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1. Introduction

The well-known Morrey spaces Mp, ; introduced by Morrey in 1938 [1] in relation to the study of partial differential
equations, were widely investigated during last decades, including the study of classical operators of Harmonic Analysis—
maximal, singular and potential operators—in generalizations of these spaces (the so-called Morrey-type spaces). In the
theory of partial differential equations, along with the weighted Lebesgue spaces, Morrey-type spaces also play an important
role. These spaces appeared to be quite useful in the study of the local behavior of the solutions to partial differential
equations, a priori estimates and other topics in the theory of PDE.

In [2] local Morrey-type spaces LM,y , and global Morrey-type spaces GMpy ., were defined and some properties of these
spaces were studied. Authors investigated the boundedness of the Hardy-Littlewood maximal operator in these spaces.
Later on there was intensive study of boundedness of other classical operators such as the fractional maximal operator, the
Riesz potential and the Calder6n-Zygmund singular integral operator (see, for instance [3], for references).

Later in [4] “so-called” complementary local Morrey-type spaces ELMpg’w were introduced and the boundedness of the
fractional maximal operator from complementary local Morrey-type space DLMpg,w into local Morrey-type space LMy ., was
investigated. As in the definition of the space I:LMp@,w was used the complement of ball instead of ball, it was named the
complementary local Morrey-type space and no relation between LMpg ., and ELMpg,w was studied.

In [5] it is proved that the space BLMP/Q/’Z) is dual space of the space LMy ., where 1 < p, 6 < o0, p’ and 6’ are conj-

ugate exponents of p and 6, respectively, and &(t) = o’ (t) (/™ &’ (s)ds)q (see Theorem 3.6 below).
Our goal in this paper is to introduce global complementary Morrey-type space and show that this new space is pre-dual
of the classical Morrey space.
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The paper is organized as follows. We start with notations and give some preliminaries in Section 2. In Section 3 we
recall some results on associate spaces of local Morrey-type spaces and complementary local Morrey-type spaces. New
characterization of the Morrey space was given in Section 4. In Section 5 we investigate some properties of an intersection
and a union of complementary local Morrey-type spaces. New characterization of the pre-dual space of the Morrey space
was given in Section 6. Finally, in Section 7 we recall known pre-dual spaces of the Morrey space and compare new one with
known spaces.

2. Notations and preliminaries

Now we make some conventions. Throughout the paper, we always denote by ¢ and C a positive constant which is
independent of main parameters, but it may vary from line to line. By A < B we mean that A < ¢B with some positive
constant ¢ independent of appropriate quantities. If A < Band B < A, we write A ~ B and say that A and B are equivalent.
A constant, with subscript such as c;, does not change in different occurrences. For a measurable set E, xr denotes the
characteristic function of E.

Given a function w defined on (0, c0), we say that w satisfies the doubling condition if there exists a constant D > 0
such that for any t > 0, we have w(2t) < Dw(t). When w satisfies this condition, we denote w € A,, for short.

Unless a special remark is made, the differential element dx is omitted when the integrals under consideration are the
Lebesgue integrals.

Let Y be a Banach space and X its subspace. The closure of X in Y we will denote by [X]y.

Let X and Y be two Banach spaces. The symbol X < Y means that X C Y and the natural embedding of X in Y is conti-
nuous. We say that X coincides with Y (and write X = Y)if X and Y are equivalent in the algebraic and topological sense
(their norms are equivalent).

Definition 2.1. Banach spaces X,, o € A, form a Banach family if there exists a Banach space W such that

Xg > W, a€eA
If (X4 )aea is a Banach family, the concepts of its sum X' (X, )qea and intersection A(Xy)qea Will be introduced as follows.

Definition 2.2 ([6], Definition 2.1.35). The sum of a family (X, )«ea is a Banach space X such that

(@) Xy = X,a € A
(b) if for certain Banach space Y we have

Xy —Y, oa€A thenX =Y.

Changing the direction of embeddings, we obtain from here the definition of the intersection of the family (X, )yca-
Note that the sum and intersection of a Banach family exist (|6], Proposition 2.1.36).
For a fixed p with p € (0, +00], p’ denotes the conjugate exponent of p, namely,

P

T if 0<p<1,

P o= —l—%o if p=1,
Iﬁ if 1<p<+4o0,
1 if p=+4o0,

and 1/(4+00) =0,0/0=0,0 - (o0) = 0.
If E is a nonempty measurable subset on R" and f is a measurable function on E, then we put

1
Il ey = ( / If(y)l”dy>p . 0<p <t
E

If ooy == supfer : {y € E: [f(¥)| = e}| > O}.

