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Abstract—It is a major open problem whether the (min,+)-
product of two n by n matrices has a truly sub-cubic time
algorithm, as it is equivalent to the famous All-Pairs-Shortest-
Paths problem (APSP) in n-vertex graphs. There are a few
restrictions of the (min,+)-product to special types of matrices
that admit truly sub-cubic algorithms, each giving rise to a
special case of APSP that can be solved faster. In this paper
we consider a new, different and powerful restriction in which
one matrix can be arbitrary, as long as the other matrix has
“bounded differences” in either its columns or rows, i.e. any
two consecutive entries differ by only a small amount. We
obtain the first truly sub-cubic algorithm for this Bounded
Differences (min,+)-product (answering an open problem of
Chan and Lewenstein).

Our new algorithm, combined with a strengthening of
an approach of L. Valiant for solving context-free grammar
parsing with matrix multiplication, yields the first truly sub-
cubic algorithms for the following problems: Language Edit
Distance (a major problem in the parsing community), RNA-
folding (a major problem in bioinformatics) and Optimum
Stack Generation (answering an open problem of Tarjan).

Keywords-min-plus matrix multiplication; bounded differ-
ences; language edit distance; RNA folding; truly sub-cubic
algorithm; fast matrix multiplication

I. INTRODUCTION

The (min, +)-product (also called min-plus or distance
product) of two integer matrices A and B is the matrix
C A % B such that C;; = ming{A4;x + By, }.!
Computing a (min, +)-product is a basic primitive used
in solving many other problems. For instance, Fischer and
Meyer [1] showed that the (min, +)-product of two n x n
matrices has essentially the same time complexity as that
of the All Pairs Shortest Paths problem (APSP) in n node
graphs, one of the most basic problems in graph algorithms.
APSP itself has a multitude of applications, from computing
graph parameters such as the diameter, radius and girth, to
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By M;,; we will denote the entry in row 4 and column j of matrix M.
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computing replacement paths and distance sensitivity oracles
(e.g. [2], [3], [4]) and vertex centrality measures (e.g. [5],
[6]).

While the (min, +)-product of two n X n matrices has
a trivial O(n3) time algorithm, it is a major open problem
whether there is a truly sub-cubic algorithm for this problem,
i.e. an O(n37¢) time algorithm for some constant ¢ > 0.
Following a multitude of polylogarithmic improvements over
ns3 (e.g. [7], 8], [9]), a relatively recent breakthrough of
Williams [10] gave an O(n?/cV1°g™) time algorithm for
a constant ¢ > 1. Despite this striking improvement, the
known running times for computing the (min, -+ )-product
are still not truly sub-cubic.

For restricted types of matrices, truly sub-cubic algorithms
are known. The probably most relevant examples are:

1) when all matrix entries are integers bounded in abso-
Iute value by M, then the problem can be solved in
O(Mn®) time [11], where w < 2.373 is the matrix
multiplication exponent [12], [13];

when each row of matrix A has at most D dis-
tinct values, then the (min,—+)-product of A with
an arbitrary matrix B can be computed in time
O(DnB+9)/2) [14]2

Among other applications, these restricted (min,+)-
products yield faster algorithms for special cases of APSP.
E.g., the distance product of type (1) is used to compute
APSP in both undirected [15], [16] and directed [17] graphs
with bounded edge weights, while the distance product of
type (2) is used to compute APSP in graphs in which each
vertex has a bounded number of distinct edge weights on its
incident edges [14].

2)

A. Our Result

In this paper we significantly extend the family of matrices
for which a (min, +)-product can be computed in truly sub-
cubic time to include the following class.

Definition 1: A matrix X with integer entries is a W-
bounded differences (W-BD) matrix if for every row 4 and

2The same holds if A is arbitrary and B has at most D distinct values
per column.
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every column j, the following holds

|Xij— Xijp1l W and |X;; — X1 | < W

When W O(1), we will refer to X as a bounded
differences (BD) matrix.

In this paper we present the first truly sub-cubic algorithm
for (min, +)-product of BD matrices, answering a question
of Chan and Lewenstein [18].

Theorem I: There is an O(n?%%*%) time randomized al-
gorithm and an O(n?®693) time deterministic algorithm
that computes the (min, +)-product of any two n x n BD
matrices.

Indeed, our algorithm produces a truly sub-cubic running
time for W-BD matrices for nonconstant values of W as
well, as long as W = O(n®~“~¢) for some constant £ > 0.
In fact, we are able to prove an even more general result:
suppose that matrix A only has bounded differences in its
rows or its columns (and not necessarily both). Then, A can
be (min,+)-multiplied by an arbitrary matrix B in truly
sub-cubic time:

Theorem 2: Let B be arbitrary and assume either of the
following:

1) for all 1,j € [TL], Ai,j — AH‘LJ" < W, or

ii) for all 1,] € [TL], |Ai,j — Ai’jJ’»l‘ < W.

If W < O(n®>«~¢) for any ¢ > 0, then A x B can be
computed in randomized O(n®~%() time. If W = O(1),
then Ax B can be computed in randomized time O (n?9217).

