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S. M. SHAKHNO, R. P. [AKYMCHUK, H. P. YARMOLA

AN ITERATIVE METHOD FOR SOLVING NONLINEAR LEAST
SQUARES PROBLEMS WITH NONDIFFERENTIABLE OPERATOR

S. M. Shakhno, R. P. Iakymchuk, H. P. Yarmola. An iterative method for solving nonlinear
least squares problems with nondifferentiable operator, Mat. Stud. ? (2017), 7-7.

An iterative differential-difference method for solving nonlinear least squares problems is
proposed and studied. The method uses the sum of the derivative of the differentiable part
of the operator and the divided difference of the nondifferentiable part instead of computing
Jacobian. We prove the local convergence of the proposed method and compute its convergence
rate. Finally, we carry out numerical experiments on a set of test problems.

1. Introduction. Nonlinear least squares problem often arise while solving overdetermined
systems of nonlinear equations, estimating parameters of physical processes by measure-
ment results, constructing nonlinear regression models for solving engineering problems,
etc. Effective methods for solving nonlinear least squares problems are the Gauss-Newton
method and its modifications (|1, 4, 5, 6, 7|). However, in practice, calculation of derivatives
could either be very difficult or impossible. For instance, functions can be too complex, then
derivatives may be computed approximately, or only values of functions are given (obtained
from experiments) at certain points but it is known that those functions are nonlinear. Hence,
one can use the iterative-difference methods (|1, 2, 8, 13|) that do not require calculation
of derivatives and yet approach the Gauss-Newton method in terms of the convergence rate
and the number of iterations.

In case when the nonlinear function has a differentiable and a nondifferentiable parts, one
can employ iterative-difference methods from [1, 2, 8, 13|. However, one would preferably
build iterative methods that take into account properties of the problem to solve. This is
the approach we would like to follow here. In particular, we can use only the derivative of
the differentiable operator instead of the full Jacobian, which, in fact, does not exist. In
general, the methods obtained using this approach converge slowly. There are some good
and efficient examples [1, 3, 9, 14| that use a sum of the derivative of the differentiable
part of the operator and the divided difference of the nondifferentiable part instead of the
Jacobian, however for solving nonlinear equations. In this work, we propose to follow this
approach and design a novel combined method for solving nonlinear least squares problems.
This method is based on the Gauss-Newton method, which is employed for the differentiable
part of the operator, and the Secant type’s method, which relies upon divided differences
for the nondifferentiable part. We study the local convergence of this method under the
classic and generalized Lipschitz conditions. In the latter, we use some positive integrable
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function instead of the Lipschitz constant. The generalized Lipschitz conditions for divided
differences were introduced in [11, 12]. To note, these conditions were successfully applied
to study the convergence of the combined Newton-Secant method ([|9]) and the two-step
combined method ([10]) for nonlinear equations with nondifferentiable operator. On a set of
test problems, we show performance results of the derived method and compare these results
against the Secant type’s method ([8, 13]) and the Gauss-Newton type’s method.

2. Formulation of the problem. Let us consider the nonlinear least squares problem

min = (F(x) + G(@)) (F(x) + G(z), (1)

rERP

where residual function F'+ G: R? — R™ (m > p) is nonlinear by z, F' is a continuously
differentiable function, GG is a continuous function, differentiability of which, in general, is
not required.

For finding the solution of the problem (1), we propose the following modification of the
Gauss-Newton method combined with the Secant type’s method

Tpp1 = Tp — (AgAn)_lAZ(F(xn) +G(x,)),n=0,1,..., (2)

where A, = F'(z,) + G(zy, Tn_1), F'(x,) is a Fréchet derivative of F(z); G(zn,z,_1) is a
divided difference of the first order of function G(z) ([15]) at points z,, z,_1; o, x_1 are
given.

Setting A,, = F'(z,), for solving the problem (1), from (2) we get an iterative Gauss-
Newton type’s method

Tpy1 = Tp — (F'(x)" F'(2,)) " F (2,)  (F(2) + G(,)), n=0,1,.... (3)
For m = n, the problem (1) turns into a system of nonlinear equations
F(z)+G(x) =
In this case, the method (2) is transformed into the combined Newton-Secant method ([3, 14])
Tpi1 = T — (F'(zn) + G2y, 201)) H(F(2,) + G(2,)), n=0,1,...
and the method (3) into the Newton type method for solving nonlinear equations ([18])
Tpi1 = T — (F'(2,)) " (F(20) + G(2,)), n =0,1,....

3. Analysis of the local convergence of the combined method (2). Let us, at first,
consider some auxiliary lemmas needed to obtain the main results.

