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ABSTRACT

An investigation of the horizontal turbulent diffusion in relation to environmental
conditions, such as density stratification, vertical current shear, and current variabi-
lity, is presented. Tracer experiments have been conducted in fjords, in coastal areas,
and in offshore waters with a view to obtaining data for such a study. In addition,
observations of wind velocity, salinity, temperature, and current have been carried
out. A model is proposed assuming that the apparent horizontal diffusion is determined
by the combined action of vertical diffusion and vertical current shear. The theoretical
predictions are found to compare well with the experimental results.

Observations

In situ measurements and water samples
have been used for the salinity and temperature
determinations. The current is observed by
means of Ekman current meters, and in a few
cases moored current meters. The observations
are made at intervals of 1-2 m, and they are
carried out over an extended period in connec-
tion with the tracing. Mean values of density
stratification and current shear are deter-
mined from the measurements. The data are
given by Kullenberg (1968, 1971), and speci-
fications of the experiments are given in Table 1.

The tracing technique is desecribed by Kullen-
berg (1968). A density adjusted solution of
rhodamine B is injected in a subsurface layer
with initial thickness from 70 to 400 cm.
The injection is either momentaneous or
lasting 2-5 minutes (Table 1). The momen-
taneous injection is made with a barrel which
is opened at the selected depth. In other cases
the dye is injected through a 2-4 m long vertical
diffuser, connected by a hose to the containers
on board.

The dye concentration is recorded continu-
ously by a submersible fluorometer towed behind
the ship. The position of the ship is deter-
mined either relative to a parachute drogue
drifting at the depth of injection and through
a thin wire connected to a surface buoy, or
by using DECCA navigation. The ship is cruis-
ing systematically over the area in order
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to obtain a full coverage of the rhodamine
spot.

The experiments are performed in stratified
water layers with a vertical current shear. In
most cases the rhodamine after a short initial
period is observed in layers with a thickness
varying between 30 and 80 cm. The vertical
concentration distribution in the layers is
difficult to determine. Usually the layers are
sharply defined with almost homogeneous
concentration distribution. In the present
investigation the vertical distribution is treated
as on an average homogeneous. This is a
permissible approximation.

The observed volume concentrations are
plotted along the track of the ship. Whenever
possible, crossings close to each other in time
and space are combined in order to smooth
the momentaneous values. Isolines are drawn
in the plot, illustrating the distribution of the
volume concentration. The corresponding sur-
face concentration is found by multiplying
with the thickness of the spot, which is assumed
to be constant over the entire spot. The ob-
served mass found by horizontal integration is
between 20 and 50 % of the injected amount.
The vertically diffused rhodamine is however
usually not detected because of the influence
of the shear. It can be estimated by using the
observed vertical diffusion coefficient (Kullen-
berg, 1971), and the mass balance is found by
adding this amount to the integrated mass.
The mass balance varies between 50 and 100 %.



18 GUNNAR KULLENBERG

Table 1. Area, depth, type of injection and duration of the experiments

Depth of Type of Duration
Date Position/area (m) dye bottom injection hours
1965, 1.4 N 57°2275 Outer part 17-19 20 Momentaneous 4
E 12°02’ of fjord
17.11 N 55°46’4 The Sound 12-14 15-27 Momentaneous 4
E 12°45/4
1966, 24.10 N 57°40/7 Coastal 10-14 30 Diffuser 8
E 11°35°
1967, 16.8 N 57°40’5 Coastal 18-24 30 Diffuser 5.5
E 11°35’
20.12 N 57°41’5 Coastal 15-20 30-35 Diffuser 15
E 11°34/4
21.12 N 57°43’ Coastal 17-19 30-35 Diffuser 5
E 11°32/5
1968, 8.10 N 59°47/8 Inner fjord 9-11 100 Diffuser 7
E 09°32/8
27.11 N 57°4075 Coastal 13-16 30 Diffuser 7
E 11°34/5
1969, 9.12 N 54°58’5 Open sea 22-28 45-50 Diffuser 17
E 14°0075
The observed distributions used in the time. This configuration is interpreted as an

present calculations are given by Kullenberg
(1971). They are more or less asymmetrical,
usually elongated in the direction of the
mean current shear and with skewed concentra-
tion distribution. Often the concentration is
not smooth inside the patch. Mostly a good
coverage of the spot has been achieved, and the
distributions are regarded as fairly reliable.

Calculations of diffusion parameters

By means of the observed concentration
distributions vertical and horizontal diffusion
parameters are determined.

