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S0: Overview

In this Supporting Information section, we present derivations of the equations used in the main
text as well as derivations of background material. Sections S1-S2 derive basic equations for the
mechanics of the graphene sheet. Section S3 presents calculations of the magnitude of the expected
signal when using the frequency modulated (FM) method for excitation and detection described in
the main text.

The remainder of the supplement can be divided into sections concerning the linewidth in the
linear damping regime (Sections S4-S5) and phenomena in the nonlinear regime (S6-S7). Specif-
ically, section S4 first presents derivations of the non-dissipative line broadening due to stiffness
fluctuations induced by the coupling between the fundamental and the rest of the thermally excited

membrane modes. Section S4 then considers dissipative mechanisms. The energy loss rate from
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fast modes due to interactions with the other sheet modes is calculated using perturbation theory
for the wave equation. The energy loss rate from the fundamental mode due to interactions with
the other sheet modes is also considered, using a model of parametric driving of the fast modes.
Section S5 considers how the fundamental mode quality factor is modified by electrostatic forces.
Finally, section S6 derives results for the membrane motion in the nonlinear regime, while S7
is concerned with the magnitude of the parametric drive by thermal expansion in the nonlinear
regime.
S1: Resonant Frequency and Deflection of Graphene Membranes under Electrostatic Pres-
sure
To calculate the resonance frequency of an initially tensioned graphene circular membrane with
tension T versus gate voltage V,, the starting point is the elastic energy for a two dimensional (2D)

membrane, 12

2
1 2 2 1 2
U = Ek/dxdy (V>h) +§/dxdy2ui2juij+z (;uii) —P/dxdyh, (S1)

where u is the shear modulus, A is Lamé’s first constant, 4 is the vertical height displacement of
the membrane, P is the pressure on the membrane, k is the bending modulus, and u;; is the strain

tensor. For graphene, A ~ 48 N/m, u ~ 144 N/m, and k ~ 1 eV.3 The strain tensor is given by>

1 (Qu; Jduj Jh Jh
“i= 3 (axj o a_a_> ,

A vector in the x-y plane with components u;(x,y), and a z-component A(x,y) represents the dis-
placement of each point on the membrane from equilibrium. To calculate the deflection and reso-
nance frequency of the fundamental mode, we neglect the bending term.> The membrane is con-
sidered to be initially tensioned by stretching it by an isotropic in-plane strain factor 1 4 ¢ and
then vertically displaced by the pressure. We take a variational approximation to the height to be
h=zo(1—r*/ rg), where ry is the radius of the resonator, r is the cylindrical radius coordinate, and

7o is a variational parameter equal to the vertical displacement of the center of the membrane. This
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gives the strain tensor components

e = 2x%(z0/13)* +c
wy = 2y°(20/r5)7 +¢
iy = 2xy(z0/13)? (S2)
Putting eq. S2 into eq. S1 gives
2 g leA
U = 37 (A +2u) +2me(A 4+ p)z iz —520V, +2¢*(A 4 p)mrd (S3)
0

The term 2¢?(A + )7 is a constant arising from the work required to initially strain the mem-

brane, and the electrostatic pressure was expressed as

180

2
T2V -V (S4)

P=

where & is the dielectric constant and d is the distance between the gate and the ground plane.
Here we neglect the contribution of the first order corrections to the pressure (calculated below)
since they are negligible compared to the tension term for typical device parameters. Minimizing
the energy with respect to zg gives the equation

z 1 A

(7L +2u) +4me(A+p)Zo —

=>Vi=0, (S5)
r 4 d2

where A is the area of the resonator, and Zj is the optimizing value. For sufficiently small V, we

neglect the cubic terms and get

1 A
0= 02

dmc(At ) dd2 s (56)

The factor ¢(A + ), which is a strain times an elastic constant, is related to the initial tension. As
the constant term in the energy, 2¢?(A + p)7r} represents the work required to strain the mem-

brane we use this to determine the tension by considering the work required for an infinitesimal
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expansion. This yields Ty = 2¢(A + ). Thus equation S6 is then rewritten as

1 eosz

= . S7
SJTT() d? ¢ ( )

20
For large V, the cubic term in equation S5 dominates, and we expect Zg ~ ng 3
S2: Effective spring constant, mass, and Duffing term
The resonance frequency @y is given by wy = \/kesr/merr with an effective resonator spring
constant k. s s and mass m, ¢y . The effective spring constant is given by
*U

kepr=——>
320

where 7 is the total energy including electrostatic terms from the gate voltage. To account for
electrostatic effects on @y, it is required to approximate the electrostatic energy to 2nd order in
7o to determine the force gradient. The electrostatic energy is %Cvz, where C is the resonator
capacitance, and V' is the voltage on the capacitor. Assuming slow variation of the displacement

laterally, we approximate the capacitance as

&
C= drd0
/d—zo(l—rz/rg)r 4

Expanding this in a power series in zg, the maximum deflection, so that C = Cy+C; 4+ C;..., where

C; is a term in the ith power of zg, gives

8()14
Co = —
0 d_
€Az
c = —=
1 ) 42
o 8()A 2
G = @ZO

The contribution to the energy from C, produces a force gradient and alters the effective spring
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constant, yielding

PR % €A
keff = e 8m(A +2“)r_§ +ame(h ) =3 5Ve (S8)

Using the relation Ty = 2¢(A + ) derived above and eq. S7, eq. S8 can be rewritten as

gmrg

28Ty — 2 VZE+aVE
Wypes = 27rfres - ;j i 2 £ ; (59)
e

with a a constant.
Duffing term
The Duffing term is represented by a force term F = —azg. Using eq. S3 and ot = —%83F / azg =
%84%/84)‘, yields
o =8m(A+2u)/3r3. (S10)

Effective mass
Here we compute the effective mass and resonance frequency of the vibrating membrane using

a variant of Rayleigh’s method.* For the vibrating graphene (or few layer) sheet, we have
z0(t) = Zo + |0z| sin o,

where 6z is the complex amplitude of the oscillation, and ¢ is the time. The maximum kinetic

energy when zg = Zp and the potential energy is minimal is then
1
KE = /56(02|3z|2(1 —r?/r})?rdrd®,
where o is the resonator areal mass density. This gives

1
KE = 6ﬂ6|5z|2r%(02.
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Comparing this expression to the result for the ordinary harmonic oscillator, we get

1
Meff = gncrg. (S11)

For the resonance frequency when V, = 0, ks = 27Ty and using the expression for m, sy, we get

w_ 27D V6 [Ty
imord  rn Vo’

which is within a few percent of the exact result.’

