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Abstract—In the noisy population recovery problem of Dvir
et al. [6], the goal is to learn an unknown distribution f
on binary strings of length n from noisy samples. A noisy
sample with parameter 1 € [0,1] is generated by selecting a
sample from f, and independently flipping each coordinate of
the sample with probability (1 — 11)/2. We assume an upper
bound £ on the size of the support of the distribution, and the
goal is to estimate the probability of any string to within some
given error <. It is known that the algorithmic complexity and
sample complexity of this problem are polynomially related to
each other.

We describe an algorithm that for each p > 0, provides
the desired estimate of the distribution in time bounded by a
polynomial in %k, n and 1/¢ improving upon the previous best
result of poly(k'°2'°¢* 1. 1/¢) due to Lovett and Zhang [9].

Our proof combines ideas from [9] with a noise attenuated
version of Mobius inversion. The latter crucially uses the robust
local inverse construction of Moitra and Saks [11].

Keywords-Population recovery; Reverse Bonami-Beckner in-
equality; Fourier transform;

I. INTRODUCTION
A. Background

The population recovery problem is a problem in noisy
unsupervised learning which has received recent attention
[6], [14], [11], [9]. In this problem, there is an unknown
distribution f over binary strings of length n, and a noise
parameter 0 < p < 1. A noisy sample from f is generated
as follows:

o Choose a string = according to f.

¢ Choose a binary string N according to the distribution
7, in which each coordinate is independently set to 1
with probability (1 — p)/2.

e Output x & N, where @ denotes bitwise sum modulo
2.

Given access to these noisy samples and error parameter
g, the learner must output an estimate of the function f
(denoted by ). which it does by specifying the set .S of
strings for which the estimate is nonzero, and an estimate
f(z) for each x € S. The algorithm is said to succeed
provided that |f(x) — f(z)| < € for all x € {0,1}". If
the algorithm succeeds with probability at least 1 — § we
say that it is an (e, 0)-estimation algorithm for f.
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For ;o = 1, there is no noise and the problem is easy
to solve, whereas for ; = 0, the distribution f cannot
be recovered with any number of samples. As p becomes
smaller, the learning problem becomes harder.

There is an alternate (and easier) model called the lossy
model in which each sample presented to the learner is
generated by selecting = from f and then replacing each
entry by a ‘?” independently with probability 1 — . This
model is easier since the learner can simulate samples from
the noisy model given samples from the lossy model by
replacing each ‘?’ by a random bit.

The complexity of an algorithm for this problem depends
on four parameters, namely, u, n, €, %. As usual, the value
of 4 is not very significant for the complexity; if we have
an algorithm that works for § = 1/4, we can improve it to
an arbitrary ¢ by repeating the algorithm log(1/§) times and
assign to each = € {0,1}" the median of the estimates of
f(x) from the different runs. We generally think of u and
¢ as constants and focus on expressing the running time as
a function of n and 1/e.

The problem (in both the noisy and lossy versions) was
introduced by Dvir et al. [6] who related it to the problem of
learning DNF from restrictions. For the lossy model, Dvir
et al. [6] gave an algorithm with run time polynomial in
n and 1/ provided that p > 0.365. Their analysis was
improved by Batman, et al. [1] who showed that the same
algorithm is polynomial time for any 1 > 1—1/v/2 ~ 0.293.
Subsequently, Moitra and Saks [11] gave a polynomial time
algorithm for population recovery in the lossy model for any
w>0.

For the noisy model, algorithms are known only under the
following additional assumption:

Bounded Support Assumption BSA(k): f(x) #
0 for at most k strings x.

Under BSA(k), k becomes an additional parameter for the
problem.

Dvir, et al. [6] showed that noisy population recovery
under BSA(k) can be reduced to the following seemingly
easier problem of estimating the value of the distribution at
the point 0 = 0", when given as input a small subset that
contains supp(f) U {0}.
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Noisy Population Point Recovery with Known
Support (NPPRKS) We are given as input X C
[n] of size at most k that contains supp(f)U {0},
and an error parameter €. Given access to samples
from T, f, output an estimate of f(0) that has
additive error at most €.

They show that if NPPRKS can be solved with number
of samples S in time 7' then the original problem can be
solved in number of samples at most S - poly(kn) and time
T - poly(kn).

Wigderson and Yehudayoff [14] developed a framework
called “partial identification” and used this to give an al-
gorithm for NPPRKS (and therefore also for NPR under
BSA(k)) that runs in time poly(k'°* n,1/e) for any
> 0. They also showed that their framework cannot obtain
algorithms running in time better than poly(k'°81°8 %),

Lovett and Zheng [9] gave an algorithm with a better
time complexity of poly(k'°&1°e* n 1/¢) for any u > 0.
Interestingly, while their algorithm matches the lower bound
in [14], their algorithm departs from the framework of [14],
and thus is not subject to the same lower bound.

B. Our result

Here we show that for any ¢ > 0, the time com-
plexity of noisy population recovery problem is at most

poly(k,n, %, log(%))

Theorem 1.1. For any p > 0O, there is an algorithm for
NPPRKS (and therefore also for noisy population recov-
ery under BSA(K)), with running time n®™) . (%)O“(l) :

log(1/6). Here O,,(1) = O(1/u*).

Previously no polynomial time algorithm was known' for
any p < 1.

C. A reverse Bonami-Beckner inequality

As with past results on the population recovery problem,
our result has interesting functional analytic consequences.
The process we are observing generates observations that are
obtained by taking a sample from {0, 1}"™ according to the
probability distribution f and applying noise independently
to each coordinate. Thus, the observed samples come from
a distribution that is obtained from f by applying a linear
operator T,, where for each « € {0,1}™:

(T f)(x) = Enwn, [f(z @ N)].

