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A New Approach to Nonlinear Partial
Differential Equations

G. ADOMIAN

Center for Applied Mathematics, University of Georgia,
Athens, Georgia 30602

The author’s decomposition method for the solution of operator equations which
may be nonlinear and/or stochastic is generalized to multidimensional cases.

Current developments in mathematical physics, energy problems, and
other areas have given impetus to research on nonlinear partial differential
equations and linearization techniques. Unfortunately, such techniques which
assume essentially that a nonlinear system is “almost linear” often have little
physical justification. It has become vital, not only to mathematics but to the
areas of application, that further advances be made. Fluid mechanics, soliton
physics, quantum field theory, and nonlinear evolution equations are all
areas which can benefit from such advances. In some areas, such as
turbulence studies and, quite possibly, many or all of the other areas, once
possibilities are recognized, stochasticity is also a significant factor in the
actual physical behavior. Our approach is an operator-theoretic approach in
which general dynamical systems will be viewed as being nonlinear and
stochastic and described by (nonlinear stochastic) differential equations,
systems of equations, or partial differential equations. Deterministic
nonlinear equations can be considered as a special case where stochasticity
vanishes (just as linear is a trivial special case of nonlinear.)

The author’s approach to these problems began with linear stochastic
operator equations and has evolved since 1976 to nonlinear stochastic
operator equations [1]. Consider, for example,
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ou ou ou
— +a(t, x) x + b(t, x) Fh g(t, x)

ot

which is rewritten in terms of operators as

Lu+L,u=g(tx)
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NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 421
where L, = 8/dt and L, = a(8/0x) + b(0*/6x*). A similar stochastic equation

ou(x, t, )

o + A, Hu(x, t,w) + Bx, t, w) ulx, t, w) = fx, t, w)

where w € (£, F,u), a probability space, f is a stochastic process, 4 is a
deterministic coefficient but B is a stochastic process coefficient, can
similarly be written

Lu+ Zu=f

where L =0/0t 4+ A(x,t) is a deterministic operator and # =B is a
stochastic operator, or

Pu=f

where & is a stochastic operator with deterministic and random parts, L
being (&) if # is zero-mean.
Let us consider then the operator equation

Fu=g

where # represents a differential operator which may be ordinary or partial,
linear or nonlinear, deterministic or stochastic. We suppose # has linear
and nonlinear parts, i.e., # u = %u + .#u where & is a linear (stochastic)
operator and .#~ is a nonlinear (stochastic) operator—the script letters
indicate stochasticity. We may, of course, have a nonlinear term which
depends upon derivatives of u as well as u but we defer this question.

Since ¥ may have deterministic and stochastic components, let & =
L + # where conveniently L =(¥) and # =% —L. This is not a
limitation on the method but a convenience in explanation. It is necessary
that L be invertible. If the above choice makes this difficult, we choose a
simpler L and let % incorporate the remainder. Let #u = Nu + _#u where
Nu indicates a deterministic part and .#u indicates a stochastic nonlinear
term.

# may involve derivatives with respect to x, y, z, ¢t or mixed derivatives.
To avoid difficulties in notation which tend to obscure rather than clarify, we
will assume the same probability space for each process and let Lu =
L,+L,+L,+L, where the operators indicate quantities like &°/dx’,
d/0y, etc., but, for now, no mixed derivatives. Similarly, # is written as
K+ Fy+ H, + #,. Mixed derivatives and product nonlinearities such as
wu'?, uu”, f(u, u',...,u’™) can also be handled as shown elsewhere [1,2].

A simple Langevin equation is written

Lu=g
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where L = (d/dt) + B and g is a white noise process. Langevin equations as
used for modeling complex nonlinear phenomena in physics of the form ¥ =
S(¥) + & are represented by Lu + Nu = g, however, we will not make any
Markovian or white noise restrictions. All processes will be physical
processes without restriction to being Gaussian or stationary. In the Kdv
equation, for example, # u would become L, u + L,u + Nu where Nu is of
the form wuwu, (again a product nonlinearity). In equations of the
Satsuma—Kaup type for soliton behavior, we also have such products uu,,
Ull,.., U U,,.. Stochastic transport equations will fit nicely into our format
since V2=L, + L, + L, and stochastic behavior in coefficients or inputs are
easily included. For example, instead of Ly(%,t)=¢(%,t, w) where ¢ is a
random source and L = (9/dt) —DV?* or (9/dt) —A,,,, we can include
nonlinear terms or stochastic behavior in the operator. In the double sine-
Gordon equation we have u, —u,, —sinu —sinzu=0 or L,+ L, + N(u)
where N(u) includes the trigonometric nonlinearities. We can allow
trigonometric, polynomial, exponential, or products, sums of products, etc.
Or, as in the LAX theorem, N(u) = f(u, u,, u,....). We remark that the Itd
equation :

