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slowto be useful. The TAPAXK?2 project will produce codes assuning
reasonabl y efléi ent exception handling, since this is the nost common ki nd
of inplenentation[4 ].
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precision, and efltient exception handling. The IFHE floating point stan-
dard [5], efficiently inplenented, is a good nodel. W enphasize the ef-
ficiency of inplenentation because if it is very expensive to exercise the
features ve need, it defeats the purpose of using themto accel erate conpu-
tation.

Accurate rounding attenuates or eliminates roundoff accumil ation in
long suns as described in section 1.1 It also permits us to simul ate hi gher
precision cheaply, which often nakes it easier to design stable al gorithns
qui ckly (even though a stable al gori thmwhi ch does not rely on hi gher pre-
cision nay exist, it nmay take a while to discover). 'This was the case for
Gippen’s method (section 2.4), and al so for nany of the routines for 2-by-2
and 4- by-4 natrix probl ens in the i nmer 1oops of vari ous LAPMKrouti nes,
such as sl asv2, whi ch conputes the SVDof a 2-by- 2 tri angul ar natrix[3 , 29].
H gher precision also makes it possible to extend the life of codes designed
to vork on snaller problens, as they are scal ed to work onlarger ones with
larger condition nunbers (section 1.2), or wth nore randominstabilities
(section 1.3). It is inportant that the extra precision be as accurate as
the basic precision, because otherwise promoting a code to higher preci-
sion can introduce bugs where none were before. Asinple exanple is that
arccos( /(22 + y?)1/2) can fail because the argunent of arccos can exceed
1if rounding is inaccurate in division or square root [15. Fxtra range and
precision are very useful, since they permit us us to forego some testing and

scaling to avoi d over /underflowi n cormon conputations such as NI TS

Hleient exception handling permits us to run fast “risky” algorithns
whi ch usually work, without fear of having programexecution terminated.
Indeed, in sone cases such as condition estination, overflowpermts us to
fini sh early (in this case overflowinplies that 0is an excellent approxinate
reciprocal condition nunber). In particular, it lets us use optimzed BLAS,
thereby taki ng advantage of the nanufacturer’s effort in witing them(see
section 2.5). In anal ogy to the argunent for using RSC(“reduced instruc-
tion set conputers”), we want al gori thns where the nost common case —
no exceptions —runs as quickly as possible.

This is not useful if the price of exception handling is too high; we
need to be able to run wth co and NaN (Mot a Ninber) arithretic at
nearly full floating point speed. The reason is that once created, an oo
or NN propagates through the conputation, creating many nore oo’s or
MNaNs. This neans, for exanple, that the THC « inplementation of this
arithnetic, which uses traps to the operating system is too unacceptably
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This nethod can fail if the iteration fails to converge to an accurate
enough approxi nation of s(A). This wll happenif sone eigenval ue of Ais
too close to the inaginary axis (along which the iteration behaves chaot-
ically). Asynptomof this may be an internediate A ; whichis veryill-
condi tioned, so that Ai_l is vy imcorde It may regire wer impt to
Mpsdedt tle arret spetrd. duidiglire It cnmitar its omacaray
by leepg trak  the rand tle (21) Bokd Q AQ T+ sime the rethod
aly aies athed trasfarias to A, it Wl te stale if this (21)

Bockis srdl.

Wdae vith saa camats o fidrg dgmectas, gven acorate
qraie dgnd s, this is dre if aly afewd gamedias ae dsired
Te stadhrd rethod is inerse itedtion a sdving (A — A o il = g
util @ ; corergs to an d gsectar; o ; is doento leep || i || =L s
imdws triaglar sytemsdsitg wth a very ill-cadtiaed mrix the
nae sototle edat tht A is an acarde dgrde Hs ill-cxdtiaing
rdes oerfbraressaatie posi Blity esenthoghve al y vat the scded
wit wctar a tleend Hs s the aak is tocapte the asver dsjite
posiBe oerfby sice this oafbaides b ren thet the d germectar is
ill-psed a eenill-cadtiaed B ths patdly curetly reqires a
‘pradd’ adig styte, wth testing ad scding in the imer lap o tle
tiagla sdw [2 ], irg it impssite to we mdite gtitived BA
If ae cald der the laditg d cerfbyvecetias, it wald be psite
torwn the fast B/ ad aly red tle captation wth rd ativdy slow
scdirg ven reesssary. Hs is an esayle d the pradgnd’ the ittro
detion  [HEstadard fheting pint aithetic [5 | poids this fadlity
inpimige. Mwer, if ecetion ladingis tooexprsive (antle o
dip ocarithetic reqires a trapitto the qperating system Wi chis gite
slow, oerfowean case aslowbmd severd adys o rgitub

Iar the grerdi 2ed rasymeTic dgrprdiemA —A B w bt een
kowtowto perfarmeprerd i zed Msserberg redietion i rg nre thanthe
led 1 BA Te sgnfurtion and rd ated techi qes [() , 7] maise to
be H{fd lere

3 Recommendations for Floating Point

Wouraize the rearadtias v lme mak in peias sedias re
gud1p fbetitg pitt aitheic syprt to ritigte te tradfThetwen
prdldism(ar sped) ad stahility accwate rardrg sypt far liger