If I is a nonempty measurable subset on (0, +00) and g is a measurable function on I, then we define ||g||.,q) and [1g]l1., ),
correspondingly.

Forx € R"and r > 0, let B(x, r) be the open ball centered at x of radius r and I:B(x, r) .= R"\ B(x, ).

Morrey spaces M, , were introduced by Morrey in 1938 [1] and defined as follows: for 0 <A <n,1 <p < 00,f € M;
iff e L}J"‘(R“) and

A=n
W llagy, = Ifllagy, ey = SUP 77 Iflymem) < 00
XeRM, r>0
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Note that Mo = Loo(R") and M, , = L,(R"). IfA < Oor A > n, then My, = @, where O is the set of all functions
equivalent to 0 on R".

In [7] Adams introduced a variant of Morrey-type spaces as follows: for0 < A < n,1 < p,6 < 00,f € My, if
f e LY°(R™) and

_a
I N tppn. = W Ly cemy = sup P Uf N, ey g 0,00 < 0.
XeR

(If & = oo, then Mpo,p = Mp.)“)
Let us recall definitions of local Morrey-type spaces and complementary local Morrey-type spaces.

Definition 2.3 ([2]). Let 0 < p, # < oo and let w be a non-negative measurable function on (0, co). We denote by LMy .,
the local Morrey-type space, the space of all functions f € LL"C (R™) with finite quasinorm

it = U i = |2 Do, -

Definition 2.4 ([4]).Let 0 < p, 6 < oo and let w be a non-negative measurable function on (0, c0). We denote by ELMpg,w
the complementary local Morrey-type space, the space of all functions f € L,( EB(O, t)) for all t > 0 with finite quasinorm

g, = W,y = |2, 5 \LMM .

Definition 2.5. Let 0 < 6 < oco. We denote by §2, the set of all non-negative measurable functions w on (0, co) such that

0 < ol ,00) < 00, t >0,
and by E.Q@ the set of all non-negative measurable functions w on (0, c0) such that
0 < ol <00, t>0.
It is convenient to define local Morrey-type spaces and complementary local Morrey-type spaces at any fixed point x € R".

Definition 2.6. Let 0 < p,# < oo and let w be a non-negative measurable function on (0, c0). For any fixed x € R" we

denote by LM;Z}. »» the local Morrey-type space: the space of all functions f € Li,"c (R™) with finite quasinorm

=W g
Ly (0,00)

Wiyt = |0 @IS liyqaem)
po,w
Definition 2.7. Let 0 < p, 6 < oo and let w be a non-negative measurable function on (0, co). For any fixed x € R" we

denote by DLM;’é}_w the complementary local Morrey-type space, the space of all functions f € L,( BB(x, t)) for all t > 0 with
finite quasinorm

=Gy, -

g = [0 Ny ey, o

Note that LMy, = LM, and LMy, = IM) .
In [2] global Morrey-type spaces GMpy ,, were defined.

Definition 2.8 ([2]). Let 0 < p, & < oo and let w be a non-negative measurable function on (0, o). We denote by GMpg .,

the global Morrey-type space, the space of all functions f € Lllj"c(R”) with finite quasinorms

If lempg.., = Wl emy = SUP IF (X + )limy, , = SUP Il 00
XERN X€RN po.w

Note that hthe space GMpg,,, is the intersection space of the Banach family (LM;)Q(}_w)xelR"v that is, GMpg,, = A(LM;S;},(,))-
Note that

I iy = IFllGhpe ;= IF Il -

Furthermore, GM o, ,—1/» = Mp i, 0 < A < n. The interpolation properties of the spaces GMp,,, Were studied by Spanne

in [8]. The spaces GM,, .-» were used by Lu [9] for studying the embedding theorems for vector fields of Hormander type.
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As mentioned in [4], the intersection A( M )xern, defined by the finiteness of the

quasi-norm

) of the Banach family ( Im

p@w p9w

SUp I 5

W, = ) ‘L 000)  yegn

is of no particular interest because this expression is equal to the product [|f {|, @) X ||@l|1,(0.00)- It means that

)= {Lp(]R") if |wllLy(0.00) < 00

{x}
A LM R
( if 1wl (0.00) = 00

PO, w
It is natural to define global complementary Morrey-type space as a sum of a Banach family in the following way.