The operator T}, is usually referred to in the literature as
the Bonami-Beckner operator [3], [2], [8], [12]. Intuitively,
T,, “smooths” f by by replacing the value of f at x by a
weighted average of values of f near x. One way that this
smoothing property is made precise is via hypercontractive

inequalities [3], [2], [8], which have the following flavor:

'An earlier version of this paper [5] gave a polynomial time algorithm
for > 0.555; the theorem here holds for all x> 0.
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“(A higher order) norm of T}, f can be upper bounded by (a
lower order) norm of f”, where the bounds are independent
of the dimension (number of input variables) of the function.

Given such smoothing theorems, it is natural to try to es-
tablish reverse inequalities that assert that some norm of T}, f
is never too much smaller than (the same or different) norm
of f. No such dimension independent inequality can hold for
all functions, as is demonstrated by the signed parity func-
tion (—1)2=:®, but such reverse inequalities are possible
for restricted classes of functions. For example, Borell [4]
proved a reverse Bonami-Beckner inequality which roughly
states that for positive valued functions f : {0,1}" — R*,
the norm of T}, f can’t be too small if the norm of f is large.

Lovett and Zhang [9] observed that the existence of fast
algorithms for population recovery of functions satisfying
BSA(k) is equivalent to a reverse Bonami-Beckner type
inequality for sparse functions. In particular, they showed
that for f : {0,1}" — R, if supp(f) = k, then ||T,, f|l1 >
k~COuloglogk)| £||) The results of the present paper lead to
the following improved reverse Bonami-Beckner inequality
for sparse functions:

Theorem 1.2. Assume f : {0,1}" — R with |[supp(f)| = k.
Then || T, fllx > k=Cr W fl1, where O,,(1) = O(1/*).

1) Related work:: In concurrent and independent work,
Lovett and Zhang [10] considered the population recovery
problem when the noise for each coordinate is independent
but not necessarily identically distributed and further,
the flipping probabilities are unknown. For this setting,
Lovett and Zhang give an algorithm which outputs a sparse
distribution g such that the statistical distance between noisy
samples from f and g is guaranteed to be small. The running
time of the algorithm is poly(nl°&¥, (1/g)los”k glog® k),
Note that in contrast to the population recovery problem
where the distance between f and g is guaranteed to be
small, here we only have the weaker conclusion that the
distance between the noisy samples from f and g is small.
In the parlance of unsupervised learning, Lovett and Zhang
do “proper density estimation” whereas the current (and
previous) work on the population recovery problem does
“parametric estimation”. As Lovett and Zhang observe in
their paper, such a relaxation is necessary once the flipping
probabilities are unknown. This algorithm is obtained by
an extension of the Wigderson-Yehudayoff approach [14].
To contrast it with the current paper, while their running
time is worse (even compared to [14]) and the guarantee is
weaker, their algorithm works in the more general setting
when the flipping probabilities are allowed to be distinct
and unknown.



II. PRELIMINARIES
A. Fourier analysis of Boolean Functions

We begin with some definitions. We write O for the point
0™ in {0,1}™. For = € {0,1}", |z| is the Hamming weight
of x, which is equal to the number of 1’s. For binary strings
x,y € {0,1}™,  ® y denotes the bitwise sum mod 2, and
dp(x,y) = |x ®y| is the Hamming distance between = and
y, which is the number of positions where x and y differ.

For a set S, 25 denotes the set of subsets of S, (f) denotes
the set of subsets of size r and ( <ST) denotes the set of
subsets of size at most r. For sets S, T, SAT denotes their
symmetric difference (S —T)U (T — 5).

We define the following sets of functions:

o F = F, is the space of real-valued functions on {0, 1}"

e« D = D, is the set of nonnegative-valued f € F
satisfying >, o 130 f(@) = 1.

e For X C {0,1}" and n > 0, G,(X) is the set of f € F
such that f(0) =1 and |f(z)| <7 for x € X — {0}.

We view F as an inner product space with inner product
(fLgp=27" Exe{0,1}n f(z)g(z).

For x € {0,1}", the function 1, maps x to 1 and all
other points to 0, and for P C {0,1}", 1p = > . p 1..

Functions in D can be viewed as probability measures
on {0,1}™. For f € D we write z ~ f to mean that z
is a random string sampled according to f. The set D is a
compact subset of F whose extreme points are the functions
{1, 1z €{0,1}"}.

For S C [n], the character xs € F is defined by xs(z) =
[[icg(—=1)%. The functions {xs : S C [n]} form an
orthonormal basis for F. Thus every f € F can be written as
a linear combination of characters: f = g, (f> Xs)Xs-

The Fourier coefficient of function f at S C [n] is defined?

~

by () =2"(f,xs) = Xseqoy» f(@)xs(x). For f €D
we have:

f(8) = (1

E [xs(z)].
e~ f

The following equation, known as Plancherel’s theorem
expresses the inner product of f and g in terms of their
Fourier coefficients.

(f.9) =Y F(9)a(9).

SC[n]

@

We define:

o The support of f, supp(f) = {z € {0,1}" : f(x) #
0}.

N "lz}l;e Fourier support of f, supp(f) = {S C [n] :
f(S5) # 0}

e 1 = S oy (@)

o Il = 27" Xgcpm £ (S

2The Fourier coefficient is often defined without the normalizing factor
of 2™; this factor is included here to make (1) true.
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F has two natural products. For f,g € F, the pointwise
product fg is given by fg(z) = f(x)g(x) for all x and
the convolution product f = g is given by [ * g(x)
>y fWy(z @ y).

