)] |F(;V1V~7:(;V2Vféi\/]:tx}' (8)

Obviously, the calculation of g2(Yp, vo, y0,s,¢) is an a priori step in determining
21(Yo, vo, Y0, Xo, 8, t) as well as the variance swap delivery prices. This first step assumes a
given Markov chain, reducing the problem of finding the variance swap-pricing formula
with the long-term variance g; being no longer stochastic but time-dependent. First, we

present a solution to this simplified problem.

The formula with time-dependent long-term variance
Before formally dealing with the problem of g2 (Yo, vo, y0,5,t), we first present some
useful results associated with vy and y; that are needed in the derivation.

Proposition 1 If the stock variance v; and jump intensity y; are governed by the stochas-
tic differential equations presented in Eq. (2), with the stochastic variable qx, replaced by

the time-dependent variable q;, we must have

h(vs,s,8) = EWlF?) = e P9y, 4 p [F gee P8 g,

ha(ys,s,t) = E(yel FH) = ap + (s - ag)e= =),

h3(vs,5,8) = var(v|F?) = % [e7P(t=9) — =]y 4 ¢2 [P gy [e P8 — 2D g,
ha(ys,8,8) = var(y|FF) = 52{2“721 [1—e2m=9)]  Br@ [emm(t=s) — gm2m (=] },

)

whereay = n — 8and ay = %

Appendix 1 provides the proof of Proposition 1.

With the expectations and variances of v; and y; presented, we are now ready to
compute g3 (Yo, vo, 10, S, t). This requires us to calculate the conditional expectation of
In (%), which contains two random variables when s > 0: To simplify the computa-

tion, the tower rule of expectation is used, such that
2 (Yo, v0,y0,8,t) = E {gg(YS, Vs, Vs» S, t)|.?’-"(;v1 \Y, ]—'SVZ \% ]—'éi \% ftx}, (10)

where

Y, 2
&(Ys 5, ¥5:5,1) = E{ [ln (Y‘ﬂ IF v By F Y th}, 0O<s<t<T.

N

(11)

Clearly, the target go(Yy, vy, Vu, 4, s, t) is the expectation of g3(Ys, vs, s, S, £), which we
can obtain if

431
23,2

Elim (§ )0 v R At FY)

var [ln (%) |F v Fay, FH v ]_-tx}’ (12)

are both known. Thus, we present the corresponding results in the following proposition:
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Proposition 2 If the dynamics of the stock price Y; are given in Eq. (2), then we must
have

1 1 [t
g1 = (r —azax)t — — (1 — e P, — / gell — e Pt91dg — B1— ey, — ay),
2p 2 Js ay
(13)

and
2t
832 =A1 +Aa(ys —a) + a7 / [e7PE9) — e 2D )ged
S

2
+{l(1 —e PN + £ {1(1 —e Ty — 26_1"1:] _ L {1(1 —e Py — e_mr} }US
b b pLp

4p?
2 t 2 t
+<1 Fas- ﬁ) / qell — e P 91de + (p§ - i) / e P (¢t — £)gede,
=  p ) Js 2p) Js
(14)
where
28azas das 5261261% )
Al = |agart + 5 n— (1 _ e—ﬂl‘f) + . (1 — e alr) ,
ay B— 2a3
and
2.2 2 2
Ay = {28&3 <M _ 66{3)‘[6“17 T (614 _ 8?3) (1—e @7y 4 § ZB (1— e2a1r)}'
ai a ay a; a3

2
withag:w—u,a4:a2+(u—&if) ,andt =t —s.

a

We prove Proposition 2 in Appendix 2.
Now, we obtain g3(Y, vs, s, s, £) in Eq. (11) by using g3 = (g3,1)> + g3.2, providing

t 2 2 ¢
g =A1 +(r—ﬂ3ﬂ2)212+i{ / qg[l—e*l’“*@]ds} + (pc - ;—) / e POt — £)ged
s 94 s

