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Abstract—The fifty new amicable four-cycles found in part
I of this series (Blankenagel, Borho, vom Stein, 2003) are
complemented here by 56 more new amicable four-cycles. By
construction, all these cycles are of a certain special form. It
is pointed out as an open problem, whether the method of
construction gives all amicable four-cycles of the special form.
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I. I NTRODUCTION

L ET τ(n) denote the sum of proper divisors of a nat-
ural numbern, and let σ(n) = n + τ(n). We con-

sider when the sequencen, τ(n), τ (2)(n) := τ(τ(n)), . . .
becomes periodic. Ifn = τ (k)(n) with k minimal, then
n1 = n, n2 = τ(n), n3 = τ (2)(n), . . . , nk = τ (k−1)(n)
is called anamicablek-cycle. The study of amicable1-cycles
(perfect numbers) and of amicable2-cycles (amicable pairs)
has a thousand-year-old history. Here we study amicable four-
cycles, the first of which was discovered in 1969 [2].

To discover amicable four-cycles, two different methods
are known. One is by exhaustive computer-search in some
interval of all natural numbers by trial and error. This was
done up to the present limit of5 · 1012 by the joint efforts
of various authors [3]. Alternatively, one may use certain
algebraic formulas for the construction of amicable four-
cycles. This method is based on the following Theorem.

Theorem 1.1 ([2]): Let a1 and a2 be natural numbers,
a1 6= a2, and let D := a1 a2 − τ(a1) τ(a2). Let d1 d2
be a factorization ofa1 a2 into two natural numbersd1, d2.
Consider the six numberspij , ri (i, j = 1, 2; wherea3 := a1)

pij :=
1

D
(τ(ai+1)σ(ai) + dj σ(ai+1)), (1)

ri :=
1

ai
τ(ai pi1 pi2). (2)

If all six are primes, andpij andri do not divideai, pi1 6= pi2
(i, j = 1, 2), then the following is an amicable four-cycle:

n1 = a1 p11 p12, n3 = a2 p21 p22,

n2 = a1 r1, n4 = a2 r2 .

The smallest example is

n1 = 33 · 5 · 7 · 83 · 359, n3 = 33 · 5 · 11 · 79 · 263,

n2 = 33 · 5 · 7 · 31643, n4 = 33 · 5 · 11 · 20183,

which was found along with the Theorem in 1969 [2].
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To specify these four numbers, it is enough to givea1, a2
andd1, because the rest is then given by formulas (1) and (2)
of the Theorem. In the example

33 · 5 ·

{

7 = a1,

11 = a2,
d1 = 32 · 5 · 7.

By a constructive search based on the above Theorem, we
produced 50 new (amicable) four-cycles in [1] in 2003, and
56 more here, published in the same form as in [1] in a table
at the end of this paper.

Meanwhile, the total number of known amicable four-cycles
increased from 110 in 2003 to 226 in 2015, as we learnt from
D. Moews [3]. Here is the list of the discoverers:

number of
years Discoverers discoveries method

1969 Borho 1 constructive

1970 Cohen 8 trial and error

1972 David / Root 4 / 5 trial and error

1990 Yuanhua 3 constructive

1990 Flammenkamp 7 trial and error

1990-95 Moews, Moews 9 trial and error

1990-98 Moews, Moews 8 constructive

1997-00 Pedersen 9 constructive

2000 Baader 1 trial and error

2000-01 Ren Yuanhua 9 constructive

2000-01 Blankenagel, Borho 50 constructive

2002/2005 Pedersen 6 constructive /

trial and error

2003 Baader 1 trial and error

2003-2011 Yuanhua 34 constructive

2005/2007 Marcus 2 ?

2005-2010 Needham 7 trial and error

2008/2015 Bodyagin 6 trial and error

2014-2015 Hall 5 trial and error

2003-2015 Blankenagel, Borho 56 constructive

II. CONJECTURE

We call an amicable four-cyclen1, n2, n3, n4 ”of the special
form”, if

n1 = a p q, n3 = b s t,

n2 = a r, n4 = b u

where p, q, r, s, t, u are simple prime factors (anda, b

natural numbers). The Theorem gives a sufficient condition
for amicable four-cycles of the special form. Note that all
amicable four-cycles constructed by this constructive method
are of the special form.
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According to D. Moews [3] there are (by 2015) 226 known
amicable four-cycles, and 175 of them are of the special form,
including all 106 four-cycles published in the present series.

However, some of the 175 four-cycles of the special form
were not found by the Theorem, but by some exhaustive trial
and error searches. But we have checked that also these four-
cycles can be obtained by the Theorem - by a suitable choice
of the factorizationd1, d2.

So we have obtained some empirical evidence for the
conjecture, that formulas (1) and (2) of the above Theorem
give not only a sufficient, but also a necessary condition for
amicable four-cycles of the special form. That is to say:

Conjecture: Every amicable four-cycle of the special form
can be found by the Theorem above.

III. SEARCH RESULTS

Hunting for amicable four-cycles by means of the Theorem
affords some skill in the choice of the numbersa1, a2. We
have described to some extent our strategy in [1]. Here we
have continued the search there. In general, a good training
of that skill is the search for amicable pairs, beginning with
Eulers’s first form(a p q, a r).

