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1 Introduction

The well-known inequalities, such as the Gronwall type inequality, the Gronwall-Bellman
type inequality, the Henry-Gronwall type inequality, the Henry-Bihari type inequality and
their variants in retarded form played important roles in the research of quantitative anal-
ysis of the solutions to differential and integral equations, as well as in the modeling of en-
gineering and science problems. Recently, with the development of fractional differential
equations, integral inequalities with weakly singular kernels have drawn more attention
[1-11]. In 1981, Henry [12] proposed a method to find solutions and proved some results
concerning linear integral inequalities with a weakly singular kernel. In 1997, Medved [3]
presented a new method to solve integral inequalities of Henry-Gronwall type and their
Bihari version, then he got the explicit bounds with a quite simple formula, similar to the
classic Gronwall-Bellman inequalities. Furthermore, he also obtained global solutions of
the semilinear evolutions in [4].

In 2011, Ye and Gao [5] presented the integral inequalities of Henry-Gronwall type,

u(t) <al(t) + ft;(t — )P b(s)u(s) + c(s)u(s —r)lds, te[to, T),
ut) <¢(t), telto-rto).

In 2013, Shao and Meng [6] established Gronwall-Bellman type inequalities with a
weakly singular integral

u(t) < a(®) + [; (€= b(s)yuls)ds + [; (t - ) p(s)u? (s = r)ds, telto, T),
u(t) < ¢(t), telto-rto)
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In [7], Feng and Meng studied the following Gronwall-Bellman type inequalities:

1

u (x) < a(x) + /Ox b(t)ul(t)dt + mh(x) f:@ - t)“’lL(t, u(t)) dt.

In 2008, by using the modified Medved method, Ma and Pe¢ari¢ [8] studied the inequal-
ity

u? (t) < a(t) + b(t) /t(t" - s”‘)ﬁ_lsy_lj‘(s)uq(s) ds, teR,.
0

The aim of this paper was to give explicit bounds to some new nonlinear Henry-
Gronwall type retarded integral inequalities with weakly singular integral kernel of the
form

w () <a(t)+ [; (t—s)Pbs)ut(s)ds + [, (t— )P els)ul(s = r)ds, tel,
M(t) = ‘P(t)7 te [tO =-n t()),

and Gronwall-Bellman type integral inequalities with nonlinear weakly singular integral
kernel of the form

u?(t) < a(t) + b(t) /t(t — )P Le(s)u™(s) ds + d(¢t) /t(t“ - s“)ﬂfls”_lf(s)uq(s) ds,
0 0

which can be used as handy and effective tools in the study of the delay fractional differ-
ential equations. We also give some examples to illustrate applications of our results.

2 Preliminary knowledge

In the following, R denotes the set of real numbers, N denotes the set of integer numbers,
R, =[0,+00), I =[ty, T) CR,, T < 0. For convenience, we give some lemmas which will
be used in the proof of the main results.

Lemma 2.1 (Jensen’s inequality) Let n € N, a;,4as,...,a, be nonnegative real numbers.
Then, for r > 1,

n r n
E a; | <t E a;.
i=1 i=1

Lemma 2.2 (see [13]) Leta>0,p>¢g>0,p #O0, then

a q_ ar
a? < =K? a+

p

Pl forany K > 0.
p

Lemma 2.3 (see [14]) Let«, B, y, and p be positive constants, then

¢ _ t? -1 +1
/ (2 = s )PP 0D s = —B[’L )+ PB-1)+ 1], teR,.
0 o o

Here B(m, n) = fol "Y1 -5)"1ds (m > 0, n > 0) is the B-function, 6 = pla(f 1) +y —1] + 1.



Xu and Meng Journal of Inequalities and Applications (2016) 2016:78 Page 3 of 16

Definition 2.1 (see [15]) Let [x,7,z] be an ordered parameter group of nonnegative real
numbers. The group is said to belong to the ﬁrst class distribution and denoted by [x,y,z] €
I if the conditions x € (0,1],y € (3,1),and z > 2 5 —y are satisfied; the group is said to belong
to the second class2 distribution and denoted by [x,9,z] € II if the conditions x € (0,1], y €
0,31, =

Lemma 2.4 (see [15]) Suppose that the positive constants o, 8, y, p1, and p, satisfy the
conditions
(a) if[“:/S’V] Elrpl = 1

(b) if [, B,y1 € 11, p2 = 1155, then

B[w,pi(ﬁ ~1)+ 1] € (0,00)

and
O =pila(B-1)+y-1]+1=0
are valid for i =1,2.