If feDthen fxg(x) =E, flg(x®2)]. If f and g are
both in D then f x g € D and a sample from f % g can be
obtained by taking x ¢ z where z is sampled according to
f and x is sampled according to g.

For S C [n], we have:

fa(8) = 277 3" F(M)a(TAS)
TCn]
Frg(S) = 27"f(5)a(S).

For a linear operator L on F, and norms || - ||, and || - || 3,
the o — 8 norm of L, denoted by ||L|| o3 is defined to be
the supremum of Hlmllﬁ over all v € V.

For S C [n], the operator Xg : F — F is defined as
Xg:fr=rxs-f

The Bonami-Beckner noise operator T},, defined for any
real number p, is most easily defined by its action on the
character basis:

Toxs = 1¥xs.
More generally for U C [n], the operator T}, i is defined
by:

Toxs = p¥"xs.

Thus T, = T}, ). Using linearity, we can extend the
action of T}, to the space of all functions F. For i € [n] we
will adopt the shorthand T}, ; for T}, (5.

It is easy to see that for any ;v # 0, T}, ¢y is an invertible
operator with its inverse being T/, y. Likewise, for any
U, U’, the operators T, v and T, y commute. In fact, if
U and U’ are disjoint, then T}, 7 o T,y = T}, ,yupr. Given
the definition of T}, 17, it is straightforward to verify that for
xz € {0,1}™,

flaoe) [T 5 (- 1)),

e’

Tu,Uf(x) =

>

2€{0,1}7:2;=0 for i¢U

When p € [—1,1], T,y has a nice probabilistic descrip-
tion. Recall from the introduction that for € [—1,1], v, is
the probability distribution on {0,1}" obtained by setting
each bit to 1 independently with probability (1 — w)/2.
More generally, for U C [n] v, ¢ denotes the probability
distribution on {0,1}" obtained by setting each of the bits
indexed by U independently to 1 with probability (1 — u)/2
and setting all the bits indexed by [n]\ U to 0. We then have
for p € [—1, 1], that

T;J,,Uf = Vyu,U * f7



and thus for z € {0,1}"

(Tu-,Uf)(z) = ]EZNV;L,U [f(x D Z)]

It is easy to verify that if f € D and pu € [—1,1] then
Tuuvf € D. A sample from T), 7 f is generated by taking
x @z where x ~ f and z ~ v, . A p-noisy sample from
f is a sample from T}, f.

B. Parameter estimation

We consider the general problems of estimating a real-
valued parameter P = P(g) of an unknown probability
distribution g € D,,. An estimator P,y is a random variable
that is a function of a collection of independent samples.

o The bias of P.s: (as an estimator of P) is | E[P.s;— P]|.

o The range of Pes is the maximum of |Pug|.

wst 18 an (&, k)-estimator of P provided that Pr|[| P —
P| > ¢] < k.

It is well known that one can build (&, k)-estimators from
independent copies of estimators wth fairly weak estimation
properties. For an estimator P.g; and positive integer k, let
Ay, (Post) denote the average of k independent copies of Pegt.

Proposition IL.1. For any €,0 € (0,1), if the estimator
P.sy of P has bias at most £, and range at most M, then
the estimator Ay (Pest), with k > SA;[—;IH(%) is a (¢,0)-
estimator.

Proof: Obviously E[Ay(Pest)] = E[Pest]. By the
Chernoff-Hoeffding bound [7],

Pr[|Ak(Pest) — P| > ¢] <
<

e—s2k/8M2 < 6.

This concludes the proof. ]

1) Mébius transforms: Let (P,=) be a poset. Define
function (p : P x P — R as {(z,y) = 1 if and only if
x = y and O otherwise. Also define up : P x P — R
recursively as follows:

For z € P, up(z,z) =1.

Forx7yep7 Mp(x7y):1xj’u< Z —,LLP(.”E,Z)>

r=xz<y
Let Fp be the space of real-valued functions on P. We
define operators {p : Fp — Fp and up : Fp — Fp by:

CpN@) =D Sy fly) = fW),

zeP

(mpf)(@) =Y up(x,y) - f).

Ty

=y

It is well known (see [13]) that the transforms {p and pp
are inverses of each other. pup is usually referred to as the
Mobius transform of the poset P. The above notions can be
extended to the more general setting of functions from P to
a fixed vector space.

Pr{|Ag(Pest) — E[Pest]|] > €/2]
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Proposition IL.2. Let P be a poset and V' be an arbitrary
vector space over R. Suppose (f, : x € P) and (g, : ¢ € P)
are families of vectors in 'V satisfying fo =3, <y 9y- Then

ge =Y ul@,y) - fy

=y

Definition 1. For x € P, define v+ = {y : y < z}. For
C C P, define C% = Uyeccat. A subset D of P such that
DY = D is a “downset”. It is easy to see that C* is the
unique minimal subset of P that is a downset and contains
C, and is referred to as the “downset generated by C”.

If C' C P, then we can view C' as a poset, which has its
own Mobius function pc. In general it is not true that for
all z,y € C, pe(z,y) = pp(z,y) but it is true if C is a
downset.

Proposition IL.3. If D C P is a downset, then for all x,y €
D, pup(z,y) = pp(z,y).

This is easily verified by induction using the above
inductive definition of uc and pp.

