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Abstract

Let m, k be fixed positive integers. Determining the generating function for the
number of tilings of an m x n rectangle by k x 1 rectangles is a longstanding open
problem to which the answer is only known in certain special cases. We give an explicit
formula for this generating function in the case where m < 2k. This result is used to
obtain the generating function for the number of tilings of an m x n x k box with
k x k x 1 bricks.

1 Introduction and main results

We consider the problem of enumerating the number of tilings of an m x n rectangle with
k x 1 tiles. An example of such a tiling for k = 3,m = 5 and n = 6 is shown in Figure 1.
By a theorem of Klarner [9, Thm. 5] such tilings exist if and only if k& divides either m or
n. Let hi(m,n) denote the number of such tilings. A beautiful result of Kasteleyn [7] and
Temperley-Fisher [13] gives an explicit formula for he(m,n):
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Figure 1: Tiling a 5 X 6 rectangle with 3 x 1 tiles.

Equation (1) is represented by the OEIS sequence A099390. For arbitrary integers m,n, no
such formula is known for hi(m,n) for any integer k > 3. However, for fixed values of m
and k, the generating function Hy,,(x) = >, <, he(m,n)a™ can be obtained by using the
transfer-matrix method as described by Read [11], which expresses the number of tilings
as the number of walks between two vertices in a suitably defined digraph. Klarner and
Pollack [8] computed Hy,(x) for m < 8 and gave an algorithm to compute polynomials
P,, and @, such that Hy,,(z) = Py, (2)/Qm(x). Hock and McQuistan [6] found recurrences
for ha(m,n) in terms of n for each integer m < 10. Stanley [12] used the explicit formula
(1) above to determine the degrees of the polynomials P, (z) and Q,,(z) and prove several
properties of the polynomials P,,(z) and @Q,,(x).

By using the transfer-matrix approach, Mathar [10] derived several generating functions
which enumerate tilings of the m x n rectangle with a x b tiles for fixed values of a, b. Tilings
can also be enumerated by using integer linear programming; see, for instance, Garvie and
Burkardt [5]. It is worth noting that these methods can be cumbersome for large values of
the parameters.

For k£ > 3, there does not appear to have been substantial progress on the general
problem of computing Hj,,,(x). In this paper, we compute Hy,,(z) for arbitrary positive
integers m and k satisfying m < 2k. The cases where m < k are somewhat trivial but the
case k < m < 2k is more interesting and we prove (see Theorem 8) that the generating
function is surprisingly simple:

1— l’k k—1
Z ha(m, m)a” = (1-— x’“)(k - (m)— k+ 1)k 2)

n>0

The generating function above allows for recursive computation of hi(m,n), and asymptotic
estimates for large values of n can be obtained by considering the smallest positive root of the
denominator (see Flajolet and Sedgewick [4, p. 255]). In Theorem 9 we obtain a refinement
of Equation (2) by proving that if b (m, n,r) denotes the number of tilings in which precisely
r tiles are vertical, then

Z bp(m,n,r)z"y" =

n,r>0

(1 - xk)kfl
(1 —ak)r — (m — k+ 1)zky+

Under the same constraints on m, our results can also be used to derive the generating
function (see Theorem 12) for hi(m,n), the number of tilings of an m x n x k box with
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k x k x 1 bricks:

Z hy(m,n)z" =

n>0

(1 — 227!
(1 —22F)k=1(1 — (m —k+2)2F) — (m — k + 1)ak’

In this case, we also obtain a refined multivariate generating function which accounts for
tilings with a specific number of tiles in a given orientation. More precisely, we prove (see
Corollary 13) that if di(m,n,r,s) denotes the number of tilings of an m x n x k box with
k x k x 1 bricks which contain precisely r bricks parallel to the yz-plane and s bricks parallel
to the xy-plane, then

Z dp(m,n,r,s)z"y z° =

n,r,s>0
(1 — gk — ghzh)k-t
(1—aF —(m—k+ Dakzk)(1 — a2k — 2k2k)k=1 — (m — k + 1)abyk
The key idea of our approach is to enumerate vertically fault-free tilings, which are explained
in the next section.