Lemma 2.5 ([13]) Let a(t),b(t) € C(L,R,), p > q> 0. If u(t) € C(L,R,), and
M@sam+ﬁlwmww,

then
u(t) < {a(t) + /t Ay(s)el B ds}'%, tel 1)

Here

Ay(D) = b(t)|: I a@) + 2= qm] Bi(®) = L7 b(e).
p p p

Lemma 2.6 Let a(t),b(t),c(t) € CLR,), p>q>0,p>1>0, ¢(t) € C([to — 7, t0], R,),
a(ty) = p(to). If u(t) € C(I,R,), and

u(t) <al(t) + ft:) b(s)ul(s)ds + ft:) c)uls—r)ds, tel,

(2.2)
u(t) <(t), telto—r,to).
Then, for t € [ty, to + 1),
t t 1
u(t) < {a(t) + / c(s)p!(s —r)ds + / Ay(s)els B2 ds}p. (2.3)
to to
Herer e R,,
Ay (t) ——K b t)+ (p(s—r)ds>+p_q1<1%,
By(t) = &u>€ T b(e).
P
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Fortelty+rT),

1
t . =
u(t) < {a(t) +/ As(s)ehs B30t ds}p, (2.4)
to
where
As0) = LK aope) + 220k be) + LK F ate - new) + 2 kb o),
p p p p

- l I
Bs(t) = Ik bt) + SK7 (1),
p p

Proof For t € [y, ty + 1), we get

t t

c(s)@'(s —r)ds + / b(s)ul(s) ds,

to

uP(t) < alt) + f

to

then from Lemma 2.5, the inequality (2.3) holds.
Fort € [tg +r,T), let 2(t) = [; b(s)ul(s)ds + [; c(s)u'(s—r)ds, then z(to) = 0, (¢) is non-
decreasing, and

u?(t) < a(t) + z(¢).
Then from Lemma 2.2 we obtain, for any K > 0,

Z(t) = b@)ul(t) + c(t)ul(t — 1)
< b(t) [?K"f (a(t) +2(0)) + MKZ}
p p
+ c(t)|:£1<lpp (a(t —-r)+z(t— r)) + p—_ll(ll’:|
p V4
< A3(t) + B3(t)z(2),
and we have z(t) < ftg As(s)eli B304 gs Then the inequality (2.4) holds. O

Lemma 2.7 ([16]) Let a(t), b(t,s), b'(t,s) be continuous and nonnegative. If u(t) € C(I,R,)
and

t
u(t)gu(t)+/ b(t, s)u(s) ds,
to
then
L t T T
u(t) < a(t) + o " / e_ffob(r’s)ds[a(t)b(r,r)+ / b;(r,s)a(s)ds] dr. (2.5)
to to

3 Main results
We are now to deal with a certain class of Henry-Gronwall type retarded inequalities with

weak integral kernels.
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Theorem 3.1 Let a(t),b(t),c(t) € C(,R,),p>qg>0,p>1>0, ¢(t) € C([ty — ., to],R,),
a(to) = ¢(to), u(t) € C(I,R,). Suppose

W) <a®) + [ (- bs)ut(s)ds + [; (- ) e(s)ul(s —r)ds, tel,

(3.1)
u(t) < ‘/’(t)’ te [tO ) tO))
where 8 > 0.
(i) Suppose that B > , then
u(t) < {a(t) + ftf) a(s)g!(s—r)ds+ ftf) Ag(s)eli Bamdr dS}é, t e [to,to +71), (3.2)
u(t) < {ai(t) + ftg As(s)els Bs@dr ds}ll’, telty+rT). .
Here
w) =320, b= T b D i,
2 i
a( = LD 2,
_ t _
Au(t) = LT by () I:al(t) + / cr(s)gl(s — ) ds] .y
p to
By(t) = Lk by (1),
p
As(t) = [" B ant) + —I(P}bl(t) + [£I<l_7pa1(t—r) +p—_ll<§]cl(t),
p p p
Bt = Ik b + LK F o)
p p
(i) Ifo<B < 2,letql = ﬁ,pl =1+ B, then
u(t) < lax(0) + f}, ca(s)g(s — ) s + [} Ag(9)el P4 ds)p, 1€ [to,t0+7), 3.3)

u(t) < {ax(t) + [}, Az(s)els 200 ds\?, telto+nT).