S ‘ (&) LSS AR S
+{1+@—?—(r—a3a2)r} /s e[l —e? ]dé-i—éh?/s [e7? —e P g dE

1 a
+ a1 —e DN+ S =T (s — )’
p aj
1 —pt a3 —aT ! —p(t—§)
e+ B - ey — a) /qs[l—e PEENGE | Ag,
2p ai s

2a3 —art
+|42 - 71(1 —e ) (r —azax)t | (vs — a2) + Aa(ys — ax)vs,

where

Page 6 of 23
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(1—e 27 — 2e_pft} _ {1(1 —e P —eP't
p |p

1 27
A3=7(1—e_pr)+% -
P 4p~ |p

1
——1 —e ") (r — azay)r,
p

Ay =B (1 — e PTy(1 = eT),

ap

(16)
The problem that remains to be solved involves the computation of g (Yo, vo, 10, t)
using Eq. (10). With the solution to g3(Ys, vs, ¥s, 5, £) given in Eq. (15), the target expecta-
tion requires the computation of E(yslfg[), E[(ys - 612)2|.7:é_[] and E(vslf(;vz). Because
the required solutions have already been presented in Proposition 1, the results of
22(Yo,v0, 0,5, t) are illustrated directly without requiring tedious calculations and
rearrangements.

aZ
& =A1+ (r — azax)’c* + ﬂ—i(l — e MT)? {Aé + ha(y0,0, s)] + (A3 + Asds)e Pug
1
r 2 1 2
+|Ay — ﬁ(1 —e 1Ny (r— ﬂguz)‘[:| As+ — (1 - e T2 F—(e*’” — e Wy + einsv(ﬂ
L a1 4p p

+1(1—e_pT)U1+1LI 4 pg—i Uy + LZ_,_i(l_e—PT)Z 124
2 42 2p ap? " ap? >
r 2
1
+[1+ S (r — asax)t + @(1 —e " NAs+ —(1 —e e Py |Us
L p @ 2p

[1 1
+ @u — e P)2e Py + p(As +A4A5)} Us+ (1 - e P2y,

where

S t
U = / qee FCVdg - / q:[1 — e P Ndg,
0 s

t 2
Uy ={ / qe[1 — ep“fhds} ,

t
Uz = / qell — e P ]d,
S
t
s = [ e - e,
S
t
Us = / [P _ =210 g
S

S
u6 :/ qse_p(s_é)ds’
0

S 2
o=[[aeroa’
0

with As = h2(y0,0,8) — az = (Yo — az)e” %
Once this stage is reached, one should realize that when the long-term stock vari-
ance, g¢, £ € [0, T], is time dependent, Eq. (5) should be revised such that the corre-

sponding delivery price is a result of
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1002 &
K. = E<02|fgvl \ .7:0W2 v F v ]_-tx) == Zgz(Yo, Vo, Y0, tis ti—1). (18)
i=1

This formula can be used with the formulation of go(Yp, vo, Y0, s, t) as shown in Eq. (17).
The results associated with the time dependence of g¢, & € [0, T'] are not the target val-
ues, and their regime-switching nature should be re-introduced to capture the varying
economic states.

The formula with regime switching long-term variance

By removing the assumption that the Markov chain is foreseeable, the variance swap
delivery prices should be computed using Eq. (5), implying that the calculation of
21(Y0, vo, Y0, X0, 8, t) using Eq. (7) is required. The Markov chain is the only stochastic
source when deriving g1 (Yo, vo, Y0, Xo, S, £) using the expression g2 (Yo, vo, 0,5, t). There-
fore, the terms that one needs to find are U; = E(M; |]—"é(), i=1,2,..,7,and we now solve
them individually. Before presenting these results, we first provide some frequently used
notations. We define three general functions asfollows:

1
kl (Sy t) =T — 7(1 - e—pf),
V4

1
ko (2,5, t) zi(elt — ™), (19)

k3(lys,t) =te™ — se”,

and also define

d = (g} —019) % +0192, do = 2 (@} —0192), d3 = (B -0 P+ q192, da =
BL(g3 — quqo), ds = B35, dg = B

Thus, the solution to U is presented in Proposition 3.