17

Ar i1 t hme



Jadh’s metlod can be impaated with atlogd trasfardias
aly mtdng meaicd staility a the «st o lirear casergeee, o
we roorthogrd trasfardtias Wi ch retdn syrpidic qudatic an
vagree hit can e abitraily ill-cad tiaed ad so posi By sari fre stas
hlity Gthg Jaoh addfaytle rde d adowht stale dgrithm
ht liter catergeree 1Hes it qite dlov Te cadtion nder o the
trasfaration in roothgrd bodi cald be maitoed, and anther
sctera wed if it is too lag
N ad cager wg Mo a hodgy rthod is aglied to
a Msserberg reinix settirg the ridde sudagd ertry to zera sdvitg
the tw indyedat shpdlem in padld, ad ragg tle asvas
the sdprdlan wrg d ther Mwma alodagy Fereis prdldismin
sdrirg the intbpendt stprdilern, andin sdving far the seprate dgen
wdes; these are tle sam sares o padldismas in Qppes wethod
Tese ilod can fdl to te stale far the fdloing resas.  Nwals
rethad can fdl to caverge. 18th Nt and fadqy ey appear to
ara to ssard apies d the sam rat vitlot ay esy wy to tdl if
arat fes been rised a if tle rot redly is mdtige 6 try to add
ths wth lodaqy retlod reqires cammi catian to 1 datify fatoy
ars thet ae doe toether, ad srler step sizes to fdlowtlemnae
acrady Te sdpdlem prodoed by drick ad cager my pten
tidly ke rre ill-cad tiaed thn the aigi pdiem Se [ | far futher
dscrsion
ik ad cager wing tle mhix sign fuction (o asidlar fue
tiar) captes anatlognd i Q Q 1 Qo] e @y sk aigt
imaiat suspre o A, adthendvids the spectrunty farig Q) AQ) T —
[ AOH ﬁz ] D attan resartle dfiey; () 1 stold lme doe ton/ 2
urs, e n is the drasiay aif tle wer aly vats soa d grsd -
s, it shodd span the carespd gy, ar dlightly lager, imaiat suspace.
@ vy to fam() is vatle QRecamition d the idutity rix s
tle mtriz sign furtions (A) & A, a fudtion ich leaes the dgmec
tas dae bt mys 1ot Hf fae demdes to —1 ad rigt Hf fae
dgrdes to 4 Addaly ad asypidicdly quadati cdly aonerget
itadticntocapte s (A)is A i =5A 44 7). Ts dvids the spctran
irto the 1eft ad rigt tf paes; by apyig ths fudicmto A —ol a
(A—cl PaeA—ol , tlespdruncn te seprated dag dler lives.



2.5 The nonsymnetric ei genproblem

Ivelind o pardld rethods far the rasynetri c d grpdi endese leen
inesti gtedt

1 Hsserberg Riteration [6 , O, B,ALH,HL,R,8, B,
2 Rdction to rasymtric tridegd fan 46 , R, B, 4],
3 Rodi’s rethd [R D, UL 6, 9,6, D],

4 Iinide ad cager hsed an Nstal's rethod a fodagy aatin:
din[l6 ,17,8,5,8, 3]

A v ad coper bsed an the mtrix sigifudion [

In catrast tothe syretri c pdlema S\ 1o gaateed stalle and
higly padld dgrithnfa the rasyreric pdiemedsts. Rdrtion
to Msserberg fam(tle peeqisite to retlod (1) ad (4) dwoe) cn
e dre dfiatly [B , B ], ht Msserberg QRis hard to prdldize, ad
tle dler aroactes are it gavarteed to camerge adlar radee stalle
resdts. Wsuraize the trachdf anrg these rethods berey far amre
citaled suney see [ ]

Tsserterg QRis the serid etlod d ddce far dase erices. Fere
e teen a nrter o adtepts to prdldize it, dl o Wich mitan
nraicd staility sire they aatine to aly aly atlegd trasfa-
rdias to the aigm mrix ey imstead sacrifte anagice tde a
perfammae figs in ady toitrodee liger led B& a prdldism
D far tle prdldismles been too rabst a too fregdred to ke vay
adatagos. Intle prad gdsaibed in the intradetian, vere ve fdl
bk anadomr bt nore stale dgrithmif tle fast ae fals, Hsseberg
QRean fay the rde d tle stdle dgrithm

Rddtion torasyetric trid agrd fan{fdlowd by the trid sgad
IRA grithoh reqires roorthogrd trasfaretias. Fe dgrithmen
Treak com, reqititg restarting wth d férert iritid cadtias [
if it coes it bresk omy the roorthegrd trasfaratias reqired can
te abitraily ill-cdtiaed so saxifting stdility B raitaing the
adtion nrter ad restating if it eweed a thesldd sam stdility
can le rirtared & the ast  radbmruming tim Fe rare staility
is caadhd tle lagr the ruring tim my ke, ad thee is o uyer
hord
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ces (63 ]. Qitle dler ad hisection can essily be prdldized by hasirg
dffret poessas refie dsjdrnt inerds, edwting the Sunmseqerce
in the staded serid vy Hs imdws nrhless camicaian ad is
prefardle in st draustaes, wless tlee is spdd st fa prdld
prefi