In studying the vertical diffusion two separate
cases are treated, viz. strong and weak stratifi-
cation. In both cases the diffusion equation

aoc o’
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is used. The diffusion coefficient is regarded
as constant in each trial.

When the stratification is strong, thin,
well-defined layers of dye are observed with
virtually constant thickness for long periods of

effect of the vertical current shear in combina-
tion with the stratification. The decrease of the
dye concentration in the layers is attributed to
vertical diffusion only.

In the case of weak stratification the vertical
exchange is more effective and an increase of
the thickness of the layers can be detected.

The models and data are presented by Kullen-
berg (1968, 1971). The values of K compare
reasonably well with other similarly obtained
results. The values used in the present investiga-
tion are given in Table 3.

As regards the horizontal diffusion this was
studied by means of the theory of Joseph &
Sendner (1958) in the previous work (Kullen-
berg, 1968). In this theory the tracer is assumed
to be evenly dispersed in a layer which it does
not leave, and only horizontal mixing is
considered. Further, the observed horizontal
distributions are transformed into rotationally
symmetrical distributions. In the present
experiments the diffusion is observed in rather
thin subsurface layers undisturbed by solid
boundaries, and it seems probable that the
vertical diffusion in combination with the
vertical current shear has an influence on the
horizontal dispersion. The elongation of the
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Table 2. Observed values of the variances o3, 6y, a’, the corresponding o5, and the ratio o*/c?,

¢ al a2 o? aZ, ala?,
Date (8) (cm?) (em?) (cm?) {cm?)

1.4 4.2 x 108 4.4 x 108 1.7 x 108 6.1 x 108 1.3 x 108 4.7
17.11 7.2 x10% 1.8 x 107 2.4 x 108 2.0 x 107 3.0 x10¢ 6.7
17.11 1.3 x 104 2.3 x107 1.0 x 107 3.3 x 107 1.7 x 107 1.9
24.10 1.5 x 104 4.1 x108 2.0 x 107 4.3 x 108 5.1 x 107 8.4
16.8 1.1 x 10 1.7 x 108 1.7 x 107 1.9 x 108 4.7 x 107 4.0
20.12 2.9 x 104 2.5 x 108 5.0 x 107 3.0 x 108 9.7 x 107 3.1
20.12 4.9 x 104 8.9 x 108 2.8 x 108 1.2 x 10° 9.5 x 108 1.3
21.12 1.2 x 104 2.8 x 108 1.0 x 107 2.9 x 108 1.2 x 108 2.4

8.10 1.2 x 104 1.4 x 107 1.9 x 108 1.6 x 107 5.6 x 108 2.9
27.11 1.4 x 104 1.6 x 108 1.8 x 107 1.8 x 108 3.0 x107 6.0

9.12 3.8 x 104 3.7 x10® 3.0 x 107 3.7 x10° 4.3 x 108 8.6
distribution in the direction of the mean It is

current shear supports this view.

A more appropriate analysis is to calculate
the second-order central moments, or the
variances, of the distributions, and to investi-
gate the dependence of these values on the
different conditions. The variance is defined by

+o0
fff (*+4°) e, y,2,t) dedydz
a't)= = : ‘

+00
fff c(z,y, 2z, t)ydedy dz

In the present case the integration is carried
out only in the horizontal plane since the
vertical concentration distribution is treated
as homogeneous. It is noted that the actually
observed mass is used in the denominator.
The origin of the rectilinear coordinate systern
is placed in the region of the highest concentra-
tion with the z-axis pointing in the direction of
the elongation and the z-axis positive down-
wards. The integration is carried out to the
limit of detection. Only distributions regarded
as good, with at least 3 concentration levels for
the calculations, have been used. A consistency
check is provided by the relations

+00 +00 +o0
ff c(z,y, t)dedy = f dxf cdy
—o0 -0 —o0
+00 +00
= f dyf cdx
—o0 —00
Usually these values differ by about 10%, and

it is estimated that the possible error in J is
+10%.

(2)
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+00 +00
o = ff x’cdxdy/ff cdxdy,
—00 —o0
+o0 +00
a?,=ff y’cdxdy/ff cdzdy (3 a,b)
-0 ~00

and ¢" =0} +dj}.
The elongation is defined as the ratio

e= Uy/“z (4)

The values are given in Table 2. The elongation
is very marked in some cases.

Despite the evidence that a symmetrical
treatment of the data is not quite adequate,
it is of interest to compare the variance derived
by direct integration with the corresponding
rotationally symmetrical variance.

