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Abstract—In the Matroid Secretary Problem (MSP), the
elements of the ground set of a Matroid are revealed on-line
one by one, each together with its value. An algorithm for the
Matroid Secretary Problem is called Matroid-Unknown if, at
every stage of its execution, it only knows (i) the elements that
have been revealed so far and their values and (ii) an oracle
for testing whether or not a subset the elements that have been
revealed so far forms an independent set. An algorithm is called
Known-Cardinality if it knows (i), (ii) and also knows from the
start the cardinality n of the ground set of the Matroid.

We present here a Known-Cardinality algorithm with a
competitive-ratio of order log log the rank of the Matroid. The
prior known results for a Known-Cardinality algorithm are a
competitive-ratio of log the rank of the Matroid, by Babaioff
et al. (2007), and a competitive-ratio of square root of log the
rank of the Matroid, by Chakraborty and Lachish (2012).
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I. INTRODUCTION

The Matroid Secretary Problem is a generalization of
the Classical Secretary Problem, whose origins seem to
still be a source of dispute. One of the first papers on the
subject [12], by Dynkin, dates back to 1963. Lindley [21]
and Dynkin [12] each presented an algorithm that achieves
a competitive-ratio of e, which is the best possible. See [14]
for more information about results preceding 1983.

In 2007, Babaioff et al. [4] established a connection
between the Matroid Secretary Problem and mechanism
design. This is probably the cause of an increase of interest
in generalizations of the Classical Secretary Problem and
specifically the Matroid Secretary Problem.

In the Matroid Secretary Problem, we are given a Matroid
{U,Z} and a value function assigning non-negative values
to the Matroid elements. The elements of the Matroid are
revealed in an on-line fashion according to an unknown order
selected uniformly at random. The value of each element is
unknown until it is revealed. Immediately after each element
is revealed, if the element together with the elements already
selected does not form an independent set, then that element
cannot be selected; however, if it does, then an irrevocable
decision must be made whether or not to select the element.
That is, if the element is selected, it will stay selected until
the end of the process and likewise if it is not. The goal
is to design an algorithm for this problem wit ha small
competitive-ratio, that is the ratio between the maximum
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sum of values of an independent set and the expected sum
of values of the independent set returned by the algorithm.

An algorithm for the Matroid Secretary Problem (MSP) is
called Matroid-Unknown if, at every stage of its execution,
it only knows (i) the elements that have been revealed so
far and their values and (ii) an oracle for testing whether
or not a subset the elements that have been revealed so far
forms an independent set. An algorithm is called Known-
Cardinality if it knows (i), (ii) and also knows from the
start the cardinality n of the ground set of the Matroid. An
algorithm is called Matroid-Known, if it knows, from the
start, everything about the Matroid except for the values of
the elements. These, as mentioned above, are revealed to the
algorithm as each element is revealed.

Related Work: Our work follows the path initiated
by Babaioff er al. in [4]. There they formalized the Ma-
troid Secretary Problem and presented a Known-Cardinality
algorithm with a competitive-ratio of logp. This line of
work was continued in [8], where an algorithm with a
competitive-ratio of O(v/log p) was presented. In Babaioff ez
al. [4] (2007), it was conjectured that a constant competitive-
ratio is achievable. The best known result for a Matroid-
Unknown algorithm, implied by the works of Gharan and
Vondrack [15] and Chakraborty and Lachish [8] (2012): for
every fixed € > 0, there exists a Matroid-Unknown algorithm
with a competitive-ratio of O(e~'(y/Tog p)log' ™ n). Gha-
ran and Vondrdck showed that a lower bound of ( lolgofgo o)
on the competitive-ratio holds in this case.

Another line of work towards resolving the Matroid
Secretary Problem is the study of the Secretary Problem for
specific families of Matroids. Most of the results of this type
are for Matroid-Known algorithms and all achieve a constant
competitive-ratio. Among the specific families of Matroids
studied are Graphic Matroids [4], Uniform/Partition Ma-
troids [3], [19], Transversal Matroids [9], [20], Regular and
Decomposable Matroids [11] and Laminar Matroids [17].
For surveys that also include other variants of the Matroid
Secretary Problem see [10], [18], [23].

There are also results for other generalizations of the Clas-
sical Secretary Problem, including the Knapsack Secretary
Problem [3], Secretary Problems with Convex Costs [5], Sub-
modular Secretary Problems [6], [13], [16] and Secretary
problems via linear programming [7].
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Main result: We present here a Known-Cardinality
algorithm with a competitive-ratio of O(loglogp). The
algorithm is also Order-Oblivious as defined by Azar et
al. [2]). According to [15], this implies that, for every fixed
€ > 0, there exists a Matroid-Unknown algorithm with a
competitive-ratio of O(¢~!(loglog p) log' T n). We believe,
but do not prove explicitly, that our algorithm is also Order-
Oblivious as in Definition 1 of [2], and hence, by Theorem
1 of [2], this would imply that there exists a Single Sample
Prophet Inequality for Matroids with a competitive-ratio of
O(loglog p).

High level description of result and its relation to
previous work.: As in [4] and [8], here we also partition
the elements into sets which we call buckets. This is done
by rounding down the value of each element to the largest
possible power of two and then, for every power of two,
defining a bucket to be the set of all elements with that
value. Obviously, the only impact this has on the order of
the competitive-ratio achieved is a constant factor of at most
2.

We call our algorithm the Main Algorithm. It has three
consecutive stages: Gathering stage, Preprocessing stage
and Selection stage. In the Gathering stage it waits, without
selecting any elements, until about half of the elements of
the matroid are revealed. The set F' that consists of all the
elements revealed during the Gathering stage is the input to
the Preprocessing stage. In the Preprocessing stage, on out
of the following three types of output is computed: (i) a non
negative value, (ii) a set of bucket indices, or (iii) a critical
tuple. Given the output of the Preprocessing stage, before
any element is revealed the Main Algorithm chooses one
of the following algorithms: the Threshold Algorithm, the
Simple Algorithm or the Gap Algorithm. Then, after each one
of the remaining elements is revealed, the decision whether
to select the element is made by the chosen algorithm using
the input received from the Preprocessing stage and the set
of all the elements already revealed. Once all the elements
have been revealed the set of selected elements is returned.