Ihirg wed hisedian to aapte dgrdes, w st we imese it-
adim to ampte dgedas.  Srge inease itaation is dso emsy to
padldize, Wth each poessar imdperchitly capiting the d grsedtas
d tle dgrdes it ons. e, tlee is o gaatee d athgrd-
ity d the capted d grmectas, in artrast to Qitardion a- Gya's
mld[B |, Inprticdar, toadiee resadie atlggrdity ae nst re
atherdize d grectas agi et thse d reatyd gnd wes. s regires
cammicdion toidatify reaty d gand s, ad to trasfer the & grsec:

tas [5l ]. Intle said irgesmtaion in [3 ], eachiterate drirg imese
itadion is athgrdized agst peiody apted dgmedas; this
is it prdldizie Te pdld vesianin [5l | capetes dl tle imarse

iterdias in padld, ad then wes mdfed Garfdid in a ipdite
to pafamtle athgizian Bled Hare, weda j ws staed m
pocessa § 1l p (p is tle e o poesas), ads aresdt reathe
adiztion tak avery sl fradion d tle tdd tim tower, ths my
aly hwe heen effctive hecase d tle rd atidy slowfbating pitt on tle
ractire wed (11%C1). Inayewt, tle pice f gaateed athedity
ang the d gamectas is redred pudldism
Gpper’s rethod Tes been ad yed by ey prgde [19 , P, 3,5, 5,
10,8]. Atle ater d the dgrithnis the sdtiand the sedar aqation
fA) =0 dee f is ardicd fudianin A vise 7o ae dgand ws.
Tis dgrithn wile dime ad atrative, proed laed toirperat sta
Hy Fe tralle ws that to gwatee the capted dgmedas vae
athegd, it ageared thet the rats o f (A ) =0 led to ke capted in
chlle the impt pedsian [10 , B]. Veéntle impt is dready in datle
pedsian (o vetewer is the lagst pedsion suparted by the radire),
then qudrple val d e reedid, Wi ch iy be sird ded wirg dolle po

vdd duble is aarate angh [2 , 61]. S tle adldility d Gppers
dgrithmlined an hwirg sdfietly acarae fhating pin aithetic
(B, 10]. Reatly loeer, Gad Hsastat [48 | Tae foad a rewvay to

imeat ths dgrithmvich res extra redsion urecessary his,
even thogh careld |y rardd feating pritt tured at 1t to be recessary
towe Gyals dgrithmit tokseverd years o research to d scoer this,
sotle pice pid fa paly randd ftetirg pritt vis severd yeas f Hay

u



2.4 The symmetric eigenval ue probl emand singul ar val ue
deconposition

Te lsic pardld ok adldle fa duse s ae surmized s
fdlow. Wassua the reackr is acqd rted wth retlods dsassed in [47 ]

L Jecdi, Wich qerates antle aigd (dse) erix
2 Rdrtion fravdse totiidegrd (a hidagrd ) famfdloed by

(2) Bsection (psiHy acced erated), fdlowd by imerse iteration for
dgerectas (if dsired).

(b Qpwis duic ad ager wthod

(c) Qiteration (ad variatias).

Jach les been stom to te nre stale than the dler wlok @
tle list, poidd it is pgerly irderated ard aly ansaa dases
retrices (essertidly thoe viose syretric poitie diite plar fatar H
cnbe dagrdly sdeds D - H- D tobe wl-cadtiaed [ , T ]; far the
v wse the sqare d tle plar fatar). Inpaticdar, Jaodi is caplle o
coptitg tiny dgerd s a sirglar s wih iger tdadive aaracy
thnrethods rdyirgantrid agrization Sofar the arrar adlyses o these
o irjemtatias e dperkd an ther we o 242 dtatias, s
wed in aaratiad Jadi. Taeae the imer lap d these dgritha
prfamgeraias o s d 108 a durs, e led 1 BS [ ]
O may madites, it is nae dliat to d mrixmrix qadias lile
led 3 BA[31 ], soae is whivated to we Hak Judi istead vere
gap d Jobi rdatias ae accrdated itto a sinde lager athogre
rarix adaplied tothe rarixwth asitde ratri et xd tipication
[67, B, D] Itis ukonvetler ths Boding dstros the sutler erar
adyes in [, 7L ]; it is esy to slowtlet tle comertiad rormbesed
hdeard stalility adysis o Jodi is ot chaged by Hoddrg;

Rdrtion frandse totrid sgrd fanis efretly padldizdie tan
Fhirg redoed to trid agrd. fam w lme severd prdld rethod fran
Wich to dose. Bsection and QRiteration can beth e refarmd ated a5
theetermlirear recurrerces, ad so irganted wing pudld prefix in
O(leg 4 n ) tiraes dsaribed insection 22 Te stailityis upoen By
irats wth lisetion [ | ae araragrg bt the aly pHisted adysis
[D ] is wery pssinistic. Tritid resdts anthe dyb dgrithfar the hid
ad N an the dler tand indcate staility my be presered in sam
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g B Vst Aerae
Milod Sarch jigtes jigtes
Gt (serid) Gowh Gioth
apete n? On'*) | nlf
Rrtid n 2n—1 n2p
Pinise 1 g1 OMm)
Rudld 1 271 etlog n