2 Vertically fault-free tilings

Fix, throughout this paper, a positive integer k£ > 2. It will be convenient to introduce a
coordinate system with the origin at the bottom left corner of the m x n rectangle such that
a side of length m of the rectangle is along the y-axis. Each of the unit squares, or cells, of
the m x n rectangle is then represented by a pair (7, s) corresponding to the coordinates of
its top right corner. For instance the cells (1,1) and (3,4) are shaded in Figure 2.

A

Figure 2: The cells (1,1) and (3,4) of a 4 x 5 rectangle.

A tiling of the m x n rectangle is said to have a vertical fault at x = a for some 1 < a <
n — 1 if the line x = a does not intersect the interior of any tile. For instance, the tiling
in Figure 3 has only one vertical fault at x = 1 while the tiling in Figure 4 has no vertical
faults; such a tiling is called vertically fault-free. It is easy to see that if a tiling has [ vertical
faults then it can be decomposed uniquely into [ + 1 vertically fault-free tilings. Let a(m,n)
denote the number of vertically fault-free tilings of an m x n rectangle with k& x 1 tiles. The
following well-known result [4, Thm. I.1, p. 27] relates all tilings h(m,n) = hg(m,n) to
vertically fault-free tilings.
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Figure 3: A vertical fault at x = 1. Figure 4: A vertically fault-free tiling.

Lemma 1. If H(z) = > o h(m,n)z™ and A(z) = ), - a(m,n)z", then

1

H(a:)zl_—A(x).

For m < k it is clear that h(m,n) = 1 when n is a multiple of k£ and 0 otherwise. For
m = k we have the following proposition.

Proposition 2. For k > 1, we have

Z h(k,n)z" = !

1—ax—ak
n>0

Proof. Here a(k,1) = 1 = a(k,k) while a(k,n) = 0 for n ¢ {1,k} (see Figure 5). Thus
the generating function for vertically fault-free tilings is A(z) = = + 2* and the proposition
follows from Lemma 1. O

Figure 5: All possible vertically fault-free tilings for m = k = 3.

Remark 3. It follows from Proposition 2 that tilings of a k x n rectangle with k x 1 tiles are
in bijection with compositions of n (tuples (ng,...,n,) of positive integers with Y n; = n)
in which all parts are equal to 1 or k.

Proposition 2 corresponds to the OEIS sequences A000045, A000930, A003269, A003520,

A005708, A005709, and A005710. We now consider the case k < m < 2k. In this case, the
following lemma is the key to computing vertically fault-free tilings.

Lemma 4. Suppose k < m < 2k and n > k. In any vertically fault-free tiling of an m X n
rectangle by k x 1 tiles there exist k contiguous rows such that all tiles in the remaining m—k
rows are horizontal.


https://oeis.org/A000045
https://oeis.org/A000930
https://oeis.org/A003269
https://oeis.org/A003520
https://oeis.org/A005708
https://oeis.org/A005709
https://oeis.org/A005710

Proof. A cell (i, 7) is said to be in row ¢ and column j. Consider a vertically fault-free tiling
of the m x n rectangle for n > k. Not all cells in column 1 are covered by horizontal tiles
since this would create a vertical fault at = k. It follows that there is precisely one vertical
tile in the first column (see Figure 6); suppose the topmost cell of this tile is (1, b).

.
—
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Figure 6: Vertical tile in the first column.

We claim that the m — k rows that do not intersect this vertical tile consist of only
horizontal tiles. If not, then consider the leftmost vertical tile that intersects one of the
aforementioned rows and suppose its top cell is (a’,0") where b’ # b. By reflecting through
a horizontal line if necessary, we may assume without loss of generality that &' > b (see
Figure 7). By the minimality of «’, it follows that o’ = k¢ + 1 for some positive integer ¢.