Here

1-(1-B)p1

a
re- (1—/3)p1)>m i el 400
b

a0 =300, b3

ri-(1- :
e(t) = 3’“_1(—( p1(<1ﬁ)fl)p1‘)> (D) -+ %)
1

Ae(t) = LT by (1) <a2(t) + / ()0t (s — 1) ds) Ny
p to p

Be(t) = LK% by(0),
p

Ao (t) = [@K‘%paz(t) +P- Z]bz(t) + [EK%”@@— ") + p—_lfo‘lf]cz(t),
p p p

p

— l -
By(t) = LK T by(t) + “K 7 ¢5(0).
p p
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Proof (i) Using the Cauchy-Schwarz inequality by (3.1), we get

u’(t) < a(t) + /t(t — )P e b(s)ul(s) ds + /t(t —s)Plefec(s)ul(s - r) ds

<a(t) + </t(t — )22 ds) ! </t b2 (s)e B u(s) ds) ’
+ </t(t — )22 ds) ’ (/t As)e > u(s—r) ds) ’

Eam+<%@%?;2>2

. [(/tbz(s)e_zsuzq(s) ds) ’ + (/tcz(s)e_%u”(s —r) ds) 7:|

Using Lemma 2.1 for n = 3, r = 2, we obtain

u®(t) < 3a>(t) + 3% </z: b2(s)e > u?(s) ds + '/t: As)e Pul(s—r) ds).

2
Let v(t) = e 7' u(t), then we get

6I' (28 - 1)
Loaer-l

W(t) < 3a*(t)e 27

t t
. (/ b? (s)ezs(lﬂ’_l)vq(s) ds + / e (s)ezs(l%_nvl(s —-r) ds).
£ £

0 0

Using Lemma 2.6, we get (3.2).

(ii) By the hypothesis, we get pil + -- =1, using the Holder inequality by (3.1), we obtain

1

q
t 1% t %

up(t)fa(t)+< / (t—s)pl(ﬂ"l)eplsds> ( / bq‘(s)e‘qlsuqlq(s)ds)
to to

t [t o
+ </ (£ — syP1B-Deprs ds> </ e SN () uT (s — 1) ds)
to to

-t (LU0

p}—(l—ﬁ)m

. |:</tb’“ (s)e 5y M(s) ds) n + </th1 (s)e M yit(s — 7) ds) E}.

Using Lemma 2.1 for n = 3, r = ¢, we have

émru—u—ﬁmﬂ)%

Pa1 n-1_q1 q1-1
wWh(t) <30g%(t) +3 ( p}—(l—ﬁ)m

: [ f t b7 (s)e M u9(s) ds + / t N (s)e Myl (s — 7) ds].

to to
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_a
Let v(¢) = e~ 7 ‘ud1(¢), then we get

F(l—(l—ﬁ)m))zi

pl—(l—ﬂ)m

W(t) < 30710 (t)e ! + 3‘711(
1

t t
. |:/ b1 (s)e(_q”qleq)qu(s) ds +/ ch (s)e(_q”l%l)svl(s —-7) ds].

to to

By Lemma 2.6 we get (3.3). This completes the proof of Theorem 3.1. O

Remark 3.1 If p = g = 1, then Theorem 3.1 becomes Theorem 5in [5]. If p = g = [ =1, then
Theorem 3.1 becomes Theorem 2.5in [3]. If p = [ =1, b(t) = 0, then Theorem 3.1 becomes
Theorem 2.4 in [3].

