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September 23, 2014

Abstract

We study the 2-adic properties for the numbers of involutions in the alter-
native groups, and give an affirmative answer to a conjecture of D. Kim and J.
S. Kim [14]. Some analogous and general results are also presented.

1 Introduction

Let S, be the symmetric group of degree n, and let A,, be the alternating group
of degree n. Let e be the identity of a group. Given a positive integer m, we denote
by a,(m) the number of permutations o € S;, such that ¢ = €. Let p be a prime.
By definition and Wilson’s theorem, ay(p) =1+ (p — 1)! = 0 (mod p). Moreover,
an(m) =0 (mod ged(m,n!)) by a theorem of Frobenius (see, e.g., [10]).

Let u be a positive integer. There exist remarkable p-adic properties of a, (p") (cf.
Theorems 4.2-4.4). The beginning of them is due to H. Ochiai [16] and K. Conrad
[4]. For each integer a, ord,(a) denotes the exponent of p in the decomposition of a
into prime factors. As a pioneer work, the formula

n n
cwirs[}-[5

plan(p)) ’ e
(cf. Corollary 4.5) was given in [6, 7, 9], which was also shown by various methods (cf.
[4, 11, 13, 14]); moreover, the equality holds for all n such that n — [n/p?]p? <p—1
(see, e.g., [6, 11, 13]). When p = 2, this formula was found by S. Chowla, I. N.
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Herstein, and W. K. Moore [2]. The precise formula for ords(a,(2)) is known as

ordsy(an(2)) = [g] - [g} +1 ifn=3 (mod 4),
[2] - [4} otherwise

(cf. Example 4.6). The value of orda(a,(4)) is also determined (cf. Proposition 4.7).
We denote by t,(m) the number of even permutations o € A,, such that c™ = e.
Recently, D. Kim and J. S. Kim [14] proved that for any nonnegative integer y,

orda(tay(2)) =y + Xo(y), orda(tay+2(2)) = orda(tay+3(2)) =y,

where x,(y) = 1 if y is odd, and x,(y) = 0 if y is even. They also conjectured that
for any nonnegative integer y, there exists a 2-adic integer « satisfying

orda(tay11(2)) = Y+ Xoly) - (ords(y + ) + 1)

(see [14, Conjecture 5.6]). According to [14], a = 1+2+ 23+ 284210 + ... satisfies
the condition for all y < 1000. In this paper, we solve affirmatively their conjecture
(cf. Theorem 5.1), and present some analogous and general results, including the
result for orda(t,(4)) (cf. Theorems 5.4). We adapt K. Conrad’s methods presented
in [4] to the case of t,(2%).

Sections 2-5 are devoted to the study of ord,(a,(p*)) and orda(¢,(2")). In
addition to the above results, we also show that, if r = 0 or = 1, then there exists
a 2-adic integer «,- such that

orda(tyuiiy,(24)) = (27 —u = 2)y + xo(y) - (orda(y + ar) +u)

for any nonnegative integer y (cf. Theorem 5.6).

Let Cp1 S, be the wreath product of C), by S,, where C), is a cyclic group of
order p, and let Cy! A,, be the wreath product of Cy by A,. We are also interested
in the number of elements x of these wreath products such that 2™ = e. Let b, (p")
be the number of elements x of C, 1S, such that 2P" = ¢, and let ¢,(2%) be the
number of elements z of Cy1 A,, such that z2* = €. In Sections 6-8, we focus on the
p-adic properties of b, (p") and the 2-adic properties of ¢,(2%). When u = 1, we are
successful in finding the fact that

BYVSS S S )

p

(cf. Examples 7.4 and 8.2). The former fact with p = 2 is due to T. Yoshida [20].
The results for ord,(b,(p*)) and orda(g,(2")) with u > 2 are similar to those for
ordy(a,(p*1)) and orda(t,, (247 1)), while there are slight differences between the
proofs (cf. Example 7.5, Proposition 7.6, Theorems 8.3, 8.5, and 8.7).
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2 Generating functions

For each o € S, oP" = € if and only if the cycle type of ¢ is of the form
(10, e (")),

where jo, ji,..., ju are nonnegative integers satisfying >, jrp® = n. Since the
number of such a permutations is n!/[[;_, pFikgp! (see, e.g., [12, Lemma 1.2.15] or
[18, Chap. 4 §2]), it follows that

n!
Jo+jip+-tjupt=n H"«':Op Jk:
Set af)(p") = an(p*), and define

ar (p") = >

Jo+jip+-+jupt=n

(_1)j0+j1+---+jun!
szo pkjkjk!