(k,b) (RED) (o 1)

2

I I I I I I I I I

Figure 7: The contradiction obtained.

Moreover, the first k¢ cells in each row that does not intersect the vertical tile in the first
column are covered by ¢ horizontal tiles. Now consider the tile covering the cell (k¢,b). If
this tile were vertical, there would be a vertical fault at x = k¢ and, therefore, this tile must
be horizontal. By backtracking, the tile covering the cell (k(¢ — 1),b) must be horizontal.
Continuing this line of reasoning, it is clear that the tile covering the cell (k,b) must be
horizontal which is impossible since this tile would then cover (1, ) which is already covered
by the vertical tile in the first column. This proves the claim and the lemma. O]



The idea used to prove Lemma 4 can also be used to show that for n > k, any vertically
fault-free tiling of an m x n rectangle in which each tile has dimensions k& x j for some
1 < j < k has m — k rows consisting of only horizontal tiles but we do not require this
stronger result here. In the following proposition we consider m x n rectangles where n is a
multiple of ¢ since these cover all admissible values of n for which tilings exist by Klarner’s
divisibility criterion.

Proposition 5. Let k > 1 be a positive integer and suppose k < m < 2k. The number of
vertically fault-free tilings of an m x kl rectangle is given by

m—k+2, ifl=1;

(m—k+1)("157), ife>2.

a(m, k() = {

Proof. For an m x k rectangle there is one vertically fault-free tiling in which all tiles are
horizontal. Any other vertically fault-free tiling of this rectangle contains precisely m — k
horizontal tiles and k vertical tiles; there are m—k+1 such tilings. Thus a(m, k) = m—k+2.

Now consider a vertically fault-free tiling of an m x kf rectangle. Such a tiling has m — k
horizontal rows by Lemma 4. If these m — k rows are removed, what remains is a tiling of
a k x kf rectangle in which no vertical faults occur at x = jk for 7 > 1; denote by N the
number of tilings so obtained. By Remark 3, these tilings are in bijection with compositions
(n1,...,n,) of k¢ where each n; € {1,k} and such that k does not divide )"} | n; for each
s < r. This condition on the partial sums implies ny = 1 = n,. Further, the number of
n;’s equal to 1 must be a multiple of k but the condition on the partial sums ensures that
no more than k of them can equal 1. It follows that precisely k of the n; are 1 and hence
r =k + ¢ — 1. Since precisely k — 2 of the n;(2 < i < r — 1) are equal to 1 and all these
choices are possible, we obtain N = (kﬁj’) On the other hand, the number of vertically
fault-free tilings of an m x k¢ rectangle that yield a given k x k¢ rectangle upon removing
the m — k horizontal rows is clearly m — k + 1. Therefore

k+£—3>

-1 -

a(m, kl) = (m—k—l—l)(
Corollary 6. Under the hypotheses of Proposition 5 every vertically fault-free tiling of an
m X kl rectangle (€ > 1) by k x 1 tiles contains precisely k vertical tiles.

Remark 7. 1t is clear from the proof of Proposition 5 that each vertically fault-free tiling of
an m X k{ rectangle (¢ > 1;k < m < 2k) contains precisely ¢ — 1 ‘blocks’, where a block is
defined as a collection of k£ contiguous horizontal k x 1 tiles, one on top of the other.

Theorem 8. Suppose k < m < 2k and hi(m,n) denotes the number of tilings of an m x n
rectangle with k x 1 tiles. Then

n (1 _ CL,k:)lcfl
Z hi(m, n)a" = (1—aF)k —(m—k+ 1)k

n>0




Proof. By Proposition 5, it follows that the generating function for vertically fault-free tilings
is given by

Az) = Z a(m, kO)z*

>1
k+¢—3
—(m—k—i—Z)xk—i—(m—k—i—l)Z( 2—_1 ):L‘M
>2
. (m=k+1)2”
=" + (1_xk)k71 . (3)
The theorem now follows from Lemma 1. O

Several OEIS sequences which correspond to the generating function in Theorem 8 are
shown in Table 1.

k | m | OEIS entry
23| A001835
34| A049086
315 A236576
415 | A236579
416 | A236580
41 7 | A236581

Table 1: OEIS entries

Theorem 8 may be viewed as a special case of the following more general result.