Theorem 3.2 Suppose that u(t), a(t), b(t), c(t), d(t), f(t) are nonnegative continuous func-
tions for t € R,. Let p, m, q be constants withp >m>0,p>q>0.If

u’(t) < a(t) + b(t) ft(t — )P ()™ (s) ds + d(2) /t(t"‘ - s“)ﬁ_ls”‘lf(s)uq(s) ds, (3.4)
0 0
then for [a, B,y] €1,

_ 6
u(t) < {a(t) + |:Ezl(t) + efébl(t's)ds/ ¢ Jo bi(ws)ds
0

T -y 5
~<Zzl(s)l_71(t,r)+/ l;ir(r,s)ill(s)ds> dr] } , (3.5)
0

where

@ () = 377 [b( ML AL (1) + () (i) B (] 7,

1
B m— T
by(t,s) =377 [(TK/ b(t)eW[f) ¢ TS T (s)
p

+ (:—quTp d(t)(Nltal)ﬂ> mfﬁ (s)],

Ta-a-pYH re-}
R

y-1

—+1 g_ _ -
Nl:l.3< Pt ,MH):LB(M,%),
o o

o
91:%[01(,3—1)+y—1]+1,

A

t 1 m- - m\ 1-B
Al(t):/ e’l-lﬂscl-ﬁ(s)<ﬂl<7pa(s)+p m](?) ds,
0 V4 P

¢ - - 7
Bi(t) = / fl-lﬂ(s)(zl(ql’pa(s)+ul(;) ds;
0 p V4
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for [a’IB’ V] S IIJ

_ t _
u(t) < :a(t) + |:Zzz(t) + efébZ(t’s)ds/ ¢ Jo ba(zs)ds
0

B 1
_ T _ +B | p
.<Zzz(s)b2(1,r)+ / b;r(t,s)&z(s)ds> dr] }p, (3.6)
0
where
1438 1+38 B 1+38 B 1+48
a(t)=3 F [b()e'M,"™ A)"™ () + d(t)(No™2) B (1)] 7,

1+48

_ 1+3/3 136\ ~B 1448 . 1+4p
by(t,s) =3 [( Uy e b(t)etMMﬂ> e B cF (s)

1+48
- 1+3B B 1+48
+(%1<7d(t)(N2r92)1+4ﬂ> [P (s)],
1+4, 48>
F(l_(l_ﬂ)l+3§) F(l_fgﬁ)
RN N
(T3p) 55 ( 113@ ) 138
1+48
1 1+3ﬂ()/—1)+1 1+4',3
N,=—-B , -1)+1
2= % ( o T Ia
1 (v-Brapy 4p’
T a(l+38) '1+38
1+48
0y = -1 -1|+1,
= faglaB-D+y 1]+

As(t) = /0 it ()( "R als) +

B
Bz(t)—/f B S)< e a(s)+ » KP> ds.

Proof Define

v(t) = b(t)/ (t-s)P IC(S)Mm(S)dS+d(t)/ - Y1 (s)ul(s) ds, (3.7)

then

ST

W) <a()+v(E) or u(t)< {a(t) + V(t)} . (3.8)

By Lemma 2.2, from (3.7), for any K > 0, we have

We) < b(t) / t(t —5)Pe(s) [TK’”/’ (als) + v(s)) + E= ”’K?f] ds
0 V4 p
+d(t) /ot(t"‘ - s“)ﬂ_ls”_lf(s) [ZI(% (a(s) + V(s)) pp qI(P:| ds

- A@) + 2K be) / t(t—s)ﬂ’lc(s)v(s) ds
p 0
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¥ ZK% d(t) /0 (= Y (is) ds

—A() + %K$ b(t) - B(t) + ZK? ) - Co). (3.9)

Here

A®) = b(t) / t(t —s)ﬂ_lc(s)[%l(mT_pa(s) +
0

m]ds

P KP} ds,
p

+d(t) /Ot(t“ - s"‘)ﬂ_lf(s)s)”1 [I%quzz(s) +
B(t) = /t(t — 5P e(s)v(s) ds,

0
Cl) = / t(t" — )L (s)v(s) ds.

0

Now we try to estimate A(z), B(t), and C(¢).

If[a,ﬂ,y]e],letplz%,qlzﬁ;if[a,ﬂ,y]e][,letpz i:gg Q= 1+;ﬂ‘Thenp%-+%=1

for i =1,2. Using Holder’s inequality, Lemma 2.3, and Lemma 2.4 we get

1

t L
A(t) < b(t) [/. (t_s)pi(ﬂ—l)epis ds} pi
0
t m _ m-p P —-m m qi %

. [/ e_qiscqi(s)(—](pa(s) + Kﬂ) ds]