Proposition 3 With qx,,§ € [0,t] being a regime-switching parameter controlled by
Markov chain X;, we have

U, =< Uh,Xo >, Uy =(<écl,Dy>,<ck,Dy >)7, (20)
where
S —e )
Dl = ﬁ(e’h — e_ps) ,

1 (oS _ o—ps
7 (e e )
and

(d3 + Za1ds5)k (s, £) + Jnade [ko(—7,5,1) — e Plhy(p — 1,5, 1)]
¢1 (da + Jo1de) [ka(—1,5,8) — e Pha(p — Ju5,1)] :
Z12d5k1 (s, 1)

(di — A1ads)ki (s, £) — Jonde [ka(—2,5,t) — e Prhy(p — 4,5, 1)]

cl (da — Ja2de) [ka(=7,5,8) — e Prha(p — Ju5,1)]
—/Jo1dski (s, t)

I
S
I

Proposition 3 will be validated in Appendix 3.
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Because the derivation of U3 is similar to that of U7, we provide their solutions in

Proposition 4.

Proposition 4 With qx,,§ € [0,t] being a regime-switching parameter controlled by
Markov chain X, we have

Uy =< U,Xo>, U= (<¢,D;> <D >)T,i=2,7, (21)
where

ki(s, t)
ko(—=2,8,t) — e Plky(p — 4,5, 1)
- ks (=25,8) = ko (25,01 + 76 P lks(p — s, 0) — ko(p — 45, 0)]
ko(p — iy5,t) — e Phky(2p — 1,5, 1)
ka(4,5,t) — e Plky(p + 2,5, 1)
kay(p,s,t) — e Ptiy(2p, s, t)
ki(s, t)
ko(=A,8,8) — e Plka(p — A, s, t)
Dy = | ka(p — 24, 5,t) — e Phky(2p — )5, 1)
ko(Zy8,t) — e Plkoy(p + 2,5, 1)
ka(p, s, t) — e Plky(2p, s, t)

and

(d3 + Jords)i (s, £) + HAH219) 4 20 (oo — doe) 4 212 [dseP= PSP — dge]
212(dst — dgs) — %(a’s —dee™PT) + (dy + ﬂ.zlda)[ﬁe(”“)s_w — ek %(ds — ds)
9 —A12(ds — de)
(8 = )5 — dg)e ™"
—(ds + J1de) (} + 5i)e
(da + J21de) (7 — e

(d — nads )k (s, 1) + 2e=fde) — 21 (e — dge=it) — 224 [dse? PSP — dge)
—J21(dst — des) + %(ds —dge™P7) + (dy — llzda)[ﬁe(”“)s_w — LeB)+ 2 (ds — dg)
) ~ a1(ds — d)
—( = 32 s — de)e ™"
—(dy — Jade)( + FE)e
(dy = J12de) (G5 — iz)e ™
(d3 + J21d5)ka (—p, 7,0) + %[dse(‘”#‘)k’” —dee™*]
—%(ds —dee ") + (da + izﬁs)ﬁe(pﬁ)sfpt
= (8~ 72)(ds — dg)e ™" :
—(da + Azlde)ﬁe‘)f
1 1
(da + )~21d6)(pT,j = 5in)e pt
(d1 — Z12ds5)k2(=p, 7,0) — %[dse(‘”#‘)kﬂ — dge™]
L (ds — dee™") + (dy — iade) 7€ PP
&= —( = 2y (ds — d)e !
—(d2 — ilzds)ﬁeﬂt
(dy = 212d6) (515 — Fip)e "

=

Appendix 4 provides the proof of Proposition 4.
The remaining unknown value U;,i = 3,4, 5,6 can be determined similarly. Their for-

mulae are presented together in Proposition 5.
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Proposition 5 With qx,,§ € [0,t] being a regime-switching parameter controlled by
Markov chain X, we have

U; =< U;,Xo >, U;=(<¢\,D; > <ch,D; >),i=34,5,6, (22)

where

Pe— ki(s, t) P — —T1e7PT +119(1 —eP7)
T\ k(L) e Phap—4st) ) T\ e P —re® P 4 ko(p — 4s5,1)] )