dy = f(t, y)dt + g(t, y)dz

where z is the Wiener process can be written

dy
i S y)+ g, y)ulr)

where we can write dz/dt =u since we do not insist that z is a Wiener
process and this equation can, consequently, be put into the author’s
standard form |1, 3]. The nondifferentiability of the Wiener process is, of
course, a mathematical property. We are interested in physical solutions. In
the It6 integral [ f dz the z process is not of bounded variation, however, a
Lipschitz condition on z is reasonable for physical processes so the integral
will be a well-defined Riemann-Stieltjes integral. Physically reasonable
models and mathematically tractable models are not necessarily the same.
This point of view offers interesting and different mathematics for systems
characterized by linear or nonlinear stochastic operator equations where the
operator may be an ordinary or partial differential operator, an integral
operator, or other, where the operator itself is stochastic, e.g., in the case of
the differential operator of nth order, one or more coefficient processes may
be stochastic processes.

Thus, generalizing further the work of Adomian and Malakian |1, 4], we
write

[+ L+ L+ Llut+ A u=gx, y,z,1) (1)
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where .#"(u) indicates any nonlinear term possibly involving derivatives of u,
products, etc. Since & =L + .#, we have

Ly+L,+L,+Lu+(#.+ £, +FZ, + R+ Su=g. (2)

We emphasize that #,, #,, #,, and R,, as well as the g, are not necessarily
random. They may, or they may simply be a part of an entirely deterministic
operator and be chosen only to make the remaining part easily invertible. We
solve for L u, L,u, L u, L,u in turn and then assuming inverses L', L',
L' L[ exist

L'L.u=L;'\g—L,u—L,u—Luj

~L P+ B+ R+ Ru— L A u
L;'Lou=L;'\g—L,u—L,u—L,uj

— L'\ #+ R+ R+ Rlu—L, " Hu
L7'Lu=L;'|g—L,u—L,u—Lu]

—~ L' #e+ R+, + RJu—L; " Au
L7'Lu=L;"'\g—L,u—Lyu—L,ul

— LR+ Ry + R+ R Ju— L7 A u

)

a linear combination of these solutions is necessary. Therefore, adding and
dividing by four, we write
u=uy—{(L7'Ly+ L 'L)+ (L7'L + L)
+(L;'L,+L'L)+ (L' L, +L]'L)
H(L7L,+LL)+ (L L+ L L)
— ML AL AL LR+ By + R+ R u
SIL"+ L)+ L7+ L Nu 4)

where the term u, includes
L'+ L LT L g

as well as terms arising from the initial conditions which depend on the
number of integrations involved in the inverse operators. Thus, L 'L u =
u(x, y,z,t)— @, where L, 0, =0. Thus, L 'L u=u(x, y,z,t) —u(0, y,z,1)
if L, involves a single differentiation. L ;'L u = u(x, y,z,t) — u(0, y, z,t) —
xou(0, y,z,1)/éx for a second-order operator,etc. Similarly L, 'L,u=
u—0, where @, =u(x,0,z,¢) for a single differentiation in L,, etc. Thus,
we have the partial homogeneous solutions @,, 0, @,, 0, analogous to the
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one-dimensional problems considered in earlier work where we wrote
L7'L,u(t) = [ (6u/éty dt = u(t) — u(0) when L, = d/dt. Thus,

u=4[0,+0,+6,+ 0, +3[L,"+L, +L '+ L g (5)

We now write Nu, the nonlinear term, as Nu = }_ A, where the 4, are the
author’s previously defined |1] polynomials and assume our usual decom-
position of u into 3 u,, or equivalently, of # ~'g into 32 . F g to
determine the individual components.

