
[12] G. Miller, S. Teng, W. Thurston, and S. Vavasi s, Automatic mesh partitioning, in Work-
shop onSparse Matrix Computations: GraphTheory Issues and Algorithms, Institutefor
Mathematics andIts Applications, Springer-Verlag, 1992.

[13] G. L. Mi ller, S. Teng, and S. A. Vavasi s, Auni�ed geometric approach to graph separators,
inProceedingsof the32ndAnnual SymposiumonFoundationsof ComputerScience, IEEE,
1991, pp. 538{547.

[14] G. L. Mi ller andW. Thurston, Separators intwoand three dimensions, inProc. 22ndAnn.
ACMSymp. Theoryof Comput., New York, 1990, ACM, pp. 300{309.

[15] A. Pothen, H. D. Si mon, and K. -P. Li ou, Partitioning sparse matrices with eigenvectors of
graphs, SIAMJ. MatrixAnal. Appl., 11(1990), pp. 430{452.

[16] J. D. Ullman, Computational Aspects of VLSI, ComputerSciencePress, Rockville, Maryland,
1984.

[17] S. A. Vavasi s, Automatic domainpartitioning inthreedimensions, SIAMJ. Sci. Stat. Comput.,
12(1991), pp. 950{970.

24



relativel y primi ti ve and cumbersome paral l el I/O faci l i ti es currentl y avai labl e. Even-

tual l y the al gori thmwe have devel oped wi l l be i ntegrated i nto an overal l di stri buted

paral l el sof tware envi ronment, suchas a structural anal ysi s package, so that the prob-

l emcan be generated and sol ved i n pl ace on the paral l el machine, wi th probl emsi ze

l imited onl y by the total memory avai lable on the enti re ensembl e of processors. Our

prel iminary resul ts wi th much smal l er probl ems encourage us to expect the CND

al gori thmto be very e�ecti ve i n such an envi ronment.

8. Future Work. We are encouraged by our resul ts to date, but a consi derabl e

amount of workremains to be done al ong these l i nes. More extensi ve experimentati on

i s needed, bothi nsol vi ngmuchl arger andmore di verse probl ems andincompari ngthe

resul ts wi th other competi ng al gori thms. The orderi ng al gori thmcould be extended

i n several ways. For exampl e, i t may compute a separator that i s unnecessari l y l arge,

and i t would be desi rabl e to reduce the separator to one of minimal si ze. We would

al so l i ke to experiment wi th randomsampl i ng techni ques to reduce the computati onal

cost of the al gori thm. Another area for further research i s the use of rotati ons, con-

formal mappings, or other transformati ons of the i nput graph that might enhance the

e�ecti veness of the Cartesi an nested di ssecti on al gori thm. The al gori thmcould al so

be general i zed to handl e probl ems i n three dimensi ons.

We are currentl y engaged i n usi ng the noti on of Cartesi an separators to desi gn

an al gori thmfor di rectl y computi ng a sui tabl e orderi ng for a nonsymmetri c sparse

matri xA wi thout �rst computi ng the structure of A TA. Of course, the ul timate goal

i s to sol ve l arge sparse systems of l i near equati ons, so devel opment of compl emen-

tary al gori thms for the subsequent numeri cal phases of the computati on must al so

be compl eted. Fi nal l y, the enti re sui te of al gori thms needs to be i ntegrated i nto a

usabl e sof tware l i brary format, and al so i ntegrated i nto sof tware packages for speci �c

appl i cati ons areas, such as �ni te el ement structural anal ysi s.
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Table 6

Time in seconds for ordering regular grids.

P G100 G20 0 G30 0 G40 0

1 2 . 4 1 2 . 3 3 6. 7

2 2 . 1 8. 3 2 4 . 9

4 1 . 1 5. 1 1 2 . 0 2 2 . 8

8 0 . 6 2 . 6 6 . 9 1 1 . 2

1 6 0 . 4 1 . 6 3 . 6 5 . 9

3 2 0 . 3 1 . 0 2 . 0 3 . 5

6 4 0 . 3 0 . 7 1 . 3 2 . 1

1 2 8 0 . 3 0 . 5 0 . 9 1 . 4

Tab l e 7

Ti me i n s e c o nd s f o r o r d e r i ng L-s ha pe d g r a p h s .

CND- b a l CND- o p t

P L3 L6 L1 2 L3 L6 L1 2

1 9 . 1 2 0 . 0

2 5 . 9 1 4 . 6 1 0 . 1 1 9 . 8

4 4 . 0 8 . 9 1 5 . 2 6 . 9 1 3 . 2 2 5 . 7

8 2 . 1 4 . 4 8 . 5 4 . 4 8 . 7 1 9 . 1

1 6 1 . 3 2 . 5 4 . 7 3 . 0 5 . 5 1 1 . 1

3 2 0 . 9 1 . 6 3 . 0 2 . 3 3 . 7 8 . 9

6 4 0 . 7 1 . 1 2 . 0 1 . 8 2 . 8 6 . 2

1 2 8 0 . 6 0 . 9 1 . 6 1 . 5 2 . 4 5 . 0
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Tab l e 3

Mil lions of 
oating-point operations tocomputeL.

Pr o bl e mCND- ba l CND- o pt AND MMD

L3 2 2 1 4 2 4 1 3

L6 4 9 3 5 5 5 2 7

L1 2 2 7 8 1 2 0 2 1 9 6 6

us i ng a g i v e n o r de r i ng . Bo t h me a s ur e s a r e r a t he r p e s s i mi s t i c , howe v e r , i n t ha t t he y

no t t a k e i nt o a c c o unt a l l o f t he a va i l ab l e s o ur c e s o f pa r a l l e l i s m, no r do t he y a c c o

f o r d i �e r e nc e s i n t he a bi l i t y t o e xpl o i t de ns e ma t r i x k e r ne l s i n t he c omput a t i o

Ne v e r t he l e s s , we s e e t ha t CND- o pt pr o duc e s s ho r t e r e l i mi na t i o n t r e e s t ha n AND o r

MMD, a nd t he c r i t i c a l c o s t f o r CND- o pt i s a l s o v e r y c ompe t i t i ve wi t h t he o t he r

o r de r i ng s . We e xpe c t t he e l i mi na t i on t r e e s pr o duc e d by CND- ba l t o b e v e r y we l l

ba l a nc e d , but t he l a r g e r s e pa r a t o r s i nc ur r e d c a n c a us e t he t o t a l he i g ht o f t he t r e e

t he c r i t i c a l c o s t t o b e s i g n i �c a nt l y h i g he r t ha n t ho s e f o r t he o t he r t hr e e o r de r i n

Tab l e 4

Eliminationtreeheight.

Pr o bl e mCND- ba l CND- o pt AND MMD

L3 6 3 2 4 4 1 5 8 1 5 8 0

L6 6 7 2 6 6 8 6 7 5 9 1 5

L1 2 1 6 2 6 9 9 5 1 4 4 4 1 3 9 7

Tab l e 5

Work along critical path.

Pr o bl e mCND- ba l CND- o pt AND MMD

L3 1 1 2 . 7 1 1 3 . 0

L6 1 3 6 . 8 2 1 4 . 6

L1 2 1 3 4 3 1 . 0 7 7 1 3 . 0

Ta bl e s 6 a nd 7 s how t he o r de r i ng t i me s f o r t he CND a l g o r i t hm us i ng va r i o us

numbe r s o f pr o c e s s o r s P o n a n i PSC/ 8 6 0 hype r c ub e mul t i c omput e r . The bl a nk e nt r i e s

i n t he t a b l e s i nd i c a t e c a s e s t ha t we r e no t r un be c a us e t he pr o bl e mwoul d no t �t i n

me mor y f o r t ha t numbe r o f pr o c e s s o r s . We c a nno t g i v e c ompa r a t i ve r e s u l t s f o r AND

and MMD, s i nc e t he y a r e no t pa r a l l e l a l g o r i t hms . I n Ta bl e 6 we s how r e s u l t s o n l y

f o r CND- ba l , s i nc e i t a l r e a dy pr o duc e s i de a l o r de r i ng s f o r s qua r e g r i ds , a nd he n

t he r e i s no ne e d t o us e t he o pt i ma l c r i t e r i o n . As e xp e c t e d f o r a ny �xe d pr o bl e m

s i z e , we s e e a d i mi n i s h i ng g a i n a s mo r e pr o c e s s o r s a r e us e d . Ye t , i n l i g ht o f o u

pr e v i o us e xp e r i e nc e wi t h s pa r s e ma t r i x a l g o r i t hms o n s uc h pa r a l l e l ma c hi ne s , we �n

i t e nc o ur a g i ng t ha t we c o nt i nue t o s e e a ny s p e e dup a t a l l a s we r e a c h a s many a s

1 2 8 pr o c e s s o r s . I n pa r t i c u l a r , t he s e r e s u l t s s ug g e s t t ha t c ommuni c a t i o n c o s t s a r

g r owi ng unr e a s o na bl y a s t he numbe r o f pr o c e s s o r s i nc r e a s e s .

I t s ho ul d b e no t e d t ha t a l l o f t he s e t e s t pr o b l e ms a r e r e l a t i v e l y s ma l l , a s e v e n

l a r g e s t pr o b l e ms s t i l l �t o n o nl y f o ur pr o c e s s o r s . The s i z e o f o ur t e s t pr o b l e ms wa s

i t e d by t he l o g i s t i c d i �c ul t i e s o f g e ne r a t i ng l a r g e pr o bl e ms , t r a ns f e r r i ng t he ma

na t i o na l ne t wo r k s , a nd g e t t i ng t he mi nt o a nd o ut o f t he pa r a l l e l ma c hi ne s t hr o ug h t h
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Tab l e 1

Descriptionof test problems.

Pr o bl e m N M

G10 0 1 0 , 0 0 0 1 9 , 0 0 0

G2 0 0 4 0 , 0 0 0 7 9 , 0 0 0

G3 0 0 9 0 , 0 0 01 7 9 , 4 0 0

G4 0 0 1 6 0 , 0 0 03 1 9 , 2 0 0

L3 1 2 , 8 6 4 3 7 , 9 8 3

L6 2 5 , 7 2 8 7 6 , 0 8 6

L1 2 4 2 , 8 8 01 2 7 , 1 7 0

o f � = 1 =3 . The l a t t e r c ho i c e f o r � i s he ur i s t i c ; i t i s s i mpl y i nt e nde d t o g i v e t h

a l g o r i t hms ome f r e e domt o r e duc e t he s e pa r a t o r s i z e , y e t no t a l l ow t he s p l i t t i ng o f

g r a ph t o b e c ome t o o s k e we d. We no t e t ha t t h i s va l ue ha s a l s o s ome t i me s b e e n us e d

i n t he o r e t i c a l wo r k o n g r a ph s e pa r a t o r s [9]. CND- ba l do e s no t r e qui r e e s t i ma t i o n o r

o pt i mi z a t i o n o f t he s e pa r a t o r s i z e , a nd he nc e i s l e s s c o s t l y t o c omput e t ha n CND

opt . CND- ba l s ho ul d pr o duc e we l l ba l a nc e d s ubg r a phs but may s u�e r a g r e a t de a l

o f � l l . CND- o pt , o n t he o t he r ha nd, i nc ur s muc h l e s s � l l but ma y no t ma i nt a i n g o o d

ba l a nc e . As me nt i o ne d e a r l i e r , we ha ve a l s o i mpl e me nt e d a hybr i d a l g o r i t hm t ha t

us e s CND- o pt f o r t he h i g he s t l e v e l s o f ne s t e d di s s e c t i o n i n o r de r t o k e e p t ho s e c r i

s e pa r a t o r s s ma l l , t he n s wi t c he s o v e r t o t he c he a p e r CND- ba l f o r t he r e ma i n i ng l e v e

o f d i s s e c t i o n . We do no t pr o v i de r e s u l t s f o r t h i s hybr i d a ppr o a c h , howe ve r , a s t h

s i mpl y f a l l b e t we e n t ho s e f o r pur e CND- o pt a nd CND- ba l , mi mi c k i ng o ne o r t he

o t he r mo r e c l o s e l y de p e ndi ng o n t he c r o s s o v e r po i nt c ho s e n f o r s wi t c h i ng c r i t e r i a .

c ompa r i s o n wi t h CND- ba l a nd CND- o pt , we a l s o g i v e r e s u l t s f o r t wo we l l known s e r i a l

o r de r i ng a l g o r i t hms , Aut oma t i c Ne s t e d Di s s e c t i o n (AND) [ 5] a nd Mul t i p l e Mi ni mum

De g r e e ( MMD) [ 1 0] .

Ta bl e s 2 a nd 3 c ompa r e t he o r de r i ng s wi t h r e s p e c t t o s pa r s i t y pr e s e r va t i o n by

c o ns i de r i ng t he r e s u l t i ng numbe r o f no nz e r o s i n t he Cho l e s ky f a c t o r L a nd t he t o t a

numbe r o f 
o a t i ng - po i nt o p e r a t i o ns r e qui r e d t o c omput e L. The r e i s no ne e d f o r

a s pa r s i t y c ompa r i s o n f o r t he r e g u l a r g r i ds , s i nc e CND- ba l pr o duc e s t he o r e t i c a

i de a l o r de r i ng s f o r s uc h pr o bl e ms . Fo r t he L- s ha p e d pr o bl e ms , we s e e t ha t CND- ba l

c ompa r e s we l l wi t h AND, a nd t ha t CND- o pt c ompa r e s r e a s o na bl y we l l wi t h MMD,

whi c h i s us ua l l y c o ns i de r e d t he b e s t he ur i s t i c known f o r i r r e g u l a r pr o b l e ms .

Tab l e 2

Thousands of nonzeros inCholesky factor L.

Pr o bl e mCND- ba l CND- o pt AND MMD

L3 4 6 2 4 0 1 4 5 8 3 8 1

L6 9 5 7 8 5 8 9 4 9 7 7 9

L1 2 2 4 4 4 1 8 1 9 2 1 1 2 1 4 7 6

Ta bl e s 4 a nd 5 c ompa r e t he o r de r i ng s wi t h r e s p e c t t o t wo t he o r e t i c a l me a s ur e s o f

pa r a l l e l i s m, name l y t he he i g ht o f t he e l i mi na t i o n t r e e ( s e e [ 1 1] f o r a de �ni t i o n) a nd

t he wo r k , me a s ur e d i n mi l l i o ns o f 
o a t i ng po i nt o p e r a t i o ns , a l o ng t he c r i t i c a l p

i n t he e l i mi na t i o n t r e e ( e s s e nt i a l l y t r e e he i g ht we i g ht e d by t he numbe r o f 
o a t i

po i nt o p e r a t i o ns a t e a c h no de ) . The s e me a s ur e s ha v e c ommonl y b e e n us e d t o g i v e

a r o ug h i de a o f t he po t e nt i a l r unni ng t i me o f pa r a l l e l s pa r s e Cho l e s ky f a c t o r i z a t
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t ha t e a c h pr o c e s s o r ho l ds a t mo s t cN=P ve r t i c e s a nd c M=P e dg e s , whe r e c i s a s ma l l

c o ns t a nt . I n t he r e ma i nde r o f t h i s s e c t i o n , t he l e t t e r c i s us e d t o de no t e a s u i t

c o ns t a nt .

