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Abstract
We consider a discrete opinion formation problem in a setting where agents are influenced by both in-
formation diffused by their social relations and from recommendations received directly from the social
media manager. We study how the “strength” of the influence of the social media and the homophily
ratio affect the probability of the agents of reaching a consensus and how these factors can determine
the type of consensus reached.

In a simple 2-symmetric block model we prove that agents converge either to a consensus or to a
persistent disagreement. In particular, we show that when the homophily ratio is large, the social media
has a very low capacity of determining the outcome of the opinion dynamics. On the other hand, when
the homophily ratio is low, the social media influence can have an important role on the dynamics,
either by making harder to reach a consensus or inducing it on extreme opinions.

Finally, in order to extend our analysis to more general and realistic settings we give some experi-
mental evidences that our results still hold on general networks.

Keywords
Opinion Dynamics, Consensus, Social Learning

1. Introduction

Over the last years, we witnessed a rapid rise of the role of online social networking platforms,
such as Facebook or Twitter, in our life. As a consequence, individuals increasingly rely on
these social platforms to get news and form their opinions. E.g., according to Pew Research
Center survey in 2018 [2] 68% of American adults get news on social media, a significant rise
from 49% of 2012. Moreover, it has been observed that social media may have a relevant effect
in many real-world critical settings, such as in electoral campaigns [3, 4]. For example, some
studies showed that the social media may lead to extremism [5] and polarization in individuals’
opinions [6].

Hence, it urges to understand how the social media may affect the process of opinion formation
of their users. To this aim, several models have been introduced to describe how the opinions of
agents evolve under the effect of the social influence. The first such model, due to [7], states that
each agent adopts an opinion that averages among the ones of individuals which she interacts
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with. One of the most relevant extensions of this model is, undoubtedly, the dynamics described
by [8] (see also, the work of [9]), that limits the effects of social influence by holding agents close
to their original ideology. These models assume that opinions may take values in a continuous
space, and agents may express any value in this space. However, in several real settings, i.e.,
electoral contexts, the number of alternatives around which opinions should converge are
limited. Moreover, even if opinions can take values that do not match any alternative, these
cannot be expressed due to the limitedness of the options according to which opinions are
expressed (e.g., polls, finite-precision ranks, etc.). For these reasons, continuous models turn
out to be scarcely representative in some settings, and discrete versions of these models have
been proposed in which agents’ opinions must belong to a discrete set [10, 11].

However, in several settings it is not sufficient to take into account only the social influence
among agents’, but we have also to understand how the social media may influence the opinion
formation process, and whether and how it is necessary to mitigate in some way the effects it
provokes.

There has been recently an increasing interest on these questions. In particular, most of the
recent literature in the social choice area focuses on the opportunity for the social media to
manipulate the opinion formation process in order to support a target opinion. Different forms
of manipulations have been studied, such as seeding, edge addition/deletion, and alteration of
the order of changes (see Related Works section for more details).

In this work, we deviate from this approach, and we do not consider the social media as a
manipulator. That is, the social media does not have a target that should be promoted, but it
only acts as a platform for sharing information. However, social media’s goal is to maximize
the activity of the agents on the platform and it implements policies about which, when, and
to whom information are shared, in order to maximize engagement of users to their service.
While the actual implementation of these policies is private, it is evident that users are more
likely to be exposed to information closer to their own opinion [12, 13]. [14] have proved that
agents have larger probability of interacting (by viewing, liking, or re-sharing) with this kind of
information, witnessing in this way their major engagement with the social media.

In this paper we want to answer the following question: how much a social media imple-
menting these policies can influence the opinion formation process? This problem has been
recently addressed by [15] in the context of continuous opinion formation processes. Their
answer depends on the strength of the influence of the social media platform on individuals: if
this is high, then agents’ opinions tend to extremes; if low, agents’ opinion tend to converge; in
the middle, instead, some non-extreme disagreement can occur.

However, the continuous approach adopted by [15] does not fit with many real world critical
contexts, such as in voting, in which we usually have a discrete and limited number of candidates
around which opinions should converge. For this reason, in this work, we will depart from the
work of [15], by focusing on the discrete opinion formation process, as defined by [11].

In our work (a preliminary version appeared as [16]), we evaluate the impact of social media
recommendations with respect to their influence on the ability of users to reach a consensus.
Indeed, the likelihood that a consensus is reached has been widely adopted for comparing
different opinion models, and for evaluating the impact that variations on the model may have
on opinion formation [7, 17, 18]. Note also that consensus is a required goal in many practical
settings: from the analysis of collective behaviour of flocks and swarms [19, 20], to sensor fusion



[21], to formation control for multi-robot systems [22, 23, 24].