For n-dimensional problems we can write in a more condensed form

m m—1
u=ug—(1/m) > N L L, +L;'Lu

Jj=i+1 i= 1
(i+j)

m
— (1/m) [V L' X ﬁ’x,]u
i=1 i=1
—(1/m) [Z L;‘] N1 A, (6)
i=1 n=0
where

uy=(1/m)

Yo +EL;,'g€.

1t1 i=1

Thus, u, can be easily calculated. The following components of the decom-
position follow in terms of u, without problems of statistical separability
when stochasticity is involved. Thus,

m m—1

wy=—(1/m)y ¥ N [LG'L+Ly'LJu,

u, =—(1/m) 2 Z_ L+ Lg'Lyu,
= j=

(i#j)

~am [ S 1y ][f Fo| s

—m) | 3154,y
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and the complete solution is ¥ =37 ,u, and our n term approximation ¢,
is given by
n-—1
¢n: l ll,-.
i=0

For the particular problem here,

uo=%(0,+0,+0,+0,|+4L;"+L; '+ L'+ L' |g

up=—3{ (L '"Ly+ L")+ (L'L +L7'L)
+@L7'L AL L)+ (L;'L,+L]'Ly) @)
+(L;7'Ly+ Ly 'L)+ (L 'L+ L' L) u,
—HL YL AL LT[+ B+ F+ R u,
— L Ly AL A LA,

In the one-dimensional (m = 1) case,

Ug=0,+L,'g
uy=—L7 " Ru,~ L4,

etc. For simplicity in writing, define

L;I+L;I+L;I+L:l _

2 =L
and
ML Ly + L)L)+ (L' L, + L 'Ly)
+ (L L+ L7 L)+ (L L+ L)
+(L7L AL L)+ (LTL, + L)
=G
and

Ft By + F, + #,
7 =

F

(then for m =4),

u=1uy,— Gu—L "Fu-— L 'Nu.
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In a one-dimensional case, Gu vanishes and the 1 or 1/m factor is, of course,
equal to one and we have

u=u,— L "#Fu—L " "'Nu

which is precisely the basis of earlier solutions of nonlinear ordinary
differential equations. For m dimensions, we write

m
L~'=(1/m) N L'

i=1

#=m) N #,.
i=1

Now
m m-—1
u=uy—(ym) > N [L 'L, +L.'L, Ju
j=i+1 i=1 ! s
— L '#u—L"'Nu 8)

which reduces to
u=u,— L 'Fu— L 'Nu

as previously written for ordinary differential equations when m = 1 since the
second term vanishes.

Parametrization and the A, Polynomials

A parametrization 5] of Eg. (8) into

m m—1
u=u,—(1/mpa > N ILLle-+L;-1Lx,-]”
jsirtr i1 ! !
AL\ Bu— AL 'Nu 9)
and u=# "'g=> u, into
u=>A"F lg=\" 1"y, (10)

has been convenient in determining the components of u and also in finding
the 4, polynomials originally. We will later set A =1sou =), A". The A is
not a perturbation parameter. It is simply an identifier helping us to collect
terms in a way which will result in each u; depending only on u; ,,
Uj_ggeeny Uge

Now .#7(u) is a nonlinear function and u =u(4). We assume .# (1) is
analytic and write it as 3" 4,A" if #7(u) = Nu, i.e, if N is deterministic. (If
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the nonlinear stochastic term .#u appears, we simply carry that along or a
second “stochastically analytic” expansion > B,A".)
Now (9) becomes

m m—1
SAF g =ug—(1/m) N N LG L)LY A e
n Jj=i+l i=1 n
—AL ' BN ANF Tlg— AL N A4, (11)
n n
Equating powers of 4
<70_1g:“0
m m—1
Frlg=—(1/m) ¥ N [Li'L +Ly 'L J(F'e)
J=i+1 i=1
— L '\#(F7'g)— L4, (12)
m m—1
Falg=—(/m) Y N [L'L + L5 'L )F, i g)
J=i+1 i=1

_LAlﬁ(fn:lxg)”LilAnﬂ'

Hence all terms are calculable. If there is both a deterministic and a
stochastic term which is nonlinear, ie., #u=Nu+.#u, we also have
—L~'B, , calculated the same way but involving randomness. If
randomness is involved anywhere in any part of the equation, we will then
calculate the statistical measures—the expectation and covariance of the
solution process.