(2)

Then we have

tn(p") = : (3)

(Obviously, an,(p*) = tn(p") if p # 2.) Let § denotes both 0 and 1. We always
assume that ag(p“) = 1. By Egs. (1)-(3), we have

> b, (pt k
3 ”T(ff ) X7 — exp ((—1)ﬂzplkxp> (4)

n=0 k=0
and
o0 u u
X" = e Cexp (X -3 o X
S =jon (S5 ) pen(r- L

(see also [3] and [18, Chap. 4, Problem 22]). Let {CE@}%O:() be a sequence given by

ST X" = exp ((—1)“2;)@’“). (5)
n=0 k=0

Then by [5, Proposition 1] (see also [15, p. 97, Exercise 18]), & e Zp N Q, where
Zyp is the ring of p-adic integers. When f§ = 0, this formal power series is called the
Artin-Hasse exponential (cf. [5], [15, Chap. IV §2], [19, §48]). We write ¢, = c2 for
the sake of simplicity. By definition, ¢, = a,(p*)/r! for any nonnegative integer r
less than p“*!. According to Mathematica, we have the following lemma.
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Lemma 2.1 If p = 2, then the values of cE for integers r with 0 < r < 17 are as
follows :

r |0 1 |23 4 516 7 8 9 10 11
Al 11112 2 |21, 67 88 617 2626 18176
T 3| 3 | 15| 45 | 315 3156 | 2835 | 14175 155925
Al1l—1lol 2|11 | L |_5 | _8 | 438 |_ 74 | _ 559
T 3 3|5 | 1 63 105 | 405 14175 17325
r 12 13 14 15 16 17
O | 6949 423271 2172172 19151162 58438907 899510224

T | 66825 | 6081075 12567525 | 638512875 | 638512875 | 10854718875
cl| 697 | _ 13232 | _ 30727 450991 _ 5519014 8250311

T | I8711 552825 14189175 | 49116375 91216125 | 144729585

For any nonnegative integer r less than p“*!, we set

> CLhu+1 (pu)
HE (X)) = 3 2o (i,

=ty +r)

and define a sequence {d%,}°°, by

g = 1y x| e (S22
Zdn,r no_ ZCpU+1j+r(_(_1) p" ) X7 | exp Z e XP |,
n=0 j=0 i=1

where ¢! = —1if p=2 and i = 0, and £ = +1 otherwise.

Lemma 2.2 Let r be a nonnegative integer less than p*T'. Then
o0
HY (X)=exp(X)> df X"
n=0

Proof. Using Eqgs. (4) and (5), we have

> ah(p“) > =1k
D X = axt e | —(D ) LX)
n=0 ’ n=0 k‘:u+1p

This formula yields
oo u U o0
Z apu+1y+r(p ) Xp“+1y+’f' — Z Chu 15 Xpu+1j+r
(putly 4 r)! L TpUtltr

y=0 7=0
= 1
w4141
X exp <_(_1)thu+l+lXp ) .

1=0
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Omit X" and substitute (—(—1)%p*t1)X for X?""". Then we have

s aiu+ly+r (pu)

o0
e U R = | 3 s (DX

j=0

oo T u w1 pi )
o ).

=0

y=0

This completes the proof. [1

Remark 2.3 In [4], Conrad has given the equation in Lemma 2.2 with § = 0.

3 Fundamental facts

In this section, we provide four fundamental facts for the study of ordp(aEl ("))
and ordy(t,(p*)). The next lemma is well-known (cf. [8, Problems 164 and 165],
[15, p. 7, Exercise 14], [19, Lemma 25.5]).

Lemma 3.1 Suppose that n = ng + nip + nop? +--- # 0, where n;, i =0, 1,...,
are nonnegative integers less than p. Then

o0
n n—mg—ny—ng—-- _n-—1
ordp(n!):Z[pj]: P Sp—l.

j=1

For each non-zero p-adic integer z = > _>7, z;p’ with 0 < z; < p — 1, we denote
by ordy,(x) the first index ¢ such that z; # 0. The p-adic absolute vale of a p-adic
integer x is given by

0 ifx=0.
We define a subring Z,(X) of Z,[[X]] by

—ordp(x) if  # 0,
|z]p = { i ’

Zp(X) = {Zman € Zy[[X]]
n=0

a3 nly = 0} |

For each g(X) = >0, gn X" € Z,[[X]], g(X) + p* X*2Z,(X) denotes the set of all
formal power series f(X) = 320, f, X" such that f(X) — g(X) € p" X*27Z,(X),
where k1 and ko are nonnegative integers.

Lemma 3.2 Let k be a positive integer, and let a be a p-adic integer such that
ord,(a) = k. Excepting the case where p =2 and k =1,

a3

c X3 +p2k+1X4ZP<X>'

2
exp(aX) € 1+aX+%X2+
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Proof. Observe that

a5 d g 2k 13 - g a™t? n
n=1 ’

Then it follows from Lemma 3.1 that

n+3
o @ n+2 1 2

This completes the proof. [1

The next lemma is essentially due to K. Conrad [4] (see also [19, Theorem 54.4]).

Lemma 3.3 Let Zfz:O m, X" be a polynomial of degree ¢ with coefficients in Zy,
and let > 2 w, X" € kaZp<X), k a nonnegative integer. Define a sequence
{dn}22y by do = mo and d,, = my, + wy, for n = 1,2,.... Then there exists a
p-adic analytic function g(X) € Zy(X) such that

7

00 0o l

9(1) s n n L (X
E WX = exp(X) g d, X" and ¢g(X) € g m;i! < ) + " X7Z,(X),
n=0 =0

n=0

where

(X)zX(X_l)”.'(X_Hl), i=1,2,..., and <)g>:1.

