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Abstract Hooke’s Law Formula is given as F =—kx , where F denotes the force applied, x is the displacement
extension and k is the spring constant or force constant. In classical linear elasticity, with the stress tensor ¢ and the
strain tensor &, the generalized Hooke's law is written: jj = Cjj &y , Where the tensor of fourth order C = (Cijkl ) is
called tensor of elasticity. It is a tensor generalization of the stiffness constant k of a spring. The invariants of the
elasticity tensors represent mechanical characteristics of the anisotropic materials (such as elasticity, ductility,
resistance to deformations), help to classify materials following their symmetries, which generalize the concept of
“stiffness of a spring”. In this paper, we perform the calculation of invariants for the anisotropic elasticity tensor
under the rotation action of SO(3) groups. The tools developed by G. de Saxé et al. [1] to determine the independent
invariants in 2D, essentially consisting of changing reference base and Kelvin’s decomposition of the elasticity
tensor, are borrowed for the 3D case. In total, eighteen independent invariants also called global invariant emerge
including 5 for the first order and thirteen for higher order. At the end, we give the physical signification of these
invariants for isotropic materials.
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et al. [4], Ahmad [5], Norris [6], Thomson et al. [7], Ting
[8], Thomson [9], Boehler [10]) developed methods for

1. Introduction

The elasticity tensor is a fourth-rank tensor describing
the stress-strain relation in a linear elastic body (Cowin [2]
and Hehl [3]). For the constitutive law in linear elasticity
for a homogeneous anisotropic body, the generalized
Hooke’s law postulates a linear relation between the
second-rank tensor field stress gj; and the second-rank

tensor strain ¢ :

aij = Ciji ki (1)

The components of C generally acquire different values
under a change of basis. Nevertheless, for certain types of
transformations, there are specific combinations of
components, called invariants, that remain unchanged.
Invariants are defined concerning a given set of
transformations formally known as a group operation. For
example, an invariant for the group of proper orthogonal
transformations called SO(3), is a quantity that remains
constant under arbitrary 3D rotations.

In mechanics, the search for the invariants is essential.
It is used for materials geometry reconstitution and for
mechanical properties determination. Some authors (Olive

determining elasticity tensor invariants in 3D, but not
explicitly the independent invariants allowing the
measurement of symmetry defects.

Thanks to Forte et al. [11], it’s known that there are
eight classes of three-dimensional symmetries (with
eighteen corresponding invariants according to de Saxé).
Currently, a finite base of invariants allowing
identification of the class of materials in 2D is known
thanks to the works of G. de Saxé [1], Auffray et al. [12]
and Atchonouglo et al. [13].

Concerning the 3D case, G. de Saxé predicted eighteen
independent invariants that engineers should take into
consideration when measuring symmetry defects in
materials. Certainly, an integrity base of 299 invariants
was proposed by Olive et al. [4] but it turned out that these
were not minimal at the end of Olive’s work in 2017 [14].
It was corrected in 2019 by Olive et al. [15], who reported
297 invariants instead of 299. All these invariants do not
yet allow the measurement of symmetry defects in
materials or the explicit classification of materials
according to the eighteen symmetry classes. They [14,15]
also talk about global invariants which would be eighteen
hesitating about their existence.

Curiously, until now no one has been interested in these
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eighteen invariants in the literature.

In this paper, we will try to prove their existence and
see their application in measuring symmetry defects in the
case of isotropic materials. We use tools developed by G.
de Saxé et al. [1] consisting in Kelvin’s representation [7]
and a decomposition of elasticity tensor in irreducible
under the action of element of SO(3).

First, in the subsections of section 3, we adapt the tools
proposed by G. de Saxé et al. [1], in their works in two
dimensions for the three-dimensional case with a rotation
matrix around the z-axis. Second, Kelvin’s representation
under the generalized form is used to parameterize the
stress tensor. This allows us to define an action that acts
on the elasticity tensor. This action was performed by
Ting using an orthogonal matrix Q. Then, Ting
decomposes the new elasticity tensor into six groups. For
our approach, the orthogonal matrix Q is a rotational
matrix R and the elasticity tensor due to Kelvin’s
representation is decomposed into four groups. The five
linear invariants determined by Ting and Ahmad, were
obtained. For the second-order and third-order invariants,
some of them are in the literature.

