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Abstract—Valiant introduced matchgate computation and
holographic algorithms. A number of seemingly exponential
time problems can be solved by this novel algorithmic paradigm
in polynomial time. We show that, in a very strong sense,
matchgate computations and holographic algorithms based on
them provide a universal methodology to a broad class of
counting problems studied in statistical physics community for
decades. They capture precisely those problems which are #P-
hard on general graphs but computable in polynomial time on
planar graphs.

More precisely, we prove complexity dichotomy theorems in
the framework of counting CSP problems. The local constraint
functions take Boolean inputs, and can be arbitrary real-valued
symmetric functions. We prove that, every problem in this
class belongs to precisely three categories: (1) those which
are tractable (i.e., polynomial time computable) on general
graphs, or (2) those which are #P-hard on general graphs but
tractable on planar graphs, or (3) those which are #P-hard
even on planar graphs. The classification criterion is explicit.
Moreover, problems in category (2) are tractable on planar
graphs precisely by holographic algorithms with matchgates.

I. INTRODUCTION

Given a set of functions F , the Counting Constraint
Satisfaction Problem #CSP(F ) is the following problem:
An input instance consists of a set of variables X =
{x1, x2, . . . , xn} and a set of constraints where each con-
straint is a function f ∈ F applied to some variables
in X . The output is the sum, over all assignments to X ,
of the products of these function evaluations. This sum-
of-product evaluation is called a partition function. In the
special case where f ∈ F outputs values in {0, 1} it
counts the number of satisfying assignments. But constraint
functions taking real or complex values are also interesting,
called (real or complex) weighted #CSP. Our F consists
of real or complex valued functions in general. There is a
deeper reason for allowing this generality: The theory of
holographic reductions is a powerful tool which operates
naturally over C, even if the original problem has only 0-1
valued functions.

A closely related framework for locally constrained count-
ing problems is called Holant Problems [7], [9]. This
framework is inspired by the introduction of Holographic
Algorithms by L. Valiant [28], [27]. In two ground-breaking
papers [26], [28] Valiant introduced matchgates and holo-
graphic algorithms based on matchgates to solve a number

of problems in polynomial time, which appear to require
exponential time. At the heart of these exotic algorithms
is a tensor transformation from a given problem to the
problem of counting (complex) weighted perfect matchings
over planar graphs. The latter problem has a remarkable P-
time algorithm (FKT-algorithm) [23], [15], [16]. Planarity is
crucial, as counting perfect matchings over general graphs
is #P-hard [24]. Most of these holographic algorithms use a
suitable linear basis to realize locally a symmetric function
with at most 3 Boolean variables on a matchgate. This work
has been extended in [5]. In particular we have obtained a
complete characterization of all realizable symmetric func-
tions by matchgates over the complex field C.

The study of “tractable #CSP” type problems has a much
longer history in the statistical physics community (under
different names). Ever since Wilhelm Lenz who invented
what is now known as the Ising model, and asked his
student Ernst Ising [12] to work on it, physicists have
studied so-called “Exactly Solved Models” [1], [21]. In the
language of modern complexity theory, physicists’ notion
of an “Exactly Solvable” system corresponds to systems
with polynomial time computable partition functions. This
is captured completely by the computer science notion of
“tractable #CSP”. Many great researchers in physics made
remarkable contributions to this intellectual edifice, includ-
ing Ising, Onsager, C.N.Yang, T.D.Lee, Fisher, Temperley,
Kasteleyn, Baxter, Lieb, Wilson etc [12], [22], [30], [31],
[19], [23], [15], [16], [1], [20]. A central question is to
identify what “systems” can be solved “exactly” and what
“systems” are “difficult”. The basic conclusion from physi-
cists is that some “systems”, including the Ising model, are
“exactly solvable” for planar graphs, but they appear difficult
for higher dimensions. There does not exist any rigorous or
provable classification in terms of intrinsic solvability, except
that the known method does not work in higher dimensions.
This is partly because the notion of a “difficult” partition
function had no rigorous definition in physics. However, in
the language of complexity theory, it is natural to consider
the classification problem. In this paper we do that, in
the general setting of #CSP with real valued symmetric
constraint functions. This will shed light on why the valiant
efforts by physicists to generalize the “exactly solved” planar
systems to higher dimensions failed.



Now turning from Physics to CS proper, Istrail [13]
showed that computing the free energy of an arbitrary
subgraph of an Ising model on a lattice of dimension three
or more is NP-hard. A classical paper by Jerrum and Sinclair
gave a randomized algorithm for an arbitrary ferromagnetic
Ising system [14]. After Valiant introduced his holographic
algorithms with matchgates, the following question can be
raised: Do these novel algorithms capture all P-time tractable
counting problems on planar graphs, or are there other more
exotic algorithmic paradigms yet undiscovered? A suspicion
(and perhaps an audacious proposition) is that they have
indeed captured all tractable planar counting problems. If so
it would provide a universal methodology to a broad class of
counting problems studied in statistical physics and beyond.
The results of this paper can be viewed as an affirmation of
that suspicion. Within the framework of weighted Boolean
#CSP problems our answer is YES, for all symmetric real
valued functions.

While #CSP problems provide a natural framework to
address this question, it turns out that a deeper understanding
comes from Holant problems, which can be described as
follows: An input graph G = (V, E) is given, where
each v ∈ V is attached a function fv ∈ F , mapping
{0, 1}deg(v) → R or C. We consider all edge assign-
ments σ : E → {0, 1}. For each σ, fv takes its input
bits from the incident edges E(v) at v, and evaluates to
fv(σ |E(v)). The counting problem on instance G is to
compute HolantG =

∑
σ

∏
v∈V fv(σ |E(v)). In effect, in

a Holant problem, edges are variables and vertices represent
constraint functions. This framework is very natural; e.g., the
problem of PERFECT MATCHING corresponds to attaching
the EXACT-ONE function at each vertex, taking 0-1 inputs.
The class of all Holant problems with function set F is
denoted by Holant(F ).

Every #CSP problem can be simulated by a Holant
problem. Represent any instance of a #CSP problem by a
bipartite graph where LHS are labeled by variables and RHS
are labeled by constraints. Denote by =k: {0, 1}k → {0, 1}
the EQUALITY function of arity k, which is 1 on 0k and
1k, and is 0 elsewhere. Then we can turn the #CSP instance
to an input graph of a Holant problem, by replacing every
variable vertex v on LHS by =deg(v). In fact, #CSP(F )
is exactly the same as Holant(F ∪ {=k| k ≥ 1}). Thus,
#CSP problems can be viewed as Holant problems where all
EQUALITY functions are available for free, or assumed to be
present. It turns out that the main technical breakthrough for
our dichotomy theorem for planar #CSP comes from Holant
problems.

In this paper we will only consider Boolean variables X .
For a symmetric function on k variables, we denote it as
[f0, f1, . . . , fk], where fi is the value of f on inputs of
Hamming weight i. E.g., (=1) = [1, 1], (=2) = [1, 0, 1]
and (=3) = [1, 0, 0, 1] etc. When we relax Holant problems
by allowing all EQUALITY functions for free, we obtain

#CSP. We can also consider other relaxations. Let 0 = [1, 0]
and 1 = [0, 1] denote the constant 0 and 1 unary (arity
1) functions. Then Holantc is the natural class of Holant
problems where 0 and 1 are free. This amounts to computing
Holant on input graphs where we can set 0 or 1 to some
dangling edges (one end has degree 1). Another class of
Holant problems is called Holant∗ problems where we
assume all unary functions [u0, u1] are free.

In [9] we obtained a dichotomy theorem for (complex)
Holant∗ problems and (real) Holantc problems for symmet-
ric local constraint functions. The dichotomy criterion for
Holant∗ problems is still valid for planar graphs. The proof
of dichotomy theorems in this paper starts from there. We
note crucially that in Holant∗ one cannot differentiate perfect
matchings from general matchings, with the former being
tractable and the latter remain hard for planar graphs.

In Section III, we prove that for any real-valued symmetric
function set F , the planar Holantc(F) problem is tractable
(i.e., computable in P) iff either it is tractable over general
graphs (for which we already have an effective dichotomy
theorem [9]), or it is tractable because every function in
F is realizable by a matchgate, in which case the planar
Holantc(F) problem is computable by matchgates in P-time
using FKT. In all other cases the problem is #P-hard.1 A
crucial ingredient of the proof is a crossover construction
whose validity is proved algebraically, which seems to defy
any direct combinatorial justification. Many additional ideas
are used, including a successive “squeeze” that eventually
isolates the set of matchgates precisely.

Our second theorem (Section IV) is about planar #CSP
problems. We prove that for any set of real-valued symmetric
functions F , the planar #CSP(F) problem is tractable iff
either it is tractable as #CSP(F) without the planarity
restriction (for which we have an effective dichotomy the-
orem [9]), or it is tractable because every function in F
is realizable by a matchgate under a specific holographic
basis transformation. Thus planar #CSP(F) is solvable by a
holographic algorithm in the second case. For all other F the
problem is #P-hard. The proof of this dichotomy theorem
for planar #CSP is built on the one for planar Holantc in
Section III.

