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Abstract

After the appearance of Ran and Reuring’s theorem and Nieto and Rodriguez-Lopez’s
theorem, the field of fixed point theory applied to partially ordered metric spaces has
attracted much attention. Coupled, tripled, quadrupled and multidimensional fixed
point results has been presented in recent times. One of the most important
hypotheses of these theorems was the mixed monotone property. The notion of
invariant set was introduced in order to avoid the condition of mixed monotone
property, and many statements have been proved using these hypotheses. In this
paper we show that the invariant condition, together with transitivity, lets us to prove
in many occasions similar theorems to which were introduced using the mixed
monotone property.
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1 Introduction

One of the core recent research topics in Fixed Point Theory is multidimensional fixed
point results in the context of various abstract space. This trend was initiated by the
well-known paper of Gnana-Bhaskar and Lakshmikantham [1]. Following this pioneering
work, several authors reported various results in the setting of partially ordered metric
spaces. Recently, the notion of coupled fixed point was extended to the higher dimensions
by defining tripled, quadrupled and, hence, multidimensional fixed points [2-5]. In [6],
Roldén et al. proved that most of the multidimensional fixed point results can be derived
from the existing fixed point theorems in the context of partially preordered metric spaces
with the additional hypothesis of the mixed monotone property. Meanwhile, in the liter-
ature, several multidimensional fixed point theorems have appeared in which the authors
omitted the notion of mixed property by adding a weaker conditions such as F-closed,
F-invariant, etc.

In this paper we will show that the notion of transitive F-closed (or F-invariant) set
is equivalent to the concept of preordered set and, then some recent multidimensional
results using F-invariant sets can be reduced to well-known results on partially ordered
metric spaces.
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2 Preliminaries

Henceforth, let X be a nonempty set. Given a positive integer #, let X” be the product space
X x X x-"+x X.Let N ={0,1,2,...} be the set of all nonnegative integers. We will use n,
m and k to denote nonnegative integers. Unless otherwise stated, ‘for all #” will mean ‘for
all n > 0.

Definition 1 (Roldén et al. [7]) A preorder (or a quasiorder) < on X is a binary relation
on X that is reflexive (i.e., x < x for all x € X) and transitive (if x,y,z € X verify x < y and
y < z, then x < z). In such a case, we say that (X, <) is a preordered space (or a preordered
set). If a preorder < is also antisymmetric (x < y and y < x implies x = y), then < is called
a partial order.

Throughout this manuscript, let (X, d) be a metric space and let < be a preorder (or a
partial order) on X. In the sequel, 7,g : X — X and F : X" — X will denote mappings.

Definition 2 A point (x3,%5,...,%,) € X" is
« a coupled coincidence point of F and g if n =2, F(x1,%5) = gx1 and F(x,%1) = gxa;
« atripled coincidence point of F and g if n = 3, F(x1,%3,x3) = gx1, F(x2,%1,%3) = gxp and
F(x3,%0,%) = gx3;
 a quadrupled coincidence point of F and g if n = 4, F(x1,%2,%3,%4) = gx1,
F(xp,%3,%4,%1) = %o, F(x3,%4,%1,%5) = gz and F(x4, %1, %2, %3) = gx4.
If g is the identity mapping on X, then a point verifying the previous conditions is a
coupled (respectively, tripled, quadrupled) fixed point of F due to Gnana-Bhaskar and
Lakshmikantham [1] (respectively, Berinde and Borcut [2], Karapinar [3]).

Definition 3 If (X, <) is a preordered space and 7,g: X — X are two mappings, we will
say that T is a (g, <)-nondecreasing mapping if Tx < Ty for all x,y € X such that gx < gy.
If g is the identity mapping on X, T is <-nondecreasing.

In [8], the author called g-isotone to (g, <)-nondecreasing mappings, especially in the
case in which X is a product space X”.

Definition 4 A fixed point of a self-mapping T': X — X is a point x € X such that Tx = «.
A coincidence point of two mappings T,g : X — X is a point x € X such that Tx = gx.
A common fixed point of T,g : X — X is a point x € X such that Tx = gx = x.

Definition 5 We will say that T’ and g are commuting if gTx = Tgx for all x € X, and we will
say that F and g are commuting if gF (x1, %3, ..., %,) = F(gx1,8%2,...,gx,) forallxy, ..., x, € X.

Remark 6 If T,g : X — X are commuting and x, € X is a coincidence point of T and g,
then Tk, is also a coincidence point of T and g.

The following notion was introduced in order to avoid the necessity of commutativity.

Definition 7 ([9-11]) Let (X, d) be a metric space provided with a partial order <. Two
mappings T, g : X — X are said to be O-compatible if

lim d(gTx,,, Tgx,,) =0

m— 00
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provided that {x,,} is a sequence in X such that {gx,,} is <-monotone and

lim Tx, = lim gx, € X.
m—> 00 m— 00
In 2003, Ran and Reuring proved the following version of the Banach theorem applicable

to metric spaces endowed with a partial order.