In the last section, we discuss the measurement of
symmetry defects of isotropic materials.

2. Methodology

The approach used to determine the invariants by acting
an element of SO(3) on the elasticity tensor is described in
this section.

2.1. Hooke’s Law and Kelvin’s
Representation

The orbits of elasticity tensor space $252R3 under the

action of SO(3) on R? are described by E when for linear
representation

C' =p(r)C
where
E ={C'eE(3)[3reSO(3),C’'=p(r)C}

In classical linear elasticity, Hooke’s law states that
oc=Ce. This law can be represented by Voigt’'s
representation and Kelvin’s one. But Voigt’s notation is
not relevant for an easy study of symmetries. We will then
use Kelvin’s representation (Thomson et al. [7], Thomson
[9]) where C expression is:

Ci111 Ci122 Crizs V2Ci103 V2Ci193 V2Cyyp5
Ci122 Caz22 Cozsz V2Co03 2Cop13 V2Co0,

Ci133 Css22 Cassz v2Ca3r3 V2Cs313 v2Ca310
V2C5311 V2Co32p 2Cha33 2Co303 2Com13 2031,
V2Ci311 V2C1355 V2Ci333 2Ci393 2C1313 2Cino
|V2C1p11 V2C1500 N2C1p33 2Ci203 2Ci213 2C1n, |

()

using Kelvin’s representation and changing the notation of
stress tensor ¢ to s we can have the following generalized
form:

Sij :O'ij fori=1,2,3,...,d

S d(d+) =~2gjfori, j=1,2,3,...,d, withi < |
(225 ii)

3)
thus for d=3 we have:
S1 = 011,52 = 022,53 = 033,54 =023,

S5 =013:56 = 012

2.2. Parameterization of the Stress Tensor

We apply a rotation of angle 6 on the stress tensor
along the Z axis in dimension three. According to
Monteghetti [16] and Euler [17], the rotation matrix r, is:

cosf sing 0O
Iy =| —sind cosf 0O 4)
0 0 1

let’s write o' = rjot, , we can write o' = R’ with:

cos’6  sin9 0 0 0  2sindcosd
sin% 6 cos’d 0 0 0 —2sindcosd
R— 0 0 1 0 0 0
0 0 0 cosf -sind 0
0 0 0 sing cosd 0
—sinfcosd sinfcosd 0 0 0 cos?@-sin?0
®)

Considering the relation (2) in the same way, we have:
S| =011:52 =022:53 =033,54 =023;
S5 = 013,56 =012

The elements of S’ are then given by:

s'l = a'11 =35 cos® 6 + \/Esscosesine +$ sin% 6

Sy = 09y = 51 5IN? O —[254C0s6siN0 + s, COS? O

S3 =033 = 53
Sy =203 = $4C080 — S5sin0 (6)

S5 = \/2013 = $45in0 + 55080
Se = \/50'12

s6 = —/2 (54 — S5 ) cos6sing + s (0032 6 —sin? 9)

as a function of 6. Wich leads to (7) where elements of
s’ are a function of 6 and 20:
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. 8 +S, §-S Sg .
sy =221 21 2200520 + -5 sin 20

2 2 2

© o S1+Sy 8-S S .
5, =272 _21 %2 0520 -5 sin 20

2 2 J2
513 =S3
3'4 =5,4€080 —S5Sing

S5 = 54SiN0 +S5C0S0

Sg = _—l(sl —S,)sin 20 +s¢ €05 20

V2 )

It is then suggested to use the following parameters in
the old and new orthogonal frame:

p:51+52.k:51—52

V2 2

Co C (8)
p'=51+52'k'=31_32

V2 2

We make some permutations and pass to s(S;, Sy, Ss, S,
se) into s™ (p,K,Sg,S4,5,53) , a new base formed by

(e1,€2.€5.,€4.65,63).

s =Ps 9)

In this new base, the elements of s’ are given by
s" =Rs with R:

0 0 0 0 0
cos20 sin20 O 0 O
—-sin2¢ cos20 O 0 0

! : (10)

0 0 cosd —sind O

0 0 sind cosd O
0 0 0 0 1

O O O O O -

Along the e; axis we have one invariant (p), (ss) along
eg axis, (0,)° formed by e, and e; and (q.)° formed by e,
and es. The first two represent straight lines and the last

two describe Mohr circles with radius g; and (1/2 ),
respectively.