The following table specifies all 56 new amicable four-
cycles found here by means of the Theorem above. In fact,
for each of the 56 amicable four-cycles we give the triples
a1, a2 andd1 in prime factorization. From these data, the full
four-cycle can be easily computed by the formulae given in
the Theorem.

We let each line of the following table begin with an
ordinal number of the corresponding four-cycle, followed by
the number of decimal digits of the smallest member of the
four-cycle, with a “D” for “decimal digits”. Next,a1 anda2
are given, with the common divisor given only once. Finally,
d1 is given.

The four-cycles are grouped according to their “type”. We
call a four-cycle of “type(r, s)” if a1, a2 have the form

a1 = a p1 p2 . . . pr, a2 = a q1 q2 . . . qs,

with a the greatest common divisor, and different primes
p1, . . . , pr, q1, . . . , qs not dividing a.

type (2, 2)

51) 20D 34 · 72 · 112 ·

{

13 · 593
83 · 197

d1 = 34 · 72 · 112 · 593

52) 31D 3 · 5 · 7 · 13 · 103 ·

{

149 · 269
823 · 10949

d1 = 3 · 5 · 7 · 13 · 103 · 149 · 269

53) 35D 32 · 5 · 132 · 31 · 61 · 103 ·

{

149 · 269
823 · 10949

d1 = 32 · 5 · 132 · 31 · 61 · 103 · 149 · 269

54) 35D 3 · 54 · 112 · 19 ·

{

13 · 53639
1259 · 345679

d1 = 3 · 54 · 112 · 19 · 345679

55) 37D 32 · 5 · 11 · 43 · 89 ·

{

23 · 2309
773 · 400559

d1 = 32 · 5 · 11 · 23 · 43 · 400559

56) 39D 34 · 72 · 112 · 23 ·

{

239 · 95633
367 · 145799

d1 = 34 · 72 · 112 · 23 · 239

57) 57D 34 · 72 · 11 · 19 ·

{

223 · 833687009
14447 · 607213

d1 = 34 · 72 · 11 · 19 · 223

type (3, 1)

58) 39D 34 · 72 · 11 · 19 ·

{

281 · 1259 · 5023
33057919

d1 = 34 · 7 · 11 · 19 · 281 · 1259

59) 47D 32 · 72 · 11 · 19 · 41 ·

{

43 · 1609 · 9239
2064391559

d1 = 32 · 72 · 11 · 19 · 41 · 43 · 1609 · 9239

60) 53D 22 · 13 · 23 · 101 ·

{

71 · 12119 · 264959
36214352747

d1 = 22 · 13 · 23 · 101 · 12119 · 264959

61) 60D 2 · 7 · 11 · 17 ·

{

67
193 · 505369 · 2659893917

d1 = 2 · 11 · 17 · 67 · 193 · 505369

type (3, 2)

62) 22D 35 · 7 ·

{

5 · 23 · 1061
11 · 353

d1 = 35 · 7 · 11

63) 27D 33 · 52 · 31 ·

{

17 · 239
41 · 47 · 14489

d1 = 33 · 52 · 17 · 31 · 41

64) 27D 23 · 41 ·

{

31 · 97 · 1979
29 · 223

d1 = 23 · 41 · 97 · 223

65) 29D 23 · 61 ·

{

17 · 47 · 216061
53 · 1931

d1 = 23 · 17 · 61 · 216061

66) 31D 25 ·

{

79 · 137 · 3253
109 · 449

d1 = 25 · 137 · 449

67) 32D 33 · 52 · 17 ·

{

43 · 59 · 120767
67 · 839

d1 = 33 · 52 · 17 · 120767

68) 34D 2 · 5 · 11 ·

{

53 · 193 · 310397
79 · 3491

d1 = 2 · 5 · 11 · 53 · 310397

69) 36D 34 · 5 · 112 ·

{

59 · 719 · 721207
89 · 2039

d1 = 34 · 5 · 112 · 59 · 89 · 719

70) 42D 32 · 53 · 13 ·

{

19 · 8693
139 · 701 · 4668953

d1 = 32 · 53 · 13 · 19 · 139 · 701

71) 43D 3 · 52 · 7 · 31 ·

{

23 · 463 · 648597179
173 · 22271

d1 = 3 · 52 · 7 · 31 · 463 · 22271

72) 50D 24 · 41 ·

{

199 · 239 · 1950409
163 · 9327640783

d1 = 24 · 41 · 199 · 1950409

73) 53D 23 · 31 ·

{

19 · 1871
71 · 8233 · 1570472201

d1 = 23 · 312 · 71 · 8233

type (3, 3)

74) 21D 2 · 5 ·

{

7 · 89 · 2131
19 · 103 · 163

d1 = 2 · 5 · 19 · 2131

75) 26D 22 · 17 ·

{

13 · 59 · 10709
23 · 97 · 109

d1 = 22 · 17 · 23 · 59 · 97

76) 27D 22 · 11 ·

{

19 · 43 · 93257
107 · 109 · 941

d1 = 22 · 11 · 19 · 43 · 109
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77) 27D 23 ·