) 7!

Proof. Define a formal series

- X
FX) =) diil ( _ ) :
i=0 !
For any nonnegative integer ¢, we have

g (" |
S (;) X" = exp(X) - X,
— nl

which is extended to the formula
o0 oo

f(n)
n=0 n=0

by Z,-linearly. For each positive integer i, let {ki, }2>; be a sequence given by

oe) . . X
;ka :z!<i>.
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Then ki, € Z, and kj, = 0 if n > i+ 1. Since lim,, o |wy |, = 0, it follows that

0 ) oo i ) [eS)
1= Yot (2) = St (7) = 33 ks = 5 (S )

for any = € Z,,. In particular, > ;2 w;ki, € kap for any positive integer n. More-
over, limp, 00 [> o0, wikm\p = 0. Now define a formal power series

4 00 9]
X
=0 n=1 \i=n
Then f(n) = g(n) for n =0, 1, 2,.... This completes the proof. [J

The following theorem is part of [8, Theorem 6.2.6] (see also [15, Chap. IV
Theorem 14]).

Theorem 3.4 (p-adic Weierstrass Preparation Theorem) Let
FX) = faX"

be a power series with coefficients in the field Q, of p-adic numbers such that
limy, o0 | fnlp = 0. Let N be the number defined by

|[fnlp =max|ful, and |fulp <|fn|p for alln > N.
Then there exists a polynomial
ko + ki X + ko X2 4+ ky XN
of degree N with coefficients in Qp, and a formal power series
1+mi X +meX?+ -

with coefficients in Q,, satisfying

() f(X)=(ko+ k1 X +haX? 4+ -+ En XA +m1 X +meX2+--1),

(ii) |knlp = max [kn[p,

(i) Tim [y, = 0,

(iv) |mnlp <1 for alln > 1.
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4 p-adic properties of a,(p*)

We define a sequence {651}00:0 by
g0 (u+1) )
u £ pp i
E X"-exp(E e Xp),

so that for any nonnegative integer r less than p*+!

00 h [e's) : o 1n v Eupp (u+1) ,
5 0 = (3 s 10 | ) S
n=0 §=0

To give p-adic properties of a,(p"), we need the following.

oo
Lemma 4.1 Z X" €1+ pP X7, (X).
n=0

Proof. If i > 2, then p' = (1+p—1)" >i(p—1) +p > i+ 2 > 4, and thereby,

(u+1) )

=plu+p —(u+i+1)
>du+ (i+2) - (uti+1)
=3u+1.

Hence the assertion follows from Lemma 3.2. This completes the proof. [

The results are divided into three theorems, which generalize part of the results
proved by K. Conrad [4] (see also [11, 16]).

Theorem 4.2 Suppose that p > 3. Let r be a nonnegative integer less than p*+!
Then there exists a p-adic analytic function g,(X) € Zy(X) such that

(7
a/pu+ly+7‘(p )(_ u+1)yy|

gr(y) = (p““y—i—r)!

for any nonnegative integer y and
9-(X) € ¢ — cpurt f,p" T X 4+ " TIXZ,(X).

Proof. Using Lemmas 3.2 and 4.1, we have
(u+1)

Z dgz,an - Z Cp“+1j+r(—pu+1)]Xj exp ( put2
n=0 7=0

€ ¢ — cpur,p" T X + pP X7, (X).

Hence the assertion follows from Lemmas 2.2 and 3.3. This completes the proof. [J

o
Xp> > en X
n=0
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Theorem 4.3 Suppose that p = 2 and u > 2. Let r be a nonnegative integer less
than 24+L. Then there exists a 2-adic analytic function gE(X) € Zo(X) such that

agu+1y+r(2u)

(2u+ly 4 T)' (_(_1)h21¢+1)yy!

gi(y) =
for any nonnegative integer y and

G(X) e (1 — (12X (X — 1) + 221X (X — 1)(X — 2)(X — 3))

—(—1)fh s, 29X+ 22 X (X)),

Proof. By definition,

(o.9] [e.9] [e.9]
S X = (S (12X | exp(—(~1)22X%) 3 b X
n=0 7=0 n=0

(Note that £ = —(—1)% if p = 2.) Using Lemma 3.2, we have
exp(—(—1)12¢X2) € 1 — (—1)%2ux? 4 22—l x4 4 9%t X7, (X).

Moreover, it follows from Lemma 4.1 that
Zd X" e c (_1)h2uX2 +22u—1X4)
—(—1)ich 20X 4 220X Z(X).