The horizontal distribution can be trans-
formed into the symmetrical form

clr,t) = e " (5)

2
27 Oy

Here r is the distance from the moving
point of injection. It is determined as the radius
of the circle having the same area as the area
enclosed by the really observed isoline. The
variance is found from the definition

o0
f ” c(r,t) 2nrdr
2

0

Gre= "G (6)
f c(r,t) 2nrdr

]
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Fig. 1. Horizontal coefficient K vs. length scale
ly. a, b regression lines of Okubo & Ozmidov (1970);
Present values yield the full drawn line o< 1%3.

These values (Table 2) are always less than
the variances found by direct integration which,
however, is to be expected (Okubo, 1968). It is
estimated that the error in o2, is+15 %.

The present values can be compared with
other reported results. Okubo & Ozmidov (1970)
used every available set of data to investigate
the relation between the horizontal turbulent
diffusion coefficient Ky and the scale Iy,
applying the following definitions

K, =o.,/4t, Iy = 30,,

The coefficient K is the apparent horizontal
diffusivity.

All o?.-values determined by the present
technique (Kullenberg, 1971), have been used
to calculate Ky and Iy by the same relations
(Fig. 1). The best fit is given by the equation
(Ky in em? sec—! and Iy in cm)

Ky = 1.3 x10-% x [}"

The value of the exponent is very close to the
value 1.33 given by Okubo & Ozmidov. Okubo
(1971) on the other hand gives the exponent
1.15. The scatter in Fig. 1 is considerable.
Using only values of Iy larger than 6 x10%
em the best fit exponent is found to be 1.5.
Thus an error of the order +15 % is expected in
the exponent.

Okubo & Ozmidov (1970) give one regression
line for small scales (@, Fig. 1) and one for
large scales (b, Fig. 1). The line b has here been
extrapolated to smaller scales than in the
original paper. The present values are slightly
lower than those of Okubo & Ozmidov. This is
attributed to the fact that they are determined
for subsurface layers in stratified waters, where
one should expect the turbulent mixing to be
less intense than in the near surface zone from
which most of Okubo’s data come.

Influence of the shear on the apparent
horizontal diffusion

The elongation of the distributions suggests
that the mean shear in the layer exerts an
influence on the dispersion. Kullenberg (1968)
found that the horizontal diffusion velocity P,
as defined by the Joseph-Sendner theory,
was proportional to the parameter H |[dg/dz|,
where H is the initial thickness of the spot and
|dg/dz| the vertical gradient of the current
vector. This empirical relationship cannot be
expected to hold true for large time- and length-
scales, but it does establish the importance of
the shear.

The shear-effect, i.e. the dispersion of a
vertical column caused by the combined
effect of the vertical shear and the vertical
diffusion, has been investigated by several
authors. Below some of the work pertinent to
the present investigation is discussed.

Taylor (1953, 1954) introduced the idea of
shear-diffusion in studying the dispersion in a
tube, both in laminar and turbulent flow,
and clearly demonstrated the importance of the
effect. Bowles et al. (1958) used the idea to
explain the elongation of a diffusing patch in
shallow waters.

Novikov (1958) developed a general theory
which describes the dispersion from an moment-
aneous point source in a horizontal stream with
vertical shears.

Tellus XXIV (1972), 1



APPARENT HORIZONTAL DIFFUSION IN STRATIFIED VERTICAL SHEAR FLOW 21

The velocity components are written in the
form

u=u'(t) +A{t) 2
v =0v'(t) + B(t) z

Horizontal and vertical turbulent diffusion
18 included by means of time-dependent diffu-
sion coefficients. After giving the general
solution Novikov considers the special case of
a steady stream, placing the coordinate system
so that B =0. He finds that the shear-effect
will dominate over the purely horizontal
diffusion after an initial period. Then the peak
concentration decreases as ¢t-*% instead of as
t-1* in the absence of the shear. The concentra-
tion isolines in the x-z plane are ellipses strongly
elongated in the direction of the shear.

Elder (1959) discusses the effect of the
lateral velocity variation on the diffusion in a
steady open channel flow by extending the
analyses of Taylor (1954). Elder shows that the
longitudinal dispersion is determined by the
combined action of lateral diffusion and advec-
tion by the mean flow. This means that a patch
of dye injected in the channel will become
elongated in the direction of the mean flow.
It is further shown experimentally that the
concentration distributions are Gaussian, and
so the diffusion may be described by effective
diffusion coefficients.