We also verify that R is a rotation matrix: det(R) = 1
and R'=R.

It is this rotation matrix R that we will use in the
following lines.

2.3. Permutations and Decomposition of the
Elasticity Tensor

By analogy to Kelvin’s representation, we set
Cyy =GCjj - Considering the permutations performed in (7)

we rewrite C according to Hooke’s law:
s=Ce

With s the stress tensor, C the elasticity and e for strain
tensor. From the equation (8) we deduced

C* = PflCP (11)

where:

11
5 7z 0000
1 -1

N 5 5 °°0o00°
0O O 1 0 0O
0O O 01 0O
0O O OO0 10
O O 00 O0 1

We get the new elasticity tensor that we note C*. Let
now C = C* with C‘ij = C,j It will be the simplified form

of the elasticity tensor that we are going to use in the
remaining part of the paper. At the end, the coefficients
will be replaced by their respective expression.

2.4. Action of R on C
The action of R on C gives:
C=R'CR

let’s write R in the reduced following form:

R 0
R_[Reo O3
03 1y

(12)

This reduced form helps us to simplify the calculation,
and we get:
t t
v« | R2gCiRap  RogCily
C= t ~t t (13)
eCaRoy  T9Caly

Let's denote C;=RYCiRyy . Cp=rCiRyy

C'Zt = Rggclrg and C'3 = réCSrg . We can rewrite
. [c ci

=l - (14)
Cy Cs

!

We see that €' is divided into three groups associated

with Cll, C'2 and C'3 the transformation of each group is

uncoupled from the others.

One can see that, the tensor C is divided into six groups
by Ting [8]. By doing this, he found that the invariants of
some groups contain components from different groups of
C, k=1, 2,3, ..., 6. Let’s remark that, other authors
(Lekhnttskii [18], Hearmon [19], Tsai [20]) have used the
same decomposition as Ting but the transformations were
written out explicitly, not in the matrix form.

3. References Results and Discussions:
Invariants Determination
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In the following subsections we are going to determine
the invariants of each transformation separately. We have

for each component of ' six independent invariants.

3.1. The invariants of C;

The transformation of (13) gives us C'l = R59C1R29 ,
which can be seen as a miniature of the transformation of

the 6x6 matrix C". Then we evaluated the invariants of C
compared to their same quantity in C.

let’s write:
' Cu o)
cl{
h &

Cy; isscalar, g is vector and a;, a 2x2 matrix.

The calculations give the following invariants:
- The coefficient (l,)

(15)

e
- The length square (lg)

2 _ 22 22
g =Cpp+Cp3
- The trace of a; the reduced matrix issue to Cl (15)
tr(ag)=Cpp +Cg3
- The determinant of a; (131)
5 %2

det(ay ) =CpCa3 - C33
- The sum of two length squares L? issue to a; (I10)

L]Z_ = ng + C§3 + 2(:%3
- The determinant of Cll (112)

N T A )
det(cl) = C14C0pCa3+2C;pC13C03 — €13 C3 = CCiz = Ca3Cry

3.2. The Invariants of C,

The transformation of (13) gives us C'3 = rgc3r9 . In the

same way, we evaluated the invariants of C compared to
their same quantity in C.

let’s write:
. (83 03
a3 Cee

Cgg is scalar, g3 is a vector and ag is a 2x2 matrix.

The calculations give the following invariants:
- The coefficient (l3)

(16)

Coo
- The length square (l7)

2 x2 %2
a3 =Cie +Css

The trace of a; the reduced matrix issue to Cé (1)

tr(az)=Cyy +Css

The determinant of ag (114)
S 2
det(a3) = CysCs5 —Cis

The sum of two length squares L% issue to az (113)

1§ = CGy +Cds +2C%s

The determinant of C'3 (135)
det(Cg) = C44Cs5Cs6 +2C46Cs6Cas
S K25 <2 X2
—C44C56 — C55C26 — Cp6Ca5
3.3. The Invariants of C,

Similarly, C3 = r},ClRyy .

let’s write:
1
c_ qg) a
2 s 4@
Ge 0y

A7)

(i is a scalar, q3(') are vectors and a,, a 2x2 matrix.