Hence the assertion follows from Lemmas 2.2 and 3.3. This completes the proof. [J

Theorem 4.4 Suppose that p = 2 and uw = 1. Let r be a nonnegative integer less
than 4. Then there exists a 2-adic analytic function gE(X) € Zo(X) such that

a 2
gi(y) = W((—nmyy‘

for any nonnegative integer y and

GA(X) € (1 —2X + 46, X (X — 1) —4X(X —1)(X — 2)(X — 3))
F(=1)M, X + 8XZa(X),

where § is the Kronecker delta.
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Proof. Substituting —X for X in Lemma 2.2, we have

0
) M((—l)“zl)yxy = exp(X) exp(—2X — (~1)72X?)

— (dy +1)!
- - (6)
x| D (CDMYXT | 3 e (-1)mX
j=0 n=0

Moreover, it follows from Eq. (4) with p =2 and v = 2 that
exp(—2X — (—1)52X2%) = exp(—2X +2X2 +4X*) exp(—45;0 X2 — 4X?)
) (4
= <Z “()(—2)()”) exp(—40,0 X% — 4X1).

|
N
By Lemma 3.1 and Theorem 4.3,

ords <Cm7ff)(—2)”> — ords(an(4)) + ords <(_n2!)n> > [Z] + m _ 2[g] +1

if n > 1 (see also Proposition 4.7). Observe that

ondy (282 -2) 2 4

n!

if n > 4. Then, since ap(4) = a1(4) =1, a2(4) = 2, and a3(4) = 4, we have
oo

n(4

) a (, )(—2X)” €1—2X +4X2 + 16X Zy(X).
n.

n=0

This, combined with Lemma 3.2, yields
exp(—2X — (—1)%2X?) € (1 — 2X +4X?)(1 — 46,0X? — 4X") + 8XZy(X).

Hence it follows from Lemma 4.1 that
exp(—2X — (—1)%2X?) ZC4J+T 1)%4)7 X7 Z e, (=)t X"

€ (1 —2X +45;, X2 —4x"h) + (—1)U4CQ+TX +8X7Zy(X).
The assertion now follows from Lemma 3.3 and Eq. (6). O

Let r be a nonnegative integer less than p“*!. By Lemma 3.1,
Ordp <p(u+1)yy| = Zl T —uYy = ﬁ - (U + 1) Yy + OI’dp(T‘.)
j:

for any nonnegative integer y. Combining this fact with Theorems 4.2, 4.3, and 4.4,
we obtain the following.
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Corollary 4.5 ([13]) Let r be a nonnegative integer less than p“*t. Then

u u+1 4
ordy (apwriy, (p*)) > Z [ppjyr] —
j=1

_ {pml ~(ut 1)} y + ord, ()

p—1
for any nonnegative integer y. Moreover, if ordy(c,) < u, then
u u+1
Py +r
ordy(aputiyr(p*)) = Z [pﬂ] — uy + ordy(c,)
j=1
pqul -1
= {p—l —(u+ 1)} y + ordy(r!) + ordy(c;)

for any nonnegative integer y.

Example 4.6 ([6, 13, 14, 16]) Suppose that p = 2 and v = 1. By Lemma 2.1
and Corollary 4.5,

[”] _ m +1  ifn=3 (mod4),

orda(an(2)) = [7}] B [ZL} otherwise.

Proposition 4.7 Suppose that p =2 and u = 2, and let r be a nonnegative integer
less than 8. For any nonnegative integer vy,

8y +r 8y +r
orda(agy+r(4)) = [ y2 } + { y4 ] — 2y + orda(c;)

= 4y + orda(r!) + orda(cy),

that is, the values of orda(asy+r(4)) — 4y, 0 <r <7, are as follows :
r (0|1]2]3]4]5]6]7
orda(agy4r(4)) —4y [0 [0 [ 1|24 |3 ]84
Proof. If r # 6, then the proposition follows from Lemma 2.1 and Corollary 4.5. By
Theorem 4.3, there exists a 2-adic analytic function g3(X) € Z2(X) such that

aBw) = e (s

for any nonnegative integer y and
gAUX) €cs(1 —4X(X —1) +8X (X — 1)(X —2)(X —3)) — 8c14X + 2°XZo(X).

Let y be a nonnegative integer. We have ords(asy+6(4)) = 4y + 4 + orda(g3(y)).
Since cg = 16/45 and c14 = 2172172/42567525, it follows that orda(gg(y)) = 4.
Hence orda(agy+6(4)) = 4y + 8. This completes the proof. O
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5 2-adic properties of t,(2")

The first statement of the following theorem is due to D. Kim and J. S. Kim
[14], and the second one is an affirmative answer to a conjecture of them.

Theorem 5.1 Suppose that p =2 and uw = 1. Then the following statements hold
for any nonnegative integer y.

(a) orda(tay(2)) =y + Xo(y), orda(tay+2(2)) = orda(tay+3(2)) = y.
(b) There exists a 2-adic integer o such that

orda(tay11(2)) = y + Xo(y) - (orda(y + a) + 1).