We e s t i ma t e t he c ommuni c a t i o n c ompl e x i t y i n t e r ms o f Nmsgs, t he numbe r o f me s -

s a g e s c ommuni c a t e d by e a c h pr o c e s s o r . Communi c a t i on i s l i mi t e d t o t he d i s t r i but e d

pha s e c ompr i s i ng D l e v e l s o f ne s t e d di s s e c t i o n , whe r e D� l o g
2
( tP ) a nd t i s a s ma l l

c o ns t a nt . At e a c h l e v e l o f d i s t r i but e d ne s t e d di s s e c t i o n , a f e w a c c umul a t i o n , c a s c

a nd g l o ba l a g g r e g a t i o n o p e r a t i o ns a r e p e r f o r me d. Ea c h o f t he s e o p e r a t i o ns i nvo l v

l o g
2
P me s s a g e s p e r pr o c e s s o r . Ove r D l e v e l s , t h i s amount s t o O( ( l o g

2
P )2) me s s a g e s

p e r pr o c e s s o r . S i nc e r e d i s t r i but i o n i s s i mpl y a va r i a nt o f pa i r wi s e a c c umul a t i o

a l s o r e qui r e s l o g
2
P me s s a g e s . Ac c o r d i ng l y,

Nmsgs � c ( l o g
2
P )

2
:

To e s t i ma t e t he c omput a t i o na l c ompl e x i t y, we o bs e r v e t ha t t he c o s t o f a s i ng l e

l e v e l o f ne s t e d di s s e c t i o n i s pr o po r t i o na l t o t he ma x i mumnumbe r o f e dg e s o n a pr o -

c e s s o r , e x c l ud i ng t he o ve r he a d a s s o c i a t e d wi t h pa i r wi s e a c c umul a t i o n , c a s c a d i ng

g l o ba l a g g r e g a t i o n o p e r a t i o ns . The o ne - t i me c o s t o f r e d i s t r i but i o n mus t a l s o b e t a

i nt o a c c o unt . But f o r t he s e e x c e pt i o ns , t he c o s t o f ne s t e d di s s e c t i o n wo ul d amou

t o c ( M=P ) l o g
2
N. The o ve r he a d a s s o c i a t e d wi t h c a s c a d i ng a nd g l o ba l a g g r e g a t i o n

o p e r a t i o ns i s pr o po r t i o na l t o t he amount o f i n f o r ma t i o n c ommuni c a t e d . Fo r t he s e o p

e r a t i o ns , t he l i s t s c ommuni c a t e d c o nt a i n a f e w va l ue s f o r e a c h g r a ph a t t ha t l e v e l

ne s t e d di s s e c t i o n . The c ommuni c a t i on vo l ume i s o f t he f o r mc l o g
2
P jGlj f o r e a c h l e v e l

l. S i nc e jGlj do ubl e s f o r e a c h s uc c e s s i v e l e v e l o f ne s t e d di s s e c t i o n , t he c ommuni c a t i o

vo l ume i s g i v e n by

c ( l o g
2
P ) f1 + 2 +4 +8 + � � �+ t Pg �2 c t P ( l og2P ) :

>Fr omt hi s r e s u l t i t c a n b e s e e n t ha t t he a s s o c i a t e d c o s t i s c P l o g
2
P . Us i ng a c c u-

mul a t i o n ( wi t ho ut e xpl i c i t me r g i ng a t e a c h s t a g e ) r e s u l t s i n O( 1 ) o v e r he a d f o r e a

pa i r wi s e c ommuni c a t i on s t e p . At t he e nd o f l o g2P s uc h s t e ps , e a c h pr o c e s s o r �k mus t

me r g e c o unt i n f o r ma t i o n o v e r va l ue s i n L( �k) . Re c a l l t ha t t he s e t s L( �k) we r e c ho s e n

s o t ha t e a c h c o nt a i ns a ppr o x i ma t e l y N=P ve r t i c e s . The r e f o r e , t he c o s t o f me r g i n

i s pr o po r t i o na l t o N=P . Li k e wi s e , t he r e i s o n l y a c o ns t a nt o ve r he a d a s s o c i a t e d wi

t he r e d i s t r i but i o n o p e r a t i o n , s i nc e a pr o c e s s o r s i mpl y f o r wa r ds a po r t i o n o f a r e c

me s s a g e . Fo l l owi ng r e d i s t r i but i o n , ne w da t a s t r uc t ur e s mus t b e s e t up o n e a c h pr o

c e s s o r f o r us e i n f ur t he r pr o c e s s i ng , but t h i s wo r k i s p e r f e c t l y pa r a l l e l a nd s p

mo r e o r l e s s e v e n l y a c r o s s t he pr o c e s s o r s . Thus , t he pa r a l l e l a r i t hme t i c c ompl e x i

O( ( M=P ) l o g
2
N) .

7. Test esults. I n t h i s s e c t i o n we pr e s e nt s ome e mpi r i c a l t e s t r e s u l t s f o r t he

pa r a l l e l Ca r t e s i a n ne s t e d di s s e c t i o n a l g o r i t hm. I n Ta bl e 1 we s how t he numbe r o f

v e r t i c e s a nd e dg e s f o r t wo t yp e s o f t e s t pr o b l e ms . The �r s t t yp e , l a b e l e d Gxxx , a r

r e g u l a r s qua r e g r i ds o f t he g i v e n s i z e ; f o r e xampl e , G1 0 0 i s a 1 0 0�1 0 0 s qua r e g r i d . T

s e c o nd t yp e , l a b e l e d Lx , a r e L- s ha p e d �ni t e e l e me nt pr o bl e ms g e ne r a t e d by ANSYS,

whi c h i s a s t a nda r d c omme r c i a l s o f t wa r e pa c ka g e f o r �ni t e e l e me nt a na l y s i s . The s

L- s ha p e d g r a phs a r e qui t e i r r e g u l a r .

We g i v e t e s t r e s u l t s f o r t he Ca r t e s i a n Ne s t e d Di s s e c t i o n ( CND) a l g o r i t hmus i ng

t wo di �e r e nt o pt i o ns . By CND- ba l we me a n t he CNDa l g o r i t hmus i ng o nl y t he \e xa c t "

ba l a nc e c r i t e r i o n � = 1 =2 , a nd by CND- o pt we me a n t he CND a l g o r i t hmus i ng t he

a ppr o x i ma t e l y o pt i ma l s e pa r a t o r s i z e wi t h i n t he ba l a nc e r a ng e p e r mi t t e d by a va l u

19



t he o r i g i na l g r a ph , t o pr o duc e a c ompl e t e ne s t e d di s s e c t i o n o r de r i ng i n a t mo s

l o g
2
( j j) s t e ps . I n a di s t r i but e d pa r a l l e l s e t t i ng , howe ve r , i t may be a dva nt a g e o u

no t t o f o l l ow t hi s pr o c e s s a l l t he wa y t o t he e nd, s i nc e e a c h s t e p r e qui r e s a s i g n i �

amount o f c ommuni c a t i on . I ns t e a d , t he d i s s e c t i o n pr o c e s s c a n be s t o ppe d a s s o o n a

a l e v e l ha s b e e n r e a c he d a t whi c h t he r e a r e a t l e a s t a s many s ubg r a phs a s pr o c e s s o r s

The da t a c a n t he n be r e o r g a ni z e d t o p l a c e who l e s ubg r a phs o n e a c h pr o c e s s o r , s o t ha t

a s e r i a l o r de r i ng a l g o r i t hmc a n be a ppl i e d t o t he r e ma i n i ng s ubg r a phs o n e a c h pr o

c e s s o r f r omt ha t po i nt o n , wi t h no f ur t he r c ommuni c a t i o n r e qui r e d . We now de s c r i b e

s uc h a t wo - pha s e , hybr i d a ppr o a c h i n g r e a t e r de t a i l .

The �r s t pha s e o f t he hybr i d a l g o r i t hmc o ns i s t s o f c a r r y i ng o ut t he �r s t D l e v e l

o f Ca r t e s i a n ne s t e d di s s e c t i o n a s de s c r i b e d e a r l i e r , whe r e D i s t he �r s t l e v e l a t w

t he numbe r o f s ubg r a phs i s a t l e a s t t P , wi t h t 1 a pa r ame t e r s p e c i �e d by t he

us e r . The c ho i c e t = 1 y i e l ds l e s s o ve r a l l c ommuni c a t i o n , s i nc e i t s h i f t s mo r e

t he wo r k t o t he s e c o nd, c ommuni c a t i on- f r e e pha s e . owe v e r , a c ho i c e o f t > 1 , by

pr o duc i ng mo r e s ubg r a phs t ha n t he numbe r o f pr o c e s s o r s , may a l l ow mo r e 
e x i b i l i t y

i n a c h i e v i ng a g o o d l o a d ba l a nc e a c r o s s pr o c e s s o r s dur i ng t he s e c o nd pha s e . Thus

t he r e i s a pr o b l e m- de p e nde nt t r a de - o � i n c ho o s i ng a va l ue f o r t . Wha t e v e r t he c ho i

f o r t , a f t e r D s t e ps t he Ca r t e s i a n ne s t e d di s s e c t i o n pr o c e s s i s s t o pp e d, a nd we mu

t he n r e d i s t r i but e t he pr o bl e mda t a s o t ha t e a c h s ubg r a ph i s a s s i g ne d i n i t s e nt i r

t o o nl y o ne pr o c e s s o r . Thi s r e d i s t r i but i o n s t e p r e qui r e s a s i g n i �c a nt amount o f g l

c ommuni c a t i o n , whi c h mus t b e t a k e n i nt o a c c o unt i n a s s e s s i ng t he t o t a l c o s t o f t h

hybr i d a l g o r i t hm.

The ne c e s s a r y r e d i s t r i but i o n o f pr o b l e mda t a c a n be a c c ompl i s he d by a va r i a nt o f

t he pa i r wi s e a c c umul a t i on a l g o r i t hmde s c r i b e d e a r l i e r . I n o ur e a r l i e r us e o f pa i

a c c umul a t i o n , we us e d t he b l o c k s o f c o o r d i na t e va l ue s , L( 0 ) ; . . .; L( P �1 ) , a s a me a ns

o f o r g a ni z i ng t he a c c umul a t i o n s o t ha t a t e a c h s t e p o f d i me ns i o na l e x c ha ng e t he

c omput a t i o n wo ul d b e s ha r e d among pr o c e s s o r s a nd t he r e s u l t i ng da t a wo ul d b e

a s s i g ne d t o pr o c e s s o r s i n a s y s t e ma t i c way. Fo r pur po s e s o f r e d i s t r i but i ng pr o bl

da t a b e t we e n t he g l o ba l a nd l o c a l pha s e s o f t he hybr i d o r de r i ng a l g o r i t hm, nume r i c

a c c umul a t i o n i s no t r e qui r e d , but we c a n s t i l l us e t he s ame o r g a ni z a t i o n a s pa i r wi

a c c umul a t i o n t o d i r e c t t he 
ow o f da t a t o t he ne c e s s a r y de s t i na t i o ns . Sp e c i �c a l l y

l e t t he l i s t o f s ubg r a phs t o b e r e d i s t r i but e d pl a y t he s ame r o l e t ha t t he c o o r d i n

b l o c k s p l a ye d pr e v i o us l y.

Le t GD = f 1; . . .; qg be t he s e t o f s ubg r a phs a f t e r l e v e l D o f ne s t e d di s s e c -

t i o n . We pa r t i t i o n GD i nt o P s ubs e t s o f g r a phs g i v e n by G( 0 ) ; . . .; G( P �1 ) . We

us e t he s ymbo l l ist ( G( k) ) t o de no t e i n f o r ma t i on ( Ca r t e s i a n l a b e l s o f v e r t i c e s a n

e dg e l i s t s ) p e r t a i n i ng t o a l l g r a phs i n t he s e t G( k ) . The s t r uc t ur e o f l i s t ( G( k )

o f t he f o r m [i � � � � � � >; . . .; j � � � � � � >; . . .] , whe r ei a nd j a r e i n G( k )

a nd i j. Me r g i ng o f a ny t wo s uc h l i s t s t a k e s t i me pr o po r t i o na l t o t he s um o f

t he i r s i z e s s i nc e t he i n f o r ma t i o n i s i n i nc r e a s i ng o r de r o f g r a ph- i ds . Co nc a t e na t

l i s t ( G( 0 ) ) ; . . .; l i s t ( G( P �1 ) ) y i e l ds l i s t ( G( 0 ) ; . . .; G( P �1 ) ) . Re di s t r i but i o n o f v e r -

t e x i n f o r ma t i o n c a n t hus b e a c c ompl i s he d by us i ng t he a bo v e l i s t s i n t he pa i r wi s

a c c umul a t i o n a l g o r i t hmwi t h G( 0 ) ; . . .; G( P �1 ) i ns t e a d o f L( 0 ) ; . . .; L( P �1 ) . Onc e

t he r e d i s t r i but i o n s t e p ha s b e e n c ompl e t e d , t he n e a c h pr o c e s s o r �k c a n a ppl y a s e r i a l

a l g o r i t hmt o o r de r e a c h s ubg r a ph i n G( k ) wi t ho ut a ny f ur t he r c ommuni c a t i o n among

pr o c e s s o r s .

6.1. arallel omplexity. We now pr o v i de e s t i ma t e s o f t he c ommuni c a t i on

a nd c omput a t i o na l c ompl e x i t y o f t he pa r a l l e l Ca r t e s i a n ne s t e d di s s e c t i o n a l g o r i

f o r a g r a ph = ( ; ) wi t h N ve r t i c e s a nd Me dg e s us i ng P pr o c e s s o r s . We a s s ume
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di na t e va l ue s s a t i s f y i ng t he ba l a nc e c o ndi t i o n . We c a n t he n us e a s i mi l a r t hr e e - s t

pr o c e s s t o c omput e a va l ue f o r e a c h s ubg r a ph t ha t mi n i mi z e s �. Le tl = f 1; . . .; rg,

t he c o l l e c t i o n o f e dg e s e t s o f t he s ubg r a phs a t t h i s l e v e l o f ne s t e d di s s e c t i o n . Th

t o b e a c c umul a t e d a r e i n i t i a l l y o f t he f o r mc o unt (l( �k) ; L) o n pr o c e s s o r �k. At t he

e nd o f pa i r wi s e a c c umul a t i o n pr o c e s s o r �k ha s c o unt (l; L( k ) ) . Re c a l l t ha t t he a i m

i s t o c omput e �( i ) , t he numbe r o f e dg e s t ha t s t r a ddl e i i n s ome s ubg r a phj, us i ng

t he e qua t i o n �( i ) = �( i �1 ) + ( i �1 ) �"( i ) . Le t ri( �k�1) b e t he l a r g e s t va l ue i n

L( �k�1) f o r s ome g r a phj Gl. Pr o c e s s o r �k r e qu i r e s t he va l ue o f �( ri( �k�1) ) t o

c omput e �( i ) f o r i L( k ) . The c umul a t i ve c o unt l i s t f o r a pr o c e s s o r �k c o ns i s t s o f t he

numbe r o f e dg e s t ha t c r o s s i t s l a r g e s t va l ue i n e a c h s ubg r a ph. The s e c umul a t i ve c o u

l i s t s a r e c a s c a de d a s b e f o r e . Af t e r c a s c a d i ng i s c ompl e t e , e a c h pr o c e s s o r �k c omput e s

t he e s t i ma t e � f o r e a c h va l ue i n L( k ) a nd s e l e c t s t he o ne wi t h a mi ni mumva l ue a s

t he l o c a l mi n i mum. A g l o ba l mi n i mumi s c omput e d o v e r a l l l o c a l mi n i ma by us i ng

t he s ame a g g r e g a t i o n pr o c e s s a s b e f o r e , e x c e pt t ha t now t he o p e r a t i o n f o r c ombi n i n

i n f o r ma t i o n i s s e l e c t i ng t he mi ni mumva l ue r a t he r t ha n t a k i ng t he s e t uni o n .