Theorem 9. Suppose k < m < 2k and let by,(m,n,r) denote the number of k x 1 tilings of
an m X n rectangle which contain precisely r vertical tiles. Then

(1 _ xk)k—l (4)
(1 —zk)k — (m — k+ 1)zkys

Z be(m,n,r)z"y" =

n,r>0

Proof. Consider the number of vertical tiles in the vertically fault-free tilings of an m x k¢
rectangle by k x 1 tiles. For ¢ = 1, there is one such tiling with no vertical tiles and m —k+1
tilings with precisely k vertical tiles. By Corollary 6, each such vertically fault-free tiling for
¢ > 1 contains precisely k vertical tiles. Therefore the generating function for by(m,n,r) is

1
1—A(z,y)’
where, A(z,y) can be computed from the expression for A(z) in Equation (3) as

(m — k + 1)z*y*

A — k
(iL‘,y) "+ (1—$k)k_1



https://oeis.org/A001835
https://oeis.org/A049086
https://oeis.org/A236576
https://oeis.org/A236579
https://oeis.org/A236580
https://oeis.org/A236581

3 Brick tilings of a box

A 3-dimensional analog of Klarner’s divisibility criterion for filling boxes with bricks can be
found in de Bruijn [3] (see also Boisen [1]) who proved that an A x B x C' box can be tiled
with a x ab x abc bricks if and only if the numbers A, B, C' are (in some order) a multiple
of a, a multiple of ab, and a multiple of abc. A higher dimensional analog appears in Bower
and Michael [2]. The results of the previous section can be used to derive the generating
function for the number of tilings of an m x n x k box with k x k& x 1 bricks. Such tilings
exist if and only if k£ divides either m or n. In order to prove the result we will require the
following theorem on tilings of an m x n rectangle with £ x 1 and k& x k tiles. Vertically
fault-free tilings for m < k are easily enumerated, so we consider the case m > k.

Theorem 10. Suppose k < m < 2k and h'(m,n) denotes the number of tilings of an m X n
rectangle with k x 1 tiles and k x k tiles. Then

, . (1 _ 2$k)k_1
D e e (i gy e e e ey ey

n>0

Proof. Let a’'(m,n) denote the number of vertically fault-free tilings of an m x n rectangle
with k£ x 1 and k x k tiles. For vertically fault-free tilings of an m x k rectangle, we have

1. 1 tiling with only horizontal k x 1 tiles;
2. m — k + 1 tilings containing a k x k tile;
3. m — k + 1 tilings containing precisely k vertical k£ x 1 tiles.

Thus a'(m, k) = 2m — 2k + 3. Now suppose n = k¢ with £ > 1. Let T} (m, n) be the set of all
vertically fault-free tilings of an m x n rectangle by k x 1 and k x k tiles. Denote by Ty(m,n)
the subset of T} (m,n) consisting of vertically fault-free tilings of an m x n rectangle with
only k£ x 1 tiles. To each tiling 7" € T} (m,n), we can associate a new tiling by replacing
each k x k tile in 7" by k horizontal k x 1 tiles (see Figure 8); it is easily seen that this
new tiling is vertically fault-free, and therefore lies in Tj(m,n). This correspondence gives

I I I I I I I I
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Figure 8: A vertically fault-free tiling and its image under W.

amap V : T/ (m,n) — Ti(m,n), which is clearly surjective. In fact the fibers of ¥ are of
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cardinality 2!, To see this, note that each T € Tj(m,n) has precisely ¢ — 1 blocks as
defined in Remark 7. The tilings in ¥~1(T) are precisely those which can be obtained from
T by optionally replacing each of the blocks in T by a k x k tile, for a total of 2~ choices.
In summary, we have

2m — 2k + 3, if 0= 1;

'(m, kb) =
@ (m, k6) {2f—1(m—k+1)(’“;f;3), it 0> 2.

