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Variance of lake level and volume estimates

In this supplement, we derive the variance equations of lake level and volume estimators. Section S1 defines the
level-area linear model. Section S2 reports the equations of least-squares parameter estimates and related properties. In
Sect. S3, we derive the variance equations for the lake level estimate (used to compute prediction intervals around level
estimates) and for its expected value (used to compute confidence intervals around the fitted area-level regression line).
Finally, in Sect. S4 and S5, we derive the variance equations for the lake volume and volume difference estimates.

S1 Level-area linear model
We define the following stochastic linear model of lake water level:

h; =8+ ad; +¢; (S1)

where h; and A; are observed lake water level (m) and area (km2) at time step i; a and 3 are the slope (m kmfz) and
intercept (m) parameters; and the residuals {€;|7 =1,...,n} (m) are uncorrelated and zero-mean normal distributed

random variables with variance o2:
g; ~ N (0,0%) (S2)

S2 Least squares parameter estimates

Least squares estimates of a and 3 are obtained by minimising the sum of squared residuals:

&, B = arg minz (hi — B — ad;)? (S3)
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The obtained estimates are Al
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B=h-— A& (S5)
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where var and cov are the variance and covariance operators, and T = — " ; ;. It can be shown that the estimators
yy 2i=

& and B are unbiased, i.e. E[@] = o and E [B] = (3, where E is the expected value operator. The residuals &; resulting

from the above least squares parameter estimates have the following properties:

1=1
Aié; =0 (S7)
i=1
The variances of the parameter estimates are

2
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var [6] = rvar [A] (S8)

and . L

var [6} = A?var [d] (S9)



The covariance of & and B is
cov [07, BA} = —Avar [4] (510)

The proofs of Eq. (S4-S10) are not shown here for the sake of brevity.

S3 Variance of lake level estimates

The variance of the lake level estimate can be used to compute the uncertainty bounds for the lake level predictions
obtained by applying the linear model (S1). These bounds are referred to as prediction intervals (PI) in the manuscript.

The variance can be expressed as the variance of the linear combination of random variables &, 8 and ¢; (lake area A;
is treated as a deterministic variable):

var {f;} = var [3} + A2var [a] + var [¢;] + 2A4;cov [&, B] + 2cov [&, &;] + 2cov [B,él} (S11)

It can be proved that cov[d,é;] = cov {B,éi] = 0. The proof, which follows from Eq. (S6, S7), is not shown.
Substituting Eq. (S9, S10) into (S11), we obtain

var |h;| = var [@] (A2 4+ A? — 2A,A) + o (512)
i = et )

which can be rewritten by substituting Eq. (S8) and A% + A? — 24;A = var [A] + (4; — Z)Q:

var [h} . (1 + 14 M) (S13)

n nvar [A]

which is a convex function of A; minimised at A4; = A.
The variance of the expected value of the lake level (E {f;z} = B + o?Ai> are used to compute confidence intervals

(CI) around the area-level regression line:
—\2
var {E [l{l” = var [3} + A2var [4] + 24;cov [d,ﬁ} =0’ <1 + (AZ_A)> (S14)

S4 Variance of lake volume estimates

Given the lake volume estimate equation

L I .
and the assumptions used in Sect. S3, the variance of the lake volume estimate is
. A2
var {VZ} = I’ (Afvar [a] 4 o?) (S16)

S5 Variance of lake volume difference estimates
Given the reference lake area Ag , we compute the change with respect to the corresponding volume Vj as

A2 A2 A A
AV =Vi— Vo= =00+ Jé = (S17)

from which we can derive the variance of the volume difference. Recalling that cov [€;,£,|i # j] = 0 and cov [¢;,4] = 0,
we get the following:

A2 4+ A%,

L (42— A2)?
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