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ABSTRACT

A general derivation is given for the torque exerted on a non-spherical planet by a shallow
fluid, presenting in a unified form a number of results which are currently scattered through
the literature, and deriving those results in a new way. This shows how the sum of gravitational
and pressure torques can be rewritten as a ‘centrifugal’ torque plus a topographic torque due
to pressure acting on topography measured relative to the geoid. This clarifies the physics
behind the use of spherical coordinate atmosphere and ocean models for calculating torques
on the earth. It also shows why the total torque due to the earth’s equatorial bulge can be
calculated as if it were a pressure torque on an ‘effective bulge’ of approximately 11 km, the
gravitational torque partially offsetting the actual pressure torque on the earth’s 21 km bulge.

1. Introduction momentum variations. Delving deeper into the
literature, one finds calculations of the torque on

the earth’s bulge using an apparent bulge (differ-The interaction between the atmosphere–ocean
system and the rotation of the solid earth is a ence between equatorial and polar radii) of about

11 km, while the actual equatorial bulge of thesubject which is commanding increasing interest.

In particular, more attention is now being devoted earth is close to 21 km.
The solution to this conundrum can be foundto motion of the earth’s pole of rotation. This

results from changes in the equatorial components in the literature, but it is rather scattered. For

example, Bell et al. (1991) show briefly (in theirof atmospheric and oceanic angular momentum,
as opposed to changes in length of day which are Appendix C) how the pressure torque on an

equatorial bulge of height V2r20/(2g0 )# 11 km isdue to changes in the axial angular momentum

component. Recent studies include Bell (1994), accurately described by a spherical coordinate
model, assuming the earth’s surface is a geopoten-Dehant et al. (1996), Marcus et al. (1998), Gegout

et al. (1998), Egger and Hoinka (1999, 2000), tial, and that the gravitational field of the earth is
spherically symmetrical (here, V is the angularGross (2000), and de Viron et al. (2001).

Anyone coming new to this subject encounters rate of rotation of the earth about its axis, r0 is a
mean earth radius, and g0 is the mean strength ofan apparent paradox. The atmospheric and

oceanic models used are written in spherical surface gravity). Bell (1994) generalises this result
to the case in which the earth’s gravitational fieldcoordinates, whilst the most significant deviation
is not spherically symmetrical (this implicitlyof the earth from a sphere, the equatorial bulge,
explains the difference between the 21 and 11 kmis not represented in the models. Yet the models
bulges, although that is not described explicitly).do produce apparently good estimates of angular
Egger and Hoinka (1999) again assume a bulge
of 11 km, and ignore gravitational torques and* e-mail: cwh@pol.ac.uk
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other topography. Dehant et al. (1996) show that Gravity, gravitation, and centrifugal acceleration
may each be written as (minus) the gradient of athe torque due to the atmospheric S1 tide has the

potential to excite significant prograde annual potential:

nutation, but ignore the associated gravitational
g∞=−VW∞, (1)

torque.
Probably the most general derivation is due to g=−VW, (2)

Wahr (1982, Section 5.1), who includes gravita-
g−g∞=−Vc, (3)

tional and pressure torques and shows how the
two combine and partly cancel. Wahr also includes where c=−(V2r2 cos2 w)/2, with r the radius

measured from the earth’s centre of mass, and wtopography relative to the geoid, but his rep-
resentation of the torques on this topography is the geocentric latitude (angle measured at the

earth’s centre, between the point considered andrather obscure, and hard to interpret in terms of

atmosphere or ocean model dynamics. Gegout the equator). Geopotential surfaces are surfaces of
constant W, with the geoid defined as the geopoten-et al. (1998) refine the work of Dehant et al. (1996)

by using a more recent atmospheric model, and tial surface closest to mean sea level. Gravitational
potential surfaces are surfaces of constant W∞=by recognising the importance of the gravitational

torque. They quote Wahr (1982) to derive a for- W−c.
In addition to the above terms, which aremula [their eq. (9)] for the pressure plus gravita-

tional torque, which is equivalent to eq. (14) below, conventional, a distinction will be made between
hydrostatic balance, and hydrostatic equilibrium.valid for a near-spherical geoid.