S3: Magnitude of FM signal in drum resonator

The FM technique described in the text will produce a signal with geometric factors arising from
the drumhead geometry as compared to a parallel plate model. The signal is expected to be smaller
both because the average deflection is less due to the pinned boundary conditions and because
the average potential is less because of the voltage drop along the sample. Moreover, upon the
transduction of the motion into an electrical signal, because of the shape of the deflection, the
resistance change will also be less.

This yields a total attenuation factor of 16. This can be understood as one factor of 1/2 in
the drive force from the shape of the distortion not being planar, and another factor of 1/2 since
the average potential over the sheet is 1/2 of the applied potential. The signal transduction has
a relative factor 1/4 because the resistance change is only concentrated near the center where the
deflection is largest, and it is probed by a potential near the center which is ~1/2 the potential
applied. In the following we show the detailed computation of the expected total signal reduction
from these sources.

From equation S1 the electrostatic energy term is given by

U=~ [ dxdyh(x.y)P(x)
where here the pressure P is no longer considered constant within the x —y plane since the electro-
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static potential V' is now assumed to drop linearly between the electrodes. Supporting Information
Fig. S1 shows a schematic diagram of the device geometry and potential drop. As before varia-

tional expression for the height is given by

h=zo(1—r*/r3). (S12)
The local pressure is given by
80 2
P = 272(‘/ —Ve)"
with
L—x—rg
V=Va—7

where V,; is the source-drain voltage, x = 0,y = 0 corresponds to the center of the circular drum-

head and L = 2ry. We then have

20

L—x—rg 2
22 (—Vg+VsdT) 20[1— (*+%)/r5).

U, = —/dxdy

If Vig << Vg then

L—x—rn

I 20[1 — (* +?) /5] = Upc + Uac,

£
Uo1 = Upc + / dxdy d_ngVsd

where %pc is the electrostatic energy arising from the DC gate voltage V,. Performing the integral

gives )
Uac %Vg‘/sdz()a
Giving a force magnitude i
Fic = VeV (s13)

As discussed above, compared to the usual expression for a parallel plate capacitance and a spa-
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tially constant electrostatic potential,

8()A_
= 5 Vg Vsd y

the effective force is 1/4 as much.
Current change caused by a membrane displacement

The total measured FM signal depends on the change in current caused by the membrane
deflection discussed above. The current change caused by the membrane displacement in our
experiment is expected to be smaller than the parallel plate result. This is because under the actual
parabolic displacement the center has the most change in conductance while the edge, which is
pinned by the boundary, has zero. To determine the change in the current, we use the result that if

an inhomogeneous sheet resistance exists then the 2D Laplace equation is modified to®

VR-VV

V2 = ,
R

(S14)

where R is the local sheet resistance and V' the electrostatic potential within the sheet. To solve
this, we use perturbation theory by assuming the right hand side is small. The correction to lowest

order will be
VR -VVom

VzVin = R )

(S15)

where Vj, is the inhomogeneous potential produced by the forcing term on the right hand side
of eq. S15, and Vj,, is the unperturbed (homogeneous) potential. The total potential will be
V = Viom + Vin. Assuming small resistance changes, we replace the denominator of the right hand

side of eq. S15 by the unperturbed value of R which we label Ry. To get an expression for VR, we
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start with an expression for R due to small changes in the charge density p.

JdR
R = Ry+—=—
0+ op op
JdR
VR = —V 1
ap " o) (S16)
using eq. S12 p can be expressed as
d
6p = SPa[1 - (2 +) /7] (S17)
20
Eqgs. S16 and S17 taken together yield
OR 8p 20
VR=——=(-2r? 1
39 922 (S18)

where 7 is the in-plane unit radial vector. The two derivatives in eq. S18 are considered constant.

We define Tz = dR/dp. We also have

ap d dCy d & €
= (V) = VA = V= = V=,
aZ() 8Z()< A g) 8 8zO gaZO 20 gZ%

where Cy is the capacitance per unit area. This yields

Ve€020 ., .
VR = TR%—Z(ZI”T),

o

where d is the distance between the gate and the undisplaced membrane, assuming that positive zq

indicates downwards deflection towards the gate. The unperturbed potential gradient is given by

V.
VViom = _%dx/\
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so the right hand side of eq. S15 is given by

VR -VViom _ TRVgS() 20 [2 R (—@)’c\)]
Ro Rod? r L
_ —2Tr&)VeVsa 0
Rod’L 1}
Taking the solution to the 2D Poisson equation
VIV = §(%),
where 0 (X) is the Dirac delta function as
V= Lln(x2 +y2).
4w
Vin 1s therefore given by
2TR£()V Vsd 20 1 o)
dxdy —x—In|X —
/ TRAL 1} 4m ¥

=A0/dxdyxln ¥ — X%,

with
_ Tr€0VgVia 20
07 T 2mRdPL 2
The integral is taken over the resonator area, a circle of radius rg. Converting this into a dimension-

less integral over the unit circle by a change of coordinates and evaluating the integral numerically

gives

AV = Aorg.
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Since the voltage and current are related by resistance R by V = IR,

AV AR AG

V. R G’
where G = 1/R is the conductance. Then we have

~ TrVi&o20 ., TRVg€o20

AG = = R7g0%0
4d*Ry 4d°R3
Considering the vibration amplitude |9z this yields an expression for the ac current 81:

. TRVngd80|5Z|

ol =
4d°R3

We can rewrite this in terms of the transconductance T = dG/dp. We have

~dp  dp  Rrop’

. _9G_(1/R) _—10R

Thus,
_ TVg‘/SdE()‘SZ‘

of 4d?