Our third result is a dichotomy theorem for planar 2-3
regular bipartite Holant problems (Section V). (This theorem
deals with Holant problems without assuming unary 0 and
1.) This includes Holant problems for 3-regular graphs as
a special case. The tractability criterion is the same: Either
it is tractable for general graphs (for which we also have
an effective dichotomy theorem [4]), or it is tractable by
a suitable holographic algorithm, which is a holographic
reduction to FKT using matchgates. In all other cases the
problem is #P-hard.

1Strictly speaking, we must only consider F where functions take
computable real numbers; this will be assumed implicitly.



The three dichotomy theorems are not mutually subsumed
by each other and are of independent interest. In each
framework the respective theorem is a demonstration that
holographic algorithms with matchgates capture precisely
those #P-hard problems which become tractable for planar
graphs. Many proof details are omitted for lack of space;
see the full paper [10].

II. PRELIMINARIES

Our functions take values in C by default. The framework
of Holant problems is defined for functions mapping any
[q]k → C for a finite q. Our results in this paper are for the
Boolean case q = 2. So we give the following definitions
only for q = 2 for notational simplicity.

A signature grid Ω = (H,F , π) consists of a graph
H = (V, E) with each vertex labeled by a function fv ∈ F .
The Holant problem on instance Ω is to compute HolantΩ =∑

σ

∏
v∈V fv(σ |E(v)), a sum over all edge assignments

σ : E → {0, 1}. A function fv is given by a vector in
C2deg(v)

listing its values, or a tensor in (C2)⊗ deg(v). A
function f ∈ F is also called a signature. A Holant problem
is parameterized by a set of signatures.

Definition II.1. Given a set of signatures F , we define a
counting problem Holant(F) (reps. Pl-Holant(F)):

Input: A signature grid Ω = (G,F , π) (resp. Ω =
(G,F , π), where G is a planar graph);

Output: HolantΩ.

We would like to characterize the complexity of Holant
problems in terms of its signature sets. 2 For some F , it
is possible that Holant(F) is #P-hard, while Pl-Holant(F)
is tractable. These new tractable cases make dichotomies
for planar Holant problems more challenging. This is also
the focus of this work. Some special families of Holant
problems have already been widely studied. For example,
if F contains all EQUALITY signatures {=1, =2, =3, . . .},
then this is exactly the weighted #CSP problem. Pl-#CSP
denotes the restriction of #CSP to planar structures, i.e., the
standard bipartite graphs representing the input instances of
#CSP are planar. In [9], we also introduced the following
two special families of Holant problems by assuming some
signatures are freely available.

Definition II.2. Let U denote the set of all unary signatures.
Given a set of signatures F , we use Holant∗(F) (or Pl-
Holant∗(F) respectively) to denote Holant(F ∪ U) (or Pl-
Holant(F ∪ U) respectively).

2Usually our set of signatures F is a finite set, and the assertion of either
Holant(F) is tractable or #P-hard has the usual meaning. However our
dichotomy theorem is actually stronger: we allow F to be infinite, e.g., to
include {=1, =2, =3, . . .} or all unary signatures. Holant(F) is tractable
means that it is computable in P even when we include the description of
the signatures in the input Ω in the input size. Holant(F) is #P-hard means
that there exists a finite subset of F for which the problem is #P-hard.

Definition II.3. Given a set of signatures F , we use
Holantc(F) (or Pl-Holantc(F) respectively) to denote
Holant(F∪{[1, 0], [0, 1]}) ( or Pl-Holant(F∪{[1, 0], [0, 1]})
respectively).

Replacing a signature f ∈ F by a constant multiple
cf , where c �= 0, does not change the complexity of
Holant(F). So we view f and cf as the same signature. An
important property of a signature is whether it is degenerate.
A signature is degenerate iff it is a tensor product of unary
signatures. In particular, a symmetric signature in F is
degenerate iff it can be expressed as λ[x, y]⊗k.

A signature from F at a vertex is considered a basic
realizable function. Instead of a single vertex, we can use
graph fragments to generalize this notion. An F -gate Γ
is a tuple (H,F , π), where H = (V, E, D) is a graph
with some dangling edges D. Other than these dangling
edges, an F -gate is the same as a signature grid. The
role of dangling edges is similar to that of external nodes
in Valiant’s notion [26], [28], however we allow more
than one dangling edges for a node. In H = (V, E, D)
each node is assigned a function in F by the mapping
π (we do not consider “dangling” leaf nodes at the end
of a dangling edge among these), E is the set of regular
edges, denoted as 1, 2, . . . , m, and D is the set of dangling
edges, denoted as m + 1, m + 2, . . . , m + n. Then we
can define a function for this F -gate Γ = (H,F , π),
Γ(y1, y2, . . . , yn) =

∑
x1x2···xm

H(x1x2 · · ·xmy1y2 · · · yn),
where (y1, y2, . . . , yn) ∈ {0, 1}n denotes an assignment on
the dangling edges and H(x1x2 · · ·xmy1y2 · · · yn) denotes
the value of the signature grid on an assignment of all edges.
We will also call this function the signature of the F -gate
Γ. An F -gate can be used in a signature grid as if it is just
a single node with the particular signature.

Using the idea of F -gates, we can reduce one Holant
problem to another. Let g be the signature of some F -gate
Γ. Then Holant(F ∪ {g}) ≤T Holant(F). The reduction
is quite simple. Given an instance of Holant(F ∪ {g}), by
replacing every appearance of g by an F -gate Γ, we get an
instance of Holant(F). Since the signature of Γ is g, the
values for these two signature grids are identical.

We note that even for a very simple signature set F ,
the signatures for all F -gates can be quite complicated and
expressive. Matchgate signatures are an example. Matchgate
is introduced by Valiant [26], [25], [28], whose definition is
combinatorial in nature. Matchgates can be viewed as a
special case of planar F -gates, where F contains Exact-
One functions of all arities and weight functions ([1, 0, w],
w ∈ C) on edges. The signature function Γ defined above
for a matchgate is called a matchgate signature, or a standard
signature. A signature function is realizable by a matchgate
if it is the standard signature of that matchgate. We have a
complete characterization of realizable signatures by match-
gates [3]. For symmetric signatures, the characterization is



simple. It satisfies the parity condition, i.e, all the even in-
dexed values are zero or all the odd indexed values are zero.
After removing these zero entries, the remaining sequence is
a geometric sequence. (After a holographic transformation,
a signature function is realizable under a basis if it is the
transformed signature of a matchgate; see below. We also
have a complete characterization of all symmetric signatures
realizable by matchgates under a holographic transformation
[6].)

To introduce the idea of holographic reductions, it is
convenient to consider bipartite graphs. This is without loss
of generality. For any general graph, we can make it bipartite
by adding an additional vertex on each edge, and giving each
new vertex the EQUALITY function =2 on 2 inputs.

We use Holant(G|R) to denote all counting problems,
expressed as Holant problems on bipartite graphs H =
(U, V, E), where each signature for a vertex in U or V
is from G or R, respectively. An input instance for the
bipartite Holant problem is a bipartite signature grid and
is denoted as Ω = (H,G|R, π). Signatures in G are denoted
by column vectors (or contravariant tensors); signatures in
R are denoted by row vectors (or covariant tensors) [11].

One can perform (contravariant and covariant) tensor
transformations on the signatures. We will define a simple
version of holographic reductions, which are invertible. They
are called holographic because they may produce exponen-
tial cancellations in the tensor space. Suppose Holant(G|R)
and Holant(G′|R′) are two Holant problems defined for
the same family of graphs, and T ∈ GL2(C) is a basis.
We say that there is an (invertible) holographic reduction
from Holant(G|R) to Holant(G′|R′), if the contravariant
transformation G′ = T⊗gG and the covariant transforma-
tion R = R′T⊗r map G ∈ G to G′ ∈ G′ and R ∈ R
to R′ ∈ R′, and vice versa, where G and R have arity g
and r respectively. (Notice the reversal of directions when
the transformation T⊗n is applied. This is the meaning of
contravariance and covariance.) Suppose there is a holo-
graphic reduction from #G|R to #G′|R′ mapping signature
grid Ω to Ω′, then HolantΩ = HolantΩ′ [28]. In particular,
for invertible holographic reductions from Holant(G|R) to
Holant(G′|R′), one problem is in P iff the other one is, and
similarly one problem is #P-hard iff the other one is also.

In the study of Holant problems, we will commonly
transfer between bipartite and non-bipartite settings. When
this does not cause confusion, we do not distinguish sig-
natures between column vectors (or contravariant tensors)
and row vectors (or covariant tensors). Whenever we write
a transformation as T⊗nF or TF , we view the signature
or signatures as column vectors (or contravariant tensors);
whenever we write a transformation as FT⊗n or FT , we
view them as row vectors (or covariant tensors).

III. DICHOTOMY FOR PLANAR HOLANTc PROBLEMS

Before presenting the main dichotomy theorem for planar
Holantc problems, we prove the following theorem, which
plays a crucial role in the proof of the main theorem.

