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I. INTRODUCTION

L versus NL, the problem of whether non-
determinism helps in logarithmic space bounded
computation, is a longstanding open question in
computational complexity. At present, only a few
results are known. It is known that the problem
is equivalent to the question of whether there is a
log-space algorithm for the directed connectivity
problem, namely given an N vertex directed
graph G and pair of vertices s, ¢, find out if there
is a directed path from s to ¢ in G. In 1970,
Savitch [9] gave an O(log?® N)-space deterministic
algorithm for directed connectivity, thus proving
that NSPACE(g(n)) < DSPACE((g(n)?%))
for every space constructable function g. In
1987 and 1988, Immerman [3] and Szelepcsenyi
[10] independently gave an O(log N)-space
non-deterministic algorithm for directed non-
connectivity, thus proving that NL = co-NL.
For the problem of undirected connectivity
(i.e. where the input graph G is undirected),
a probabalistic algorithm was shown in 1979
using random walks by Aleliunas, Karp, Lipton,
Lovasz, and Rackoff [1], and in 2005, Reingold
[8] gave a deterministic O(log IV)-space algorithm
for the same problem, showing that undirected
connectivity is in L. Trifonov [11] independently
gave an O(lg Nlglg N) algorithm for undirected
connectiivty.

In terms of monotone computation, in 1988
Karchmer and Wigderson [4] showed that any
monotone circuit solving directed connectivity
must have superlogarithmic depth, showing that
monotone-NC!  C monotone-L. In 1997 Raz
and McKenzie [6] proved that monotone-NC #
monotone-P and for any %, monotone-NC? #

monotone-NC'+1,

So far, most of the work trying to show that
L # NL has been done using branching programs
or the JAG model, introduced in [5] and [2]
respectively. Instead, we explore trying to prove
L # NL using the switching network model,
described in [7]. This model can be applied to
any problem, and a general definition is given in
Section II. In this paper, we focus on switching
networks solving directed connectivity.

The best way to describe what such a switching
network is through an example, see Figure I
and the accompanying explanation. A formal
specialized definition is given below:

Definition 1.1: A switching network solving
directed connectivity on a set V(G) of vertices
with distinguished vertices s,t is a tuple
< G, ¢, ',y > where G’ is an undirected
multi-graph with distinguished vertices s',t' and
1/ is a labeling function such that:

1. Each edge ¢/ € E(G’) has a label of the
form v; — w9 or =(v; — wy) for some vertices
V1, U2 € V(G)

2. Given a directed graph G with vertex set V(G),
there is a path in G’ from s’ to ¢’ such that all
of the labels are consistent with G, i.e. of the
form e for some edge e € E(G) or —e for some
e ¢ E(G), if and only if there is a path from s to
t in G.

We say that such a switching network solves
directed connectivity on N vertices, where
N = |V(G)|, and we take its size to be |V (G")|.
A switching network solving directed connectivity
is monotone if it has no labels of the form
ﬁ(vl — ’U2).

Notation: In this paper, we use lower case letters
(i.e. a, e, f) to denote vertices, edges, and functions,
and we use upper case letters (i.e. G,V, E) to de-
note graphs and sets of vertices and edges. We use
unprimed symbols to denote vertices, edges, etc. in



Figure 1. A switching network solving directed connectivity is
an undirected multi-graph G’ that takes a directed graph G' and
tells us if there is a path from s to ¢ in G as follows: If an edge
in G’ has a label a — b for some vertices a and b in G, then
we can take it if and only if the edge @ — b is in G. Similarly,
if an edge in G’ has a label —(a — b), we can take it if and
only if the edge a — b is not in G. Under these conditions,
there is a path from s’ to ¢’ in G’ if and only if there is a path
from s to t in G.

In this figure, we have a switching network that solves directed
connectivity when G has four vertices, s, t, a, and b. As needed,
there is a path from s’ to ¢/ in G’ if and only if there is a path
from s to ¢ in G. For example, if we have the edges s — a,
a — b, and b — t in G, so there is a path from s to ¢ in G, then
in G’, starting from s, we can take the edge labeled s — a,
then the edge labeled a — b, then the edge labeled s — a, and
finally the edge labeled b — ¢, and we will reach . If in G we
have the edges s — a, a — b, b — a, and s — b and no other
edges, so there is no path from s to t, then in G’ there is no
edge that we can take to ¢/, so there is no path from s’ to t’.

the directed graph G, and we use primed symbols to
denote vertices, edges, etc. in the switching network
a'.

A. Our results

We have the following theorem:

Theorem 1.2: Any monotone swtiching network
solving directed connectivity on N vertices has size
at least N0 N)

In this paper, we prove only a superpolynomial
lower bound. For a proof of an N(°gN) Jower
bound, see the full paper.

B. Proof overview

We now give a high level informal overview of
the proof, ignoring details and subtleties.
The main idea involved in proving lower size
bounds for monotone switching networks solving
directed connectivity is as follows. Since G’ solves
directed connectivity, for every path P in G from
s to t, there is a path P’ in G’ from s’ to t' that
uses only the edges of P. We show that this P’
must include a vertex ap that gives significant
information about P, i.e. there cannot be too many
paths Py, P5,--- in G such that each pair of paths
P;, P; has very few vertices in common and all of
these share the same vertex a’ in G’. Then if we
can find a large collection of paths such that each
pair of paths has very few vertices in common,

this will give a good lower bound on the number
of vertices in G'.