The main obstacle towards achieving a truly sub-cubic
algorithm for the (min, +)-product in general is the presence
of entries of large absolute value. In order to compare our
result with (1) and (2) from that point of view, assume for
a moment that w = 2 (as conjectured by many). Then (1)
can perform a (min, +)-product in truly sub-cubic time if
both A and B have entries of absolute value at most M =
O(n'~¢) for some constant ¢ > 0, while (2), without any
other assumptions on A and B, achieves the same if at least
one of A and B has entries of absolute value at most M =
O(n'/?7¢). We can do the same when at least one of A and
B has entries of absolute value at most M = O(n!~¢).

B. Our Approach

Our approach has three phases.

Phase 1: additive approximation C of the product
C = A x B: For BD matrices it is quite easy to obtain
an additive overestimate C' of C: Let us subdivide A and B
into square blocks of size A x A, for some small polynomial
value A = n’. Thus the overall product reduces to the
multiplication of O((n/A)3) pairs of blocks (A’, B'). By
the bounded differences property, it is sufficient to compute
Aj  + By, ; for some triple of indices (i, k,7) in order to
obtain an overestimate of all the entries in A’ x B’ within an
additive error of O(AW). This way in truly sub-cubic time
we can compute an additive O(AW) overestimate C' of C.
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Remark: Tt would seem that Phase 1 requires that the
matrices are BD, and one would not be able to use the
same approach to attack the (min, +)-product of general
matrices. We note that this is NOT the case: Phase 1 can
be performed for arbitrary integer matrices A and B as
well, provided one has an algorithm that given a very good
approximation C can compute the correct product C'; this
is exactly what the remaining phases do. To show this, we
use a scaling approach a la Seidel [15]. Assume that the
entries of A and B are nonnegative integers bounded by>
M, and obtain A" and B’ by setting A} ; = [A; ;/2] and
B} ; = [Bi ;/2]. Recursively compute A’ x B’, where the
depth of the recursion is log M and the base case is when
the entries of A and B are bounded by a constant, in which
case A’ x B’ can be computed in O(n®) time. Then we
can set C; ; = 2C; ; for all 4, 5. This gives an overestimate
that errs by at most an additive 2 in each entry. Thus, if
all remaining phases (which compute the correct product
C from the approximation C) could be made to work for
arbitrary matrices, then Phase 1 would also work.

Phase 2: Correcting c up to a few bad triples: The
heart of our approach comes at this point. We perform a
(non-trivial) perturbation of A and B, and then set to oo
the entries of absolute value larger than ¢ - AW for an
appropriate constant c. The perturbation consists of adding
the same vector V} (resp., V) to each column of A (resp.,
row of B). Here V} and Vj are random vectors derived from
the estimate C. Let A” and B" be the resulting matrices.
Using (1) we can compute C" = A" x B" in truly sub-
cubic time O(AWn®) for sufficiently small W and A. The
perturbation is such that it is possible to derive from (C"); ;
the corresponding value (A% B); ; = A; + By, ; unless one
of the entries A7, or By ; was rounded to oc.

The crux of our analysis is to show that (for some d)
after O(n?) rounds of perturbations and associated bounded
entry (min, +)-products, there are at most O(n®~%) triples
(i,k, ) for which (a) |A;x + By, — Ci | < ¢ - AW for
some ¢ = O(1) (i.e. k is a potential witness for C; ;) and
(b) none of the perturbations had both A7, and By, ; finite.

Interestingly, our proof of correctness of Phase 2 relies
on an extremal graph theoretical lemma that bounds from
below the number of 4-cycles in sufficiently dense bipartite
graphs.

In a sense Phase 1 and 2 only leave O(n work to be
done: if we knew the “bad” triples that are not covered by
the perturbation steps, we could simply iterate over them in
a brute-force way, fixing C to the correct product C'. Since
Phases 1 and 2 do not use the fact that A and B are BD, if
we could find the bad triples efficiently we would obtain a
truly sub-cubic algorithm for the (min, +)-matrix product!

Phase 3: Finding and fixing the bad triples: To fix
the bad triples, one could try to keep track of the triples
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covered in each perturbation iteration. For arbitrary matrices
A and B this would not give a truly sub-cubic algorithm
as the number of triples is already n3. For BD matrices,
however, we do not need to keep track of all triples, but
it suffices to consider the triples formed by the upper-most
left-most entries of the blocks from Phase 1, since these
entries are good additive approximations of all block entries.
The number of these block representative triples is only
O(n/A)3) where A is the block size (from Phase 1). Thus,
instead of spending at least n> time, we obtain an algorithm
spending O(p - (n/A)?) time, where p is the number of
perturbation rounds (from Phase 2). After finding the bad
block representative triples, we can iterate over their blocks
in a brute-force manner to fix C' and compute C. Since each
triple in the blocks of a bad block representative triple must
also be bad, the total number of triples considered by the
brute-force procedure is O(n>~%) as this is the total number
of bad triples.

We reiterate that this is the only phase of the algorithm
that does not work for arbitrary matrices A and B.

C. Applications

The notion of BD matrices is quite natural and has several
applications. Indeed, our original motivation for studying
the (min, +)-product of such matrices came from a natu-
ral scored version of the classical Context-Free Grammar
(CFG) parsing problem. It turns out that a fast algorithm
for a bounded difference version of scored parsing implies
the first truly sub-cubic algorithms for some well-studied
problems such as Language Edit Distance, RNA-Folding and
Optimum Stack Generation.