Theorem III.1. Let a, b ∈ R.

• If ab �= 1 then Pl-Holantc([a, 0, 1, 0, b]) is #P-hard.
• If ab = 1 then Pl-Holantc([a, 0, 1, 0, b]) is solvable in

P.

We first prove three lemmas which will be used in the
proof of this theorem.

Lemma III.2. Let a, b, x ∈ R, ab �= 0 and x �= ±1. Then
Pl-Holantc({[a, 0, 0, 0, b], [0, 1, 0, x]}) is #P-hard.

Proof: Firstly, we show how to realize (=6) =
[1, 0, 0, 0, 0, 0, 1] by [a, 0, 0, 0, b]. [a, 0, 0, 0, b] can be at-
tached to a vertex of degree 4. We can connect 3 pairs of
edges of two copies of [a, 0, 0, 0, b] to realize the binary
function [a2, 0, b2].

If a2 = b2, then we connect one pair of edges from two
copies of [a, 0, 0, 0, b] to get [a2, 0, 0, 0, 0, 0, b2]. This is the
same as (=6) = [1, 0, 0, 0, 0, 0, 1] after factoring out the
non-zero factor a2 = b2.

If a2 �= b2, then we connect [a, 0, 0, 0, b] with a chain of
[a2, 0, b2] of length i to get [a2i+1, 0, 0, 0, b2i+1]. Because
for any i �= j, a2i+1/b2i+1 �= a2j+1/b2j+1, we can realize
(=4) = [1, 0, 0, 0, 1] using polynomial interpolation, as fol-
lows. Consider any signature grid on a planar graph G with
n occurrences of =4 together with some other signatures.
Let xk,� be the sum, over all 0-1 edge assignments σ, of
the products of all other vertex function values in G except
at n vertices with =4, where k, � ≥ 0 and k + � = n,
and in σ exactly k occurrences of =4 have input 0, and
exactly � occurrences of =4 have input 1. The Holant value
is

∑
k+�=n xk,�. Now substitute each occurrence of =4 by

[a2i+1, 0, 0, 0, b2i+1]. The new signature grid has Holant
value

∑
k+�=n xk,�(akb�)2i+1. This gives a Vandermonde

system from which we solve for xk,�. Now we have =4.
Then we connect two copies of =4 on one pair of edges to
get =6.

Take a vertex of degree 6 in a planar graph attached
with =6, where the 6 incident edges are its variables.
We will bundle two adjacent variables to form 3 bun-
dles of 2 edges each. Then if the inputs are restricted
to {(0, 0), (1, 1)} on each bundle, then the function takes
value 1 on ((0, 0), (0, 0), (0, 0)) and ((1, 1), (1, 1), (1, 1)),
and takes value 0 elsewhere. Thus if we restrict the domain
to {(0, 0), (1, 1)}, it is the ternary EQUALITY function =3.

Let F = [0, 1, 0, x] and let H(x1, x2, y1, y2) =∑
z=0,1 F (x1, y1, z)F (x2, y2, z). This H is realizable by

connecting one pair of edges of two copies of F . (Fig. 1.)We will consider H as a function in (x1, x2) and (y1, y2).
However we will only connect H externally by connecting
(x1, x2) and (y1, y2) to some bundle of two adjacent edges



Figure 1. The gadget for function
H .

Figure 2. The gadget for function
[1, 1, x2k].

of some =6. Since =6 enforces the values on the bundle
to be either (0, 0) or (1, 1), we will only be interested in
the restriction of H to the domain {(0, 0), (1, 1)}. On this
domain, H is a symmetric function of arity 2, and can
be denoted as [1, 1, x2]. (Note that H is not a symmetric
function of arity 4 on {0, 1}, as H(0, 1, 0, 1) = x.)

Now we have reduced Pl-Holantc({[1, 0, 0, 1], [1, 1, x2]})
to Pl-Holantc({[a, 0, 0, 0, b], [0, 1, 0, x]}).

Using (=3) = [1, 0, 0, 1], we can realize the EQUALITY

function =k of any arity k ≥ 3. Then we can realize
[1, 1, x2k], for all k ≥ 1. (See Figure 2.) If x = 0, then
we already have [1, 1, 0].

Suppose x �= 0. Because x2 �= 1 and being a positive
real number, we can realize [1, 1, 0] by interpolation. Now
we have reduced the problem Pl-Holant([1, 0, 0, 1] | [1, 1, 0])
to Pl-Holantc({[1, 0, 0, 1], [1, 1, x2]}). The bipartite problem
Pl-Holant([1, 0, 0, 1] | [1, 1, 0]) is #P-hard since it is counting
VERTEX COVERS on planar 3-regular graphs [29].

The following lemma handles a special case of Theo-
rem III.1. The proof uses Lemma III.2.

Lemma III.3. Pl-Holantc([0, 0, 1, 0, 0]) is #P-hard.

Proof: We construct a reduction from Pl-
Holantc([1, 0, 0, 0, 1], [0, 1, 0, 0]), which is #P-hard by
Lemma III.2, to Pl-Holantc([0, 0, 1, 0, 0]) by polynomial
interpolation.

Let F = [0, 0, 1, 0, 0]. There is a series of
planar gadgets (a chain of F ) realizing the
following sequence of functions: H2(x1, x2, y1, y2) =∑

x3,x4=0,1 F (x1, x2, x3, x4)F (y1, y2, x3, x4),
and for i ≥ 1, H2i+2(x1, x2, y1, y2) =∑

x3,x4=0,1 H2i(x1, x2, x3, x4)H2(y1, y2, x3, x4). The
gadget for H2i is composed of 2i functions F . As an
example, the gadget for H4 is shown in Figure 3.

Figure 3. The gadget for H4.

By calculation, H2i(0, 0, 0, 0) = H2i(1, 1, 1, 1) = 1,
and H2i(0, 1, 0, 1) = H2i(0, 1, 1, 0) = H2i(1, 0, 0, 1) =
H2i(1, 0, 1, 0) = 22i−1, and H2i is zero on other inputs.
Again we will consider the inputs to H2i as bundled into
(x1, x2) and (y1, y2).

Given a planar graph G as an instance of Pl-
Holantc([1, 0, 0, 0, 1], [0, 1, 0, 0]), suppose there are n ver-
tices in G attached with the function (=4) = [1, 0, 0, 0, 1].
For i = 1, 2, . . . , n + 1, we construct an instance Gi of
Pl-Holantc([0, 0, 1, 0, 0]) as follows: Replace each occur-
rence of =4 by a copy of H2i, and replace each occurrence
of [0, 1, 0, 0] by [0, 0, 1, 0, 0] connected with a [0, 1], which
exactly realizes [0, 1, 0, 0]. Note that by replacing =4 with
H2i, we have bundled two adjacent edges together (in the
planar embedding) for each vertex attached with =4.

Let xa,b denote the summation, over all 0-1 edge assign-
ments σ, of the products of all other vertex function values
in G except at those n vertices with =4, where a, b ≥ 0 and
a+b = n, and in σ exactly a occurrences of =4 have inputs
{0000, 1111}, and exactly b occurrences of =4 have inputs
{0101, 0110, 1001, 1010}.

Note that the Holant value on Gi is
∑

a+b=n

xab1a(22i−1)b.

On the other hand, the value of Pl-
Holantc([1, 0, 0, 0, 1], [0, 1, 0, 0]) on G is exactly xn,0.

When we take 1 ≤ i ≤ n + 1, we get a system of linear
equations in xab, whose coefficient matrix is a full ranked
Vandermonde matrix. Solving this Vandermonde system we
obtain the value xn,0.

The following result can be proved by interpolation as
well, whose proof is omitted here and can be found in the
full paper.

Lemma III.4. Let a �∈ {−1, 0, 1} be a real number. Then
we can interpolate all [x, 0, y, 0] and [0, y, 0, x] for x, y ∈ C

starting from either [0, 1, 0, a] or [a, 0, 1, 0].

Proof of Theorem III.1 If ab = 1, then [a, 0, 1, 0, b] is real-
izable by some matchgate [3]. This realizability also applies
to the unary functions [1, 0] and [0, 1]. Hence the problem
Pl-Holantc([a, 0, 1, 0, b]) can be solved in polynomial time
by matchgate computation via the FKT method [23], [15],
[16]. In the following we assume that ab �= 1 and prove that
the problem is #P-hard. The case a = b = 0 is proved in
Lemma III.3. Now we can assume at least one of a and b
is non-zero, and by symmetry we assume a �= 0.

We know from our dichotomy for Holantc problems
[9] that Holantc([a, 0, 1, 0, b]) for general graphs is #P-
hard unless a = b = 1 or a = b = −1, in which
cases it is tractable. Both of these tractable cases are also
included in the tractable cases (ab = 1) here. Therefore,
if we can realize a cross function X with a planar gadget
when ab �= 1, we can reduce Holantc([a, 0, 1, 0, b]) for
general graphs to Pl-Holantc([a, 0, 1, 0, b]) and finish the
proof. Here a cross function X has 4 input bits, and satisfies
X0000 = X0101 = X1010 = X1111 = 1 and Xα = 0 for all
other inputs α ∈ {0, 1}4.