In Section III, we apply this approach to prove
that Theorem 1.2 is true for a restricted case of
monotone switching networks solving directed
connectivity, which we call certain-knowledge
switching networks. Lemma 3.9 shows if we have
a path P’ from s’ to ¢ in G’ that uses only the
edges of some path P from s to ¢ in GG, then we
can pick a vertex a’p in P’ which tells us at least
log k of the vertices in P, where k is the length
of P. Thus, if two paths P; and P, of length k in
G have less than log k vertices in common, then
a’p, cannot be the same as a'p , so each such path
gives a distinct vertex in G’. It is not hard to find
a large collection of paths from s to ¢ in G of
length k& such that each pair of paths has less than
log k vertices in common, and this completes the
proof.

However, the way that a’» gives information about
P in certain-knowledge switching networks is
somewhat artificial and cannot be extended to
general monotone switching networks solving
directed connectivity. In Section V, we introduce
a fourier transformation technique and assign each
vertex @’ in G’ a function J,/ : C — R, where C
is the set of all possible cuts of G.

In Section VI, we prove Theorem 6.1, showing
that for each directed path P in G we can find
a function gp : C — R such that if P’ is a path
from s’ to t’ using only the edges of P, then
>aev(p) [Jar - gpl is relatively large. Moreover,
if P; and P, have very few vertices in common,
then gp, and gp, are orthogonal. In this way, the
vertices of P’ give significant information about
P. As shown in Theorem 5.14, this is sufficient to
show a superpolynomial lower size bound.

II. SWITCHING NETWORKS AND LL VERSUS NL

We give the general definition of switching net-
works below.

Definition 2.1: A switching network is a tuple
< G’ s',t', ' > where G’ is an undirected graph
with distinguished vertices s, t’ and / is a labeling
function that associates with each edge ¢’ € E(G’)
a label u(e’) of the form x; = 1 or z; = 0 for
some ¢ between 1 and n. We say that this network
computes the function f : {0,1}" — 0,1, where
f(z) = 1 if and only if there is a path from s’ to
t' such that each edge of this path has a label that
is consistent with x.

We take the size of a switching network to be



[V (G")|. A switching network is monotone if it has
no labels of the form z; = 0.

The following theorem is not new, see e.g. [7], but
it is related to our results, so we include a proof
sketch.

Theorem 2.2: If f € DSPACE(g(n)) where
g(n) is at least logarithmic in n, then there is a
switching network of size 2€(9(") computing f.

Proof Sketch: Start by modeling the Turing
machine computing f with a branching program
G in the natural way. Now note that for a given
input z, since the Turing machine is deterministic,
each vertex has at most one edge going out from
it. This means that G has the structure of a forest
where the root of each tree is either ¢, a vertex
corresponding to a rejecting configuration, or a
directed cycle. But then whether or not there is a
path from s to ¢ is unaffected by making all of the
edges undirected. Thus, we can obtain a switching
network that computes f simply by making all of
the edges of this branching program undirected.
The result follows immediately. |

Corollary 2.3: If there is no switching network
of polynomial size solving directed connectivity,
then L # NL.

III. CERTAIN-KNOWLEDGE SWITCHING
NETWORKS

In this section, we consider a subclass of monotone
switching networks solving directed connectivity,
which we call certain-knowledge switching net-
works, where we can assign each vertex a’ € V(G’)
a simple knowledge set and there are simple re-
versible rules for moving from one knowledge set
to another. We make the following definitions:

Definition 3.1: A knowledge set K is a directed
graph with V(K) = V(G), and we represent K
by the set of its edges.

Given a knowledge set K, we can form a
knowledge set K as follows:

If there is no path from s to t in K, then
K = {v; — vy : there is a path from v to vy in
K}.

If there is a path from s to ¢ in K, then K is the
complete directed graph on V(G).

Call K the transitive closure of K.

Each transitive closure represents an equivalence
class of knowledge sets. We say K; = Ky if
K; = K5 and we say Ky C Ks if K, C K.
Remark 3.2: We will try to label each vertex
a' in the switching network with a knowledge set
K, so that if v; — vy € K, and there is a path

from s’ to @’ in G’ using only edges in G, then
we know that either there is a path from vy to v
in G or there is a path from s to ¢ in G, in which
case we do not care which other paths are in G.
In this way, K, represents our knowledge about
G when we are at the vertex a’.

If there is no path from s to t in K, then
K and K represent exactly the same knowledge
about G, so they are equivalent. If K,/ contains
a path from s to ¢, then if there is a path from
s’ to a’ in G’ using only edges in G, we know
there is a path from s to ¢ in G. Thus, we may
as well merge o’ and t’. To do this, we make all
knowledge sets with a path from s to ¢ equivalent
by giving them the same transitive closure, the
complete directed graph on V(G).