B — ka(p, —7,0) — k2(2p, —7,0) D= _kw-t0
ST\ e Phy(p— As,t) —e P ha2p —Ays,t) )0 T T e Plha(p — s t) )

and

21 gy — — 2 (g —
B==05=(P ;.tz 21— q2) T o (g1 —q2) ’
21— q2) —=Hq1 — q2)
a_ [yl 4l(q1 — )] a_ [yl - 2 (g — g)]
1= Y ) 2 = y .
To-n (@1 — q2) — T (@ — 92)

Appendix validation proposition 5.
Once we have determined U;,i = 1,2, ..., 7, the results of target g1 (Yo, vo, 0, X0, 5, t) are
summarized in the following theorem.

Theorem 6 With the formulae of U;,i = 1,2, ...,7 being provided in Propositions 3.3~
3.5, the function g1 (Yo, vo, Yo, X0, S, t), when Yy follows Eq. (2), has a solution of

2
a

&1 =AL+ (r — a3a2)*t* + B (1 — e 7)? {Ag + 4 (0,0, s)] + (A3 + Agds)e Pvg
a;

2 1 2
+ [Az ~ B ey - ﬂsﬂz)T}As + 51— eP7)? F—(e‘f” — e Py + e—ZPSvé}
ai 4p p

A erym iy pf—i Uy + C—2+ﬁ(1—e-1")2 U
2 1Ty ) T 4 T a2 >

2
1
+ {1 B e+ B ey A (1 - e*f”)e*f”m} U
= p a 2p

1 1
+ {E(l — e P")2e Py + p(As +A4A5)} Us+ (1 - e P2 Uy.
(23)

Proof 'The proof of this theorem is straightforward after considering the expectations
of g2 (Y, vo, Y0, t). [

The strike prices of the variance swaps can now be analytically computed using Eq. (5)
when the effects of jump clustering, stochastic volatility, and varying economic conditions
are incorporated. Note that this formula does not involve Fourier inversion or any other
integration, which can significantly improve efficiency in practice.

It would also be interesting to investigate how variance swaps with continuous sampling
behave under the considered model, which can provide an additional check on the validity
of the proposed formula. By defining

Page 10 of 23
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1135 T T T T
Our formula
1130 o Montle Carlo . i
—mees Continuous sampling

1125

1120
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Fig. 1 Verification of the correctness

1002 T T _
RV¢ = — / tht +/ ]tht )
T \Jo 0

Based on Chebyshev’s inequality, one can illustrate that RV — RV converges to zero
as the probability approaches one, following arguments similar to those presented in
Broadie and Jain (2008), Liu and Zhu (2019): Therefore, variance swaps with continuous

sampling can be expressed as:
K =E(RVIR v R v F v R,

yielding
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0
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1 T 2 ) 1—eal
+7<1 —e? >vo + (0 + 1 )[dzT-i- (4o —az)] },
p ai
(24)
from the results of propositions 1 and 5.
Formulae with discrete and continuous sampling are numerically implemented in
the next section to demonstrate the impact of the three stochastic factors.

Numerical analysis

We first discuss the reliability of the formula (5) presented in the previous section by
comparing its produced prices with the Monte Carlo results. We also analyze the sen-
sitivity of strike prices to changes in the different model parameters. Here is a list of
parameters that produce the plots in this section.

p=12;g =(0.02,0.2); £ = 0.6; 1 = 60; § = 50; yoo = 4.5; vg = 0.04; yp = 10;
r=01,u=-001,0 =004;T =1;Xo=(1,0); A1 =491 = 1; N = 4.

Figure 1 displays the strike prices produced by Eq. (5) compared to Monte Carlo prices.
The clear pattern shown in Fig. 1a indicates a very close agreement between the corre-
sponding results from the two methods, which is further supported by Fig. 1b, where
the errors of our results relative to the benchmark are less than 0.03%. Another evidence
supporting the correctness of the formula with discrete sampling is its convergence with
that with continuous sampling when the sampling frequency is increased.