If {a, b} �⊂ {−1, 0, 1}, we can use Lemma III.4 to inter-
polate all [x, 0, y, 0], for x, y ∈ C. If {a, b} ⊂ {−1, 0, 1},
then there are only four cases: [1, 0, 1, 0,−1], [1, 0, 1, 0, 0],
[−1, 0, 1, 0, 1] and [−1, 0, 1, 0, 0]. In all four cases, it is
easy to verify that we can realize a signature with a form
[c1, 0, c2, 0] where c1c2 �= 0 and c1 �= ±c2 using the
gadget in Figure 4. ( For [1, 0, 1, 0,−1], we get [8, 0, 4, 0] by
using [1, 0] in the gadget; for [1, 0, 1, 0, 0], we get [8, 0, 5, 0]
by using [1, 0]; for [−1, 0, 1, 0, 1], we get [0, 4, 0, 8] by
using [0, 1]; and for [−1, 0, 1, 0, 0], we get [0, 1, 0, 3] by
using [0, 1].) After factoring out a nonzero factor, we have
[c′, 0, 1, 0], where c′ ∈ R and c′ �∈ {0,±1}. As a result, we
can also interpolate all [x, 0, y, 0], where x, y ∈ C.

Figure 4. The signature of the
degree 1 vertex in the gadget is
[1, 0] or [0, 1].

Figure 5. This gadget is to real-
ize the Cross function. The signa-
ture for the center vertex (square) is
[t, 0, 1, 0, c

t
]. The signature for the

vertices in the four corners (circle)
is [x,0, 1, 0]. The signature for the
vertices on the four sides (triangle)
is [y, 0, 1, 0].

Now we can use all signatures of the form [x, 0, y, 0], for
arbitrary x, y ∈ C, to build new gadgets. We also have all
[x, 0, y] by connecting [x, 0, y, 0] to a [1, 0]. By connecting a
[ 4
√

t/a, 0, 4
√

a/t] to each edge of the signature [a, 0, 1, 0, b],
we get [t, 0, 1, 0, c

t ] for all t �= 0, where c = ab �= 1. Using
all these, we will build a planar gadget in Figure 5 to realize
the cross function X . In the equations below x, y, t are three
variables we can set to any complex numbers, with t �= 0.
The parameter c is given and not equal to 1.

(Of course we presumably could not build a cross function
X if c = 1; this is exactly when the problem is in P,
and this is also exactly when our construction of X fails.
If a cross function X were to exist when c = 1 then P
= #P would follow. However, it is still rather mysterious
that algebraically c = 1 is exactly when our construction
fails. This failure condition is by no means obvious from
the equations below.)

We can compute the signature of the gadget in Fig. 5. If
the input has an odd number of 1s, the value is 0. For other
inputs, we have

X0000 = x4y4t + t + 4x3y2 + 4x + 4x2y +
2cx2

t

X1111 = 2y2t + 12y +
2c

t

X0101 = X1010 = 2xy
2
t + 4x

2
y
2

+ 4 + 4xy +
2cx

t

X0011 = X1001 =

X1100 = X0110 = x2y3t + yt + 3x2y2 + 3 + 6xy +
2cx

t
.

What we need is that X0000 = X1111 = X0101 �= 0 and
X0011 = 0. In the full paper, we show that we can always
satisfy these conditions by choosing suitable x, y, t ∈ C and
t �= 0, for all c �= 1. Details are omitted here.

Now we come to the main dichotomy theorem for Pl-
Holantc problems.

Theorem III.5. Let F be a set of real symmetric signatures.
Pl-Holantc(F) is #P-hard unless F satisfies one of the
following conditions, in which case it is tractable:

1) Holantc(F) is tractable (for which we have an effec-
tive dichotomy [9]); or

2) Every signature in F is realizable by some matchgate
(for which we have a complete characterization [3]).

Before we give the proof, we do some normalization of
the signature set F . Since any degenerate signature [x, y]⊗k

can be replaced by the corresponding unary signature [x, y]
without changing the complexity of the problem, we always
assume that all the signatures in F , whose arity is greater
than 1, are non-degenerate. Since [1, 0] and [0, 1] are freely
available, we can construct any sub-signature of an original
signatures as well as any signature realizable by an F -gate.

The main idea of the proof is to interpolate all unary
functions. If we can do that, we can reduce the problem Pl-
Holant∗(F) to Pl-Holantc(F) and finish the proof. We note
that our dichotomy in [9] for Holant∗(F) also holds for
planar graphs. In some cases, we cannot interpolate all unary
functions, then we prove the theorem separately, mainly
using Lemma III.2 and Theorem III.1. The following lemma
is for interpolation of unary functions; the proof is omitted.

Lemma III.6. If we can construct from F a gadget with
signature [a, b, c], where b2 �= ac, b �= 0 and a + c �= 0,
then we can interpolate all unary functions. (Hence the
conclusions of Theorem III.5 hold.)

If we can construct from F a gadget with a binary sym-
metric signature [a, b, c], which satisfies all the conditions in
Lemma III.6, then we are done. For most cases, we prove
the theorem by interpolating all unary signatures. However,
in some more delicate cases, we are not able to do that. For
example, if all signatures from F have the parity condition,
which includes a proper superset of matchgate signatures,
then all unary signatures we can realize have form [a, 0] or
[0, a], so we can not interpolate all unary signatures. For
these cases, our starting point is Theorem III.1.

We define some families of symmetric signatures, which
will be used in our proof.

G1 = {[a, 0, 0, · · · , 0, b] | ab �= 0}



G2 = {[x0, x1, · · · , xk] | ∀i is even (or odd) , xi = 0}
G3 = {[x0, x1, · · · , xk] | ∀i, xi + xi+2 = 0}
M = { f | f is realizable by some matchgate }.
The following several lemmas all have the form “If F �⊆ A,
then the conclusions of Theorem III.5 hold.” After proving
each lemma, in subsequent lemmas, we only need to con-
sider the case that F ⊆ A.

Lemma III.7. If F �⊆ G1 ∪G2 ∪G3, then the conclusions of
Theorem III.5 hold.

Proof: Since F �⊆ G1 ∪ G2 ∪ G3, there exists an f ∈ F
and f �∈ G1 ∪ G2 ∪ G3. Since all unary signatures are in
G3, the arity of f is greater than 1 and f is non-degenerate.
There are two cases according to whether f has a zero entry
or not.

(1) f has some zero entries. If there exists a sub-signature
of f of the form [0, a, b] or [a, b, 0], where ab �= 0, then
we are done by Lemma III.6. Otherwise, we can conclude
that there are no two successive non-zero entries. So the
signature f has this form [0i0x10i1x20i2 · · ·xk0ik ], where
k ≥ 1, xj �= 0 and for all 1 ≤ j ≤ k − 1, ij ≥ 1. If for all
1 ≤ j ≤ k − 1, ij is odd, (including k = 1), then f ∈ G2, a
contradiction. Otherwise there exists a sub-signature of form
[x, 0, 0, · · · , 0, y], where xy �= 0 and there are a positive
even number of 0s between x and y. If this is the entire
f , then f ∈ G1, a contradiction. So there is one 0 before
x or after y. By symmetry, we assume there is a 0 before
x, so we have a sub-signature [0, x, 0, 0, · · · , 0, y], whose
arity is even and at least 4. We label its dangling edges
1, 2, · · · , 2k. Then for every i = 1, 2, · · · , k−1, we connect
dangling edges 2i + 1 and 2i + 2 together to form a regular
edge. After that, we have an F -gate with arity 2, and its
signature is [0, x, y]. Then we are done by Lemma III.6.

(2) f has no zero entry. We only need to prove that
we can construct a function [a′, b′, c′] satisfying the three
conditions in Lemma III.6. Suppose all sub-signatures of f
with arity 2 do not satisfy all the three conditions. For each
sub-signature [a′, b′, c′], either a′ + c′ = 0, or b′2 = a′c′. If
all of them satisfy a′+c′ = 0, then f ∈ G3. A contradiction.
If all of them satisfy b′2 = a′c′, then f is degenerate.
A contradiction. W.l.o.g., we can assume there is a sub-
signature [a, b, c, d] of f , such that a + c = 0, b + d �= 0,
and c2 = bd. We get this sub-signature [a, b, c, d] by [1, 0]
and [0, 1]. Combining two [a, b, c, d], we can get a function
[a′, b′, c′] = [a2 + 2b2 + c2, ab + 2bc + cd, b2 + 2c2 + d2] =
[2(b2 + c2), c(b + d), (b + d)2]. Then b′ = c(b + d) �= 0.
a′ + c′ > 0. And a′c′ − b′2 = (b + d)2(2b2 + c2) > 0. We
are done by Lemma III.6.

The following lemma uses Theorem III.1 in an essential
way, which in turns depends on the crossover.

Lemma III.8. If F �⊆ G1 ∪ M ∪ G3, then the conclusions
of Theorem III.5 hold.