Theorem 8 (Ran and Reurings [12]) Let (X, <) be an ordered set endowed with a metric d
and T : X — X be a given mapping. Suppose that the following conditions hold:

(a) (X,d) is complete.

(b) T is x-nondecreasing.

(¢) T is continuous.

(d) There exists xq € X such that xq < Txo.

(e) There exists a constant k € (0,1) such that d(Tx, Ty) < kd(x, y) for all x,y € X with

X =Y.

Then T has a fixed point. Moreover, if for all (x,y) € X* there exists z € X such that x < z

and y < z, we obtain uniqueness of the fixed point.

Later, Nieto and Rodriguez-Lépez [13] slightly modified the hypothesis of the previous
result swapping condition (c) by the fact that (X,d, <) is nondecreasing-regular in the

following sense.

Definition 9 Let (X, <) be an ordered set endowed with a metric d. We will say
that (X,d, <) is nondecreasing-regular (respectively, nonincreasing-regular) if any <-
nondecreasing (respectively, <-nonincreasing) sequence {x,,} d-convergent to x € X, we
have x,, < x (respectively, x,, = x) for all m. (X, d, %) is regular if it is both nondecreasing-

regular and nonincreasing-regular.

Inspired by Boyd and Wong’s theorem [14], Mukherjea [15] introduced the following
kind of control functions:

= {go :[0,00) = [0,00) : p(t) < t and rlir% ¢(r) < t for each t > 0},

and he proved a version of the following result in which the space is not necessarily en-
dowed with a partial order (but the contractivity condition holds over all pairs of points

of the space).

Theorem 10 Let (X, <) be an ordered set endowed with a metricd and T : X — X be a
given mapping. Suppose that the following conditions hold:

() (X,d) is complete.

(b) T is x-nondecreasing.

(c) Either T is continuous or (X,d, }) is nondecreasing-regular.

(d) There exists xq € X such that xq < Txo.

(€) There exists ¢ € © such that d(Tx, Ty) < p(d(x,y)) for all x,y € X with x = y.

Then T has a fixed point. Moreover, if for all (x,y) € X* there exists z € X such that x < z
and y < z, we obtain uniqueness of the fixed point.
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An interesting version of the previous result in the coupled case for compatible map-
pings is the following one.

Theorem 11 (Choudhury and Kundu [9], Theorem 3.1) Let (X, %) be a partially ordered
set and let there be a metric d on X such that (X,d) is a complete metric space. Let ¢ :
[0,00) — [0, 00) be such that ¢(t) < t and lim,_,;+ ¢(r) <t forallt>0.Let F: X x X - X
and g : X — X be two mappings such that F has the mixed g-monotone property and satisfy

d(F(x,y), E(w,v)) < ¢ (d(g"'g”) * dtgy,gv))

2

forall x,y,u,v € X with gx < gu and gy = gv.

Let F(X x X) C g(X), g be continuous and monotone increasing and F and g be compatible
mappings. Also suppose
(a) F is continuous or
(b) X has the following properties:
(i) if a nondecreasing sequence {x,} — x, then x, < x for all n > 0;
(i) if a nonincreasing sequence {y,} — y, then y, =y for all n > 0.
If there exist xo,y0 € X such that gxo < F(x0,%0) and gyo = F(yo,%0), then there exist
%,y € X such that gx = F(x,y) and gy = F(y,x), that is, F and g have a coupled coincidence
point in X.

A partial order < on X can be extended to a partial order C on X" defining, for all
Y= ()’1»)’2, e :yn): V= (Vll V25eees Vn) € Xn,

<v, i=1,35,...,
yov if PP 1)
yl‘?V[, i:2,4:,6,....

Another interesting generalization of Theorem 10 was given by Wang in [8] using this
extended partial order on X”.

Theorem 12 (Wang [8], Theorem 3.4) Let (X, <) be a partially ordered set and suppose
there is a metric d on X such that (X,d) is a complete metric space. Let G : X" — X" and
T : X" — X" be a G-isotone mapping for which there exists ¢ € O such that for all Y € X",
V e X" with G(V) C G(Y),

pa(T(Y), T(V)) < 0(0(G(Y), G(V))),

where p,, is defined, for all Y = (y1,¥2,-..,9n), V = (vi,va,...,v,) € X", by

pn(Y, V) = %[d(yl,vl) +d(yn,v) + -+ + Ay ).

Suppose T(X") € G(X") and also suppose either

(@) T is continuous, G is continuous and commutes with T, or

(b) (X,d, <) is regular and G(X") is closed.

If there exists Yo € X" such that G(Y,) and T(Yy) are T-comparable, then T and G have
a coincidence point.
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Some other generalizations of the previous result can be found in Romaguera [16] (to
partial metric spaces, but not necessarily provided with a partial order).

