SOME ALMOST PARTITION THEORETIC IDENTITIES
GEOFFREY B CAMPBELL AND ALEKSANDER ZUJEV

ABSTRACT. We give some new ¢ series identities that resemble the traditional ¢
series partition generating functions.

1. INTRODUCTION

The literature on ¢ series goes way back to the nineteenth century, starting with
Heine [4] and [5], in 1847 and 1878. This generalized the classical hypergeometric
series work introduced by in 1813 by Gauss [3]. We give some new identities that
are similar to traditional ¢ series.

Euler transform of an integer sequence {ax} is given by [6]
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We are considering constant sequence {a;} = {1/n}, for which Euler transform is
o o0 1
1.2 brg® = —_—.
We give identities for ¢ series
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and connection of them to Euler transform (1.2).
Our first identity is related to Euler transform of {1/2}

- = 1 1 7., 17, 203 , 455 . 2723
(14 kz H ,Hl g2 20T 6 T1ag? Ta5e! T1oma? T
The identity is given by
Theorem 1.1.
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where the numerators of gr 1,1,7,17,203,455,2723, ... are identical to numerators
of by of Euler transform of {1/2} (1.4), and the denominators of gy are the greatest
power of 2 in k!.

First we’ll prove
Lemma 1.1. The greatest power of prime p in k(k + 1)...(pk) is k.
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PROOF. The greatest power of prime p in k(k + 1)...(pk) is
(1.6)
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END OF PROOF.

PROOF of the theorem (1.1). The ¢ series (1.5) differ from the Euler transform
(1.4) by having (2¢) instead of ¢, so gr¢® = br(2¢)*, and hence g, = 2¥b,. Denom-
inators of by, are 2%, where 2% = power of 2 in (2k)! [7]. According to the lemma
(1.1, 2% = the greatest power of 2 in (k+ 1)(k +2)...(2k). Therefore, multiplying b
by 2* to obtain g; reduces denominator of by, from being the greatest power of 2 in
(2k)! to the greatest power of 2 in k! Since 2% < denominator of by, the numerator
of gi stays the same as in b,. END OF PROOF.

Similarly, our second identity is related to Euler transform of {1/3}
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The identity is given by
Theorem 1.2.
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where the numerators of gr 1,1,5,50,215,646,8711, ... are identical to numerators
of by of Euler transform of {1/3} (1.7), and the denominators of gi. are the greatest

power of 3 in k!.

PROOF. The ¢ series (1.8) differ from the Euler transform (1.7) by having (3¢)
instead of ¢, so grg® = br(3¢)*, and hence g, = 3*b;,. Denominators of by, are 3%
where 3% = power of 3 in (3k)! [8]. According to the lemma (1.1, 3" = the greatest
power of 3 in (k+1)(k+2)...(3k). Therefore, multiplying by by 3* to obtain g reduces
denominator of by from being the greatest power of 3 in (3k)! to the greatest power
of 3 in k! Since 3*¥ < denominator of by, the numerator of g stays the same as in
br.. END OF PROOF.

The OEIS references (see Sloane [7] and [8]) indicate that the above two identities
are not known in the form presented here.

The results (1.5) and (1.8) may be generalized in

Conjecture 1.3. If canonical representation of positive integern isn = pi" ps®...po%m,
then

1.9 =1+ —|—— —|— S =gt +
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where the numemtors of Jk 1, 1,a2,a3,a4,... are identical to numerators of by of

Euler transform of {1/n} (1.2), and the denominators of g 1,1, cs,c3,¢y, ... are the
products of the greatest powers of p; in k!.

PARTIAL PROOF. We'll prove the conjecture for n = pips...pym, or n being
square-free. The ¢ series (1.9) differ from the Euler transform (1.2) by having (nq)
instead of q, 50 grq* = br(nq)*, and hence g, = nfb, = piph...p% by. Denominators

1k ok

of by, are (p*pt -.plmt) where pi = the greatest power of p; in (p;k)!. According
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to the lemma (1.1), for prime p, p¥ = power of p; in (k+1)(k+2)...(p;k). Therefore,
multiplying b by (p§ph...pE,) to obtain g;, reduces denominator of by from being the
product of the greatest powers of p; in (p;k)! to the product of the greatest powers
of p; in kl. END OF PARTIAL PROOF.

An example with non-prime n:

(1.10)
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