Remark 3.3: The statement K; C K5 does not

imply that every edge in K is in K. For example,
if K1 ={s—>a,s —b}and Ky = {s - a,a —
b}, then K; = K, and Ko = {s — a,a — b,5 —
b}, so K; C K, and thus K; C Ko. It is best
to think of the statement K; C K> as saying that
the knowledge K respresents is included in the
knowledge K> respresents.
We would like to label each vertex in the switching
network with a knowledge set. In order for these
labels to be meaningful, we must know that for any
a', bt € V(G') and vy,v2 € V(G), if we are at o’
and use an edge with label v; — vy to reach vertex
b, then knowing there is a path from v; — vy in G
and having the knowledge represented by K, are
sufficient to give the knowledge represented by K.
This leads naturally to the following definition:

Definition 3.4: We say a monotone switching
network solving directed connectivity is a certain-
knowledge switching network if we can assign a
K, to each vertex ' € V(G’) such that the
following conditions hold:

l. K¢ ={} and Ky = {s — t}.

2. If there is an edge with label v; — vy between
vertices a’ and b’, then

Ky C Ky U {’Ul — 1}2} and K, C Ky U {’Ul —
’UQ}

Proposition 3.5: The condition that Ky C K,/U
{’Ul — Ug} and K, C Ky U {Ul — ’Ug} is
equivalent to the condition that we can obtain
Ky from K, using only the following reversible
operations:

Operation 1: Add or remove v; — va.

Operation 2: If v3 — v4,v4 — vs are both in K,
add or remove vy — v5 from K.

Operation 3: If s — ¢ is in K, add or remove any
edge except s — t from K



Figure 2. A certain-knowledge switching network that solves
directed connectivity with five vertices, s, t, a, b, and c. The
label inside each vertex represents the K for that vertex.

If this condition is satisfied, we say we can get from
K, to Ky with the edge v1 — vs.

Remark 3.6: The operations in Proposition 3.5
are not a good starting point for definitions, but they
are very effective for analyzing certain-knowledge
switching networks solving directed connectivity.
The reader would do very well to understand these
operations thoroughly. In particular, note that each
of these operations is reversible. This reflects the
undirected nature of the switching network; we can
undo any move that we make.

A. certain-knowledge switching networks and Sav-
itch’s theorem

While this model is restricted, it is not trivial. In
particular, it is capable of capturing a variant of
Savitch’s algorithm. For details, see the full paper.
This implies the following theorem:

Theorem 3.7: There 1is a certain-knowledge
switching network of size NOU°sN) that solves
directed connectivity on N vertices.

B. Lower size bound on certain-knowledge switch-
ing networks solving directed connectivity

We now prove Theorem 3.8, showing that the
bound of theorem 3.7 is tight.

Theorem 3.8: Any certain-knowledge switching

network that solves directed graph connectivity on
N vertices has size at least N?(ogN),
We will first show that the result follows from the
following lemma. We will then give a proof sketch
of the lemma. For a rigorous proof, see the full
paper.

Lemma 3.9: If P is the path s — v,v; —
vg,+ -+ ,Ux — t in G, then any path P’ in G’
from s’ to ¢’ using only the edges of P must pass
through at least one vertex a’ such that K, # Ky

and the union of the endpoints of the edges in K,
is a subset of {s,v1,va, - ,vgr,t} that contains at
least k + 1 of vy, v, -, Ugk.

Proof of Theorem 3.8 using Lemma 3.9:
For any prime p, if & < p, if we take all of the
polynomials in Zp[z] of degree at most k, then
any two distinct polynomials will have at most
k values in common. Thus, if p > 2F, given a
polynomial f(x) of degree at most k, if we take
v; to be vertex p- (i — 1) + f(i) of G for i = 1
to 2, then the corresponding paths will share at
most k vertices in common.

However, by Lemma 3.9, we can associate a
vertex in G’ to each such path, and no two such
paths can share the same vertex. Hence, there are
at least p’“‘H vertices in G’, and we can do this
as long as N > p? + 2 and k < logp. The result
follows immediately. |
Proof sketch of Lemma 3.9:
Definition 3.10: Call the vertices in

L = {vy, -+ ,vos—1} the left half of P and the
vertices in R = {vgr—1,1,--- ,vor} the right half
of P.

Definition 3.11: K satisfies the lemma for the
left half if K # K and the union of the endpoints
of the edges in K contains at least k of the vertices
in L.

We define satisfying the lemma for the right half
in a similar way.

We prove this lemma by induction. If there is a
path P/ =¢ —vf - v — - v, =t inG
using only the edges in P, consider the sequence
K5’7Kv£7"'Kv;7Kt’~ We get from each K to
the next K using only the operations given by
Proposition 3.5. Thus, we are trying to use these
operations to obtain an edge from s to ¢ (which
represents a path from s to ¢ in G).

To obtain an edge from s to ¢ using only these
operations, it is necessary (but not sufficient) to
first obtain an edge from s to a vertex r € RU {t}
and an edge from a vertex [ € L U{s} to ¢. By the
inductive hypothesis, to obtain an edge from s to a
vertex 7 € R U {t}, we must first reach a K, that
satisfies the lemma for the left half. If the union
of the endpoints of the edges in K, contains even
one vertex in R, K, will satisfy the lemma. If
not, then either K, already has an edge from a
vertex [ € LU {s} to ¢ or there is neither an edge
from I € LU {s} to a vertex r € R U {¢} nor
an edge from a vertex r € R to t, so there is no
progress towards obtaining an edge from a vertex
l € LU{s} to t. A similar argument holds if we



try to obtain an edge from a vertex [ € LU{s} to t.