The Threshold Algorithm is chosen when the output to the
Preprocessing stage is a non-negative value, which happens
with probability half regardless of the contents of the set
F. Given this input, the Threshold Algorithm, as in the
algorithm for the Classical Secretary Problem, selects only
the first element that has at least the given value. The Simple
Algorithm is chosen when the output of Preprocessing stage
is a set of bucket indices. The Simple Algorithm selects an
element if it is in one of the buckets determined by the set
of indices and if it is independent of all previously selected
elements. This specific algorithm was also used in [8].

The Gap Algorithm is chosen when the output of Se-
lection stage is a critical tuple, which we define further
on. The Gap Algorithm works as follows: every element
revealed is required to have one of a specific set of values
and satisfy two conditions in order to be selected: it satisfies
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the first condition if it is in the closure of a specific subset
of elements of F'; it satisfies the second condition if it is not
in the closure of the union of the set of elements already
selected and a specific subset of elements of F' (which is
different than the one used in the first condition).

The proof that the Main Algorithm achieves the claimed
competitive-ratio consists of the following parts: a guarantee
on the output of the Simple Algorithm as a function of the
input and U \ F', where U is the ground set of the matroid; a
guarantee on the output of the Gap Algorithm as a function
of the input and U \ F'; a combination of a new structural
result for matroids and probabilistic inequalities that imply
that if the matroid does not have an element with a large
value, then it is possible to compute an input for either the
Simple Algorithm or the Gap Algorithm that, with high
probability, ensures that the output set has a high value.
This guarantees the claimed competitive-ratio, since the case
when the matroid has an element with a large value is dealt
with by the Threshold Algorithm.

One of the probabilistic inequalities we use is the key
ingredient for ensuring that the Gap Algorithm works. It is
not clear whether it is possible to prove such an inequality
using only the techniques in [8], because they rely strongly
on symmetry.

The paper is organized as follows:: Section II contains
the preliminaries; Section III presents Main Algorithm;
Section IV is devoted to the Simple Algorithm and the Gap
Algorithm; Section V contains the required concentrations;
the structural trade-off result is proved in Section VI; and
the main result appears in Section VII.

II. PRELIMINARIES

All logarithms are to the base 2. We use Z to denote the
set of all integers, N to denote the non-negative integers and
NT to denote the positive integers. We use [a] to denote
{1,2,...,|a]} for any non-negative real a. We use [, 0]
to denote {i € Z | « < i < f} and (a, 3] to denote {i €
Z|a < i< B}, and so on. For every j € Z and I C Z, we
define 57 > I if and only if 5 > i forevery s € I, and j < I
if and only if j < ¢ for every ¢ € I. For every I, J C Z, we
define J > I if and only if minJ > max I, and we say [
and J are comparable if either J > I, or I > Jor I =J .
We use med (f) to denote the median of a function f from a
finite set to the non-negative reals. If there are two possible
values for med (f) the smaller one is chosen.

We define 5(n,1/2) to be a random variable whose value
is the number of successes in n independent probability 1/2
Bernoulli trials.

Observation 1: Let A = {a1,az2,...,a,} and W =
B(n,1/2); let @ : [n] — [n] be a permutation selected
uniformly at random, and let D = {a.(; | i € [W]}. For
every ¢ € [n], we have that a; € D independently with
probability 1/2.



Proof: To prove the proposition we only need to show
that for every C' C A, we have D = C with probability 27".
Fix C. There are (\g‘l) subsets of A of size |C|. D is equally
likely to be one of these subsets. Hence, the probability that
|D| = |C] is (\gl) 27" and therefore the probability that
D=Cis () -27"/( ) =27 -

IC]
A. Matroid definitions, notations and preliminary results

Definition 2: [Matroid] A matroid is an ordered pair
M = (U,Z), where U is a set of elements, called the
ground set, and 7T is a family of subsets of U that satisfies
the following:

elf/IcZand I’ C I, thenl' €7
e If I,I' € T and |I'| < |1, then there exists e € T\ I’
such that I’ U {e} € T.

The sets in Z are called independent sets and a maximal
independent set is called a basis.

A value function over a Matroid M = (U, Z) is a mapping
from the elements of U to the non-negative reals. Since we
deal with a fixed Matroid and value function, we will always
use M = (U,Z) for the Matroid. We set n = |U| and, for
every e € U, we denote its value by wval(e).

Definition 3: [rank and Closure] For every S C U, let

o rank (S) = max{|S’| | S’ € Z and S’ C S} and

e CI(S) ={e €U |rank(SU{e}) =rank (5)}.

The following proposition captures a number of standard
properties of Matroids; the proofs can be found in [22]. We
shall only prove the last assertion.

Proposition 4: Let S1,S2,53 be subsets of U and e € U
then

1) rank (S71) < |S1|, where equality holds if and only if

S1 is an independent set,
if 4 C Sy or S; C Cl (SQ), then S; C Cl(Sl) -
C1(S2) and rank (S7) < rank (S2),
if e € C1(S7), then rank (S7 U {e}) = rank (S1) + 1,
rank (S7 U S3) < rank (S7) + rank (S2),
rank (S7 U S2) < rank (S7) + rank (S3 \ CI1(S})), and
suppose that .57 is minimal such that e € C1(S; U Ss),
but e ¢ C1((S1 U S2) \ {e*}), for every e* € Sy, then
e* € Cl({e} U ((S1US2)\ {e*})), for every e* €
Si.
Proof: We prove Item 6. The rest of the items are
standard properties of Matroids.
Let ¢* € S;. By Item 3, rank ({e} U ((S1 U S2) \ {e*}))

2)

3)
4)
5)
0)

is equal to rank(S;UJS;3) which is equal to
rank ({e}US;US;)  which  in turn  is  equal
to rank ({e} U ((S1 U S2) \ {e*}) u{e*}). Thus,
again by Item 3, this implies that e* €
CL(({e} U((S1 U S2)\ {e])). "

Assumption 5: wval(e) = 0, for every e € U such that
rank ({e}) = 0. For every e € U such that val(e) > 0, there
exists i € Z such that val(e) = 2°.
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In the worst case, the implication of this assumption is an
increase in the competitive ratio by a multiplicative factor
that does not exceed 2, compared with the competitive ratio
we could achieve without this assumption.