"Hle 2 Sdility d aias pwing sdaes in [Udapsition

pdld pwding ae dl ustdle, bt o aeae aly pdld pding is
ustdle  Hs is vy we can wirg patid pydingin patice its wast
cxeis wayrae bt padld pwdingis sodtenustale & tole msdle
Wite thet andterrate kid  pardld pivting dsassedin [ | ayeas
e stalle, appvertly becase it diriretes ertries in dffrat cdurs &
Wl & row simltasasly Afid adysis d ths pdlemresis to e
dre. Wdso rde thet, onmay radies, the ast o patid pdingis
symidicly redigHe caped to the oard] captatiar the baeli
d faster putirgis sdvirg srler lirear systern rae effiatly

Wdoe ly dsailing the fastest kom prdld dgrithmfar sdvitg
Az =b [B ]. Tt is dsoso mmicly ustdle & to ke wdess in patice
TFere are far stes:

1) @apte the ppas A (A 2043, L, AT by ramaed
sqairg (lg o n mrixndtigies d lg om0 steps each).

?) (cmte tle traces s ;=tr (AY) d the powas inleg oM st
3) Sle the Nateni dtities far the coffiats a ; o the darac
teistic pdyraid; thsis atriagla systemd lirear equtias

viose rebri x ertries and riglt bard si b ave kominiegers and

tles ; (wendtlisinlg 2n step s dscri bed doe).
4) Grpte the i merse wi g Gtey Hiid ton Fearen{in at
lg o n step).

Te dgrithnis soustdie & tolse dl pedsicninimertingd] indale
predsiay, vere [ is the idatity mrix d size @ a lager.

tification, and some are purely empirical. Alan Edelman believes the n 2/2

pivot growth for partial pivoting should really be n 172

average case

2



adnraicd stadility trak ot

Rrdldismin [Udcapsitioan (addlers) is dtenatta red by ok
itg lr eape, if A is syeric ad ptie dfiite its (desky
fataiztion A =R TR mayte didd irto thee Hads & fdlow:

R, 0 0 Ry1 Riz Rus
A=RTR=| R, RL, 0 |-| 0 Ry Ry
Ry Ris Ri 0 0 Ry

IAXIGwes the led 3 B which perfarmmtrix rd tiication and

tiapla: sytemsdving in its irgerataion o ths dgrithm[3 . @
saaratites, sdvirg triagla systernis ratter less efiat thmretrix

rtigicdiay so thet an dterrative dgrithmisirg aly rerix rd tigi-

ctiam is pefared  Hs cn ke dre poidd ve cante the fdloing

Hock cheapsi tion istead I stardard (desky:
I 0 0 U11 U12 U13
A=LU = Lyy I 0 |- 0 Uy Uss
L3y Lsy [T 0 0 Uss

In[RB ] itis stomthet wirg ths Hok Uto sde the sytric pritive
dfiite swtemAr =b ydd asduion z sdisfirg (A 40A4)"  « =b, wth
J6A] =O(EKs(A) 2 A], dre x (4) = A] - |4 1] s tle codtian
nater. Hs catrasts wth the staded tadwad stahility adysis o
(desky Wich idds ||6A|] =O0()||Al|. S the fid era bord fran
Hok IWis O(e )(k (A)) 32 nrh iger thn O (e ) (A) far Gdesky R
is the pice pidin stdility far speed ip
Acther traceoffocars inthe didce  pvdting strategy [ 77 ]. Testar
drd vt stratedjes ave caplete pting (vere ve search far the langest
atryin tle rerring suherix), prtid pting(tle wd ddce, dee
w aly search tle carat ddun far the lagst atry), prise pdig
(2] Meealyrosn adn —1age inpwtigaddinsia then
o8 n —ladn 2adsoaptotle top) adpdld pting(deetle
rertitg 108 ae gopedinpars, adeage inpwirgaddinmtion
sirdtaeasly). Mitler pirvse e pdld pivdting regire pivet search
atsice d twros, ht prdse pdigis iteaily seqartid inits ac
cess to row, vieress prdld pindting (a5 its ram irdcates) prdldizes
esily "Hle 2 surmizes the adydis in [77 | d the speed and stalility
these 1ethods L Te pirt is thet in the vast case patid, pirdse ad

1Som taH e entries have been proven, some are empirical wth sore theoretical jus-

1



@pte 3 ; =b ;/ p inpdld
Gptes ;=0 o+ - - 45 ;-1 wigpdld pdkadition
pte 2 ; =s ;- p—y inpudld

hs agrochesterth ton terndirear recurrertes 2 i = Z]";% a; ;%i— i+
b;, ht the sscdative geraionbeoass 1 —1hyn —1 mrixmdtigic
tim Bsic liter dgdra qeratias ich can be sdved this vy irduk
tridegrd Giesiandiriretion (a thee ternrecurrerce), sdvirg hid o
 lirear systes (twterms), Suseqerce ed wtianfar the sytric
tridegrd dgrpdiem(thee term), ad the hidagrd dyb dgrithm
fa srglar Wws (thee tam) [63 ].
Temrericd stdilityd these dgrithmis nt capetd y urbrstaxd
kr samaglictias, it is esytosee the errar borrd are rather warse than