Bowden (1965) extending the discussion to
estuaries and coastal regions, formulates a
model for both an oscillating and a steady
current in the longitudinal direction. Transverse
variations are neglected. He studies the case
of a vertically bounded flow, with a depth-
dependent mean velocity, and finds the disper-
sion to be inversely proportional to the vertical
diffusion. The oscillating current consists of a
single harmonic constituent, having negligible
variations in phase with depth. Mean conditions
over one or several tidal periods are investi-
gated, and the importance of the shear-effect
in this case is demonstrated.

Carter & Okubo (1965) discuss a model with
the velocity spectrum consisting of two parts,
viz. large and small scale motions. The large
scale motions are responsible for the non-
uniformities of the mean velocity field, appear-
ing as steady shears in both vertical and horizon-
tal directions. They treat a case with a mean
velocity in the z-direction only, made up of a
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purely time-dependent part, a transverse and a
vertical shear component, i.e.

dU dU
U=Uyt)-y— —2—
o(t) ydy zdz

V=W=0

Here U,(¢) is the time-dependent velocity
in the plane z =0.

The small scale motions are incorporated in
the model by constant eddy diffusion coeffi-
cients K,, K, and K, in the z-, y-, and 2-
directions. The coordinate system is taken as
moving with the velocity Uy(t), and the diffu-
sion equation is given and solved by Fourier
transform technique. The isolines of the
theoretical distribution form ellipsoids. The
degree of elongation is a function of the time,
the shears, and the diffusion coefficients.
During an initial period the shear-effect is not
very important, but a considerable time after
release the elongation is very marked in the
direction of the mean current.

The longitudinal variance is a sum of 3
terms,

2 dU\* . 1__ (dU\®
P=2K.t+-K,|—)e+-K, (=)
o () ee i ()

while the transverse variance is given by
2
oy=2K,t

The dispersion of the contaminant is deter-
mined by the combined effect of diffusion due
to small scale motions and of advection due to
large scale motions. The shear of the large
scales accelerates the diffusion. Pritchard et al.
(1966) apply the Carter—Okubo model to ob-
servations in the surface layer. They find
that both the observed decrease of the peak
concentration and increase of the rotationally
symmetrical variance conform with the theore-
tical predictions.

Okubo (1967) studies the case of an oscilla-
tory current U,yz) with a single harmonic
constituent having a phase independent of
depth and superimposed on a steady current
Uy z) in the same direction. No transverse
processes are included, and a purely two-
dimensional model in the z—z plane with vertical
and horizontal diffusion is investigated.
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The current field is specified as

Uy(2) = Uy(1 ~2/d)

U,(2) = V(1 —2/d’) sin wt

where U, is the steady current at z =0, and V,
is the amplitude of the oscillating component
at z=0; d and d’ are length scales associated
with the respective motions. Okubo formulates
the diffusion equation and studies the dispersion
in both a bounded and an unbounded sea.

In the case of an unbounded sea the equation
is transformed by introducing a moment-
generating function, and solved, yielding an
expression for the variance in the direction of
the current. The variance is determined by the
sum of the purely horizontal diffusion and the
dispersion due to the shears. The latter part is
proportional to the vertical diffusion and
consists of the effect of the steady flow, of the
oscillatory flow, and in addition a combined
action of these flows. For diffusion times large
compared to the period of the oscillation the
influence of the steady shear dominates.

The steady state model of Carter & Okubo
(1965) is re-discussed by Okubo (1968), and the
results are compared with the rotationally
symmetrical theories of Joseph & Sendner (1958)
of Ozmidov (1958), and others. It is shown that
the time-dependence of the mean horizontal
variance, defined as 0,0y, 18 the same for the
two entirely different approaches. However,
from experimental results Okubo concludes
that the shear diffusion models must be re-
garded as considerably more realistic than the
symimetrical models.

Mork (1970) studies the salt flux in a tidal
channel. The salt balance is maintained by
longitudinal dispersion of salt induced by
vertical shears in steady and periodic currents
with a compensating net flow of less saline
water introduced by river discharge. The joint
equations governing the salt diffusion and the
dynamics of the system are considered. With
constant coefficients of eddy viscosity and
diffusivity, velocity and salt profiles in the x—z
plane are derived.

The results are consistent with observations.

In these investigations the longitudinal
dispersion due to the shear-effect is considered.

Below an advection-diffusion model is formu-
lated for the case of a vertically unbounded

region including both a longitudinal and a
transverse shear-effect, and aiming at a numeri-
cal comparison with the experimental results.