) (S19)
We can compare this to the parallel plate result

ol = V,uAG

= VuTV,C'|87]
VsdTVgS() | 6Z|
d2

Thus we have another 1/4 factor signal reduction because of the geometry. The total signal will be

1/16 of that expected from a parallel plate model for the resonator. With this factor of 1/4, the FM
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signal is expected to be, using the parallel plate result from ref. 7

1 G c' . 9

0l = - =—VV, anf

8 dV, 197

‘We have also the relation for a harmonic oscillator on resonance

dR[6z)  —2|6z]
df — &f

where 6 f is the frequency width of the resonance. Therefore the amplitude in terms of known

experimental parameters is given by:

44518 f

ozl =
102] (0G/Vy)VeaVefa

(S20)

S4: Dissipation and line broadening from intermodal interactions

Recent theoretical work has suggested that the linewidth in carbon nanotube® or graphene® res-
onators could result from fluctuations in the tension caused by the thermally excited modes. How-
ever, the work on carbon nanotubes considers tension fluctuations, which is not immediately ap-
plicable to two-dimensional membranes. It also does not consider the temporal behavior of the
fluctuations, which is important for determining the contribution of motional narrowing to the
linewidth. The work on graphene does not explicitly consider a tensioned membrane, which is
relevant to our experimental situation. As a result, we first consider a model in which the modes
of the sheet are divided conceptually into “fast” and “slow” modes by their frequency. As the
fast modes oscillate due to thermal excitation, they perturb the slow modes’ resonance frequency
through nonlinear coupling. Later in this section we consider dissipative line broadening due to
intermodal energy transfer. This contribution to line broadening is found to be small compared to
the frequency fluctuation broadening for our device geometry and typical parameters.

We now focus specifically in the fluctuations in the effective spring constant of the fundamental

S12



mode. We take its equation of motion as that of a harmonic oscillator:

d*z

W—ng[l—{—x(l‘)]Z:Fm(I)/m, (Szl)

where z is the displacement, 7 is the time, @ is the characteristic frequency, Fy (¢) is any external
force applied to the oscillator, m the oscillator mass, and x(¢) is a random function with a mean of
zero and autocorrelation function R(7) = (x(¢)x(¢ + 7)) which represents the frequency fluctuations
o0 due to the fast modes. Since the frequency in the oscillator equation is a stochastic variable,
the physical situation is reminiscent of that in nuclear magnetic resonance (NMR) in which a pre-
cessing spin undergoes Larmor frequency fluctuations due to fluctuating environmental magnetic
fields. '%!! For this situation, this stochastic equation was successfully treated using the method of
model coefficients in which the random variable is assumed to have a specific known behavior that
produces an exact result for the mean solution of equation S21.1%!1 (see also ref. 12 for review.)

Two limits exist with different behavior, determined by comparing the magnitude of the fre-
quency fluctuations 6 @ with the inverse correlation time of the fluctuations v. If v << d @ then the
frequency fluctuations are sufficiently slow that the full intrinsic linewidth I'; = d @ results. On the
other hand, if v >> d® the oscillator averages the fluctuations, resulting in a narrower linewidth
['n than 6 @, which is the regime of motional narrowing in NMR.

The spectral density of the frequency fluctuations in x, S(®), defined as

S(w) = / " R(1)e@dr,

—00

at zero frequency can be written as S(0) = Ar(x?) = 4At(§w?) /@, where At is a characteristic

correlation time for the fluctuations. Setting A = 1/v, the frequency width I, is given by 1012

Dinn = _S(O)a (522)
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The linewidth is therefore

I = min [Ty, T}] (S23)

To compute I'; and I, we begin by Fourier transforming the energy given in eq. S1, by using

the Fourier transform relations

which yields

2=
U = [ G @h@ e )+ 3

PG GGGy e
/ (2m)° h*(G1)h* (G2)h(43)h(qa)u(q1, 42,93, q4)

x 6(qatqs—g2—q1) (524)
where u(q1,42,43,q4) is given by

N T 72 R T
w(q1,q2,43,94) = 1o AN(G1-43)(G2 - 44) + (G1 - 4a) (2 43)] + ; 1(q1 - 42)(45 - G4)
If u were zero then %/ would be that of noninteracting quadratic normal modes. The u function
thus describes the nonlinear modal interactions to 4th order in 4. For a given configuration of i(q)
values the shift in the effective spring constant of the mode with wavevector g is determined by
adding a cosine wave to the sheet and collecting quadratic terms in its amplitude A,,. The height

Fourier components then become
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Then

dg1dG2dGsdgy (- 2 Am o = _—
S = /W(h (m)‘f‘%[S(QI_Q)_{—S(CH—'—Q)])

2
< (@ 63+ 5@+ 7))
2
< (@ + 22186 -2+ 50+ )
2
» @@n+9%ﬁﬁa@—@+a@+ao
X u(q1,42,93,44)0(q1 + G2 — g3 — Ga) (S25)

Collecting the terms quadratic in A, the shift is related to integrals over the mean squares of
the modal displacements. In thermal equilibrium, the mean square modal displacements undergo
thermal fluctuations, broadening the frequency response. The contribution of a given fast mode

with frequency @' to S(0), labeled Sy (0) is

4 2
S (0) = —{607) oAty
2
where (§®?),y is the mean square fluctuation in the slow mode with frequency @y caused by the
fast mode with frequency @', and Aty is the characteristic time scale of those fluctuations. Since
the bandwidth of a harmonic oscillator with characteristic frequency @’ and quality factor Qy is

