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Application of the Buffon Needle Problem and its
Extensions to Parallel-Line Search Sampling
Scheme!

C. F. Chung?

Buffon’s needle problem is generalized to a grid of unequally spaced parallel strips and a
needle with a preferred orientation. This generalization is useful to determine the spacing
of flight lines for locating anomalies by airborne geophysical surveys.

KEY WORDS: Buffon needle problem, geometric probability, geophysical surveys, un-
equally spaced parallel strips, preferred orientation.

INTRODUCTION

A common strategy for locating hidden anomalies by airborne geophysical sur-
veying consists of searching along regularly spaced flight lines. Problems with
aircraft navigation cause these lines to appear as approximately parallel traverse
lines on maps as shown in Fig. 1. An anomaly is considered to be located if any
of the traverse lines intersect it. Buffon’s problem and its solutions have been
applied to calculate the probability of intersection for a given spacing and to
determine the spacing of flight lines for a given probability level by Agos, 1955
and McCammon, 1977.

However, there are the following several difficulties in applying Buffon’s
problem to certain types of geophysical surveys, such as airborne radiometric
surveys (Grasty, Kosanke, and Foote, 1979)

1. surveys are performed along lines but respond to strips of ground;
2. lines are not equally spaced as in Fig. 1;

3. lines are not parallel to each other; and

4. sometimes, the anomalies have a preferred orientation.
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Fig. 1. Flight path map for a survey flown in the Sharbot Lake Area
of Eastern Ontario to investigate occurrences of uranium mineral-
ization. The spacings between flight paths are, approximately, be-
tween 375 and 625 m.

In this paper, the problem is generalized to cover points 1, 2, and 4. It
should also be noted that geophysical anomalies, in reality, have considerably
more complex geometrical shapes than the simple line segment considered. In
addition, statement 1 above 1s a simplified approximation to actual coverage by
airborne surveys (Grasty, Kosanke, and Foote, 1979).

Buffon’s problem and several of its variations are described followed by a
generalization of the problem. The results are then applied to a practical
example.

BUFFON NEEDLE PROBLEM AND ITS VARIATIONS

Buffon’s problem considers a grid of parallel lines with spacing d and a
needle T of length [ as shown in Fig. 2. When the needle T is dropped “at ran-
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Fig. 2. Buffon’s problem. 4;s are a part of a grid of
parallel lines with equispacing d. The line L is per-
pendicular to the parallel lines in the grid and passes
through the midpoint x of the needle T of length .
8 is the angle from L to T, a is the crossing point of
L and A4; and b is the midpoint on L between two
parallel lines 4; and 4;,;. Without loss of generality it
can be assumed that x is uniformly distributed in the
interval [a,b] and 6 takes a value in [-w/2, /2],
when T is dropped “at random” on the grid. The
probability that T intersects at least one of the paraliel
lines is given in eq. (1).

dom” so that its position and orientation are random, the probability pj, that T
intersects at least one line of the grid is given by

2 1<d
nd’ h
p =
> Yu o 2a, 2
wa T T og S I>d N

where 2, =cos™! (d/l). Proofs are given, among many others, by Kendall and
Moran (1963) and Solomon (1978). Let us now consider the following three
variations of this problem.

Parallel Strips

Instead of taking a grid of parallel lines, let us consider a grid of parallel
strips shown in Fig. 3. A strip of breadth w is defined by the closed part of the
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Fig. 3. x, 6, T, and L are same as in Fig. 2. B;s are a
part of a grid of parallel strips of breadth w with equi-
spacing d - w. & is the midpoint on L in B; and b is the
midpoint on L between B; and B;,;. When T is
dropped at random we may assume that x € [a, b]
and 6 € [-n/2, #/2] and the probability that T inter-
sects at least one of the strips is given in egs. (2) and
(3) depending upon /.