Definition 6: [Buckets] For every ¢ € Z, the i’th bucket
is B; = {e € U | val(e) = 2'}. We also use the following
notation for every S C U and J C Z:

e B =B,NnS, By = U;cs Bi and BS = UieJBiS.

Definition 7: [OPT] For every S C U, let OPT (S) =
max {Eees, val(e)‘ S"CSand S € I}.

We note that if S is independent, then OPT (5)
Y ecgval(e).

Observation 8: For every independent
OPT (S) = Y, .; 2" - rank (BY).

Definition 9: [LOPT] For every S C U, we define
LOPT (S) = >_,, 2" - rank (BY).

Observation 10: For every S C U and Jy,J3 C Z,

1) LOPT (S) > OPT (5),

2) LOPT (BY ) =3, 2" rank (B}) and

3) if JyNJy = 0, then LOPT (B ;) = LOPT (BY )+

LOPT (B7)) .

S C U,

III. OVERVIEW

The input to the Main Algorithm is the number of indices
n in a randomly ordered input vector (eq,...,e,), where
{e1,...,e,} are the elements of the ground set of the
matroid. These are revealed to the Main Algorithm one by
one in an on-line fashion in the increasing order of their
indices. The Main Algorithm executes the following three
stages:

Gathering stage.: Let W = [(n,1/2). Wait until W
elements are revealed without selecting any. Let F' be the
set of all these elements.

Preprocessing stage.: Given only F, before any item
of U \ F is revealed, one of the following three types of
output is computed: (i) a non-negative value, (ii) a set of
bucket indices, or (iii) a critical tuple which is defined in
Subsection IV-B.

Selection stage.: One out of three algorithms is chosen
and used in order to decide which elements from U \ F' to
select, when they are revealed. If the output of Preprocessing
stage is a non-negative value, then the Threshold Algorithm
is chosen, if it is a set of bucket indices, then the Simple
Algorithm is chosen and if it is a critical tuple, then the Gap
Algorithm is chosen.

With probability %, regardless of F, the output of the
Preprocessing stage is a non-negative value. The Threshold
Algorithm, that is used in this case, selects the first revealed
element of U \ F that has a value at least as large as
the output of the Preprocessing stage. This ensures that if
max{val(e) | e € U} is large, then the claimed competitive-
ratio is achieved.



The paper proceeds as follows: in Subsection IV-A, we
present the Simple Algorithm and formally prove a guar-
antee on its output; in Subsection IV-B, we define critical
tuple, describe the Gap Algorithm and formally prove a
guarantee on its output; in Section V, prove the required
concentrations; in Section VI, we prove our structural trade-
off result; and in Section VII, we prove the main result.

IV. THE SIMPLE ALGORITHM AND THE GAP
ALGORITHM

In this section we present the pseudo-code for the Simple
Algorithm and the Gap Algorithm, and prove the guarantees
on the competitive-ratio they achieves. We start with the
Simple Algorithm, which is also used in [8].

A. The Simple Algorithm

Algorithm 1 Simple Algorithm
Input: a set J of bucket indices
1) P+ 10
2) immediately after each element e € U \ F' is revealed,
do

a) if logwval(e) € J do
i) if e ¢ C1(P) do P «— P U {e}
Output: P

We note that according to Steps 2a and 2(a)i, the output P
of the Simple Algorithm always satisfies, BS[\F C C1(P).

Thus, since P C BJU\F, the output P of the Simple

Algorithm always satisfies, rank (P) = rank B?\F .Asa

result, for every j € J, we are guaranteed that P contains at

least rank (BJU\F) — rank (Bg\\g;}) elements from BJ[.]\F.

We capture this measure using the following definition:
Definition 11: [uncov] uncov (R,S) = rank (RUS) —

rank (R), forevery R,S CU.

According to this definition, for every j; € J, we are

guaranteed that P contains at least uncov (BU\F BU\F)

J\{Y I
elements from B]U\F. We next prove this in a slightly more
general setting that is required for the Gap Algorithm.

Lemma 12: Suppose that the input to the Simple Algo-
rithm is a set J C Z and, instead of the elements of U \ F,
the elements of a set S C U are revealed in an arbitrary
order to the Simple Algorithm. Then the Simple Algorithm
returns an independent set P C S such that, for every j € J,
rank (BI”) > uncov (B§\{j}, BJS)

Proof: By the same reasoning as described in the
beginning of this section, for every j € J, we are guaranteed

. U\F pU\F
that P contains at least uncov (B N {j},Bj

from BJ[.]\F and the result follows. ]
We next prove the following guarantee on the output of

the Simple Algorithm, by using the preceding lemma.

) elements
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Theorem 13: Given a set J C Z as input, the Simple
Algorithm returns an independent set P C U \ F’ such that

).

Proof: By Observation 8, OPT(P) is at least
>jes2) - rank (Bf), which is at least >, ;27 -

uncov (B?\\§}7 BJ[-]\F) , by Lemma 12. The result follows.
|
We note that the above guarantee is not necessarily the
best possible. However, it is sufficient for our needs because,
as we show later on, with very high probability, for a specific
family of sets J and every j in such J, we have that
U\F pRU\F F F ;
uncov (BJ\{j},Bj ) uncov (B!,\{j},Bj ) Thus, in
relevant cases, we can approximate this guarantee using only
the elements of F'.