Proof: If F �⊆ G1 ∪ G2 ∪ G3, then by Lemma III.7,
we are done. Otherwise, there exists a signature f ∈ F ⊆
G1 ∪ G2 ∪ G3 and f �∈ G1 ∪ M ∪ G3. Then it must be the
case that f ∈ G2. Note that every signature with arity at
most 3 in G2 (this is called the parity condition) is also
contained in M, so f is of arity greater than 3. Let f =
[x0, x1, · · · , xn], for some n ≥ 4. Suppose there exists some
i ∈ [2, 3, · · · , n−2] such that xi �= 0. If xi−2xi+2 �= x2

i , then
we can get [xi−2, 0, xi, 0, xi+2] by [1, 0] and [0, 1] which
restrict the signature to a sub-signature. Then the problem
is #P-hard by Theorem III.1 and we are done. Otherwise, we
have xi−2xi+2 = x2

i �= 0. Then starting from xi−2 �= 0 and
if i− 2 ∈ [2, 3, · · · , n− 2], we can get xi−4xi = x2

i−2 �= 0.
Similarly we can start with xi+2. A signature satisfying the
parity condition and is a geometric series on the alternate
entries is realizable by a matchgate [2], [3], a contradiction.

Now we may assume xi = 0 for all i ∈ [2, 3, · · · , n− 2].
Since f ∈ G2 − (M ∪ G1), we know that there are only
three possible subcases: (1) n is odd, n ≥ 5, x0xn−1 �= 0
and x1 = xn = 0; (2) n is odd, n ≥ 5, x1xn �= 0 and
x0 = xn−1 = 0; (3) n ≥ 6 is even, x1xn−1 �= 0 and x0 =
xn = 0. This uses the theory of matchgate realizability [2],
[3]. Crucially, if n is even and n < 6, then n = 4 and the
case x1xn−1 �= 0, x0 = xn = 0 belongs to M. The subcases
(1) and (2) are reversals of each other and (3) contains a
signature in form (1) and (2). So after normalizing (and
connecting pairs of edges together if n > 5), we will get
a signature [0, 1, 0, 0, 0, x] where x �= 0. So we have both
sub-signature [0, 1, 0, 0] and [1, 0, 0, 0, x]. As we proved in
Lemma III.2, the problem is #P-hard and we are done. This
finishes the proof.

Lemma III.9. If [0, 1, 0, x] ∈ F (or [1, 0, x, 0] ∈ F) where
x ∈ R, x �= ±1, then the conclusions of Theorem III.5 hold.

Proof: If x �= 0, we can use Lemma III.4 to interpolate
[0, 1, 0, 0]. So we assume we have [0, 1, 0, 0] from F . If
F �⊆ G1 ∪ M ∪ G3, then by Lemma III.8, we are done.
If F ⊆ M, then the problem is tractable and we are done.
Otherwise, there exists a signature f ∈ F ⊆ G1 ∪M ∪ G3

and f �∈ M. That is f ∈ (G1 ∪ G3 −M).
If f has arity ≥ 1 and of the form

[x0, x1,−x0,−x1, x0 · · · ] ∈ G3 − M, then we will
have x0x1 �= 0. Otherwise we would have f ∈ M, a
contradiction. Connecting one unary signature [x0, x1]
to [0, 1, 0, 0], we get [x1, x0, 0] which satisfies all the
conditions in Lemma III.6, and we are done.

Now we consider f = [1, 0, 0, · · · , 0, y] ∈ G1−M, where
y �= 0. Since f �∈ M, its arity n is greater than 2. If n is odd,
we can connect its edges except one to get a unary signature
[1, y]. Then we can use a similar argument as above and we
are done. If n is even, then it is at least 4, since f �∈ M. After
connecting its edges except four, we can get [1, 0, 0, 0, y].
Together with [0, 1, 0, 0], we know the problem is #P-hard
by Lemma III.2. This completes the proof.



The proof of Theorem III.5 is continued with 4 more
lemmas, making successive “squeezes” on the class F . They
are omitted here and can be found in the full paper.

IV. DICHOTOMY FOR PLANAR WEIGHTED #CSP

In this section, we prove a dichotomy for planar real
weighted #CSP. Compared to the dichotomy for general real
weighted #CSP, the new tractable cases for planar structures
are precisely those which can be computed by holographic
algorithms with matchgates. Since all the equality functions
are assumed to be available, the only possible basis used

in holographic algorithms is

[
1 1
1 −1

]
(this can be com-

puted by the characterization in [5]). Now we present the
dichotomy theorem for planar weighted #CSP.

Theorem IV.1. Let F be a set of real symmetric functions.
Pl-#CSP(F) is #P-hard unless F satisfies one of the follow-
ing conditions, in which case it is tractable:

1) #CSP(F) is tractable (for which we have an effective
dichotomy [9]); or

2) Every function in F is realizable by some matchgate

under basis

[
1 1
1 −1

]
(for which we have a complete

characterization [3]).

The main proof idea is to reduce Pl-Holantc problems
to Pl-#CSP problems. Pl-#CSP(F) is exactly the same as
planar Holant with all the EQUALITY functions, i.e., Pl-
Holant(F∪{[1, 1], [1, 0, 1], [1, 0, 0, 1], [1, 0, 0, 0, 1], . . .}). We
can use a holographic reduction under the basis H =[
1 1
1 −1

]
. Under this transformation, the problem is trans-

formed to, and hence has the same complexity as Pl-
Holant(HF ∪ {[1, 0], [1, 0, 1], [1, 0, 1, 0], [1, 0, 1, 0, 1], . . .}).
Since this holographic reduction gives us [1, 0] (from [1, 1]),
if we can further realize (or interpolate) [0, 1], we can
view the problem as a Pl-Holantc problem and apply Theo-
rem III.5 to HF ∪ {[1, 0, 1], [1, 0, 1, 0], [1, 0, 1, 0, 1], . . .} to
get a proof of Theorem IV.1. In the following, we show
how to realize (or interpolate) [0, 1]. Once we have [0, 1], the
translation of the criterion of Theorem III.5 to Theorem IV.1
is straightforward.

It turns out that to realize (or interpolate) [0, 1] in some
cases is difficult. The following lemma says that it is also
sufficient if we can realize (or interpolate) [0, 0, 1]. [0, 0, 1]
can be viewed as two copies of [0, 1], as [0, 0, 1] = [0, 1]⊗
[0, 1]. Intuitively, we will use one copy of [0, 0, 1] to replace
two occurrences of [0, 1]. However, there are two technical
difficulties. One is that there may be an odd number of
occurrences of [0, 1] used in the input instance; the second
difficulty, which is more subtle, is that we have to pair
up two copies of [0, 1] while maintaining planarity of the
instance.

Lemma IV.2. The planar holant problem Pl-Holant(F ∪

{[1, 0], [0, 0, 1], [1, 0, 1], [1, 0, 1, 0], [1, 0, 1, 0, 1], . . .}) is #P-
hard (or in P) if and only if the problem Pl-Holantc(F ∪
{[0, 0, 1], [1, 0, 1], [1, 0, 1, 0], [1, 0, 1, 0, 1], . . .}) is #P-hard
(or in P).

Proof: There is one more function [0, 1] in the second
signature set than the first, so obviously the first one can be
reduced to the second one. Hence if the second problem is
in P, so is the first. We have already proved a dichotomy
theorem for Pl-Holantc problems. So now we may assume
the second problem is #P-hard, and show that the first
problem is also #P-hard.

We observe that all the proofs in this paper and [9],
when the second problem for any signature set is proved
to be #P-hard, one of the following three problems: (a)
Pl-Holant([1, 0, 0, 1]|[1, 1, 0]), (b) Pl-Holant([1, 1, 0, 0]), or
(c) Holant[0, 1, 0, 0] (respectively counting VERTEX COVER,
MATCHING for planar 3-regular graphs, or PERFECT

MATCHING for general 3-regular graphs) is reduced to it
by a chain of reductions. There are only three reduction
methods in this reduction chain, direct gadget construction,
polynomial interpolation, and holographic reduction.

Given an instance G of Pl-Holant([1, 0, 0, 1]|[1, 1, 0]),
Pl-Holant([1, 1, 0, 0]), or Holant[0, 1, 0, 0], we consider the
graph G∪G, which denotes the disjoint union of two copies
of G.

Notice that the value of Pl-Holant([1, 0, 0, 1]|[1, 1, 0]), Pl-
Holant([1, 1, 0, 0]), or Holant[0, 1, 0, 0] on the instance G
is a non-negative integer, and the value on G ∪ G is its
square. So we can compute the value on G uniquely from
its square. Suppose the reduction chain on the instance G
produced instances G1, G2, . . . , Gm of the second problem.
The same reduction applied to G∪G produces instances of
the form G1 ∪G1, G2 ∪G2, . . . , Gm′ ∪Gm′ . (We note that
the reduction on G ∪ G may produce polynomially more
instances than on G because of polynomial interpolation.)