The calculation gives the following invariants:
- The coefficient (Is)

Cie

The length square (lg)
2
1 2 | %2
(q§ )) =C+ (s
- The length square (lg)
2
2 2 =2
(qg )) =C% +C36
- The determinant of a, (I17)
det(ay ) = C24Ca5 — Cp5Ca4
- The sum of two length squares L% issue to a, (l¢)
2_ %2 22 22 <2
L3 =Cq +Co5 +C34 +C35
- The determinant of C'2 (l3g)
det(CZ) = C14(C25C36 — C26Css)
+Cis (CZGC34 _624(:36)
+Cig (624(335 —(325(334)
A total of eighteen invariants are found.

3.4. Summary of Invariants
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Using relation (11), we replace the coefficients of Cij
by their expressions, giving us the following invariants:

1
I = E(Cn +2C15 +Cyy)

1
I =§(C11—2C12 +Cg ) +Ceg
I3=Cs3
Iy =Cyq +Css
Is =L(C13 +Cyp3)
V2

|1=2(D2, |3 =¢1, |4 =¢4, \/5'5 2@3, where @1,
@y, @, are the invariants of Ting.

1 2 1 2

s :Z(Cn—czz) +E(016 +Cyg)
2 A2
I7 =C34 +Css

1 2 2
|8:E[(Cl4 +Cp4)" +(Cy5 +Cps) ]

I; =y7 and 2lg =wg , where y; and g are once
more Ting invariants.

1 2
o :E(ClS ~Cp3)" +C

1 2 2
lio :Z(Cll —2C15+Cy) +C§6 +(C16 —Ca6)

1 2
|11 =E[(Cll —2012 +C22)C66 _(C’lﬁ _C26) }

2 2 2
lpp = (C11C22 -Cp )Cse +4C15C16C26 —C11C0" —C22Cr6

li3 = Cég +Cs +2C5
l14 = Cy4Cs5—Cfs
liz3=wz and ly, =z//'3, w3 and 1/1'3 being the invariants
of Ting.
hs = C33Ca4Cos +2C34CysCas ~ CaaChs ~ CssCis ~ CasCls

1 2 1 2
lie :E(Cl“ ~Cus) +§(C15 —Cys)” +Cig +Chg

1
ly7 = E[C% (C14=C24)~Cu5 (C15—Cas)]

l1g = C36 (C15C24 —C14C25)
+Cs6 (C14C23 —C13Co4 )
+Cyg(C13C25 —C15Cp3)

This is a proof that these eighteen invariants exist. Note
that we can combine these invariants to get joins
invariants.

In the following lines we will see their forms for

isotropic materials like fiber composite materials that we
can assimilate as isotropic.

4. Physical Signification: Isotropic Case

Materials are isotropic when in the elasticity tensor
(Zuber [21] and Dieulesaint et al. [22]) Cj; =Cy, =C33,

Cip =Cj3=Cy3 and Cyy =Csg5 =Cgg . The remaining
coefficients C;; =0.

We can see that %(I1—|4) and 1, correspond to

Lame coefficients respectively A and p. These two
coefficients are sufficient to classify isotropic materials.

This proves that these eighteen invariants can be used
for the classification of materials while waiting to make
the 297 base useful.

5. Conclusion

In this work, we defined a rotation of SO(3) thanks to
which we found eighteen independent invariants that we
also called global invariants in a cartesian reference frame
proving their existence. The invariants of the first order
and some (quadratic) of the second degree have also been
found by other authors such as Ahmad [5], Norris [6] and
Ting [8]. Since these invariants (function of coefficients of
) are identical around the three axis for Cartesian base, it
gives an advantage in the measurement of the elasticity
tensor or in the mechanical characterization of materials.

About the question of knowing the type of materials
that characterize each invariant, we treat the isotropic case
which proves that these invariants can be useful for
materials classification. It will be interested to give a
mechanical interpretation and completed classification
according to the invariants we have found.
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