Lemma 1. Let e(t fo u)du, where E is an integrable and positive nondecreasing
function on [0, T). Then e(t ) is monotomcally increasing with respect to t on [0, T].

Lemma 2 ([6, 17]). Let h(t) = fo w)du, where H is an integrable and positive nonde-
creasing function on [0, T. Then h(t) is nondecreasmg with respect to t on (0,T].

Additionally, h(t) at t = 0 is defined as h(0) = lim ( IiH )

t—0
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Lemma 3 ([16]). Let s(t) = fo uw)udu, where S is an integrable and positive nonde-
creasing function on [0, T] Then s(t )1s nondecreasing with respect to t on (0,T].

The local convergence and its rate for the iterative process (2) are studied in the theorem
below. We use the Euclidean norm. Note that for the Euclidean norm ||A— B|| = ||AT — BT,
where A, B € R™*P.

Theorem 1. Let FF+G: RP — R™ be continuous on an open convex subset D C RP, and F' is
a continuously differentiable function, GG is a continuous function. Suppose that the problem
(1) has a solution z* € D, and the inverse operation (AT A,)™! = [(F'(z*) + G(z*,2*))T x
X (F'(z*) + G(z*,2*))] ™! exists, such that ||(ATA,)7Y| < B.

On the subset D, the Fréchet derivative F' satisfies the radius Lipschitz condition with
L average

p(x)
|F'(z) — F'(2")|| < / " L(uw)du, 2" =x"+7(x—2%), 0<7 <1, (4)
Tp(x

the function G has the first order divided difference G(z,y), and

llz—ull+[ly—vll
IGa.9) - Gl < [ M(u)du )
0
for all z,y,u,v € D, p(x) = ||x —z*||; L, M are positive nondecreasing functions on [0, 2R],
R > 0.
Furthermore,

IF@) + G <, 1P+ 66 e <o 2 / L(u)du + / M(u)du)n < 1

and Q = Q(z*,r,) = {z: ||lr — 2*|| < r.} C D, where r, is the unique positive zero of the
function q given by

2r r

Q(r):BKa + /Or L(u)du + i M(u)du) </Or L(u)udu + /07" M(u)du) + (%/0 L(u)du+

r 2r
du +/ M(u)du} — 1.
0

+% /027" M(u)du)n] +B[2a + /OT L(u)du + /027" M(u)du] [/0 L(u)

Then, for zq, x_y € 1, the iterative process {x,}, n =0,1,..., generated by (2), is well
defined, remains in €2, and converges to x*. Moreover, the following error estimates hold for
all n >0

lzn1 = 2"[| < Cillwn—y — 2™ + Collan — 27|l + Csllwn—s — 2™ [|wn — 27| + Cullzn — 27|1%,

where

g(r) = B|1 = B(20+
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Cy = g(m)(a + /07’* L(u)du + 02“ M(u)du)r—l*/om M (u)du;
Cy = g(ry) (a + /07“* L(u)du + 02” M(u)du) rl* /0?“* L(u)udu.

Proof. According to I’'Hospital’s rule we get

L L L[ M(2
i [ Lwydu = 1im 27 = L), 1m [ M ()du = tim 22D
r—07r 0 r—0 1 r—07r 0 r—0

= M(0).

Taking into account Lemma 1 for a sufficiently small n, ¢(0) = B(L(0)+M (0))n—1 < 0. With
a sufficiently large R, the inequality ¢(R) > 0 holds. Taking into account the intermediate
value theorem, the function ¢ has a positive zero on (0, R) denoted by r.. Moreover, this
zero is the only one on (0, R).

Indeed, according to Lemma 2, the function ( fo u)du + * fo w)du)n 1s non-
decreaising with respect to r on (0, R]. By Lemma 1 funct1ons fo du Jo M(u)du,

and f 27"Z\/[ )du are monotonically increasing on [0, R]. Also, by Lemma 3, the functlon
s L( udu = r?(z5 [y L(w)udu) is monotonically increasing with respect to r on (0, R].
Therefore, q(r) is monotonlcally increasing on (0, R]. Thus, the graph of function ¢(r) crosses
the positive r—axis only once on (0, R).
We denote A,, = F'(x,) +G(xp, xn-1). Let n = 0. By assumption, zq, z_; € {2, we obtain
the following estimation
17— (AT A) AT Aoll = [I(ATA) T H AT AL — Ag Ao)|| =
= [[(ATA) (A (A = Ag) + (AL — Ag) (Ao — A + (A, — Ap Al <
< IATA)TIAAC AL = Aoll + 14T = AgllllAo — Aull + 147 = ATIIAD < (7)
< B(af|Ac = Aol + [ AT = AG[[[ Ao — Aull + ol AT — AG D).