Now we only need to show how to transform instances
G1∪G1, G2∪G2, . . . , Gm′ ∪Gm′ in the second problem, to
instances of the first problem with the same values (replacing
all occurrences of the signature [0, 1] by some [0, 0, 1]). Gi∪
Gi is a planar graph with zero or more vertices of degree one
attached with the function [0, 1]. We want to use one copy
of [0, 0, 1] to replace one pair of [0, 1], while maintaining
planarity.

Take a spanning tree of the dual graph of Gi. Let the
outer face be the root. Choose an arbitrary leaf of this tree,
which corresponds to a face C of Gi. Suppose C′ is the face
corresponding to the parent of C in the tree. If there are an
even number of vertices of degree one attached with [0, 1] in
face C, we can perfectly match them and realize them using
[0, 0, 1] while maintaining planarity in this face. This can be
done by matching these dangling vertices of degree one in a
clockwise fashion on this face C. If there are an odd number
of [0, 1] in face C, we choose one edge e between C and C′,



and add a new vertex ve on e, and connect two new vertices
of degree one to ve. The two new vertices are attached [0, 1],
and ve has degree 4 and is attached [1, 0, 1, 0, 1]. The effect
of [1, 0, 1, 0, 1] connected by two [0, 1] is the same as the
function [1, 0, 1], which is exactly the same as the edge e
itself. We put one new vertex with [0, 1] in face C, and the
other one in face C′. Now, there are an even number of
[0, 1] in face C, and we can replace them by [0, 0, 1] in C,
as before. We may repeat this process, until we reach the
root in the dual graph of Gi. If we do the same for the two
Gi in Gi ∪Gi, we will have an even number of [0, 1] in the
common outer face and can at last perfectly match the [0, 1]
vertices and realize them by [0, 0, 1]. In the end we get an
instance of the first problem, which has the same value.

To sum up the above discussion, and apply
Theorem III.5, we know that if we can
realize (or interpolate) [0, 1] or [0, 0, 1] from
HF ∪ {[1, 0], [1, 0, 1], [1, 0, 1, 0], [1, 0, 1, 0, 1], . . .}, then the
conclusion of Theorem IV.1 holds. The main effort of the
remaining proof is to do that, which is omitted here due
to space limitation. The general thrust of the proof is to
squeeze all possible f into several standardized forms,
and either prove #P-hardness or reach a contradiction. The
detail of the proof can be found in the full paper.

V. DICHOTOMY FOR PLANAR 2-3 REGULAR GRAPHS

In this section we prove a dichotomy for Holant on
planar 2-3 regular graphs. This setting is very interesting
for at least two reasons. From dichotomy theorem point
of view, this is the simplest nontrivial setting and always
serves as the starting point of more general dichotomy
theorems as in [9], [4]. This was also a focus of several
previous work [7], [17], [8], [18], whose result is the starting
point of this theorem. From the holographic algorithms
point of view, most of the known holographic algorithms
[28], [27] are essentially for planar 2-3 regular graphs. The
dichotomy theorem here explains the reason why they are
special and why many variations of them are #P-hard. In the
previous two dichotomies for Pl-Holantc and Pl-#CSP, the
new tractable cases for planar are also done by holographic
algorithms with matchgates. However, only special basis
transformations are used since we assume some signatures
are freely available. In this planar 2-3 regular graphs setting,
no additional signatures are assumed to be freely available.
Therefore all possible bases can be used in tractable cases.

Theorem V.1. Let [y0, y1, y2] and [x0, x1, x2, x3] be two
complex symmetric signatures with arity 2 and 3 respec-
tively. Then Pl-Holant([y0, y1, y2]|[x0, x1, x2, x3]) is #P-
hard unless [y0, y1, y2] and [x0, x1, x2, x3] satisfy one of the
following conditions, in which case it is tractable:

1) Holant([y0, y1, y2]|[x0, x1, x2, x3]) is tractable (for
which we have an effective dichotomy [4]); or

2) There exists a basis T such that both
[y0, y1, y2](T−1)⊗2 and T⊗3[x0, x1, x2, x3] are
realizable by some matchgates (for which we have a
complete characterization [5]).

Proof: If [x0, x1, x2, x3] or [y0, y1, y2] is degenerate, the
problem is tractable, even for the non-planar case, and so this
falls in condition 1. Now we assume that they are both non-
degenerate. As proved in [9], we can choose an invertible
T1 such that [x0, x1, x2, x3] (or its reversal, which is similar
and we omit that case) can be written as T⊗3

1 [1, 0, 0, 1] or
T⊗3

1 [1, 1, 0, 0]. Therefore by a holographic reduction, we can
always reduce the problem equivalently to one of the fol-
lowing two problems: (1) Pl-Holant([z0, z1, z2]|[1, 0, 0, 1])
and (2) Pl-Holant([z0, z1, z2]|[1, 1, 0, 0]). So it is sufficient
to prove the theorem for these two cases.

For Pl-Holant([z0, z1, z2]|[1, 0, 0, 1]), a dichotomy theo-
rem proved in [18], is also valid for planar structures. By
that theorem, the only case which is hard for general graphs
and tractable for planar graphs is z3

0 = z3
2 . This condition

is exactly the same as the condition that there exists a basis
T such that both [y0, y1, y2](T−1)⊗2 and T⊗3[1, 0, 0, 1] are
realizable by some matchgates. This proves Theorem V.1 for
case (1).

Now we consider Pl-Holant([z0, z1, z2]|[1, 1, 0, 0]). If
z0 = 0, the problem is trivially tractable even for general
graphs. This can be seen by a simple counting argument:
in a bipartite graph the LHS vertices all have the signature
[0, z1, z2] and thus at least half the edges must be 1, while
the RHS vertices all have the signature [1, 1, 0, 0] and thus
less than half the edges are 1. This is also the only case
where the problem is not #P-hard for general graphs when
the RHS has [1, 1, 0, 0] by [4]. Now we assume z0 �= 0. Then
it is sufficient to prove that either the problem is #P-hard or
there exists a basis transformation T such that [1, 1, 0, 0]T⊗3

and (T−1)⊗2[z0, z1, z2] are realizable by some matchgates.

Let T =
[ √

z0 0
z1/

√
z0

√
(z0z2 − (z1)2)/z0

]
. Note that T is

well defined and invertible since z0 �= 0 and [z0, z1, z2] is
non-degenerate ( i.e., z0z2− (z1)2 �= 0). Then we can verify
that

[1, 1, 0, 0]T⊗3 = [
√

z0(z0 + 3z1),
√

z0(z0z2 − (z1)2), 0, 0]

and (T−1)⊗2[z0, z1, z2] = [1, 0, 1].

We note that
√

z0(z0z2 − (z1)2) �= 0. If
√

z0(z0 + 3z1) =
0, then both [

√
z0(z0 + 3z1),

√
z0(z0z2 − (z1)2), 0, 0] and

[1, 0, 1] can be realized by matchgates and the problem for
planar graphs is tractable. We denote v =

√
z0(z0+3z1)√

z0(z0z2−(z1)2)
�=

0. Then the problem is equivalent to (non-bipartite) Pl-
Holant([v, 1, 0, 0]). Now it is sufficient to prove the following
claim, whose proof is omitted here and can be found in the
full paper.

Claim: Let v �= 0 be a complex number. Then Pl-
Holant([v, 1, 0, 0]) is #P-hard.



ACKNOWLEDGMENTS

Jin-Yi Cai is supported by NSF CCF-0830488 and CCF-
0511679. Mingji Xia is supported by the Grand Challenge
Program “Network Algorithms and Digital Information” of
the Institute of Software, CAS and partially supported by
NSFC 60970003. We thank the following colleagues for
their interests and helpful comments: Xi Chen, Martin Dyer,
Alan Frieze, Sean Hallgren, Leslie Goldberg, Sorin Istrail,
Richard Lipton, Jason Morton, Dana Randall, Leslie Valiant
and Santosh Vempala. We also thank the anonymous referees
for their helpful comments.

REFERENCES

[1] R.J. Baxter. Exactly solved models in statistical mechanics.
Academic press London, 1982.

[2] Jin-Yi Cai and Vinay Choudhary. Some results on matchgates
and holographic algorithms. In ICALP (1), volume 4051 of
Lecture Notes in Computer Science, pages 703–714. 2006.

[3] Jin-Yi Cai, Vinay Choudhary, and Pinyan Lu. On the theory
of matchgate computations. In CCC ’07, pages 305–318,
2007.

[4] Jin-Yi Cai, Sangxia Huang, and Pinyan Lu. From holant
to #CSP and back: Dichotomy for holantc problems. arXiv
1004.0803, 2010.

[5] Jin-Yi Cai and Pinyan Lu. Holographic algorithms: from art
to science. In STOC ’07, pages 401–410, 2007.

[6] Jin-Yi Cai and Pinyan Lu. On symmetric signatures in
holographic algorithms. Theory Comput. Syst., 46(3):198–
415, 2010.

[7] Jin-Yi Cai, Pinyan Lu, and Mingji Xia. Holographic al-
gorithms by fibonacci gates and holographic reductions for
hardness. In FOCS ’08, pages 644-653, 2008.