All of these results are correct and self- Hydrostatic balance is taken to mean a balance in
the vertical between pressure gradient and forceconsistent, but it can be difficult to work out

which approximations have been made in which due to gravity: ∂p/∂W=r, where r is density and
the partial derivative is along the vertical directioncase, and which are valid. For example, in Bell

(1994), the torque on the atmosphere due to the (parallel to g). Hydrostatic equilibrium is used to
describe a situation in which the fluid is in a stateearth’s bulge is described as a ‘mountain torque’

or ‘pressure torque’, whereas the formula given in of rest relative to the rotating planet, with pressure
and density both purely a function of W. Thus, athat paper [Bell’s eq. (16)] is for the total torque

due to both pressure and gravitation (the differ- fluid can be in hydrostatic balance locally, while

not being in a state of hydrostatic equilibrium.ence between pressure torque and total torque
being the difference between a 21 km and an
11 km bulge).

The purpose of this note is to give a clear, 2. Approximations
physically motivated derivation of the most
general relevant case, that of a shallow fluid Before proceeding to the derivation, it is useful

to consider the accuracy of the various approxi-on a rotating planet of arbitrary geometry.
Specialization to a near-spherical planet is then mations to be made (although the derivation given

here is for any shape of planet, numerical valueseasy and shows clearly the approximations which

have been made. This then shows why the total for the earth will be given when assessing the
accuracy of approximations). For the generaltorque due to the earth’s bulge looks like a

pressure torque on an 11 km bulge, rather than result, the only approximation is that the fluid be

‘shallow’ in the sense that the depth of fluid ison the actual 21 km bulge.
In order to make the derivation clear, it is worth small compared to the distance from the centre of

the earth. For a mean earth radius of approxi-describing the terminology in more detail, since

some of this is unfamiliar to most atmosphere and mately 6371 km, and an ocean depth of 5 km, this
approximation is accurate to better than 0.1%.ocean modellers. The term gravitation (g∞) rep-

resents the gravitational attraction of the planet For the atmosphere the errors are larger. Although
most of the mass of the atmosphere is withindue to its mass distribution. This is distinct from

gravity (g) which is the sum of gravitation and the 10 km of the geoid, errors due to the stratosphere

may be as big as 1%. The shallow fluid approxi-centrifugal acceleration due to the planet’s rotation
(the rotation assumed to be effectively constant). mation is also necessary for hydrostatic balance
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to be a good approximation, although it is harder
to assess the affect of this approximation as it
depends on the correlation between non-

hydrostatic pressure and topography at all
length scales.
For comparison with spherical coordinate

models, two further approximations are made.
The centrifugal potential along the geoid is
approximated by that on a spherical surface, incur-

ring errors of order (21 km)/(6371 km) or about
0.3% (the numerator given by the equatorial
bulge), and gravity is taken to be constant along

the geoid. Taking from Moritz (1992) an equator-
ial gravity of about 9.780 m s−2, and a polar
gravity of about 9.832 m s−2, this leads to an error
of about 0.5%.
Compared to the earth’s topography of order

±5 km (measured relative to the geoid), the 21 km
equatorial bulge is large, and the undulations of

Fig. 1. A planet whose surface consists of parts of two
the geoid relative to a reference ellipsoid are concentric spheres joined by radial walls. Geopotential
significant at ±100 m (2%). The potential errors surfaces are such that the oceans are deeper on the

western side than the eastern side, leading to a pressuredue to misinterpreting the model topography as
torque on the planet.being measured relative to a spherical or spher-

oidal surface rather than relative to the geoid are
thus larger than the errors due to approximations. tion of mass in the oceans exerts a gravitational

attraction on the planet’s internal mass distribu-

tion, which must be radially asymmetrical to
produce the non-spherical geoid. The resulting3. Why combine pressure and gravitational

torques? torque exactly balances the pressure torque. From

this we can see that it is useful to consider the
pressure and gravitational torques in combination.There are three kinds of torque (ignoring elec-

tromagnetic torques) which a fluid can exert on a More generally, for a fluid in hydrostatic bal-

ance, the vertical component of the pressure forceplanet: a pressure torque C
p
, a gravitational torque