{

11 · 61 · 107
59 · 619 · 3527

d1 = 23 · 11 · 3527

78) 28D 3 · 5 · 72 ·

{

17 · 31 · 5039
29 · 83 · 109

d1 = 3 · 5 · 72 · 31 · 83 · 109

79) 33D 24 ·

{

41 · 103 · 1367
43 · 167 · 18353

d1 = 24 · 43 · 167

80) 40D 32 · 5 · 11 ·

{

19 · 59 · 727
23 · 3119 · 1726171

d1 = 32 · 5 · 23 · 727 · 3119

81) 45D 32 · 5 · 11 ·

{

17 · 859 · 7041824789
19 · 389 · 749209

d1 = 32 · 5 · 11 · 19 · 859 · 749209

82) 61D 32 · 5 · 7 ·

{

83 · 19709 · 4392306719149
269 · 293 · 3835763

d1 = 32 · 5 · 7 · 293 · 4392306719149

83) 64D 2 · 5 · 13 ·

{

19 · 109 · 2107109654207
659 · 719 · 6159689

d1 = 2 · 5 · 13 · 19 · 659 · 6159689

84) 64D 26 ·

{

79 · 3571 · 5981106807433
439 · 1733 · 2338667

d1 = 26 · 79 · 439 · 1733 · 2338667

85) 68D 26 ·

{

97 · 2663 · 7947469735319
199 · 20201 · 8236103

d1 = 26 · 97 · 2663

type (4, 2)

86) 22D 33 · 5 ·

{

7 · 31 · 53 · 269
19 · 863

d1 = 33 · 5 · 7 · 31 · 53

87) 31D 24 ·

{

29 · 59 · 139 · 233
449 · 95549

d1 = 24 · 29

88) 31D 32 · 52 ·

{

7 · 47 · 67 · 55249
19 · 311

d1 = 32 · 52 · 7 · 19 · 47

89) 40D 32 · 5 · 19 ·

{

7 · 59 · 379 · 1192013
29 · 3761

d1 = 32 · 5 · 7 · 19 · 3761

90) 45D 33 · 54 · 71 ·

{

19 · 23 · 499 · 72707
31 · 277199249

d1 = 33 · 54 · 23 · 31 · 71 · 499

91) 56D 32 · 5 · 13 · 31 ·

{

19 · 10718252661899
61 · 149 · 2281 · 531589

d1 = 32 · 5 · 13 · 19 · 31 · 2281 · 531589

type (4, 3)

92) 31D 2 · 5 ·

{

17 · 19 · 191
11 · 127 · 449 · 27271

d1 = 2 · 5 · 11 · 17 · 449

93) 34D 22 · 19 ·

{

13 · 17 · 37 · 463
151 · 293 · 473743

d1 = 22 · 13 · 19 · 473743

94) 35D 32 · 5 ·

{

7 · 23 · 59209
11 · 59 · 199 · 431

d1 = 32 · 5 · 7 · 23 · 431

95) 35D 3 · 5 · 7 ·

{

13 · 19 · 61 · 385559
47 · 59 · 439

d1 = 3 · 5 · 7 · 47 · 59 · 439

96) 36D 32 · 52 ·

{

7 · 29 · 37 · 1097
47 · 89 · 2308727

d1 = 32 · 53 · 7 · 29 · 47

97) 36D 23 ·

{

17 · 23 · 61 · 727
79 · 557 · 701479

d1 = 23 · 557 · 727

98) 41D 24 ·

{

23 · 131 · 139 · 16850987
197 · 839 · 1823

d1 = 24 · 23 · 139 · 1823

99) 49D 33 · 52 ·

{

13 · 19 · 269 · 1725319007
23 · 5669 · 326023

d1 = 33 · 52 · 19 · 326023

100) 50D 2 · 52 ·

{

13 · 23 · 283 · 174666799
59 · 97 · 20759

d1 = 2 · 52 · 13 · 97 · 283

101) 50D 33 · 52 · 31 ·

{

19 · 89 · 3377460887
47 · 53 · 229 · 259309

d1 = 33 · 52 · 31 · 229 · 259309

102) 51D 3 · 5 · 7 ·

{

17 · 23 · 20664522971
13 · 191 · 3617 · 955469

d1 = 3 · 5 · 7 · 23 · 955469

103) 70D 2 · 5 · 13 ·

{

29 · 127 · 5051 · 2259965168873
71 · 149 · 4196527

d1 = 2 · 5 · 132 · 127 · 149
type (5, 2)

104) 35D 2 · 5 ·

{

13 · 19 · 31 · 107 · 163859
23 · 191

d1 = 2 · 5 · 19 · 31 · 107

105) 70D 2 · 52 ·

{

13 · 23 · 67 · 6869 · 5022167
59 · 1067433135983

d1 = 2 · 5 · 59 · 6869 · 5022167

type (5, 3)

106) 71D 2 · 5 ·

{

7 · 17 · 173 · 659 · 255977
59 · 263 · 4146779094239

d1 = 2 · 5 · 59 · 659
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