If in trying to obtain an edge from s to a
vertex 7 € R U {t} or an edge from a vertex
I € LU {s} to t, when we reach such a K/, we
always have no progress towards obtalmng the
other required edge, then we will never obtain an
edge from s — t. Thus, we can only obtain an
edge from s to ¢ if we reach such a K., and the
other required edge has already been obtained. But
this means that we have reached a K, v such that
either K, / contains an edge from s to a vertex
r € R and the union of the endpoints of the edges
in K, does not contain any vertex in L or K,
contains an edge from a vertex | € L to ¢t and the
union of the endpoints of the edges in Kvy_ does
not contain any vertex in R. '

If we could reach such a Kv;, we would
indeed be close to obtaining the edge s — t.
However, reaching such a K, / without going
through a K, satisfying the lemma is impossible
for the followmg reason:

When we first obtain an edge from s to a vertex
r € R, we must have the edges s — [ and [ — r
for some | € L. Removing these edges is just as
difficult as obtaining them, which means that to
remove them, we must pass through a K, such
that K,/ satisfies the lemma for the left half. But
if we also hold on to the edge s — r, then K,
also contains a vertex in R, so K,/ satisfies the
lemma. A similar argument holds if we try to
obtain an edge from a vertex [ € L to t. |

IV. PRELIMINARY RESULTS ON MONOTONE
SWITCHING NETWORKS

Not every monotone switching network solving
directed connectivity is a certain-knowledge
switching network. The monotone switching
networks shown in Figures I and IV are not
certain-knowledge switching networks. The reason
why they are not certain-knowledge switching
networks is because at the vertices in these
switching networks, a depth-1 monotone formula
(only ANDs) is insufficient to describe our
knowledge about G. Instead, we need a depth-2
monotone formula (ORs of ANDs). Thus, we
make the following definitions:

Definition 4.1: A state of knowledge .J is a set
{Ki,--+, Ky} of knowledge sets.
Let J, = {K11,K12,"- ,Klm} and let Jy =
{K21, Ko2,---, Ko, }. Wesay J; C Jy if for every

J there exists a ¢ such that Kq; C Ksj.

We say J; = Jy if J; C Jy and Jo C Jj.
Let J ={Ky, -+, Ky} Define JU{v; — va} to
be {Kl @] {’()1 — ’1)2}, ce ,Km @] {1}1 — ’()2}}.

We say that we can get from J; to J» with the edge
v, — vy if

JQ Q Jl @] {Ul — 'UQ} and J1 Q J2 @] {’Ul — ’UQ}

Remark 4.2: The state of knowledge J =
{Ki,--+, Ky} represents knowing that the paths
in K; are in G OR the paths in K5 are in G OR

- OR the paths in K, are in G OR there is a
path from s to ¢ in G. Thus, J is characterized by
its least informative K. The condition for J; C J,
ensures that J represents at least as much infor-
mation about G as Jj.

Proposition 4.3: We can get from J; to Jy with
the edge v; — w9 if and only if for every ¢ there
exists a j such that Ko; C Kq; U {v1 — vo} and
for every j there exists a ¢ such that Kq; C Ko; U
{v1 — v2}.

To do this, the following 4 reversible operations are
sufficient:

Operation 1: Add or remove v; — vy from any K.
Operation 2: If v — v4,v4 — v5 are both in K,
add or remove v3 — vs from K.

Operation 3: If s — ¢ is in K;, add or remove any
path except s — t from K;

Operation 4a: If K; C K, for some 14,4,
K, from J.

Operation 4b: If for some knowledge set K and
some i, K; C K, add K to J.

Proposition 4.4: For any monotone switching
network solving directed connectivity, we can as-
sign a J, to each o’ € V(G’) so that the following
properties hold:

1. Jo ={{}} and Jp = {{s — t}}.

2. If there is an edge with label v; — w2 between
a’ and ¥/, then it is possible to get from J,/ to Jy
with the edge v; — vo.

Proof: For each vertex o/ € V(G'), take J,/
to be the set of all K such that using the edges of
K, it is possible to reach a’ from s’ in G’. It is
easy to check that both of the above properties are
satisfied. |
We will now describe a useful simplification for
monotone switching networks that can be accom-
plished with an increase of at most a factor of NV
in the size of the network. For a proof, see the full
paper.

Theorem 4.5: If there is a monotone switch-
ing network (G’,s’,t',u') solving directed con-
nectivity on N vertices, then there is a monotone
switching network (G”, s” ¢, u"") with |V (G")| <
N|V(G")| such that for any vertex a” of G”, for
any K in J,, K consists only of edges of the form

remove



Figure 3.
connectivity with five vertices, s, ¢, a, b, and c. The label
inside each vertex gives the J for that vertex, with each line
corresponding to one of its K.

A monotone switching network that solves directed

s — v for some v € V(G).

Finally, we state a theorem that shows that in
some sense, monotone switching networks can be
reduced to certain-knowledge switching networks.
For a proof, see the full paper.