C
g
, and a frictional torque C

f
. Some useful physical exerted on the planet is balanced by the gravita-

tional force, so the sum can exert no torque oninsight can be obtained by considering the torques

due to a fluid in hydrostatic equilibrium. Consider the planet, and any torque is due to the horizontal
component of the pressure force on the planet (i.e.the non-rotating planet illustrated (viewed from

above the north pole) in Fig. 1. This planet has the pressure force on topography measured rela-

tive to the geoid, which defines horizontal ). For aan ocean floor at constant radius from its centre,
and a land surface at a larger constant radius, the rotating planet this is no longer true however,

since hydrostatic balance is then a balance betweentwo joined by radial walls. However, the internal

mass distribution of the planet is such that the gravity and pressure forces, not between gravita-
tion and pressure forces. The difference, due togeoid is further from the centre on western sides

of the ocean basins than on eastern sides, meaning the centrifugal force, permits an extra torque

to act.that the ocean is deeper on the west than on the
east, and so exerts a pressure torque on the planet We therefore see that hydrostatic balance

strongly constrains the torques which a fluid cantowards the west. It looks as if the planet should
start to rotate as a result, but there is clearly no exert on a planet. Although the pressure torque

can be large if the planet is not spherical, it willenergy source to permit this. In fact, no such

acceleration will occur because the pressure torque be largely balanced by the gravitational torque if
the planet’s surface is close to a gravitationalis balanced by a gravitational torque. The distribu-
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equipotential surface. For a rotating planet, the dS on the solid surface are related by
surface is more likely to be close to a geopotential
surface, in which case the pressure torque will be dS=−Agg+VghB dA, (8)
largely balanced by the sum of gravitational and
‘centrifugal’ torques. In either case, it is clear that

where V
g
is the two-dimensional gradient operator

the sum of gravitational and pressure torques will
along the geoid (this result is derived in the

not behave in the same manner as either gravita-
Appendix). Writing C

pg
=C
p
+C
g
, eqs. (4) and (7)

tional or pressure torque alone.
then give

C
pg
= Q geoidsurface

−p
h
g
r×g∞+p

h
r×Agg+VghB dA.4. Torques on a non-spherical planet

(9)The pressure, gravitational, and viscous torques
on a rotating planet of any shape are given by

Substituting g=g∞−Vc from eq. (3), a cancella-
tion occurs leaving

C
p
=− Q solidsurface phr×dS, (4)

C
pg
= Q geoidsurface

p
h
r×AVgh−Vcg B dA. (10)

C
g
=− P fluidvolume rr×g∞ dV, (5)

The sum of pressure and gravitational torques can

thus be represented as a pressure torque on the
C
f
=− Q solidsurface r×F dS, (6) topography h measured (upwards) relative to the

geoid, plus a centrifugal torque due to the imbal-

ance between pressure and gravitational torqueswhere dS is an area element of the planet’s surface
on the geoid. This is a general result for a shallow(directed along the outward normal ), p

h
is the

fluid on any shape of planet. The fluid will onlypressure at that surface, and F is the viscous stress
be shallow if the surface of the planet does notper unit area on the surface (perpendicular to dS).
depart far from the geoid, but the geoid need notThe gravitational torque on the planet is most
be nearly spherical for this equation to hold.easily derived by calculating the gravitational
Rather counterintuitively, this shows that thetorque exerted on the fluid by the planet, since

combined torque is quite insensitive to departuresthe two must balance.
of the planet’s surface topography from a sphere.If we assume that the fluid is shallow (the fluid
The topographic torque is due to departures ofis everywhere much closer to the geoid than to
topography from the geoid, and the remainingthe planet’s centre), the volume integral (5) can be
centrifugal torque, while not exactly the same forseparated into an area integral over the geoid of
spherical and non-spherical geoids, differs only byr× (the vertical integral of rg∞), and g∞ and g can
a fractional amount of the same order as the ratiobe taken as constants in the vertical integral. Thus,
of geoid topography (i.e. departure of the geoidwriting m=∆2

h
r dz, where z is the vertical coor-

from spherical ) to mean planetary radius (0.3%),dinate measured relative to the geoid and z=h is
or the ratio of variations in g to mean g (0.5%).the height of the solid surface above the geoid,
This contrasts strongly with the pressure torquehydrostatic balance leads to p

h
=mg where

alone, which would be zero for a perfectly sphericalg=|g |. Equation (5) then becomes
planet, and with the gravitational torque alone,
which would be zero for a planet with perfectly