Definition 2.9. Let 0 < g, # < oo and let w be a non-negative measurable function on (0, co0). We denote by BGMq@,w =

Syeun (IMY),

ributions, where f}, € v x¢ € R"and >, |lfill CLM‘Z") < 00.
q0,w

), the complementary global Morrey space, the set of all functions f such that f = Y", fi in the sense of dist-
q0,w’

We define a quasi-norm in Gng,w

Ifllc = inf E fille,, tx
GMgo,w f:,Z fe 4 Lngly‘w
K

o . . C
where the infimum is taken over all representation of f of the form Z,(fk,fk € LM;;"I}U, Zk ||fk|||3 xk < ooand x, € R".

Remark 2.10. Note that in view of Lemma 7.1 this definition is correct (see [6, p. 110] and [10]).

3. Associate and dual spaces of local Morrey-type and complementary local Morrey-type spaces

Let (R, n) be a totally o-finite non-atomic measure space. Let 9 (R, ) be the set of all -measurable a.e. finite real
functions on R.

Definition 3.1. Let X be a set of functions from 9M(R, 1), endowed with a positively homogeneous functional || - | x, defined
for every f € M(R, w) and such that f € X if and only if ||f|[x < oco. We define the associate space X’ of X as the set of all
functions f € M(R, n) such that ||f||x» < oo, where

Ifllx = sup {/ﬂ fgldp = llglx < 1} .

In what follows we assume R = R" and du = dx.

In [5] the associate spaces of local Morrey-type and complementary local Morrey-type spaces were calculated. Our
method of construction of the pre-dual space of the Morrey space mainly based on these results. For the sake of completeness
we recall some statements from [5].

Theorem 3.2 ([5], Theorem 4.5). Assume 1 < p < 00,0 < 6 < oo.Llet w € EQQ. SetX = DLMP(M,.
(i) Let 0 < 6 < 1. Then

~ -1
Iflx 2 sup flle, @o.o) @l
te(0,00)

with the positive constants in equivalency independent of f.
(ii) Let 1 < 8 < oo. Then

1
I ( f e o= ) 4+ e
X~ L, (B(O,¢t (‘ Dl (0, ) ’
(0,00) y (BO.0) 8( o lollzs 0,00)

with the positive constants in equivalency independent of f.

Theorem 3.3 ([5], Theorem 4.6). Assume 1 < p < 00,0 < 6 < 00. Let w € $2y. Set X = LMpg ..
(i) Let 0 < 6 < 1. Then

Ifllx =~ sup |Ifll, e ol .00
te(0.00) Ly ("B(0,1)) Ly (t,00)

with the positive constants in equivalency independent of f.
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(ii) Let 1 < 6 < oc. Then

1
If (/ 17 . dlol )”/+ Iy o
X ~ C w Lo (t—, Mol o
000y Ly ("BO.) 8(t=00) 0l 0.0

with the positive constants in equivalency independent of f.

In fact more general results, which are important for our applications, are true.

Theorem 3.4. Assume1 <p < 00,0 <0 <o0.Let w € E.Qg. For any fixed x € R" set X = ELMI{,Z{w.
(i) Let 0 < 6@ < 1. Then

~ —1
Ifllx =~ sup |Ifll, o @l .0
te(0,00)

with the positive constants in equivalency independent of f and x.
(ii) Let 1 < 6 < oc. Then

1
b~ ([ 0 (olioen) )+ o
X'~ L/ (B(x, — @Il o, ) —_—,
000y PO 000 ol 0,00

with the positive constants in equivalency independent of f and x.

Proof. Let x be any fixed point in R". Then
Ifllxr = 1f 1l (

C, . {x}
LMpé),(u)

= sup / FgWldy = llglle,ym 51}
RN po.w

= sup / A& +yldy:lgx+ ey, 51}
RN @

= sup / fx+y)gWldy : llgliey,, < 1}
RN po,w
IIf (x + .)”(CLMpe w)ﬂ

It remains to apply Theorem 3.2. O

Theorem 3.5. Assume 1 <p < 00,0 < 0 < 0. Let w € 2. For any fixed x € R" set X = LM;;‘{W
(i) Let 0 < O < 1. Then

Iflx 2 sup IFI, e o 12N (o0
000y My ey 12 Lo e.00)

with the positive constants in equivalency independent of f and x.
(ii) Let 1 < 8 < oo. Then

1
If] ( / 11 dllol;?, >W+ UVl e
X' ~ c @ _ T
000) Ly (B&D) A Il 0,00)

with the positive constants in equivalency independent of f and x.