Proof. Keep the notation of Theorem 4.4, and let y be a nonnegative integer. Then
by Eq. (3), we have

4y +n)! gly) +(=1)""g(y)
4y -y 2 '

tay+r(2) =

Now set Ly y(X) = (¢9(X) + (—1)""¥gL(X))/2. Then there exists a 2-adic analytic
function M, ,(X) € Zy(X) such that

_ ol = 2X —4X(X - (X —2)(X - 3)

- 2X2—|— AX(X —1) —4X(X — 1)(X —2)(X —3)

2
+2(Cg+r - (_1)T+yc}l+r>X + 4XMT,ZJ(X)'

Ly y(X)

1
+(=1)"" e,

Moreover, it follows from Lemma 2.1 that

Loy(y) = Liy(y) =1 (mod 4),
Loyly) =5 (mod2), Lyy(y)=¢ (mod?2)
if y is even, and
Loy(y) = 2% (mod 4), Liy(y)= oy~ 27 (mod 4),
Loy(y) = % —y (mod2), Lsy(y) = % —y (mod 4)

if y is odd. Since orda((4y + 7)!/4Y - y!) = y + orda(r!), it follows that

Y+xoly) ifr=0,
orda(tay+r(2)) =< ¥y if r =1 and y is even,
Y ifr=2orr=23.
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Assume that y is odd. Then by Lemma 2.1,

8 38
Liy(X) = —2X(X = 1) + 72 X +4X My, (X) = T2 X = 2X7 +4X M, (X).

Hence it follows from Theorem 3.4 that there exists a polynomial
ko + k1 X + ko X2
of degree 2 with coefficients in Q9, and a power series
L+mi X +maX? -

with coefficients in Qo, satisfying the conditions (i)—(iv) with f(X) = L1 ,(X),
N =2, and p = 2. We have kg = 0, k1 = 38/15 (mod 4), and ke = —2 — kymy
(mod 4). Now set A = 271ky. Then ords(\) = 0, because ordy(mq) > 0. Observe
that a := 271k A1 € Zy and

Ly(X) = 20X (X + a)(1 +mi X + meX? +-0).

Then we have
ords(tay+1) =y + 1 +orda(y + ).

This completes the proof. [J
Remark 5.2 According to Mathematica,
a=1+2+428428 4219 1 212 (mod 2').
The following lemma is an immediate consequence of Eq. (3) and Theorem 4.3.

Lemma 5.3 Suppose that p = 2 and u > 2. Let r be a nonnegative integer less
than 2“1, and let y be a nonnegative integer. Then there exists a 2-adic analytic
function M, ,(X) € Zo(X) such that

(2utly 4+ )
uy - >~ 7 70,
t2u+1y+r(2 ) - 2(u+1)y . y' r,y(y)

with

yol= 20X (X — 1)+ 221X (X — 1)(X —2)(X —3)
" 2

1yl 1+2X(X —1)+ 22u—1;((X —1)(X —2)(X - 3)

12 ()P (1) i) X + 22X M,y (X).

Liy(X) = (-1)

Moreover, orda(tgu+1y,,(2%)) = (2“1 — u — 2)y + ordy(r!) + orda(Lyy(y)).
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We set xe(y) = 1 — xo(y) for any nonnegative integer y.

Theorem 5.4 Suppose that p = 2 and u = 2. Then the following statements hold
for any nonnegative integer y.

(a) orda(tsy+2(4)) = orda(tsy+3(4)) = 4y, orda(lsy+4(4)) = 4y + 2,
orda(tsy+5(4)) = 4y + 3 + xe(y), orda(tsy16(4)) = 4y + 3,
orda(tgy+7(4)) = 4y + 4 + xe(v).

(b) If r =0 orr =1, then there erists a 2-adic integer o, such that
orda(tgy+r(4)) = 4y + Xo(y) - (orda(y + o) +2).

Proof. Keep the notation of Lemma 5.3 with w = 2. Then by Lemma 2.1,

Loy(y) = Liyly) =1 (mod 8), Loyfy) = (mod 4),
Loy = Ligly) = ¢ (mod 4), Ls,(y) = 1 (mod 9)
Loyly) = 5o (mod4), Lry(y)= 1t (mod §)
if y is even, and
Loy(y) =4y (y - ;?;) (mod 16), Ly, =4y <y - 3‘;2) (mod 16),
Loy(y) = Lay(y) = Lay(y) = *% (mod 4), Lsy(y) = —é (mod 4),

1 1
Ley(y) = G (mod 4), L7,y(y) = 15 (mod 4)

if y is odd. This, combined with Lemma 5.3, yields the statement (a). The proof
of the statement (b) is analogous to that of Theorem 5.1, while the assertion is a
special case of Theorem 5.6. This completes the proof. [

Remark 5.5 According to Mathematica,
ap=1+2+22 423 424 425 427 129 4210 1 912 1 913 4 ol 4 915 (1m0d 2!7)

and
a1 =1+2+2142742% (mod 2'%).

The statement (b) of Theorem 5.4 is extended to a result for ords(tgu+1,4,(2%))
withw >3 andr=0orr=1.
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Theorem 5.6 Suppose that p = 2 and u > 2. Let y be a nonnegative integer. If
r =0 orr =1, then there exists a 2-adic integer o, such that

orda (tyuty 4 (2)) = (2% = u = 2)y + Xo(y) - (orda(y + ar) + u).
Moreover, if ordg(cguH_H + (—1)T0§u+1+7,) =0 withr =0 orr =1, then

orda(tyutiy,(2) = (27 —u = 2)y + xo(y) - w.