Model performance can be assessed once the accuracy of the formula is confirmed.
We first show the difference between our model considering stochastic volatility, jump
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clustering, and variations in economic status (HJSVRS) and that constructed by our
model ignoring jump clustering (PJSVRS). This comparison is illustrated in Fig. 2 with
the varying decay rates of jump clustering n. Some distance exists between the swap
prices generated by the two models, and decreasing the value of 1 typically widens this
gap. This phenomenon is reasonable, because a higher decay rate implies a less signifi-
cant impact of jump clustering.

The opposite phenomenon is displayed in Fig. 3, where increasing the value of § is
equivalent to increasing strike prices. A larger § implies a higher possibility for the arrival
of another jump, creating more significant jump-clustering effects and leading to the
corresponding strike prices. The strike prices of PJSVRS model stay in between HJSVRS

Page 13 of 23
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prices, which is probably due to the decrease in § leads to the number of expected jumps
in HJISVRS model falling below that in PJSVRS model.

The impact of jump clustering is also examinedwhen we assign y«, different values in
Fig. 4. An increasing trend in variance swap prices can be observed with the increase in
Yoo, leading to a wide difference between HJSVRS and PJSVRS model prices. The higher
Yo indicates a greater number of expected jumps, yielding larger risks, as well as swap
delivery prices.

The impacts of varying economic statuses are crucial factors that must be studied.
The HJSV model was constructed as a benchmark for this by removing the regime
switching contained in HJSVRS model and plot both model prices in Fig. 5 after
equating 412 and /4y; to / for ease of comparison. An increase in transition rates would
inevitably result in an increase in strike prices, causing a greater difference between
HJSVRS and HJSV model prices. The reasonableness of this observation lies in the
current setting of the long-term variance, corresponding to the current state being
lower than that of the other states, and the increasing transition rates actually raise

the volatility level, yielding higher risks and strike prices.

Conclusion

This study solved the variance-swap pricing problem when the underlying dynamics are
subject to the risks of stochastic volatility, jump clustering, and regime switching. We uti-
lized a novel probabilistic approach and first considered a simplified case when regime-
switching parameters were replaced by time-dependent ones, whose solution acts as a
given condition when working on a general case. Compared with the literature requiring
Fourier inversion or fast Fourier transform, the obtained solution involved no numerical
integration and was written using only fundamental functions, which greatly enhances its
efficiency. Variance swap prices are also numerically shown to be significantly influenced by

jumps and regime switching.
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Appendix 1
Here, we prove Proposition 1. To determine the first and second moments associated with
Vg, we first apply Ito’s lemma to derive

d(efp(tfg)vg) =paee PUdE 4 ¢ SogdWas -e P, 0 <& <t

The integration of from s to ¢ leads to the expression v; asfollows:
t t
v = e PE=9)y +p/ qee P9 de 4 C/ e P W, (25)
N s

The expectation of v; is straightforward, because fst /Vge PU=8)dWy ¢ is a martingale
whose expectation is zero. The variance of v, can be computed as

t
vartu 727 =var (5 [ RO 7
t
242/ e PEOE (v | 7)) d (26)

t 3
_¢? / e 2p5) {el’“%s +p / qxel’@x)dx} de.
S

s

With
¢ & ¢ ¢ 1/t
/ o= 2(t=6) / e P dnd — / . / eps—Zpprdde:; / geleP5 _ o=w-Dgg.
S s JS JX JS

one can then obtain

t t &
var (vl FV) =2 / WU 6= ge 42 / o215 / e dxd,
S S

N

2 t
& [e—pu—s) _ e—zpu—s)} ve + 2 / ge [e—p<t—s> _ e—2p(t—§)} dt.
p s

(27)
We also need to derive the first and second moments associated with y;. We first adjust
the jump process to form a martingale through Ny = H; — fot yedé& so that the expecta-
tion of dN is zero. As a result, we obtain

dys = ai(ay — y;)dt + 8dN;.

One can further compute the dynamics of d(e’“l(t’g)yg) with Io’s Lemma, which pro-
vides a representation of y; as

t
ye=az+ (ys — ap)e 7% 4 8/ e 1N,

S

This directly gives the result of E(y;|F/?) due to fst e~ =% N being a martingale with
its mean as zero. Moreover, we can also obtain
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t
var(yt|]—'sH) =var (5 / ﬁe_“l(t_g)ng |j:sH>
S
t
:82 / e*Zal(tfg)E(Vé |~7:3H)d§ (28)

t
=52/ o201 (t=) {a2+(ys—a2)e*“1<5*”}d$,
S

which leads to the desired explicit result after working out the integration.