Recall that in the parsing problem we are given a CFG
G and a string o = 07 ... 0, of n terminals. Our goal is to
determine whether o belongs to the language L generated
by G. For ease of presentation and since this covers most
applications, we will assume unless differently stated that
the size of the grammar is |G| = O(1), and we will not
explicitly mention the dependency of running times on the
grammar size.* We will also assume that G is given in
Chomsky Normal Form (CNF)’. In a breakthrough result
Valiant [19] proved a reduction from parsing to Boolean
matrix multiplication: the parsing problem can be solved in
O(n¥) time.

One can naturally define a scored generalization of the
parsing problem (see, e.g., [20]). Here each production rule
p in G has an associated integer score (or cost) s(p).
The goal is to find a sequence of production rules of
minimum total score that generates a given string o. It
is relatively easy to adapt Valiant’s parser to this scored
parsing problem, the main difference being that Boolean
matrix multiplications are replaced by (min, 4)-products. It

4Our approach also works when |G| is a sufficiently small polynomial.
SNote that it is well-known that any context free grammar can be
transformed into an equivalent CNF grammar.
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follows that scored parsing can be solved up to logarithmic
factors in the time needed to perform one (min, +)-product
(see also [21]). In particular, applying Williams’ algorithm
for the (min, +)-product [10], one can solve scored parsing
in O(n?/29(V1°g7)) time, which is the current best running
time for this problem.

For a nonterminal X let s(X, o) be the minimum total
score needed to generate string o from X (where the
grammar G is assumed to be clear from the context). Let us
define a bounded difference notion for CFGs. Intuitively, we
require that adding or deleting a terminal at one endpoint of
a string does not change the corresponding score by much.

Definition 2: A CFG G is a W-bounded differences (W -
BD) grammar if, for any non-terminal X, terminal x, and
string o of terminals, the following holds:

[s(X,0)—s(X,02)] <W and |s(X,0)—s(X,z0)|<W

When W O(1), we will refer to G as a bounded
differences (BD) grammar.

Via a simple but very careful analysis of the scored
version of Valiant’s parser, we are able to show that the
scored parsing problem on BD grammars can be reduced to
the (min, +)-product of BD matrices (the proof is deferred
to the full version).

Theorem 3: Let O(n®) be the time needed to perform
one (min, +)-product of two n x n BD matrices. Then the
scored parsing problem on BD grammars in CNF can be
solved in O(n®) time.

Corollary 1: The scored parsing problem on BD gram-
mars in CNF can be solved in O(n?%2**) randomized time
and O(n2-8693) deterministic time.

BD grammars appear naturally in relevant applications.
Consider for example the well-studied Language Edit Dis-
tance problem (LED) [20], [22], [23], [24], [21], [25], [26].
Here we are given a CFG G and a string ¢ of terminals. We
are allowed to edit o by inserting, deleting and substituting
terminals. Our goal is to find a sequence of such edit
operations of minimum length so that the resulting string o’
belongs to the language L generated by G.° As already
observed by Aho and Peterson in 1972 [20], LED can be
reduced to scored parsing. Indeed, it is sufficient to assign
score zero to the production rules of the input grammar,
and then augment the grammar with production rules of
score 0 and 1 that model edit operations. We show that, by
performing the above steps carefully, the resulting scored
grammar is BD, leading to a truly sub-cubic algorithm for
LED via Corollary 1 (to appear in the full version). We
remark that finding a truly sub-cubic algorithm for LED was
wide open even for very restricted cases. For example, con-
sider Dyck LED, where the underlying CFG represents well-
balanced strings of parentheses. Developing fast algorithms

In some variants of the problem each edit operation has some integer
cost upper bounded by a constant. Our approach clearly works also in that
case.



for Dyck LED and understanding the parsing problem for
the parenthesis grammar has recently received considerable
attention [27], [24], [28], [29], [30], [31]. Even for such
restricted grammars no truly sub-cubic exact algorithm was
known prior to this work.

Another relevant application is related to RNA-folding,
a central problem in bioinformatics defined by Nussinov
and Jacobson in 1980 [32]. They proposed the following
optimization problem, and a simple O(n®) dynamic pro-
gramming solution to obtain the optimal folding. Let ¥ be
a set of letters and let X' = {¢ | ¢ € X} be the set of
“matching” letters, such that for every letter ¢ € X the pair
¢, ¢ matches. Given a sequence of n letters over ¥ U Y/,
the RNA-folding problem asks for the maximum number of
non-crossing pairs {7, j} such that the ith and jth letter in
the sequence match. In particular, if letters in positions ¢ and
7 are paired and if letters in positions k£ and [ are paired, and
1 < k then either they are nested, i.e., ¢ < k <[ < j or they
are non-intersecting, i.e., ¢ < j < k < [l. (In nature, there are
4 types of nucleotides in an RNA molecule, with matching
pairs A,U and C,G, i.e., |X| = 2.) We can rephrase RNA-
folding as follows. We are given the CFG with productions
S—SS|eand S — 0So’ | S — ¢’ So for any o € X with
matching ¢’ € ¥'. The goal is to find the minimum number
of insertions and deletions of symbols on a given string
o that will generate a string ¢’ consistent with the above
grammar. This is essentially a variant of LED where only
insertions and deletions (and no substitutions) are allowed.
Despite considerable efforts (e.g. [33], [34], [35], [32]),
no truly sub-cubic algorithm for RNA-folding was known
prior to our work. By essentially the same argument as for
LED, it is easy to obtain a BD scored grammar modeling
RNA-folding. Thus we immediately obtain a truly sub-cubic
algorithm to solve this problem via Corollary 1.