[8] Jin-Yi Cai, Pinyan Lu, and Mingji Xia. A computational
proof of complexity of some restricted counting problems. In
TAMC, volume 5532 of Lecture Notes in Computer Science,
pages 138–149, 2009.

[9] Jin-Yi Cai, Pinyan Lu, and Mingji Xia. Holant problems and
counting CSP. In STOC, pages 715–724. 2009.

[10] Jin-Yi Cai, Pinyan Lu, and Mingji Xia. Holographic al-
gorithms with matchgates capture precisely tractable planar
#CSP. arXiv 1008.0683, 2010.

[11] C. T. J. Dodson and T. Poston. Tensor Geometry. Graduate
Texts in Mathematics 130. Springer-Verlag, New York, 1991.

[12] E. Ising. Beitrag zur theorie des ferromagnetismus. Zeitschrift
für Physik A Hadrons and Nuclei, 31(1):253–258, 1925.

[13] Sorin Istrail. Statistical mechanics, three-dimensionality and
NP-completeness: I. universality of intracatability for the par-
tition function of the ising model across non-planar surfaces
(extended abstract). In STOC, pages 87–96, 2000.

[14] Mark Jerrum and Alistair Sinclair. Polynomial-time approx-
imation algorithms for the ising model. SIAM J. Comput.,
22(5):1087–1116, 1993.

[15] P. W. Kasteleyn. The statistics of dimers on a lattice. Physica,
27:1209–1225, 1961.

[16] P. W. Kasteleyn. Graph theory and crystal physics. In
F. Harary, editor, Graph Theory and Theoretical Physics,
pages 43–110. Academic Press, London, 1967.

[17] Michael Kowalczyk. Classification of a class of counting
problems using holographic reductions. In COCOON, volume
5609 of Lecture Notes in Computer Science, pages 472–485.
2009.

[18] Michael Kowalczyk and Jin-Yi Cai. Holant problems for
regular graphs with complex edge functions. In STACS, pages
525-536, 2010.

[19] T.D. Lee and C.N. Yang. Statistical theory of equations of
state and phase transitions. II. Lattice gas and Ising model.
Physical Review, 87(3):410–419, 1952.

[20] E.H. Lieb and A.D. Sokal. A general Lee-Yang theorem for
one-component and multicomponent ferromagnets. Commu-
nications in Mathematical Physics, 80(2):153–179, 1981.

[21] B.M. McCoy and T.T. Wu. The two-dimensional Ising model.
Harvard University Press Cambridge, 1973.

[22] L. Onsager. Crystal statistics. I. A two-dimensional model
with an order-disorder transition. Physical Review, 65(3-
4):117–149, 1944.

[23] H. N. V. Temperley and M. E. Fisher. Dimer problem
in statistical mechanics c an exact result. Philosophical
Magazine, 6:1061C 1063, 1961.

[24] Leslie G. Valiant. The complexity of computing the perma-
nent. Theor. Comput. Sci., 8:189–201, 1979.

[25] Leslie G. Valiant. Expressiveness of matchgates. Theor.
Comput. Sci., 289(1):457–471, 2002.

[26] Leslie G. Valiant. Quantum circuits that can be simulated
classically in polynomial time. SIAM J. Comput., 31(4):1229–
1254, 2002.

[27] Leslie G. Valiant. Accidental algorthims. In FOCS ’06, pages
509–517, 2006.

[28] Leslie G. Valiant. Holographic algorithms. SIAM J. Comput.,
37(5):1565–1594, 2008.

[29] Mingji Xia, Peng Zhang, and Wenbo Zhao. Computational
complexity of counting problems on 3-regular planar graphs.
Theor. Comput. Sci., 384(1):111–125, 2007.

[30] C.N. Yang. The spontaneous magnetization of a two-
dimensional Ising model. Physical Review, 85(5):808–816,
1952.