Thus, each # !, g depends on .# , 'g and ultimately on .# ; 'g. Hence,
# ~1 the stochastic nonlinear inverse has been determined. The quantities 4,
and B, have been calculated for general classes of nonlinearities [1], and
explicit formulas have been developed. Their calculation is as simple as
writing down a set of Hermite or Legendre polynomials. They depend, of
course, on the particular nonlinearity.

If stochastic quantities are involved, the above series then involves
processes and can be averaged for (u) or multiplied and averaged to form
the correlation (u(t,) 4(t,)) = #,(¢,, t,) as discussed in the author’s previous
work. Thus, the solution statistics (or statistical measures) are obtained when
appropriate statistical knowledge of the random quantities is available.

Summarizing, we have decomposed the solution process for the output of
a physical system into additive components—the first being the solution of a
simplified linear deterministic system which takes account of initial
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conditions. Each of the other components is then found in terms of a
preceding component and thus ultimately in terms of the first.

The usual statistical separability problems requiring closure approx-
imations are eliminated with the reasonable assumption of statistical
independence of the system input and the system itself!
Quasimonochromaticity assumptions are unnecessary and processes can be
assumed to be general physical processes rather than white noise. White
noise is not a physical process. Physical inputs are neither unbounded nor do
they have zero correlation times. In any event, the results can be obtained as
a special case. If fluctuations are small, the results of perturbation theory are
exactly obtained [1] but again this is a special case, as are the diagrammatic
methods of physicists.

Just as spectral spreading terms are lost by a quasimonochromatic
approximation, when a random or scattering medium is involved, or terms
are lost in the use of closure approximations, Boussinesq approximations,
replacement of stochastic quantities by their expectations, significant terms
may be lost by the usual linearizations, unless of course, the behavior is
actually close to linear.

One hopes, therefore, that physically more realistic and accurate results
and predictions will be obtained in many physical problems by this method
of solution, as well as interesting new mathematics from the study of such
operators and relevant analysis.

ExAMPLES
Four-Dimensional Linear Partial Differential Equation
Consider the equation
(Ou/0x) + (Ou/dy) + (ou/dz) + (0u/ot) = 0.

Assume initial conditions:

u@,y,2,H)=0,=fi(y.z, ) =—x+y+z—t

ux,0,z,1)=0,= fi(x,z, ) =x+z—1t

u(x, »,0,0)=0,= fi(x, p,t)=x—y—t

ux, y,z,0)=0,=f,(x, y,z)=x—y +z
(We note u(0,0,0,0) = 0.) In our usual notation we write

Ly+Ly+L.+Li=% ..
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and
Yu=0,

By the decomposition method, u(x, y, z, f) is given by

O(i 4 3 n 4
u= N 1) N }_‘(L;,,'Lx,.+1:;,,'Lx,.)( A4y @,,,).

n=0 J=i+1 i=1 m=1

The last sum ', _, 0, =3x—3y+3z—3r and the double summation
within the curly brackets is

(LiL+L)' L)+ (L'L,+ L)+ (L7'L,+ L 'Ly)
+ (L L+ LD+ (L)L + L L)+ (L 'L+ L)L),
We seek to find our approximate solution ¢,
Gy =Ugt U+ -+l

as far as we wish to calculate it. We have

1 \4 %] 1 (3x—3y+3z—-31)
Uy =— . — —_ Z —
0T = T g T
3
—I(x y+z—1)
u ———-3;~{ x—y+z-1)
1= 16 } yrz

where the double summation in the curly brackets {-} is easily evaluated.
Thus,

LiL)x—y+z—0)=L;(-1)=

T (=1)dx = —x
0

Ly L=y +z=0= @) =] dr=p

Hence (L;'L,+L;'L,)(x—y+z—1t)=—x+ p. Similarly evaluating the
other five quantities in the double summation,

3
u,:——lg[-x+y+x+z—x+t+y—z—t~y—z+t]
u, = 3 + +t]

ST qg Ty

—3|x + t]
_16 yrz .
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(Thus, a two-term approximation ¢, = u, + u, would be given by
3
6=~ y+z~t)+-—(x—y+2~t)=—(x—y+z—t))
Continuing in the same manner, we get

3
4= =y +z =)

and since u =32, u,

u=k(x—y+z—1t)

where

0
k=Y 3/4m1.

n=90

The series for £ is given by

3 1 1 1 1 1 1
FrET T EtEtE T

or

The series for

4 \2°
+0.01171875 + 0.0029296815 + 0.0007324219 + ---.