OPT(P) > "2/ - uncov (By\\{";.}, B\
JjeJ

~
~

B. The Gap Algorithm

The subsection starts with a description of the input to
the Gap Algorithm and how it works; afterwards it provides
a formal definition of the Gap Algorithm and its input and
then concludes with a formal proof of the guarantee on the
Gap Algorithm’s output.

Like the Simple Algorithm the elements of U \ F' are
revealed to the Gap Algorithm one by one in an on-
line manner. The input to the Gap Algorithm is a tuple
(Block,Good, Bad), called a critical tuple. Block is a
mapping from the integers Z to the power set of the integers,
such that if Block(i) is not empty then i € Block(i).
Block determines from which buckets the Gap Algorithm
may select elements. Specifically, an element e € U \ F
may be selected only if Block(logwval(e)) is not empty.
Every pair of not empty sets Block(i) and Block(j), where
i > j, are such that either Block(i) Block(j) or
Block(i) > Block(j) and the latter may occur only if 7 > j.
We recall that, as defined in the preliminaries, Block(i) >
Block(j) means that min Block(i) > max Block(j). We
next formally define the critical tuple.

Definition 14: [critical tuple] (Block,Good, Bad),
where Good, Bad and Block are mappings from Z to 2%,
is a critical tuple if the following hold for every i,j € Z
such that ¢ > j and Block(i) and Block(j) are not empty:

1) ¢ € Block(i),

2) if 4 > j either Block(i) = Block(j) or Block(i) >
Block(j), i.e. min Block(i) > max Block(j),

3) if Block(i) = Block(j), then Good(i) = Good(j)
and Bad(i) = Bad(j),

4) Block(i) U Bad(i) C Good(i),

5) if Block(i) > Block(j), then Bad(i) C Good(i) C
Bad(j)  Good(j),

6) Block(i) < Bad(i).

For a depiction of preceding structure see Figure 1.



Good(i)
Bad(i)

@S>

Figure 1. [critical tuple, where Block(i) > Block(j)]

The following observation, follow directly from the preced-
ing definition.

Observation 15: If (Block,Good, Bad) is a critical tu-
ple, then

1) the sets in {Block(j)};ez are pairwise-disjoint,

2) Block(i) N Bad(i) = 0, for every i € Z, and

3) for every i and j in | J,c, Block((), if j & Good(i),

then ¢ > j and Good(i) C Bad(j).

The mappings Good and Bad are used in order to determine
if an element can be selected as follows: an element e €
U\ F such that logval(e) € Block(log val(e)ys selected if

it satisfies two conditions: (i) e € Cl Bgoo d(i)
in the closure of the union of B ga d(s) and all the previously
selected elements. We next explain why this strategy works.
Clearly, the only elements in BZ-U \¥" that do not satisfy
condition (i) are those in BJU\F\Cl (Bgoo d(i)). An essential
part of our result is an upper bound on the rank of the
set BZ-U \F \ Cl (Bgoo d(s) ) @nd hence we use the following
definition to capture this quantity.
Definition 16: [loss] For every R,S
loss (R, S) =rank (S'\ C1(R)) .
According to this definition and the preceding explanation
we are guaranteed that the rank of the set of elements in

BZ-U V' that satisfy condition (i) is at least rank <BZU \F) -

;and (ii) e is

c U, Ilet

loss (Bgood(i), BZ-U\F).
For every j € Block(i), let S; = B;]\F NCl (Bgood(j)),

that is, the elements of S; are the elements of BJU\F that
satisfy condition (i). We will show that such an element
satisfies condition (ii) if it is not in the closure of the
union of B, a(iy and only all the elements from Bf] \F
that were previously selected. The reason this happens is
that, for every j' > i, such that Block(j') > Block(i) all

the element selected from B][{\F, satisfy condition (i) and
hence are in Cl (Bga di
Block(j') < Block(i) the condition (ii) ensures, for every

j € Block(j'), that each element selected from BJU\F will

)), and for every 7/ < i, such that
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not prevent the selection of any element from .S; because

. F F
8: € C1(BEyu)) € C(BE,u)):

Thus, when restricted to the elements of [ J i Block(i) S,
the Gap Algorithm can be viewed as if it was executing the
Simple Algorithm with input J = Block(i)UBad(i) and the
elements revealed are those of S = Bgad(i)UUjEBlock(i) S,
which are revealed in an arbitrary order, except that the
elements of Bga () are revealed first. Thus, using
Lemma 12, it is straight forward to see that at least

F
uncov (BBad(i) UUjeBlockn iy 95> Si’)
from S;/, for every i’ € Block(i). We shall show, that this
. F U\F .
term, is at least uncov (BBad(j) U BBlock(i>\{i}, Si/), which
U\F

il

are selected

in turn is at least uncov Bgad(j) U Bgl\oik(i)\{i}v B

loss Bgood(i)7Bz‘U\F)' In Section V, we show that with

high probability, by using only the elements of F', we can

approximate uncov (Bgad(j) UBgl\oik(i)\{i}’Bg\F) and
upper bound loss (Bgood(i),ij\F . In Section VI, we

use the result of Section V to show that, if there is no
element with a very high value, then either the Simple
Algorithm or the Gap Algorithm will achieve the required
competitive-ratio and we can choose the proper option
using only the elements of F'.

Algorithm 2 Gap Algorithm
Input: a critical tuple (Block, Good, Bad)
) P+—0
2) immediately after each element e € U \ F' is revealed
do

a) £ <+— logval(e)
b) if Block(¢) # 0 do

i) ifeecCl (BF

Good(@)) , do

A) if e ¢ C1(PUBE,,). do P PU

{e}
Output: P

Lemma 17: Let i be such that Block(i) # @ and
P as it was in any stage in an arbitrary execution of

the Gap Algorithm. If e € By . N Cl (Bgood(i)),
then ¢ ¢ CI(PUBE,,) ¢
U\F
Cl ((P N BBlock(i)) U Bgad(l)) :
UNF N Cl (Bgood(i)). We note

if and only if e

Proof: Let e € BBlock(i)
that the “only if” condition trivially holds and hence we
only prove the ”if” condition. Let P* = P N Bgl\oik(i)‘
Assume that e € Cl (PUBgad(i)). Let C' be a mini-
mal subset of P\ (P* U Cl (Bgad(i)>) such that e €

CI(C U B, 5 UP*). We shall show that C = 0 and



U\F

hence ¢ € Cl (PﬁBBlock(i)

result then follows.