Using conditions (4) and (5), we get

|40 = Aull = [(F"(x0) + G(x0, 7-1)) — (F'(z7) + G(27,27))|| =
= [|F" (o) = F'(:) + G(wg,2-1) — G(z", %) < (8)

PO pPOT+pP-1
< IF/(an) = P + [Glaoa) = Ga”an) < [ Ladus [ Mu)ds
0 0
where py = p(z). Then, from the inequality (7) and the equation q(r)=0, we obtain

PO pPO+p—1
11— (ATA)TAT A|| < B[Qa —i—/ L(u)du —i—/ M(u)du] X
0 0

<] /0 " Lw)du + /0 e M (u)du] <

gB[2a+/OT*L(u)du+ 0% M (u)du [/0 Ladu+ [

—1-B{[a+ /0 L(u)dqu/Om M (u)d] [/0 L(u)udu+/0” M (u)du] +

27y

+l[/r* L(u)du + M(U)du]n} <L

T

274

M(u)du] - 9)
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Next, from (7), (8), (9), and the Banach lemma (|2]) follows that (A% Ag)~! exists and
£0 pPo+p—1
(AT Ag) 2| < g0 = 3{1 ~B [Qa +/ Lu)du + / M(u)du] x
0 0

| /0 " Llw)du + /0 pW_IM(u)du}}_l <

<g(r.) = B{l - B [2& + /OT* L(u)du + 02“ M(u)du} [/OT* L(u)du + /02” M(u)du] }

-1

Hence, x; is correctly defined. Next, we will show that z; € (2.
Using the fact AT(F(z*)+G(z*)) = (F'(2*)+G (2%, 2*)) T (F(2*)+G(z*)) = 0, zg, 21 €
and the choice of r,, we get the estimate as follows

1 — 2*|| = [|wo — 2% — (AG Ao) M AG (F () + Glx0)) — AL(F(2*) + G(z%))]]] <
<l = (AT A" || - AT, —/0 F/(a + t(xo — 2))di—
—G(xg,2")|(w0 — %) + (Ag — AD)(F(z*) + G(a"))].

From here, considering the inequalities

|

— | F'(ao) - /0 F'(a" 4 g = 2*))dt + G, 2-) = Gl )=

1
Ay _/ F(a* 4 t{ro — a*))dt — Glag, )=
0

_ H/l[F’(a:o) — (2" + t(zo — 2))|dt + G0, 2_1) — G(z0, x*)H:

— H/ [F”(z0) zi)]dt + G(zo, 7_1) — G(xg, 2%)||<

[40] P—1
/ / dudt—l—/ M( )du-/ L(u)udu+/ M (u)du <
0
<—/ w)udu pj + —/ M (u)du p_q,

Po pot+p-1
Aol < JA 4 40 = Al <0t [ Llwdus [ M
0 0

we get

PO pot+p—1
|z — ¥ < go{ [a +/ L(u)du +/ M(u)du] x
0 0

<] /0 " L (w)udu + /0 "~ M (w)du] 2o — 2*] + ] /0 " L(w)du + /0 e M(uydu] ) <

Tx 214 1 Ty
< go{ [04 +/ L(u)du + M(u)du} [—2 / L(u)udupi+
0 0 s Jo
b [ M (wdupo] o - 2% + 0 /”L( upo+ —— [ M(uydu(po + |} <
— w)du p_ — — u)du -
A P-1] %o M ; pot 5 ; po + p—1
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27y

< g(r*){ [oz + /OT* L(u)du + M(u)du] [/Or* L(u)udu + /07“* M(u)du} +

274

-|-i [/OT* L(u)du + ; M(u)du]n}n = p(r)re =14,

T

0

where

2r

p(r) = g(r){ [Oz + /Or L(u)du + i M(u)du*} [/Or L(u)udu+

+/0T M (u)d +%[/OTL(u)dH/OQTM(u)du}n}.

Therefore, z; € 2 and the estimate (6) holds for n = 0.

Let us assume that z,, € Q for n = 0,1, ...,k and the estimate (6) holds for n = 0,1, ...,
k — 1, where k >1 is an integer. We shall show: z,,11 € , and that the estimate (6) holds
for n = k.