In order to guarantee the existence and uniqueness of a solution of periodic boundary
value problems, Gnana Bhaskar and Lakshmikantham (and, subsequently, Lakshmikan-
tham and Ciri¢; see [17]) proved, in 2006, existence and uniqueness of a coupled fixed point
(a notion introduced by Guo and Laksmikantham [18]) in the setting of partially ordered
metric spaces by introducing the notion of mixed monotone property.

In order to ensure the existence of coupled fixed points, Gnana Bhaskar and Laksh-
mikantham introduced the following condition.

Definition 13 (Gnana Bhaskar and Lakshmikantham [1]) Let (X, <) be a partially ordered
setand F: X x X — X. We say that F has the mixed monotone property if F(x, y) is mono-
tone nondecreasing in x and is monotone nonincreasing in y, that is, for any x,y € X,

X1,%2 EX, X1 4 X2 = F(xlry) % F(x21y)’

yuyeX, yn=<y: =  Fln)=Flxy).

Many result were proved to ensure the existence of coupled fixed point. One of the com-
mon properties of all these results is the fact that the mapping F : X x X — X must verify
the mixed monotone property. Searching for a generalization of this kind of theorems,
Samet and Vetro [19] succeeded in proving some results in which the mapping F did not

necessarily have the mixed monotone property.

Definition 14 (Samet and Vetro [19]) Let (X, d) be a metric spaceand F: X x X — X be a
given mapping. Let M be a nonempty subset of X*. We say that M is an F-invariant subset
of X*if, for all x,y,z,w € X,

(i) xyz,w) e M <= (W,z,y,%x) € M;

(i) (x,9,2,w) e M = (F(x,), F(y,x), F(z,w), F(w,2)) € M.

The following theorem is the main result in [19].

Theorem 15 (Samet and Vetro [19]) Let (X, d) be a complete metric space, F: X x X — X
be a continuous mapping and M be a nonempty subset of X*. We assume that
(i) M is F-invariant;
(i) there exists (xo,%0) € X such that (F(xo,0), F(¥o,%0), %0, ¥0) € M;
(iii) for all (x,y,u,v) € M, we have

d(F(x,9),F(u,v)) < [d(x,F(x,y)) +d(y, F(y,x))]

N R

+

[d(u, F(u,v)) + d(v,F(v,u))]

+
NIR N N

[d(x,F(u, v)) +d(y, F(v, ”))]

[d(u,F(x,9)) +d(v,F(y,%))] + g[d(x, u) +d(y,v)],

+

where a, 8,0, v, § are nonnegative constants such thato + B+0 +y +§ < 1.
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Then F has a coupled fixed point, i.e., there exists (x,y) € X x X such that F(x,y) = x and
F()/, x) = y

Later, Sintunaravat et al. [20] introduced the notion of trausitive property so as to extend
the Lakshmikantham and Ciri¢’s theorem (see [17]).

Definition 16 (Sintunaravat et al. [20]) Let (X, d) be a metric space and M be a subset
of X*. We say that M satisfies the transitive property if, for all x,y,z, w,a, b € X,

wy,zzw)eM and (z,w,a,b)eM = (x,y,a,b)e M.
Then they proved the following result.

Theorem 17 (Sintunaravat et al. [20]) Let (X,d) be a complete metric space and M be
a nonempty subset of X*. Assume that there is a function ¢ : [0,00) — [0,00) with 0 =
©(0) < @(t) < t and lim,_, 4+ ¢(r) < t for each t > 0, and also suppose that F: X x X — X isa
mapping such that

(2)

d(F(x,9), Ew, ) < ¢ (w)

2

for all (x,y,u,v) € M. Suppose that either
(a) F is continuous or
(b) for any two sequences {xy,}, {ym} With (Xps1, Vi1 Xm> Yim) € M,

(X} — x, {Vm} —

forall m > 1, then (x,y, %, V) € M for all m > 1.
If there exists (x0,y0) € X x X such that (F(xo,y0), F(¥0,%0),%0,Y0) € M and M is an F-
invariant set which satisfies the transitive property, then there exist x,y € X such that x =
F(x,y) and y = F(y,x), that is, F has a coupled fixed point.

In recent times, it has been proved that many coupled, tripled, and quadrupled results
can be reduced to the unidimensional case, that is, to Theorems 8 and 10 (see, for instance,
Samet et al. [21], Agarwal et al. [22] and Roldén et al. [6], Ding et al. [23], Karapinar [24]
and Karapinar and Rolddn [25]). Furthermore, in some cases, it is not necessary to consider
a partial order, but a preorder (see Roldan et al. [7]).

Recently, in 2013, Batra and Vashistha [26] introduced the concept of (F,g)-invariant
set which is a generalization of an F-invariant set introduced by Samet and Vetro [19] and
proved the existence of coupled common fixed point theorems for nonlinear contractions
under c-distance in cone metric spaces having an (F, g)-invariant subset.