plane counsisting of all points that lie between two parallel lines at distance w
from each other (Santalo, 1976). The position and orientation of a strip are
determined by its center line. Suppose that the spacing between two adjacent
strips is d ~ w; then the probability p, of the intersection is given by Santalo
(1976)

21 7
+—, I<d- 2
ps=—rt w (2)

For a longer needle with /> d - w, the probability p; is obtained from

dj2 nf2
j j dxd6+———f f dx do

w  2ay 21 | 2way
~—+——+——————sma0

nd d T nd nd

€))

where ag =cos™ {(d- w)/I} and x, =(w +1cos8)/2. Equations (2) and (3)
are extensions of eq. (1) and py =p; if w=0.
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Fig. 4. x, 6, T, and L are the same as in Fig. 2. A grid of parallel
lines A;s are formed by selecting one random line A; from each
strip §; where S;s are a part of a grid of strips with breadth 7 and
equispacing d - r. Of course, the spacings &;8 are not identical to
each other. ¢ is the midpoint on L within S; and b is the midpoint
between S; and S;,; on L. When T is dropped at random on the

grid eq. (4) gives the probability of intersection.

Unequally Spaced Parallel Lines

Let us consider a grid of parallel lines formed by taking a parallel line at
random within each of the parallel strips as shown in Fig. 4. Obviously, the
spacings between adjacent pairs of parallel lines of this grid are not identical as
is the case in Buffon’s problem. Suppose that r <d/2 for simplicity. Then, for

{<d - r, the probability p, of intersection is obtained from

4 [ %1 2 ox, - x
Pu=—7 [f dx+f dedB
nd J, o x, r
4 2 X / X, _
*— [f Cos‘gdx+f =2 x| db
nd 2, A r . r

2

nd

4
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Fig.5. x, 0, T, L, a, b, and A4;s are the same as in
Fig. 2. T is dropped on the grid such that 6 has the
density function in eq. (6). The line M shows the pre-
ferred orientation « of 7, and the probability of inter-
section is given in eq. (7).

where

x1=%7-11cosé,
x2=%r+%lcosﬂ,

x3=-%r+1icos6, and

cos™? (—lr—), 1>r

0, I<r

a,

However, when the expectation E(s) of the spacing s is known, p,, can also
be obtained from (Watson, 1978);

21
nwE(s)

Du = ()

Of course, E(s) =d in this situation, because the spacing s has a symmetric tri-
angular density function with the apex at s =d. Hence p,, in eq. (5) is identicat
to that of eq. (4).
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Needle with a Preferred Orientation

Suppose that the orientation of the needle is distributed about “a preferred
orientation o’ shown in Fig. 5, instead of the uniformly distributed orientation
as has been assumed in Buffon’s problem. The most commonty used distribu-
tion to describe preferred oriented angles is the Von Mises distribution which is
sometimes referred to as “circular normal” (Johnson and Kotz, 1970). However,
Marriot (1969) has proposed the following density function to describe such pre-
ferred oriented angles

1
fO)== (1+Kcos2(6-a), -—<O< -1<K<1  (6)
T

|

n
2 E

This density function is much simpler to handle than the Von Mises dis-
tribution and Marriot (1969) has studied its properties and the maximum likeli-
hood estimation of a and K, where « and K are the location and scale parameters,
respectively. Subsequently, Marriot (1971) has shown that, for a preferred
orientation a of the needle of length /< d, the probability p, of the intersec-
tion is given by

pp=—>+t——cos2e, I<d, O<a<—g‘, -1<K<1 (7)

These results can be extended to a longer needle of I > d. However, that will be
discussed as a special case in the next section.

UNEQUALLY SPACED PARALLEL STRIPS
AND A NEEDLE WITH A PREFERRED ORIENTATION

In this section, not only the combination of all three previous variations,
but also the cases without restriction on the length of the needle 7, are de-
scribed. Let us consider a grid of parallel strips of breadth r with spacing d - r.
A grid of parallel strips of breadth w is constructed by taking a strip of breadth
w at random within each parallel strip of breadth 7, as shown in Fig. 6. Of
course, the spacings between adjacent strips of breadth w are not identical.
Suppose that a needle T of length / is dropped on the grid and the direction 6
has a preferred orientation « with the density function in eq. (6).