@'/ Q. this gives Aty ~ Q4 /®'. We then have

5(0) = [ Sw(0)p(@)da, (526)

where p(@') is the density of modes at frequency @’
The quantity (§@?),, is computed by first computing the total (§®?) by squaring equation
S25 and thermally averaging it with respect to the quadratic part of %/, using the relation that

%Ske rr/kefr = 00/ @, where k. is the slow mode effective spring constant. To perform the
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thermal average, we use the relation that

1(2”)25(514 —g2) 27)*8(43 — q1) 1(277)25((?3 —42) 27)*8(44 — 1)
4 B(AG;+Bq;) PB(Ag3+Bg;) 4 B(AG3+Bq;) B(Ag;+Bdy)
1(2m)*8(gs+43) (27)°8(G2+4)1)
4 B(AG;+Bq;) B(AG:+Bg;)

(W (Ga)h* (@3)1(G2)(G1))o>

+ (S27)

where A = ¢(A + 1) and B = 1k are elastic constants that define the quadratic part of %, and
B = 1/kpT, with kg the Boltzmann constant and 7' the temperature. (See for example, ref. 13.)
The factor of 1/4 and the extra term compared to the work in ref. 13 arise because the height is
real, so i(g) = h*(—¢). The result is that the total mean square frequency fluctuations are given by

271AG*03E [ dg g _ 27AF'oE

(%) = 22T HE [ 40 -
512B%2,, ) 27 (Ag> +Bq*)? — 20487p22,,AB

(S28)

where E = N?(A% +4Au +4u?) is an elastic constant and N is the number of layers. Converting

this to an integral over frequency using the density of modes obtained from the frequency relation

o = \/2(Ag> + Bq*) /o gives,

2

273* o E , [ —A+VA2+200"B 1 ,

<5“’2>:ﬁ/‘1‘0 1P (@)
512B%k; B (o210
From this we find that Sy (0) is given by
2
27q4E ~A+VAZ4+200'%B Ow
Se(0) = S29

Fast mode behavior

Completing the calculation requires finding the Q. in eq. S29. Similar to the fundamental
mode, the linewidth and Q of the fast modes also have two potential sources, frequency fluc-
tuations and energy damping. However, frequency fluctuations are ineffective at causing the fast
mode amplitude fluctuations that produce the frequency shifts in the fundamental mode. These

amplitudes fluctuate on a timescale determined by the modal energy damping rate. Therefore a de-
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termination of the energy damping rate for the fast modes is necessary to find the appropriate Q .
A variety of energy relaxation mechanisms are possible including coupling to electrons, clamping
losses, or to in-plane phonons which are expected to produce relatively high quality factors ~ 10°
or higher for geometries similar to our experiment. !4-1® Here, we also consider a mechanism of
energy transfer from one vibrational mode to another. The tension fluctuations within the sheet
give rise to spatially inhomogeneous wave velocity fluctuations. Such fluctuations also scatter the
standing waves of the sheet in a manner similar to Rayleigh scattering. However, because the
fluctuations are time dependent, scattering among modes with different frequencies is expected
to occur. We compute the energy damping rate of the fast modes due to such scattering using

perturbation theory for the wave equation. The Lagrange density for the membrane is
2= L (0N o - Ly ow) (V- BV
~ 20 \ o 8 H '
Neglecting bending for modes that are longer wavelength than the cutoff /A /B the equation of

motion is

9%h 1
S AVZh— {Z(A +2u) [V(VR)? - Vh+ (Vh)*V?h] } =0

We consider the term in braces as a perturbation. The unperturbed problem has time-periodic

solutions satisfying the eigenvalue equation
V2h4k2h =0,

where k12 is the /th eigenvalue for each solution. The perturbation scatters a given mode into
other modes, giving it a finite lifetime. We denote the instantaneous state of the membrane as a

superposition of eigenmodes ¥; = 1/ VAelki * where [ is the mode index.

h(t) = Z‘Ple*i“’”cl(t),
!
where ¢;() are coefficients for which we want to obtain a differential equation. Substituting the
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expression for () into the equation of motion, we get
) 1 -
Y weion {—2ia)lc'l(t) +é()+ = (A+2u) [2(k, -Vh)? + (Vh)zklz] } =0
l
Taking the inner product denoted by

(f.8) = [ 5 (D)@

of this equation with ¥,,e®’ yields

i@ (t) +En(t) = Y — (A +20) (P, [2(k; - V)2 + (V)2 K] ¥ e i (1)

1
40
where wy,, = @, — @;. Assuming only one of the modes has non-negligible amplitude so that
/(1) = 0 << ¢,(t) except for one particular mode n, the equation becomes

200l (1) + Em(t) = — (A +20) (P, [2(kn - VR)* + (VR)2 KW, ) e @ ¢, (1)

1
o
For large times, growing amplitude solutions for ¢,, occur when the right hand side of the above
includes zero frequency components. In this case the ¢, term yields a fast oscillating homogeneous
solution and no time-averaged energy transfer so long as that the perturbation is sufficiently weak
that ¢, (¢) varies slowly on the time scale of 1/@,,. We will see below that this condition is satisfied
to first order. Neglecting this term, which makes a negligible contribution to the energy transfer,
the equation then becomes essentially the same as time-dependent perturbation theory in quantum

mechanics. The lowest order solution is

i t o L
Cm = L/ w(l +2u) [ (¥, (Vh)zk,%‘l’,) + (¥, 2(ky - Vh)2‘Pn>] e Ot 4! (S30)
2w, Jo 40

The first matrix element term in the brackets results from velocity fluctuations. The thermal expec-

tation value of the second term is the same as the first. Therefore we replace the entire integrand
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with twice the first term. Factoring out the &, the matrix element is therefore
1 = .
Vi = (P, (VA) W) = / d*%(Vh)?e )X (S31)

Thus the matrix element is the Fourier transform of (VA4)? at the scattering wave vector Ak =
kn — k. This should depend on the squared height modulations with wavevector Ak, which have a
characteristic frequency w(Aié).