Appendix 2
Here is the proof of Proposition 2.

To compute the expectation and variance of In (%), a necessary step is to figure out

its expression. In particular, Integrating both sides of Eq. (4) from s to ¢ should yield

Y, t 1 1 t
In <Yt> = / |:V — Evg —(w — Lg))/g]dg +/ JVedW g +/ LedNE. (29)
s s s s

A simple treatment gives

t 1 t t ré
/ vedE = ~(1 — e PP)vg + / gell — e P9 Nde 4 ¢ / / Ve PEaw, de,
s p S S S

which directly leads to
Y
In (Y) =N1(1) +2(Wie) +J3(War) + Ja(Np). (30)
Here,

g _
J1(0) =(r — way)t — 2i(1 —e Py — 1/ gell — e P O1ge ~ MV A () parry
P 2 s ai
t
+ / [az + (v — a)e™ ¢ 91Leds,
S

t
Jo(W1e) =/ VvedWig,
s
)

1 [t s 1 [t1
J3(Way) = — =¢ / / Ve PE AW, v dE = ——¢ / VA W2,
2 S S 2 S p

ot t t
]4(Nt):/ LedN; =/ {Lg—a/ (Lg—w)e_“l(s_x)dé}de.

Taking the expectation on both sides of Eq. (30) and using E(L;) = p, we obtain the
desired result in Eq. (13).

However, considering the variance on both sides of Eq. (30) results in:

g3 = var(W|FH) + var (LI F) 4+ var 5| FY2) + var (ol FFY + 2cov(a, 5|1 FY v FY2).
(31)

One can directly have
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var(J1| FI) = 0, (32)

which is the result of /; being constant given F. Based on the results of Proposition 1,
we can further compute

t
var(Jo| F¥) =/ E(ve|F"ds
S
1 bors
=—(1—ePH+p / / gee PE ) dxd (33)
p S S
1 t
=—1—-e P+ / gs[1 — e P 9]de.
V4 s
The third unknown term is calculated as follows:

2 t
var (5| %) =44;7 / [1— e PO PEe | FY)de
S

2yt &
_L / [1 - 2e706) 1 2000 {e*ﬂf*s)vs +p / qxe—p(s—mdx] de.
N s

=1
(34)
With
! 1
/ (1= 207708) o200 6 g = {(1 N r} v
s r
t & t
/ r / qre P drds = / gs[1 — e P79 1ds,
S S S
t 3 t
/ —2pe P / qre "V dxdt = —2p / e P — £)gede,
S S S
t & t
/ WD) / e P s = / [Pt _ =01 ge.
S s S
one can arrive at
&> (1 t
var(J3| F7) =253 [=(1— e 7)) —2e7 P71 | v + / qell — e P9 1de
ap* | Lp s (35)

t t
—2p/ e*P(t*E)(t_%-)qug_’_/ [efp(t*‘f) —ezl’(tg)]qué}.

From the results in Proposition 1, the fourth unknown term can be derived as
t t 2
varGa 7 = [ B |1 5 [ = e O] Al a
5 3

= /St {02 + [M - aaif (1 — e—m(t—é))} 2} [42 + (ys — ﬂz)e—al(g_s)}g‘
(36)

We can further compute the fifth unknown term using the results in Proposition 1, lead-
ing to
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W ) o
2e0v(a, J3|F5H v FS?) = = p;/ fﬂ?(velﬁ LV ) dg
p¢ [* §
=2 [ eres)] [e—p@—s) ve+p / guePED dx} d
p S S

A

— p?;()ﬁ + x2 + x3),
(37)

where
t 1
X1 =/ [1 - e_p(t_g)} e PEIyde = [(1 —e Pr) — e_p’r] Vs
s p
t ok t
X2 =p / / qee P drdg = / gel1 — P70 1de
S S S

t £ t
X3=—p / e P8 / qre PCVdxds = —p / e P8 (¢ — £)gede.