As a final application, consider the Optimum Stack Gen-
eration problem (OSG) described by Tarjan in [36]. Here, we
are given a finite alphabet 3, a stack S, and a string o € X%,
We would like to print o by a minimum length sequence of
three stack operations: push(), emit (i.e., print the top charac-
ter in the stack), and pop. For example, the string BCCAB
can be printed via the following sequence of operations:
push(B), emit(B), push(C), emit(C), emit(C), pop(C),
push(A), emit(A), pop(A), emit(B), pop(B). While there
is a simple O(n?) time algorithm for OSG, Tarjan suspected
this could be improved. In the full version, we show that
OSG can be reduced to scored parsing on BD grammars.
This leads to the first truly sub-cubic algorithm for OSG.

Let us summarize the mentioned applications of our
approach.

Theorem 4: LED, RNA-folding, and OSG can be solved
in O(n*%2%) randomized time and O (n?8693) deterministic
time.

Moreover, our techniques also lead to a truly subquadratic
algorithm for bounded monotone (min,+)-convolution.

378

A subquadratic algorithm was already and very recently
achieved in a breakthrough result by Chan and Lewen-
stein [18], however with very different techniques. For
two sequences ¢ = (aj,...,a,) and b (b1,...,bp)
the (min, +)-convolution of a and b is the vector ¢ =
((11, . 2

.., ¢n) with ¢ = min;{a; + bg—_;}. Assume n = m?.
A standard reduction from (min, +)-convolution to the
(min, 4)-matrix product constructs the m X m matrices
A" with A;k = Grmtirk for 1 < r < m) and B
with By ; = bjm—k. Then from the products A" x B
we can infer the (min,+)-convolution of a and b in
time O(n%/?). Note that if a has bounded differences,
then the matrices A” have bounded differences along the
rows, while if b has bounded differences, then B has
bounded differences along the columns. Theorem 2 now
allows us to compute the m (min,+)-products in time
O(m-m?9217) = O(n!-9%1), obtaining a subquadratic algo-
rithm for BD (min, +)-convolution. As observed by Chan
and Lewenstein, computing the (min, +)-convolution over
bounded monotone sequences is equivalent to computing it
over bounded difference sequences.

We envision other applications of our BD (min,+)-
product algorithm to come in the future.

D. Related Work

Language Edit Distance: LED is among the most
fundamental and best studied problems related to strings
and grammars [20], [22], [23], [24], [21], [25], [26]. It
generalizes two basic problems in computer science: parsing
and string edit distance computation. In 1972, Aho and
Peterson presented a dynamic programming algorithm for
LED that runs in O(|G|*n3) time [20], which was improved
to O(|G|n®) by Myers in 1985 [22]. These algorithms are
based on the popular CYK parsing algorithm [37] with the
observation that LED can be reduced to a scored parsing
problem [20]. This implies the previous best running time
of O(n?/20(V16™)) In a recent paper [21], Saha showed
that LED can be solved in O(%) time if we allow to
approximate the exact edit distance by a (1 + €)-factor. Due
to known conditional lower bound results for parsing [23],
[25], LED cannot be approximated within any multiplicative
factor in time o(n*) (unless cliques can be found faster).
Interestingly, if we only allow insertions as edit operations,
then [21] also showed that a truly sub-cubic exact algorithm
is unlikely due to a reduction from APSP [3]. In contrast,
here we show that with insertions and deletions (and possibly
substitutions) as edit operations, LED is solvable in truly
sub-cubic time. LED provides a very generic framework for
modeling problems with many applications (e.g. [38], [39],
[40], [41], [42], [43], [44]). A fast exact algorithm for it is
likely to have tangible impact.

RNA-Folding: Computational approaches to finding the
secondary structure of RNA molecules are used extensively
in bioinformatics applications. Since the seminal work of



Nussinov and Jacobson [32], a multitude of sophisticated
RNA-folding algorithms with complex objectives and soft-
wares have been developed’, but the basic dynamic pro-
gramming algorithm of Nussinov and Jacobson remains at
the heart of all of these. Despite much effort, only mild
improvements in running time have been achieved so far
[33], [34], [35], and obtaining a truly sub-cubic algorithm
for RNA-folding has remained open till this work.

Abboud et al. [25] showed that obtaining an algorithm for
RNA-folding that runs in O(n®~¢) time for any € > 0 would
result in a breakthrough for the Clique problem. Moreover,
their results imply that any truly sub-cubic algorithm for
RNA-folding must use fast matrix multiplication, unless
there are fast algorithms for Clique that do not use fast
matrix multiplication. Their results hold for an alphabet >
of size 13, which was recently improved to |X| = 2 [45].