More recently, Charoensawan [27], based on Batra and Vashistha’s results, introduced
the tripled case as follows.

Definition 18 (Charoensawan [27]) Let (X, <) be a metric space and F : X> — X be a
given mapping. Let M be a nonempty subset of X°. We say that M is an F-invariant subset
of X6 if, and only if, for all x,y,z,u,v,w € X,

@y, z,u,v,w) eM

= (F(x,52),F(,%75),F(zy,%), F(u,v,w), F(v,u,v), F(w,v,u)) € M.
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The following concept is an extension of Definition 16.

Definition 19 (Charoensawan [27]) Let (X, <) be a metric space and M be a subset of X°.
We say that M satisfies the transitive property if, and only if, for all x, y,z, u, v, w,a, b,c € X,

@y, zu,v,w)eM and (w,v,w,a,b,c)eM = (x,¥,z,a,b,c)e M.

Definition 20 (Charoensawan [27]) Let (X, <) be a metric spaceand F: X3 — X, g: X —
X be given mappings. Let M be a nonempty subset of X®. We say that M is an (F,g)-
invariant subset of X 6 if, and only if, for all x,y,z,u,v,w € X,

(g%, gy, g2, gu, gv,gw) € M
== (F(x:y;Z),F(yyxry),F(Z;y;x);F(M,V, W),F(V, I,t,l/),F(W’V, u)) e M.

Notice that in the previous definitions, it is not necessary to consider neither a metric
nor a partial order on X. Then this author proved the following result.

Theorem 21 (Charoensawan [27], Theorem 3.7) Let (X, <) be a complete metric space
and M be a nonempty subset of X°. Assume that there is a function ¢ : [0, +00) — [0, +00)
with 0 = ¢(0) < ¢(t) < t and lim,_, s+ ¢(r) < t foreach t > 0,and also suppose that F : X> — X
and g : X — X are two continuous functions such that

d(F(x,y, z), F(u,v, w)) + d(F(y, x,9), F(v,u, v)) + d(F(z,y, x), F(w, v, u))
<d(gx,gu) +d(gy, gv) + d(gz, gw) )
<3¢

3

forallx,y,z,u,v,w € X with (gx, gy, gz, gu, gv,gw) € M or (gu, gv,gw, gx, gy, gz) € M. Suppose
that F(X?) C gX, g commutes with F.
If there exists (9,90, 20) € X> such that

(F(xo;)’mZo),F()/o»xo,yo),F(Zo,yo,x0)¢gxo,gy0,gzo) GM

and M is an (F,g)-invariant set which satisfies the transitive property, then there exist
x,9,z € X such that

gx=F(x,9,2), gy=F(y,x,y) and gz=F(z,y,x).

Not knowing them and independently from Charoensawan’s results, Kutbi et al. [28]
used a bidimensional extension of F-invariant subset as follows.

Definition 22 (Kutbi et al. [28]) We say that M is an F-closed subset of X* if, for all
x99, u,veEX,

wyuvieM — (F(x,y),F(y,x),F(u,v),F(v,u))eM.

Then they succeeded in proving some results using this property rather than the mixed
monotone property and the concept of F-invariant set. For instance, the following one.
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Theorem 23 (Kutbi et al. [28]) Let (X,d) be a complete metric space, let F: X x X — X
be a continuous mapping and let M be a subset of X*. Assume the following.
(i) M is F-closed,
(i) there exists (xo,%0) € X* such that (F(xo,%0), F(¥o,%0), %0, ¥0) € M;
(iii) there exists k € [0,1) such that for all (x,y,u,v) € M, we have

d(F(x,9), F(u,v)) + d(F(y, %), F(v,u)) < k(d(x, u) +d(y,v)).
Then F has a coupled fixed point.

The following two lemmas can be found in the literature, but we recall them here for the
sake of completeness.

Lemma 24 Let ¢ € O be a mapping and let {a,,} C R} be a sequence.
1. Ifam < @lam) and a,, #0 for all m, then {a,,} — 0.
2. If9(0) =0 and {b,,} C R} is a sequence verifying a,, < ¢(by,) for all m and {b,,} — 0,

then {a,,} — 0.

Lemma 25 If{x,,}cn is a sequence on a metric space (X, d) that is not Cauchy, then there
exist o > 0 and two subsequences {Xm i }ken and (X, }ken such that, for all k € N:

k < m(k) < n(k), AKXy Xnk)-1) < €0 < AKXy, Xury))  Sfor all k. (3)
Furthermore, if {d(xy, %m11)} — O, then
kll)rglo A Xy Xni)) = kll)ngo AKX 11> Xn(k)+1) = €o- (4)

In this paper we observe that if M € X* is F-invariant and has the transitive property, we
could induce a preorder on X? such that Theorem 17 can be seen as an easy consequence of
Theorem 10. Actually, we will present an unidimensional result that can be particularized,
following well-known techniques, to the multidimensional case.