The pr o c e s s o f o bt a i n i ng a s e t o f s e pa r a t i ng va l ue s o v e r a l l s ubg r a phs i n Gl i n a

g i v e n c o o r d i na t e d i me ns i o n i s now c ompl e t e . A s i mi l a r pr o c e s s i s us e d t o c omput e a

s e pa r a t i ng l e v e l f o r e a c h s ubg r a ph i n t he o t he r c o o r d i na t e d i me ns i o n . Ea c h pr o c e s

c a n t he n de t e r mi ne t he �na l s e pa r a t i ng va l ue f o r e a c h s ubg r a ph by mak i ng a l o c a l

c ompa r i s o n o f t he c omput e d s e pa r a t i ng va l ue s i n e a c h c o o r d i na t e d i me ns i o n . We

de no t e t he s e t o f s e pa r a t i ng va l ue s f o r t he s ubg r a phs i n Gl by l = fs 1; . . .; srg.

. . onstructing eparators in arallel. a v i ng de t e r mi ne d a s e pa r a t i ng

va l ue si, we mus t now c o ns t r uc t a s e pa r a t o rsi f o r e a c h s ubg r a phi i n Gl. Re c a l l i ng

o ur e a r l i e r d i s c us s i o n , t h i s r e qu i r e s t ha t we c omput e t he s e tsi o f v e r t i c e s i ni

wi t h c o o r d i na t e si, t he s e tsi o f e dg e s i ni t ha t s t r a ddl e t he va l ue si, a nd t he

c o r r e c t i o n s e tsi. Us i ng i t s v e r t e x l i s t s a nd g r o up t r e e s , a g i v e n pr o c e s s o r �k c a n

c omput e t he s ubs e t ssi( �k) , si( �k) , si( �k) , a ndsi( �k) = si( �k) si( �k) , but

c ommuni c a t i o n wo ul d b e r e qui r e d t o c omput e t he c ompl e t e s e t s . Suc h no n- d i s o i nt

s e t uni o ns c o u l d b e c omput e d by a di me ns i o na l e x c ha ng e pr o c e s s a na l o g o us t o t ho s e

we ha ve a l r e a dy s e e n , but we c a n a vo i d s ome o f t he o ve r he a d t ha t wo ul d b e r e qui r e d

by t a k i ng a di �e r e nt a ppr o a c h i n whi c h t he pr o c e s s o r s c o o p e r a t e t o numbe r t he i r

po r t i o ns o f e a c h s e pa r a t o r wi t ho ut e v e r f o r mi ng t he s e t uni o n e xpl i c i t l y.

S i nc e t he numbe r i ng o f v e r t i c e s wi t h i n a s i ng l e s e pa r a t o r i s a r b i t r a r y, we a do

t he c o nv e nt i on t ha t t he v e r t i c e s i nsi( �k) a r e numbe r e d a f t e r t ho s e i nsi ( �k�1)

f o r 0 k P . To de t e r mi ne t he r a ng e o f numbe r s t o us e f o r i t s po r t i o n , e a c h

pr o c e s s o r �k ne e ds t o know t he t o t a l s i z e o f t he s ubs e t s o f e a c hsi o n pr o c e s s o r s

� ; . . .; �k�1. Thi s c a n be a c c ompl i s he d us i ng t he pr e v i o us c a s c a de a l g o r i t hm, wi t h

j s1( �k) j; . . .; j s ( �k) j a s t he s e t o f va l ue s t o b e c a s c a de d a t pr o c e s s o r �k. At t he e nd

o f t he c a s c a de s t e p , pr o c e s s o r s numbe r t he v e r t i c e s i n t he i r po r t i o ns o f e a c h s e pa r

The f a c t t ha t t he uni o n o fsi( �k) o v e r a l l pr o c e s s o r s i s no t e xpl i c i t l y c o ns t r uc t e d

may r e s u l t i n a s e pa r a t o r t ha t i s s ome wha t l a r g e r t ha n s t r i c t l y ne c e s s a r y. I n t he s e

c a s e t he c o r r e c t i o n s e tsi i s c omput e d ba s e d o nsi =
�1

k si( �k) , whe r e a s i n t he

pa r a l l e l c a s e e a c h pr o c e s s o r c omput e ssi( �k) ba s e d o nsi( �k) . Co ns i de r a n e dg e

( u; ) si( �j) a nd a no t he r e dg e ( u; )si( �k) . I n t he s e r i a l c a s e , t he c ommon

ve r t e x u c o u l d b e s e l e c t e d t o c o v e r bo t h e dg e s , but i n t he d i s t r i but e d c a s e a d i �e r

v e r t e x may be s e l e c t e d f r ome a c h e dg e , t he r e by i nc r e a s i ng t he s i z e o f t he s e pa r a t o

6. arallel artesian ested issection. The a l g o r i t hmg i v e n i n t he pr e v i -

o us s e c t i o n c omput e s a s e t o f s e pa r a t o r s f o r a l l o f t he s ubg r a phs a t a g i v e n l e v e l

ne s t e d di s s e c t i o n . Thus , t he a l g o r i t hmc o ul d b e a ppl i e d r e p e a t e d l y, b e g i nn i ng w
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Comput a t i o n o f t he r e qui r e d c umul a t i ve c o unt s i s a n e xampl e o f a pa r a l l e l pr e �x

c omput a t i o n , whi c h c a n be i mpl e me nt e d i n a numbe r o f way s , wi t h t he b e s t c ho i c e

de p e nde nt o n t he i nt e r c o nne c t i o n ne t wo r k among t he pr o c e s s o r s . Onc e a g a i n , we

i l l us t r a t e wi t h a n i mpl e me nt a t i o n , whi c h we r e f e r t o a s , t ha t i s a ppr o pr i a t

f o r a hype r c ub e ne t wo r k us i ng a f o r mo f d i me ns i o na l e x c ha ng e . Ea c h pr o c e s s o r �k

i n i t i a l l y ho l ds i t s c umul a t i ve c o unt l i s t c uc o unt (l; L( k ) ) . Dur i ng t he s uc c e s s i v e

s t e ps o f t he c a s c a d i ng pr o c e s s , e a c h pr o c e s s o r ma i nt a i ns t wo l i s t s o f c umul a t i ve c o

o ne l i s t t o b e k e pt a nd t he o t he r t o b e pr o pa g a t e d f ur t he r t o o t he r pr o c e s s o r s . Th

l i s t t o b e r e t a i ne d c o nt a i ns c umul a t i ve c o unt s c o r r e s po ndi ng t o b l o c k s o f c o o r d i n

va l ue s s ma l l e r t ha n L( k ) f o r e a c h s ubg r a ph, a nd he nc e i s i n i t i a l l y e mpt y. The l i s t

b e pr o pa g a t e d di �e r s f r omt he r e t a i ne d l i s t i n t ha t i t i nc l ude s c umul a t i ve c o unt s o

a l l b l o c k s o f c o o r d i na t e va l ue s t ha t t he pr o c e s s o r ha s s e e n t hus f a r , a nd he nc e i n i t

c o ns i s t s o f c uc o unt (l; L( k ) ) .

The c a s c a d i ng pr o c e s s r e qu i r e s = l o g
2
P s t e ps . I n t he �r s t s t e p o f d i me ns i o na l

e x c ha ng e , pa i r s o f pr o c e s s o r s who s e pr o c e s s o r numbe r s d i �e r i n t he l e a s t s i g n i �c a n

e x c ha ng e t he i r pr o pa g a t e d c umul a t i ve c o unt l i s t s a nd me r g e t he i n f o r ma t i on r e c e i v

i nt o t he t wo l i s t s t o b e k e pt a nd pr o pa g a t e d . Thi s �r s t s e t o f e x c ha ng e s t a k e s p l a

wi t h i n 1 - d i me ns i o na l s ub c ube s b e t we e n c o ns e c ut i v e l y numbe r e d pr o c e s s o r s , s a y �k

a nd �k�1, whe r e k i s o dd. Af t e r t he �r s t e x c ha ng e , t he r e t a i ne d l i s t o n t he l owe r

numbe r e d pr o c e s s o r i n e a c h pa i r , �k�1, r e ma i ns e mpt y, whi l e t ha t o n t he h i g he r

numbe r e d pr o c e s s o r , �k, b e c ome s c uc o unt (l; L( k �1 ) ) . The pr o pa g a t e d l i s t o n

bo t h pr o c e s s o r s b e c ome s c uc o unt (l; L( k �1 ) ; L( k ) ) . At t he ne x t s t e p , e x c ha ng e s

t a k e p l a c e wi t h i n s ub c ube s o f d i me ns i o n 2 . Ea c h pr o c e s s o r �k e x c ha ng e s i t s c umul a t i ve

l i s t t o b e pr o pa g a t e d wi t h n i g o r ( �k; 2 ) . Ag a i n , t a k e �k t o b e t he h i g he r numbe r e d

pr o c e s s o r o f t he pa i r , s o t ha t t he o t he r pr o c e s s o r i s �k�2. Pr o c e s s o r �k r e c e i v e s a

l i s t o f t he f o r mc uc o unt (l; L( k �3 ) ; L( k �2 ) ) , s o t ha t , a f t e r me r g i ng , i t s r e t a i ne d

l i s t i s upda t e d t o b e c ome c uc o unt (l; L( k �3 ) ; L( k �2 ) ) ; L( k �1 ) ) a nd t he l i s t t o

b e pr o pa g a t e d b e c ome s c uc o unt (l; L( k �3 ) ; L( k �2 ) ; L( k �1 ) ; L( k ) ) . The l owe r

numbe r e d pr o c e s s o r o f t he pa i r ne e d upda t e o nl y i t s pr o pa g a t e d l i s t , whi c h b e c ome

t he s ame a s t ha t o f t he h i g he r numbe r e d pr o c e s s o r , s i nc e bo t h ha ve s e e n t he s ame

bl o c k s a t t h i s po i nt .

Thi s e x c ha ng e pr o c e s s c o nt i nue s o ve r s ub c ube s o f s uc c e s s i v e l y h i g he r d i me ns i o

Af t e r i s t e ps pr o c e s s o r �k c o nt a i ns a pr o pa g a t e d l i s t o f t he f o r mc uc o unt (l; L( k �

2i�1 ) ; . . .; L( k�1 ) ) a nd a r e t a i ne d l i s t o f t he f o r mc uc o unt (l; L( k�2
i
�1 ) ; . . .; L( k ) ) .

The pr o c e s s t e r mi na t e s a f t e r s t e ps , a t whi c h po i nt e v e r y pr o c e s s o r ha s a r e t a i n

l i s t o f t he f o r m c uc o unt (l; L( 0 ) ; . . .; L( k �1 ) ) , whi c h i s t he de s i r e d r e s u l t . The

c a s c a d i ng pr o c e s s us t de s c r i b e d r e qui r e s l o g
2
P c ommuni c a t i o n s t e ps a nd P l o g

2
P

me s s a g e s . An a l t e r na t e i mpl e me nt a t i o n o f pa r a l l e l pr e �x c a n r e duc e t he numbe r o f

me s s a g e s r e qui r e d , but i t do e s no t r e duc e t he numbe r o f s t e ps a nd r e qui r e s no n-

ne i g hbo r c ommuni c a t i on i n a hype r c ub e .

Onc e c umul a t i ve c o unt s ha ve b e e n c a s c a de d , e a c h pr o c e s s o r c a n now de t e r mi ne ,

f o r e a c h s ubg r a ph, t he s e t o f va l ue s wi t h i n b l o c k L( k ) t ha t s a t i s f y t he ba l a nc e c o n

t i o n . The s e s e t s o f va l ue s mus t t he n be a g g r e g a t e d o ve r a l l pr o c e s s o r s t o a r r i v e a t

f u l l s e t o f va l ue s s a t i s f y i ng t he ba l a nc e c o ndi t i o n f o r e a c h s ubg r a ph. Thi s a g g r e g

o f s e t s c a n a g a i n b e c omput e d by a di me ns i o na l e x c ha ng e pr o c e s s ha v i ng s t e ps ,

a t s t e p i o f whi c h e a c h pr o c e s s o r e x c ha ng e s i n f o r ma t i o n wi t h i t s ne i g hbo r i n t he i

di me ns i o n a nd t he i n f o r ma t i o n r e c e i v e d i s c ombi ne d wi t h pr e v i o us i n f o r ma t i o n by s e

uni o n .

Fo r e a c h s ubg r a ph i n Gl, t he a bo ve t hr e e - s t a g e pr o c e s s de t e r mi ne s a b l o c k o f c o o r -
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f o r a b l o c k o f c o o r d i na t e va l ue s . Le t L de no t e t he s e t o f c o o r d i na t e va l ue s a l o ng a g i

d i me ns i o n o ve r a l l s ubg r a phs i n Gl, a nd l e t L be pa r t i t i o ne d i nt o P c o nt i g uo us b l o c k s

o f va l ue s , L( 0 ) ; . . .; L( P �1 ) , s uc h t ha t e a c h bl o c k c o v e r s a bo ut t he s ame numbe r o f

v e r t i c e s ( whi c h i s a l ways po s s i b l e f o r r e a s o na bl y we l l b e ha v e d g r a phs ) . Pr o c e s s ok

wi l l b e r e s po ns i b l e f o r a c c umul a t i ng t he c o unt s f o r e a c h va l ue i n b l o c k L( k ) f o r a l li.

Le t l = f 1; . . .; rg. I n i t i a l l y, a g i v e n pr o c e s s o r �k c o nt a i ns c o unt (l( �k) ; L) , a nd

we wa nt i t t o e nd up wi t h c o unt (l; L( k ) ) . I n o t he r wo r ds , e a c h pr o c e s s o r i n i t i a l l y ha s

c o unt s o v e r a l l t he c o o r d i na t e va l ue s , but o nl y f o r i t s own po r t i o n o f e a c h s ubg r a

whe r e a s we wa nt i t t o c o nt a i n t he c o unt s o ve r e a c h e nt i r e s ubg r a ph, but o nl y f o r i t

a s s i g ne d bl o c k o f c o o r d i na t e va l ue s .

The b e s t i mpl e me nt a t i o n o f s uc h a g l o ba l i n f o r ma t i o n e x c ha ng e o p e r a t i o n de -

p e nds o n t he i nt e r c o nne c t i o n ne t wo r k among t he pr o c e s s o r s . e r e we wi l l i l l us t r a

o ne po s s i b l e i mpl e me nt a t i on , whi c h we t e r m , t ha t i s s u i t a b l e

f o r a hype r c ub e ne t wo r k ( o r a ny ne t wo r k t ha t c o nt a i ns a hype r c ub e o r c a n e mul a t e a

hype r c ub e e �c i e nt l y ) . The a l g o r i t hmi s ba s e d o n di me ns i o na l e x c ha ng e . Fo r s i mpl i c

i t y, a s s ume t ha t P i s a powe r o f t wo , a nd l e t = l o g
2
P . Le t n i g o r ( �k; l ) ; 1 �l � ,

de no t e t he pr o c e s s o r who s e pr o c e s s o r numbe r d i �e r s f r om t ha t o f �k i n t he l t h

l e a s t s i g n i �c a nt b i t . The a l g o r i t hm ha s s t e ps . I n t he �r s t s t e p , e a c h pr o c e s s

�k, 0 �k P=2 , s e nds c o unt (l; L( P=2 ) ; . . .; L( P �1 ) ) t o n i g o r ( �k; ) . Co n-

v e r s e l y, e a c h pr o c e s s o r �k, P=2 �k P , s e nds c o unt (l; L( 0 ) ; . . .; L( P=2 �1 ) ) t o

n i g o r ( �k; ) . I n o t he r wo r ds , t he pr o c e s s o r s i n t he l owe r a nd uppe r ha l v e s o f

t he hype r c ub e e x c ha ng e c o unt s f o r t he uppe r a nd l owe r ha l v e s o f b l o c k s , s o t ha t t h

l owe r b l o c k s e nd up o n t he l owe r pr o c e s s o r s , a nd t he uppe r b l o c k s e nd up o n t he

uppe r pr o c e s s o r s . Ea c h pr o c e s s o r me r g e s i nc omi ng i n f o r ma t i o n i nt o i t s s ubg r a ph l

c o r r e s po ndi ng t o t he a ppr o pr i a t e s e t o f c o o r d i na t e va l ue s . Thi s pr o c e s s i s a ppl

r e c ur s i v e l y t o t he t wo s ubc ube s o f d i me ns i o n �1 , a nd s o o n, s o t ha t a f t e r s t e ps

e a c h pr o c e s s o r ha s t he de s i r e d i n f o r ma t i o n , name l y, pr o c e s s o r �k c o nt a i ns t he c o unt s

o ve r a l l s ubg r a phs f o r t he k t h b l o c k o f c o o r d i na t e va l ue s .