C
p
=− Q geoidsurface

mr×g∞ dA
spherical gravitational equipotential surfaces (and
therefore an ellipsoidal geoid with an equatorial

bulge of about 11 km, for the earth’s mass, radius
=− Q geoidsurface

p
h
g
r×g∞ dA. (7)

and rotation rate).
The physics behind the centrifugal torque can

be somewhat clarified by substituting p
h
=mg andThe two integrals (7) and (4) can be related by

noting that the area elements dA on the geoid and Vc=V× (V×r), from which we may write the
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centrifugal torque as values on the geoid), then r×Vc#r×V
g
c to

the same order of approximation, and eq. (10)
becomesC

c
= Q geoidsurface

−mr×[V× (V×r)] dA. (11)

C
pg
# Q geoidsurface

p
h
r×V

g Ah+V2r20 cos2 w2g0
B dA.Noting that r×[V× (V×r)]=V×[r× (V×r)],

and defining the ‘matter’ component of fluid
(14)angular momentum as

The centrifugal torque can therefore be treated
M= Q geoidsurface

mr× (V×r) dA, (12) in this approximation as the effect of pressure on
an extra piece of topography which consists of an
equatorial bulge of height V2r20/(2g0 ). Taking Vthe shallow fluid equivalent of Bell’s (1994) eq. (2),
and the area-averaged values of r and g for thewe can then write
earth from Moritz (1992) (r0=6371.008 771 4 km,C

c
=−V×M, (13) g0=9.797 644 656 m2 s−2, V=7.292 115×10−5

rad s−1 ) gives an equatorial bulge height ofconfirming that Bell’s (1994) eq. (16) holds gener-
approximately 11.014 km.ally (note that Bell’s C1 and C2 represent torques
As far as the total torque is concerned, it ison the atmosphere, and therefore take the opposite

therefore valid to consider a model in sphericalsign to C
c
which is a torque on the earth).

coordinates as a close approximation to a modelThe need for this extra torque can be seen by
in geopotential coordinates, as long as the centrifu-imagining a rotating planet with an ocean at rest
gal acceleration term is omitted in recognition ofrelative to the planet. The angular momentum of
the fact that is is cancelled by the horizontal partthe fluid is then all due to the matter term, so the
of the gravitational acceleration. If there is a needangular momentum vector M will rotate about
to distinguish between the pressure and gravita-the rotation axis, requiring a torque V×M to be
tional torques, however, the interpretation isexerted on the fluid by the planet. This torque is
slightly more involved. In a spherical coordinateseen in the atmosphere (Egger and Hoinka, 2000)
model, interpreted literally, geopotential surfacesas a large ‘torque on the equatorial bulge’ due to
are spherical and the earth’s figure has no equator-the smaller mass of atmosphere found in moun-
ial bulge. This means that gravitational equipoten-tainous regions. The torque is constant in the
tial surfaces are prolate spheroids, and the ‘torquerotating reference frame of the earth, and therefore
on the equatorial bulge’ is a purely gravitationalrotates once per day in an inertial reference frame.
torque on the earth’s internal mass distributionIts effect is therefore not a continuous increase in
which leads to the prolate equipotentials. In form,the earth’s angular momentum, but to permit the
this gravitational torque looks like a pressureearth to rotate about an axis which is not one of
torque on an 11 km equatorial bulge. Theits principal axes of inertia (rather, it is a principal
dynamics, however, are a close approximationaxis of the earth-plus-atmosphere system). A
(ignoring only small metric terms) to the dynamicsmoving fluid will also have a contribution to its
on the real earth, which has an equatorial bulgeangular momentum from the ‘wind’ term, but if
of about 21 km in the geopotential, and gravita-this is not aligned with the rotation axis it must
tional equipotentials which are approximatelybe balanced either by topographic or frictional
oblate spheroids with an equatorial bulge of 10 kmtorques, or by a rate of change of the wind and
(Bell (1994) shows this explicitly for a planet withmatter terms.
an ellipsoidal geoid). The pressure torque on the