OurModel We consider𝑛 ≥ 2 agents whose relationships are embedded into a social network
modelled as an undirected weighted graph 𝐺 = (𝑉,𝐸,𝑤), where each vertex of the graph
represents an agent. Each agent 𝑖 keeps an opinion 𝑥0𝑖 ∈ Θ = {−1,−1+𝛿, . . . ,−𝛿, 0, 𝛿, . . . , 1−
𝛿, 1} for some 0 < 𝛿 ≤ 1

2 . We will sometimes denote 𝛿 as the discretization factor of Θ. One
may think about Θ as the set of alternatives (e.g., candidates to an election) on which agents’
opinions need to converge: note that we are assuming that there is no way for an agent to
express an opinion that does not corresponds to an alternative. Observe that |Θ| = 2

⌈︀
1
𝛿

⌉︀
+ 1.

Let x = (𝑥1, . . . , 𝑥𝑛) be a profile of opinions held by players, where 𝑥𝑖 is the opinion kept of
player 𝑖.

The opinions of agents are influenced by their social relationships. Specifically, we assume
that, for each edge (𝑖, 𝑗) ∈ 𝐸, opinions of agents 𝑖 and 𝑗 are mutually influenced and the weight
𝑤𝑖𝑗 > 0 of the edge models the strength of this influence.

Moreover, we assume that the opinion of an agent can be also influenced by recommendations
received directly from the social media and not diffused through their own neighbours. We
assume that the social media can present to the agents different recommendations, tailoring
them on their interests. In particular, we assume that the social media has a discrete subset Ω
of [−1, 1], representing the available information, and it decides to present to an agent with
opinion 𝑥 the information 𝑠(𝑥) ∈ Ω, where the function 𝑠 : Θ → Ω models the recommendation
procedure adopted by the media. Clearly, since the social media is interested in increasing the
engagement of their users to the platform, it is interested in advertising to users information that
best matches their profile. Thus, e.g., in an electoral setting, the social media will recommend
right parties to right-oriented agents, left parties to to left-oriented agents, and moderate party
to remaining agents.

Thus, at each time step 𝑡 agents update their opinions depending on the opinions held by
their social relations and the recommendations received by the social media. We denote by x𝑡

the profile of opinions held by agents at time 𝑡.
In this work, following the model introduced by [15], we will consider a specific choice for Ω

and 𝑠: in particular, we assume Ω = {−1, 0, 1} (we will sometimes refer to the elements of Ω as
“extreme left”, “extreme moderate”, and “extreme right” information or opinions), and assume 𝑠
being a symmetric threshold function such that 𝑠(𝑥) = −1 if 𝑥 < −𝜆, 𝑠(𝑥) = 1 if 𝑥 > 𝜆, and
𝑠(𝑥) = 0 otherwise, for some 0 < 𝜆 < 1. While this choice is clearly simplifying the model, it
still leads to interesting results about how these social media recommendations may affect the
chance that agents may reach a consensus.

The combined influence of neighbours and social media recommendations may lead an
agent to update her opinion. In this work, we follow the principles of the model presented
by [7] to represent how the opinion is updated. Specifically, since our focus is on a setting
with discrete opinions, we will adapt to our model the discrete generalization of the DeGroot
model defined by [11]: at each step 𝑡 ≥ 1, agent 𝑖 will choose the opinion 𝑥 that minimizes
𝑐𝑖(𝑥,x

𝑡−1) = 𝑏(𝑥− 𝑠(𝑥𝑡−1
𝑖 ))2 +

∑︀
𝑗 : (𝑖,𝑗)∈𝐸 𝑤𝑖𝑗(𝑥− 𝑥𝑡−1

𝑗 )2, where 𝑏 > 0 is the weight of the
influence of the social media on agents, and x𝑡−1 = (𝑥𝑡−1

1 , . . . , 𝑥𝑡−1
𝑛 ) is the opinion profile at

the previous time step. We notice that this setting can be equivalently described as a game:



agents are the players, opinions are their strategies, and the function 𝑐𝑖 is the cost function of
player 𝑖. According to this game-theoretic viewpoint, the opinion update consists essentially of
selecting the best-response strategy, i.e. the one that minimizes the cost of the player given the
strategies currently selected by other players and the social media.

We say that an opinion profile x𝑡 = (𝑥𝑡1, . . . , 𝑥
𝑡
𝑛) is a consensus (on opinion 𝑥) if 𝑥𝑡𝑖 = 𝑥 for

every 𝑖. Moreover, we say that an opinion profile x𝑡 = (𝑥𝑡1, . . . , 𝑥
𝑡
𝑛) is stable if it is a Nash

equilibrium of the corresponding game, i.e. 𝑥𝑡𝑖 minimizes 𝑐𝑖(𝑥, 𝑥𝑡) for every agent 𝑖. It is easy
to see that a consensus on an extreme opinion, say, e.g., 1, is always a stable profile. Hence, in
this opinion game, a Nash Equilibrium always exits.

Although a stable profile always exists, for given 𝐺 and 𝑏, there may be multiple stable
opinion profiles, and which one is reached depends on the way in which agents update their
opinions. In the literature, the DeGroot model has been associated to different update rules:
The most popular rules are: i) synchronous rule, where at each time step 𝑡 all the agents update
their options; ii) asynchronous rule, where at each time step 𝑡, a single agent, arbitrarily chosen,
is allowed to update his/her opinion.