I n o r de r t ha t a pr o c e s s o r c a n me r g e l i s t s i n t i me pr o po r t i o na l t o t he s umo f t he i

s i z e s , we s t r uc t ur e t he l i s t c o unt (l; L) a s

[ l1; i; c o unt >; . . .; j; c o unt >; . . .; l2; i; c o unt >; . . .; j ; c o unt >; . . .] ;

whe r e l1 i s t he s ma l l e s t va l ue i n L, f o l l owe d by a l i s t o f g r �i ; c o unt > pa i r s .

The g r a ph- i d , c o unt pa i r s a r e l i s t e d i n i nc r e a s i ng o r de r o f g r a ph- i d numbe r s . S i m

i nf o r ma t i o n i s l i s t e d f o r t he ne x t l e v e l l2 i n L, a nd s o o n.

The pa i r wi s e a c c umul a t i o n pr o c e s s de s c r i b e d a bo ve e �e c t i v e l y s pr e a ds t he wo r k

o f a c c umul a t i ng c o unt s f o r t he c o o r d i na t e va l ue s a c r o s s a l l o f t he pr o c e s s o r s , bu

mus t s t i l l t r a ve r s e t he r e s u l t i ng c o unt l i s t s a nd c omput e t he c umul a t i ve v e r t e x c o

i n o r de r t o de t e r mi ne a s e pa r a t i ng va l ue f o r e a c h s ubg r a ph. The s e t o f c o o r d i na t

va l ue s s pa nne d by a n i ndi v i dua l s ubg r a phi may i nt e r s e c t mo r e t ha n o ne bl o c k o f

va l ue s L( k ) , a nd he nc e t he c o r r e s po ndi ng c o unt l i s t s may be s pr e a d o v e r mul t i p l e

pr o c e s s o r s . Thus , t he ne c e s s a r y l i s t t r a ve r s a l s a nd c umul a t i ve v e r t e x c o unt s

r e qui r e f ur t he r i nt e r pr o c e s s o r c ommuni c a t i on . Fo r a g i v e n s ubg r a phi, l e t Li =

fl i; . . .; rig be t he o r de r e d s e t o f c o o r d i na t e va l ue s s pa nne d byi, a nd l e t Li( k ) =

Li L( k ) = fli( �k) ; . . .; ri( �k) g. I n o r de r t o de t e r mi ne i f a s e pa r a t i ng va l ue l i e s

wi t h i n Li( k ) , pr o c e s s o r �k r e qu i r e s a c umul a t i ve c o unt o f v e r t i c e s i ni o ve r a l l

pr e v i o us c o o r d i na t e va l ue s li; . . .; li( �k) �1 . We de no t e t h i s c umul a t i ve c o unt by

c u c o unt (i; Li( 0 ) ; . . .; Li( k �1 ) ) . Pr o c e s s o r �k r e qu i r e s c umul a t i ve c o unt s o v e r a l l

s ubg r a phs i n Gl, whi c h we de no t e by t he l i s t c uc o unt (l; L( 0 ) ; . . .; L( k �1 ) ) .
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The da t a di s t r i but i o n de s c r i b e d a bo v e r e s u l t s i n e a c h pr o c e s s o r s ha v i ng v e r t i

a nd e dg e s a t a l mo s t a l l c o o r d i na t e va l ue s , but no t ha v i ng a l l o f t he v e r t i c e s a nd e d

a s s o c i a t e d wi t h a ny o ne c o o r d i na t e va l ue . As a c o ns e que nc e , i n de t e r mi n i ng a s e p

a r a t i ng va l ue , v e r t e x a nd e dg e c o unt l i s t s mus t b e a c c umul a t e d o ve r a l l pr o c e s s o

a nd t r a v e r s e d i n i nc r e a s i ng o r de r o f c o o r d i na t e va l ue s t o i de nt i f y a s e pa r a t i ng v

s a t i s f y i ng a ba l a nc e c o ndi t i o n a nd/ o r mi ni mi z i ng � , a nd �na l l y t h i s c omput e d s e pa

r a t i ng va l ue mus t b e d i s s e mi na t e d t o a l l pr o c e s s o r s . Obv i o us l y, t he s e s t e ps r e qu

s e v e r a l pha s e s o f i nt e r pr o c e s s o r c ommuni c a t i o n , a s we l l a s a s i g n i �c a nt amount

c omput a t i o n . Fo r e �e c t i v e pa r a l l e l i z a t i o n , we wi l l d i s t r i but e l owe r o r de r c o s t s

a s c omput i ng s e pa r a t i ng va l ue s o ve r s ubg r a phs a t a g i v e n l e v e l o f ne s t e d di s s e c t i

a s we l l h i g he r o r de r c o s t s , s uc h a s c o ns t r uc t i ng t he v e r t e x a nd e dg e c o unt l i s t s , a

a l l o f t he pr o c e s s o r s , a nd wi l l a l s o t r y t o mi ni mi z e c ommuni c a t i on c o s t s .

I n de a l i ng wi t h di s t r i but e d da t a s t r uc t ur e s , we wi l l a do pt t he no t a t i o n t ha t t

po r t i o n o f a g i v e n e nt i t y t ha t r e s i de s o n pr o c e s s o r �k wi l l b e i nd i c a t e d by a ppe ndi ng

( �k) t o t he us ua l no t a t i o n f o r t he g l o ba l o b e c t i n que s t i o n . Thus , f o r e xampl e ,i( �k)

de no t e s t he po r t i o n o f v e r t i c e s i n s ubg r a phi t ha t r e s i de o n pr o c e s s o r �k, l i s t (i( �k) )

de no t e s t he po r t i o n o f t he g i v e n l i s t r e s i d i ng o n pr o c e s s o r �k, a nd s o o n.

.1. omputing eparating alues in arallel. We now de s c r i b e t he pr o -

c e s s o f c omput i ng s e pa r a t i ng va l ue s i n pa r a l l e l . As we wi l l s o o n s e e , t h i s c omput a t

r e qui r e s t he s ame g l o ba l c ommuni c a t i o n pa t t e r n f o r e a c h s ubg r a ph a t a g i v e n l e v e l o

ne s t e d di s s e c t i o n . Fo r many di s t r i but e d me mo r y pa r a l l e l c omput e r s , t he s t a r t - up c

f o r c ommuni c a t i o n i s r e l a t i v e l y h i g h , a nd t he r e f o r e i t pa y s t o mi ni mi z e t he numbe r

me s s a g e s r e qui r e d t o s e nd a g i v e n vo l ume o f da t a . Fo r t h i s r e a s o n , we wi l l c o nc a t e na

t o g e t he r a l l o f t he da t a t o b e e x c ha ng e d among pr o c e s s o r s o ve r a l l o f t he s ubg r a ph

a t a g i v e n l e v e l o f ne s t e d di s s e c t i o n , s o t ha t a s i ng l e s e t o f c ommuni c a t i ons wi l l s

f o r c omput i ng a l l o f t he s e pa r a t i ng va l ue s . Gr o upi ng c ommuni c a t i o ns i n t h i s ma nne

r e pr e s e nt s a s ubs t a nt i a l s a v i ng o v e r c omput i ng t he s e pa r a t i ng va l ue f o r e a c h s ubg r

i nd i v i dua l l y, whi c h wo ul d i nc ur a s e pa r a t e r o und o f c ommuni c a t i o n f o r e a c h . Thi s i

o ne r e a s o n we c ho s e no t t o us e a n e xpl i c i t l y r e c ur s i v e f o r mul a t i on o f t he a l g o r i t

s i nc e a de pt h �r s t a ppr o a c h wo ul d no t p e r mi t us t o ha ndl e a n e nt i r e s e t o f s ubg r a phs

a t a g i v e n l e v e l a t o nc e .

As we ha ve s e e n , t he de t e r mi na t i o n o f a ppr o pr i a t e s e pa r a t i ng va l ue s r e qui r e s no d

c o unt s f o r e a c h o f a s e r i e s o f c o o r d i na t e va l ue s . I n a pa r a l l e l s e t t i ng , t he ne c e

c o unt i n f o r ma t i o n i s d i s t r i but e d o ve r a l l o f t he pr o c e s s o r s . Thus , f o r e a c h c o o r d i

va l ue , t he c o unt s mus t b e a c c umul a t e d a c r o s s t he pr o c e s s o r s , t he r e s u l t i ng s e pa r a t

va l ue s c omput e d , a nd t h i s i n f o r ma t i o n mus t t he n be made a va i l ab l e t o a l l o f t he

pr o c e s s o r s . The s e t hr e e s t e ps a r e r e qui r e d f o r e a c h s ubg r a ph i n Gl = f 1; . . .; rga t

a g i v e n l e v e l l o f ne s t e d di s s e c t i o n , a nd e a c h s t e p r e qui r e s g l o ba l c ommuni c a t i o n .

r e duc e t he numbe r o f me s s a g e s , a nd he nc e t he t o t a l c ommuni c a t i on s t a r t - up o ve r he a d

we wi l l c ombi ne a l l o f t he r e l e va nt da t a f o r a l l o f t he s ubg r a phs a t a g i v e n l e v e l

e a c h c ommuni c a t i o n s t e p . Of c o ur s e , f o r g o o d pa r a l l e l e �c i e nc y, we mus t a l s o s ha r

t he c omput a t i o na l wo r k among a l l o f t he pr o c e s s o r s a s we l l .

We �r s t c o ns i de r t he pr o c e s s o f a c c umul a t i ng c o unt i n f o r ma t i o n a c r o s s a l l pr o c e

s o r s . Fo r e a c h c o o r d i na t e va l ue j a nd e a c h s ubg r a phi = ( i; i) a t t he g i v e n l e v e l ,

we ne e d t o c omput e

c o unt (i; j ) =

�1

k

c o unt (i( �k) ; j ):

We wi l l a l l o c a t e t h i s wo r k among t he pr o c e s s o r s by mak i ng e a c h pr o c e s s o r r e s po ns i b l
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whi c h i s muc h s ma l l e r t ha n jij. The c o s t o f s e pa r a t i ngi i s t he r e f o r e o f t he f o r m

csj ij, whe r e cs i s a s ma l l c o ns t a nt . The c o s t o f s e pa r a t i ng a l l s ubg r a phs a t l e v e l l o f

ne s t e d di s s e c t i o n i s t he r e f o r e g i v e n by

cs
i

j ij �c sM:

I t r e ma i ns t o e s t i ma t e t he c o s t s o f f o r mi ng wo r k i ng l i s t s a nd g r o up t r e e s f o r e a

r e s u l t i ng s ubg r a ph. Ea c h l i s t f o ri c a n e a s i l y b e de c ompo s e d i nt o t wo l i s t s , o ne f o r

e a c h r e s u l t i ng s ubg r a ph, i n t i me pr o po r t i o na l t o t he l e ng t h o f t he l i s t . Thi s i s po s

s i nc e i t c a n b e de c i de d whi c h s ubg r a ph a n e nt i t y b e l o ng s t o by a s i mpl e c ompa r i s o n

o f t he a ppr o pr i a t e c o o r d i na t e va l ue wi t h t he s e pa r a t i ng va l ue . Suc h a de c ompo s i t i

wi l l y i e l d l i s t s t ha t a r e s t i l l i n i nc r e a s i ng o r de r o f t he r e s p e c t i v e c o o r d i na t

s i nc e t he o r i g i na l s o r t e d o r de r i s no t a �e c t e d by de l e t i o ns . Ac c o r d i ng l y, t h i s c

O( j ij) . A g r o up t r e e f o ri c a n be de c ompo s e d i nt o g r o up t r e e s f o r e a c h o f t he

r e s u l t i ng s ubg r a phs . Ea c h i nt e r va l i n a g r o up t r e e f o ri i s e xami ne d. I t c a n b e

e a s i l y de t e r mi ne d i f t he i nt e r va l l i e s i ni1 o r i by c ompa r i ng i t wi t h t he s e pa r a t i ng

va l ue . The i nt e r va l c a n t he n be a dde d t o t he a ppr o pr i a t e g r o up t r e e . I nc l ud i ng t h

o ve r he a d o f a l l o c a t i ng a nd i n i t i a l i z i ng g r o ups , t he c o s t i s pr o po r t i o na l t o jij. Ove r

a l l s ubg r a phs i n Gl, t he t o t a l c o s t o f upda t i ng l i s t s a nd g r o up t r e e s i s t he r e f o r e cM,

whe r e ci s a s ma l l c o ns t a nt .

> Fr omt he a bo ve pa r a g r a phs i t f o l l ows t ha t t he c o s t o f o ne l e v e l o f ne s t e d di s -

s e c t i o n i s cM whe r e c i s a c o ns t a nt . Thus , a s i ng l e i n i t i a l i z a t i o n s t e p f o l l owe d

by a t mo s t l o g
2
N l e v e l s o f ne s t e d di s s e c t i o n r e s u l t s i n a s e r i a l t i me c ompl e x i t y o f

O( Ml o g
2
N) .

. omputing eparatorsin arallel. We nowada pt t he Ca r t e s i a n s e pa r a t o r

a l g o r i t hm f o r us e o n a di s t r i but e d me mor y pa r a l l e l c omput e r . Our g o a l wi l l b e t o

d i s t r i but e t he c omput a t i o n e v e n l y a c r o s s t he pr o c e s s o r s whi l e k e e p i ng t he vo l ume a

f r e que nc y o f i nt e r pr o c e s s o r c ommuni c a t i o n l ow. Fo r t he r e s u l t i ng pa r a l l e l a l g o r i t

b e s c a l a b l e , b o t h hi g he r a nd l owe r o r de r c o s t s s ho ul d b e s ha r e d among a l l pr o c e s s o r

a nd a l l da t a s t r uc t ur e s s ho ul d b e di s t r i but e d a c r o s s a l l me mor i e s . The di s t r i bu

pa r a l l e l a l g o r i t hmwi l l ha v e t he s ame g e ne r a l f o r ma s t he s e r i a l a l g o r i t hm, but t

wo r k o f f o r mi ng l i s t s a nd c o unt i ng a nd s e a r c h i ng wi l l b e s ha r e d by a l l o f t he pr o c e s s

I n e �e c t , e a c h pr o c e s s o r wi l l own a po r t i o n o f t he da t a a nd wi l l b e r e s po ns i b l e f o r

c o unt i ng o r s e a r c h i ng i nvo l v i ng t ha t po r t i o n . Co o r d i na t i ng s uc h o i nt a c t i v i t i e s a

t he pr o c e s s o r s a nd r e po r t i ng t he r e s u l t s wi l l o bv i ous l y r e qui r e s ome i nt e r pr o c e

c ommuni c a t i o n , but we t r y t o l i mi t t h i s f o r g o o d e �c i e nc y.