We denote by P([n]) the poset on 2" ordered by set
inclusion. It is well known that in this poset, for x =< y,
tp(n)) (@, y) = (—1)1¥\?l. Combining with Proposition I1.3
we have:

Corollary IL4. If D is a downset of P([n]) then for x <
y € D we have pup(z,y) = (—1)¥\*],

C. Technical computational considerations

We now mention a few technical considerations con-
cerning the cost of computation. In some cases, we will
have known functions b,/ € F,, given by an n°(-
time algorithm that on input S C [n] evaluates /(S) and
b(S), and we will want to evaluate a function of the
form > gc () £(S)b(S). The cost of the trivial summation
algorithm is 2"n°M), but if supp(/) is small compared to
2" we can hope to speed this up by enumerating only over
sets in supp(¢). However, even if we can evaluate /(S) for
any given .S, this does not mean that we can enumerate over
sets in the support without looking at all sets. Technically
what we want is a family of subsets H that contains supp(f)
together with an efficient listing algorithm for H which is
an algorithm that lists all members of 7 in time |#|n®().
We will say that H is an listable support for /.

Further, for the sake of clarity of exposition, throughout
the paper, we will assume that we are able to do basic
arithmetic operations on real numbers with infinite precision.
In an actual implementation, we will only be working with
finite precision approximations of these numbers. The next
simple proposition (stated without a proof) asserts that basic
arithmetic operations on real numbers can be done efficiently
to any finite precision.



Proposition IL5. A sum of the form y_." | A; where each A;
is a product of O(1) numbers can be approximated to within
additive error § in time O(m(log(3 >, (1 + |A;]))°M).

III. PROOF OF THEOREM I.1

We have an unknown probability distribution f on {0, 1}"
together with a subset X that contains supp(f). We have ac-
cess to samples from the distribution 7}, f. Our goal is to give
a good estimate for f(0™) in time poly(n, |X|, 1, log(})).
Our algorithm is based on the approach of [9] (which built
on ideas from [14]). We present a framework that abstracts
this approach, and identify a critical improvement. The key
ingredient to our algorithm is a function u that satisfies the
conclusions of the following lemma.

Lemma IIl.1. Given X and ¢, there is a function u € F,
such that for all f with supp(f) C X:
1) There is a real valued function o defined on {0,1}"
computable in time (k/s)o(l/‘ﬁ)no({) such that (a)
For all z € {0,1}", |a(z)| < (k/2)°/r), and (b)
for z ~ T, f, a(z) is an unbiased estimator for (u, f).
2) [u, f) = u(0)f(0)] < &/10.
3) u(0) € [1/2,1] and there is an algorithm that esti-
mates u(0) to within an additive €/9 and runs in time
poly(nlcl log l).

Theorem I.1 follows easily from this lemma.

Proof of Theorem L1: Let R = (k/)0(/1") be the
range of the estimator for (u, f). Applying Proposition I1.2,
the average of m = poly(R/¢) = (k:/e)o(l/“4) independent
copies of this estimator yields an estimate A that is within
€/10 of (u, f) with probability at least 7/8. Also, let B
be the estimate of w(0) given by the third part of the
lemma that is within £/10 with probability at least 7/8. Our
algorithm outputs A/B (or, more precisely, a floating point
approximation C' to A/B that is within /10 of A/B) as
the estimate of f(0). The bound on the running time of the
algorithm follows easily from the bounds on the running
time of the estimator for (u, f) and computation of u(0).

Next, we claim that with probability at least 3/4, the
output A/B is within £ of f(0). Note that with probability
A — (u, f)] <¢e/10 and |B — u(0)| < &/10.
Assuming this is the case, we also have B > 1/3 since
u(0) > 1/2 and we can assume that ¢ < 1. So with
probability at least 3/4, we have

fO-Cl < St 'f(O) -3
= E o [BF(O) - A
< o+ 1510 -4
Using triangle inequality, we have
|Bf(0) — Al < [Bf(0) = u(0)f(0)] + [u(0)f(0) = (u, f)|
+ [u, f) — A
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All three quantities on the right hand side are bounded by
€/10. Thus,
10) .

ro-cl = 5+3(5
|

So the main part of the proof of the theorem is the
construction of the function u and the proof of the associated
Lemma IIL.1. It turns out that u is best described as the
pointwise product of two functions ¢ and ¢, and in the next
section we motivate their construction and state the essential
properties of the functions ¢ and ¢ (see Lemmas IV.2
and IV.1). These properties immediately give Lemma III.1.
In Section V we construct ¢ and show that it satisfies
Lemma IV.2 and in Appendix A we construct ¢ and show
that it satisfies Lemma IV.1.

+1—O+

IV. CONSTRUCTING THE FUNCTION
A. Estimating f(0) via estimates of Fourier coefficients

We have access to samples from 7),f and we want to
estimate f(0). Suppose ¢ € F satisfies

f(0) = (¢, f). 3)

By (2), this equals 3 g, 0(S)f(S), which suggests
estimating (¢, f) by using samples from 7),f to construct
estimators for f(S) and replacing f(S) with its estimate in
the above sum.

There is a natural estimator for f (S) given samples from
T, f. To see this, note that for any d € D, if z is a sample
from d € D, then by (1), XS( ) is an unbiased estimator
for d(S). In particular if z ~ T}, f then xs(z) is an unbiased
estimator of T, f( ) = u‘s‘f( ). Therefore ( Wlxs(2) is

an unbiased estimator for f (S) Thus for ¢ satlsfylng 3),

) é(S)(i)'SxS(zx

SCln]
is an unbiased estimator of f(0).