Theorem 4.6: For any monotone switching net-
work, if there is a path in G’ from s’ to ' using
only edges that have a label in a subset E of E(G),
then there is a sequence of K;, 0 < ¢ < m with
the following properties:

1. Ko={}. K, ={s — t}.

2. For each i, there exists an edge e; € E such that
it is possible to go from K; to K, using the edge
e; and the three given operations.

3. For each i, there exists a vertex a;» on this path
such that K; is the union of some subset of Ja;.

V. FOURIER ANALYSIS ON MONOTONE
SWITICHING NETWORKS

Unfortunately, the above results are insufficient
to prove a superpolynomial lower size bound on
monotone switching networks solving directed
connectivity. To prove a good lower size bound,
more sophisticated techniques are needed. In this
section, we introduce a fourier transformation
technique for monotone switching networks
solving directed connectivity and give a condition
which is sufficient to prove a superpolynomial
lower size bound.

An alternate way of solving directed connectivity
is to look at cuts of G. There is a path from s to
t if and only if there is no cut C' = (V3,V3) such
that s € Vi, t € Vb, and there is no edge from a
vertex in V7 to a vertex in V5. Thus, instead of
describing each state of knowledge J in terms of
paths in G, we can describe each J as a function
of the cuts of G. We do this below.

A. Definitions and basic properties

Definition 5.1: We define an s-t cut (below we
use cut for short) of G to be a subset C' of V(G)
such that s € C and t ¢ C. We denote the
complement of C' by C¢ and we say an edge
v1 — g crosses C if v; € C' and vy € C°.

Let C denote the set of all cuts C. |C| = 2NV ~2,

Given a state of knowledge J, we want J(C)
to be 1 if given the information J represents we
know that G contains an edge crossing C' and —1
otherwise. This leads to the following definitions:

Definition 5.2: Given a cut C' and a set of edges
K, define K(C) to be 1 if there is an edge in K
that crosses C' and —1 otherwise.

Definition 5.3: Given a cut C and a state of
knowledge J = {Ki, -+, K.}, define J(C) to
be 1 if for all i, K;(C') =1 and —1 otherwise.

It is easy to verify that for every knowledge set
K and state of knowledge J, K(C') and J(C) are
well-defined, i.e. if K = K’, K(C) = K’'(C) and
if J=J', J(C)=J(C).

Note that for all C, Js(C) = —1 and J» (C) = 1.
We define basis functions as follows:

Definition 5.4: Given a set of vertices V that
does not include s or ¢, define ey (C) = (—1)IV"Cl,
We define the dot product as follows:

Definition 5.5: Given two functions f,g : C —

R, f-g=2*"V > cec F(C)g(O)
Note that ey (Cey:(C) = (=1)VAVINC for
every cut C, where A denotes the symmetric
difference of two sets, and hence the functions
{ey} form an orthonormal basis for the
vector space RC with the standard dot product
fr9=22N Y e F(O)(C).

We define Fourier coefficients as follows:

Definition 5.6: fAV =f-ey

Proposition 5.7: For any functi(2)n 1
f = 2vfvev and f-f = 35, fy, where
we are summing over all subsets V' of V(G) such
that s, ¢t ¢ V.

Proposition 5.8: Given a monotone switching
network G’, if there an edge with label v; — vy
between vertices a’ and b’, then for any cut C, if
vy € C or vy & C° then J, (C) = Jy (C).

B. A general technique for obtaining lower size
bounds

In this subsection, we show how to use this
Fourier analysis to show lower bounds on monotone
switching networks solving directed connectiivty.
Definition 5.9: Given a directed walk P’ from
v} to vh in G’ and a label e, define d(P’,e) € R¢
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Figure 4.

This is a possible path in G’ from s’ to t'. Below, we
express the six functions Jgr, Jur, Jyr, Jor, Jgr, and Jp in
terms of the basis functions:

JS/ = 76{ .

o = e T 10fa} T ey T 10t T o) T
1%ac T aCber T aaber

Ju = —5e(3 + 5¢{a} T 3€0} T 3€{ab}-

JC/ B el{c} 1 1 1

Jar = 5e(3 + 5¢{a} T 3€(} ~ 2€{a,b}-

Jy = €y}

1
to be é(z”levsm&» o B Z”/EVsowﬁe Jv’), WheFe
Vsink 1s the set of vertices in G’ with an edge in

P’ with label e going into it and V,,y,cc is the set
of vertices in G’ with an edge in P’ with label e
going out from it, counted with multiplicity.

Remark 5.10: Together, all of the edges in P’
allow us to go from v} to vj, and the change in
our knowledge is J,; — J,;. d(P’, e) measures the
contribution to this change made by edges with
label e.

Definition 5.11: Given a directed walk P’ from
v} to v} in G’ using only the edges of some directed
path P in G from s to ¢ and a partition of the edges
of P into two sets, Ey and E», let fp/ p g, g, =
ZeeEl d(P/7 e) - ZeeE2 d(Plv e)'

Definition 5.12: We say a cut C' is (P, Ey, Es)-
invariant if all edges e in P that cross C' are in
E; or all edges e in P that cross C are in Fy. We
say a function g : C — R is (P, E4, E)-invariant if
fp' p.E1, E, g is the same for all switching networks
G’ solving directed connectivity on V (G) and paths
P’'in G’ from s’ to t'. If g is (P, E, E9)-invariant,
define z(g, P, E1, F>) to be this constant.