0 V4

t ’ . I%l

+ d(t)|:/ (e - Sa)pl(ﬂ— ) ily-1) ds:|

0

[/ fql(s)( K7 a(s )+p;ql(z)qids:|ql

T (1= (1- B)pi) \ 7i
= bl )< PP )

i

1

t "— _ m qi ai
. [/ e 15ci(s) (ZKTPa(s) 4 mK7> dS]
0 4 p

+ﬂﬂ[ (ﬁgzﬁ—ﬂmw—n+g]ﬁ

[[agesan- 252 o]

1

= b(t)e tM”'A ’( ) +d(t)(N; tgl) i B (¢t). (3.10)

Here

Gizpi[a(ﬁ—1)+y—1]+1,

Fa-@a-Bp:) 1, (pily-1+1
—— Ni:_B(T

p; o

M; = pi(B-1) +1),
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Ai(t) = / e~ 15 ci(s) <%K ka a(s) + P

o\ i
mKF> ds,
p

Bi(t) = /f%)( e a(s)+7ql<p)q[ds, i=1,2.

Similarly, we can get

B(t) < [/t(t — s)PilB=D gpis dsi|pi I:/t e 1 c1i(5)yli(s) ds] K
0 0

ATl @
=M [ / e~ 15t (s) i (s) ds:|
0

and

c) < [/t(ta _Sa)pi(ﬂ—l)spi(y—l) ds:|m [fthi(S)VQi(s) dsi| “
0 0

1

= (Nt [ f Fr(V(s) ds] ’

From (3.9), (3.11), and (3.12) we get

1

m_mp Lr ot 4
v(t) < A(t) + —K 7 b(t)e'M]" |:/ e 98¢ ()i (s) ds]
b 0

L

— 1 ¢ qi
+ T ae) (N) [ / F(s)VA(s) ds]
p 0
Using Lemma 2.1 and (3.10) we can get

. 1N\Ti gt
VI (f) < 30714 (f) 4 3071 (mK/ b(t)e‘M"f) / €16 ()1 (s) dis
p

+3qi-( K% d(e)(Nit™)? ) /fql )i (s
p

= 3471 A9 (8) + e,(2) / e i (s)vTi(s) ds + gi(¢) / fli(s)vii(s) ds
0 0
<30t [b(t)ethL" A;%f (t) +d(t)(N;t") n Bflf ®]"
+ / t[ei(t)e‘q"scqi (s) + gi(e)f 7 (s)]vq" (s)ds.
0

Here

qi

m-| L\ 4i - 1
ei(t) = gqil(ﬂ K" b(t)etM;’f> . gt =39 (ﬂ(qud(t)(Nit‘?t)m) .
p p

By Lemma 2.7 we have

't 7 ¢ T 7 - T -
Vi (£) < a(t) + elo b(t’s)dS/ e~ Jo b(zs)ds |:Zz(s)b(r, 7) + / Y. (z,s)al(s) ds} dt
0 0

Page 10 of 16

(3.11)

(3.12)

(3.13)

(3.14)
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Here

1 1 1
Zli(t) — 36]1—1 [b(t)etMipiAiqi (t) + d(t) (Nitei)p%-Bi‘Ii (t)]qi’

bi(t,s) = ei(t)e ™15 c%i (s) + gi(£)f U (s).

Combining (3.8) and (3.14) we get

- t _
ult) < {a(t) + [Ezi(t) + elobilbds / ¢ Jo bile9ds
0

. <Zzi(s)1_9i(1', )+ /T b, (z,s)a(s) ds) dti| “ };. (3.15)
0

Considering the two situations for i = 1,2 and using the parameters «, 8, and y to p;,
q; and 6; in (3.15), we can get (3.4) and (3.5), respectively. This completes the proof of
Theorem 3.2. O

Corollary 3.1 Suppose that the conditions of Theorem 3.2 hold, if b(t) = 0, then
! 1
u?(t) < al(t) + d(t)/ (t“ —s"‘)ﬁ_ s" Y (s)ul(s) ds
0

and we deduce the following results.
For o, B,y] €1,

_ £
u(t) < {a(t) + |:6_13(t) +elo b3(t’s)d5/ elo bs(vs)ds
0

) T _ -6 5
.<Z¢3(s)b3(t,r)+ / bg,(f,s)ag(s)ds) dr] }p, (3.16)
0
where
as(t) = (3P d(e)NF VB0 B B (1),
5 =
by(t,s) =317 (ZK% d(t)th("’”)(ﬂ‘l)*yf(s)> ,