An obvious choice for ¢ satisfying (3) is 1g, in which
case E(S) 1 for all S, so the resulting estimator of
f(0) is ngn](i)‘s‘xg(z). Unfortunately, the quality of
the resulting estimator is not very good. To see this, note
that the sum W (z) simplifies to (1 — £)*I(1 4 L)n=I=l,
Thus, the range of this estimator (and in fact, the variance)
is exponentially large in n. As a result,the estimator obtained
using Proposition II.1 has sample complexity exponentially
large in n.

So we look for an alternative ¢ satisfying (3) for which
both the cost of evaluating Wy(z), and the range of W;(z)
are “small”. Since we know that supp(f) C X, it suffices
to choose a ¢ € Gy(X) (recall, Go(X) is the set of functions
that map 0 to 1 and all z € X \ {0} to 0). To bound the
cost of the induced (e, §)-estimator we need to bound both
the cost of computing W (z) and its range.

Wi(z) =



To compute W,(z) we need to sum E(S)(i)mxg(z) over

S € supp(¥). As discussed in Section II-C, to evaluate
this sum quickly it is not enough to know that [supp()| is
small; we also need a listable support H for ¢. With this,
We(2) can be evaluated in time |H|(T + n°M)) where T
is an upper bound on the time needed to evaluate /(S) on
input S € H. To upper bound the range of Wy(z), note
that every term in the sum is bounded (in absolute value)
by E(S)(i)m(ﬂ) where m(#H) is an upper bound on size of
the largest set in 7. Thus, the range R of this estimator is
bounded by |H| - ||€||m(i)m(ﬂ). Hence, the running time of
the estimator is poly(|%[, R, £,log(1/4)).

The algorithm of Wigderson and Yehudayoff [14] can be
formulated in this framework: They (implicitly) show how to
(efficiently) construct a function ¢yy € Go(X), and listable
support H for ? so that

o All sets in H have size at most O(log | X|).

. |7ﬂ\§ | X |los 1 X1,

o [lwyllz, = O(|x 5.

Thus the running time of the induced estimator for f(0) is
poly(|X [ X1, 1, log(1/3)).

B. The Lovett-Zhang approach

The improved running time of Lovett and Zhang [9]
involves two steps: (i) Constructing a function ¢, 7 that gives
a faster estimator in the case that all of the points in X have
small Hamming weight, i.e., O(log|X|). (ii) A reduction
from the case of general X to the small Hamming weight
case.

For Y C {0,1}", let w(Y) be the maximum Hamming
weight of any string in Y. Lovett and Zhang showed how
to construct, for any set Y, a function 4z € Go(Y) and a
listable support H for £ z such that

o m(H), the size of the largest set in H, is at most w(Y").
o [H]<[Y[2e).

o [lozll, = |y |Olosw ).

(This result is implied by Proposition 3.6 in their paper.)
Applying this construction with Y = X yields an estimator
for f(0). Unlike the WY estimator, the running time of
this estimator deteriorates as w(X) increases. For e.g., for
w(X) = O(log|X]|) the derived estimator has running time
is | X |Ooglog[X])

Lovett and Zhang present a kind of a reduction of the gen-
eral case (w(X) < n) to the case that w(X) = O(log | X|).
This reduction combined with the application of ¢, 7 yields
their O(| X ['8 & |1X]) algorithm for the general case >.

We now elaborate on this. For some threshold r (which
we eventually set to O, (log | X])), let NEAR = NEAR,.(X) =
{z € X : |z|] < r} and FAR = FAR,(X) = X — NEAR.

3Actually, the Lovett-Zhang algorithm doesn’t actually follow this
scheme, because the function ¢ 7 is not efficiently computable, but they
use its existence to argue that the maximum likelihood estimator is a good
estimator.
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Consider the construction of the function ¢,z with ¥ =
NEAR instead of Y = X, Then we have:

FO)=(lrz, f) = > lrz(z)f(x).

T EFAR

“4)

If the sum (error term) being subtracted off is small, then we
can still estimate f(0) by estimating ({17, f). It turns out
that £ z(x) € [0, 1] for all  and so the error is bounded by
| X | max,erar f(2). Unfortunately, this might be quite large.

To get around this, Lovett and Zhang effectively replaced
/ by another function g for which max,cpag g(x) is very
small. To do this, they constructed an explicit function ¢
(depending on X but otherwise not on f) and set g = q - f.
We have f(0) = ¢(0)/q(0) so it suffices to approximate
9(0). We no longer have g(0) = g, fLz(5)3(S5), since
l1z(z) need not be O for z € FAR. But we can bound the
difference between these quantities as follows:

9(0) = > 4z(9)3(S) < Y lrzla)g(a)
SCln] ZEFAR
< Y toz(a)a(x)
< maxg(z) ) lrz(x)5)

SEFAR

The function ¢ is chosen so that g(x) (and therefore g(z))
is very small for all € FAR, so the contribution of the
second sum can be ignored. Additionally, to estimate the first
sum, we need to efficiently estimate §(.5) from samples from
T, f, which imposes additional constraints on the function
q. The precise properties of the function ¢ are given by the
following lemma.

Lemma IV.1. For any X and r > (1/p?) -log | X]|, there is
a function q having the following properties:

o Forall x € FAR, q(z) < e 217,

* q(0) € [1/2,1]

e q(0) can be (g,k) approximated in time

poly(n|X|Z log ).

For every S, there is a function ag(z) for z € {0,1}"
such that for z ~ T, f, ag(z) is an unbiased estimator
— . NE

q - f(S) with range at most (ﬁ)
in time 215170

and is computable

Lemma IV.1 is implicit in [9]; we prove it in Appendix A.
Using this lemma, Lovett and Zhang estimate g(0) by
estimating ) 4 £17(S5)§(S) as outlined above.