Dyck LED: A problem closely related to RNA-folding
is Dyck language edit distance, which is LED for the
grammar of well-balanced parentheses. For example, [()]
belongs to the Dyck language, but [) or |[ do not. The
RNA grammar is often referred to as “two-sided Dyck”,
where ][ is also a valid match. Dyck edit distance with
insertion and deletion generalizes the widely-studied string
edit distance problem [46], [47], [48], [49], [50], [S1]. When
approximation is allowed, a near-linear time O(poly logn)-
approximation algorithm was developed by Saha [24]. More-
over, a (1 4 €)-approximation in O(n*) time was shown
in [21] for any constant ¢ > 0. Abboud et al. [25] related
the Dyck LED problem to Clique with the same implica-
tions as for RNA-folding. Thus, up to a breakthrough in
Clique algorithms, truly sub-cubic Dyck LED requires fast
matrix multiplication. Prior to our work, no sub-cubic exact
algorithm was known for Dyck LED.

E. Preliminaries and Notation

In this paper, by “randomized time t(n)” we mean a
zero-error randomized algorithm running in time ¢(n) in
expectation, and also with high probability.

As is typical, we denote by w < 2.3729 [12], [13]
the exponent of square matrix multiplication, i.e. w is the
infimum over all reals such that n x n matrix multiplication
over the complex numbers can be computed in n*+°() time.
For ease of notation and as is typical in the literature, we
shall omit the o(1) term and write O(n*) instead. We denote
the running time to multiply an a X b matrix with a b X ¢
matrix by M (a,b,c) [52]. As in (1) above we have the
following:

Lemma 1 ([11]): Let A, B be a x b and b X ¢ matrices
with entries in {—M,—-M +1...,M}U{co}. Then Ax B
can be computed in time O(M - M(a,b,c)). In particular,
for a = b= ¢ = n this running time is O(Mn®).

7 see
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Organization: In the remainder of this extended ab-
stract we give a full proof of our main technical result,
a truly sub-cubic algorithm for the (min,+)-product of
BD matrices. In the full version, we show how bounded
difference scored parsing can be solved asymptotically in the
same time as computing a single BD (min, +)-product, and
we present reductions from LED, RNA-folding, and OSG
to scored parsing on BD grammars. Also in the full version
we show how to further reduce the running time of our BD
(min, +)-product algorithm, and how to derandomize and
generalize it, thus proving Theorems 1 and 2.

I1. FAST BOUNDED-DIFFERENCES (min, +) PRODUCT

In this section we present our fast (min,+) product
algorithm for BD matrices. For ease of presentation, we will
focus here only on the case that both input matrices A and B
are BD. Furthermore, we will present a simplified random-
ized algorithm which is still truly sub-cubic. Refinements
of the running time, derandomization, and generalizations
are discussed in the full version of this paper. Let A and B
be n x n matrices with W-bounded differences. We write
C = Ax B for the desired output and denote by C the result
computed by our algorithm. Our algorithm consists of the
following three main phases (see also Algorithm 1).

A. Phase 1: Computing an approximation

Let A be a positive integer that we later fix as a small
polynomial® in n. We partition [n] into blocks of length A
by setting I(i') :={i € [n] | i/ — A < i < '} for any ¢
divisible by A. From now on by i, k, j we denote indices in
the matrices A, B, and C and by 7', k', j' we denote numbers
divisible by A, i.e., indices of blocks.

The first step of our algorithm is to compute an entry-wise
additive O(AW )-approximation C' of A% B. Since A and B
are W-BD, it suffices to approximately evaluate Ax B only
for indices 7', k', j' divisible by A. Specifically, we compute
(:’Z-/,j/ = min{A; p» + By ; | k' divisible by A}, and set
Cij = Cuy for any i € I(i'),j € I(j'), see lines 1-3
of Algorithm 1. The next lemma shows that Cisa good
approximation of C.

Lemma 2: For any i',k’,j divisible by A and any
(i,k,5) € I(i") x I(k") x I(j') we have

(1) |As e — Ai 1] < 2AW,
(3) [Cij — C jr| < 28W,

(2) |B,j — Br 7| < 2AW,
(4) |Ciy — Ciyl < 4AW.

Proof: Consider the first statement. Observe that we
can move from A;j to Ay j in ¢’ —i < A steps each time
changing the absolute value by at most W, hence |4, —
Ay k] < AW. Similarly, we can move from Ay i to Ay p.
The overall absolute change is therefore at most 2AW. The
proof of the second claim is analogous.

8We can assume that both n and A are powers of two, so in particular
we can assume that A divides n.



For the third statement, let k be such that C; ; = A, i +
Bk,j' Then CZ'/JI < Aif,k + Bk,j/ < Ai,k + Bk,j +2AW =
C;; +2AW. In the second inequality we used the fact that
A/k < A2k+AW and Bkjl < Bkj + AW from the
same argument as above. Symmetrically, we obtain C;/ j» <
C;; +2AW.