Let ¢’ be the latest element C' added to P and let
j = loguwal(e’). According to construction, the elements
of C' were selected by the Gap Algorithm and hence
Block(j) # (). Also, by construction, Block(i) # Block(j),
since otherwise ¢’ € P* = PN BBl\OCk(l)

Now assume on the other hand that Block(j) > Block(i).
By Items 4 and 5 of Definition 14, this implies that
Block(j) € Good(j) € Bad(i). Since ¢ was selected

by the Gap Algorithm, by Step 2(b)i, this implies that
e e Cl (Bgood(j)) c a (BBad( )). This contradicts the

choice of € € C C P\ (P*UCl (Bgad( ) ))-

Assume on the other hand that Block(j) < Block(i).
By Items 4 and 5 of Definition 14, this implies that
Block(i) U Bad(i) C Good(i) € Bad(j) and hence
¢ € By 0 CL(BE,uu) € O (BE,;)) and, using

Block(t)
Item 5 of the definition of a critical tuple, Bga @) Y

P* C B, UCL(BE,,i0)) € C1(Bh,,)) since, by
). With

out loss of generality, we assume that e’ was the last element
in C that was added to P, otherwise we initially select e’
to be so.

Since €’ was the latest element C' added to P, by Item 6 of

Proposition 4, ¢’ € Cl ({e} U (C U BBad( U P*) \{e'}).
Since e € Cl <BBad( )> and BBad( )UP* ccl (BF

Bad(j) )
we see that ¢/ € Cl (C u Bgad \ {¢ }) Therefore, e’

did not satisfy the condition in Step 2(b)iA, when it was
considered and hence could not have been selected to be in
P. This contradicts the fact that ¢’ € C C P. |

Theorem 18: Given a critical tuple (Block, Good, Bad)
as input, Algorithm 2 returns an independent set of el-

ements P C U \ F such that OPT (P) is at least
U\F)

)UBgad(i)). Hence the

Step 2(b)i, every element in P* is in Cl (BGOO d(i)

- uncov (BB d(5) U BBlmk(])\{J}’
BU\F

Zj'Block(j)#(D 2

minus Z] Block(j)#0 27 . loss BGOOd(J),

Proof: Step 2(b)iA implies that P is always an inde-
pendent set. Consider j such that Block(j) # (. For every
i € Block(j), we let S; = BV nal (BGOod( )

We note that, by deﬁnltlon, for every i € Block(j),
every element in .S; satisfies the condition in Step 2(b)i.
Consequently, by Lemma 17, the Gap Algorithm processes
the elements in UieBlock(j) S;, as if it was the Simple
Algorithm in the following setting: the input is a set J =
Block(j) U Bad(j) and the elements revealed are those
of § = Bgad(j) U UieBlock(j) S;, which are revealed in
an arbitrary order, except that the elements of Bga a(y) are
revealed first. Thus, by Lemma 12, rank (B}D ) is at least

aneoy <Bgad(a‘) U UieBrock(i\ 13 Sio Sj>.

331

U\F _
S Bgad(j) U UieBtock(in sy Si and

Rs Bad(j) U BBlock(])\{J} Then, rank (B]P) >
uncov (Rq,S5;). We next show that uncov (R, S;) is at
least uncov (R, S;) and afterwards that uncov (Rg, S;) is

Q‘R% BYM)  loss (BGOOd(]),BU\F>. By
Observation 8, this 1mphes the result.

We let R Ry, which trivially implies that
uncov (R’, S;) = uncov (R, S;), and then we start adding
the elements of Ry \ Ry to R’. Since R; C Ry at the end
of the process R’ = R;. We note that during the process
the value uncov (R, S;) = rank (R' U S;) —rank (R’) never
increases since when rank (R’ U S;) increases by one so
does rank (R’). Thus, indeed uncov(Rp,S;) is at least
uncov (Rs, S;).

Let B
BF

at least uncov

By definition, uncov (Rs, ;) is
equal to uncov (Rg, U\F) —
(rank (32 u BV ) —rank (Ry U S;) ). Finally,
S; = BJ[.J\F N Cl ( Good(i))» We  see that
rank ( Ry U BU\F — rank (R, US;) is at most
rank BU\F \ Cl ( Cood(i ))) which is equal to

loss (BGOOd( ),BU\F . Therefore, indeed uncov (Rq,S;)

is at least uncov (Rg, BYN ) loss (BGood(z)7BU\F)~ -

V. PREDICTION

In this section, we prove that for a specific sub-
set of the integers, which we denote by Super and
later, with constant probability, for every K, K* C
Super, where K* < K and min{rank(B;) | i €
K} > rank(BmmK)g, and for every j € K we have
that (i) uncov (BF LU BIIQ?},
uncov (BII“;*UK\{].},BJF); and (ii) loss (BII‘;’BU\F) is
bounded above by approximately uncov (BK\ {j},Bf )
This result enables us at Preprocessing stage of the Main
Algorithm to chose whether to select elements using the
Simple Algorithm or the Gap Algorithm, and to compute
the input to the chosen algorithm.

In Subsection V-B, we use the Talagrand inequality for
the unquantified version of (i), in Subsection V-A, we use
Martingales and Azuma’s inequality fur the unquantified
version of (ii) and in Subsection V-C, we define the set
Super and use the Union Bound together with the results in
the previous sections to prove the main result of this section.