C. Improving /

We follow the approach outlined above, but replace ¢ 7 by
a better function. Our first attempt uses the Mobius function
(Section II-B1), to construct a function {y = fo x with
listable support Hg such that:

o [Ho| <|X[2009,

o [lollz, = [X]2).



Using this choice in the basic approach outlined in Sec-
tion IV-A gives a polynomial time estimator in the case
w(X) = O(logn) since both |Ho| and ||¢p]|, are poly-
nomial in | X|.

Using ¢y with the modified approach of Lovett and Zhang,
we fix a parameter r = 6.(log|X|) and construct ¢;
satisfying the above, but using the set NEAR in place of
X. We can tﬁlen bound the error term in (5) using the above
bound on ||{y]|z, and the bound on ¢(z) for x € FAR in
Lemma IV.1 to bound the error term in (5) from above by
|X|2’I‘e—u2’l‘/2'

Unfortunately, even when p = 1, 2" overwhelms e HT/2
and the term is large. In an earlier version of this paper,
we showed how to modify ¢ to get improved bounds on
q(z) for x € FAR of the form 2777 where B(u) > 1
for p > .555. Thus, for such values of p the error term can
be made arbitrarily small, thereby getting a polynomial time
estimation algorithm for this value of ;. While one might
hope to prove this for even smaller values of p by improving
q further, this approach seems to be incapable of working for
arbitrary 41 > 0 since the functions §(u) that are obtained
in this way tend to O as p tends to O.

So instead of changing ¢, we modify the function ¢ to
reduce |||z, from 2"poly(|X]) to (1+0)"poly(]X|) for an
arbitrary § > 0. By choosing = Os(log | X|) appropriately,
the error term in (5) can be made arbitrarily small. In order
for us to accomplish this, we will relax the condition ¢ €
Go(NEAR) to the condition that ¢ € G,(NEAR) for a suitably
small 7. (Recall that G, (Y") is the set of functions ¢ such
that £(0) = 1 and |¢(z)| < n for all z € Y — {0}.) The
next lemma states several properties that are achieved by
our construction of /.

Lemma IV.2. Let C C {0,1}", 6 > 0 and > 0. Let r be
an upper bound on w(C). There is a function £ = Lo s,
{0,1}" 5 R

« /CE Qn(C’i),

o [0z, < |CP - (1+26) - (2/n) 1207,

o supp(f) € Ct,

o For any S C [n), the Fourier coefficient {(S) can be

computed in time poly(|C*|,n).

D. Proof of Lemma III.1

With the aid of Lemmas IV.1 and IV.2, we will now
prove Lemma III.1. To do this, apply Lemma IV.1 with
r = (100/u*) - log(1/p) - log(k/e) to get function q. We
then apply Lemma IV.2 with C'= X N B(0,r), n = 55 and
0= ‘1‘—2 to get the resulting function /. Define u = £ - q. We
will show that this u satisfies all the properties we need in
Lemma III.1. We begin by noting that the third item (i.e.
u(0) can be efficiently approximated and lies in [1/2,1])
follows by combining that £(0) = 1 and Lemma IV.1. Next,
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we give an unbiased estimator for (u, f). We know that:

wf) ={eq.f)={ba-f)
~ 55 15) - af(s)
= ngci £(S) - qf(9)

Lemma IV.1 shows that for any S, there exist an unbiased
estimator ag(z) for ¢f(S), with range at most (I%)ISI
that is computable in time 2/51nC() It then follows that

~

Y scoi U(S) - as(z) is an unbiased estimator with range at
most7||£7||L1 : (l%)r < (k/s)é(l/”4) and it can be computed in
time |CY] - 27nOW = (k/e)O/r)pOM) Al that remains
is to bound |(u, f) — u(0)f(0)|.

[, £) =u(0)f(O) =] D lx)alx)f ()

zeX\{0}
< D @@ f@) Y] Ua)g@) f(@)]
T ENEAR\ {0} TEFAR
< -l D F@H e 2T Y f(a)]
xENEAR\{0} T EFAR
< k2 (14 20)7 - (2/n)0 s L emamr

By plugging the values of r, n and &, we have |(u, f) —
u(0)£(0)] < &/10.

V. PROOF OF LEMMA 1V.2

In this section, we prove Lemma IV.2 which given C' C
{0,1}™ and ,n7 > O constructs a suitable function £. As
a warmup, we construct the function ¢y mentioned earlier.
The function ¢, is specified by the set X C {0, 1}", which
we change to C' to match the notation of Lemma IV.2. We
are given C C {0,1}" and want to construct a function
Ly € Go(C) with a listable support H, for /¢ such that:

o [Hol < |C|2w(©),

e ltollz, = |C[2w(©

The function we construct will satisfy the stronger condi-
tion that £ € QO(C“), which means that it is 1 at 0 and 0
on every other point of C*.

We introduce some notation to represent the natural
correspondence between strings in {0,1}" and subsets of
[n]. For z € {0,1}", define ONES(z) = {i € [n] : z; = 1}.
For A C {0,1}", let H(A) be the collection of subsets
{ONES(2) : z € A}. We let Hy be the same as H(CY).
Observe that given C, we can efficiently list all the sets of
Ho and |H,o| < |C)29(O),

Note that the requirement of EAO being supported on
Ho = H(CY) is the same as requiring the function ¢y to
be of the form £y = } ¢ 1 Bs - xs. In order to find the
coefficients {8s}gcct, we start by defining the family of
functions {1y}.c(0,13» as follows:

1r2(2) = 1o--



It is easy to verify:

1. () H x; = H %Xl(x)

1:z;=1 1:z,=1
1
= g X D)

SCONES(z)

This implies that Hl/;HL1 =1 and supp(l/;) C H(zh).
Thus, a linear combination of functions (1 ),cc+ Will have
Fourier support in H(C+). We will construct ¢ as a linear
combination of (1-,),cc+. By considering the restriction of
the function ¢y to C¥ we can use the Mobius transform to
find the linear combination.