The energy transfer rate is determined from eq. S30.

lw’""rd‘r +c.c.

L dEy _ d keypmlen()P _ Kepm k(A +20)° /V .
E, dt — dtkerpalca(0))2  keppn 6402 "

Taking the thermal average gives

1 dE keprmky(A+2u)% [t . .
<E_ dlm> - kej:;m n(64w2u) /0 <an(t)vmn(t)>elwmnrdr+C'C'
n eff.n m

for large ¢, this becomes

LdB\  kepsm KA +20)
E, dt | oy AlS 532

where Sy, = is the power spectral density of V,,, at frequency @,,. This should be peaked at fre-

quency a)(Az) with width ~ m(Aié), while the area under the peak vs. frequency is the thermal

average of |V;,,|2>. We therefore expect an analog of Fermi’s golden rule to apply, i.e.

| dEy, kefymki(A+2p)?
<E_7> N k]]i? (32(1)2“) <‘an‘>25[w(qn)_w(Qm)iw(qn_qm)] (533)

(2 +2u)?

3262u2 <|an|2>3[(1)(qn) _a)(Qm)Zt(D(C[n_Qm)]?
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where k.7 ~ AAq%, u is the wave velocity and

2(Ag> + Bg*)

where the final result for the total normalized energy loss rate is obtained by an integration over
the final states. Evaluating eq. S33 numerically for typical parameters yields Q7 ~ 10* at room
temperature and ~ 10° at low temperature, scaling as 1/72. Note that using a broader frequency
function than a §-function to account for the finite frequency width of Sy, leads to a larger pre-
dicted Q, thus the above estimates constitute a lower bound on Q from this mechanism. Having
found Qr, we must now compare I, to I'; to determine whether motional narrowing is expected

to be important. To first evaluate I'; we use eq. S28 using k,rr ~ AAq?, yielding

B (:TOS/zI’Q\/?
0= \E (834

where £ ~ 6.84 is a numerical factor, E = N>(A2 +4Au +4u?) ~ N? x 1.1 x 103 (N/m)? with N
the number of layers, k¥ =~ 10~!% Nm is the bending modulus, 7j the tension, kg is the Boltzmann
constant, and rq is the resonator radius. Evaluation of eq. S26 using Q, = Q; ~ 100 — 1000,
obtained from eq. S34 using typical parameters gives I'; ~ I',,,,. Since we have instead Q, =
Q¢ >> Q;, the fluctuations are sufficiently slow so that we find that I'; << I';;, and thus the

static limit is the relevant one, since other energy damping mechanisms 41

such as clamping loss
mentioned above are also expected to produce significantly larger Q values than Q;. Therefore
we expect the effects of motional narrowing to be minimal and the measured quality factor should
follow the relation given for Q;, eq. S34, as observed.
Energy Transfer to fast modes from fundamental mode

In the steady state, vibrations of the fundamental mode produce a periodic modulation of the
membrane tension with frequency @y and amplitude d®. Each fast mode, approximated as an
independent oscillator with frequency @y, then has its frequency modulated at frequency @y. The

equation of motion for each fast mode can then be written as !
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Z4+ T2+ of[1 +ecos(wor)]z = VIDE(t)

where D = kgT /m, ¢y is a diffusion constant and v/ I'D& () is a delta-correlated stochastic function
that models the Langevin force. In the steady state the root mean square amplitude of the oscillator
is given by (assuming Q >> 1 and neglecting terms of order higher than &2 (¢ = 2005/ w5 or

terms with frequency 2@y or higher)

D 3D D |1 r .
Ou=—5+ F&wz —280_~ | 5 cos(@yt) + —— sin(@yr) | . (S35)
OF wr of | 207 W7

Here we neglect frequency broadening, since we are in the static limit where v << d®, and the
moments of the solutions o, (®y) corresponding to the equations with different @y in the ensemble
would be expected to be very similar since @y << @y. When the parametric drive is zero, the modal
amplitude thermal fluctuations are given by o,, = D/ wj%. For finite parametric drive caused by the
vibrations in the fundamental mode, the relative frequency modulations S®;/®; = £8Tp/ Ty and
are therefore the same for each fast mode. The sine and cosine terms thus represent a coherent
response of all the fast modes to the vibration of the fundamental mode. Thus the fundamental
mode vibration modulates the sheet tension at the same frequency @y. Since the membrane is under
electrostatic pressure, the changing tension displaces the equilibrium point of the fundamental
mode, which corresponds to a force zo8k.rr. The term proportional to the sine therefore yields a
frictional damping force on the fundamental mode that is proportional to its velocity.

In addition, the second term of eq. S35 shows that in steady state each fast mode has excess
energy above the equipartition energy, Excess = 4%)?5(0%1( fast» Where K744 1s the stiffness of the fast
mode. Each fast mode oscillator dissipates this éxcess energy at an average rate j—a%s wj%kaas,,
which balances the input power due to the parametric drive. The total energy loss per unit time

from all the fast modes is given by

<dE> _ Swi3A’A (i dq g (S36)

dt/ o} 4mBJo 27 Qw(q)
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where ¢uqc = \/A/B. The damping force F; due to the coherent tension modulations is given by
(setting (h*(g1)h(§2)) = $Ac,.(2m)*8 (g1 — §») and taking the expectation value of the eq. S25 to

find the mean stiffness modulation)

E _21425 Imax (] 3
205mB Jo 2w Qw(q)

where E is an elastic constant on the order of the Young’s modulus. It can be verified that the
damping force given by eq. S37 leads to essentially the same energy loss from the excited slow
resonator mode as the steady state loss from the fast modes given by eq. S36 when the tension
is dominated by the stretching from the displacement. Thus, within this picture, energy flows
from the slow modes to the fast modes via coherent tension oscillations in the sheet. Energy
relaxation can also occur to the wider environment through loss mechanisms such as clamping loss
or radiation of in-plane phonons.