N, B(t) are the same as in Theorem 3.2.
For [o, B,y] € 1l,
t7 ¢ T 7
u(t) < {a(t) + [@(t) +elo b4(t’s)dsf elo ba(vs)ds
0

B

. <6_l4(s)l_94(1', o)+ /0 By (2, 984(6) ds) dt] Y }", (317)

where

_ 1+3p L3 leBnirl0s3p)p 1048
awt)=37 [dON,™ ¢ 5 |7 By,
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1+48

- 1438 a-p 138 [a(p-1)+y)1+38)+8 B

ba(t,s) =3 P <2K 7 d(t)N, ™"t 1436 f(s)> ,
P

Ny, B,(t) are the same as in Theorem 3.2.

Corollary 3.2 Suppose that the conditions of Theorem 3.2 hold, « =y =1. If

u? (t) < a(t) + b(t) /t(t — )P () (s) ds + d(¢) /t(t - s)ﬁ_lf(s)uq(s) ds,
0 0

then for [«, B,y] €1,
ty t T
) = a0+ a0 00 [ eimiess
0

- T -85
.<Et5(s)b1(r,r)+/0 bgr(t,s)izs(s)ds>dt:| } ,

where

as(t) = 377 [b(t)e MEATP () + d(e) (Nt ) B (0] 77,

1
_ m— - - = 1-B
bs(t,s)=3%[<fz<7’”b(twf) eﬁscﬁ(m(ZK%d(t)(Nlﬁl)ﬁ> f
p

p

M:BO&%}S, é:%w—n+1:%%i

My, A1(2), By(t) are the same as in Theorem 3.2.
For o, B,y]) €l,

- t _
u(t) < {a(t)+ [zzﬁ(mefé balta)ds / eld botr)ds
0

B 1

_ T _ +4B |\ p
'<516(S)b6(f,r)+/ bgr(r,s)[zﬁ(s)ds> dr] } ,
0

where
_ 1438 13 2 o\ L3p - 1+48
as(t) =37 [b()e'My™ A" (£) +d(t)(Not?) T B, (1)] 7,
1+48
- wp[ (m mp 3B\ TP g L
be(t,s) =37 [(—K Ppb(t)ethl"w) e P °c P (s)
V4

1+48

_ _ - 138\ B 1+
. (@1<q7”d(t)(zv2t92)1+4ﬂ> e (s)i|,
p

2
K5=B(Léﬂz—)
1+38

- 1+48
0, =
1+38

482
1+38

B-1+1=

M, Ay(t), Bo(t) are the same as in Theorem 3.2.
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(3.18)

(3.19)
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Remark 3.2 If b(¢) = 0, then Theorem 3.2 becomes Theorem 2.6 in [2].

Remark 3.3 If b(¢t) =d(t) =1, p=m =« = y =1, then Theorem 3.2 becomes Theorem 4
in [4]. Due to the difference in methods, our results are not the same as in [2]. The results

in Theorem 3.2 have the simple exponential function of Theorem 4 in [2].

4 Applications
(1) Consider the delay fractional differential equations with initial condition

CDlx(t) = f(t,x(),x(t — 7)), tel=[t,T),
ngx(to) =by, k=0,12,....m-1, (4.1)
x@t) = @(t), tel=[ty—r,t).

Here tCODf is the Caputo fractional derivative of order 8 (m -1 < 8 <m), r € R, is a real
constant, f(¢,y,z) € C(I x R%,R), pisa given continuously differentiable function on [¢, —
r,to] up to order m (m = —[—B]). In this case, we denote <pk(t0) =b, k=0,1,2,...,m-1.

In [17], the initial value problem (4.1) is equivalent to the Volterra fractional integral
equation

(8= 3y Kt~ tof + s [ (= )P (s,x(), x(s - ) ds, tel,

x(t) = @(t), tel=[tg—r,t).

(4.2)

The next theorem deals with the estimates of the solution of (4.2).

Theorem 4.1 Suppose that |f(t,y,z)| < b(t)|y|? + c(t)|z|', t e I, m,p,q,l €R,, p>q,p >,
b(¢),c(t) € C(I,R,). If x(t) is the solution of initial problem (4.2), then the following estima-
tions hold.