S S

The solution to g3 in Eq. (31) can then be found by substituting the results in Egs. (32)—
(37), as well as some simplifications.

Appendix 3

Here, we prove Proposition 3.
We can formulate

S t
U, =E [/ que—k(s—u) . / g (1 — e—p(t—é))dédm]:é(}
0 s
S t
:/ E [que_k(s_”) . / qe (1 — e—p(t—§)>d§|]:é(] du (38)
0 s

:/OSE{que—k(S—u) . /;E[qg (1 _ e—P(t—S)) |]:’i(} d&|fé(}du,

where the final step is the result of the tower rule of expectations. This demands the
solution to I;; = ]E{que_k“_”) . fst E[ge (1 — e ?9) |f§]d$|f5{}. Let

21 A2 Ut Aa A2
JU) =— 4 e ti)E—uw _ =4 76—/»(5—14)’
Yul,u) A2+ A+ in A A
212 421 ot AV S
u) = e~ V2t (E—u) _ S 2o g ME—w),
V2w Ao+ 201 A2 + Ao A 2

where A = 113 + A21. We further write
Yo uw) =1 -y u), Y& u) =1—1ynE, u),

and denote
_ (Y1 Y2
V(e = (wm wu)@'”)'

We can then directly obtain the inner expectation of U1 as
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_ (t—§)
E[qg (1-ere- S>)|fo} =< \p(g,u)(qlgl e,i(t §§>,Xu >

_ . (ql(l—e P S>)wu(s,u)+qz(1—eﬂ’“*f))wlz(s,u)) P
(1= e PO )y Ew) +q(1— e D) ynEuw )7

with which we can obtain

_ —k(s—u) qil1 + qat2 X
I —E|:que < (q1L3~|—qzt4)’X”> |fo}

2
—k(s—u) qil1 + 919202 X
=e E|l< Xy > | F

[ <611q2l3 + q%% ) " | 0 } (39)

—e k6w _ W(u, 0)<q1‘1 + q1q2t2 >,Xo >,
q1923 + 612L4

where

t

(1- e )y wds,

[3&]
|

t
1 2/ (1 - e_p(t_g))l/fu(é,u)d& L

t
3= / (1—efp“*f>)wn(s,u)ds, l

t

(19 ) ym(s, wpae.

—

Simple manipulation yields
qiu + quqats =b1 + bre™,
q192t3 + q3ta =b3 + bye™,
where

b1 =diki(s,t), by =d; [kg(—i, s,t) —e Plky(p — A, t)],
b3 =ds3ki(s,t), bs =da [kg(—)u, S, t) — eiptkz(p — A5, t)]

Substituting Eq. (39) into (38) yields:

U =/ k=1 <y, 0)<q1“ +”11qz‘2>,xo > dg
0 719213 + g3t

’ A Au
= —p(s—u) Y11 (1, 0) (b1 + boe™) + Yr12(u, 0) (b3 + bge’™) y
/0 i ) <1ﬂ21<u, 0)(b1 + bae™) + Yo 1, 0) (b3 + bye™) )70 = 4

One can then reach The desired result can be obtained after determining the integra-
tions involved.

Appendix 4

Here, we prove Proposition 4. The computation of U, can be expressed as
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t 2
U, :IE{ [/ qe (1 — ep“f))dg} |]-'5(}
t t
=E [/ / qugs (1 — e PE)(1 — e_p(t_S))demfé(} (40)
t
= / (1 — e P Iy + Ipp)du,

where

u t
Iy = / E(quqe|F)(1 — e PE9)dt, Iy = / E(qugs | F) (1 — e P09

u

This requires calculation of Us; and Usy. Specifically,

I = / Elge E(qul FOIF1(1 — e P9 de

= /u E {< (‘/’11(”’5)’1% + V12, E)q192
s Vo1 (u, E)q162 + Vo2 (1, §)q3

u —i(u—&)
:/ < W(g,0)<d1 +dae ),Xo > (1 — e Pt9)gs,

),X; > |fg(] (1— e P9

ds + dge= 475

* Ly X, (t=8§)
— _ o pU—

where
_ 21 721 ) , M2 e M2 u
L —d3+7(d1—d3)+ f4+7(d2—d4) e +7(d1—d3)e +7(d2—d4)6 ,
12 12 g , 1 g u
L2 =d1+7(d3—d1)+ d2+7(d4—d2) e + T(dg—dl)e +T(d4—d2)e .