The proof of Theorem 3.5 is similar to that of Theorem 3.4 (we only need to apply Theorem 3.3 instead of Theorem 3.2) and
we omit it.

It was shown in [5] that for some values of parameters the dual spaces coincide with the associated spaces. Namely, the
following theorems were proved.

Theorem 3.6 ([5], Theorem 5.1). Assume 1 <p < 00,1 <0 < oo. Let w € 29 and ||w||,0,00) = 0. Then
C
(IMpo,0)" = TMyg 5, (3.1)

where &(t) = o’ (t) (f~ of (s)ds)_l , under the following pairing:

f.g)=1 fe.
Rﬂ

= sup, |fRn fg|, where the supremum is taken over all functions g € LMpy ., with ||gllim,, ,, < 1.

Moreover |f|| CLMp/

'@
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Theorem 3.7 ([5], Theorem 5.2). Assume 1 <p < 00,1 <6 < oo.letw € E.Qg and |||z, 0,000 = o©. Then
C *
(tMp0) = My (32)

-1
where & (t) = o~ 1(t) ( fot o’ (s)ds) , under the following pairing:

(f,g)sznfg.

. . c
Moreover ||f||uv1p,9, _ = sup, URnfg‘ , where the supremum is taken over all functions g € LMpg ., : lIg]l Cin <1
NO) o,

In fact more general results hold true.
Theorem 3.8. Assume 1 <p < 00,1 <6 < oo. Let w € §2¢ such that |||, 0,00y = 00. Then for any x € R"
W\ G
(tm3,) =, . (3.3)

where &(t) = o’ 71 (0) (/7 o’ (s)ds)71 , under the following pairing:

(.g) = / .
Rn

Moreover ||f || eyl = Supg |fJer fg| , Where the supremum is taken over all functions g € MY
o @

.00 With ”g”LMf;Z).w <1

Theorem 3.9. Assume1 <p < 00,1 <6 <oo.letw € C.Qg such that |||, 0,00) = 0. Then for any x € R"

Coapixd
( LMpé),a) 0’ @’

T oW 34
=V (34)

-1
where & (t) = ?~1(t) ( fot @’ (s)ds) , under the following pairing:

(f,g>=/Rnfg.

. . c
Moreover ||f||L = sup, |fR” fg‘ , Where the supremum is taken over all functions g € MY llgll BLM;(JZ)W <L

M;(:X’L/,w po.w”

Proofs of Theorems 3.8 and 3.9 are analogous to proofs of Theorems 3.6 and 3.7, respectively and we omit them.
4. New characterization of Morrey space

In this section, we give new characterization of classical Morrey space.
Note that

inf T d
p
g+ inf ; r IIgIILp,(cB(XTr)) r

is the positively homogeneous functional on |, gn ELM:,‘i nei e
T p -
Denote by
Wy = {f € ME, ) < If 115, < oo) (4.1)
the associate space of the set of functions | gn DLM;’,? i where
77_
: A e dr <1 42
Ifll,, =sup | el: it |7 gl gy, dr < 1) (42)

To study properties of the space ﬂp’ 1, the following results are useful.
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Lemma4.1. et 1 < p < coand 0 < A < n. Then the inequality

o0
. u_l
!@@mcw%u$ﬂrn 1€, 5y (43)

holds with positive constant C independent of functions f and g.

Proof. Let x be any fixed point in R". For 6 = co and w(t) = ¢*5" Theorem 3.5 (part (ii)) implies the following inequality

A—n n—h
A=n n—i_q
<C Supt p r e C dr , 4.4
fn |fg| = =0 ”f”Lp(B(x,t))/(; ”g”,_p/( B(x,r)) ( )

with constant C independent of f, g and x. Therefore

ion ® nohy
< p p
/Rn Ifgl =C sup ¢ “f”Lp(B(x,t))/(; r ”g”Lp/(EB(x,r))dr

XeR™, t>0

= ClfI TR gl e dr (45)
Mp. 0 Ly (CB&r) .