Le t t he numbe r o f pr o c e s s o r s b e P . We a s s ume t ha t t he s e t o f v e r t i c e s o f

t he o r i g i na l g r a ph i s d i s t r i but e d among t he pr o c e s s o r s s o t ha t e a c h pr o c e s s o r h

a ppr o x i ma t e l y j j=P ve r t i c e s . The s e t o f e dg e s i s d i s t r i but e d among t he pr o c e s s o r

s o t ha t e a c h e dg e i s a s s i g ne d t o a pr o c e s s o r ho l d i ng o ne o f t he t wo ve r t i c e s a t i

e ndpo i nt s . Thi s ma y no t r e s u l t i n a n e v e n di s t r i but i o n o f e dg e s f o r a l l g r a phs , but

mo s t g r a phs a r i s i ng i n pr a c t i c e , s uc h a s �ni t e e l e me nt g r a phs , t he numbe r o f e dg e s o

e a c h pr o c e s s o r wi l l b e a t mo s t a c o ns t a nt t i me s j j=P . I n mappi ng t he pr o bl e mda t a

t o pr o c e s s o r me mo r i e s , we ma ke no a s s umpt i o n t ha t l o c a l i t y i s pr e s e r v e d , no r do we

a s s ume a ny c o r r e l a t i o n b e t we e n t he t o po l o g y o f t he g r a ph a nd t he t o po l o g y o f t he

pr o c e s s o r i nt e r c o nne c t i o n ne t wo r k . I nde e d , t he pa r a l l e l a l g o r i t hmwe pr o po s e t e

t o p e r f o r mbe s t wi t h a r a ndomda t a di s t r i but i o n , s i nc e s uc h a di s t r i but i o n t e nds

ba l a nc e t he c omput a t i o na l l o a d i n f o r mi ng a nd s e a r c h i ng t he va r i o us l i s t s r e qu i r e
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di s c us s t he d i s t r i but e d pa r a l l e l i mpl e me nt a t i o n b e l ow. Thus , r a t he r t ha n a t ypi

de pt h- �r s t a ppr o a c h r e s u l t i ng f r ome xpl i c i t r e c ur s i o n , we i ns t e a d t a k e a br e a dt h-

a ppr o a c h , de a l i ng wi t h a l l o f t he s ubg r a phs a t a g i v e n l e v e l o f d i s s e c t i o n b e f o r e mo

o n t o t he ne x t l e v e l .

We i nt r o duc e s ome no t a t i o n he r e t ha t we wi l l �nd us e f u l l a t e r o n i n f o r mul a t i ng

t he pa r a l l e l a l g o r i t hm. Fo r a ny g i v e n l e v e l l o f t he ne s t e d di s s e c t i o n pr o c e s s , w

Gl de no t e t he s e t o f s ubg r a phs o f t he i n i t i a l g r a ph a t l e v e l l . We be g i n a t l e v e l

wi t h G= f g, whe r e = ( ; ) i s t he g r a ph o f t he g i v e n s pa r s e ma t r i x t o b e

o r de r e d . The v e r t i c e s a nd e dg e s o f a r e s c a nne d t o c o ns t r uc t t he wo r k i ng v e r t e x

a nd e dg e l i s t s , l i s t ( ; ) , l i s t ( ; ) , l i s t ( ; ) , a nd l i s t ( ; ) , a nd t he s e l i s t s a

i n t ur n t o g e ne r a t e t he c o r r e s po ndi ng c o unt l i s t s . A s e pa r a t i ng c o o r d i na t e va l u

a nd Ca r t e s i a n s e pa r a t o rs a r e t he n c omput e d f o r a s de s c r i b e d pr e v i o us l y, whi c h

y i e l ds t wo s ubg r a phs1 a nd 2. The v e r t i c e s i n t he s e pa r a t o rs a r e numbe r e d

j j �j sj + 1 t hr o ug h j j, c ompl e t i ng l e v e l 0 o f t he d i s s e c t i o n pr o c e s s . At l e v e l

1 , we a ppl y t he Ca r t e s i a n s e pa r a t o r a l g o r i t hmt o e a c h o f t he t wo s ubg r a phs i n G1 =

f 1; 2g. Wo r k i ng l i s t s a r e c o ns t r uc t e d f o r e a c h s ubg r a ph, a nd s e pa r a t i ng c o o r d i na t e

va l ue s s1 a nd s2 a nd c o r r e s po ndi ng Ca r t e s i a n s e pa r a t o r ss1 a nd s a r e c omput e d .

The v e r t i c e s i n t he t wo s e pa r a t o r s a r e numbe r e d a nd t he f o ur r e ma i n i ng s ubg r a phs

a r e t he n s i mi l a r l y pr o c e s s e d a t l e v e l 2 , a nd s o o n. Thi s pr o c e s s c o nt i nue s unt i l

v e r t i c e s i n t he o r i g i na l g r a ph ha ve b e e n numbe r e d . At mo s t l o g
2
( j j) l e v e l s o f ne s t e d

di s s e c t i o n a r e r e qui r e d t o numbe r a l l o f t he v e r t i c e s , s i nc e t he l t h l e v e l r e s u l tl

s ubg r a phs .

.1. erial omplexity. We now e s t i ma t e t he s e r i a l t i me c ompl e x i t y o f t he

f o r e g o i ng Ca r t e s i a n ne s t e d di s s e c t i o n a l g o r i t hm. Co ns i de r a Ca r t e s i a n l a b e l e d g r

= ( ; ) wi t h N ve r t i c e s a nd M e dg e s . We a s s ume t ha t a ny s ubg r a ph o f ha s

a t l e a s t a s many e dg e s a s v e r t i c e s . To c omput e t he c o s t o f o r de r i ng we c omput e

bo unds f o r t he c o s t o f i n i t i a l i z a t i on a nd t he c o s t o f e a c h l e v e l o f d i s s e c t i o n .

I n t he i n i t i a l i z a t i o n s t e p , v e r t i c e s a r e s o r t e d i n i nc r e a s i ng o r de r o f bo t h

c o o r d i na t e va l ue s . The c ompl e x i t y o f t h i s s t e p i s O( N l o g
2
N) us i ng he a p s o r t .

The s e s o r t e d l i s t s a r e us e d t o c o ns t r uc t t he wo r k i ng l i s t s l i s t ( ; ) a nd l i s t (

whi c h r e qui r e s t i me pr o po r t i o na l t o N, t he l e ng t h o f t he l i s t s . The s o r t e d l i s t s

v e r t e x c o o r d i na t e s a r e a l s o us e d t o c o ns t r uc t t he e dg e l i s t s l i s t ( ; ) a nd l i s t ( ;

t i me pr o po r t i o na l t o M. A g r o up t r e e i s c o ns t r uc t e d f o r e a c h di me ns i o n by mappi ng

e dg e s t o i nt e r va l s . Ea c h g r o up t r e e c a n ha ve a t mo s t N g r o ups . Ent e r i ng a n i nt e r va

i nt o a g r o up t r e e t a k e s t i me pr o po r t i o na l t o l o g
2
N. The c o s t o f f o r mi ng g r o up t r e e s

i s t he r e f o r e pr o po r t i o na l t o Ml o g
2
N. The o ve r a l l c o s t o f t he i n i t i a l i z a t i on s t e p i s

t he r e f o r e O( Ml o g
2
N) .

The c o s t o f s e pa r a t i ng a s ubg r a phi = ( i; i) i s g i v e n by t he s umo f t he c o s t s o f

c omput i ng a s e pa r a t i ng va l ue a nd t he n c o ns t r uc t i ng a nd numbe r i ng t he c o r r e s po ndi ng

s e pa r a t o r . Comput i ng a s e pa r a t i ng va l ue t ha t s a t i s �e s t he ba l a nc e c o ndi t i o n r e qui

t he f o r ma t i o n a nd t r a v e r s a l o f t he v e r t e x c o unt l i s t s c o unt (i; ) a nd c o unt (i; ) . The

c o s t o f f o r mi ng t he s e l i s t s i s pr o po r t i o na l t o jij. The c o s t o f t r a v e r s i ng t he mde pe nds

o n t he numbe r o f a c t ua l c o o r d i na t e va l ue s i n t he g r a ph, whi c h i s o bv i o us l y a t mo s t jij.

Comput i ng t he e s t i ma t e � f o r t he s e pa r a t o r s i z e r e qu i r e s t he f o r ma t i on a nd t r a v e r s

o f t he e dg e c o unt l i s t s c o unt (i; ) a nd c o unt (i; ) , r e s u l t i ng i n c o s t pr o po r t i o na l t o

j ij. Comput i ng t he s e t o f e dg e s t ha t s t r a ddl e t he s e pa r a t i ng va l ue i nvo l ve s s e a r c h i

o ne o f t he g r o up t r e e s a nd de l e t i ng e dg e s s e l e c t e d . Thi s c a n be a c c ompl i s he d i n t i

pr o po r t i o na l t o l o g
2
( N) a nd t he numbe r o f e dg e s f o und. Comput i ng a nd numbe r i ng

t he a c t ua l s e pa r a t o r c a n be p e r f o r me d i n t i me pr o po r t i o na l t o t he s i z e o f t he s e pa r a
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i nt e g e r s a nd r de �ne a g r o up gq r. We c o ul d , f o r e xampl e , ha ve go r g but

no t g1 . The g r o up gq r c o ns i s t s o f i nt e r va l s t ha t ha v e l e f t e ndpo i nt s g r e a t e r t ha n

o r e qua l t o , r i g ht e ndpo i nt s l e s s t ha n r , a nd s t r a ddl e t he mi dpo i nt = ( + r ) =2 ;

i . e . , t he l e f t e ndpo i nt i s a t mo s t a nd t he r i g ht e ndpo i nt i s a t l e a s t . The i nt e r

wi t h i n gq r a r e a r r a ng e d i n a l i s t t ha t i s t hr e a de d i n t wo di r e c t i o ns by t wo i nde p e nde nt

l i nk e d l i s t s . One o f t he l i nk e d l i s t s i s i n o r de r o f t he e ndpo i nt s a nd t h

o t he r i s i n o r de r o f t he e ndpo i nt s o f i nt e r va l s i n gq r. Suc h a dua l

t hr e a d i ng i s r e qu i r e d t o e na bl e e �c i e nt s e a r c h i ng a s de s c r i b e d b e l ow.

A g r o up t r e e i s a c ompl e t e b i na r y t r e e who s e v e r t i c e s a r e i nt e r va l g r o ups . Co ns i d

a n i nt e r va l [ ; ] s uc h t ha t a nd a r e c o ns e c ut i v e mul t i p l e s o f a powe r o f t wo . The

g r o up t r e e [ ; ] f o r t he i nt e r va l [ ; ] i s de �ne d r e c ur s i v e l y by t a k i ng gt o b e t he

r o o t , a nd g i v e n a v e r t e x gq r, i t s l e f t c h i l d i s gq q r 2 a nd i t s r i g ht c h i l d i s gq r 2 r.

Gi v e n a g r o up t r e e [ ; ] , i t i s e a s y t o �nd me mbe r s t ha t c r o s s a g i v e n po i nt s .

The s e a r c h i s s t a r t e d a t t he r o o t wi t h g r o up g. The f o l l owi ng a c t i o ns a r e a ppl i e d

r e c ur s i v e l y a t e a c h v e r t e x gq r, who s e mi dpo i nt i s = ( + r ) =2 .

cases = Al l i nt e r va l s i n t he g r o up gq r s t r a ddl e s . Fur t he r mo r e , i nt e r va l s i n

de s c e nda nt s o f gq r c a nno t c o nt a i n a ny i nt e r va l s o f i nt e r e s t , a nd t hus t he r e c ur s i o n

t e r mi na t e s .

case s Ea c h i nt e r va l i n gq r who s e l e f t e ndpo i nt i s no t l a r g e r t ha n s mus t

s t r a ddl e s . Suc h i nt e r va l s c a n be f o und i n t i me l i ne a r i n t he numbe r o f ma t c he s , a

t he i nt e r va l s a r e t hr e a de d i n i nc r e a s i ng o r de r o f l e f t e ndpo i nt s . The l e f t c h i l d oq r,

name l y t he g r o up gq q r 2, mus t t he n a l s o b e s e a r c he d .

cases > Ea c h i nt e r va l i n gq r who s e r i g ht e ndpo i nt i s no t s ma l l e r t ha n s mus t

s t r a ddl e s . Suc h i nt e r va l s c a n be f o und i n t i me l i ne a r i n t he numbe r o f ma t c he s , a

t he i nt e r va l s a r e t hr e a de d i n de c r e a s i ng o r de r o f r i g ht e ndpo i nt s . The r i g ht c h i l

gq r, name l y t he g r o up gq r 2 r, mus t t he n a l s o b e s e a r c he d .

The t i me c ompl e x i t y o f t he a bo ve s e a r c h pr o c e s s c a n be e s t i ma t e d by no t i ng t ha t

t he he i g ht o f t he g r o up t r e e i s l o g
2
( � ) , s o t ha t a t mo s t l o g

2
( � ) g r o ups ne e d b e

s e a r c he d . Wi t h i n e a c h g r o up, t he t i me s p e nt i s l i ne a r i n t he numbe r o f ma t c he s , due

t o t he dua l t hr e a d i ng . e nc e , t he c o s t o f a s i ng l e s e a r c h i s a t mo s t l o g
2
( � ) + k ,

whe r e k i s t he a c t ua l numbe r o f ma t c he s .

The g r o up t r e e s e a r c h t e c hni que o ut l i ne d a bo ve i s i mme di a t e l y a ppl i c a b l e t o c om-

put i ng t he s e ts o f e dg e s t ha t s t r a ddl e t he s e pa r a t i ng va l ue s we s i mpl y a s s o c i a t e

e a c h e dg e i n t he s ubg r a ph wi t h t he i nt e r va l who s e e ndpo i nt s a r e t he c o o r d i na t e va l u

i n t he g i v e n di me ns i o n o f t he c o r r e s po ndi ng pa i r o f v e r t i c e s . The t wo r e s u l t i ng g r

t r e e s ( o ne f o r e a c h c o o r d i na t e d i me ns i o n) a r e f o r me d i n i t i a l l y f o r t he e nt i r e g r a p

a nd t he r e a f t e r c a n be mo di �e d e a s i l y f o r us e i n t he s e a r c he s a t s uc c e s s i v e l e v e l

ne s t e d di s s e c t i o n . No t c o unt i ng t h i s i n i t i a l i z a t i o n c o s t , t he c o s t o f �ndi ng t he

d l e e dg e s f o r a g i v e n s ubg r a phi us i ng a g r o up t r e e s e a r c h i s t he n pr o po r t i o na l t o

l o g
2
j ij pl us t he numbe r o f e dg e s f o und. Thi s i s a s ubs t a nt i a l i mpr ove me nt o ve r t he

c o s t o f t he s i mpl e r a l g o r i t hmde s c r i b e d e a r l i e r , whi c h i s l i ne a r i n jij.