An advection-diffusion model

The apparent horizontal diffusion is inter-
preted as an effect of the combined action of
vertical diffusion and advection due to the
mean flow. The spectrum of the motion is
regarded as consisting of two separate parts of
small and large scales respectively. The small
scales effect the diffusion and the large scales
the advection. The current field is specified
as a mean current varying with z only, and
a superimposed oscillating current component,
where the amplitude varies with 2z but the
period is independent of z. Only one single
harmonic constituent is included, and for
simplicity depth dependence of the phase is
neglected. The curent field is written in the
form

u = Uy(z) +uo(z) cos wt

v =V, +vy(2) sin wt

The coordinate system is defined with the -
axis positive in the direction of the constant
shear, and with z positive downwards. The
plane z =0 is placed in the center of the layer,
and the system is moving with the mean
velocity at z =0. The current at the level z is

aUu, du,
+ z——cos wt= — (@, + @ Ccos wt) 2
dz dz

u=2z
dv, . .

v=2z—sinwt= —bzsin wt
dz

The velocity gradients are treated as constants
in the layer. Neglecting the purely horizontal
diffusion, an approximation which seems
justified by previous results (Kullenberg,
1968), the diffusion equation becomes

ac ac . e X
— —z2{a,+acos wt)— —zbsinwt— =K —  (7)
at oz oy oz

This equation is transformed by using the tech-
nique of Okubo (1967). The moment-generating
function

400
T, l,m,n)= J.ff glFrmitnios xy.2)dedydz
—00
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is introduced in (7). It is assumed that c—0
sufficiently rapid to secure convergence. The
transformed equation is

or
aI + l(ay+ a cos wt) — + mb sinwta—r = KniT" (8)
ot am omn

At time ¢ = 0 the diffusing substance is assumed
to be evenly dispersed along a unit length line
source parallel to the y-direction at x =0 and
2 =2z,. Thus the initial condition is

¢(0, z, ¥, t) = M, &(x) 6(z —2,) (9)

where d(x) and 4(z) is the Dirac delta function.
Since the tracer actually occupies a finite
volume at time ¢ =0, a line source is preferred
‘to a point source. We will return to the effect
of the initial thickness later.

For simplicity we take z, =0. The condition
implies that at time ¢ =0

=M, (10)

Eq. (8) is now solved by the method of

characteristics.

dn .
7 = l{a, + & cos wt) +mb sin wt

d
ar Kn'de
T

and the solution is

1 Kt
T'=c, exp {5 'alfK + 2 (Pa® +m'd*)

K
+ — (m'd* - I'a") sin 2 wt — 'Kt
40’

a0

2% .
x —5 cos wt + 2I°K —-sin wt
) w

a,b a,b
— 2lm Kt — sin ot — 2lm K — cos wt
) )

ab
+ImK

2 2
P cos 2wt + ¢, Kt + ¢, la, K?

a b
~ 2¢, 1K —; cos wt — 2¢, mK —;'sin wt} (11)
1) )
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where ¢, and ¢, are constants of integration.
They are determined by means of (10).

The moment-generating function is now
used to derive expressions for the second-
order central moments. This is accomplished
by calculating

It is found that

9 _ 2 a4 al a’ .
oz = —Kayt’ + 5 Kt — —; K sin 2wt
3 o 20
4a,a da,a .
— —5 Kt cos 20t + —;— K sin wt
w w
9w’ Ktb'a, Kb
oy = vy Kt + i * (20, —a) + 20 sin 2wt
Kb'(a-4a,) .
- ———  sinot
aw
o: = 2Kt (13a,b,c)

The leading term in o0, is due to the shear of
the mean current, while the other terms are due
to the oscillating component in the same direec-
tion as the mean current. The terms containing
a, a express a coupling between the steady and
the fluctuating shears. The present form of o,*
is essentially the same as the relation derived
by Okubo (1967).

For the transverse dispersion the oscillating
current component is decisive, while it is of
minor importance for the longitudinal disper-
sion.

The trigonometric terms are negligible rela-
tive to the leading terms. It is noted that large
periods of an oscillating current system become
increasingly important for increasing diffusion
time. :
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The solution gives the dispersion from a
short, momentaneous line source parallel to
the y-direction. The real source has also a
finite thickness, and to find the dispersion due
to the initial thickness the solution (13) is
integrated vertically. At time ¢ = 0 the concentra-
tion M, per unit area is given in the layer

~H/2<z< +H/2

Consider a volume element at z =z, with
height dz, and unit surface area. The dispersion
of the surface concentration is studied in the
coordinate system &, 7, defined by

E=x—ayzt
N =2-2

According to the solution above we have

2 a’
ot =-Kayt' + 5 K¢
3 w

’2 1 e 2 2 2 2,2
oy = recdxdz=of+azzet. (14)
M, o

for the surface element. Thus the variance for
the layer |z|<H/2 is

1 +H/2 az
oh == “Kait'+ S Kt+ gz’ | dz,
H —H/2 w

2
2Rae+ LK S RE (15)
3 w 12

Due to the shear and the initial thickness H
the volume element is dispersed in the direction
of the mean current shear, but the volume and
the volume concentration are not influenced.