For typical device parameters and at room temperature and below this friction force produces
a frequency broadening less than I';. We thus expect the frequency broadening to dominate the
linewidth. This is consistent with the observed o 7" linewidth dependence.
Relation between steady-state dissipation and the friction force

In steady state, we assume that the motion is effectively ergodic and the time and ensemble
averages of quantities related to the motion are equal. The oscillator susceptibility determines
the steady state response of the fundamental mode. The imaginary part determines the mean rate
of energy dissipation in the fundamental mode due to energy transfer to the environment. If the
frictional damping force is represented by ml ;z, then the power dissipated is P = %mngd(5z2>.
On the other hand the imaginary part of the susceptibility including frequency fluctuations on

resonance is

1

" _

with ' determined by the fluctuation broadening, eq. S34, assuming that I'; << I'. The dissipated
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power is then P = F2Q/(may), where F is the magnitude of the sinusoidal force drive. Equating
these, we find the mean square amplitude of the motion is

FZ

o -
(62°) = ITmw}

(S38)

Note that since I'; < I" this is in general larger than (3z2> would be if I originated from a frictional
force. Nevertheless, the amplitude response measured at the drive frequency, e.g. by a lock-in
amplifier will be identical to that determined by y (), just as if I represented a frictional force.
This is because unlike the case of purely frictional force damping, the amplitude response power
spectrum is spread out in frequency ~ 8@ because of the fluctuating stiffness, while a lock-in
measures the amplitude only in a narrow bandwidth around the excitation frequency.

SS: Electrostatic forces effect on quality factor

The electric field up to second order in the height is given by, '3

V.V [ d*G cosh(qz) .
B0 = Tata hlg)e* $39
v [ d dJ (2m)? smh(qd)q (g)e (S39)
dqu dzqz cosh(g2d) cosh(q;z) L
B h(g2)h iqix| s
d/ )2 sinh(qad) sinh(gd) 1'% (G2)h(G) — G2)e"™| 2
dzq smh (g2) -
_ iG3:
a'/ 2 sinh qd)q h(g)e" (i)
(

d2 1 al2 2 cosh(gad) sinh(g;z)
+ 7/ G

(G h(G) —d-)e' D ¥ (ig
)2 sinh(g,d )smh(q]d)‘h (§2)h(G1 — G2)e'" ™ (iq)

where 7 = (¥, z) is the three dimensional position vector for in-plane position X = (x,y). Using the
expression of the electric field the capacitance correction can be computed from the surface charge
density 6, = & - i with the unit normal to the graphene membrane /i = (Vi —2)/[1 + (Vh)?]'/2.
The capacitance C is given by C = Q/V = [ 0,dA/V. Including this electrostatic term modifies

% . Keeping terms up to 2nd order yields additional terms A% (The 4th order electrostatic term is
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negligible compared to the mechanical one under typical physical conditions in our experiment).

d’*q &VZcoshgd &V}
AU = W (§hg) | —=2 82
“ / axzt @ (Q)< 242 sinhgd 1~ “4a !

The addition of these terms modifies eq. S28 to

27 AG*@3E [d >
(807) = 515 §2k20 ﬁ e 1 — 5, (S40)
e/ [—%Zﬁthqdwr( - )q2+Bq4]
This can be approximated by
27 A7*@3E [d >
(f?) = ~- 102 [ & . (S41)
512 B kyrs 21 (C+ Dg+Aqg*+ Bg*)
2 2 2
withA =c(Vg)(A + 1) — %, B= %K, C= —%, D= —%. Equation S41 is used to compute
Q by numerical integration and plotted for appropriate parameters in the main text Fig. 3b.
S6: Nonlinear resonator dynamics
The equation of motion for a nonlinear oscillator can be expressed as
d’z  _dz s n o dT 5 _di - -
—+1I'— wHZ Z I—+ 0z 7— =G t . S42
mdﬂ+ dt+m 0Z+ X2 +,uozdt+ a1 4 pr ocos(@f+ ¢) (S42)

To switch to units such that @ = m = @y = 1 the dimensionless length variable is taken to be

z=Z\/0/ ma)(%, and the parameters of the oscillator equation of motion can be expressed in di-

mensionless form as follows '°

_ r I_]COQ Go a )_C Ho 0]
1

8——Q = —N=— ;(; =—\/ 3. X = sHo = 0 = —.
ma)o o 0 (Dg m3 (1)()\/1’/166 \/ma 0-)0

Here we assume that Q is determined from frictional forces alone, and ignore frequency broad-

ening. We take this as a good approximation when the resonator is driven into the regime where
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nonlinear damping is important. The equation of motion can then be scaled to yield

i €2+ 24 X7+ Mozi + 2 + NP+ [hog cos(or +2¢)]z = e/ g, cos(wr + 9) (S43)

The parameter € which is the inverse quality factor is considered a small parameter that enables
approximate solutions that are expanded in €. Motivated by our experimental results, in eq. S43 we
have also included a parametric drive parametrized by /g that modulates the resonance frequency
by Sy at a frequency 2@ as well as force drive parametrized by go such that Gy = €3/2gy. The
quantity hpe = 28 @y / @y gives the fractional amplitude of the frequency modulation relative to the
undriven characteristic frequency @y. To solve this equation, following the original method used
by Duffing, (See for example ref. 20) we first assume to zero order the time dependence for the

oscillator displacement with amplitude parameter I’y and frequency @ given by
20 = Toe!/?sin wr. (S44)

Here we reference the phases of the force and parametric drives to the response, which is taken
to be a sine function. For a linear oscillator, the ¢ = 0 on resonance (the drive being proportional
to a cosine when the response is a sine). Note that in this definition of the phase ¢ occurs in the
drive term rather than the response. This differs from the conventional treatment of the harmonic
oscillator but simplifies the calculations below. The equation of motion S43 is rearranged to yield

an expression for the acceleration:

F=—gi—z— Y2 — Mozt — 2 — NZ2e— [hoecos(2wt +29)]z+ e/ 2gocos(wr + ¢)  (S45)

the expression for zg is substituted into the right hand side of the above equation, and integrated

twice to yield a solution for z;. which produces the following result:
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5 (3
S —il“(z)xet%r F0£(2)Z;os(a)t)
Fg)s(%)n cos(3wt)  T3eposin(2wt)
a 36w 8w
303 sin (o) T3e(3) sin (3 00r)
4 02 B 36 2
Ryecos(2mt) Toe(Dngsin(wt+2¢)  Toe(Dhgsin(3wr +29)
- 8w* 20° * 18 2
+F08(%) cos(wr) 8(%)gocos (ot + @) N [Cov/€sin (1)
® »? 2

(S46)

Equating the coefficients of sin(@t) and cos(mr) between zg and z; produces a set of equations that
can then be solved for Iy and ¢. The resulting solution is approximate, and when substituted into
the original equation of motion produces non-zero error terms. However, these error terms will
be at other harmonics besides those at frequency @ and of order € or smaller. Thus the obtained
values for I’y and ¢ will be correct to lowest order in €. In the present case, there are two additional
issues to the expression given for zg in eq. S44. One is that it generates a term quadratic in ¢ of
order € in z;. This can be eliminated by adding an e-order constant to zo and setting it so the 12
term vanishes. The other issue is that z; contains terms of order € and frequency 2®. If one were
to proceed to higher order, the quadratic terms in the equation of motion would generate additional
terms of order £3/2 which are at the same order as the terms with frequency @. To avoid this, zg
must be corrected to add these terms so that z; is correct to order £3/2 with only one iteration. The

necessary expression is then:

20 = Lov/esin (1) + Ajesin (2 wt) + Arecos (2ot ) + Ase,

with A, A, and A3 constants to be determined. After substituting zq into the right hand side of eq.

S45 and matching the appropriate coefficients we get the following coupled cubic equations for I
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and ¢ with effective cubic parameters 1 and «:

1 3
<ZQ+§hocos2¢—Z(xF§)Fo—gosin¢) =0

1

1
ngn — 5Tohosin2 +To —gocos¢ = 0 (S47)

The frequency width in the FM technique is determined by the frequency spacing between the
stationary points of the real part of the response.’ The real part is given by the in-phase response
to the drive, which we find based on eq. S43 to yield R[z] = —Ipsin¢@. Thus we want to find the
stationary points of —I'(sin ¢ subject to the constraints given by the coupled cubic equations in eq.
S47. Thus we use the method of Lagrange multipliers, which requires finding the stationary points

of the function

1 3
f = —Tysing + A {(29—#5}100082(])—4—1061_‘(2)) l"o—gosin(p}

1 1
+A (ngn — Eroho sin2¢ +1'g — gocos ¢> ,

introducing auxiliary Lagrange multiplier variables A;, and A, that multiply the two constraint
equations. Optimizing this gives 3 equations, which together with the original constraints eq. S47

yield 5 equations and 5 unknowns for the variables Q, ¢,Ty,A;, and A;.

1 1
Z(3F(2’" —2hosin2¢ +4)2 — ¢ [9TGor —2hgcos2¢ —8Q A —sing = 0
—(Tohocos2¢ — gosin@) A, — (Lphosin2¢ + ggcos@)A; —Tpcos¢p = 0
2o = O
1 3 .
2Q+§h00052(])—zar0 ['h—gosing = 0

1

1
ngn — 5 Tohosin2¢ +To —gocosg = 0

(S48)

From the third equation down in the above equation, we see that unless I'y is zero then A; = 0. The
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system of equations can then be simplified to

%(3r3n —2hgsin2¢ +4)2; —sing = 0 (S49)
—(Tohpcos2¢ — gosing)A, —Thcosp = 0 (S50)
<ZQ+%hocos2¢—§(xF§> Ip—gosing = 0 (S51)
irgn — %Foho sin2¢ +To—gocos¢p = 0 (S52)

We first seek an asymptotic solution to the system of equations S49-S52 valid for large go and hy.

Dividing eq. S52 through by I'hhg gives

Iin 1 . 1 gocos¢
-0 —sin2¢ + — — =0
ahe 25" T Tohg

(S53)

If we assume the parametric drive comes from heating as discussed in the main text, then we
expect the parametric drive sy will be related to the force drive by hg = bg(z), where b is a constant.

Therefore in the limit of large go, keeping the dominant term in I'y eq. S53 reduces to

Eq. S50 can then be solved for A;:

B Tocos ()
Tohpcos (2¢) —gosin(9)

Ay =

and substituted in to eq. S49, which gives

1 (2031 +4)Tycos ¢
4 Tohgcos2¢ — gosin @

+sing =0

Neglecting the 4 compared to 21“%11, as appropriate for the large amplitude limit, and dividing the
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top and bottom of the fraction by hq gives:

212
71; ( h‘())n) [pcos ¢

Locos2¢ —(go/ho) sin¢

+sing =0 (S54)
In the limit of large A this reduces to

1, . cos ¢ )
—(4sin2¢)—"— =
4( sin ¢)cos2¢+sm¢ 0

which gives

sin2¢ cos® +cos2¢sing = 0
sin3¢g = 0

¢ = 0,+m/3,+£21/3...