. artesian ested issection. a v i ng de s c r i b e d a n a l g o r i t hmf o r c omput -

i ng a Ca r t e s i a n s e pa r a t o r f o r a g i v e n g r a ph, we c a n us e t he a l g o r i t hm r e p e a t e d l y

t o de r i v e a n a l g o r i t hmf o r Ca r t e s i a n ne s t e d di s s e c t i o n t o o r de r a s pa r s e ma t r i x . T

mo s t na t ur a l wa y t o i mpl e me nt s uc h a n a l g o r i t hmi s t o i nvo ke t he s e pa r a t o r a l g o r i t hm

r e c ur s i v e l y o n s uc c e s s i v e l y s ma l l e r s ubg r a phs o f t he i n i t i a l g r a ph. We do no t t a k e

a n e xpl i c i t l y r e c ur s i v e a ppr o a c h , howe ve r , f o r r e a s o ns t ha t wi l l b e c ome c l e a r whe n
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a l a b e l i nd i c a t i ng t he g r a ph t o whi c h t he i n f o r ma t i on p e r t a i ns a nd ci i s t he c o unt

o f v e r t i c e s i n wi t h c o o r d i na t e va l ue i , e t c . The v e r t e x c o unt l i s t c o unt ( ; )

t r a v e r s e d i n i nc r e a s i ng o r de r a nd t he c umul a t i ve c o unt o f v e r t i c e s i nc r e me nt e d un

t he �r s t va l ue i s f o und, s a y , t ha t s a t i s �e s t he ba l a nc e c o ndi t i o n . Tr ave r s a l o f

l i s t t he n c o nt i nue s unt i l a va l ue i s f o und a t whi c h t he ba l a nc e c o ndi t i o n i s no l o n

s a t i s �e d ; we de no t e by t he l a s t va l ue a t whi c h t he ba l a nc e c o ndi t i o n wa s s t i l l s a t i s

Al t e r na t i v e l y, de p e ndi ng o n whi c h wo ul d g i v e t he s ma l l e s t e xp e c t e d r unni ng t i me ,

c o u l d i ns t e a d be f o und by t r a ve r s i ng t he v e r t e x c o unt l i s t i n de c r e a s i ng o r de r f r

t he t o p . I n e i t he r c a s e , we wi l l ha ve i de nt i �e d t he b l o c k [ ; ] o f p o t e nt i a l s e pa r a

va l ue s , a l l o f whi c h s a t i s f y t he ba l a nc e c o ndi t i o n .

We mus t now c omput e t he e s t i ma t e � ( i ) f o r e a c h va l ue i [ ; ] . Le t ( u; ) b e

a n e dg e i n , wi t h ( u) � ( ) . Suc h a n e dg e c a n be t ho ug ht o f a s b e g i nn i ng a t

( u) a nd e ndi ng a t ( ) . Le t ( i ) a nd " ( i ) de no t e t he numbe r o f e dg e s t ha t b e g i n

a nd e nd, r e s p e c t i v e l y, a t i . Edg e s i n a r e ma i nt a i ne d i n a n , de no t e d by

l i s t ( ; ) , i n i nc r e a s i ng o r de r o f t he c o o r d i na t e s o f t he i r a s s o c i a t e d v e r t i c e s

e dg e ( u; ) i s e nt e r e d i nt o t he o r de r e d e dg e l i s t a t po s i t i o ns g i v e n by ( u) a nd (

whe r e ( u) ( ) , a nd ma r ke d r e s p e c t i v e l y a s a b e g i n a nd a n e nd e nt r y. The e dg e

l i s t i s t r a v e r s e d t o c omput e a n , de no t e d by c o unt ( ; ) , o f t he f o r m

[ ; i ; ( i ) ; " ( i ) >; . . .; j ; ( j ) ; " ( j ) >] . We now l e t �( i ) b e t he numbe r o f e dg e s

t ha t c r o s s i . Obs e r v e t ha t �( i ) = �( i �1 ) + ( i �1 ) �" ( i ) . Thi s f a c t i s us e d t o c omput e

�( i ) f o r e a c h va l ue i n t he b l o c k [ ; ] by t r a ve r s i ng t he e dg e c o unt l i s t c o unt ( ;

We no t e a l s o t ha t t he s i z e o f t he i n i t i a l a ppr o x i ma t i o n t o t he s e pa r a t o r , jij, c a n b e

c omput e d f o r e a c h c o o r d i na t e va l ue i by s c a nni ng t he v e r t e x c o unt l i s t c o unt ( ; )

Fi na l l y, we no t e t ha t f o r e a c h c o o r d i na t e va l ue i , o ur e s t i ma t e f o r t he �na l s e pa r a

s i z e i s g i v e n by � ( i ) = jij+�( i ) . a v i ng c omput e d t he va l ue o f � ( i ) f o r e a c h i [ ; ] ,

we s e l e c t t he c o o r d i na t e va l ue s wi t h t he mi ni mumva l ue o f � ( s ) a s t he s e pa r a t i ng

va l ue f o r t ha t d i me ns i o n . A s e pa r a t i ng va l ue i s s i mi l a r l y c omput e d f o r t he o t he

c o o r d i na t e d i me ns i o n , a nd t he o ne y i e l d i ng t he s ma l l e r e s t i ma t e d s e pa r a t o r s i z e

s e l e c t e d a s t he s e pa r a t i ng va l ue f o r c omput i ng a Ca r t e s i a n s e pa r a t o r .

. . onstructinga eparator. a v i ng c ho s e n a s e pa r a t i ng va l ue s i n o ne o f

t he c o o r d i na t e d i me ns i o ns , we nowpr o c e e d t o c o ns t r uc t a Ca r t e s i a n s e pa r a t o r . Ag a i

f o r de �ni t e ne s s , a s s ume t ha t we ha v e c ho s e n t he c o o r d i na t e d i me ns i o n . Ac c o r d i ng t

o ur e a r l i e r de �ni t i o n , t he de s i r e d s e pa r a t o rs i s t he uni o n o f t he i n i t i a l a ppr o x i ma t e

s e pa r a t o rs a nd t he c o r r e c t i o n s e ts. The s e ts i s e a s i l y c omput e d us i ng t he v e r t e x

l i s t l i s t ( ; ) . The c o ns t r uc t i o n o f t he c o r r e c t i o n s e ts r e qu i r e s t ha t we c omput e t he

s e t s o f e dg e s t ha t s t r a ddl e t he s e pa r a t i ng va l ue s . A s i mpl e wa y t o s e a r c h f o r t he s e

s t r a ddl e e dg e s wo ul d b e t o t r a v e r s e t he e dg e l i s t l i s t ( ; ) i n i nc r e a s i ng o r de r u

va l ue s . Fo r e a c h b e g i nn i ng e dg e ( u; ) , wi t h ( u) � ( ) , we a dd t he e dg e t os

i f ( ) > s . Upo n r e a c h i ng va l ue s i n t r a v e r s i ng l i s t ( ; ) , we ha v e c ompl e t e d t he

c omput a t i o n o fs. We i n i t i a l i z e t he s e ts t o b e s, t he n f o r e a c h e dg e i ns s uc h

t ha t ne i t he r o f i t s e ndpo i nt s i s a l r e a dy i ns, we a ugme nts by o ne o f t ho s e e ndpo i nt s .

The c ho i c e o f whi c h e ndpo i nt t o i nc l ude i ns c a n be made a r b i t r a r i l y, o r t he c ho i c e

c a n be g o ve r ne d by r e qui r i ng t ha t t he ba l a nc e c o ndi t i o n b e ma i nt a i ne d .

I n t he wo r s t c a s e , t he c omput a t i o na l c o s t o f t h i s s i mpl e a l g o r i t hm f o r �ndi ng

s t r a ddl e e dg e s i s pr o po r t i o na l t o t he numbe r o f e dg e s i n t he s ubg r a ph. Thi s c o s

c a n be r e duc e d by us i ng t he c o nc e pt o f a [ 1 6] , whi c h e na bl e s mo r e e �c i e nt

s e a r c h i ng f o r i nt e r va l s t ha t c o nt a i n a g i v e n po i nt s . A g r o up t r e e i s ba s e d o n t he no t

o f i nt e r va l g r o ups i n a g i v e n c o o r d i na t e d i me ns i o n . An i nt e r va l g r o up i s s p e c i �e d

a pa i r o f i nt e g e r s t ha t a r e c o ns e c ut i v e mul t i p l e s o f t he s ame powe r o f t wo ; t wo s uc
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( a s s umi ng t ha t v e r t i c e s a r e c ho s e n a ppr o pr i a t e l y f o r t he c o r r e c t i o n s e ts t o ma i nt a i n

t he i n i t i a l ba l a nc e ) . De t e r mi n i ng t he s i z e o f a Ca r t e s i a n s e pa r a t o r , o n t he o t

ha nd, i s mo r e d i �c ul t , s i nc e t he i n i t i a l s e ts o f v e r t i c e s wi t h c o o r d i na t e s e qua l t o

s i s me r e l y a n i n i t i a l a ppr o x i ma t i on t ha t mus t b e a ugme nt e d by t he c o r r e c t i o n s e t

s, who s e s i z e i s no t s o e a s i l y de t e r mi ne d . I n s e e k i ng a s ma l l s e pa r a t o r we wi l l ,

e �c i e nc y, me r e l y e s t i ma t e t he e v e nt ua l s e pa r a t o r s i z e r a t he r t ha n c omput e i t e xa c t

Fo r a g i v e n c o o r d i na t e va l ue s , we de �ne t he qua nt i t y

� ( s ) = jsj+ j sj;

whe r e t he s e t ss a nd s a r e a s de �ne d pr e v i o us l y. Cl e a r l y, � ( s ) i s a n uppe r bo und o n

t he s e pa r a t o r s i z e ; i t ma y be a n o ve r e s t i ma t e b e c a us e a s i ng l e v e r t e x may \ c o v e r " mo r

t ha n o ne s t r a ddl e e dg e i ns, s o t ha t jsj may be s ma l l e r t ha n jsj. Ne v e r t he l e s s ,

� ( s ) i s s u�c i e nt l y a c c ur a t e f o r o ur pur po s e s , a nd we wi l l us e i t a s a n e s t i ma t e f o r

s e pa r a t o r s i z e i n s e e k i ng a n a ppr o x i ma t e mi ni mum.

The de s i r e d ba l a nc e b e t we e n t he t wo s ubg r a phs r e s u l t i ng f r oma s i ng l e d i s s e c t i o

i s g i v e n by a us e r - s p e c i �e d qua nt i t y, �, 0 � 1 , whi c h i s i nt e r pr e t e d a s a l i mi

o n t he r e l a t i v e pr o po r t i o n b e t we e n t he s i z e s o f t he t wo s ubg r a phs . Sp e c i �c a l l y,

r e qu i r e t ha t t he s e pa r a t i ng va l ue s be c ho s e n s o t ha t

�j j �j 1j; j 2j �( 1 ��) j j:

A va l ue o f � = 1 =3 , f o r e xampl e , me a ns t ha t o ne s ubg r a ph c a n be a t mo s t t wi c e t he

s i z e o f t he o t he r . The r e may be many po t e nt i a l s e pa r a t i ng va l ue s t ha t s a t i s f y t h

ba l a nc e c o ndi t i o n , wi t h s ome va l ue s r e s u l t i ng i n s ma l l e r s e pa r a t o r s t ha n o t he r s .

c ho o s e t he va l ue s t ha t mi n i mi z e s t he e s t i ma t e � ( s ) f o r t he s e pa r a t o r s i z e . We ha nd

t he s p e c i a l c a s e � = 1 =2 s e pa r a t e l y, s i nc e i t r e qu i r e s p e r f e c t ba l a nc e ( a s c l o s e

po s s i b l e ) r e g a r d l e s s o f t he r e s u l t i ng s e pa r a t o r s i z e , a nd he nc e t he e s t i ma t e � ( s )

no t b e c omput e d .

We i l l us t r a t e t he s e c o nc e pt s f o r t he e xampl e o f Fi g ur e 3 , wo r k i ng wi t h t he

d i me ns i o n . I f � = 1 =3 , t he n a s e pa r a t i ng va l ue o f e i t he r s = 3 o r s = 4 s a t i s �e s t he

ba l a nc e c r i t e r i o n . Ca l c u l a t i ng t he e s t i ma t e d s e pa r a t o r s i z e f o r e a c h o f t he s e va

we g e t � ( 3 ) = 3 a nd � ( 4 ) = 2 , s o t ha t we wo ul d c ho o s e s = 4 a s t he b e s t s e pa r a t i ng

va l ue i n t h i s c a s e . I f � = 1 =5 i ns t e a d , t he n a ny s e pa r a t i ng va l ue i n t he i nt e r va l [ 2

wo ul d s a t i s f y t he ba l a nc e c r i t e r i o n , but t he e s t i ma t e d s e pa r a t o r s i z e s wo ul d s t i l

s = 4 a s t he b e s t c ho i c e .

We now s k e t c h a n a l g o r i t hm f o r c omput i ng a s e pa r a t i ng va l ue t ha t mi n i mi z e s

t he a ppr o x i ma t e s e pa r a t o r s i z e s ub e c t t o t he s p e c i �e d ba l a nc e c o ns t r a i nt . Thi s r

a t i v e l y s i mpl e s e r i a l a l g o r i t hms e r v e s t o i nt r o duc e a ppr o pr i a t e t e r mi no l o gy, no t a

a nd da t a s t r uc t ur e s , pr o v i d i ng a f r ame wo r k f o r o ur s ubs e que nt de v e l o pme nt o f a d i s

t r i but e d pa r a l l e l a l g o r i t hm. Fo r de �ni t e ne s s , a s s ume t ha t we a r e wo r k i ng wi t h t h

c o o r d i na t e d i me ns i o n ; s i mi l a r de �ni t i o ns a nd pr o c e dur e s a r e a l s o a ppl i c a b l e t o

d i me ns i o n . I n g e ne r a l , we pr o c e s s bo t h di me ns i o ns i n t he s ame f a s h i o n a nd us e

whi c he v e r y i e l ds t he s ma l l e r s e pa r a t o r . Whe n t h i s pr o c e dur e f o r c omput i ng s e pa r a

t o r s i s us e d r e p e a t e d l y i n ne s t e d di s s e c t i o n , a d i �e r e nt c o o r d i na t e d i me ns i o n may

s e l e c t e d a t e a c h s t a g e .

Fo r a g i v e n g r a ph = ( ; ) , t he v e r t i c e s i n a r e ma i nt a i ne d i n a ,

whi c h we de no t e by l i s t ( ; ) , i n i nc r e a s i ng o r de r o f t he i r c o o r d i na t e va l ue s . T

ve r t e x l i s t i s t r a v e r s e d t o c omput e a , de no t e d by c o unt ( ; ) , o f c o unt s

o f v e r t i c e s i n a t e a c h c o o r d i na t e va l ue , i n i nc r e a s i ng o r de r i n t he d i me ns i o n . T

ve r t e x c o unt l i s t ha s t he f o r mc o unt ( ; ) = [ ; i ; ci >; . . .; j ; cj >] , whe r e i s
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c ho s e n i n o ne o f t he t wo c o o r d i na t e d i me ns i o ns , s a y . We wi l l r e f e r t o s a s a \ s e pa

r a t i ng va l ue " b e c a us e i t wi l l b e us e d t o d i s s e c t t he g r a ph a l o ng t he g i v e n c o o r d i n

d i me ns i o n . Le t1, 2, a nd s be t he s e t s o f a l l v e r t i c e s who s e c o o r d i na t e i s l e s s

t ha n s , g r e a t e r t ha n s , a nd e qua l t o s , r e s p e c t i v e l y. Thi s pa r t i t i o n i ng o f t he no

i n t he g r a ph do e s no t ne c e s s a r i l y g i v e us a v e r t e x s e pa r a t o r , b e c a us e t he r e ma y s t

b e pa t hs c o nne c t i ng v e r t i c e s i n1 a nd 2. o we v e r , a ny s uc h pa t h mus t c o nt a i n a n

e dg e t ha t \ s t r a ddl e s " t he s e pa r a t i ng va l ue s . Le ts be t he s e t o f a l l s uc h s t r a ddl e

e dg e s , i . e . ,

s = f( u1; u2) u1 1; u2 2g:

Fo r e a c h e dg e ( u1; u2) s, a r b i t r a r i l y s e l e c t o ne o f i t s t wo a s s o c i a t e d v e r t i c e s

f o r i nc l us i o n i n t he s e ts, whi c h we r e f e r t o a s t he \ c o r r e c t i o n s e t " f o rs. We now

de �ne t he f o l l owi ng s e t s

1 = 1 s; 2 = 2 s; s = s s:

The s e t s i s a v e r t e x s e pa r a t o r f o r t he g r a ph, s i nc e e a c h v e r t e x i n1 i s c o nne c t e d

o nl y t o v e r t i c e s i ns o r o t he r v e r t i c e s i n1, a nd s i mi l a r l y f o r2. We r e f e r t o s uc h a

s e pa r a t o r a s a \Ca r t e s i a n s e pa r a t o r ; " he nc e f o r t h , whe n we us e t he t e r ms e pa r a t o r w

wi l l me a n a Ca r t e s i a n s e pa r a t o r .