In view of arbitrariness of x we arrive at (4.3). O

Lemma4.2. [et 1 <p <ooand0 < A < n. Then

. © noa_y

xlerﬁzefﬂfo re IIgIILP/(cB(X,r))dr =0 (4.6)
ifand only if g = 0 on R™.
Proof. Obviously,

inf [ dr=0
p =
e A Il , ey dr = 0,

wheng = 0a.e.onR".
—

Now assume that infycgn f0°° rr dr = 0.For any fixed R > 0 consider the function f = xg,r). Obviously,

-1

11, sy
f € Mp, since ”XB(O,R)”:MP‘;L ~ R*P.Then by the inequality (4.3), we have fB(o_R) If| = 0, therefore, f = 0 a.e. on B(0, R).
From arbitrariness of R, we get that f = O a.e.onR". 0O

Lemma4.3. et 1 <p <ocoand0 < A < n. Then

C
U, ey,
D 1,7—1

XERM

Proof. Let g be any function from |, gn ELM:fi PR Then there exists x € R" such thatg € ELM;f‘l ns_,- LEtR be any
P P

fixed positive number. Since the function f = xpxr) € Mp, and ||f||,MM ~ RP, by the inequality (4.5) we get

A
| ewidy = Rlgleym - <oo.
B(x,R)

1, n;k_l

In view of arbitrariness of R we get that g € LI{’C ®Y. O

Lemma 4.4. Assume 1 < p < ooand 0 < A < n. Moreover, let f € LL‘BC(]R”). Then for any fixedx € R" andR > 0

c
fxBr) € LM;? i

o1

Proof. Indeed, for any fixedx € R"andR: 0 < R < oo, we get

o u,l d
= p
r If XBx.Ry ||Lp/(EB(X,r)) r

n—»\
1 0

© u71 p/ p
= re . If dr
0 B(x,r)NB(x,R)

I xBoer Nl € 0
1,
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R
n—»x _ P
:/ rp 1(/ [f|p/> dr
0 CB(x,r)NB(,R)
1
- R N
r\ P n—A__
(/ [f|p> / rp o ldr
B(X.R) 0

1
7

n—x r\ P
=CcR? IfIP <o00. O
B(X,R)

Our main result in this section reads as follows.

IA

Theorem 4.5. Assume 1 < p < ocoand0 < A < n. Then

Iy, = IF 1L, - (47)

Proof. By Lemma 4.1, it is easy to see that

157, < I llags -

Let us prove the opposite estimate, that is, [|f [|.x,, < ||f||ﬂp f ||f||ﬁM = o0, then there is nothing to prove. Assume that
If ll 7, < oe.
Observe that forg € LL‘)C(R”) the inequality

1

n—i I\ P
| el = (/ |g|P) i, (48)
B(x,R) B(x,R)

holds with constant C > Oindependentoff, g, xand R.Indeed, let x be any fixed pointin R" and R > 0. When fB(X R |g|”/ =0
there is nothing to prove, since in this case g = 0 a.e. on B(x, R). Assume that fB(X R |g|”/ > 0. Denote

i(V)XB(x,R) ) - (4.9)
CR7 (fB(x,R) |g|p’) g

h(y) =

By Lemma 4.4

Crn gl
he LMp/],”;%—l’

and moreover, |h|| 6 < 1. Consequently,
74 N—A

pL%—l
e n—»x 1
Xlelﬁafn/() roe ”h”Lp,(“mx,r))drf 1.
Therefore
/ Ihfl < If iz, » (4.10)
R" :

and from (4.9), we get (4.8).

The inequality (4.8) implies that f € L'{’“(R”). By the Theorem of Resonance (see [11, Lemma 27, p. 283]) we get that
f e LR,

The function g := |f|P~! xpw.r) € LL?C(R”), and if we put g into the inequality (4.8), we obtain

1
7

n—=»x p
f P < R (/ w) I 1l i, -
B(x,R) B(x,R)

Therefore,

1
A—n p
RS (/ Ifl") <l .
B(x,R)

Since a constant c is independent of x and R, we get

Il < clfllig, - O
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5. An intersection and a union of complementary local Morrey-type spaces

In this section, we investigate some properties of an intersection and a union of complementary local Morrey-type spaces.
The following lemma is true.