3 Main results

Before showing our main results, some remarks must be done. Firstly, consider the family
' = [go :[0,00) = [0,00): 0 = ¢(0) < p(t) < tand lim ¢(r) < ¢ for each £ > 0].
r—>t+

This family of control functions was employed by Sintunaravat et al. in Theorem 17 and by
Charoensawan in Theorem 21. However, notice that it is not as general as Wang’s family
® because the value ¢(0) is not necessarily determined if ¢ € ®. In this sense, ' C .

Secondly, notice that Charoensawan’s notion of F-invariant set is similar to Kutbi et al.’s
notion of F-closed set, but it is different from Samet and Vetro’s original concept because
property (i) in Definition 14 is not imposed. Then, coherently with Definition 22, we prefer
calling these subsets employing the term F-closed.

Definition 26 Let 7,g: X — X be two mappings and let M € X? be a subset. We will say
that M is
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o (T,g)-closed if (Tx, Ty) € M for all x,y € X such that (gx,gy) € M;
o (T,g)-compatible if Tx = Ty for all x,y € X such that gx = gy.

Definition 27 We will say that a subset M C X? is transitive if (x, ), (y,z) € M implies that
(x,2) e M.

Definition 28 Let (X,d) be a metric space and let M C X2 be a subset. We will say that
(X,d, M) is regular if for all sequence {x,,} € X such that {x,,} — x and (x;;, %,5141) € M for
all 1, we have (x,,,x) € M for all m.

We introduce a notion of continuity weaker than the usual concept.

Definition 29 Let (X,d) be a metric space, let M C X2 be a subset and let x € X. A map-
ping T : X — X is said to be M-continuous at x if for all sequence {x,,} C X such that
{x,} = x and (x,,,, %,,41) € M for all m, we have {Tx,,} — Tx. T is M-continuous if it is

M-continuous at each x € X.
Remark 30 Every continuous mapping is also M-continuous, whatever M.

In order to avoid the commutativity condition of the mappings 7 and g, and inspired by
Definition 7, we present the following notion of (O, M)-compatibility.

Definition 31 Let (X,d) be a metric space and let M C X? be a subset. Two mappings
T,g:X — X are said to be (O, M)-compatible if

lim d(gTx,,, Tgx,,) =0
m— 00
provided that {x,,} is a sequence in X such that (gx,,, gx,,,1) € M for all m > 0 and

lim Tx, = lim gx,, € X.
m— 00 m—>00

Remark 32 If T and g are commuting, then they are also (O, M)-compatible, whatever M.
The main result of this paper is the following one.

Theorem 33 Let (X, d) be a complete metric space, let T,g : X — X be two mappings such
that TX C gX and let M C X? be a (T, g)-compatible, (T, g)-closed, transitive subset. As-
sume that there exists ¢ € ® such that

d(Tx, Ty) < ¢(d(gx,gy)) forall x,y € X such that (gx,gy) € M. (5)

Also assume that, at least, one of the following conditions holds.

(a) T and g are M-continuous and (O, M)-compatible;

(b) T and g are continuous and commuting;

() (X,d,M) is regular and gX is closed.

If there exists a point xo € X such that (gxo, Txo) € M, then T and g have, at least, a
coincidence point.
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Proof Starting from x, such that (gxo, Txo) € M, we have Txy € TX C gX, so there ex-
ists x; € X such that gx; = Txy. Therefore (gxo, gx1) = (gxo, Txo) € M. As M if (T, g)-closed,
(Txo, Tx;) € M. Again, since Tx; € TX C gX, there exists x, € X such that gxp = Tx;. There-
fore (g1, gx2) = (Txo, Txy) € M. As M if (T,g)-closed, (Tx;, Tx;) € M. Repeating this pro-
cess, there exists a sequence {x,,} C X such that

i = ITx,, and  (gx, @xm41) €M forallm > 0. (6)
If there exists m1y € N such that gx,,, = g%,0+1, then gw,,; = 8%041 = Ty, SO Xy, is a co-
incidence point of T and g. In this case, the proof is finished. On the contrary, assume
that

9Xm # Sxms1,  thatis,  d(gx,,gxms1) >0 forall m. (7)
As (g, g@xme1) € M for all m, the contractivity condition (5) implies that

d(gxm+1:gxm+2) = d(Tx, Thyp1) < (p(d(‘gxmrgxm+1)) for all m. (8)
Applying (7) and item 1 of Lemma 24 to {a,, = d(gxu, g%m+1)}, we deduce that

{d(gxm¢gxm+l)} — 0.