To simplify the calculation of the probability that T intersects at least one
of the strips, the restriction, w < 37 < %d is imposed on the parameters of the
grid. Without the restriction, the probability has a complex analytic form. How-
ever, most real situations satisfy the restriction which indicates that the breadth
w of A4;s is less than the haif of r of S;s and r is less than the half of d in Fig. 6.

With the restriction, the probability p can be obtained from (as discussed
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in Appendix for detail)
—2—l-+——21K cos2a+w I<d
P=%d " 3md d SanT
21 ZIK w (az,_ag)
=— 200+ — - ——=—== -r<iI<d-
g 3nd cos 2a 4 6dir-w? d-r<i<d-w

o o R R e

_ G(ay, a3) + G(-a3, ~a3) 4 (r-d)  2Ar-d)
6d(r - w)? ¥ [l 33 dwo-w T 4 ]

“ Flas, - aa)"‘_l‘ (1‘ r d)E(as, -a3)

r Glas, -a3) ) )
- d(r- w) Clas, -a3) + 6d(r - w)?’ d-w<I<d+r-2w
= é [E(%, a3) +E(’aa, "%)] + % [F(%, a3) +F(—a3, _12’_)]
_ Gy + G, —ay) | [1_ A ey D 2(r—d)]
6d(r - w) 3d d(r - w) d

[F(as, a4) + F(-a4, ~a3)] + 2( )[E(aa,a4)+E( a4, -a3)]

) d(ir- w)

1
6d(r 6d(r - w)*

[Clas, as) + C(-as; ~as)]

[G(as, a4) + G(-as, -a3)] + Flaa, -a4),
Z2d+r-2w.

where the functions G, D, C, E, and F are defined in egs. (A10)-(A14),
respectively.

PRACTICAL EXAMPLE

For several years, the Geological Survey of Canada has been conducting a
program of experimental airborne vy-ray spectrometer surveys applied to the
location and mapping of radioactive mineral resources. Surveys have also been
condncted to locate sources of radioactive contamination (Grasty, Richardson,

and Knight, 1977).
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Fig. 6. x, 6, T, and L are the same as in Fig. 2. 4, b, and S;s are the same as in Fig. 4 and M
is the same as in Fig. 5. A grid of parallel strips 4;s with breadth w is generated by choosing
one strip A; at random within each §; and 7T is dropped on the grid so that @ has the density
function in eq. (6). The probability that T intersects at least one of the strips is given in
eq. (8).

Figure 1 is the flight path map for a survey flown in the Sharbot Lake Area
of Eastern Ontario to investigate occurrences of uranium mineralization. The
spacings between flight paths are approximately between 375 and 625 m and the
breadth of the strips in this case might be considered to be about 100 m. Con-
sequently, d=500m, r=d/2, and w=d/5 for this example. Let us consider
two targets, T, and T,, where T; has a preferred orientation «=0.0 and
K'=0.75 and T, has « =30.0 and K =0.3. As in eq. (6), K is a scale parameter
and indicates density around a. For example, K = 0.75 for T indicates that T,



380

=4
I3

Probability
(=]

Eq 04)
Egs. (2) and

0.2

08 1.2 ’1.6“ ‘2.0
Ratio i/d

Fig. 7. Probability curve (solid line) using eq. (8) with respect to //d when r = 0.5d and

w =0.2d for the target Ty. T; has a preferred orientation « = 0.0, K = 0.75, and length /.

Broken line using eqs. (2) and (3) is also shown for comparison. For example, suppose that

the minimum length ! of a target is desired with probability 0.5. We read the value of

1/d = 0.38 (solid line), and thus the minimum length is 0.38 times the spacing d.