Proposition 5.13: A function ¢ : C — R is
(P, Ey, Es)-invariant if and only if g(C) = 0 for
every C that is not (P, F1, Es)-invariant.

Proof: For any cut C that is not
(P, Ey, Ey)-invariant, we can change the value of
fpr.p.Ey,B,(C) without changing fp p g, g, (C")
for any other cut C’. To see this, given a G’, create
a new G’ by creating a new s’. Let o’ be the old s’
and for each edge e such that e crosses C, create
an edge with label e between s’ and a’. This is
still a valid monotone switching network solving
directed connectivity and for all vertices v’ except
s, v'(C) = 1. Also, a/(C') = 1if ¢/ = C and
—1 otherwise. Thus, we can change fp/ p g, g, (C)
without changing fp p g, g,(C’) for any other C’
by choosing whether to use an edge with label in

E; or Ey to go from s’ to a’. Thus, if g(C) # 0,
then g cannot be (P, £y, E5)-invariant.
If C cannot be crossed by any edge in F1, then
Yeer, AP, e)(C) = 0. Y cp d(P,e)(C) +
Yeepm d(P,)(0) = L(Jn(C) - Ju(C)) = 1,
80 X e, d(P',e)(C) =1, and fpr p g, B, (C) =
—1. Similarly, if C' cannot be crossed by any
edge in Ej, then fp/ ppg, g,(C) = 1. In either
case, fpr p.g,.E,(C) is the same for all switching
networks G’ solving directed connectivity on V(G)
and all paths P’ in G’ from s to ¢/, so if g(C) =0
for every C that is not (P, Eq, E»)-invariant, then
g is (P, E1, E5)-invariant, as needed. [ ]
Theorem 5.14: Let V(G) = {s,v1, -+ ,vk,,t}
and let P be the path s — vy — -+ — v, —
t. If we have a partition of the edges of P into
two groups F; and FE5, and a function gp such
that gp is (P, E1, E2)-invariant, z(gp, P, E1, Es)
is nonzero, and gpy, = 0 for any set of vertices V'
such that |V| < kg, then any monotone switching
network solving directgd connectivity on IV vertices
has size at least Q(N 7).

Proof: Without loss of generality, we may
assume gp - gp = 1. Given such a gp, note that
if we add vertices to V(G) so that |[V(G)| = N,
we can keep the same gp (expressed in fourier
coefficients) and it will still be (P, Eq, Es)-
invariant and have the same z(gp, P, E1, F»). Let
M = Z(gp, P, El, EQ)

If we have another path P» from s to ¢ of length
k1 + 1, by symmetry, we have a function gp,
and a partion (Ej3, F4) of the edges of P, so that
gp, - gp, = 1, ap, is (P27E37E4)—invariant, and
2(gpy, P2, E3, E4) = M. Moreover, if P and Py
have less than ko vertices in common (excluding
s and t), then gp - gp, = 0. If we have K paths
Py, .- | Pg of length k; 4+ 1 from s to ¢ in G such
that any pair of them have less than ko vertices
in common (excluding s and t), then we have K
orthonormal functions {gp, }.

Now assume G’ solves directed connectivity on N
vertices, and let N’ be the number of vertices in
G’. We wish to bound N’ from below. Note that
given any set of orthonormal functions {g; },

N'=30Y Ha-g) (1)
i aeV(GQ)

Cauchy-Schwarz (specifically
N’ N’
Zj:] lcj|? > %(ijl lcj[)?  for any

N=30Y a-gil) )

i a/eV(G)
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If P’ is a path in G’ from s’ to ¢’ using only the
edges of P, by the definition of fp/ p g, E,,

M=\fppee-gpl< D |Ja-gpl 9
@€V (P)

Also, we clearly have that

Z |Ja/'gP| S

o’ €V(P)

> w-grl ()

a’€V(G)

Combining 5 and 6, we get that

ST agpl =M (7)
a' eV (G)
(> ar-gp)?* =M ®)
a’eV(G")

By symmetry, 8 holds for each gp,. Plugging 8 into
4’

N' > VEKM? = MVK )

Following similar logic as in the proof of Theorem
3.8, we can easily obtain make K at least Q(N*2),
so N’ is at least Q(N%Z), as needed. [ |

Corollary 5.15: If for all k, when V(G) =
{s,v1, -+ , vk, t} and P is the path s — vy -+ —
vor — t, there exists a partition of the edges of P
into two groups F; and F5 and a function gp such
that gp is (P, Ey, F»)-invariant, z(gp, P, E1, F2)
is nonzero, and gpy, = 0 for any set of vertices V'
such that |[V| < k, then any monotone switching
network solving directed connectivity must have
superpolynomial size.