Theorem 5.1. Let 0 < p,0 < ocoand w € EQQ () A,. Then for any x1, X € R", X1 # X,
MG R (1) ML R = TMyg 0 (B () L(R). (5.1)
Proof. In order to prove that

MG, R () TMEZL (R © My, (RY) () Lp(R") (52)

observe that for x; # x,

LM{XI} (Rn) ﬂ LM {x2}

po,w po, w(]Rn) - LP(RH) (53)

Indeed, let f € CLM;Z){]}U(R“) N LM;ZZW (R™). Since for any R > 0 and x € R”

1

2

ey, = ([0 g, )
%

( / w1 g, ))dr)

1

R 4
< /0 w(r)gdr> W1, o (5.4)

and w € B.Qg, thenf € Lp(DB(x,-, R)),i = 1, 2. Denote Ry = |x; — X3|/2. Then

v

vV

<
U My < U1, gy W1 By < O

It proves (5.3). It remains to show that

M) @ () ML @R C TMy 0 (RY). (5.5)

Letf € LM(Z}W(R") where x is a fixed point in R". For any r > 2|x| we have DB(O r) C CB(x, r/2).Indeed, fory € B(x,1/2)
weget |y| < [y — x| + |x| < r/2+r1/2 =r,thatis, B(x,r/2) C B(0,r).Using w € A,,

:
lley, , = ( /0 WO W1 )
2|x| 9
({f /M}wm T r)
2IXI %
< w(r) dr) IF Il ey + (/2| w(r)’ ||f||Lp( - rﬂ))dr)

N

1

2|x| o é ’
w(r) dr) I ey eny + ([0 w(r)’ IIfIIL Coer >dr)

1
2|x| 2
(/ w(r)adr> I lpceny + I gy - (5.6)
0 po.w

A

Q

Letf e LM{’”} ®M N LM{"Z} (R™). By (5.3)f € L,(R"). Then by (5.6), we get that f € LM,,g ., since w € ‘2.
On the other hand, usmg the same argument as in the proof of estimate (5.6), one can prove that

2|x| p %
Wl < ( /0 () dr) g + Wy,
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holds for any x € R". This gives

¢ c
LMo, R") (| Lp(R") C LM}y

ow@®Y), xeR" O

Corollary 5.2. Let 0 < p,0 < coand w € 2 () A,. Then

() MY @Y = My &Y (LR (5.7)

XERN

Theorem 5.3. Let 0 < p, 0 < ocoand w € C.Qg () A,. Then for any x € R"

C C
[LMPQ,W(R“)QLP(R")]ELM(X) oy = M, (5.8)
po,w

that is, the set CLMPQ,W(R”) () L, (R™) is dense in v

oo, (R™).

Proof. Let x be any fixed point R". For f € CLMl{y’é}'w(R") and any k € N, denote f, = fXB(x \BGx, L) It is evident that fy — f,
k — oo a.e in R™. By Lebesgue’s Dominated Convergence Theorem, we get that
IIf _fk”ULM;Q @y 0 k— o0

w

On the other hand, it is evident that fy € L,(R"), k € N. Since f; € v (R™), by (5.6), we get that f;, € BLMpg,w(]R").

po,w
Finally, we arrive at fi € 'LMyg.,, (R™) () L,(R"). O
Theorem 5.4. Let 0 < p,0 < ocoand w € CQ@ () A,. Then for any x1, xo € R" such that x; # x,

CLM{Xi}

o (R, i=1,2. (5.9)

Coaglxi) Crppixa) —
[ LMPQTW(RH) m LMPGZJD (Rn)] CLMM) (RM) -
po,w

Proof. The statement immediately follows from Theorems 5.1 and 5.3. O
6. New characterization of the pre-dual space of the Morrey space

In this section, we prove that the space BGMP is the pre-dual space of the Morrey space GM,,, i=n.
P

’1,%—1
Theorem 6.1. Let 1 < p < ocoand0 < A < n. Then

C *
( GMP’L%*1) = GMPOO,A'%n.