For the last statement, note that C; = i/,j/ by construc-
tion. Let &’ be divisible by A and such that Cy g = Ay g+
Bk/ /. Then Czy < A, k’+Bk/ < A i/ k’+Bk’ /+2AW =
CZ/, i+ +2AW, where again the second 1nequahty exploits the
above observation. For the other direction, let k£ be such that
Cij = Aix + By, and consider k" with k& € I(k"). Then
Cl 3 < A i k’+Bk’ v < Az x+ B ]+4AW Ci7j+4AW,
where in the second 1nequahty we exploited (1) and (2). &

B. Phase 2: Randomized reduction to (min,+)-product with
small entries

The second step of our algorithm is the most involved
one. The goal of this step is to change A and B in a
randomized way to obtain matrices where each entry is oo
or has small absolute value, thus reducing the problem to
Lemma 1. This step will cover most triples i, k, j, but not
all: the third step of the algorithm will cover the remaining
triples by exhaustive search. We remark that Phase 2 works
with arbitrary matrices A and B (assuming we know an
approximate answer C as computed in Phase 1).

The following observation is the heart of our argument.
For any vector F' = (Fy, ..., F,), adding F}, to every entry
A; ; (Vi) and subtracting F}, from every entry By, ; (Vj) does
not change the product A x B. Similarly, for n-dimension
vectors X and Y, adding X; to every entry A; ; and adding
Y to every entry B, ; changes the entry (A% B), ; by +X;+
Y, which we can cancel after computing the product.

Specifically, we may fix indices ¢", 7" and consider the
matrices A" with A7, := A; 4 + By — C;j» and B
with Bj ; = By; — Bijr + Cir j» — Cir ;. Then from
C" := A" x B” we can infer C' = A x B via the equation
Ci,j = C;:] + Ci,jr — CVJW‘ + Ci’“,jo

We will set an entry of A” or B” to oo if its absolute value
is more than 48AW. This allows to compute C" = A" x B"
efficiently using Lemma 1. However, it does not correctly
compute C = AxB. Instead, we obtain values C”’ =07+
C” - Cﬂ o+ Czr - that fulfill C’T > C, 5. Moreover if
neither AT,C nor By, k.; Was set to 0o then C < Ai i+ Bijs
in this case the contribution of 7, k, j to C i,j 18 1ncorporated
in C’[] (and we say that ¢, k, j is “covered” by A", B",
Definition 3). We repeat this procedure with independently
and uniformly random ", j" € [n] for r = 1,...,p many
rounds, where 1 < p < n is a small polynomial in n to be
fixed later. Then C' is set to the entry-wise minimum over
all C". This finishes the description of Phase 2, see lines
4-14 of Algorithm 1.

In the analysis of this step of the algorithm, we want to
show that w.h.p. most of the “relevant” triples i, k,j get
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covered: in particular, all triples with A;  + By, ; = C; ; are
relevant, as these triples define the output. However, since
this definition would depend on the output C; ;, we can
only (approximately) check a weak version of relevance,
see Definition 3. Similarly, we need a weak version of being
covered.

Definition 3: We call a triple (4, k, j)

o strongly relevant if A;j, + By ; = C; j,

weakly relevant if |A; i + By, j — C; ;| < 16AW,
strongly r-uncovered if for all 1 < v’ < r we have
| AT, | > 48AW or By ;| > 48AW, and

weakly r-uncovered if for all 1 < ' < r we have
| A7 | > 40AW or |Bj | > 40AW.

L]

L]

A triple is strongly (resp., weakly) uncovered if it is strongly
(resp., weakly) p-uncovered.

The next lemma gives a sufficient condition for not being
weakly r-uncovered.

Lemma 3: For any i, k,j and i", j", if all triples (¢, k, j"),
(i", k,5"), (i", k,7) are weakly relevant then (i, k, j) is not
weakly r-uncovered.

Proof: From the assumption and C' being an additive
4AW -approximation of C, we obtain

[ Aig + Brjr — Ci o
< |Aik + By jr — Cijr| +|Ci jr — Cijr|
< 16AW +4AW = 20AW.

Similarly, we also have |A;» i + By, j C‘ir,jr| < 20AW
and |Ajr j + By j — Cir j| < 20AW.

Recall that in the algorithm we set A7 k= AZ %+ B jr
C”r and By ; := By; — Bijr +Cﬂ ir — Cyr ; (and then
reset them to oo if their absolute value is more than 48AW).
From the above inequalities, we have [A],| < 20AW.
Moreover, we can write B,Zﬁj as (A, + Bij — C‘ir_’j) —
(Air x + By jr — Cirjr), where both terms in brackets
have absolute value bounded by 20AW, and thus \Bg j\ <
40AW. 1t follows that the triple i, k, j gets weakly covered
in round 7. ]

We will crucially exploit the following extremal graph-
theoretic result. This relatively simple result might be
known, but we were not able to find an explicit reference
and so we prove it for the sake of completeness.

Lemma 4: Let G = (U UV, E) be a bipartite graph with
|U| = |[V| = n nodes per partition and |E| = m edges. Let
Cy be the number of 4-cycles of G. If m > 2n3/2 then
Cy > m*/(32n%).