For a function f € F, let f denote the function obtained
by restricting the domain to C+. The condition £y € Go(C*V)
is the same as /' = 1. Observe that in the poset C+ we
have 1£, = 37 17 for all z € C*. By Proposition 1.2
and Corollary I1.4 we have:

15’ = Z (—1)|Z\y|11;z for all z € C*
y=<zeCt

This result can also be verified directly without Proposi-
tion II.2 and Corollary I1.4.

For y € CY% (define the function ¢, =
Zyjzeclv(_l)k\y‘ltz' We claim that the function
Ly = Lo satisfies the requirements. To see this, note that
Zf’ = 15 (but in general £, may disagree with 1, out of
CY). Thus, €y € Go(CY). Further,

follz, < D T2l < > 1< |CH <027,
zeCt zeCY+

We now turn to the proof of Lemma IV.2. We are given
C C{0,1}™ and 6, > 0, and an upper bound 7 on w(C).
We want to construct a function ¢ satisfying the conclusions
of the lemma.

As mentioned in Section IV-C, the reason why ¢ is not
good enough for us is because the Fourier L; norm grows
too fast. To circumvent this, we start with a modified family
of functions (5, = Zyjzeci(_l)‘z\yl 617l 14, Note
that /s, generalizes the function ¢, (which is obtained by
setting 6 = 1). We will construct £ as a linear combination of
{¢,},cc. - First we prove some properties of ({5, : y € C¥).

Proposition V.1. For any § > 0,y € C%, the function
lsy = Zyﬁeﬂ(—l)‘z\y' 61211, satisfies the following
properties:

o For :EE\C{ Us.y(2) = Ly - (1 = §)lI= Wl 5lul,

o su/pi)(&gyy) c c.

o [lsyllz, <1C|- (1 + 6y =lul . glvl

Proof: First we can rewrite {5, as {5, =

§lvl Zyjzecw(—é)"z\y‘ -1y ,. For any x € C¥,

lsy(z) = st Z (*5)‘Z\y| “1y2(2)

y=<zeCt
= gl Z (f(;)\Z\yI =1y - (1— 5)\%\*Iy| . 5lvl

y=2z=3z

Since supp(lfgz) C C%, we deduce that supp(ﬂ/g;) cch
For the last requirement,

syl < W0 3 (=)= 1],
y=<zeCt
< 51l Z 512\l
y=<zeCt
< WSS ST gl
teC y=<z=<t

< IC| olvl. (1+ 5)w(0)—|y\

|

Note that we have relaxed the requirement on ¢, namely

¢ € G,(C) for some appropriately small 1 as opposed to

£y which was in Go(C). Recall that we will construct £ as

a linear combination of form /s, for y € C¥. We now

impose the additional requirement that the coefficient of

s, depends only on |y|. This will help us in search of

the said coefficients. With this, let ¢ = Zyem Ol sy

where v = (v, ..., Uy(c)) is the vector of coefficients. By
Proposition V.1 for any = € C+:

ja
(@) = 3 ool (=gl = 3, <|f)6t(1_5)|z|—t

y=Xx t=0

Since the value of £ only depends on the weight of x, we can
define a function ¢ on nonnegative integers so that ¢(z) =
£(|z|). Now we have ¢(m) =37 jve- (7}) - 6%+ (1—0)™*
for 0 < m < w(C), and the condition ¢ € G,(C¥) is thus
equivalent to £(0) = 1 and |£(i)| < 5 for i > 0. Note that
these are linear constraints on the entries of the vector v.

Also, applying Proposition V.1, the Fourier L; norm can
be bounded by:

1l < 7 (ol - syl
yeCt
< vllso Z 1C|- 6. (14 6)w( @l
yeCt
w(C) _ -
< ollolCl Y (146" O {y € C - [yl = 4}
§=0
w(C)
, , C
< Iollelcl 3 s+ 0@ 10l (M7)
— J
7=0
= [olloo|CP(1 + 28)*().
Thus, we seek to find a vector v = (v, ... ,vw(c)) such
that ||v||~ is as small as possible while satisfying the linear




constraints dictated by the requirement £(0) = 1 and |{(i)| <
7 for i > 0. To do this, recall that w(C') < r and define the
matrix A, € RUFDX(r+1) a9

Asntid) = (1) o= oy,

Then we have /(m) = (A5, - v7),. Now the task of
constructing ¢ is equivalent to finding a vector v with L,
norm as small as possible such that (As,-(i,7) - vT)g = 1
and |(As(3,7) - vT)m| < for m > 0.

We note that this problem is equivalent to problem of
finding a “robust local inverse” for the matrix A;,, which
has been studied in [6], [11]. The following theorem is an
easy corollary of the main result of [11]. We provide the
reduction in the full version.

Theorem V.1. (Moitra-Saks [11]) For any n > 0, there
exists v € R™ such that ||As. - v — eolloo <1, V)00 <
(2/m)(1/9)108(2/%) and the zeroth coordinate of As .. -v is 1.
Here ey € R™! denotes the unit vector with 1 at the zeroth
coordinate. Further, v can be computed in time poly(r).

Applying this theorem directly, we have ¢ € G,(C+) and
I1lL, <|C|?- (14 26)" - (2/n)° &5 That finishes
the proof.