Xk}

BEE and

Proof. Let f € GMPOO,% and g € EGMp/L%—r For any representation of g = ), g such that g, € CLM;

> N8kl e, e L= 00, where x; € R", we have
p’l.%—l

/ fx)gx)dx Jenf (X)’ng(X)dx < IZ Jen [f (08 (x)|dx.
R" k k

Applying (4.4), we get

/ F00g00d| < Ifllaw oy 3 lgklle o - (6.1)
RN P, =p X -

{
p1,0oh

Since (6.1) holds for any representation of g, then

/ F(020d] < Iflaw, , lgley, - 62)
R" [l p15E

p

C *
It proves that GMPOO‘-A%” C ( GMp,L%fl) .
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) * ... C "
Let us show that ( GMp,1 n—A 71> C GMpoo 1—n . It follows from the definition of the space GMp’l n—2 _ that for any fixed
P P P
x € R"

‘M c ‘em
PR A _q p/L%f]’

and

e < ftle e
My noi e ni,

*
IfL € (EGMP/L%_J , then for any x € R"

OIS Cf gy, = Wl (63)
. s

forevery f € L .ThusL e < L ) . By Theorem 3.7,

/nA /ﬂA
1, -1 1p1

*
) _ iy
(LMpl - 1) =M

and there exists unique g, € LMI[:;}O ,_n Such that
P

L) = / F@e2)dz (6.4)
Rﬂ

foranyf e LM/1 ne
p
Indeed, by (6.4) we get that

It is easy to see thatif x1, x, € R", X1 # x,, then gy, = gy,.

/ (8, — &) =0 (6.5)
Rl’l
foranyf € LM 1 (R“)ﬂ LM{ff n_ (R”). By Theorem 5.4, we have
{x1} n {x2} n {xi} n .
[ M,]“](R)ﬂ LM,1H1(R)LMH (Rn)_LM,]M](R), i=12.

/nA
p]

In view of the fact that ‘LM (R"),i = 1, 2 are Banach spaces and the intersection

1 ")‘1
{x1} n {x2} n
M/W (&)’ M R

is the subspace of both of them, we get that gy, = g,. By (6.3)

/ f@g@dz| < Clfllo,
]Rﬂ

—X
[N
Thus

<C.
gl =

P, 55—

P

Since constant C does not depend on x, we get that

Iglom, ., < o0

Summarizing, we have already proved that there exists unique g € GM,, 2=n

L) = / fe (6:6)
RH
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for every f € (Uyepn LM{T]} na o . Let us prove that (6.6) holds for any f € e PR Let f be any function from
p
. . c
GMP,LH%L1 and f = )", fi be any representation of f with f, € LM;T;‘?% ,and ok Ifell CLM"‘I;’,H 1 < 00, where x; € R".
7]

For finite representation there is nothing to prove. Assume that the representation is infinite, that is, f = Z,ﬁ“;l fx. Since

L(f)—L<ka> L( > fk)
k=1 k=m+1

Z Ll < Z ||fk||cLM(x,<n_ — 0., m— oo,

k=m+1 k=m+1 A1

(=)= (5

/ gl < lglompa, 3 lliyig =0 m ox.
k=m+1 S5

k=m+1 A1

IA

and, using (4.4),

/Rnfg—/Rn (g&)g

IA

we arrive at

L) = f f&
Rn

forany f € EGMp/Lr%L]. O

7. Equivalent pre-dual spaces

For p > 1 there are already three characterizations of the pre-dual space of a Morrey space in the literature. First, in
1986, C.T. Zorko proved the following theorem.

Theorem ([12], Theorem 5). Let p € (1, 00) and A € (0, n). Then a pre-dual space of M is Zy , in the following sense: if
g € My, then fR“ fg is an element of (Z, ,)*. Moreover, forany L € (Z, ,)*, there exists g € Mp,; such that

1) = [ fe ez
]Rn
The space Z, , is defined by the set of all functions f on R" with the norm

Ifllz,, = inf[n{ck}np =Y aa < oo,
k

where ayisa (p’, n—2)-atom and |[{ck}|| = Y, Ick| < 00, and the infimum is taken over all possible atomic decompositions
of f. Additionally, we say that a function a on R" is an (p’, n — A)-atom provided that a is supported on a ball B C R" and
satisfies

lall, <

— n—a

|B| "
Second, in 1998, E.A. Kalita obtained another description of the pre-dual space of a Morrey space as follows.

Theorem ([13], Theorem 1). Let p € (1, 00) and A € (0, n). Then a pre-dual space of M, ; is X, in the following sense: if
g € My, then fRn fg is an element of (K ;)*. Moreover, for any L € (X ;)" there exists g € M, ;, such that

L) = / fo. ey
Rn

The X , consists of all functions f on R" with the quasi-norm

1
»

il , mf(/ Y ‘P) ,
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where

0 (X) = f O — x— yDdo (7. 1),
Rn++1 +

and where the infimum is taken over all 0 € M* (R’fl) (the class of all nonnegative Radon measures on the upper half
space R = {(x,r) : x € R", r > 0}) with normalization o (R}."") = 1.
Third, in 2004, D.R. Adams and J. Xiao obtained another description of the pre-dual space of a Morrey space as follows.