Proof: For any pair of nodes v,v’ € V, let N(v,v’) be
the number of common neighbors {u € U | {u, v}, {u,v'} €
E}, and let N = Z{mv,}e(\;) N(v,v"). By d(w) we denote

the degree of node w in G. By convexity of (920) = %



and Jensen’s inequality, we have

Z N(v,v'") = Z

{v,v’}e(‘z/)

N =

Z —

m
2

:% 2n

. . .2

Since m > 2n3/2 by assumption, we derive Z- > 2n? and

thus we obtain N > n? > 2(1) as well as N > m?/(4n).
By the same convexity argument as above, we also have

5 (N(lg v’)> N <;L) . <N/2(Z)>

{v,v’}e(g)
N N?

= ("= (3) w5 2 3

where in the last inequality above we used the fact that
N > 2(%). Altogether, this yields

Ca

m4

N? - m*/(16n?)
T 3204’

2n2 2n2

Cy >

252 =

|

We are now ready to lower bound the progress made by
the algorithm at each round.

Lemma 5: W.h.p for any p > 1 the number of weakly
relevant, weakly uncovered triples is O(n2® 4+ n?/p'/3).

Proof: Fix k € [n]. We construct a bipartite graph Gy,
on n + n vertices (we denote vertices in the left vertex set
by ¢ or ¢" and vertices in the right vertex set by j or j7).
We add edge {i,j} to Gy if the triple (i,k,j) is weakly
relevant.

In each of the p rounds of our algorithm we select ¢"
and j" uniformly at random. Round r covers some triples
(i,k,7). For any such weakly r-covered triple (i,k, ), if
(i,7) is in Gy, we remove it from Gy. Thus, after round 7,
G, contains (i, 7) if and only if (i, k, j) is weakly relevant
and weakly r-uncovered.

Let z = ¢(n?/p) Inn for any constant ¢ > 3. Consider an
edge (i,7) in Gy, that is contained in at least z 4-cycles in
G, before any of the rounds of Phase 2 are performed. Now
consider each round r in turn and let : - ¢ —p — j — i@
be a 4-cycle containing (7, j) whose edges are still in Gy, If
i" = p and j" = /¢ are selected, then since by the definition
of Gi (i,k,£), (p,k,¢) and (p, k,j) are weakly uncovered,
by Lemma 3, (i, k, j) will be r-covered and thus (4, j) will
be removed from G,.

Thus, if in any round 7 the indices ", j” are selected to be
among the at least z choices of vertices that complete (3, )
to a 4-cycle in Gy, then (i, 7) is in Gy, at the end of all p
rounds. For a particular edge (i, j) with at least z 4-cycles in
a particular G, the probability that i", j" are never picked
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to form a 4-cycle with (i, 5) is

(-3 -0

By a union bound, over all i,j,k we obtain an error
probability of at most 1/n°~3, which is 1/poly(n) as we
picked ¢ > 3. Hence, at the end of all p rounds, with high
probability every edge in every Gy, is contained in less than
z 4-cycles.

Let my denote the number of edges of Gi. Now we
will bound , Mk, as this is exactly the number of
weakly relevant, weakly uncovered triples. First, note that
Dotk | mu<ans/zy M < 2n%°, and so it suffices to compute
the sum for those k for which my > 2n3/2. Fix one such G.
Since every edge in Gy, is contained in less than z 4-cycles
w.h.p., the number of 4-cycles Cj, of Gy, is less than my,z.
On the other hand, by Lemma 4, Cy, > (my,/n)*/32. Thus,
we have (my/n)* < 32myz, which is equivalent to m§ <
32n*z. By choice of z we obtain my, < (32¢(n®/p)Inn) 3
which yields my, < O(n?/p'/3).

The total number of weakly uncovered, weakly relevant
triples at the end of the p iterations is thus w.h.p. O(n“’ +
n3 / pl /3). ]

C. Phase 3: Exhaustive search over all relevant uncovered
triples of indices

z

n2

1
=

)C(’RQ/Z) Inn

In the third and last phase we make sure to fix all strongly
relevant, strongly uncovered triples by exhaustive search,
as these are the triples defining the output matrix whose
contribution is not yet incorporated in C. We are allowed
to scan all weakly relevant, weakly uncovered triples, as we
know that their number is small by Lemma 5. This is the
only phase that requires that A and B are BD.

We use the following definitions of being approximately
relevant or uncovered, since they are identical for all triples
(i,k,7) in a block ¢',k’, 7' and thus can be checked effi-
ciently.

Definition 4: We call a triple (i,k,j) € I(i') x I(k') x
1(5")

o approximately relevant if |Ay i + By jo — C’i/,j/| <

8AW, and

o approximately uncovered if for all 1 < r < p we have

| AL | > 44AW or |BT,’J-/| > 44AW.

The notions of being strongly, weakly, and approximately
relevant/uncovered are related as follows.

Lemma 6: Any strongly relevant triple is also approxi-
mately relevant. Any approximately relevant triple is also
weakly relevant. Then same statements hold with “relevant”
replaced by “r-uncovered”.

Proof: Let (i k,j) € I(i') x I(k') x I(j'). Using
Lemma 2, we can bound the absolute difference between
Ai,k + Bk,j — CiJ‘ and Ai’,k' + Bkl’j/ — C'ilﬁjl by the three
contributions |A; x — Ay | < 2AW, |By; — By jo| <

2AW, and |C7;’j — éi’,j’| = |Ci,j — Ci,j| S 4AW. Thus,




if A;x + Bi; = C;; (e, (i,k,J) is strongly relevant),
then |Ayi s + By jo — Ciryr| < SAW (ie., (i,k,j) is
approximately relevant). On the other hand, if (i,k, ) is
approximately relevant, then |A; , + By ; — C; ;| < 16AW
(i.e., (i,k,7) is weakly relevant).