Our Contribution In our work we first focus on a very simple class of networks, namely
symmetric two-block model, already analyzed by [15], in which agents are separated in two
components, and agents from the same component have the same initial opinion and receive the
same influence from individuals inside and outside their component. Despite of the simplicity
of this network, it highlights a very important difference with respect to the results given by
[15]: namely, the impact of the social media not only depends on the strength of the social
media influence, but also on the homophily ratio, that is how much individuals weight their
similar compared to others. This measure has been often showed to be a key attribute in opinion
formation dynamics (see, e.g., [25]). Hence, our results show a better alignment with respect to
the previous literature than the one given by [15].

Specifically, we showed that whenever the strength of the social media influence is large,
consensus is essentially impossible to achieve whenever the initial opinions of the two groups
are far from each other. Interestingly, for these initial opinions, consensus is also impossible to
achieve when the homophily ratio is large, but the strength of the social media is very small.
We also showed how the chance of reaching a consensus changes with respect to how extreme
are the initial opinions in the two groups. Finally, when initial opinions are instead close to each
other, we show that consensus is always possible, but the likelihood of reaching a consensus
increases when the homophily ratio is large or the strength of the social media is low.

Future Directions We conjecture that these findings hold not only for the simple symmetric
two-block model, but also for more complex networks whenever initial opinions can be parti-
tioned in two macro-blocks. This conjecture is supported by a massive set of experiments [26]
both on synthetic and on real networks: all our experiments show that the dynamics essentially
follows the behaviour prescribed by results on the symmetric two-block model as the strength
of the social media, the homophily ratio, and the value of initial opinions change. It would be of
primary interest to settle this conjecture.

Moreover, while our work focuses mainly on how and how much the social media may



influence the likelihood that agents reach a consensus, it would be interesting also to deepen our
analysis by evaluating how the social media can influence, not only the probability of consensus,
but also the kind of equilibria that can be reached by the opinion formation process.

In our work we focused on a classical opinion formation model. However, we believe that it
would be undoubtedly interesting to analyze whether our results extend to more complex (but
more realistic) opinion formation models.

In our analysis, we restricted the opinion space of the social media Ω to the three extreme
values. To consider different choices of these values or an higher cardinality of Ω would be
clearly of interest, though we will expect that such an analysis will give results very similar
in spirit to the ones proved in our work (but with an explosion of possible cases). Similar
considerations can be done about extending our mono-dimensional representation of opinions
to higher dimensional representations.

Even if, our experimental results highlight a large adherence to the theoretical findings
obtained for the symmetric two-block model, some small differences exist among the results for
different network structures. It would be then interesting to understand whether and how these
differences may be motivated through a detailed study of the relationship among the impact of
the social influence and the structural and topological properties of the social network.

Related Works Several extensions have been recently proposed to the seminal models by
DeGroot and by Friedkin and Johnsen (and their discrete counterparts), by considering only
limited interaction by agents [27, 28], or an evolving environment [17, 29, 30, 31, 18], or both
repulsive and attractive interaction [32, 33]. Despite their larger adherence with many real
world aspects, however none of these variants has received the same level of interest as the
models by DeGroot and by Friedkin and Johnsen. Moreover, the simplicity of the latter models
allows a more clear analysis of the influence of social media, by untying it from the complexities
of the former models.

Consensus in opinion formation has been object of intense research since the seminal work
of [7]. Indeed, most works aim to evaluate opinion formation models based on their ability to
reach a consensus [17, 18]. Many other works try to characterize the parameters that enable a
given dynamics to reach consensus [34, 35, 36]. In this work we pursue both approaches: on
one side, we investigate on how the social media recommendations may vary the probability
that a consensus is reached; on the other side, we identify the settings, in terms of homophily
ratio, strength of the social media influence, and initial agents’ opinions, where the probability
of consensus is larger.

The study of the influence of a (non-manipulating) social media on the opinion formation
process has been initiated by [15], where, as described above, the focus is on continuous opinions,
while we here consider discrete opinions.

Many works instead focus on manipulation of the opinion formation process in social net-
works, in particular in the framework of election manipulation. The first and most studied
manipulation technique is seeding, that consists in selecting a set of sources of news from which
to start a successful viral campaign in favour of a designed candidate or against her competitors
[37, 38, 39, 40, 41, 42]. Another kind of manipulation that received large interest consists in
adding or deleting links [43, 44, 42, 41]: these may be implemented by social media by hiding



the content of a “friend” or “neighbour” in the social network, or promoting the content of
non-friends (e.g., as advertised content or through the mechanism of friend suggestion). A last
kind of manipulation that recently received a lot of interest consists in guiding the dynamics by
influencing the order in which agents are prompted to update their opinion (e.g., by delaying
the visualization of a news) so that they will update only when there are enough friends to
push them towards the desired candidate [45, 46, 47, 36, 48]. We note that, as described above,
our work differs from all these works, since we are not considering a social media operating
with the goal of promoting a specific candidate.
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