The values ¢ = 0, are not considered since in conjunction with eq. S54 these values imply that
I'op = 0. Since the low-amplitude resonance has ¢ = 0, we expect the flanking minima will have

¢ = +m/3. These values for the phase can then be substituted into eq. S52. For ¢ = /3, we get

4—+/3h 2
I+ ﬁ r,— 25—
n n

the cubic equation

For large hy, it can be shown that there are three real roots, and the one that matches continuously

to the single real root for small A is given approximately by

[‘0%‘/%

This value for I'g can then be substituted back into eq. S51 along with ¢ to determine €2 corre-
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sponding to a stationary value of the phase. Solving eq. S51 for Q yields

3 1
Q= gr(%a— 3 0cos (29) +

gosin (¢)
2T

This gives for large hg the frequency of the upper frequency minimum in the FM signal, Q. :

1 3a 314
Q. = —hy+>=(3hy—4)+=——,]L
+ 2 0+8n(\/§0 )+ i\
1 3V3a), ,
= <§+Tﬁ>bg0+const.

for the case ¢ = —m/3 the equation for Iy is given by

It can be shown that this equation has one real root,

2v/3 go
Ip="=%
3 hy

When substituted into eq. S51 along with the value for ¢, we find for large hg the frequency of the

lower frequency minimum Q_:
1

1
Q. =——hy=—-bg}
410 480

This gives in the large drive asymptotic limit

3 3o\, 3% I 3a
AQ=Q, —Q == [14+—"Z|bgd+—/——==.
* 8<+n>g0+4\/b 27

This is quadratic in the drive as observed experimentally. Going back to physical units gives

3 \/§OC 2
— 21+ 222 |\ pF )
3]0 2 ( > f0> b ACfO const.,
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where Fj¢ is the ac electrostatic force on resonator as in the main text.
To obtain an approximate solution valid for any drive strength, numerical solutions of the sys-
tems of equations S49-S52 are used to show that the two oscillator phases ¢ and ¢_ corresponding

to the two minima in the FM signal can be serviceably approximated by the mathematical functions

¢, = m/4+m/12tanh(bgd)

¢_ = —nm/4—7/12tanh(bgd)

These phases can be substituted into eq. S52 and the resulting cubic equation for I'y solved for
each phase. When these values for I are substituted back into eq. S51 the resulting equation can
be solved for Q. The difference between the two € solutions corresponding to ¢ and ¢_ gives the
frequency width function. The solution can be expressed in physical units and then fit to the data.
S7: Estimate for b and expression for o/ /n

Using the Fourier heat law, the temperature rise AT at the center of the graphene membrane as-

suming thermal equilibration to the ambient substrate temperature at the boundary is

Py r?

AT = 2
4K‘2DA

where A is the membrane area, P, is the power dissipated, r is the radius, and k,p is the two-
dimensional thermal sheet conductivity. Taking Py = le /R, where R is the device resistance then
2
AT = s
4TRKHp

If ay is the (negative valued) thermal expansion coefficient, then the change in strain ¢ is given

by
~ Vs%l‘aTl
AR’
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which changes the membrane tension 7j by an amount 87 given by

V2Jar|(A+p)
27L'RK2D

0Ty =
The parametric drive H is given by 20 fres/ fres, Where 8 fes is the modulation of the resonance

frequency fes. In terms of the tension, we have 8 fres/ fres = %STO /Tp. Thus,

_ V2ar|(A+p)
27L'RK'2DT0

Using the result for the force drive from eq. S13, we find

2
(42N larl(htp)
€AV, O 2Rk pTy

and therefore the constant b is given by

(S57)

4d2 \? lar|(A +p)
€0AVg ZJTRKQDTQ

Expression for a/n
The ratio o¢/n can be determined from the data at small drive, from the equations S49-S52 set-
ting & = 0, and considering g to be small. The phase at the minima of the FM signal is taken
to be ~ +m/4. Using these approximations, the system of equations can be solved to yield in
dimensionless units

3
AQ:I-I—ZnF%

Using also the expression for the frequency shift with drive in terms of o;2!??

3|6z

Sres :fO‘i‘m

(S58)

where f is the linear response resonance frequency, and setting Af = fr.s — fo and O f = €fAQ
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the linewidth we find
o dAf

7 ﬂ@fo, (859)

which gives a way of measuring the ratio /7 as discussed in the main text.
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Supporting Information Figure S1: Schematic diagram of device geometry
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Figure S1: Schematic diagram of device geometry on an oxidized Si wafer, with a source, drain,
and Si gate. The coordinate directions are indicated as well as the origin by O at the center of the
resonator. The diameter of the drum membrane is L, and the radius is rg. The spacing from the
substrate is d. The voltage drop profile along the sample is also shown below the device diagram.
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Supporting Information S2: Room temperature variation of frequency and Q with gate volt-

age
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Figure S2: (a) Plot of the frequency vs. gate voltage measured at room temperature for the device
discussed in the main text taken with Vy; = 70 mV. The solid line is a fit to a 2nd order polynomial.
Since the dependence of the frequency on V, is relatively strong, we assume that the frequency
is dominated by the tension and neglect electrostatic effects. The tension is then related to the
frequency by @ = /27Ty /m. (b) The measured Q vs. V, is shown as the black circles. We then
use the method discussed in section S5 to compute the expected Q, which is plotted as the solid
line. Since Q was not easily extrapolated back to zero frequency, the data and theory were matched
at the lowest measured V.
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Supporting Information S3: Nonlinear parameter analysis for temperature 7 = 57 K.
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Figure S3: Nonlinear oscillator dynamics of the lowest-frequency mode. Main panel: resonance
frequency vs. frequency width at 7 = 57 K and V, = 18 V plotted as black circles. Solid curve
is a straight line fit to the data. Inset: resonance frequency vs. amplitude at 7 = 57 K and V, =
18 V plotted as black circles. The amplitude is obtained from the FM lineshape when it is still
approximately Lorentzian (eq. S20). Solid curve is a fit to the theoretical expectation (eq. S58).
The data analysis yields 1 = 8 x 10* Ns/m> and o = 2.4 x 10'* N/m?>. The lower value for ¢ than
at T = 16 K may indicate the presence of quadratic displacement terms as in eq. S43.
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