The horizontal second-order central moment is
then

2 1 K

a’=0§+a§ =-Kait'+ —Halt® + —
3 12 w

b?

2 (2a§—aoa):| (16)

X [a,2 +?b2+—
8 a

The vertical mixing is of fundamental
importance for the transverse dispersion. In
an earlier investigation (Kullenberg, 1968)
the results suggested that in the present areas
the vertical mixing is inversely proportional

to the density stratification. With reference to
(16) this result implies that the horizontal
dispersion may decrease with increasing strati-
fication. On the other hand the shear can be-
come stronger in the case of increased strati-
fication. The effect of the increased shear may
balance the decrease of the vertical diffusion or
even be more important.

The elongation is given by e =0,/q, and the
distribution is elongated in the direction of
the mean current shear.

The time dependence of the peak concentra-
tion Cpoc(0,0,0,)"! in a 3-dimensional model
is investigated by considering the product

b 9 d4a}-2a,9
0,0,0,= %Kt“ [K (Z+ —aoaT")

2 H° a’ i
= 7
) (3 12Kt aﬁw”t’)] (an

It is noted that the frequency of the oscillating
current has a very significant influence.

Three different possibilities can be investi-
gated.

(1) For large diffusion times, when
H2<12Kt, at <aj »® t?
it is found that

a,b 3 4(2ai-a,a)\ ]}
00, 0,% >~ Ki*® [K(—2— + %)] (18)

i.e. the peak concentration decreases at t-2-5,
Pritchard et al. (1966), applying the model of
Carter & Okubo (1965), show that this time-
dependence is in agreement with experimental
results from the near surface zone for ¢>20
hours.

(2) For the case
H®> 12K¢, a*< aio’t’

a,b 1 /9 4al-2a,a\]
Uzoyo'zw-;—KHt 1—2 Z+T (19)

i.e. the peak concentration decreases as -2,
The significance of this result depends upon
the intensity of the vertical diffusion and the
initial thickness.
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Table 3. Parameters for the theoretical calculation of the variances

Diffusion time ¢, thickness H, mixing coefficient K, longitudinal shears @, and a, transversal shear b, and

frequency w.

t H K ay x 108 ax10% b x 102 w x 104

Date (8) (cm) (em?/s) (s7) (s™1) (s71) (s71)

1.4 4.2 x 108 70 0.08 20 15 37 10
17.11 7.2 x10% 80 0.08 20 24 55 7.5
17.11 1.3 x 104 80 0.08 24 55 7.5
24.10 1.5 x 104 300 0.2 15.5 6 6.6 2.9
16.8 1.1 x 104 400 0.35 12.5 — — —
20.12 2.9 x 104 400 0.7 3.4 12 25 5.9
20.12 4.9 x 104 400 0.6 3.4 12 25 2.9
21.12 1.2 x 104 400 1.5 — — —_

8.10 1.2 x 10¢ 200 0.08 5.7 7.5 25 7
27.11 1.4 x 104 200 0.05 — —_ —

9.12 3.8 x 104 300 0.13 14.5 25 32 4.4

(3) In the case of a very thin initial source and
when
a?> ag w? i, a,<a
we have

3 ab
0:0,0;~ 5 =5 (K)t (20)

i.e. the peak concentration decreases as ¢-1:5.
Pritchard et al. (1966) show this time-depen-
dence to be in agreement with results from
point source experiments in the near surface
zone for ¢ <8 hours.

The connection between the rotationally
symmetrical variance ¢}, and the variances
o2, 0, is investigated. The original distribution
is assumed to be Gaussian with the isolines
forming ellipses. The - and y-axes are placed

in the directions of the major and minor axes,
respectively. This orientation is in accordance
with the one used above provided the elonga-
tion really is in the direction of the mean
current shear. This is usually the case in the
present experiments. Areas enclosed by corre-
sponding isolines in the elliptical as well as
the rotationally symmetrical distribution must
be equal. This condition yields the relation

(21)

2
Ore =0,0y

This case is discussed by Kullenberg (1971).