Theorem ([14], Theorem 2.3). Let p € (1, 00) and A € (0, n). Then the pre-dual space of M, , is H,y ; under the following
pairing:

F.g) = / 2.
RH

Moreover,

/ fg‘,
Rn

where the supremum is taken over all functions g € #y ; with ||g|| Hy, = 1.

Ifllac,, = SLglp

We say that g is in #,y , if

lglse, =inf( / |g|P’w1P’) < oo, (7.1)
w RN

where the infimum is over all nonnegative functions w on R" satisfying
1.

S

leolly1pe00) =

Here Ag’o), 0 < d < n, denotes the d-dimensional Hausdorff capacity, that is,
AL (E) = inf ) rf,

where the infimum is taken over all countable coverings of E C R" by open balls of radius r;.
The following relationship is obtained in [ 14].

Theorem ([14], Theorem 3.3). Let p € (1, 00) and A € (0, n). Then Zy , = Ky y = Hy ; with

Iz, =~ 1y, = 1l -

Let us compare DGMP with known pre-dual spaces. The following Lemma is true.

1,855 1
Lemma7.1. Let 1 <p < ocoand 0 < A < n. Then

L ¥ C Zys.

RN pl]’nr%k_l
XxXe

x}

Proof. Let x be any point in R" and let f be any function from ELM;,1 kg It is possible to decompose f in the following
P

way:

fXB(x,Z")\B(x,Z"*l)

k=2 .
20 ”f“Lp/(B(x,Zk)\B(x.Zk’l))

k=2
f= Xk:Z P |If llL, B 2\Bex.24-1))

Denote

F XBx29\Bx, 261

L oki=R .
M= 20 P Ifll, e2nseak-ty)  Aand G = =
AN ”f”Lp/(B(x,Zk)\B(x,Zk’l))

Note that ai is (p/, n — A)-atom. Indeed, it is obvious that supp a; C B(x, 2¥). On the other hand,
1

K= = n—h °
20 |B(x, 2)| ™

llalle, @y =
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Note that {A;} € £!. Indeed,

(=N
Z [Akl = 22 p ”f”Lp/(B(x,Zk)\B(x,Zk_]))
k k
k=1

Bk
/ I, sy

;Ml
/_ ”f”Lp/(CB(x,r))dr

< /0 N, @ = Wl

Recall the following fact: if v is a testing function supported in B(x1, r1) and a is an atom, we have

P

_A
=r "l

‘/ a(x)y (x)dx

(see, for instance, [12]).
Therefore f = )", Axay in the sense of distributions. Thus f € Z, ; and

IFllz,, S Wfllgye  <oo. ©
p’l,”;f)‘—l

Finally, we prove that the space EGMID/1 n—2_4 coincides with known pre-dual spaces, namely, the following theorem is true.
P

Theorem 7.2. Let 1 <p <ocoand 0 < A < n. Then
c
GMp’l,%fl = Zy .-

Proof. At first prove that
c
Zp/,,\ C GMD/L %71 .

Let f € Zy ;. Suppose f = ), ckar, Where each g is (p’, n — A)-atom supported in some ball B(x, 1) and ), |Ax| < oo.

Observe that ay € LM{’,‘;‘ »s_,-Indeed,
o0 n—i_q d
= p
”a”DLM();'l‘ - ; r ”ak”Lp/(CB(xk,r)) r
Tk n—i_4 d
= rr r
; ”ak“Lp/(CB(xk.r))

n—»\

S p llakllL, @) < = < o0.

B(x, 1) | ™
Then

kQklc,  {xe} ~ G1 k )
||ca||LM <c lck| < o0
k

1, n—)L_1

thatis, f € GMp,1 n=2_q-
P
Conversely, by Lemma 7.1
U LM{,1 iy C Fe
XeRM

{xk}

Assume that f € ‘oM P11 and letf = )", fy be any representation of f with f; € M 1 and

Z Wfillo, o0 < o0,

/]nkl
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where x;, € R". Then

Ifllz,, = | D_f
k Z

/1, n—i_4

<D Mz, S D Willgymo <00 O
N k k LT
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