For the notion of being r’-uncovered, for any r we bound
the absolute differences |A7, — A, /| and |By ; — By, .
Recall that we set A7 ; := A; j + By, j» — C; j». Again using
Lemma 2, we bound both |A4; ; — A j/| and | By, j» — By jr
by 2AW. Since we have éi’j'r‘ = éi/’j'r‘ by definition, in total
we obtain [A7, — Aj 1| < 4AW. Similarly, recall that we
set By, ; := By, j— By jr +Cir jr —Cyr ;. The first two terms
both contribute at most 2AW, while the latter two terms are
equal for B;j and B;,,j,. Thus, B,’;ﬁj — B,’;,J,\ < 4AW.
The statements on “r-uncovered” follow immediately from
these inequalities. ]

In our algorithm, we enumerate every triple (¢, k', ;")
whose indices are divisible by A, and check whether that
triple is approximately relevant. Then we check whether
it is approximately uncovered. If so, we perform an ex-
haustive search over the block i/, k’,j': We iterate over
all (i,k,§) € I(i') x I(k') x I(5') and update C;; :=
min{C‘iJv, A, + By ;}, see lines 15-19 of Algorithm 1.

Note that ', k', j is approximately relevant (resp., approx-
imately uncovered) if and only if all (¢, k, j) € I(¢')xI(k")x
I(4') are approximately relevant (resp., approximately un-
covered). Hence, we indeed enumerate all approximately
relevant, approximately uncovered triples, and by Lemma 6
this is a superset of all strongly relevant, strongly uncovered
triples. Thus, every strongly relevant triple (i,%,j) con-
tributes to CA’z 7 in Phase 2 or Phase 3. This proves correctness
of the output matrix C.

D. Running Time

The running time of Phase 1 is O((n/A)? + n?) using
brute-force. The running time of Phase 2 is O(pAWn),
since there are p invocations of Lemma 1 on matrices whose
finite entries have absolute value O(AW). It remains to con-
sider Phase 3. Enumerating all blocks ', k', 7/ and checking
whether they are approximately relevant and approximately
uncovered takes time O((n/A)3p). The approximately rel-
evant and approximately uncovered triples form a subset
of the weakly relevant and weakly uncovered triples by
Lemma 6. The number of the latter triples is upper bounded
by O(n?5 + n3/p'/3) whp. by Lemma 5. Thus, w.h.p.
Phase 3 takes total time O((n/A)3p + n3/p'/3 +n2%). In
total, the running time of Algorithm 1 is w.h.p.

O((n/A)? +n? + pAWn® + (n/A)>p+n?/p'/3 4 n*P).

A quick check shows that for appropriately chosen p and
A (say p := A := n%!) and for sufficiently small W
this running time is truly sub-cubic. We optimize by setting
p = (n3</W)%/16 and A = (n3~“/W)'/4, obtaining
time O(W?3/16,(39+3w)/16) " which is truly sub-cubic for
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W < O(n*=*=¢). For W = O(1) using w < 2.3729 [12],
[13] this running time evaluates to O(n*%2%). Note that
even with bad random choices the running time of our
algorithm is bounded by O(n?). In particular, this implies
that our w.h.p. time bounds also hold in expectation.

Algorithm 1 (min, +)-product AxB for nxn matrices A, B
with W-bounded differences. Here A and p are carefully
chosen polynomial values. Also I(q) = {¢g—A+1,...,q}.
> Phase 1: compute entry-wise additive 4AAW -approx-
imation C of A B
for any 4’, j' divisible by A do

Cyjo := min{ Ay s + By jo | K’ divisible by A}

for any i € I(i'), j € I(j') do

CN’Z"J‘ = 0

> Phase 2: randomized reduction to (min, +)-product
with small entries

BN

il 5l
5]

5: initialize all entries of C' with co

6: for 1 <r <pdo

7: pick ¢ and j” uniformly at random from [n)

8: for all i,k do ~

9: set A:,k: = Ai,k + Bk’j'r‘ — Ci,jr

10: if A7, & [—48AW,48AW] then set A7 := oo
11: for all k£, 5 do

12: set B;;’,j = BkJ — Bk,jr + éi7‘7j1‘ - éiv"j

13: if By, ; ¢ [-48AW,48AW] then set By ; 1= o0
14: compute C" := A" x B" using Lemma 1

15: for all ¢, do ~ 5 ~

16: Ci,j = min{C’iyj, C’Z] —+ C,L‘J"r' — CiT’j'r' + Cz"r"j}

> Phase 3: exhaustive search over all relevant uncovered
triples of indices

17: for all ', k', j' divisible by A do

18: if |A,‘/,;§/ + By jr — éif’j/‘ < 8AW then

19: if for all r we have |A} ,,| > 44AW or
By, /| > 44AW then ’

20: forallic I(¢), ke I(K'),j € I(j') do

21: C’Zj = min{é’i7j, Ai,k + Bk,j}

22: return C
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