Comparison with experimental results

The predicted forms of the variances are
subsequently compared with the experimental

Table 4. Diffusion time ¢, theoretical values of the variances o3, oy, o*, and the ratio o/,

Theoretical ~ Observed
¢ o} o a? o,lo, a,lo,
Date (s) (cm?) (cm?) (em?3) — —
1.4 4.2 x 103 4.5 x 108 1.6 x 108 6.1 x 108 0.6 0.6
17.11 7.2 x 103 1.9 x 107 5.1 x 108 2.4 x 107 0.5 0.35
17.11 1.3 x 104 3.5 x 107 6.7 x 108 4.2 x 107 0.45 0.65
24.10 1.5 x 10¢ 5.1 x 108 1.8 x 107 5.3 x 108 0.2 0.2
16.8 1.1 x 104 3.0 x 108 — — — 0.3
20.12 2.9 x 104 2.5 x 108 3.8x107 2.9 x 108 0.4 0.45
20.12 4.9 x10¢ 1.0 x 1¢° 2.2 x 108 1.2 x 100 0.5 0.55
21.12 1.2 x 104 2.4 x 108 — — — 0.2
8.10 1.2 x 10* 1.8 x 107 1.2 x 108 1.9 x 107 0.3 0.4
27.11 1.4 x 104 2.2 x 108 — — — 0.35
9.12 3.8 x 104 3.3x10° 3.2 x107 3.3 x10° 0.1 0.09
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Fig. 2. Observed vs. theoretical variance. X =¢%
O =d?; A =0}

results. All the parameters entering the relations
can be determined from the observations.

The mean current direction and strength is
calculated. The calculation is done for each
depth over the period of observation. From the
results the mean current for the depth interval
as well as the mean shear are found. The domi-
nating periods of the fluctuating part of the
current field are then determined by plotting
the transverse component vs. time for the
observations at each depth. Over limited
depth intervals the periods are nearly indepen-
dent of depth. The amplitudes of the oscilla-
tions at each depth are determined and from
the gradient of these the value of the trans-
verse shear (b) is found. The corresponding
procedure is carried out for the longitudinal
component in order to find the longitudinal
shear (a). In most cases the periods determined
from the transverse and longitudinal compo-
nents, respectively, are reasonably close.

In carrying out the caleulations it is assumed
that the current really can be divided in a
steady and a time.dependent part. In order to
check the justification for this assumption the
gliding means of the observed current are
calculated using the periods found as time
intervals. The oscillations are then greatly re-
duced, and the steady part becomes pronounced.
The calculations are performed whenever the
series of observations are long enough, es-

pecially when moored current meters have
been available (24.10, 20.12, 9.12). The results
show that the separation of the current in a
steady and an oscillating part is permissible.
It is required that several harmonic constitu-
ents are included in the time-dependent part.

The initial thickness H of the rhodamine
layer is found from observations shortly after
the injection when the barrel type of injection is
used, and from the length of the tube when the
diffuser type of injection is used.

The vertical diffusion coefficient K is deter-
mined independently as described by Kullen-
berg (1968, 1971a).

The predicted variances are given in Table
4, and the values of the parameters used in the
calculations are given in Table 3. From Fig.
2, where the observed and the theoretical
variances are compared, it is evident that the
agreement between observation and theory is
satisfactory. The conclusion is that the model
is supported by the observations. It is, how-
ever, not possible to establish the gradual
change of relative importance of the different
parameters. Nor is it feasible to investigate
the various cases of time-dependence of the
peak concentration. Long time series of observa-
tions are needed for that purpose. The decisive
influence of the current variability and the
vertical current structure in combination with
the vertical mixing on the dispersion is clearly
demonstrated by the present results.

There are, however, important observational
deficiencies. The Ekman current observations
are carried out from a single-moored ship.
During the measurements the heading of the
ship is noted. Usually this varies only slightly,
and the influence of the oscillation of the ship
on the observations is not considered as very
serious except in some cases. Also, unfortunate-
1y, the current observations are not quite ade-
quate for the determination of the periods of
the oscillating components since in some
cases only a few periods are covered by the
observations. For these reasons the periods
obtained from the Ekman current measure-
ments are used with caution.

The observations indicate that the period,
but not the phase, is approximately independent
of depth over a limited depth interval. Although
it is possible to include phase variations in the
model this has not been considered worth while
at present.
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It is approximately correct to regard the
shears as constants in the thin layers under
consideration. This may not be the case when
the current measurements are carried out on
a smaller vertical scale than at present.

Discussion and conclusion

The proposed model emphasizes the in-
fluence on the apparent horizontal diffusion of
the vertical mixing, the vertical current struc-
ture, and the variability of the current.