VI. PROOF OF THEOREM 1.2

Without loss of generality, assume || f||; = 1. We may
further assume f(0) > 0 and it maximizes |f(z)|, thus
f(0) > 1/k. Define f* = f-150 and f~ = —f - 1,
thus f = f+— f~. Normalizing these two terms we have,

e
— |t
=1/l ||f+|| =M =

If ||f~ H1 =0 then we just omit the second term.

Here g* W and g- = T *H can be viewed as
distributions supported on supp(f S Applying Lemma III.1
with parameter ¢ = 1/k and X = supp(f), we get functions
uw and « : {0, 1}" — R satisfying «(0) € [1/2,1] and
la(z)] < KOO/ such that

1
+\ + L
(u.g") —u0)g O] £ 1o o
_ _ 1
{u,97) —u(0)g~(0) < o0
<U:g+> = EZNT,,,g"' [a(2)], 7
(u,97) = E,op,q-[a(2)].
We will show that
1/2k < (u, f) < KOV T, £)1. 8)

For the first part of equation (8), since f = ||fT|1 - gt —

IIf71l1 - g, the two inequalities in (6) directly imply
1
_ + -
s ) = w(O)FO)] < 7o (£ + 1) = 7o
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Thus (u, f) > u(0)f(0) — 15z = 5. For the second part of
equation (8), the two equations in (7) imply

(u, f) £l - e, g e(2) = 17 M1 Ban,g-a(2)

> e (1 %))

z2€{0,1}n .
- 3 e (17717 (= )@):

Using the fact that

(L) <1
=111 ) = 1 (),
(it £~ 11
we have,
(wf) = Y o) Tf()
z€{0,1}"

< sl e a(z)

< KOUED TS
These two results imply [T}, f[1 > k=O0/uY) | which
finishes the proof.
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APPENDIX
A. Proof of Lemma 1V.1

Recall that FAR = FAR, = {z € X : |z| > r}. Define the
set £ ={y € {0,1}" : dy(0,y) < dgy(x;,y) forall z; €
FAR} and ¢ = T,1g. Next, we show that ¢ satisfies the
requirements. First we state the following lemma, which is
essentially identical to Lemma 3.2 in [9], that proves the
first three properties we need. The proof is deferred to the
full version.

Lemma A.l. For any X and r > (1/u?) - log| X
set FAR and E as above, we have:

e (Tu1g)(0) > 1/2. .

e For z; € Far, (T, 1g)(z;) < e 217l
Clearly, the function 1g(-) can be computed in time
poly(n,|X|). Further, (T,1g)(0) can be computed to ad-
ditive error ¢ in time poly(n,|X|,1/¢) - log(1/k).

, define

For the last requirement of Lemma I/V\.l, we fist show how
to build an unbiased estimator for ¢ - f(.S) using random
sample z ~ T}, f. Since (¢ - f)(z) = f(z) - (T,1g)(x), we
get that for any S C {0,1}".

q-F(S) = ((Xsf), (T,1E)) = (T, Xsf), 1E).

We now make two observations. The first is that for any
S C [n], T,,s is a self-adjoint operator. The second is that
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if S,8" C [n] are disjoint sets, then the operators Xg: and
T},s commute. Decomposing T}, =T}, 5T, 5, we have

T,Xsf=TusT,sXsf =TusXsT,5f=TusXsT, sTuf.
Thus, we get

¢ f(S) = (T,sXsT,5T.f 1g)

E. 1,7 (TusXsT, §1.,15)

9

Defining ag(z) = <Tu,SXST;;é'1z»1E>7 we can see that

ags(z) is an unbiased estimator for ﬁ(S) Now we are
going to show that avg(z) has the properties we need.

Lemma A.2. For any S C {0,1}", as(z) can be computed
in time 2151n©),

Proof: To see this, define A, s = {y :
Observe that

supp(T#}SXng;}glz) CA.gand|A, s =2

ys = Zgt

Further, T}, s XsT, _,}912 can be computed on any point in
A, s in time 29U5D. Using the fact that 1z(-) can be
efficiently evaluated, we conclude that (T}, sX sT,, 5127 1g)

can be evaluated in time 25101, |

Lemma A.3. For any S C {0,1}", |as(2)] < (1/p)!5l.

Proof: First we recall the following facts from [9]
(Claim 3.5 in [9]).

Claim. ||, |[11 =1 and T, }l151 =1/p.

Proof of the Claim: The bound ||T),;f[1 < ||f|l1 is
immediate, and is tight for f = 1. To derive the bound
on TM_Z1 let 2o, x1 be such that (z9); = 0, (1); = 1 and
(mo)j = (Il)j for all ] §£ 5. If (f(aio),f(flil)) = (a7b) then
TUr = (1/20) - (1% pa — (1 — )b, —(1— wa + (1 +
)b). Then |(T,, ; f) (o) |+ (T, ; £) (1) < (1/p)(|f (o) |+
|f(x1)]). The claim follows by summing over all choices for
Zo, 1, and noting that the bound is tight for f(x) = (—1)%:.

| |
The above immediately implies

1Ty,sll151 <1, ||Tl;é||1—>1 < (1/w)'Sh

Using || Xs|l1»1 < 1, we know HTH,SXSTJEHlﬁl <
(1/m)l51.

|avs (2)]

(10)

This implies:
= [TusXsT, s1:1E)| < | T sXsT, 512

< |TpsXsT, bl < (1/p)'*),

| ]
Combining Lemma A.1, Lemma A.2 and Lemma A.3 we
get the result.