B[.]\F) is approximately

A. Upper Bounding loss

Theorem 19: Let K C Z, be finite and non-empty
and £k € K then, loss (BII‘;,BU\F) does not exceed

uncov (B K\ (K} B;, ) +rank (By) 3 , with probability greater

than 1 — e*ra“k(B’“)%.



Proof: We fix S = Bi, (;, and let m = rank (By,). We
initially let both H¥ and H U{F be empty sets. Then, we
repeat the following 4m times: if there exists an element in
By \ (HF U HY\F) that is not in C1 (S U HT'), then we
pick such an element arbitrarily, if it is in F', then we add
it to H¥ and otherwise we add it to HYU\F,

We observe that every time an element is added to H ¥ it is
independent of Cl (S U H'') and hence it increases by one
the quantity uncov (S, H') = rank (SU H*') — rank (S5).
Thus, if after 4m repetitions there are no elements in
By \CI (S U HY), then the preceding quantity cannot be in-
creased further by adding elements from By, \ (H* U HU\F)
to HY and therefore uncov (S, HY") = [H*|. Since, in this
case every element in B,f\HF is in Cl (S U HF) and HF C
B[, we see that C1 (S UB}') = C1(SUHT). Therefore,
rank (S U Bf') = rank (S U H¥') . Hence, by the definition
of uncov, uncov (S, Bf') = uncov (S, H"') = |H"|.

We also observe that every time an element is
added to HU\F it may increase by one the quantity
loss (SUHT, HU\N) = rank (HV\F\ C1(SUHT)). We
note that if after 4m repetitions there are no elements in
B\ Cl (S uHF ) then the preceding quantity cannot be
increased further by adding elements from By \ (HY U
HUY\F) to HU\F and therefore loss (Su HF HU\F) <
|HU\F|. Since, in this case every element in B,g\F \
HY\F s in CI(SUHF) and HY\' C BJM, we
see that loss (SUHF7HU\F) = loss (SUHF,B,g\F .
We note that S U B,f BE and we already proved
CI(SUBF) = CI(SUHF). Thus, loss (BE, B, ") =
loss (S UHY, HU\F) < |[HUNF|,

Next we show that, HHF|1 — |[HU\F|| < m3, with

—2m3

probability at least 1 — e , and afterwards we show
that, with probability at least 1 — e~ 2, after 4m repetitions,
there are no elements in By \ Cl (S uH? ) By the union
bound, this implies the theorem.

We define the variables Z; so that Zy = 0 and (i) Z; =
Z;_1—1 if in the i’th repetition an element was added to H';
(i) Z; = Z;—1 + 1 if in the i’th repetition an element was
added to HV\F; and (iii) Z; = Z;_, if nothing happened in
the i’th repetition.

We note that, for every ¢+ > 0, either Z; = Z;_; or
Z; is distributed uniformly over {Z; 1 — 1,Z;,_1 + 1} and
hence E(Z; | Zi—1) = Z;—1, where E() denotes the
expected value. Consequently, we have a martingale. Thus,
by Azum%’s inequality, Z4.,, > 4m3 with probability less
than e~"% . Since, Zy,, = |[HY\'| — |H| we have proved
the first inequality. We now proceed to the second.

We define the variables X; so that X; = 1 if in the
ith repetition the element processed was in F' and oth-
erwise X; = 0. By definition, for every i € [4m], if
Zi = Zi_q1 — 1, then X; = 1. If |HF| = m after 4m
repetitions, then rank (S U H) = rank (S) + rank (By,),
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which can only happen if B;, C Cl (S uH? ) This implies
that B, \Cl (S U HY') is empty. So B;,\CI (S U H') is not
empty after 4m only if Z?fl X,; < m. By Observation 1, for
every i € [4m], X; is independently distributed uniformly
over {0, 1}. By the Chernoff inequality, with probability at

least 1 — e~ 2, fol X; > m. ]

B. Talagrand based concentrations

This subsection is very similar to one that appears in [8],
we include it for the sake of completeness. The following
definition is an adaptation of the Lipschitz condition to our
setting.

Definition 20: [Lipschitz] Let f : U — N. If | f(S}) —
f(S2)] <1 for every Sy, S2 C U such that |(S1\S2)U(S2\
S1)| =1, then f is Lipschitz.

Definition 21: [Definition 3, Section 7.7 of [1]] Let f :
N — N. h is f-certifiable if whenever h(x) > s there
exists I C {1,...,n} with |I| < f(s) so that all y € Q that
agree with = on the coordinates I have h(y) > s.

Observation 22: For every finite K C Z, the rank
function over subsets of By is Lipschitz and f-certifiable
with f(s) = rank (B ), for all s.

Proof: The rank function is Lipschitz, by the defi-
nition of the rank function (Definition 3). By Item 2 of
Proposition 4, for every S C R C Bg, we have that
rank (S) < rank (R) < rank (B ). Thus, the rank function
over subsets of By is f-certifiable with f(s) = rank (Bk).

|

The succeeding theorem is a direct result of Theorem
7.7.1 from [1].

Theorem 23: If h is Lipschitz and f certifiable, then for
x selected uniformly from Q and all b,¢, Pr[h(z) < b —
t/F)] - Prih(z) > b] < e=t*/4,

Lemma 24: Lett > 2, K, K* C Z, where K* N K =

0, and j € K then, (B}?* UBZ§€}7BJ(‘]\F) _

S 4t\/ rank (BK*UK)a with

uncov

uncov (BIIE*UK\{J.}, BF

probability at most e4’§.
Proof: Let S € {BE. k. BI}Q*UK\U}, BE. U
BY\ BE, UBIU&@}}. By Observation 22, the rank func-

tion is Lipschitz and rank-certifiable.