The interpretation of the current field as
consisting of a steady and a time-dependent
part has led to reasonable results. It is a
deficiency that only one harmonic constituent
is included in the model. For a proper descrip-
tion of the current field several constituents
would be required. However, the dispersion of
the rhodamine spot is a function of the scale.
For small diffusion times, when the spot is
small, it is the small-scale components of the
motion which determine the dispersion. The
large scales merely advect the whole spot. As
the spot grows with increasing diffusion time
the large-scale components of the motion
successively become important for the disper-
sion. The influence of the large scale will then
dominate over the influence of the small
scale. The small-scale component will primarily
influence the dispersion inside the spot. In the
present formulation the steady part of the
current includes all the components of the
motion having scales so large that they only
advect the spot. The combined action of the
vertical mixing and the shear of the steady
motion influences the longitudinal dispersion.
The time-dependent part is interpreted as
including all the smaller scales. The single
harmonie constituent included in the model
then represents the component of the motion
having the dominating influence on the disper-
gion. The time-dependent motion determines,
in combination with the vertical mixing, the
transverse dispersion.

The results cover only a rather limited range
of scales. The values of the diffusion parameters
are consistent with other reported results,
and the scale-dependence of the horizontal
diffusion is in agreement with the general
trend of other data. The effects of the genuine
horizontal turbulence and the horizontal shears
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on the dispersion are not included in the model
since it would obscure the model and make
comparison with observations difficult. The
result suggests that these effects may be con-
sidered as unimportant with the present scales.

To reveal how and when the horizontal
turbulence and current structure enter the
problem, experiments covering considerably
larger scales are needed. The experiments must
include long time series of current measure-
ments in a horizontal network at several depths.

The present experiments have been carried
out in a variety of environmental conditions.
Despite the observational deficiencies, it is
concluded that the proposed model yields a
reagsonably good description of the apparent
horizontal turbulent diffusion for the conditions
and scales covered by the experiments.
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Notations

a, vertical gradient (shear) of mean
current velocity

a, b vertical gradients of longitudinal

and transverse components of the
oscillating current

c concentration

e elongation

H initial thickness of rhodamine layer

K vertical diffusion coefficient

Ky apparent horizontal diffusion coeffi-
cient

horizontal diffusion coefficients in
z-, and y-directions, respectively
- horizontal length scale

M, M injected and observed amount of
diffusing substance, respectively

P horizontal diffusion velocity

q horizontal current vector

r equivalent radius

t time

u, v current velocities in z-, and y-

directions, respectively
U, V, W mean current velocities in -, y-, and
z-directions, respectively
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xz,y,z orthogonal coordinates okc rotationally symmetrical variance

r moment-generating function ok, o, variances in the z-, and y-directions,

w frequency of oscillating current respectively

gt horizontal variance ol variance in the z-direction
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HABIIIOJAEMASA IN®OY3NA B CTPATUOCUIINPOBAHHOM IIOTOKE C
BEPTUKAJILHBIM T'PATJUEHTOM CHOPOCTH

IIpeacraBiensl peaynabTaTH MCCIENOBAHUA TO-
pH30HTANBHOHI TypGynenTHO! nuddysuu B CBAZH
C OKDYMAIOIMMM YCJIOBUAMH, TAKUMH, KaK
cTpaTu(UKALUA MIOTHOCTH, BEPTHKAJIBHLIN I'pa-
AMEHT CKOPOCTH M MBMEHYHBOCTH TeueHHus. IIpo-
BeleHBl 9KCHEePMMEHTH C TpaccepaMu Ha (bop-
Aax, B npulpe;KHBIX 30HAX U BEAJIH oT Gepera ¢
[eNbl0 MOJIYyYeHMA JAaHHBIX JJIA TAKOro HCCIe-
foBaHMA. B pomomHeHMe ORI NPOBEJEHH

M3MepeHUs CKOPOCTH BeTpAa, COJEHOCTH, TeMIe-
parypH ¥ crkopocTu TedeHmii. Ilpepnoskena mo-
JAelb, OCHOBAHHAA HA IIPEAIOJNOMKEeHMH, UTO
Habmopaemans nuddysnda ompegelnserca co-
BMECTHHIM Je#iCTBHeM BepTHHKaIbHON mupdysun
1 BEepPTHKAJIBHOTO I'PafiMeHTa CKOPOCTH NOTOKA.
Haiimeno, u4ro TeoperuyecKue NpeACKA3AHUA
XOpOLIO COTJIACYIOTCA C 3HKCIIEPMMEBTAJLHBRIMU
pesyJIbTaTaMu.
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