0.0 0.4

likely has an orientation near « = 0.0. Using the given values for the parameters,
p can be evaluated for various lengths I. Figs. 7 and 8 were constructed for the
targets T, and T,, respectively. The probabilities of intersections are shown
with respect to the ratios between the lengths of the targets and the spacings of
flight paths. From the figures, the spacing of flight paths can be determined for
a given [/ and a probability of detection. Similarly, for a given spacing d and a

o
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o
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Ratio I/d

Fig. 8. Probability curve using eq. (8) with respect to I/d when r = 0.5d and w = 0.2d for
the target 7'5. T5 has & = 30.0 and K = 0.3.
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given /, the probability of intersection can be evaluated. For example, for
target 7', results show 50% probability that this survey would locate a source
of length 190 m or longer.

Figures 9-12 illustrate how the probability of interaction varies with the
parameters 7/d, w/d, o, and K, as given by eq. (8).

From Fig. 9, it is obvious that 7 exerts very little influence on the proba-
bility. On the other hand, as can be observed in Fig. 10, w has an effect on the
probability for relatively short targets but not for longer ones. Figure 10 may

also be used for studying efficiencies of search densities and survey instruments
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Fig. 9. Probability curves for #/d = 0.0, 0.3, and 0.5 where w/d = 0.0, « = 0.0, and K = 0.75.
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Fig. 10. Probability curves for w/d = 0.25, 0.175, 0.1, and 0.0 where r/d = 0.5, = 0.0, and
K =0.75.
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Fig. 11. Probability curves for a = 0.0, 30.0, 60.0, and 90.0 where #/d = 0.3, w/d = 0.0, and
K=0.75.

(depending upon capabilities of detection through the breadths w of the strips)
by comparing the resulting probabilities.

As expected, Fig. 11 confirms that the flight paths should be perpendicular
to the most likely preferred orientation of the target (a = 0 indicates the orienta-
tion is likely perpendicular to the flight paths; see Fig. 6). It is particularly im-
portant when K is close to 1.
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Fig. 12. Probability curves for K = 1.0, 0.75, 0.5, and 0.0 where r/d = 0.3, w/d = 0.0, and
a=0.0.
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CONCLUDING REMARKS

From this study, the following conclusions can be made

1. For a circular shaped target with diameter /, the probabilities of intersections
are identical to the conditional probabilities pyss, P2, P3jp, Pajg and psjp in
eqs. (A2)-(A6), respectively. This is

(+r-4d)?

LA
d 6d(r-w)*’

L
d

_(+r-4dy . (I+r-a)
d(r- w) 6d(r - w)?’

4
=1+%(l+r-d)——§c—l~(r—w)

d-w<I<d+r-2w

=1, IZd+r-2w

2. For “short” or “long” targets, the probabilities in eq. (8) can be approxi-
mated by the p in eqs. (2) and (3), as can be seen in Figs. 9 to 12.

3. The probability in eq. (8) may be sufficiently accurate as an approximation
of the probability for an elliptically shaped target when the major axis is
about four times longer than the minor axis and the minor axis is relatively
short.

4. However, as mentioned earlier, the geometric shape of the target in practice
may be much more complex than the simple segment. Furthermore, the
actual detection range is not the simple strip assumed. Much work is still
needed to investigate the effect of removing some of the simplifying restric-
tions imposed in this study.

A computer program was written to compute p in eq. (8) for given //d, r/d,

w/d, o, and K. The program can be obtained on request from the author.

APPENDIX

In order to calculate the probability that needle T of length / intersects at
least one of the strips of the grid characterized by the parameters w, r, and d
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with w < 1r< %4, as shown in Fig. 6, let

cos™! (r—IZW), I1Zr-2w
al=\
0, I<r-2w
-
d_
cos"( lr), 1=zd-r
=l~<
0, 1<d-r
\
( L (d-w
cos ) IZd-w
as=’4
0, I<d-w
\
e
d+r-2
cog™? (——Ll—w), 1Z2d+r-2w
as =< (AD)
I<d+r-2w

ro

Then 0<ay €a; <a, Sa; <7/2 because w< %r<i—d. We may assume,
without loss of generality, that the midpoint x of T takes a random point in
[0, 1d], instead of [a, b] shown in Fig. 6, because b-a = %d.