[31] C.N. Yang and T.D. Lee. Statistical theory of equations
of state and phase transitions. I. Theory of condensation.
Physical Review, 87(3):404–409, 1952.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AbadiMT-CondensedLight
    /ACaslon-Italic
    /ACaslon-Regular
    /ACaslon-Semibold
    /ACaslon-SemiboldItalic
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AgencyFB-Bold
    /AgencyFB-Reg
    /AGOldFace-Outline
    /AharoniBold
    /Algerian
    /Americana
    /Americana-ExtraBold
    /AndaleMono
    /AndaleMonoIPA
    /AngsanaNew
    /AngsanaNew-Bold
    /AngsanaNew-BoldItalic
    /AngsanaNew-Italic
    /AngsanaUPC
    /AngsanaUPC-Bold
    /AngsanaUPC-BoldItalic
    /AngsanaUPC-Italic
    /Anna
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMT-Black
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /BakerSignet
    /BankGothicBT-Medium
    /Barmeno-Bold
    /Barmeno-ExtraBold
    /Barmeno-Medium
    /Barmeno-Regular
    /Baskerville
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-BoldItalic
    /Baskerville-Italic
    /BaskOldFace
    /Batang
    /BatangChe
    /Bauhaus93
    /Bellevue
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlingAntiqua-Bold
    /BerlingAntiqua-BoldItalic
    /BerlingAntiqua-Italic
    /BerlingAntiqua-Roman
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BiffoMT
    /BinnerD
    /BinnerGothic
    /BlackadderITC-Regular
    /Blackoak
    /Bodoni
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /Bodoni-Italic
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Poster
    /Bodoni-PosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolSeven
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /Botanical
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /BradleyHandITC
    /Braggadocio
    /BritannicBold
    /Broadway
    /BrowalliaNew
    /BrowalliaNew-Bold
    /BrowalliaNew-BoldItalic
    /BrowalliaNew-Italic
    /BrowalliaUPC
    /BrowalliaUPC-Bold
    /BrowalliaUPC-BoldItalic
    /BrowalliaUPC-Italic
    /BrushScript
    /BrushScriptMT
    /CaflischScript-Bold
    /CaflischScript-Regular
    /Calibri
    /Calibri-Bold
    /Calibri-BoldItalic
    /Calibri-Italic
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Cambria
    /Cambria-Bold
    /Cambria-BoldItalic
    /Cambria-Italic
    /CambriaMath
    /Candara
    /Candara-Bold
    /Candara-BoldItalic
    /Candara-Italic
    /Carta
    /CaslonOpenfaceBT-Regular
    /Castellar
    /CastellarMT
    /Centaur
    /Centaur-Italic
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /CharterBT-Bold
    /CharterBT-BoldItalic
    /CharterBT-Italic
    /CharterBT-Roman
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /Chiller-Regular
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ColonnaMT
    /Colossalis-Bold
    /ComicSansMS
    /ComicSansMS-Bold
    /Consolas
    /Consolas-Bold
    /Consolas-BoldItalic
    /Consolas-Italic
    /Constantia
    /Constantia-Bold
    /Constantia-BoldItalic
    /Constantia-Italic
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /Copperplate-ThirtyThreeBC
    /Corbel
    /Corbel-Bold
    /Corbel-BoldItalic
    /Corbel-Italic
    /CordiaNew
    /CordiaNew-Bold
    /CordiaNew-BoldItalic
    /CordiaNew-Italic
    /CordiaUPC
    /CordiaUPC-Bold
    /CordiaUPC-BoldItalic
    /CordiaUPC-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /CourierX-Bold
    /CourierX-BoldOblique
    /CourierX-Oblique
    /CourierX-Regular
    /CreepyRegular
    /CurlzMT
    /David-Bold
    /David-Reg
    /DavidTransparent
    /Desdemona
    /DilleniaUPC
    /DilleniaUPCBold
    /DilleniaUPCBoldItalic
    /DilleniaUPCItalic
    /Dingbats
    /DomCasual
    /Dotum
    /DotumChe
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversGothicBT-Regular
    /EngraversMT
    /EraserDust
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErieBlackPSMT
    /ErieLightPSMT
    /EriePSMT
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EucrosiaUPC
    /EucrosiaUPCBold
    /EucrosiaUPCBoldItalic
    /EucrosiaUPCItalic
    /EUEX10
    /EUEX7
    /EUEX8
    /EUEX9
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EuroSig
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /FelixTitlingMT
    /Fences
    /FencesPlain
    /FigaroMT
    /FixedMiriamTransparent
    /FootlightMTLight
    /Formata-Italic
    /Formata-Medium
    /Formata-MediumItalic
    /Formata-Regular
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothicITCbyBT-Book
    /FranklinGothicITCbyBT-BookItal
    /FranklinGothicITCbyBT-Demi
    /FranklinGothicITCbyBT-DemiItal
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FrankRuehl
    /FreesiaUPC
    /FreesiaUPCBold
    /FreesiaUPCBoldItalic
    /FreesiaUPCItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Frutiger-Black
    /Frutiger-BlackCn
    /Frutiger-BlackItalic
    /Frutiger-Bold
    /Frutiger-BoldCn
    /Frutiger-BoldItalic
    /Frutiger-Cn
    /Frutiger-ExtraBlackCn
    /Frutiger-Italic
    /Frutiger-Light
    /Frutiger-LightCn
    /Frutiger-LightItalic
    /Frutiger-Roman
    /Frutiger-UltraBlack
    /Futura-Bold
    /Futura-BoldOblique
    /Futura-Book
    /Futura-BookOblique
    /FuturaBT-Bold
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-Medium
    /FuturaBT-MediumItalic
    /Futura-Light
    /Futura-LightOblique
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BoldItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Gautami
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GeorgiaRef
    /Giddyup
    /Giddyup-Thangs
    /Gigi-Regular
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSans-Condensed
    /GillSans-CondensedBold
    /GillSans-Italic
    /GillSans-Light
    /GillSans-LightItalic
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GloucesterMT-ExtraCondensed
    /Gothic-Thirteen
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /GoudyTextMT-LombardicCapitals
    /GSIDefaultSymbols
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /Helvetica
    /Helvetica-Black
    /Helvetica-BlackOblique
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Condensed
    /Helvetica-Condensed-Black
    /Helvetica-Condensed-BlackObl
    /Helvetica-Condensed-Bold
    /Helvetica-Condensed-BoldObl
    /Helvetica-Condensed-Light
    /Helvetica-Condensed-LightObl
    /Helvetica-Condensed-Oblique
    /Helvetica-Fraction
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Humanist521BT-BoldCondensed
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-RomanCondensed
    /Imago-ExtraBold
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /IrisUPC
    /IrisUPCBold
    /IrisUPCBoldItalic
    /IrisUPCItalic
    /Ironwood
    /ItcEras-Medium
    /ItcKabel-Bold
    /ItcKabel-Book
    /ItcKabel-Demi
    /ItcKabel-Medium
    /ItcKabel-Ultra
    /JasmineUPC
    /JasmineUPC-Bold
    /JasmineUPC-BoldItalic
    /JasmineUPC-Italic
    /JoannaMT
    /JoannaMT-Italic
    /Jokerman-Regular
    /JuiceITC-Regular
    /Kartika
    /Kaufmann
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KidTYPEPaint
    /KinoMT
    /KodchiangUPC
    /KodchiangUPC-Bold
    /KodchiangUPC-BoldItalic
    /KodchiangUPC-Italic
    /KorinnaITCbyBT-Regular
    /KozGoProVI-Medium
    /KozMinProVI-Regular
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothic
    /LetterGothic-Bold
    /LetterGothic-BoldOblique
    /LetterGothic-BoldSlanted
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Slanted
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LevenimMT
    /LevenimMTBold
    /LilyUPC
    /LilyUPCBold
    /LilyUPCBoldItalic
    /LilyUPCItalic
    /Lithos-Black
    /Lithos-Regular
    /LotusWPBox-Roman
    /LotusWPIcon-Roman
    /LotusWPIntA-Roman
    /LotusWPIntB-Roman
    /LotusWPType-Roman
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Lydian
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /Map-Symbols
    /MathA
    /MathB
    /MathC
    /Mathematica1
    /Mathematica1-Bold
    /Mathematica1Mono
    /Mathematica1Mono-Bold
    /Mathematica2
    /Mathematica2-Bold
    /Mathematica2Mono
    /Mathematica2Mono-Bold
    /Mathematica3
    /Mathematica3-Bold
    /Mathematica3Mono
    /Mathematica3Mono-Bold
    /Mathematica4
    /Mathematica4-Bold
    /Mathematica4Mono
    /Mathematica4Mono-Bold
    /Mathematica5
    /Mathematica5-Bold
    /Mathematica5Mono
    /Mathematica5Mono-Bold
    /Mathematica6
    /Mathematica6Bold
    /Mathematica6Mono
    /Mathematica6MonoBold
    /Mathematica7
    /Mathematica7Bold
    /Mathematica7Mono
    /Mathematica7MonoBold
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /Mesquite
    /Mezz-Black
    /Mezz-Regular
    /MICR
    /MicrosoftSansSerif
    /MingLiU
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /Miriam
    /MiriamFixed
    /MiriamTransparent
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MonotypeSorts
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MS-Gothic
    /MSHei
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MSReference1
    /MSReference2
    /MSReferenceSansSerif
    /MSReferenceSansSerif-Bold
    /MSReferenceSansSerif-BoldItalic
    /MSReferenceSansSerif-Italic
    /MSReferenceSerif
    /MSReferenceSerif-Bold
    /MSReferenceSerif-BoldItalic
    /MSReferenceSerif-Italic
    /MSReferenceSpecialty
    /MSSong
    /MS-UIGothic
    /MT-Extra
    /MT-Symbol
    /MT-Symbol-Italic
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /Myriad-Roman
    /Narkisim
    /NewCenturySchlbk-Bold
    /NewCenturySchlbk-BoldItalic
    /NewCenturySchlbk-Italic
    /NewCenturySchlbk-Roman
    /NewMilleniumSchlbk-BoldItalicSH
    /NewsGothic
    /NewsGothic-Bold
    /NewsGothicBT-Bold
    /NewsGothicBT-BoldItalic
    /NewsGothicBT-Italic
    /NewsGothicBT-Roman
    /NewsGothic-Condensed
    /NewsGothic-Italic
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nimrod
    /Nimrod-Bold
    /Nimrod-BoldItalic
    /Nimrod-Italic
    /NSimSun
    /Nueva-BoldExtended
    /Nueva-BoldExtendedItalic
    /Nueva-Italic
    /Nueva-Roman
    /NuptialScript
    /OCRA
    /OCRA-Alternate
    /OCRAExtended
    /OCRB
    /OCRB-Alternate
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OzHandicraftBT-Roman
    /PalaceScriptMT
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /PapyrusPlain
    /Papyrus-Regular
    /Parchment-Regular
    /Parisian
    /ParkAvenue
    /Penumbra-SemiboldFlare
    /Penumbra-SemiboldSans
    /Penumbra-SemiboldSerif
    /PepitaMT
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /PhotinaCasualBlack
    /Playbill
    /PMingLiU
    /Poetica-SuppOrnaments
    /PoorRichard-Regular
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /PrestigeElite
    /Pristina-Regular
    /PTBarnumBT-Regular
    /Raavi
    /RageItalic
    /Ravie
    /RefSpecialty
    /Ribbon131BT-Bold
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Rockwell-Light
    /Rockwell-LightItalic
    /Rod
    /RodTransparent
    /RunicMT-Condensed
    /Sanvito-Light
    /Sanvito-Roman
    /ScriptC
    /ScriptMTBold
    /SegoeUI
    /SegoeUI-Bold
    /SegoeUI-BoldItalic
    /SegoeUI-Italic
    /Serpentine-BoldOblique
    /ShelleyVolanteBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SimHei
    /SimSun
    /SnapITC-Regular
    /StandardSymL
    /Stencil
    /StoneSans
    /StoneSans-Bold
    /StoneSans-BoldItalic
    /StoneSans-Italic
    /StoneSans-Semibold
    /StoneSans-SemiboldItalic
    /Stop
    /Swiss721BT-BlackExtended
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Tci1
    /Tci1Bold
    /Tci1BoldItalic
    /Tci1Italic
    /Tci2
    /Tci2Bold
    /Tci2BoldItalic
    /Tci2Italic
    /Tci3
    /Tci3Bold
    /Tci3BoldItalic
    /Tci3Italic
    /Tci4
    /Tci4Bold
    /Tci4BoldItalic
    /Tci4Italic
    /TechnicalItalic
    /TechnicalPlain
    /Tekton
    /Tekton-Bold
    /TektonMM
    /Tempo-HeavyCondensed
    /Tempo-HeavyCondensedItalic
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldItalicOsF
    /Times-BoldSC
    /Times-ExtraBold
    /Times-Italic
    /Times-ItalicOsF
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Times-RomanSC
    /Trajan-Bold
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-CondensedMedium
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-Medium
    /Univers-MediumItalic
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /USPSBarCode
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VerdanaRef
    /VinerHandITC
    /Viva-BoldExtraExtended
    /Vivaldii
    /Viva-LightCondensed
    /Viva-Regular
    /VladimirScript
    /Vrinda
    /Webdings
    /Westminster
    /Willow
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /WoodtypeOrnaments-Two
    /WP-ArabicScriptSihafa
    /WP-ArabicSihafa
    /WP-BoxDrawing
    /WP-CyrillicA
    /WP-CyrillicB
    /WP-GreekCentury
    /WP-GreekCourier
    /WP-GreekHelve
    /WP-HebrewDavid
    /WP-IconicSymbolsA
    /WP-IconicSymbolsB
    /WP-Japanese
    /WP-MathA
    /WP-MathB
    /WP-MathExtendedA
    /WP-MathExtendedB
    /WP-MultinationalAHelve
    /WP-MultinationalARoman
    /WP-MultinationalBCourier
    /WP-MultinationalBHelve
    /WP-MultinationalBRoman
    /WP-MultinationalCourier
    /WP-Phonetic
    /WPTypographicSymbols
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /ZapfChancery-MediumItalic
    /ZapfDingbats
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Demi
    /ZapfHumanist601BT-DemiItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