Clearly, since F' and U \ F are both distributed uni-
formly, with probability at least 1, we have that rank (S) >
med (rank (S)), Hence, by taking b = med (rank (S)) +
ty/rank (Bg+uK) , by Theorem 23, we get that rank (S) —
med (rank (S)) > ty/rank (Bg+ur), with probability
at most 2¢7. In a similar manner, by taking b
med (rank (5)), we get that med (rank (S)) — ranZk(S) >
ty/rank (Bg«_r ), with probability at most 2¢~i . Thus,
by the union bound, |rank (S) — med (rankz(S))\ >
t

rank (Bg+urk ), with probability at most de T,
We note that, since F' and U \ F are identically
distributed and K N K* (), we have that



med (rank (BII“;*UK)) = med (rank (Bf; U B%\F>)

med (rank <BF ))

K*UK\{j}
med (rank ( BE. UBZ&?J} . Consequently, the result

follows, by the union bound and the definition of uncov
(Definition 11). n

and

C. Union bound

Definition 25: [Super] We define Super =
{z"rank(Bi) > max {1, L(;Hg”

Theorem 26: If max{val(e) | e € U} < 274. OPT (U)
then, with probability at least %, for every K, K* C Super,
where K* N K = () and min{rank (Bg) | ¢« € K} >

6

rank (Bmin k)7, and every k € K, the following hold:
1) ‘uncov (Bf; U B%i?}c}’ B,ij\F)
uncov (BIIE*UK\{,C},B? ‘ <4. rank(BK*UK)%
2) loss (Bf;, B,ij\F) < uncov (B[I;\{k}, B,f) +
rank (By)®.

The proof is a combination of the Union Bound and Theo-
rem 19 and Lemma 24. It is omitted do to lack of space.

VI. STRUCTURAL THEOREM

In this section F' is used after all its elements have
been revealed and hence it is treated as fixed. The goal of
this section is to show that if the maximum value of the
elements of the Matroid is sufficiently small, then an input
that guarantees the claimed competitive-ratiocan be found
either for the Simple Algorithm or for the Gap Algorithm.
The search for such an input is restricted to a subset of the
follow set of indices.

Definition 27: [Valuable] We define Valuable

{j rank (B]) > max {1, LOPT(F)}}

2718

We note that this definition is very similar to the definition

of Super. This enables us to prove later that, with high

probability, Valuable C Super, and hence the concentra-
tion results apply to the bucket indices in Valuable.
Proposition 28: |Valuable| < 2 -logrank (F') + 8

Proof: By definition, max Valuable < log LOPT (F).

By the definition of Valuable, \/ smoetootrs < rank (F)
and hence min Valuable > log LOPT (F')—2-log rank (F)—
8. Since Valuable contains only integers, the result follows.
|
The rest of definitions are used in order to show that
if we cannot find an input for the Simple Algorithm that
guarantees the claimed competitive-ratio, then we can find
an input to the Gap Algorithm that guarantees the claimed
competitive-ratio. The first two definitions are used in order
to restrict the set of buckets used to one that has properties
that are essential for the rest of the result.
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Definition 29: [Strong sequence] A sequence H of inte-
gers hi, ha, ..., hy is a strong sequence for K C Z, if

1) hi,he,...,hi € K,

2) H is strictly monotonically decreasing,

3) LOPT (Bf;) > 5 - LOPT (Bf) and

4) for every j € [k — 1], 0 < rank(ij) < 3%
rank (ny_ﬂ).

Lemma 30: For every K C Z, there exists a strong
sequence for K.

Proof: Define, w : Z — N as follows: for every ¢ € Z,
w(i) = rank (Bf) if i € K, and otherwise w(i) = 0. Let
m =3 c;w(j) -2’ = LOPT (Bg).

Let us construct a sequence of integers {1, /s, ...,k as
follows: ¢; is maximum so that w(¢;) > 0 and for every
j € [k’ — 1], inductively, ¢4 is the maximum integer such
that £;41 < ¢; and w(¢;) < 1 - w(lj;1). We note that,
0 < w(l;) < 5-w(liy1), for every i € [k — 1]. We also
note that Zz‘e[}c'] w(t;)-25 > %, because for every i € [k'],
the sum of 27 - w(j) over all integers j less than ¢; but
greater £; 1, when /;,, exists, is at most 2 - 2% - w(;).
Thus, >, ¢y w(4i) - 26 >m— 2 =1

By the pigeon hole principle, there exists ¢ € [6] such
that the sum of w(fy4¢;) - 2%+5 over all i > 1 such
that ¢ + 6¢ < K/, is at least 1—";. We denote this sequence
by hi,he,...,h;. We note that according to construction,
0 < w(h;) < 55 - w(hit1), for every i € [k — 1]. Thus, this
sequence satisfies Items 3 and 4 of the definition of a strong
sequence. By construction the sequence hi,ho,..., hy is
strictly monotonically increasing and all its elements are in
K and hence it satisfies Items 1 and 2 of the definition of
a strong sequence. |
The next observation is a direct result of the definition of
uncov (Definition 11), the definition of a strong sequence
and Item 4 of Proposition 4.

Observation 31: Let H be a strong sequence for a set of
integers, H' C H and j € H' such that j < min H’, then
uncov (Bf;,, Bf') > 3 - rank (BY') .

Definition 32: [Partition] For every H C Z, we let
Partition(H) to be an arbitrarily fixed partition of H into
sub-sequences Hy, Hs, ..., H, such that:

1) g < max {1, 8 - log log rank (Bf;)}

2) forevery i€ [g—1], H; > H;11,

3) for every i € [g], rank (BF ) > rank (BF

max H; min H;

)*.
The next observation follows from Item 4 of Definition 29
and Item 3 of Definition 32.

Lemma 33: For every, K C 7Z and sequence H of
integers hi,hs,...,hy that is a strong sequence for K,
Partition(H) is well defined.

The proof is based on the definition of a strong sequence.
It is omitted due to lack of space.

Definition 34: [Mg] For every K C H C Z be let

My (K)={i € H|i> K}. We omit the subscript when



clear from context.

Observation 35: Let H be a strong sequence for a set of
integers. For every H' € Partition(H) and ¢ € H', we have
2-rank (Bf")® > rank (BJIC[H(H,)UH,).