(i) Suppose that B > %, then

¢ 1
x(0)] < (@) + [ ki (©)¢!s = ds + [ Fi(s)el @04 ds)s,  te[to,10+7),

¢ 1 (4.3)
()] < {a1(6) + [ Fa(s)el 2 dsyr teltg +r,T).

Here
S bl ’ 6T (26 ~1) o5 [ b(1) T’
o bl _7—2:[%—1 o\
_6T@B-D[ e®) ¥ 2ty
k() = T[F(ﬁ)] <

E® =Lk nye) [gl(t) + /tkl(s)(/’l(s— r) ds} A y'o) Gi(t) = Tk (v,
p p p

Lo

p

_ _ 1 - -1
Fy(f) = [ZK%” a(t) + qKI%}hl(t) + [—I(Tp alt-r)+ ”—Kﬁ}kl(t),
p p p p

- l I—
Go(t) = LK ) + “K 7 ky(0).
p p
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(i) f0<B <3 L then

lx(2)] < {ga(2) + ff ka(s)@'(s — ) ds + f; E5(s)els Gs(dr ds}z%, t e [to, to + 1),

(4.4)
()] < {g(2) ft Fy(s) ef Ga(r)dr dS}P telto+rT).

Here
1;}/3
o) =3Fe [ |bk|(t—t)} ,
1 148
) )B ﬂﬂuwnr[b(t)}T
I (t) = paepe| 6O 17
o) = ((1 pr) ¢ )
1 T(B) %[-ﬂ+g(1+ﬁ)1t c(t) v
wo -4 () )

pP—q

F5(t) = —K z hz(t)[gz(t)+/ ka(s)e (S—r)dS} » PAKS,  Gy(n) = —K 7 (2),

Falt) - [ K o) + TK”]hz(t) . [fK%"gz(t—n . pT_lK’L’]kz(t),

Gl = LK 1) + LK F k().

p p

Proof By (4.2), we derive that

(@) < 3 4- o1 li—k:‘ — o) fto (£ = 8)P1b(s)|x(s)|? ds
+T5)ft0(t_5ﬁ 1 ()|x(s—r)|lds, tel, (4.5)

()] = @), telto—rto)

Using Theorem 3.1, we get the desired conclusion. This proves the results (4.3) and (4.4).
O

(2) In this section, based on the definition of Riemann-Liouville (R-L) and Erdélyi-Kober
(E-K) fractional integral, we will study the boundedness of a certain FDE with R-L frac-
tional operator and E-K fractional operator. The definitions of two fractional operators

are given below.

Definition 4.1 ([17]) The R-L fractional integral and fractional derivative of order o of
the function f(x) € C(R,, R) are given by

o _L ¥ _ el
If(x)—r(a)/o(x H*f(e)dt, a>0,

D*f(x) = d /(x Hft)dt, O0<a<l,

r(1_

provided that the right side is point-wise defined on R,.
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Definition 4.2 ([18, 19]) The E-K fractional integral of continuous function f(x) € C(R,,
R) is defined by

x—Bly+9)

8 —
1°f(x) = To

/ (f )P f(0d ("), 6,y.B R,
0
provided that the right side is point-wise defined on R,.

Consider the following Volterra type integral equations:

u?(t b(t) /(t ) S)Mm(S)dS—%/ (t“—s"‘)ﬂ_lsy’lf(s)uq(s)ds=a(t), (4.6)
0

Theorem 4.2 Let u(t),a(t), b(¢), c(t),d(),f(¢) € C[0,00), p, m, q, &, B, y be the same as in
Theorem 3.2. Then, for any K > 0, every solution of equation (4.6) has the bounds and the
same modality as (3.5), (3.6), in which we have |u(t)|, |a(t)|, % Lt t)‘, |c(t)|, T ﬂ) , |[f(2)| instead
of u(t), a(t), b(t), c(t), d(t), and f(t).

Proof From (4.6) we have

M t _ o)Al m
F(ﬁ)/o“ 8)7 7t |c(s)||uls)|" ds
|d(6)]

_Tﬁ)/o (ta—S“)ﬂflsy_llf(s)}]u(s)]qu,

’u(t)|p < |a(t)| +

Then by the difference in the selection of a(t), b(¢), c(t), d(t), f(t), p, m, q, o, B, v, we get
the desired results. O
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