Proof: Applying Theorem 5.14 for a fixed k
gives that any monotone switching network solv-
ing directed connectivity must have size at least
c(k‘)(N% ), where ¢(k) is a constant depending on
k. Thus, the size of a monotone switching network
solving directed connectivity grows faster than any
polynomial, as needed. |

Remark 5.16: Without a bound on ¢(k), we can-
not give an explicit lower bound on the size of a
switching network solving directed connectivity, we
can only say that it is superpolynomial. For these
bounds, see Section 7 of the full paper.

VI. A SUPERPOLYNOMIAL BOUND

In this section, we prove the following theorem.

Theorem 6.1: For all k, if V(G) =
{s,v1,-++ ,vox,t} and P is the path
§ — vy -+ — VUgok — t, there exists a partition of

the edges of P into two groups F; and F»> and a
function gp such that gp is (P, E1, E)-invariant,
z(gp, P, E1, E5) is nonzero, and gpy = 0 for any
set of vertices V' such that |V| < k.

By Corollary 5.15, this is sufficient to prove a
superpolynomial lower size bound on monotone
switching networks solving directed connectivity.

A. Proof overview

We now give an informal overview of the proof
of Theorem 6.1.

It is instructive to first note how this function gp
relates to certain-knowledge switching networks
and Lemma 3.9. If we let W be the set of all o’
such that the union of the endpoints of the edges
in K,/ contains at least k + 1 vertices, then Lemma
3.9 says that any path P’ in G’ from s to ¢ using
only the edges of P must pass through at least one
vertex w’ € W. We can think of W as a barrier
preventing us from easily going from s’ to ¢’. The
function gp describes this barrier more precisely,
as if we let W’ be the set of all vertices a’ such
that K, - gp g, B, # 0, then P’ must pass through
at least one vertex w’ € W'. Also, W/ C W.
Thus, the existence of such a gp implies Lemma
3.9. Roughly speaking, we want to show the
converse, that the existence of such a barrier for
certain-knowledge switching networks implies the
existence of such a gp.

To show that a function ¢ : C — R is (P, Ey, Es)-
invariant, we either need to show that g(C) = 0
for all cuts C that are not (P, E'1, Es)-invariant, or
we need to show that fp/ p g, E, - g is the same
for all switching networks G’ solving directed
connectivity on V(G) and all paths P’ in G’
from s’ to ¢’. If we had an explicit formula for
g(C), it would be easiest to use the first approach.
However, since we do not have such a general
formula, we use the second approach.

To do this, we use Theorem 6.2, which says that if
we add the condition that fr/ p g, r, - gp = 0 for
all directed cycles L’ of G’ using only the edges
of P, we only need to consider certain-knowledge
switching networks G’ such that all knowledge
sets contain only edges of the form s — v.

Since there are now at most 22" + 1 knowledge sets
and we must have J;; = —J,/, as noted in Lemma
6.4, we can arbitrarily choose the values g - J,/ for



all o’ € V(G') except t'. Lemma 6.5 shows that if
we can split the vertices of G’ into 4 groups with
a mapping b : V(G') — {0,1} x {0,1} that has
ceratin properties, then using the freedom given
by Lemma 6.4, we can create a g that satisfies the
conditions given by Theorem 6.2 and thus satisifes
Theorem 6.1. Lemma 6.7 shows that if we have a
barrier W similar to the one provided by Lemma
3.9 with one additional property, then we can
create a mapping b : V(G') — {0,1} x {0,1}
as required by Lemma 6.5. Finally, Lemma 6.8
modifies Lemma 3.9 so that it provides the barrier
W with the needed additional property. Putting
everything together, we can create a function gp
that satisfies Theorem 6.1.

B. Reduction to certain-knowledge switching net-
works

We have the following theorem. For the proof, see
the full paper.

Theorem 6.2: If for a function g : C — R, for
any certain-knowledge G’ such that all knowledge
sets contain only edges of the form s — w,
fp' p.Ey B, g is independent of P" and f1/ p g, 5,
g = 0 for all directed cycles L’ in G’, then g is
(P, Ey, Ey)-invariant.

C. Construction of gp

In this subsection, we complete the proof
of Theorem 6.1 by constructing a function
gp : C — R with the given properties.

Looking at certain-knowledge G’ where each
knowledge set only has paths of the form s — v,
there are only 22" 11 possible knowledge sets:
s — t and anything of the form U,y {s — v} for
some set of vertices V. Denote each such K by
Ky.

Proposition 6.3: If V' ¢ V, then ey - Ky =0
and ey - Kv 7& 0.

Lemma 6.4: For any set of values {ay }, there is
a function g : C — R such that for all V, g- Ky =
ay . Furthermore, if there is a & such that if |V| < k,
then g - Ky = 0, then writing g = >, cyrey, if
|[V'| < k then ¢y = 0.

Proof of Lemma 6.4: To see the first part of
the lemma, pick an ordering of the V' such that no
V' is a subset of an earlier V. Now pick each cy in
that order. Since if V' ¢ V, then ey - Ky, = 0 and
ey Ky # 0, this means that when we pick each ¢y,
we can change the value of ay without affecting
any earlier ay. Thus, we can freely choose each
ay.

To see the second part of the lemma, let V' be a

set such that ¢y # 0 and for all proper subsets
V' of V, cy» = 0. Then by the above proposition,
ay # 0, as needed. This completes the proof. ®

Lemma 6.5: If we have a directed path P in G,
a partition of the edges of P into two sets £ and
E,, and a mapping b : V(G') — {0,1} x {0,1}
such that if we write b(v") = (b1 (v'), ba(v’)), then:
1. bi(s") = ba(s’) = 0.