Proof. Keep the notation of Lemma 5.3. Since ¢} = ¢} = Y =1 and ¢t = —1 by

Lemma 2.1, it follows from Lemma 5.3 that the assertion holds if y is even. Assume
that y is odd. Then

Ly (X) = 24(=1 + égur14,) X + 2“X? + 224X M, ,(X),

where Cout1,, = cgu+1+r + (—1)’“0%“1”. In each of the cases where r =0 and r =1,

it follows from Theorem 3.4 that there exists a polynomial
ko + k1 X + ko X2
of degree 2 with coefficients in Q2, and a power series
L+ miX +meX?+ -

with coefficients in Q», satisfying the conditions (i)-(iv) with f(X) = L,4(X),
N =2, and p = 2. We have kg = 0, ky = 2%(—1 + épur14,) (mod 2%%), and
ko = 2% — kymy (mod 22%). Now set A, = 27%ks. Then ordz(\.) = 0, because
orda(my) > 0. Observe that a, := 27 %k A ! € Zsy and

Lry(X) = 2“0 X (X + o) (L+m X +maX? +---).
Combining this fact with Lemma 5.3, we conclude that
orda (tgut1yy,(2)) = (24T — 4 — 2)y + orda(y 4+ o) + u

Moreover, if orda(égu+1y,) = 0, then orda(a,) > 0, and thereby, orda(y + o) = 0.
This completes the proof. [J

6 Wreath products

Let G be a finite group, and let K be a subgroup of S,. The wreath product
G K of G by K is defined to be the set

GIK ={(g1,..., gn)o | (g1,.--, gn) €G™ and oe K},
where G(™ is the direct product of n copies of G, with multiplication given by
(gl, ey gn)a(hl, ey hn)’i‘ = (glhaq(l), ceny gnha71(n))a7'.

Let m be a positive integer. We set

a(GUK,m)=%{(g1,..., gn)o € GVK | ((91,--., gn)o)™ = €}.
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Lemma 6.1 Let 7 € S, be a cycle of length £. Then ((g1,..., gn)T)™ = € if and
only if £ divides m and (gigT_l(i) - -ngeH(i))m/K =e€foralli=1,2,...,n.

Proof. The proof is straightforward. [

Let {ly,?1,..., {s} be the set of divisors of a positive integer m. We quote the
following (cf. [12, Lemma 4.2.10]).

Lemma 6.2 The number of elements (g1,..., gn)o of G 1Sy such that the cycle

type of o is (E{)O, Wf, el 623) and ((g1,---, gn)o)™ =€ is
n! f[ |G| Dika (G, m /fy,)
o Cr7% ! ’

where a(G,m/ly) =t{g € G | g"/ = ¢}.

Proof. Let k be a nonnegative integer less than or equal to s, and let 7 = (i1 --- ip,)
be a cycle of length £. Then it follows from Lemma 6.1 that the number of elements
(91, -+, gn) of G such that ((g1,..., gn)7)™ = € and g; = € for all 4 # iy, ..., i,
is |G|%*~ta(G,m/f;). Thus the lemma holds. O]

By Lemma 6.2, we have

b = a(Cp2Supt) =Y n!(pr )1 @
k=0 P’

kjk 4,1
Jo+iipt+-+jupt=n Pk

Set b2 (p*) = by, (p*), and define

n i PP GE! ) pi

Jotjipt-Ajupt=n

Then by Lemma 6.2, we have

0(u _1\npl (u
an(p) = a(Chy 2 A, p) — b (p") + (21) bn(P") ()

(Obviously, b,(p*) = ¢n(p") if p # 2.) Let § denotes both 0 and 1. We always
assume that bg(p“) = 1. By Egs. (7)-(9), we have

o0 u—1 k U
bEz(pu) b pP k h PP g
> X =exp | (-1) Zp—kxp +(-1) ST P (10)
n=0 k=0
= 0n(2Y) 1 o2 v 2w
n! = 9 &P Z ok + Qu+1
n=0 k=0




2-adic properties for the numbers of involutions 17

(cf. [1], [17, Proposition 3.4]). Moreover, by Eq. (5), we have

Zc (pX)" —exp( thkapk>. (11)

o P

Recall that ¢? = —1if p = 2 and § = 0, and &' = +1 otherwise. For any
nonnegative integer r less than p“, we set

~ b (pY) ptl y
i - prytr\P —(—1)f
Fur(X) y;)(p Y+ 7). < T )X> ’

and define a sequence {d%,}°°, by

Wi o Y = e
n o __ T —(— — X7
;:OdWX = ;cpuﬁ,ﬂp ( (=1) - X) exp () peri(p — 1P X

=1

Lemma 6.3 Let r be a nonnegative integer less than p*. Then
IA{TE (X) =exp(X Z dy X"