tle thee d the seqatid irdaataion [2) ]. k& dhes, schas Sum
seqerce edwtion [H |, emiricd exichice sigsts it is stale emaph to
e in practice.
Adler sarced imstalility besi cbs roaddffis sweepti Bl ty tooer rckrfby
becase d the reed to capte eterkd podrts (swh & p s =a g - €

awe).  Tese oerfucifbs ae dten uesatid hecase tle atpt

Wil ewtdly ke tle sdtian scded to tee uit rarm(imese iteration
fa dgmectas). Bt to we prdld pefix ae nst dtler scde efae
nitigiction a dd wth oerindefowafter it occus; the latter re
qires resarle exetian tadig [ 5 ]. Inthe best cse, awa-led trap
tader wald ke cled to dd vith scdig dter oerfudsfby reqir-

irg o oetead if Toeretias ccar. Nt best is an exeption fhg thet
auld te tested poiddtlis cndsote die qiddy Te wast sitwtian
ocars vien dl exetias reqite atrapinio qerating systenody wich

is then hideds o thasads o tires doer than a sirde ftating pint
qudiar ths is the ese anthe o dip fa eage  In this cse
it is praally better to axk dfersivdy by scdirg esery step to add dl
prsiblityd oerfudafby Hs is ufaturte becase it mes patdle

axk solard towite et is fastest anae radire my ke very lowan
ather, ewen thogh bith fardly irdemt THEai thetic.

2.3 Linear equation sol ving

In spection 21, we dscassed the inpt o irderatig [Udaams
sition wirg B bsed an Srasser’s rathod  In this section we dsass
dler aiaias alivear eqetion sdving vere prdldism(ar just speed)

0



Hagre 1| BPrdld Refikn 16 [%a Iterm

(ot l2[3]4[5[6]7[8]9[afblcf[dfe]f

_Jor ] J23] [45] (67| |8 ] Jab]| Jed| [fef]
o Jeel [ ] Jer | | [ [8b] [ [ [
N 2 N I I D =
e P [ Jof
o Jeef [
b Jes | f [ Jeof] | [ Joed] |
[ o] Jea] Jee | [88] fea] G| [Ge

2.2 Parallel prefix

Hs pdld qeraian dso cdled san my be dsaibed & fdlos. Tet
Ty, . .. b dtaitan ard - ay ssoddive geation Ten the scn
d tlhese n dta itan ydd aler n dta itan dfied by y
YL =T g Xy eer o Yg =T g+ @ - - &y they ; istle rediand =
x;. Te dtrationd ths geratian, dler thanits wefuress, is its eme d
imeataio wig asirge tree d poessas. Billwtrae in fgre 1
fan =K a f inleabdi wdiar in tle fpre w dheide o
yiade --a; yi:j. Ixhrovidete the dws Hd by tle 16
fraessas; alter the fist rowaly the dta thet dages is indcated  Ech
uphted ertry aahires its curert e wth ae a fied dstace to its
left.

Brdld pefx my be wed to sdve lirear recurerce rdatias. ka

0 =7 o,

o thagh

eape, to edwte z i =a %4 5, 0 > 0 2o =0 w b the fdloing

qperatias:
(dpte p ;= o - a; wigpdld pdkmtigiction

9



tiapla: systensdvitg wth ray rigt tad sids [49 |, & Wl & my
retlod besids Srassars [ 11 ]
Fese oy dfér ven there is sigifeat dférene in the seing
A ad B. l& eape, dageg A to AD ad B to D ~1B sere D is
dag des 1t dage the ara bond far anatiad mdtigiction
ht can e Srassals atitraily lage Asq if A =|A| ad B =| B|,
then the cosertiad boud says ech capoet A - B is capted to
ligh rd dtive acaracy; Sressan's can ot gevatee this.
Q the dler tad st e adws d Gesian didrtion ad
dher rarixratites tsed an B bt dyerd anthis dffrerce; and
rern wetly the sarm vien Srassen hised BA ae wed [27 ]. Gy
ven tle mrix a mrics ae stragdy gakd (the dagrd mtrix D
aweis ill-amdtiaed) Wl the rdative imstdility  Srassers be reticed
Srictly speaitg, the traddffd speed and stdility hetwen comen
tiad ad Sressen’s rerix md ti i cation does b dbperd on pard llism
ht atle dsire to exldt may Herardies in mohn madites. Te
ret dgrithm a prdld dgrithmfa sdvig tiapla syters, add
aly ke d irterest in a prdld catet ecase it wes dgifratly rae
ftys than the corertiad dgrithm
Te dgrithmmay ke dsailed & fdlos. It T te auit lom tri-
agla mrix (a it degrd can exily e scded to ke uit). I

echi franlton —1 1l T ; eql tle idatity mtrix evept fao cdun
¢ dere it mides T, Tenit is singe towify T =T 1T - 11 adso
T-1 =1 7L - Ty Qe cndso esily see thet T T eqds tle idn

tity exet far tle sudagrd  dun e, vee it is the regtive d T

Tis T ' cows free, and the wak to le due is to capte the prodrt

T-L - TV inlog on mdld step wigatre Behprdld stepindws

mitigyig n lyn mwrics (dich ae intidly qgite spase, ht fll wp),

adsotaes dat log on mdld sustes, fa atdd o log 2n . Bra ady
sis d this dgrithn] @ | vidds anerrar toud paurtiad tok (1) 3¢ viere
k(YT |7 Y is the cod ticnmater ande is radire pedsiay this