1
P (L+%+?+ ) — 0.75 + 0.1875 + 0.046875

The sum of the first five terms is 0.9990 and for six terms the sum is 0.9998
to four places. Thus, the correct solution is

U=x—y+z-—1t

to within 0.02% error. Of course it’s trivial to verify that this answer is
indeed the correct solution.
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Nonlinear Partial Differential Equation

Let V?=(d%/ox?)+ (8*/oy*) + (8*/oz*)=L,+L,+L, (where the
notation L, symbolizes a linear (deterministic) differential operator
8*/ox*,etc.) and N(p), or Np for convenience, symbolizes the nonlinear
(deterministic) operator acting on p to give sinh p.

We will consider the nonlinear equation V2p = k” sinh p which we write

as!

[Lx + Ly + Lz]p = ksz
where Np = sinh p. Hence

pr:ksz—Lyp_sz
Lyp: k2Np _pr_sz
L. p=kNp—L.,p—L,p.

Assuming the inverses L', L', L[ exist’

L'Lep=L;"%’Np—L,'L,p—L;'L,p
Ly'Lyp=L;%Np—L;'L.p—L;'L.p (13)
L7'L,p=L"%Np—L;'L,p—L;'L,p.

But
o ap
Lx przp_p(oiy’z)—xa_x(oay’z)
-1 24
Ly Lyp=p—p(x,0,z)—y5(x,0,z) (14)

é
L7'L,p=p—p(x, 0)—2£ (x, », 0).

Consequently, summing (13) with the substitution (14), and dividing by
three,

"1In the first author’s usual form this is Fp=Lp— Np = g where the inhomogeneous term
is zero in this case. If g+ 0, Eq. (5) has an additional term {[L;'+ L'+ L] g(x, y, 2).

? They do in this case; when they don’t, we can decompose each of the L,, L, L, into an
invertible operator and a term taken to the right side of the equation.

409/102/2-10
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1 ap
p=5|p0 0 42000

+ p(x,0,2) + yz—i(x, 0,z)

op
+ p(x, y,0)+za—z(1ﬁ y,O)] (15)

1
3 Ly + Ly L) + (L 'L + LTL)
+(L,'L,+L7'L,)]p

1 -
+? L'+ L' +L7' Y4,

where N(u) has been replaced by Adomian’s 4, polynomials [1]. We take
immediately the first term of our approximation

1 7]
po=?[p(o,y,z)+x§(o,y,z)

+ p(x,0,z2) + yg—i(x, 0,2)
ap
+P(x’y50)+zéz(xay,0) (16)

and the following terms given by
P =% [(Z<'Ly+Ly 'L+ (L 'L, + L'Ly)
+(Ly'L +L7'L) P,
+%[L;‘+L;‘—L;1]A0
(a7
P, =% (L 'Ly+ Ly L)+ (L 'L+ L'LY)

+ (L;ILZ +Lz_lLy)]pn—l

1
+—3~[L;‘+L;' +L7'4, .



NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 433

Now we must evaluate the 4, which has been discussed adequately
elsewhere [1,5]. We wuse the fact that (d/dx)(sinhx)=coshx and
(d/dx) cosh x = sinh x and the formulas for 4, given in the above papers,

Hy(p,) = sinh p,
H\(p,) = cosh p,
H,(p,) = sinh p,

H,(p,) = sinh p, for even n
H,(p,) = cosh p, for odd n.

Then
A, =sinh p,
A, = p,coshp,

1, .
A, = p,cosh p, + —- pi sinh p,

2
. | S (18)
Ay = pycoshp, + p, p,sinh py + _6’171 cosh p,
1, )
A,= pycoshp, + 5 it Pibs sinh p,
1 2 I 4 .
+ 5 Pipacoshpy + 57 pi sinh p,

etc. The 4, are easily written down by the procedures given in the references
for as many terms as desired. From (17), (18), and (19) we have the
complete decomposition p =3 ., p; and hence the solution.

Many more examples and applications to problems of physics and
engineering will appear in forthcoming books [6-8].
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