Proof. Using Eqs. (10) and (11), we have

bu <Zc (pX) )exp( (— 1)W;ixp“)

n=0

This formula yields

0 U U o0 u
bpuy4r (P )Xp“err - . It Pt | exp _(_1)hpi X"
y:O(py+r)! jopjr pU

ppu u+z
U u+i
X exp <(_1)upu+l XP > eXp ( Z quz > :
Omit X" and substitute (—(—1)%p*T1 X/p?"(p — 1))/P" for X. Then we have
0o u—+1 u+1 J
“y+r p P p P
1) -1 X
Z Py +7)! < Y o > Z S ( oo >

0y ppt(utl)
x exp(X) exp (Z (=(=1) )ppp i Xpl>.

+ ?
P puti(p —1)P

Cl:’

This completes the proof. [J
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7 p-adic properties of b,(p")
In order to analyze > ° dEWX " we define a sequence {éEz}Zo:() by
00 O gyt (utl)
S e (3 T ),
n=0 =2 p (p - 1)
The proof of the following lemma is analogous to that of Lemma 4.1.

o0
Lemma 7.1 Y & X" € 1+ p*t’XZ,(X).

n=0

We are now in position to state a p-adic property of by, (p").

Theorem 7.2 Let r be a nonnegative integer less than p*. Then there ezists a
p-adic analytic function gE(X) € Zp(X) such that

B, (p*) ptl y
h _ pty+r _(_1)\8
9:(v) = (pty +1)! < =1) pp"(p«—-1)> v

for any nonnegative integer y and

Pt
FX)edp {14+ —— X(X-1)(X —-2)--- (X —p+1)

(p—1)P
’ pu+1+r il
(D, X P X (),

Proof. Using Lemmas 3.2 and 7.1, we have

e o0 f pu+1 J

S = (S (0 x)

n=0 7=0 p

qpp(utl) >
€
i i
X exp (p““‘l(p 1y XP> nzzoean
(ut1)(p—1)
b 4 i P XP
€cp { +e€ p—1)p }
u+1+4r

44%@Hp_1x+ﬁ“WX@ay
Hence the assertion follows from Lemmas 3.3 and 6.3. This completes the proof. [J

This theorem, together with Lemma 3.1, yields the following.
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Corollary 7.3 Let r be a nonnegative integer less than p*. Then

73]
P

u—1
ordy (bpuy4r(p")) = Z
j=0
pr—1
= { - +p —(u+1)}y+r+0rdp(r!)

for any nonnegative integer y. If ord,(c,) < u, then

u—1

u ply+r
ord, (byuy+r(p")) = Z[iﬂ] — uy + ordy(cy)
j=0
pr—-1
= { p—1 +p" = (u+ 1)}y+r—|—ordp(r!) + ordp(cr)

for any nonnegative integer y.

Example 7.4 Suppose that © = 1. Then for any nonnegative integer r less than p,
we have ord,(c,) = 0. Hence

ordy (bn(p)) = n — m and  orda(b,(2)) = [

n—i—l}
’ .

2

Example 7.5 Suppose that p = 2 and u = 2. By Lemma 2.1 and Corollary 7.3,

n+ m —2[”] +1  ifn=3 (mod4),

2 4
orda(b,(4)) = " "
n+ [2} -2 [4] otherwise.

Proposition 7.6 Suppose that p =2 and u = 3, and let r be a nonnegative integer
less than 8. For any nonnegative integer y,

8y + 8y +
orda(bgy+-(8)) =8y+r+ { y2 T] + [ y4 1 — 3y + orda(cy,)

= 11y + r 4 ordy(r!) 4+ ords(c,),

that is, the values of orda(bgy+r(8)) — 11y —r, 0 < r <7, are the following :
r [0|1]2]3]4]5]6]7
ordy(bsyr(8)) —1ly—r [0 |0 |1 ]2 [4[3 |84

Proof. 1f r # 6, then the theorem follows from Lemma 2.1 and Corollary 7.3. By
Lemma 2.1 and Theorem 7.2, there exists a 2-adic analytic function g2(X) € Zs(X)

such that , @®) LY
0 _ Y8y+6 - ]
96 (v) (8y + 6)! ( 16) 4
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for any nonnegative integer y and

16
go(X) € 25. 4f5(1 —16X(X —1)) —21%.

2172172

Tt X 4+ 2B X7 (X).
19567595 T 2(X)

Hence Lemma 3.1 implies that ords(bsy+6(8)) = 11y + 4 + orda(gd(y)) = 11y + 14
for any nonnegative integer y. This completes the proof. [

8 2-adic properties of ¢,(2%)
The following lemma is an immediate consequence of Eq. (9) and Theorem 7.2.

Lemma 8.1 Suppose that p = 2. Let r be a nonnegative integer less than 2%,
and let y be a nonnegative integer. Then there exists a 2-adic analytic function
M, (X) € Zy(X) such that

2%y 4 71)! w_
qouy+r(2%) = (QUyy') 2@ =Dy L (y)

with

ol —2vHX(X —1) oyrel Lt 20X (X — 1)
I 2 + (_ ) cr 2

2T (= (=1)YBu .y + (=1) cqu ) X + 22X M, (X).