We i l l us t r a t e t he s e c o nc e pt s f o r t he e xampl e o f Fi g ur e 3 . Us i ng s = 3 a s a

s e pa r a t i ng va l ue i n t he d i me ns i o n , we g e t t he i n i t i a l s e t s

1 = f1 ; 2 ; 6 ; 8 ; 1 2 ; 1 3 ; 1 4 g;2 = f3 ; 4 ; 5 ; 7 ; 1 0 ; 1 1g;s = f9 ; 1 5 g:

The s e t o f s t r a ddl e e dg e s i s t he s i ng l e t o n s e ts = f( 2 ; 3 ) g. Cho o s i ng o ne o f t he

e ndpo i nt s o f t h i s e dg e , s a y no de 2 , we g e t t he c o r r e c t i o n s e ts = f2 g. Thus , t he �na l

s ubg r a phs a nd s e pa r a t o r a r e g i v e n by

1 = f1 ; 6 ; 8 ; 1 2 ; 1 3 ; 1 4 g;2 = f3 ; 4 ; 5 ; 7 ; 10 ; 11 g;s = f2 ; 9 ; 1 5g:

I t i s no t d i �c ul t t o de v i s e g r a phs f o r whi c h e v e n t he b e s t Ca r t e s i a n s e pa r a t o r

i s muc h l a r g e r t ha n ne c e s s a r y. Fo r e xampl e , a o ne - d i me ns i o na l g r i d wo und i nt o a

s p i r a l i n t he p l a ne wi l l b e c ut many t i me s by a ny bi s e c t i ng l i ne , but c a n be s e pa r a t

e v e n l y by r e mov i ng a s i ng l e v e r t e x . S i mi l a r l y, a p l a na r g r a ph c o ns i s t i ng o f n c o nc

t r i c s qua r e s who s e c o r r e s po ndi ng c o r ne r s a r e c o nne c t e d c a n be s e pa r a t e d e v e n l y b

r e mo v i ng o nl y f o ur v e r t i c e s , y e t a ny bi s e c t i ng l i ne wi l l c ut 2n e dg e s , g i v i ng a s e

r a t o r o f s i z e n. o we ve r , we ha ve f o und Ca r t e s i a n s e pa r a t o r s t o b e v e r y e �e c t i v e f

s e pa r a t i ng g r a phs t ha t a r i s e i n pr a c t i c e . I n t he ne x t s e c t i o ns we pr o c e e d t o d i s c

t he t wo ma i n s ubpr o bl e ms i n c omput i ng a Ca r t e s i a n s e pa r a t o r

De t e r mi n i ng a n a ppr o pr i a t e c ho i c e f o r t he s e pa r a t i ng va l ue s ,

De t e r mi n i ng t he c o r r e c t i o n s e ts.

.1. oosing a eparating alue. As we o bs e r v e d e a r l i e r , t he t wo ma i n

c r i t e r i a f o r c ho o s i ng a s e pa r a t o r a r e t ha t t he s e pa r a t o r b e s ma l l a nd t ha t t he r e s u l

s ubg r a phs b e we l l ba l a nc e d ( i . e . , a bo ut e qua l i n s i z e ) . The s e c r i t e r i a a r e g e ne r a

c o n
i c t , s o t he r e i s a t r a de o � be t we e n t he m. I n c ho o s i ng a s e pa r a t i ng va l ue s f o

c omput i ng a Ca r t e s i a n s e pa r a t o r i n a g i v e n di me ns i o n , t he ba l a nc e b e t we e n t he s i z e

o f t he r e s u l t i ng s ubg r a phs i s de t e r mi ne d by t he r e l a t i v e numbe r s o f v e r t i c e s ha v i

c o o r d i na t e s l e s s t ha n s o r g r e a t e r t ha n s i n t ha t d i me ns i o n . Thus , we c a n a t t a i n

a ny de s i r e d de g r e e o f ba l a nc e , i nc l ud i ng o pt i ma l ba l a nc e , s i mpl y by c o unt i ng v e r t i
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e s p e c i a l l y t he g r a ph ha s b e e n pa r t i t i o ne d s o t ha t da t a l o c a l i t y c a n be ma i n-

t a i ne d ( i . e . , c o nt i g uo us p i e c e s a r e a s s i g ne d t o i nd i v i dua l pr o c e s s o r s , a nd \ ne

pi e c e s a s s i g ne d t o \ ne a r by" pr o c e s s o r s ) . Mo r e r e c e nt he ur i s t i c s f o r c omput i ng g r

s e pa r a t o r s i nc l ude s p e c t r a l me t ho ds [ 8, 1 5] a nd me t ho ds ba s e d o n g e ome t r i c pr o e c -

t i o ns a nd mappi ng s [ 1 4, 1 3, 1 2, 1 7] . The s e ma y ha ve g r e a t e r po t e nt i a l f o r pa r a l l e l

i mpl e me nt a t i on , but t h i s ha s y e t t o b e de mons t r a t e d i n pr a c t i c e . An e xpl i c i t l y pa

a l l e l i mpl e me nt a t i o n o f t he e r n i g ha n- Li n a l g o r i t hmf o r c omput i ng g r a ph s e pa r a t o

c a n be f o und i n [ 6] .

I n t h i s pa p e r we pr e s e nt a no t he r ne w a ppr o a c h t o c omput i ng s e pa r a t o r s , o ne t ha t

i s de s i g ne d t o b e e �e c t i v e i n a di s t r i but e d pa r a l l e l e nv i r o nme nt . I t s pr i nc i pa l f e

a r e t he us e o f Ca r t e s i a n c o o r d i na t e s f o r t he v e r t i c e s , i t s l a c k o f de p e nde nc e o n i n

da t a l o c a l i t y, a nd t he c o nt r o l i t pr o v i de s o v e r bo t h t he s i z e o f t he s e pa r a t o r a nd

ba l a nc e o f t he r e s u l t i ng pi e c e s . Thi s t e c hni que i s us e d r e c ur s i v e l y t o pr o duc e a ne

di s s e c t i o n o r de r i ng . A s ome wha t s i mi l a r \ r e c ur s i v e b i s e c t i o n" a ppr o a c h , ba s e d o n

g e o g r a phi c l o c a t i o ns o f po i nt s o r pa r t i c l e s , ha s a l s o b e e n us e d i n o t he r c o nt e x t s ,

a s doma i n de c ompo s i t i o n [ 1] a nd l o a d ba l a nc i ng o f pa r a l l e l c omput a t i o ns [ 2, pa g e 4 3 0 ] .

owe ve r , t he s e e �o r t s ha v e b e e n c o nc e r ne d pr i ma r i l y wi t h t he nume r i c a l ba l a nc e o

t he pa r t i t i o n i ng r a t he r t ha n t he i nt e r c o nne c t i v i t y among t he po i nt s , i f a ny, o r

s i z e s o f t he s e pa r a t o r s us e d .

. . artesian epresentation. One mo t i va t i o n f o r o ur us e o f a Ca r t e s i a n

r e pr e s e nt a t i o n o f t he g r a ph i s t o ma ke t he da t a \ s e l f i de nt i f y i ng . " Thi s wi l l b e i m

t a nt whe n we c o ns i de r i mpl e me nt i ng t he a l g o r i t hmon di s t r i but e d me mor y pa r a l l e l

c omput e r s . I n pa r t i c u l a r , t he da t a c a n be s c a t t e r e d r a ndoml y a c r o s s t he l o c a l me m

o r i e s o f t he pr o c e s s o r s , y e t we c a n s t i l l t e l l whe r e ( g e o g r a phi c a l l y ) a ny g i v e n pi

da t a l i e s wi t h i n t he o v e r a l l pr o b l e m, wi t ho ut ne e d i ng a ny c ommuni c a t i o n t o e s t a b l i

c o nt e x t . I n e �e c t , t h i s a ppr o a c h make s t he d i s t r i but e d me mo r y \ c o nt e nt a ddr e s s -

a b l e , " t he r e by r e duc i ng muc h o f t he pr o bl e m o f c omput i ng s e pa r a t o r s t o r e l a t i v e l

s i mpl e c o unt i ng a nd s e a r c h i ng o p e r a t i o ns , whi c h c a n be do ne v e r y e �e c t i v e l y i n a

di s t r i but e d manne r .

Fo r e a c h v e r t e x we a s s ume t ha t we a r e g i v e n a pa i r o f Ca r t e s i a n c o o r d i na t e s ,

whi c h we de no t e by ( ) a nd ( ) , r e pr e s e nt i ng t he ho r i z o nt a l a nd v e r t i c a l c o o r d i na

di r e c t i o ns , r e s p e c t i v e l y, i n t he Euc l i de a n pl a ne . One mi g ht wi s h t o a ppl y a r o t a t

t o t he c o o r d i na t e s y s t e mt o pl a c e t he g r a ph i nt o s ome mo r e a dva nt a g e o us o r i e nt a t i o n

we a s s ume t ha t t h i s ha s a l r e a dy be e n do ne , i f de s i r e d . One po s s i b l e way t o de t e r mi n

a g o o d o r i e nt a t i o n wo ul d b e t o c omput e t he a x i s o f mi n i mumi ne r t i a o f t he v e r t i c e s

a s a c o l l e c t i o n o f po i nt s i n t he p l a ne .

As wi l l b e s e e n s ho r t l y, t he e �c i e nc y o f o ur me t ho d de p e nds o n bo t h t he r a ng e

a nd t he \ o c c upa nc y r a t e " o f t he po s s i b l e c o o r d i na t e va l ue s i n e a c h di me ns i o n . The r

f o r e , we \ i nt e g e r i z e " t he o r i g i na l \ na t ur a l " c o o r d i na t e va l ue s by s o r t i ng t he mi n

di me ns i o n a nd t he n r e a s s i g n i ng c o ns e c ut i v e i nt e g e r va l ue s t o d i s t i nc t c o o r d i na t e

ue s i n s e que nc e . The ba s i s f o r t h i s s t r a t e g y i s t o t r y t o mi ni mi z e t he r a ng e o f va l

whi l e e ns ur i ng t ha t a l l c o o r d i na t e va l ue s a r e a c t ua l l y us e d , s i nc e unus e d va l ue s

wa s t e s pa c e a nd t i me i n o ur a l g o r i t hms . Suc h a n o pe r a t i o n may s i g n i �c a nt l y d i s -

t o r t t he o r i g i na l me t r i c g e ome t r y o f t he g r a ph, but i t do e s no t c ha ng e i t s t o po l o g i

s t r uc t ur e , t he r e by e nha nc i ng e �c i e nc y whi l e r e t a i n i ng t he e �e c t i v e ne s s o f o ur

pr o a c h i n �ndi ng g o o d s e pa r a t o r s . Fi g ur e 3 s hows o ur e xampl e g r a ph wi t h Ca r t e s i a n

c o o r d i na t e s f o r t he no de s .

. artesian eparators. We now de s c r i b e o ur s t r a t e g y f o r c omput i ng a v e r -

t e x s e pa r a t o r i n a Ca r t e s i a n l a b e l e d g r a ph = ( ; ) . Le t s be a c o o r d i na t e va l ue
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I f t he ma t r i x i s r e o r de r e d s o t ha t t he v e r t i c e s wi t h i n e a c h s ubg r a ph a r e numbe r e

c o nt i g uo us l y a nd t he v e r t i c e s i n t he s e pa r a t o r a r e numbe r e d l a s t , t he n t he ma t r i x w

ha ve t he f o l l owi ng bo r de r e d bl o c k di a g o na l f o r m

A=

A1 0 1

0 A2 2

T
1

T
2

As

:

The s i g n i �c a nc e o f t he a bo ve pa r t i t i o n i ng o f t he ma t r i x i s t wo f o l d �r s t , t he z e r o b l

a r e pr e s e r v e d i n t he f a c t o r i z a t i o n , t he r e by l i mi t i ng �l l ; s e c o nd, f a c t o r i z a t i o n

ma t r i c e s A1 a nd A2 c a n pr o c e e d i nde p e nde nt l y, t he r e by e na bl i ng pa r a l l e l e x e c ut i o n

o n s e pa r a t e pr o c e s s o r s . Thi s i de a c a n be a ppl i e d r e c ur s i v e l y, br e a k i ng e a c h s ubg r

i nt o s ma l l e r a nd s ma l l e r p i e c e s wi t h s uc c e s s i v e s e pa r a t o r s , g i v i ng a ne s t e d s e qu

o f d i s s e c t i o ns o f t he g r a ph t ha t i nh i b i t � l l a nd pr omo t e c o nc ur r e nc y a t e a c h l e v e l

Fi g ur e 2 s hows o ur o r i g i na l e xampl e r e o r de r e d by ne s t e d di s s e c t i o n . I n t he s ubs

que nt Cho l e s ky f a c t o r i z a t i o n , t he r e o r de r e d ma t r i x s u�e r s c o ns i de r a b l y l e s s � l l

wi t h t he o r i g i na l o r de r i ng , a nd a l s o p e r mi t s g r e a t e r pa r a l l e l i s m. Fo r e xampl e , c o l

1 , 2 , 3 , 7 , a nd 8 o f t he Cho l e s ky f a c t o r de p e nd o n no pr i o r c o l umns , a nd he nc e c a n

be c omput e d s i mul t ane o us l y, whe r e a s i n t he o r i g i na l o r de r i ng e v e r y c o l umn o f t he

Cho l e s ky f a c t o r de p e nds o n t he i mme di a t e l y pr e c e d i ng c o l umn.