Let p.jg be the conditional provability that T with a fixed orientation 8
intersects a strip of the grid and let p.jg , be the probability that a fixed T (not
only @ but also x of T are fixed) intersects the strips. These conditional proba-
bilities depend upon the length I, where 8 lies between —%11’ and %17 and also
where x lies in [0, 1 5d].

Case (I): a1 <6 217 or -—71 <0 < -qy. If I<r- 2w, this case covers
all @, since ¢, = =q,=0. Otherw1se a, >0 and it only covers T with 8
in [a,, 37] or [—%17, —al] where a, is defined in (A1). The conditional proba-
bility py g, x for a fixed x and 6 is given by

lcosf +w € [0, x,]
=, X s X
Do, x e w 1
Xy — X
= ) xe[xlyx2]
r-w

=0, x € [x,,d/2]
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where x, —%r— cosﬁ w and x, =17+ 11cos 6. Thus, pyo for the given

1
2
9 witha, <0 <imor-}m <0< -q, is obtained from

_ljx‘ lcosf+w +_f
P16 d J, r-w

= }aT (Icos B +w) (A2)

This conditional probability p;s will be used to calculate the probability p of
intersection.

Case (2):

a, <0 <a or -g << -a,; I1>r-2w.

This case only occurs when [>r- 2w, the pyg  for a fixed x and § with
a, <0 <a, or-a, €0 < -a, is given by

Pas,x = 1, x€ [0, x3]
S R x € [x3, x,]
r—-w
=0, xe [X2,d/2]

where x5 =+ 1cos 6 + w- % r. Thus,

2 (™ 2 (™ x-x
Pzw:EJ dx+—(-j—f = gx
A e, TW

1
;(l cos § +w) (A3)
Case (3):
a; <0<a, or -~a, <0 <-ay; 1>d-r
p3]9’x =1, x e [O,X3]
_ X~ X
F-w 3 XE[X3,X4]

e v SR
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where x, =d - £1cos 6 - 1r. Thus

s X2 - x4 (3 - X)(x-x4)
+f (w - wy? )d"]

1 (Icos @ +r-d)°
=—(lcosf +w)- ———
g LS8t Wy (A4)
Case (4):
a, <0<a; or —a; <0< -~ay; I>d-w
Dajg,x = 1, x € [0, x3]
X, ~xg (%2 - %) (x-x3)
= - €
r-w (r - w)? J X € [x3,d[2]
Thus,
A f"” o= Xa (6 - %) (x- xa)
= dx + — - d
Paio =7 .{; S e, TW (r-w)? *
2 4
=1+—(cosf +r-d)- g(r- w)
- )2 fr-dP
_ (cosf +r-d) + (Icos@ +r 2d) (A5)
d(r-w) 6d(r- w)
Case (5):
-y S0 <ay, I>d+r-2w
Dsig,x =1 forall x€[0,d/2]
Thus,

Dsjp =1 (A6)
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Therefore, the probability p of intersection is obtained from

-a,

P=f lpllgf((?)d6+J‘ szlef(e)df’*f 3o f(6) db

2 —a,

+ f " o £(6) 0 + f " o £8) d + f " Dago £(6) dO

-a, -a,

a, a, /2
+ f P30 (0) do +j P21 (0) db + j Pup f(6)d0 (A7)

However, eq. (A7) can be separately solved depending upon the length /.
(@ I<d-r

Since a; = a3 =a; =0ineq. (A1) and pyjg = pyjg, p in (A7) becomes

o 1
p=f E(lcos6+w)—(1+Kcos2(a-9))d6'
w

———+—~~008201+5,i (A8)
(b) d-r<iI<d-w.