is in catrast to tle errar bord k(1) far the wdl dgrithm Fe e

hod far the prdld dgrithmmay be pessitistic —the vast eaple

ve twe fard les anerrar goinglile x (T7) L5 —ht stos thet there is

a trachoff hetwen pard 1d i smand staility



the pdability ges domwith M. Fe resmis thet the timmtosdwe an
MY2 y M Y2 nrix gowlile M 32 o thet the higer the rary the
fesr such e ve can sdve per seaod
Adler amseqere d ths fardais tht radmtestitg irterdd
to dsaoer imstdilities in a progamis noe effdie ven die & low
predsian

2 Trading Off Numerical Accuracy and Paral -
lelismin NewAlgorithms

2.1 Fast BLAS

Te BA o Ikic iear Agdra Stratites, are hildrg Hads far
ray lirear dgdra aabs, ad so tley slodd e & dliat & pribe
Wdsaile tw vas d acderding themthet sacrifre sam mraicd
stahility to sped T stalility loses ae it drastic, and a ressade
BAirdeaatdio it casidy wiig them

Sressen’s rethod is afast vy o dirg rArix rd tigdi catian bised an
rd tigying 2 by 21etri ces wing Trd tigies ad Ba 8atitias itstead

d 8nitifies ad 4 aditias [1 ]. Sressenredees n by rerix mdti-
fictionton / 2lyn / 2mrixndtigication ad alltiay ad recusivdy
ton /2 tyn/ 2k, Its omdl apeityis thadfae O(n log Ty ~ O(n 281)

itead & O(n 3). Te castat in the O(- ) is, lower, ch lagr fa

Sressen’s than far stragtfovad mtrix mitigicatian, ad so Srassen's

is aly fster far lage mrics. In patice are k is lag aoph so the

n/ % tyn /2% sthrics ft in fast moy cnetiad mrixmtigy

mayhe wed  Adatmcdkd Srassen's rethod is the reed far estra starage

far interred ate resits. Tt tes heen irderated an the Gay 2 [9 , 8] ad
Te aasartiad erar boud far mrix mdtigictionis & fdlos:

|féonv(A‘B)—A-B| <n-e¢g- |A| . |B|

vere the dsd e s o mrics ad the ireqdity ae mat cp

retvise. e boud far Sressar’s [13 LU, D] is
I Bussee - BY=A- Bllas < £ (0)- < 1Al - Bl 06 2)
vere || - || a7 daddes the lagst coprert indsdue dw, ad f (n) =

On'o212)~ O(n 3%). s cnle eterkd todl tle dler B swhas



ariety? Wiay doose 1) to axrespd to anacaracy thestd d, pdiem
lyitg atsice dstare 1 g gaateed to e sdved aorady eragh
ad thse wtlin 7 berg scetiHe tosigifrat itcaray kb earle,
we my dose 7 =10 de (dere ¢ is tle mdire pedsia) if ve vsh to
gmatee a lest d sigifrat ddm dgts in the asvar.

It tums at thet fa- agvenaiety wcanwite dmasirge fanla
tht estirtes ths pdaility & afuction f sewrd sinde paaters
(20, 41 ]: the prdability per secd P of being witlin g o anirstdility is
(5]

P=C-M%" 5.9

e C' ad b ae pdendyedat castats, M is the rry size in
vads, ad S is the radire speed in fiys e secad

It eaqle, caridy an INDdite vere v a4 gn each racessar
the jobd Wbaapsition d anircbpercrt, radnored mrix d foed
size n, adrepd ths. Wdose [Uvithot pading in adr to hest
reichthe INDdi tectue d the radite. Wassurathet each prasessar
tes aneqd amart o mary sothet M is pgurtiad totle nber

passas M =p - M . (Ijdl ], vewe the fact thet the pdalility thet a

rathmn byn red mrixes acadtio e || A]| FIlATY|2 etedrg
1/ 7 is &yqidic to n 32y, Fly suypre tht w vat to apte
the aswr Wth d ddmi dgts d acaracy so thet w pck p =10 de,

(abrirgths idamio v gt that the pdahlity pr secod tht an
irstalility coours (hecase aratrix fes cadtion nuder exeedg 1/ 1) is
& lesst ant

S 3

P =p x %xnw]()de:m- M-§5-1-¢

Te imrtat feauwes d this famlais tht is gos wth inresing
reary size M, wthincresing radire speed S, ad dsived aoracy d,
dl o vich ae gaateed togov Wean lomr the pdability Towser,
by shitking e, i.e by wing noe acrate aithetic