We define

17— (ATAD) AV AR = [[(ATA)TH AL AL — AVA) | =
= [[(ATA)THAL(Ar — Ap) + (AT — AD) (A — A + (AT — AD A <
< 1(ACA)TIAAT A = Akl + 147 = AT[IAR — Au]l + AT — AL AL <
< Blal| A — Al + 147 — A1 Ak — Au]l + aflA7 — A7) <

< B[2a+ /0 " Lw)du + /0 e M(u)du] | /0 " Lw)du + /0 e M (u)du] <

27y 27y

< B[2a +/ L(u)du +
0

M(u)du] | /0 " L) du + M(u)du] <1

0 0

Consequently, (AT Ay)~! exists and
Pk PrtPR—1
(AT Ape) ™) < g = 3{1 ~B [za +/ L(u)du + / M(u)du] x
0 0

X [/Opk L(u)du + /Opﬁpkl M(u)du} }_1 < g(ry).

Therefore, 7y, is correctly defined and the following estimate holds
k1 = 2]l = llzi = 2 = (AF A AL (F(2) + Gan) = AT(F (@) + G| <
<= AEA [~ ATLA [t e
~Glaw,z))(m - 2%) + (Af = AD)(F (@) + Ga") <
<1l (AEAY 7 |- AfA [ Pt et
~Glaw,z))(m - 2%) + (Af = AD)(F (@) + G")| <

< affot /0 " Lw)du + /0 e M(u)du] | /0 " Lw)udu + /O " M (u)du] 2y — 2*}+
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] /0 " Llu)du + /0 e M(wdu| } < gr){ o+ /0 " Lw)du +

1 (™ 1 [

<o [ Ltudugt + - [T MGdup] o - o)+
T* 0 T 0

27y

o Jy M (u)du(py + pkfl)] } < p(r)re = s

27y
M (u)du] X
0

(™
+n [— / L(u)dupy, +
0

T

This proves that zj1 € € and the estimate (6) for n = k.

Thus, by the induction the iterative process (2) is correctly defined, z,, € Q for all n > 0,
and the estimate (6) holds for all n > 0.

It remains to prove that xz, — z* for n — oc.

Let us define the functions a and b on [0, 7] as

a(r) :g('r’){[oz—l—/orL(u)duvL 02TM(u)du] [/OTL(u>udu+/orM<u)du}+

o [ & [ sl

2r

1
br) = gr)g- | M(wdun,
™ Jo
According to the choice of r,, we get
a(ry) >0, b(ry) >0, a(ry)+ b(r,) =1. (11)

Using the estimate (6), the definition of the functions a, b and constants C; (i = 1,2,3,4),
we get
[ @01 — 2| < Cillwn-1 — 27| + (Co + Csry + Cyr)||an — 27| =
= a(ry)||lzn — 27| + b(r.) |1 — 27 (12)

According to the proof in [8], under the conditions (10)—(12), the sequence {x,} converges
to x* for n — oo. This completes the proof of Theorem 1. n

Corollary 1. The convergence order of the iterative process (2) for the problem (1) with

1+v5

zero residual equals to =5

If » = 0, we have the nonlinear least squares problem with zero residual in solution.
Then, the constants C; = 0 and Cy = 0, and the estimate (6) takes the form

|Zns1 — 2*|| < Csllwn—s — 27| |20 — 2" + Callzn — 27|
This inequality can be written as
[ns1 = 2"} < (Cs + Co)llen-1 — 2| [lon — 27|
From here, we can write an equation for determining the convergence order as follows
P —t—1=0.

Hence, the positive root, t* = LV of the latter is the order of convergence of the iterative

5
process (2).
In case G(z) =0 in (1), we obtain the following consequence.
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Corollary 2. The convergence order of the iterative process (2) for the problem (1) with
zero residual is quadratic.

Indeed, if G(z) = 0, then C5 = 0 and the estimate (6) takes the form
lzn1 = 2*[| < Callwn — 27|17,

which indicates quadratic convergence rate of process (2).
If L and M are constants, we study the convergence of the iterative process (2) in the
theorem below, which is derived from Theorem 1.

Theorem 2. Let F' 4+ G: RP — R™ be continuous on an open convex subset D C RP,
moreover F' is a continuously differentiable, G is a continuous function on D. Suppose that
the problem (1) has a solution z* € D, and the inverse operation (AT A,)™" = [(F'(z*) +
G(z*, z*))T x (F'(x*) + G(z*,x*))] 7! exists, such that ||(ATA,)7'|| < B.