Next, we show that {gx,,} is a Cauchy sequence reasoning by contradiction. Suppose

that {gx,,} is not a Cauchy sequence. Taking into account (8), a well-known reasoning

guarantees that there exist 9 > 0 and two partial subsequences {gx,,)} and {gx,} such
that

k < m(k) < n(k), A(@X (k) Gxn(i)-1) < €0 < A(@Xmk)» GXnky) for all &, 9)

lim d(gxmk)s §xnry) = UM d(gX(k)+1,8%nk)+1) = €0- (10)
k— 00 k—00

Since M is transitive, it follows from (6) that (gx,.x), g%nk)) € M for all k. Let us apply the
contractivity condition (5) to x = gx,,) and y = gx,,x), and we get, for all k,

ALt 1, 8n()+1) = A Tm(iys Thni)) < (A @Xm)r &n)))- (11)

By (9) and (10), {d(g¥m)> 8%n(x))} is a sequence of real numbers, stricly greater than ¢, that
converges to &o. In particular, since ¢ € ®,

klim (p(d(gxm(k),gxn(k))) = 11II]+ (p(S) < &p. (12)
— 00 s—eg
Letting k — oo in (11) and using (10) and (12), we deduce that
g0 = lim d(gxm(t)+1,@n(o+1) < 1im @ (d(@Xmu) &on(n)) < €05
k—00 k—o00

which is impossible. This contradiction proves that {gx,,} is a Cauchy sequence.
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As (X, d) is complete, there is x € X such that {gx,,} — x. Next we distinguish between
hypotheses (a), (b), and (c).

Case (a). Assume that T and g are M-continuous and (O, M)-compatible. Since {gx,,} —
x and (g%, g¥m+1) € M for all m > 0, we have {ggx,,} — gx and {Tgx,,} — Tx. Furthermore,
as T and g are (O, M)-compatible, we have lim,,_, o, d(gTx,,, Tgx,,) = 0. Therefore,

d(gx, Tx) = lim d(gTx,,, Tgx,,) =0,
m—>00

which means that x is a coincidence point of 7 and g.

Case (b). By Remarks 30 and 32, if T' and g are continuous and commuting, then they
are also M-continuous and (O, M)-compatible, so item (a) is applicable.

Case (c). Now, suppose that (X,d, M) is regular and gX is closed. As {gx,,} € gX and
gX is closed, then x € gX, that is, there is z € X such that gz = x. Taking into account
that (X, d, M) is regular, then (gx,,, gz) = (gx,,, x) € M for all m. Applying the contractivity
condition (5), we have

d(gxm1, Tz) = d(Ix,,, Tz) < ga(d(gxm,gz)) = (p(d(gxm,x)) for all m.

Now we distinguish whether ¢(0) = 0 or not. If ¢(0) = 0, item 2 of Lemma 24 (applied
to a,, = d(gxm1, 1z) and by, = d(gx,,, x) for all m) ensures us that {d(gx,,,1, Tz)} — 0, that
is, {gxm+1} converges to Tz. In this case, gz = x = lim,,—, 00 g% = 1%, s0 z is a coincidence
point between T and g. Next, suppose that ¢(0) # 0 and we are going to show that

d(gxm1, Tz) < d(gxy,,x) forall m > 1. 13)

o If d(gx,,, x) # 0, then d(gx,,1, T2) < @(d(gx,,, x)) < d(gx,,, x) since ¢ € ©.
+ Suppose that there is some m19 € N such that d(gx,,,,x) = 0. Then gx,,, =x = gz and
(g%my,gz) € M. Taking into account that M is (T, g)-compatible, we deduce that
Ty, = Tz. Therefore gx,, 1 = T, = Tz and (13) also holds for m,.
In any case, (13) holds for all m > 1. Therefore {gx,,.1} — TZz and, by the unicity of the
limit, 7z = gz. O

If one takes ¢; € ® in Theorem 33, where k € [0,1) and @i(¢) = k¢ for all ¢ > 0, and
remove the transitivity condition, we get the following statement.

Corollary 34 Let (X, d) be a complete metric space, let T,g : X — X be two mappings such
that TX C gX and let M C X? be a (T,g)-compatible, (T, g)-closed set. Assume that there
exists k € [0,1) such that

d(Tx, Ty) < kd(gx,gy) for all x,y € X such that (gx,gy) € M. (14)

Also assume that, at least, one of the following conditions holds.

(a) T and g are M-continuous and (O, M)-compatible;

(b) T and g are continuous and commuting;

() (X,d,M) is regular and gX is closed.

If there exists a point xo € X such that (gxo, Txo) € M, then T and g have, at least, a
coincidence point.

Page 11 of 16
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Proof We use the same structure as in the proof of Theorem 33. By following its lines, we

derive

A(gxms1> Zms2) = AT, Txpii1) < kd(gxp> §xm1) for all m,
and, therefore,

A(gx, gxm1) < kK"d(gxo,gx1) for all m.

By standard techniques, one can easily deduce that {gx,,} is a Cauchy sequence (notice
that it is not necessary the transitivity condition because we do not need to apply the
contractivity condition to d(gx,x),g%nk))). Since (X,d) is complete, there is x € X such
that {gx,,,} — x. The rest is the same as in the proof of Theorem 33. g

We particularize the previous theorem, obtaining the following version of Theorem 12,
in which a partial order is not necessary.