@k 1ight djject thet a better sduianis to we QRfataization wth
Ghars rodias imtead o 11 becase this is garatead to e stalle
wihat pidirg adsois andle to INDrjemtadion Iwer, it
its three tives & AV s, S we see there is a tradkdThetveen speed

arl sthility
If we imstead Il 1p the ramy Wth a sige mrix d size M 12 1y
MUY2 | tlentle posbility dags toP =1 5 M “3MA. 5. 108 €. Tterestigy



feating pirt fration "Hs reas the rdative acoray d the asvr Wil
eadnt en 4 =2 ~Pp*. I tlis tole less thma eqd 0 10 6 ve med
27Ppt <0 Cap >4 ,n Hlg , 0~ dg ,n 0 InlHEGHe
pedsiay p =Rsovenst lmen < 20 dichis farly sml.
@k 1igt dyject thet far the hhamaic eqetian Tagae’s eqrtian,
ad dlers frommttersticd pysics, if tley hme sffiatly reglarity
thenae canwe tedriqes lile ndtigid, durn deapsition ad BB
to @t acrate sduias fa lagr n (fa the Blarmaic, we horday
irtegd 1etlod a [12 - Hs is hecase these rethod wrk best wen
the rigt hadsick b adsddianz ae bith ressaelly smath fudtias,
sothd the nre etrarasirglar s d the d ffratid qeratas aed
exited ad the lad cadtiaing is it visiHe Qe dten egldts this in
patice Sinthelagrm dewr dgriths my beaom adlaie wich
rtigte the ill-cadtiairg In the shat 1 mre acode aithetic
(alagr p ) wald lwe pritted cosatiad dgriths to scde wp to
lagr pdlan Wthot dage ad resin wdd lagre. WAl se this
deoem laer & wl.

1.3 Increasing probability of randominstabilities

Sranmaicd istdilities aly occar ven eat a rear cardldion o>
cus inanraicd poess. Inpatialar, theresdt o the caed Lati an st
st a sigifrat los d rdative acaragy; ad then paegte harfdly
thagh the rest o the dgrithm Te bst kom eagle is Grsian
diriition wthot ptirg wich is ustdle pedsdy ven a lead g
pirdp stdrixis sgla a walysa e st  rarices vere this
oars s died byaset d plymid eqetias: dt A)=Qr=l, ..., n,
vee A, is aleadigr by r pird sdrix o tle mrix A. Me
gradly the st  pdlen o a rear dich cardldian occas is an
dgebrac wriey in tle spee o tle pdleds adeas, i.e dfied by
aset d plyaid eqetias in the pdleds pradas. @dricdly
arieties are smath sufaces exvat far poesitle sdf intersectias ad asps.
her eapes d sch aidies iduk plyaids wth mdtige rodts,
rerices wth mitige dgdes, rarices wth gvwn rals, ad so
[(B,2,40,4].

Sree imstdility arises 1 just en ar pdlemlies anavariety bt
Wenit is rear ae, ve vat to kowtosray pdiamn lie rear avaiety
@k ry anaiatly rfarmdde this & a pdabilistic gestiar gwen a
‘Yachil prddem vt is the pdability thet it lies withindstace n d a



(apter Bts N I averart
predsion
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(arex 20) &1 lel6 RIrZ7035 R
IHS &1 lel6 RIrZ7035 R
BB &1 lelr v
Gay 2 & 4e 15 RrZ715 ) S
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"Hle I Sarse (desky Rsdts

the dler had tle dffare is dws alittle too big S the ara aca
maes wth eech stract, imstead  aerggrgat s athe Gy 2 e
avrdatitg arar is erysil, ad rdes little dffrece & lag s tlee
aent toomay taminthe sun Bt n =I6146 v fielly lane erogh
to came amticedle los 2 ddd pases intle fid asa. Te fk
wed by Giter ws to we tle sirde pedsion iterdtive refieat ratite
SGERFS in LAAK[3 ).

Te lessas o this eagle ae thet imstadility ry beoam isiHe aly
venapdieats drasa leaaes law eoph, ad thet accrate ai th
retic wadd lme ritigited the imstdility

1.2 Increasing condition nunbers

TFe 1t sectian showd howi stabili ty can arise Wen erras accud ate in

the carse d sdvirg lagr pdiam thn ewr aterpied fae. Adther

wy this can aise is ven the cad tion nrber ' the pdlemgos tm

rapdy wthits size. Hs my lagpen fa eagle, ven w inrese the

resh dhrsity wth ich w dsaetize a prticda HY @eide the B-

tarmaic eqetian u o U yyyy =f @an byn mh vith oy
axdtias dosen so thet it represats tle dsjacmt o a sqae sheet

fied a the edes. Te litear systemAx =b  resdting frantlhe dscretiza

tion Ies a cadtion mter dich gow lile n 4. Syppe thet w vat
to capte the sdution axrect to 6 ddrd dgts (a rdative acurary o
10 =6).

(@edly ae cnsdwe Az =b vith a bdwdara & adr ¢, the
radite pedsian Wte ¢ =2 P dee p is tle niter & hits in the



fratitg pirt aitheic ws accrde eragh to dimlae dotle the impt
pedsan[19 .3, B, 0]. Jst recatly arewfandaiond the imer lap
ws foud Wich rak this ureessary [8 . e fat reds th fa a
nrter d years, the aly kom wy to we ths dgrithmstaly ws da
etrapedsion Hae cansayth the pice d irsdliatly accorde aith
ric ws it an irehility to sdwe this pddem ht seerd yeas o 1ot
pradutivity becase anre stragtfavd dgri thmoald b e wed