Following a similar argument, one can also find that

t
L o —
I =/ = <Lz)»Xo > (1—e P 8))ge, (41)
u

where
221 21 -y | M2 w12 .y
L3 =d3 + T(dl —d3) + |ds + T(dz —dy)|e + T(dl —d3)e” ™" + T(dz —dy)e ",
12 12 E—w | o A1 it
Ly =d1+7(d3—d1)+ d2+7(d4—d2) e’ +7(d3—d1)€ - +7(d4—d2)€ .

Consequently, we arrive at the following hypotheses:

t u —p(t— t p(t—
o Li(1 — e Pt=5Ng La(1 — e ?t=8 g4
L[zz/ (1 — e P10y _ ISu 1( e (t—é)) §+f”t 3( ¢ (t—E)) § Xo > du
s L —e P ) de + [ Ly(1 — e P 75))dg
du
, Xo >
du

(42)

‘[‘;u Ll(l _ e*p(t*é))dé + fut L3(1 _ e*p(tff))dg

JI@—ePE)| [P L1 — e P dE + [T La(1 — e P D)de

(f;(l — e P(t-u)
=<
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Determining the integration contained in the above formula leads to a solution for U.
Similarly, we can reformulate U5 as

: 2
U7 :]E{ |:/ Qge_p(t_g)dé] |.7:8(}
S
t ot
=R [/ / qquep(t”)ep(tg)dédm.?:é(} (43)

¢
=/ e P (I + Iy)du,

S

where
u t
I = / E(quqe | F)e P8 de, Iy = / E(quqs | F e P 5 dg.
S u

Thus, we have

fn z/u - (ﬁl )’XO > e PR,
s 2
t
172 :/ < (é?, ),XO > e_p(t_S)dé,
u 4

and this further yields

fsf e P | (ML e PE—D e fuf Lye P9 dE | du

U7 =< t u ¢
fs e Pt—u) fs Lye PUt=8) g +fu Lae P8 e | dy

) XO >, (44)

to obtain the desired formulation.

Appendix 5
Here, we prove Proposition 5.
The calculation of U3 is straightforward through

t
Us = / E(qu| F) A — e Py dy
S

t
= 1111, 0) + g212(1, 0) e
_/S ) <‘1“/’21(“»0) + q2922(u, 0) >’X0 > (1—e?)du

The corresponding solutions were then obtained.
Similarly, we compute U4 using

t
Uy = / E(qu| Fo) (t — u)(1 — e P9 dy
S

t
_ q1¥11 (4, 0) + g2312 (1, 0) —p(t—u)
_/s = (5111ﬁ21(u,0)—|—q21/f22(u,0)>’X0 > (t— w1 — e P )du,

Thus, the solution is as follows:
Us can be calculated using
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t
Us = / E(qul F)[e Pt — 2P ay

s

t
_ q1¥11 (1, 0) + g2v12(1, 0) —pt—E) _ —2p(t—§)
_/S = <thl/f21(u, 0) + g2922(u, 0) )’XO > le ¢ e,

yielding the final solution.
The calculation of Ug can be performed using:

t
U :/ E(qu|.7:8()e_”(t_g)du
S

= 71¥11(#,0) + q2¥12(1, 0) b
_/S < <thl/f21(u, 0) + g2 (4, 0) >,Xo >e du,

leading to the final expression.

Abbreviations

CIR Cox-Ingersoll-Ross

VIX Volatility index

HISVRS ~ Model with stochastic volatility, jump clustering, and regime switching
PJSVRS  Model with stochastic volatility, Poisson jumps, and regime switching
HJSV Model with stochastic volatility and jump clustering
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