For all x,y,u,v € D, the Fréchet derivative I satisfies the classical Lipschitz condition

1F'(z) = F'(y)|l < Lljz — y]|
and the function G has a first order divided difference G(z,y) that satisfies
1G(z,y) — G(u,v)|| < M(||lz — ull + [ly — v])-

Furthermore,
IF(z) +GY)l| < [[F'(@") + Gl 27| < o
B(L+2M)np<1
and Q = Q(z*,r,) = {z: ||z — ¥ <r.} C D, where
B A(1— BTy)
" T 5BTa 1 \/25B°T2a2 1 24BT%(1 _ BIY)

T =L+2M.

Then, for xy, x_1 € Q, the iterative process {x,}, n =0,1,..., generated by (2), is well
defined, remains in €2 and converges to x* such that the following error estimate holds for
all n > 0:

lznsr = 2% < Cillza—y — 2| + Collzn — 27| + Callzn—1 — " [[[len — 2*|| + Caflz — 27|,
where
g(r) = B[l — B2a+ (L + 2M)r)(L + 2M)r] ™%
Cr = g(r)Mn; Gy = g(r)(L+ M)n; Cs = g(r)(a+ (L +2M)r.)M;
Cy=g(r)(a+ (L+ QM)’I‘*)g.

The proof of Theorem 2 is analogous to the proof of Theorem 1.

4. The results of numerical experiments. On several test examples we compare the
convergence rate of the combined method (2), the Gauss-Newton type’s method (3), and the
Secant type’s method for solving the nonlinear least squares problem (|8, 13])

bt = 7 — (ATA) " AL(P (@) + Glan),
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A, =F(zp,xpq) + G(ay,x0-1), n=0,1,.... (13)

Testing of methods was performed on nonlinear problems with nondifferentiable operator
and both zero and non-zero residual in the solution. The classic Gauss-Newton and Newton’s
methods are inapplicable for solving such problems.

Let us denote H(z) = F(z) 4+ G(z) and h(z) = 3(F(z) + G(z))" (F(z) + G(z)). Below
we list several test examples.
Example 1. p=1, m=1;

H(z)=2"+|z|=0, 2*=0 H(z*)=0.
Example 2. p=1, m=1;
H(z) =sinz®+ |2°| =0, 2*=0, H(z*)=0.
Example 3. ([3, 14]) p =2, m = 2;

Hl(l’l,l‘Q) = 31‘%1‘2 + I% -1+ |.Z‘1 - 1‘,
Ho(xy,m5) = of + 2123 — 1 + |29,

(27, 23) ~ (0.89465537, 0.32782652), h(x*) = 0.
Example 4. p =3, m = 4;

) = 23(1 — w9) — 2179 + |22 — 73],
Ty, Te,3) = 23(T3 — 1) — 23 + |33 — 22 + 1],
) = 6xy75 + 2302 — vyvdes + |vp — 0 + 23],
xl,xg,xg) |221 + 29 + 23/10],
(z3, 25, 23) = (—1,2,3), h(z*)=045-10"".

Obviously, the solution z* = 0 is a point of nondifferentiability of the function H(z) from
Example 1 and Example 2.

Table 1 shows the results of the convergence of the investigated methods to the solution
of the equation H(z) = 0 with the accuracy ¢ = 107® for several initial approximations.
Calculations were carried out to fulfillment of the condition ||z,+1 —x,| < . The additional
initial point x_; we calculated by setting z_; to ¢y — 0.0001. In Table 1, the symbol ‘-’
indicates the lack of method’s convergence.

As can be seen from Table 1, the combined method (2) works efficiently when the solution
is at the point of nondifferentiability of the nonlinear operator.

5. Conclusions. Based on the theoretical studies and the numerical experiments, compari-
son of the obtained results, we can argue that the combined differential-difference method
(2) converges faster than the Gauss-Newton type method (3) and the Secant type. Moreover,
the method (2) has a high order of convergence (1++1/5)/2 in case of zero residual as well as
does not require calculation of derivatives for the nondifferentiable operator. Therefore, the
proposed combined method (2) is an effective alternative for solving nonlinear least squares
problems with nondifferentiable operator.
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Table 1: Number of iterations for solving test problems.

Example The initial Method
approximation z, | Gauss—Newton Secant Combined
type’s (3) type’s (13) | method (2)
-0.01; 0.01 - 4 3
1 -1; 1 - 8 6
-10; 10 - 12 9
-0.01; 0.01 20 28 20
2 -1; 1 24 38 29
-10; 10 - 46 37
(1,0) 18 7 7
3 (3,1) 21 12 10
(0.5, 0.5) 21 15 10
(-0.5,2.3,3.5) 142 11 10
4 (-1.5,2.5,3.5) 131 10 8
(-10, 20, 30) 128 23 17
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