At this stage we are preparing the ground for proving
that if a sufficient input for the Simple Algorithm does
not exist, then we can find sufficient critical tuple for the
Gap Algorithm. The idea is to construct a hierarchical
decomposition of the buckets whose indices are in a partition
of a strongsequence. The construction starts with the sets of
the partition. During the construction process each set gets
one of three treatments: if a set is negligible i.e., does not
have significant value, then it is ignored, this is also the
case if a set is burnt i.e., has a very high uncover value; if
a set can contribute significantly to the success of the Gap
Algorithm i.e., is useful, then it will be used; and if a set
is none of the above, then it is splittable, as we show later,
and will indeed be split. The process we just described is
captured further on by the definition of a critical-tree.

Definition 36: [useful] A subset K* of K C H is useful
for K if the following hold:

1) LOPT (Bf.) > 35 - LOPT (Bf)

2) sum of every j € K* of 27 times
uncov Bf/[(K*)UK*\{jpBJF minus 2J
times uncov Bﬂ(K)UK\{j}7 Bf is at least

LOPT(BE.)
21T log log rank(F) *
A set that has a useful subset is useful.
Definition 37: [splittable] K C H is splittable if it has
a partition {K4, K>} such that
1) K1 > Ky and
2) LOPT (Bf.) > 35 - LOPT (BL), for every i € [2].
Definition 38: [negligible] A set K C H is negligible if
r LOPT(Bj;)
LOPT (BK) < 64-log rank(F) * . .
Definition 39: [burnt] A set K C H is burnt if

. 3
F F F
> %/ - uncov (BM(K)UK\{j},Bj ) > S -LOPT (B).
JjeEK
Definition 40: [critical-tree] A critical-tree for H C Z
is a rooted tree whose vertices are subsets of H and that
satisfies the following:

1) the root of the tree is H,

2) the children of the root are Partition(H ),

3) every leaf is either negligible, useful or burnt, and

4) every internal vertex K is splittable and neither useful,
nor negligible nor burnt. It also has a set of two
children that is a partition of K as described in the
definition of splittable.

We next prove that the construction of a critical-tree
actually works and results in a bounded depth tree; after
we prove that a proper critical tuple can be extracted from
a critical-tree.
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Lemma 41: Assume that there exists a critical-tree T,
whose root is labeled by H. If rank (F') > 28, then the
depth of 7 does not exceed 28 - log log rank (F).

The proof is based on the definition of splittable. It is omitted
due to lack of space.

Lemma 42: Let H be a strong sequence for a set of

integers, then there exists a critical-tree 7, whose root is
labeled by H.
We construct 7 as follows: we set the root to be H and
its children to be Partition(H); then, as long as there is a
leaf K in the tree that is splittable but not useful, negligible
or burnt we add two children to K the sets K; and Ko,
where {K, Ko} form a partition of K as in the definition
of splittable; if there are no such leaves, we stop.

The rest of the proof follows from Lemma 41 and the
definitions of burnt, negligible splittable and useful. It is
not given due to lack of space.

Theorem 43: Let H* C Valuable, H be a strong se-
quence for H* and assume that rank (F) > 28, If for
every H; € Partition(H), 3, 27 - uncov (BIF_Ii\{j}’ BJF>

. LOPT(BE.. .
is bounded above by 211.10g1£g§nk)( 7y then there exists a

critical tuple (Block, Good, Bad) such that, for every ¢ € Z,

1) Good(i), Badg(i) and Block(i) are subsets of H,

2) 2-rank (Bf)® > rank (Bgood(i) , and

3) sum € Z of 2

uncov (Bgad(j)uBlock(j)\{j}7BJF) minus 27 times

LOPT(Bf; )
217.1og log rank(F')
Due to lack of space we only give the beginning of the proof.

Proof: Let T be a critical-tree with a root labeled by
H. We note that, by Lemma 42, such a critical-tree exists.
Let Q be the family of all the leaves in 7. Let Qyscru be
the family of all the useful sets in Q. Define Qpyny and
Onegligible in the same manner.

We construct a tuple (Block, Good, Bad) as follows: for
each K € Qyscful, We pick an arbitrary useful K* C K and
then, for each i € K*, we let Block(i) = K*, Bad(i) =
My (K) and Good(i) = K U My (K). For every i such
that Block(4) is not defined in the previous process, we let
Block(i) = Good(i) = Bad(i) = 0.

The rest of the proof follows from the construction
(Block, Good, Bad) and the definitions of burnt, negligible,
splittable, useful and critical-tree. |

over every j times

uncov (Bgood(j)\{j}, BJF) is at least

VII. MAIN RESULT

The following lemma enables the combination of the
concentration result and the structural.
Lemma 44: If the event of Theorem 26 holds and
max{val(e) | e € U} < 274 . LOPT (U), then
1) for every j € Super, rank (F') > rank (BJF) >
rank (B;) > 2.
2) Valuable C Super, and

3.
8



3) LOPT (BY 1 uape) = 3 -LOPT (F) > - LOPT (U).

The proof is omitted due to lack of space. The following
lemma is used in order to bound the influence of the
deviation in the concentration results.

Lemma 45: Let K C Super. If max{val(e) | e
U} < 27% . LOPT (U) and max K < logLOPT (F)
64 - loglogrank (F), then 8 - >, . 2" - rank (B;)*

LOPT(U)

220.]og log rank(F7) *
The proof is omitted due to lack of space.

Theorem 46: The Main Algorithm is Order-Oblivious,

Known-Cardinality and has a competitive-ratio of
O(log logrank (U)).
We note that the Main Algorithm is Known-Cardinality,
since (i) the computation in Gathering stage is independent
of the matroid elements; (ii) the computation in the Prepro-
cessing stage; and (iii) the Selection stage uses only elements
of the matroid that have been revealed. We also note that
the Main Algorithm is Order-Oblivious, because the analysis
depends on the elements in the sets F' and U \ F but not on
their order.

The proof is a combination of the main theorems in this
paper and the other two results in this section. It is omitted
due to lack of space.
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