L,,(X)=(-1)2"¢

Moreover, orda(qauy+r(2%)) = (24T — u — 2)y + orda(r!) + orda(Ly, (v)).

Example 8.2 Suppose that p = 2 and u = 1. Let r be a nonnegative integer less
than 2, and let y be a nonnegative integer. By Lemma 2.1 and Lemma 8.1, we have

Yy if y is even and if r = 0,

r+1
2

y+1 if y is even and if r =1,
y+1 if y is odd and if r = 0,
y+2 if y is odd and if r = 1.

orda(qay++(2)) =y + [ ] + Xo(y) =

We conclude this paper with the following three results for orda(g,(2%)).

Theorem 8.3 Suppose that p = 2 and u = 2. Then the following statements hold
for any nonnegative integer y.

(a) orda(quy(4)) = 4y + 2X0(y), orda(qay+2(4)) = 4y + 2, orda(quy+3(4)) = 4y + 3.

(b) There exists a 2-adic integer B such that

orda(qay+1(4)) = 4y + 14 xo(y) - (orda(y + ) + 3).
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Proof. Keep the notation of Lemma 8.1 with u = 2. Set h;.,, = orda(Ly4(y)). Then
by Lemma 2.1,
hoy(y) =0, hiy=hay =1, hgy =2

if y is even, and

13
hoy =2, Liy(y) =16y (y - 15) (mod 32), hoy =1, hyy=2

if y is odd. Thus the statement (a) follows from Lemma 8.1. The proof of the
statement (b) is analogous to that of Theorem 5.1(b), while the assertion is a special
case of Theorem 8.7. This completes the proof. [J

Remark 8.4 According to Mathematica,
B=1+22+23 421426427128 (mod 2'3).

Theorem 8.5 Suppose that p = 2 and u = 3. Then the following statements hold
for any nonnegative integer y.

(a) orda(gsy+2(8)) = 11y + 2, orda(gsy+3(8)) = 11y + 3, orda(gsy+4(8)) = 11y +6,
orda(gsy+5(8)) = 11y 4 8 + xe(y), orda(gsy+6(8)) = 11y +9,
orda(ggy+7(8)) = 11y + 11 + x(v).

(b) If r =0 orr =1, then there erists a 2-adic integer B, such that

orda(gsy++(8)) = 11y + 7 + xo(y) - (orda(y + ) + 4).

Proof. Keep the notation of Lemma 8.1 with v = 3. Set h,, = orda(L;,(y)). Then
by Lemma 2.1,

hoy =0, hiy=hoy=1, hay=2, hay=3, hsy=6, hey=5 hry=38
if y is even, and
283

2677
L =16 - — d 64 L =32 - —
o) =16y (y= 332 ) nod 68, Lo, (0) =320 (v~ St

hoy=1, hsy=2 hiy=3, hsy=hey=5 hry=7

> (mod 128),

if y is odd. Thus the statement (a) follows from Lemma 8.1. The proof of the
statement (b) is analogous to that of Theorem 5.1(b), while the assertion is a special
case of Theorem 8.7. This completes the proof. [J

Remark 8.6 According to Mathematica,
Bo=1+2+22 428 +24 426428 129 (mod 2'2)

and
Br=1+42342"42° 420 428 4210 L o1l L 212 (1n0d 24).
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The statement (b) both of Theorems 8.3 and 8.5 is extended to a result for
orda(gouy+r(2%)) with w >4 and r =0 or r = 1.

Theorem 8.7 Suppose that p = 2 and u > 2. Let y be a nonnegative integer. If
r =0 orr =1, then there exists a 2-adic integer B, such that

orda(gauy+r(2")) = (27 —u = 2)y + 7+ Xo(y) - (orda(y + ) +u +1).
Moreover, if orda(cSu ., + (—1)"¢3u,) = 0 with r =0 or r =1, then
0rd2(Q2“y+r(2u)) = (2u+1 —u—=2)y+7+ Xo(y) - u.

Proof. Keep the notation of Lemma 8.1. Since 08 = cé = =1and ¢l = —1 by

Lemma 2.1, it follows from Lemma 8.1 that the assertion holds if y is even. Assume
that y is odd. Then

Loy(X) = 20H1X(X — 1) + 29(Bu + cha) X + 224X My (X)),
L1y(X) = 29P2X(X — 1) + 29 (Duyy — chuy )X + 22901 X DM, (X).

Hence, if ords(c9u ., + (—1)"c3u,,) = 0, then the assertion follows from Lemma 8.1.
Suppose that ords(cJ. ot (=1)"cduy,) > 0. Then by an argument analogous to
that in the proof of Theorem 5.6, we have

orda(Lyy(y)) =r+orde(y + 5,) +u+1

for some 3, € Zs. Hence the assertion follows from Lemma 8.1. This completes the
proof. [
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