actual 21 km bulge is thus partially offset by a
gravitational torque on the internal mass distribu-5. A near-spherical planet
tion, leaving a total torque again resembling the
pressure torque on an 11 km bulge.Turning now to the case of a near-spherical

earth, we will substitute c=−(V2r2 cos2 w)/2 into It is worth noting, however, that this partial

balancing of the pressure torque by a gravitationaleq. (10). Making the order 0.5% approximations
that g=g0 , a constant, and r=r0 , a constant (for torque assumes that the pressure is associated
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with a mass anomaly via hydrostatic balance. 8. Appendix
Non-hydrostatic pressure anomalies, with no asso-
ciated mass anomaly, simply act on the topog- Equation (8) is derived as follows. Consider the

lower triangle in Fig. 2. The base is of length dlraphy of the earth relative to a sphere, including
the full 21 km equatorial bulge and any other along the (horizontal ) geoid, and the hypoteneuse

lies along the earth’s solid surface and has lengthgeoid topography, as does the actual (uncompen-

sated) pressure torque in eq. (4). Use of a non- dl/cos h. The plane of this triangle is perpendicular
to the line of intersection of geoid and solidhydrostatic model in spherical coordinates would

not, therefore, improve calculations of torques on surface. The vertical elevation of the solid surface

above the geoid is denoted h.the earth’s bulge, since the non-hydrostatic
pressure torque is misrepresented in such models. An area element dA on the geoid, given by

dA=dl dn, where dn is a distance perpendicularSince most non-hydrostatic processes occur on

short length scales, the corresponding torques will to the triangle, corresponds to a vector area
element on the solid surface dS, where |dS |=be on small-scale topography rather than on the

equatorial bulge, and this is unlikely to be a major dl dn/cos h, and dS is directed perpendicular to
the hypoteneuse of the lower triangle, as shownproblem. An exception may be the disturbance to

hydrostatic balance caused by the vertical com- in the upper triangle. The upper triangle is there-
fore similar to the lower triangle. The length ofponent of the Coriolis force, which has length

scales determined by the atmospheric and oceanic the short side of the upper triangle is then given
by dA tan h, but tan h=dh/dl=|V

g
h |, the gradi-currents, although a typical scaling of the planet-

ary scale currents produces an associated pressure ent along the geoid of the solid surface’s height
above the geoid. Since the short side of the upperanomaly of less than 1 mbar.
triangle is parallel to the geoid, it can be rep-

resented by the vector dAV
g
h. The vertical side of

6. Summary
the upper triangle can then be represented as a

In summary, although the pressure torque on
the earth is sensitive to any deviation of the earth’s

surface from a perfect sphere, the torque due to
hydrostatic pressure is partially compensated by
a gravitational torque. This compensation makes

it possible to consider the total (hydrostatic
pressure plus gravitational) torque as due to a
topographic torque on the topography measured

relative to the geoid, plus a centrifugal torque. For
a geoid of general shape, these torques are given
by eq. (10). When the geoid is close to spherical,

this reduces to eq. (14), in which the centrifugal
torque is equivalent to a pressure torque on an
‘effective bulge’ which is not the same as the actual

equatorial bulge. In the case of the earth’s 21 km
equatorial bulge, the compensation reduces the
torque due to pressure alone by almost a half,

resulting in an effective bulge of 11 km.
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downward-pointing vector dA g/|g |. Summing the or, the same as eq. (8):
three vectors around the upper triangle, we have

dS=−dA A g|g |+VghB . (16)dS+dAV
g
h+dA

g

|g |
=0, (15)
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