The generating function for vertically fault-free tilings is therefore

k

A(x)z(m—k—l—?)xk—i-(m—k—i-l)m.

The theorem now follows from Lemma 1. O

For £k = 2 and m = 3, Theorem 10 corresponds to the OEIS sequence A083066. The next
result extends the above theorem by accounting for the number of tiles of a given type and
orientation.

Theorem 11. Suppose k < m < 2k and let cx(m,n,r,s) denote the number of tilings of an
m X n rectangle with k x 1 and k X k tiles which contain precisely r vertically placed k x 1
tiles and s square tiles. Then

Z cr(m,n,r, s)x"y 2° =

n,r,s>0
(1 _ $k _ xkz)k_l

(1—aF —(m—k+1Dakz)(1 —ab —ab2)b-1 — (m — k + 1)zkys’

(5)

Proof. We argue as in the proof of Theorem 9. If C(z,y, z) denotes the generating function

for ¢x(m,n,r,s), then
1

1—A(z,y,2)

where A(z,y, z) is computed from the discussion in the proof of Theorem 10 as

C(z,y,2) =

Alz,y,2) =2"(L+ (m —k+ Dz + (m — k+ 1)y¥)

(k=3
+Z(m—kz+1)( 2_1 )xkfy’f(uz)f—l
1>2

=21+ (m—k+1)2)

+Y (m—k+1) (6 i 3) yra (14 2) !

(-1
>1

(m —k + 1)z*y*
(1 — 2k — gkz)h 1’

="+ (m—k+1)2) +
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Note that if we set 2 = 0 in Theorem 11 then we obtain Theorem 9 while the substitution
y = z = 1 yields Theorem 10.

Theorem 12. Suppose k < m < 2k and let h(m,n) denote the number of tilings of an
m X n X k box with k X k x 1 bricks. Then

B . (1 — 2xF)k-1
2 lm. )" = (1= 225)51(1 = (m — k + 2)ak) — (m — k + 1)2*’

n>0

Proof. Consider a box in the positive octant with a corner at the origin and its sides of
length n,m and k along the z,y and z-axes, respectively. Let 7 be a tiling of this box by
k x k x 1 bricks. The bricks of the tiling which touch the zy-plane determine a tiling 7" of
an m X n rectangle with £ x 1 and k£ x k tiles as shown in Figure 9. In fact, 7 is uniquely

A
Y

INI=i

[ [ [ [ [ [ [ [ »
>

xT

Figure 9: A tiling 7/ for m = 5,n =12 and k = 3.

determined by 7" as follows. The tiles in 7/ can be seen to correspond to the projections of
the bricks in 7 onto the zy-plane: each k x 1 tile of 7 is the projection of a single brick of
7 while each k x k tile of 7/ is the projection of precisely k bricks in 7. This gives a one-one
correspondence between tilings of the box by k x k x 1 bricks and tilings of an m x n rectangle
by tiles of size k x 1 and k x k. The result now follows from Theorem 10. m

Replacing z by z* in the generating function (5), the following result is obtained.

Corollary 13. Suppose k < m < 2k and let di.(m,n,r,s) denote the number of tilings of an
m X n X k box with k x k X 1 bricks which contain precisely r bricks parallel to the yz-plane
and s bricks parallel to the xy-plane. Then

Z dp(m,n,r, s)z"y" z° =

n,r,s>0
(1 _ I’k _ C(Zkzk)k71

(1 =2k —(m—k+ 1)akzk)(1 — ak — xkzk)b=1 — (m — k + 1)zkyk
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