Corollary 35 Let (X, d) be a complete metric space and let < be a transitive relation on X.
Let T,g: X — X be two mappings such that TX C gX and T is (g, <)-nondecreasing. Sup-
pose that there exists ¢ € O such that

d(Tx, Ty) < w(d(gx,gy)) Jorall x,y € X such that gx < gy. (15)
Also suppose that
©(0)=0 or < isantisymmetric.

Assume that either

(a) T and g are continuous and commuting, or

(b) (X,d, <) is regular and gX is closed.

If there exists a point xy € X such that gxg < Txo, then T and g have, at least, a coinci-
dence point.

Proof Consider the subset M = {(x,y) € X2 : x < y}. Then the following properties hold.

+ M is nonempty because (gxo, Txo) € M.

« M is transitive because < is so.

o Ifx,y € X are such that (gx, gy) € M, then gx < gy. Since T is (g, <)-nondecreasing, we
have Tx < Ty, that is, (Tx, Ty) € M. Therefore, M is (T, g)-closed.

+ Letx,y € X be such that (gx,gy) € M and gx = gy. If ¢(0) = 0, then
d(Tx, Ty) < ¢(0) = 0, so Tx = Ty. On the contrary, if < is antisymmetric, since T is
(g, <)-nondecreasing, we have

Tx
Ty

Ty
Tx

ax
&y

&y
gx

=g, @ngeM = z = Tx=Ty

A A
AN

In any case, M is (T, g)-compatible.
« Itis clear that (X, d, M) is regular when (X, d, <) is regular.
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Then M verifies all conditions of Theorem 33 and it guarantees that 7" and g have, at

least, a coincidence point. g

In the previous result, the condition ¢(0) = 0 does not mean that necessarily ¢ € ®’. For
instance, if we define ¢ (¢) = 0 for all £ > 0, then we have ¢y € ® \ ®' and ¢, (0) = 0.

Corollary 36 Theorem 12 immediately follows from Theorem 33.

Proof The result follows from Corollary 35 when we observe that if (X,d, x) is regular,
then (X", p,, E) is also regular (where p, is defined in Theorem 12 and C is given by (1)).
O

As we have pointed out in Preliminaries, recently, some authors have showed that many
coupled, tripled, quadrupled and multidimensional fixed point results can be reduced to
the unidimensional case. Next we show how coupled and tripled coincidence point results
(for instance, Theorems 17 and 21) can be directly deduced from the ‘unidimensional’
Theorem 33.

We introduce the following notation. Let (X, <) be a partially ordered space and let n €
{2,3}. Given two mappings g: X — X and F : X" — X, define

TFX* > X% Ty = (F@), F(,%);
G*:X* = X%  G*xy) = (exgy);
Tg IX3 — XB, Tg(x,y,z) = (F(x;y;Z);F(y:xry):F(Z»yyx));

G X3 > X3, G’ (x,9,2) = (gn, g9, 82).-

Clearly, a coincidence point between F and g is nothing but a coincidence point between
T} and G".
A nonempty subset M of X*" is (F, g)-closed if M is (T, G")-closed, that is,
o n=2:(gx,gy,qu,gv) € M = (F(x,9), F(y, %), F(u,v), F(v,u)) € M;
o n=3:(gx,gy,92 gu,gv,gw) € M = (F(x,9,2), F(y,%,9), F(z,,%), F(u, v, w), F(v, u, v),
F(w,v,u)) € M.

Corollary 37 Theorem 17 immediately follows from Theorem 33.

Proof It is only necessary to consider g as the identity mapping on X and the metric D?
on X? given by

_ dx,u) +d(y,v)

5 for all (x, y), (u,v) € X2. O

Dz((x,y), (u,v))

Define
o 1=2:(%,9) Cap (,v) < [(%,9) = (u,v) or (u,v,x,y) € M?];
o 1=3:(x,9,2) Cyp (4,v, W) <= [(%,9,2) = (u,v,w) or (u,v,w,x,9,2) € M>].

Definition 38 We will say that M" C X*" is (F, g)-compatible if M" is (T}, G")-compatible
(thatis, TfA = T7B for all A, B € M" such that G"A = G"B).
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Lemma39 Letne {2,3},letg:X — X and F : X" — X be two mappings and let M" be a
nonempty subset of X*". Then the following properties hold.

1. Tam is reflexive whatever M".

2. M" satisfies the transitive property if, and only if, Cym is a preorder (reflexive and

transitive) on X*".

Next, assume that M" is (F,g)-compatible.

3. M" is (F,g)-closed if, and only if, the mapping T} is (G", Eym)-nondecreasing.

4. If M" is F-invariant, then the mapping Tp is Cypm-nondecreasing.

Proof We include the proof assuming that # = 2 because the case n = 3 is exactly the same.