Sctian 1 descri bes Fowd g thm Wi ch hse been swcessfd. an sl
a e ursized pdiem can fal den tley ae scded ptorman lagr
radites ad prdlerm Sction 2 describes pardld dgrithm Wich ae
less stle thntldr said conterpats. Te bereft d better fhating pritt
aithetic Wil be pirted at wile dsassitg the rdeat eaes, ard
oerd] recadtias fa arithetic suraized insedion 3

1 Barriers to Scaling upOld Algorithms

1.1 Sparse Chol esky on the Cray Y-MP and Cray 2

Wdsass the exprience of Resdl (Grter in porting an existing axk far
sparse (i esky factai zati ntoa Gay YN[ 15 |. (deskyis averystaie
dgrithn ad ths cok ted been in we far saa tim Te Gay YNP
v lager thn radites pedasly adldle, ad Giter tanit amalage
liter systemAz =b frama strutud maH. A led dredian 1646
Redts ae slomintdie 1 Fe fist adunis the capter wth vich
the prenis sdwd the secad is the nrber o Bts in the fleting part
fardt, the thrd cdunis the agrad rate rd ot ve acoracy wth i chthe
fhating pirt aithetic can represart nbers (Michis ot the accuwacy
d aptaio m the Gay [H ]), ad the lest cdun reards ae o the
sdution caporerts o irterest. Te toplite, dichis dae to dbat tee
the aaray  the dhas, is acordeindl tle dgts stom Intle dler
resdts the inaredt dgts ae udalived
It can e seen thet the Gay YNR oses twonre dgi ts thtle Giay2
een thogh bith ae wing 61 bt wds, ad thar Bfratiarbt aith
retics ae qite silar. Te reson far this dscemcy is thet hth the
Gay 2 ad Gay YW sutract ircarectly ht the Gay 2 des so in
a ubised aver. In paticdar, the imer lap  (desky captes
a;; — Z;;ll afj, dee @ 4 is pitive ad the fid tesdt is dso poitie
Waeer the Gay 2 siiracts ana 7, the aerap ena is ( the coaypted
dffrare is to lae s dten & it is tosdl. @ the Gy Y o



Qr prpoe in ths pyer is to pint at thet dsiging satisfataily
fost ad sthle prdld nraicd dgrithmis i so ey & padldizing
stelle serid dgrithm Widnify twdstades:

1 A dgrithmich ws akqute an sl pdlen my fal are
they ae lae angh Hs beaaws eidat den the dgrithmis
wed analae padld mdire to sdve lagr pdlen than prsi-
He bfae Resas fa ths gegam iduk rardffaccud &
iy systerti cdly ircreasi g cad tion nirbers, ard systeraticdly
liger praability o “tacbmimstahility”

2 Afst padld dgrithda apdlemmy be sigi fratly less stalle
thnafest said dgrithn Indler wrds, there is atraddThetveen
prdldismand stahility

W sodsass twtechi qes Wi chsodi res rerae ar 1iti gite these
dstades. Te fist is good fladirg point arithrtic, didhy dyperdig an
the sitwtion, ayrem caefdly rard rg, adqete ecetion ladirg, o
the adldility d extra predsion wthat escessive slovbm e secand
tedriqe is & fdlom:

1 Sl tle pdlemising a fast whod poiddit is rady ustdle

2 @Qdiy ad rdidly cafrma day tle acoracy o the capted
sduion  Wh ligh pdalility tle asver jst (qicdy) capted
is acrate engh to leep

3 (@hervse, recapte the dsired resdt wing a slowr bt rare di-
dle dgrithm

his prad grlets 1w catire afast bt occasi adly ustale rethod wth
adom, nre rdidle ae to gt gaateed rdidility ad wdly qidk
eeation @ add dso dage the third step to jwt isse a varing
Wi ch wal dgaratee fast eectiay, gaatee it toretunan urdiale
aswr, bt acasiadly fal to rebunan asver & dl. Weh parad gmi's
peferdie is adication chparchat.

Te by f the pper ausists o asaies d eaples dam bith fran
tle litaratwe ad franthe eperiene in tle MK poject [3
ar wbstadreg d pdlan inpoes, tle statws o these tracd® Wil
dage. kr eaye util reatly it ws prsife to we a crtdn pad-
ld dgrithmfa tle symetric tridagrd dgmrde pdlemaly if the



TRADING OFF PARALLELISM AND NUMERICAL STABIL-
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ASIRAT Te fastest prdld dgrithmfa a pdiemray te sigifi
catlyless stale e cdly than the fastest serid dgithm Wil wstrate
ths gerawm by a saies  eapes dam fronnmaicd lirear d-
olra  Wiso stowlhowsaa o these irstalilities ey be ritigted by
better fhatitg pritt aithetic.

KXY Rrdld maicd livear dghra, nraricd stability flating
part aithsic

Introduction

Te st ratud vaytodsign apardld nraicd dgrithms totde an
esisting i cdly stale dgrithmand prdldize it. If the pdld ver-
sion prfarm the sam flting pint gerdias & the said ey ad
in tle sam ader, ae exgrcts it to ke eqdly stdle nraicdly Insaa
capes, swh & Hrix gqeraias, ae epeds tht tle padld dgrithm
may readr sam gqeraias (suh & capting sum) whot saoife

ing nrericd stahility In dher cses, rerdaing sum cadd udsrire
stdility eg OB ad HE.