2.01(t) = bao(t') = 1.

3. If b;(v)) # bi(vh), i € {1,2}, then there is no
edge with label in E; between v] and v5,.

Then if we also have a g : C — R such that g-J,, =
ba(v') — by (v') for all ' € V(G’'), then for any
directed cycle L’ in G’ using only the edges of P,
fr'.p.E, . B,-g = 0 and for any path P’ in G’ from s’
to ¢’ using only the edges of P, fp' p g, B, g = 1.

Proof of Lemma 6.5: This follows immedi-
ately from the following proposition:

Proposition 6.6: With the above conditions, if
P is a path in G’ from s’ to a’, then
%(ZeeEl d(P/lv 6) - ZeEEz d(Pllv 6))
3(b2(a’) + br(a’))

Proof of Proposition 6.6: We prove this by
induction. It is clearly true for paths of length
0. Assume we have a path P” from s’ to some
vertex vj € V(G’) for which the proposition is
true and an additional edge ¢’ from v} to some
vertex vy, € V(G’). Let P be P"” with the edge
e’ added.

If ¢’ has a label in E, then by (v}) = b1 (v}), so

H(Seer, d(P".0) — Seep, d(P".c)) g =
§(EeeE1 d(P 76) - ZeEE2 d(P ve)) “g+ 5(9 :
Juy) = 5(9 - Juy)

= 5(b2(v]) + bi(v])) + 3(ba2(vh) — bi(vy)) —
3 (b2(v1) — b1 (v1))

= 2(ba(vh) + b1 (vh)), as needed.

Similarly, if ¢ has a label in FEs, then
ba(vh) = ba(v}), 50

%(ZeeEl d(P:/,e) - ZeeEg d(f”’,e)) : 91 =
5(28€E1 d(P 76) - ZSGEZ d(P 76)) g — 5(9 :

F(B2(v]) + bi(v])) + E(=ba(vh) + br(vh)) —
(=ba(v}) + by ()
L(ba(vh) + b1 (v})), as needed.

[l

This completes the proof. |

|
To find such a suitable mapping b : V(G') —
{0,1} x {0, 1}, we use the following lemma. For a
proof, see the full paper.

Lemma 6.7: If there is a set of vertices W in G’
such that any path P’ from s’ to ¢’ using only edges
with labels in P contains a vertex w’ € W incident
with both an edge in P’ with label in F; and an



b= (1)

Figure 5. This is a partition of the vertices in G’ into 4 groups
with a mapping b : V(G’) — {0,1} x {0,1} as described in
Lemma 6.5, where G’ is a certain-knowledge switching network
such that all knowledge sets contain only edges of the form
s—>v,P=s—a—-b—oc—d—t EL={s—ab—
¢,d — t}, and E2 = {a — b,c — d}. In this diagram, each
vertex has knowledge set Ky, where V' is the set of vertices
inside of the vertex. Edges with label in E; are blue and edges
with label in E3 are red. Taking g = 4eg, 5} — 4€(p,c,d}
g- Ja/ = bg(a/) — b1 (a’).

edge in P’ with label in Es, then there is a mapping
b:V(G") — {0,1} x{0,1} as described in Lemma
6.5 where all vertices v" such that by (v") # ba(v')
are in W.

The final Lemma we need is a slight modification
of Lemma 3.9:

Lemma 6.8: If P is the path s — vi,v1 —
Vg, -+ ,Ugk — t, then setting s = vg, t = Vaor, 1,
taking F; to be all edges of the form v; — v;y1
where 7 is even and taking Es to be the remaining
edges, then if G’ is a certain-knowledge switching
network, any path P’ in G’ from s’ to t' using
only the edges in P must pass through at least one
vertex a’ such that K,» # K and the union of
the endpoints of the edges in K,/ is a subset of
{s,v1,v9,++ vk, t} that contains at least k + 1
of vy, vy, -+, vor. Furthermore, a’ is incident with
both an edge in P’ with label in E; and an edge
in P’ with label in E>.

Proof of Lemma 6.8: The proof is identical to
the proof of Lemma 3.9, except that in the inductive
hypothesis we also require that a’ is incident with
both an edge in P’ with label in F; and an edge
in P’ with label in E,. [ |

Proof of Theorem 6.1: We put everything
together as follows. Using Lemma 6.8, we obtain
a W which we can use in Lemma 6.7. This gives
us a mapping b : V(G’') — {0,1} x {0,1} which
we can use in Lemma 6.5. By Lemma 6.4, we
can obtain a function gp : C — R that satisfies
all of the conditions of Lemma 6.5, so for any
directed cycle L' in G’ using only the edges of

P, fr.pE, B, - gp = 0 and for any path P’
in G’ from s’ to ¢ using only the edges of P,
fppE B, - gp = 1. Also, by Lemma 6.4, if
V| < k, gpy = 0. Using Theorem 6.2, gp is
(P, Ey, Es)-invariant and z(gp, P, E1, E2) =1, as
needed. This completes the proof. |
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