The e �e c t i v e ne s s o f ne s t e d di s s e c t i o n i n l i mi t i ng �l l de p e nds o n t he s i z e o f t

s e pa r a t o r s t ha t s p l i t t he g r a ph, wi t h s ma l l e r s e pa r a t o r s o bv i o us l y b e i ng b e t t e r .

h i g h l y r e g u l a r , p l a na r pr o bl e ms ( e . g . , t wo - d i me ns i o na l �ni t e d i �e r e nc e o r �ni t e

e me nt g r i ds ) , s u i t a b l y s ma l l s e pa r a t o r s c a n us ua l l y b e f o und [ 9] . Fo r pr o bl e ms i n

di me ns i o ns h i g he r t ha n t wo , o r f o r h i g h l y i r r e g u l a r pr o b l e ms wi t h l e s s l o c a l i z e d

ne c t i v i t y, ne s t e d di s s e c t i o n t e nds t o b e l e s s e �e c t i v e , but s o do mo s t o t he r o r de

he ur i s t i c s , whi c h e xpl a i ns why i t e r a t i v e me t ho ds a r e o f t e n pr e f e r r e d o ve r d i r e c t m

o ds i n s uc h c i r c ums t a nc e s . I n t h i s pa p e r we wi l l f o c us o n pr o bl e ms f o r whi c h a n

e mbe ddi ng o f t he g r a ph i n t he t wo - d i me ns i o na l Euc l i de a n pl a ne i s g i v e n , but who s e

g r a ph i s no t ne c e s s a r i l y p l a na r . Suc h a pr o bl e m mi g ht r e s u l t , f o r e xampl e , f r om

t wo di me ns i o na l �ni t e e l e me nt s t r uc t ur a l a na l y s i s . I nde e d , o ur t e s t pr o b l e ms a r e

t a i ne d f r oms t a nda r d c omme r c i a l s t r uc t ur a l a na l y s i s pa c ka g e s , whi c h r o ut i ne l y s up

Ca r t e s i a n c o o r d i na t e s f o r t he v e r t i c e s . Our a ppr o a c h a ppe a r s t o g e ne r a l i z e t o t h

di me ns i o ns i n a r e a s o na bl y s t r a i g ht f o r wa r d manne r , but s uc h a n i mpl e me nt a t i o n ha s

no t y e t b e e n do ne , a nd i t s e �e c t i v e ne s s i n s uc h a s e t t i ng r e ma i ns t o b e de mons t r a t e

I n a ddi t i o n t o t he s i z e o f a s e pa r a t o r , t he r e l a t i v e s i z e s o f t he r e s u l t i ng s ubg r a

a l s o i mpo r t a nt . Ma x i mumbe ne �t f r omt he di v i de - a nd- c o nque r a ppr o a c h i s o bt a i ne d

whe n t he r e ma i n i ng s ubg r a phs a r e o f a bo ut t he s ame s i z e ; a n e �e c t i v e ne s t e d di s s e c t i

a l g o r i t hms ho ul d no t p e r mi t a n a r b i t r a r i l y s k e we d r a t i o b e t we e n t he s i z e s o f t he p i e

I n a pa r a l l e l s e t t i ng , t h i s c r i t e r i o n t a k e s o n a ddi t i o na l s i g n i �c a nc e i n t ha t i t

de t e r mi ne s t he l o a d ba l a nc e o f t he c omput a t i o na l s ubt a s k s a s s i g ne d t o i nd i v i du

pr o c e s s o r s . Thus , t he a l g o r i t hms we de v e l o p wi l l t a k e i nt o a c c o unt bo t h s i z e a n

ba l a nc e i n c ho o s i ng s e pa r a t o r s .

Ne s t e d di s s e c t i o n a l g o r i t hms di �e r pr i ma r i l y i n t he he ur i s t i c s us e d f o r c ho o s

s e pa r a t o r s . A t ypi c a l a ppr o a c h t o a ut oma t i c ne s t e d di s s e c t i o n f o r i r r e g u l a r g r a

[ 4] i nvo l ve s �r s t �ndi ng a \ p e r i phe r a l " v e r t e x , g e ne r a t i ng a l e v e l s t r uc t ur e ba s e

t he c o nne c t i v i t y o f t he g r a ph, a nd t he n c ho o s i ng a \mi ddl e " l e v e l o f v e r t i c e s a s t

s e pa r a t o r . Suc h a n a ppr o a c h i s d i �c ul t t o i mpl e me nt e �c i e nt l y o n a di s t r i but e d pa r

a l l e l c omput e r f o r a numbe r o f r e a s o ns , i nc l ud i ng t he ne c e s s a r y s e r i a l i z a t i o n o f

o f t he s t e ps , a nd t he c ommuni c a t i on r e qui r e d t o a s s e s s t he c o nne c t i v i t y o f t he g r a
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pr omo t e c o nc ur r e nc y i n t he f a c t o r i z a t i o n .

I n t h i s pa p e r we a r e c o nc e r ne d wi t h t he pr o bl e mo f c omput i ng �l l - r e duc i ng o r de r -

i ng s f o r s ymme t r i c po s i t i v e de �ni t e s pa r s e ma t r i c e s t ha t wi l l e na bl e e �c i e nt Cho l e

f a c t o r i z a t i o n o n l a r g e - s c a l e , d i s t r i but e d- me mor y pa r a l l e l c omput e r s . Pe r ha ps t he

i mpo r t a nt c o ns i de r a t i o n i s t ha t t he o r de r i ng i t s e l f b e c omput e d i n pa r a l l e l o n t he s

mul t i pr o c e s s o r ma c hi ne . Mo s t pr e v i o us wo r k o n pa r a l l e l s pa r s e ma t r i x f a c t o r i z a t

ha s f o c us e d o n t he mo r e c o s t l y ( a nd mo r e e a s i l y pa r a l l e l i z e d) nume r i c pha s e s , a n

ha s s i mpl y a s s ume d t ha t a n a ppr o pr i a t e a nd e �e c t i v e o r de r i ng c o ul d b e pr e c omput e d

o n a s e r i a l ma c hi ne ( s e e [ 7] f o r a s ur v e y o f t h i s wo r k ) . Suc h a n a ppr o a c h i s no t s c a l -

a b l e , howe ve r , a s a ny s uc h s e r i a l pha s e wi l l e v e nt ua l l y b e c ome a bo t t l e ne c k a s t h

pr o bl e ms i z e a nd numbe r o f pr o c e s s o r s g r ow. We t he r e f o r e s e e k a di s t r i but e d pa r a l l

o r de r i ng a l g o r i t hmt ha t c a n be i nt e g r a t e d o n t he s ame ma c hi ne wi t h t he s ubs e que nt

pa r a l l e l nume r i c c omput a t i o n a nd ma i nt a i n r e a s o na bl e e �c i e nc y o ve r a wi de r a ng e o f

pa r a l l e l a r c h i t e c t ur e s a nd numbe r o f pr o c e s s o r s . Addi t i o na l i s s ue s t ha t wi l l c o n

us a r e t he � l l ( a nd he nc e wo r k a nd s t o r a g e ) t ha t r e s u l t f r oma g i v e n o r de r i ng , a nd

a l s o t he r e s u l t i ng c o nc ur r e nc y, l o a d ba l a nc e , a nd c ommuni c a t i o n t r a�c i n c omput i n

t he Cho l e s ky f a c t o r o n s uc h a pa r a l l e l c omput e r .

De s i g n i ng a n e �c i e nt , s c a l a b l e , d i s t r i but e d o r de r i ng a l g o r i t hmf o r s pa r s e ma t

c e s pr e s e nt s a f o r mi da bl e c ha l l e ng e . The b e s t s e r i a l o r de r i ng a l g o r i t hms ha ve e vo

o ve r a n e x t e nde d pe r i o d o f t i me a nd a r e e x t r e me l y e �c i e nt . Muc h o f t h i s e �c i e nc y

r e s u l t s f r oms o phi s t i c a t e d da t a s t r uc t ur e s a nd a l g o r i t hmi c r e �ne me nt s t ha t a r e d

c u l t t o e x t e nd t o a di s t r i but e d pa r a l l e l s e t t i ng . Mo r e o v e r , ma ny o f t he s e a l g o r i t

i nvo l ve i nhe r e nt l y s e r i a l pr e c e de nc e c o ns t r a i nt s a nd ha ve r e l a t i v e l y l i t t l e c ompu

o ve r whi c h t o amo r t i z e t he c ommuni c a t i o n ne c e s s a r y i n a pa r a l l e l i mpl e me nt a t i o n

Pe r ha ps mo s t da unt i ng o f a l l , we s e e m t o ha ve a bo o t s t r a ppi ng pr o bl e m i n t ha t t he

e �c i e nc y o f mo s t d i s t r i but e d pa r a l l e l a l g o r i t hms de p e nds o n ha v i ng a hi g h de g r e

o f da t a l o c a l i t y, but we do no t know how t o pa r t i t i o n o ur pr o bl e m and di s t r i but e

i t a c r o s s t he pr o c e s s o r s unt i l a f t e r we ha ve a n o r de r i ng . We t he r e f o r e pr o po s e

o r de r i ng a l g o r i t hm t ha t l e nds i t s e l f t o a d i s t r i but e d pa r a l l e l i mpl e me nt a t i o n w

e �e c t i v e ne s s do e s no t de p e nd o n i n i t i a l da t a l o c a l i t y.

. ackground. Thr o ug ho ut t h i s pa p e r we wi l l a s s ume f ami l i a r i t y wi t h nume r -

o us ba s i c c o nc e pt s i n s pa r s e ma t r i x c omput a t i o ns . Suc h ba c kg r o und ma t e r i a l c a n b e

f o und, f o r e xampl e , i n t he t e x t bo o k [ 5] . I n pa r t i c u l a r , we wi l l us e t he s t a nda r d g r a ph

mo de l f o r s pa r s e Ga us s i a n e l i mi na t i o n , whi c h we e xpl a i n br i e 
y he r e . The g r a ph o f

a n n �n s ymme t r i c ma t r i x A i s a n undi r e c t e d g r a ph ha v i ng n ve r t i c e s , wi t h a n e dg e

b e t we e n t wo ve r t i c e s i a nd j i f t he c o r r e s po ndi ng e nt r yi j i s no nz e r o i n t he ma t r i x .

We us e t he no t a t i o n = ( ; ) t o de no t e t he v e r t e x a nd e dg e s e t s , r e s p e c t i v e l y, o f

a g r a ph . The s t r uc t ur a l e �e c t o f Ga us s i a n e l i mi na t i on o n t he ma t r i x i s e a s i l y de

s c r i b e d i n t e r ms o f t he c o r r e s po ndi ng g r a ph. The �l l i nt r o duc e d i nt o t he ma t r i x a s

r e s u l t o f e l i mi na t i ng a va r i a b l e a dds � l l e dg e s t o t he c o r r e s po ndi ng g r a ph s o t ha t

ne i g hbo r s o f t he e l i mi na t e d v e r t e x b e c ome a c l i que . The e l i mi na t i o n o r f a c t o r i z a t

pr o c e s s c a n t hus b e mo de l e d by a s e que nc e o f g r a phs , e a c h ha v i ng o ne l e s s v e r t e x

t ha n t he pr e v i o us g r a ph but po s s i b l y g a i n i ng e dg e s , unt i l o n l y o ne v e r t e x r e ma i ns .

s ma l l e xampl e g r a ph a nd c o r r e s po ndi ng ma t r i x A a r e s hown i n Fi g ur e 1 . Al s o s hown

i s t he � l l i n t he Cho l e s ky f a c t o r L o f t he e xampl e ma t r i x , whe r e A=LLT .

.1. ested issection. Ne s t e d di s s e c t i o n i s a d i v i de - a nd- c o nque r s t r a t e g y f o r

o r de r i ng s pa r s e ma t r i c e s , o r i g i na l l y due t o Al a n Ge o r g e [ 3] . Le ts be a s e t o f v e r t i c e s

( c a l l e d a s e pa r a t o r ) who s e r e mo va l , a l o ng wi t h a l l e dg e s i nc i de nt o n v e r t i c e s i ns, d i s -

c o nne c t s t he g r a ph i nt o t wo r e ma i n i ng s ubg r a phs ,1 = ( 1; 1) a nd 2 = ( 2; 2) .
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Thi s paper i s concerned wi th the di str i uted paral l el computat i on of an order i ng f or
a symmetr i c pos i t i ve de ni te sparse matr i x. The purpose of the order i ng i s to l i mi t l l and enhance
concurrency i n the su se uent computat i on of the Chol esky f actor i ati on of the matr i x. We use
a geometr i c approach to nested di ssect i on ased on a gi ven Cartes i an em eddi ng of the graph of
the matr i x i n Eucl i dean space. The resul t i ng al gor i thmcan e i mpl emented e ci ent l y on mass i vel y
paral l el , di str i uted memory computers . ne unusual f eature of the di str i uted al gor i thmi s that
i ts e�ect i veness does not depend strongl y on data l ocal i ty, whi ch i s cr i t i cal i n thi s context , s i nce an
appropr i ate part i t i oni ng of the pro l emi s not known unti l af ter the order i ng has een determi ned.
The order i ng al gor i thmi s the rst component i n a sui te of scal a l e paral l el al gor i thms current l y
under devel opment f or sol vi ng l arge sparse l i near systems on mass i vel y paral l el computers .

paral l el al gor i thms, sparse l i near systems, order i ng, Cartes i an coordi nates , nested
di ssect i on, Chol esky f actor i at i on

65F, 65W

1. ntroduction. The o r de r i ng o f t he e qua t i o ns a nd unknowns i n a s pa r s e s y s -

t e m o f l i ne a r e qua t i o ns c a n ha ve a dr ama t i c e �e c t o n t he c omput a t i o na l wo r k a nd

s t o r a g e r e qui r e d f o r s o l v i ng t he s y s t e m by di r e c t me t ho ds . The r e a s o n i s t ha t mo s

s pa r s e s y s t e ms s u�e r � l l dur i ng t he f a c t o r i z a t i o n pr o c e s s , t ha t i s , ma t r i x e nt r i e

a r e i n i t i a l l y z e r o b e c ome no nz e r o dur i ng t he c omput a t i o n , a nd t he amount o f s uc h �l

de p e nds s t r o ng l y o n t he o r de r i ng o f t he r ows a nd c o l umns o f t he ma t r i x . Thus , o r -

de r i ng s pa r s e ma t r i c e s f o r e �c i e nt f a c t o r i z a t i o n i s a n i mpo r t a nt s t e p i n s o l v i ng m

l a r g e - s c a l e c omput a t i o na l pr o b l e ms i n s c i e nc e a nd e ng i ne e r i ng , s uc h a s �ni t e e l e m

s t r uc t ur a l a na l y s i s . I n g e ne r a l , �ndi ng a n o r de r i ng t ha t mi n i mi z e s � l l i s a v e r y d

c ul t c ombi na t o r i a l pr o b l e m( NP- c ompl e t e ) . Pr a c t i c a l s pa r s e f a c t o r i z a t i o n a l g o r i

a r e t he r e f o r e ba s e d o n he ur i s t i c a l l y c ho s e n o r de r i ng s t ha t a r e r e a s o na bl y e �e c t i

l i mi t i ng �l l , but muc h l e s s c o s t l y t o c omput e t ha n t he t r ue o pt i mum. Some o f t he

mo s t c ommonl y us e d o r de r i ng he ur i s t i c s a r e mi n i mumde g r e e , ne s t e d di s s e c t i o n , a nd

va r i o us s c he me s f o r r e duc i ng t he ba ndwi dt h o r pr o �l e o f t he ma t r i x .

I n a ddi t i o n t o de t e r mi n i ng �l l , t he o r de r i ng a l s o a �e c t s t he po t e nt i a l pa r a l l e

t ha t c a n be e xpl o i t e d i n f a c t o r i ng t he ma t r i x . The s e t wo c o ns i de r a t i o ns r e duc i ng

a nd e nha nc i ng pa r a l l e l i s m a r e l a r g e l y c ompa t i b l e , but by no me a ns c o i nc i de nt o b e c

t i v e s . Spa r s i t y a nd pa r a l l e l i s ma r e po s i t i v e l y c o r r e l a t e d t o s ome e x t e nt , s i nc e s p

i mpl i e s a l a c k o f i nt e r c o nne c t i o ns among ma t r i x e l e me nt s t ha t o f t e n t r a ns l a t e s i

c omput a t i o na l s ubt a s k s t ha t c a n be e x e c ut e d i nde p e nde nt l y o n di �e r e nt pr o c e s s o r

Thi s r e l a t i o ns h i p i s e x t r e me l y c ompl i c a t e d , howe ve r , a nd pa r a l l e l e �c i e nc y de p e n

o n many o t he r c o ns i de r a t i o ns a s we l l , s uc h a s l o a d ba l a nc e a nd c ommuni c a t i on t r a f -

�c . Thus , f o r e xampl e , mi n i mumde g r e e i s i n many c a s e s t he mo s t e �e c t i v e he ur i s t i c

known f o r l i mi t i ng �l l , but ma y pr o duc e o r de r i ng s f o r whi c h t he na t ur a l l o a d ba l

a nc e i s une v e n i n pa r a l l e l f a c t o r i z a t i o n . As a no t he r e xampl e , ba nd- o r i e nt e d me t ho

howe v e r e �e c t i v e t he y ma y o r ma y no t b e i n l i mi t i ng �l l , t e nd t o i nh i b i t r a t he r t ha
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