(1) It is obvious. (2) Suppose that M? satisfies the transitive property and let (x,y) C,p2
(u,v) and (4, v) Cpp2 (a,b). If (x,y) = (&, v) or (u,v) = (a, b), then it is apparent that (x,y) T ,p2
(a,b). In other case, (1, v,x,y) € M? and (a,b,u,v) € M. Since M? satisfies the transitive
property, then (a, b,x,y) € M?, which means that (x,y) T,z (a,b). Thus, C,p is transitive,
that is, a preorder on X2. The converse is similar.

(3) [=] Suppose that M? is (F,g)-closed. Let (x,7), (4, v) € X? be such that G?(x, y) =,
G?(u,v), that is, (gx,gy) Ty (gu,gv), which means that either (gx,gy) = (gu,gv) or (gu,gv,
ax,gy) € M2 If G*(x,y) = G*(u,v), then T3 (x,y) = T?(u,v) because M? is (F,g)-compatible.
On the other case, if (gu,gv,gx,gy) € M2, then (F(u,v), F(v,u), F(x,y), F(y,x)) € M? be-
cause M? is (F,g)-closed. This is equivalent to (F(x,y), F(y,x)) Cyp (F(u,v), F(v,u)), that
is, T3(x,y) Cape T2(u,v). Therefore, T? is (G?,C,p2)-nondecreasing.

[«<] Assume that T} is (G? C,p2)-nondecreasing and let x,y,u,v € X such that (g, gy,
gu,gv) € M. In this case, G*(u,v) = (gu,gv) T (gr,gy) = G*(x,7). As T? is (G*,C,p)-
nondecreasing, we have T2(u,v) Cyp T#(x,7), which means that either (F(x,y), F(y,x)) =
(F(u,v), F(v,u)) or (F(x,y), F(y,x), F(u,v), F(v,u)) € M.

(4) It follows from the fact that M is also F-closed. O

Corollary 40 Theorem 21 immediately follows from Theorem 33.

Proof It follows from Lemma 39 and Corollary 35 considering the subset M = {((x,y,2),
(u,v,w)) € X® : % = u,y < v,z = w} and taking into account the following facts:

o if o € " and if A > 0 is given, then ¢, € &', where ¢, (¢£) = Ap(t/2) for all £ > 0;

« when d is a complete metric on X, the mapping D?, defined by

dx,u) + d(y,v) + d(z,w)

D3 (5 3,2), (w, v, w)) = -

for all (x,9,2), (u,v,w) € X3,

is a complete metric on X3, g

In the same way, the following result can be proved using the (O, M)-compatibility in-
volved in Theorem 33.

Corollary 41 Theorem 11 immediately follows from Theorem 33.

Remark 42
1. Notice that the main results in [28] do not assume that M verifies the transitive
property. Therefore, they cannot be directly deduced from Theorem 33. However,
they are consequences of Corollary 34.
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2. Finally, we point out that, following well-known techniques (which can be found in
[7], Section 6), the unidimensional Theorem 33 can be particularized to the
multidimensional case in which X is replaced by X", and generating a large list of

coupled, tripled and quadrupled possible results.

Example 43 Let X = [0,1] provided with the Euclidean metric dy and let define the subset
M = X2, the mappings T,g: X — X and the function ¢ : [0, +00) — [0, +00) by

Tx:% and gng forallx € X; o(t)=t/2 forallt>0.

Since all conditions of Theorem 33 hold, then 7" and g has a coincidence point. In this

case, T and g are continuous, and the only coincidence point between T and g is x = 0.

Example 44 Let X = [0,1] be provided with the Euclidean metric dy and let us define the
subset M C X2, the mappings T,g : X — X, and the function ¢ : [0, +00) — [0, +00) by

1
M=AxA, whereA-= {;:I’IEN} U {0}; o(t)=t/2 forallt=>0;

x/4, ifxeA, x/2, ifxeA,
Tx = g =
0, ifxe X\ A; 0, ifxe X\ A.

If we take xo =1 € A, we have (gxo, Txo) = (1/2,1/4) € M. Moreover, TX = A\ {1,1/2} C
AN\ {1} = gX. If (gx, gy) € M, we distinguish three cases.
o Ifx,y € A, then

1
ol =o( |2 - 2| ) = 3-31= |2 - 2| < .

« IfxeAandye X\ A,then

x 1 x
¢ (d(gx,gy)) = ‘”(}E - OD =4%-0l= ’Z - 0‘ = d(Tx, Ty).
o Ifx,y € X\ A, then d(Tx, Ty) = 0 = p(d(gx, gy)).
Notice that 7" and g are not continuous on X, but (X, dy, M) is regular and gX is closed.
Since all conditions of Theorem 33 hold, then T and g has a coincidence point. In this

case, all points in X \ A are coincidence points between 7 and g.
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