Since a3 =a, =0, by substituting equations in (A2), (A3) and (A4) into (A7),
p becomes

2 1
p=f E(lcos@+w)—(1+KcosZ(a—6))(1’6
1r

-2

‘f% (IcosO+r-d)* 1

— (1 +K cos 2(a - 8)) d
. 6d(r - w)? - ( cos 2(a - 8)) do
2 2K w  G(a,, -a,)
=+ ——cos 2ot — - ————= 9
md  3nd T d T 6d(r- wy (A9

where;
4 1
G(a, b)=f (lcos@+r-d)® — [1+K cos 2(a- 6)] df
b g

=1*D(a, b) + 31*(r - d) [(a, b) + 31(r - d)*E(a, b)] + (r - d)* F{a, b),
(A10)
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a

1

D(a, b)=f cos® 0 p {1+K cos2(a- 0)] d6
b

1 1 1 3K
=(sing- — sin® a - sin b + = sin® b) (— +——0032a)
3 3 T S

2K
+— cos 20(sin @ cos* @ - sin b cos* b)
T

2K
e sin 2a(cos® a - cos® b), (Al11)

a
1
((a, b) =j cos? § — (1 + K cos 2(a- 6))df
b m
. , 1 K
={2a +sin 2a - 2b - sin 2b) |— + — cos 2a
7 4
K 2( 1in4 b+ls'4b)
- X eos a- — b+
g 008 2 4 Sinda 4 Sin
K .
-5, Sin 2a(cos® a - cos* b), (A12)

a
1
Ea, b)=J cos 0 = [1+K cos 2(a~- 0)] d6
b

1 K
= (sin a - sin b) (— + — cos 2a)
o

_%IS [cos 2a(sin® a - sin® b) + sin 2a(cos® a - cos® )], (AL3)
4

a
F(a, b) = j 1 [1+K cos2(a-6)] db
b T
1 K . . i
=—{(a-b)+ > [cos 2a(sin 2 - sin 2b) - sin 2a(cos 22 - cos 2b)].
' 2§

(Al4)
(c) d-w<I<d+r-2w.
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Similarly, by substituting equations in (A2), (A3), (A4), and (AS5) into (A7),

p becomes

1r/21
p=f ;(Zcosf)+w)f(9)d6+f

- é—(lcose+w)f(0)d0

/2

a, —ay a5
+ f p3ef(0) df + J P3jf(0) Ao + f DPajg S(0) db
a5 —d, —as

o) vl 2] 2 [r(ze) -l -2)

Glaz, as) + G(-as, ~a,) 4 (r-dy*  2r-d)
} 6d(r - w)* ¥ [l—g(r—w)— d(r- w) YT ]

- 2
Fas, 2+ 5 (1 28 s, -a0) - 2 Clas, 0

r-w
G(a3’ "03)
e (A15)

(d) IZd+r-2w.
By substituting (A2), (A3), (Ad), (A5), and (A6) into (A7), p becomes

2z -,
p= [ gm0 @@+ [ 2 teososw) 1) a

-nf2

a, ~a, a;
+ f P3e f(0) d6 + J D3 f(0) db + f Dajo £(6) df
a, -a, a,

+j “oyes@as+ [ 10 a0

-a,

4l orbe ] B o)
_ (r-a)? N 2(r-d)]

Glay, a3) + G(-as, ~a,) 4
) 6d(r - w)* ¥ [l—g(r—w) d(r- w) d

“ [Fas, aa) + F(-as, -a3)] + % ( - :__ Z) [E(as, a2) + E(-a4, ~a3)]

) d@r-w)
" [Glas, a1) *+ G(-aa, ~a3)] + Flas, -aa)

1
[Clas, a4) + C(-aa, -a3)] + odr- Wy
(Al6)
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